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Abstract
We use the formalism developed by Wald and Zoupas to derive explicit
covariant expressions for the charges and fluxes associated with the
Bondi–Metzner–Sachs symmetries at null infinity in asymptotically flat space-
times in vacuum general relativity. Our expressions hold in non-stationary
regions of null infinity, are local and covariant, conformally-invariant, and are
independent of the choice of foliation of null infinity and of the chosen exten-
sion of the symmetries away from null infinity. While similar expressions have
appeared previously in the literature in Bondi–Sachs coordinates (to which
we compare our own), such a choice of coordinates obscures these proper-
ties. Our covariant expressions can be used to obtain charge formulae in any
choice of coordinates at null infinity.We also include detailed comparisonswith
other expressions for the charges and fluxes that have appeared in the litera-
ture: the Ashtekar–Streubel flux formula, the Komar formulae, and the linkage
and twistor charge formulae. Such comparisons are easier to perform using our
explicit expressions, instead of those which appear in the original work byWald
and Zoupas.
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1. Introduction

There has been a considerable revival of interest in asymptotic symmetries and their associ-
ated charges in general relativity in recent years. At null infinity in asymptotically flat space-
times, these symmetries are elements of an infinite-dimensional symmetry group called the
Bondi–Metzner–Sachs (BMS) group [1, 2]. A major reason for this revival of interest has been
the conjecture by Strominger that these symmetries give rise to an infinite number of conserva-
tion laws which constrain classical gravitational scattering in asymptotically flat spacetimes4.
In a series of papers, conservation laws associated with these symmetries have also been shown
to be related to soft graviton theorems [6–11] and gravitational memory effects [6, 7, 12–16]
and have even been speculated to have a possible bearing on the black hole information paradox
[17–20].

In this paperwe consider the problemof deriving explicit general expressions for the charges
associatedwith asymptotic symmetries at null infinity in vacuumgeneral relativity.We list a set
of criteria that these should satisfy to be physically reasonable and, using the prescription pro-
vided by Wald and Zoupas in [21], provide an explicit computation of the general expressions
for these quantities. While such charge expressions have previously appeared in the literature
[22], they have been obtained entirely in Bondi–Sachs coordinates. Using a fixed coordinate
system from the outset makes the covariance and conformal-invarianceof the resulting expres-
sions difficult to verify. In this paper we obtain explicit expressions for these charges in terms
of quantities defined on null infinity in a completely covariant manner. These covariant expres-
sions can be used to obtain formulae in any choice of coordinates one wishes to choose (see
section 6).

We will consider four-dimensional asymptotically flat spacetimes defined in a coordinate
independent manner through Penrose’s conformal completion (see definition 2.1). In this pic-
ture, the null infinity of the original (physical) spacetime is represented by a smooth null surface
I in the conformally-completed (unphysical) spacetime. This null surface has the topology of
I ∼= R× S2 where R represents the null directions and S2 the angular directions at infinity. It
then follows from the definition of asymptotic flatness that there is a certain universal structure
associated with I (see section 3). This structure is universal in the sense that it is indepen-
dent of which asymptotically flat physical spacetime is being considered and thus provides a
‘fixed background’ at infinity which is common to all physical spacetimes. The infinitesimal
diffeomorphisms (i.e. vector fields) which preserve this universal structure form the asymptotic
symmetry algebra given by the BMS algebra (section 4).

Then, onewishes to define certain ‘conserved quantities’ (similar to mass, energy or angular
momentum) associated with any given physical spacetime and an asymptotic symmetry. In
general dynamical spacetimes such quantities will not be conserved due to the presence of
gravitational radiation. However, one can proceed as follows: let S ∼= S2 be some cross-section
(or ‘cut’) of null infinity I ; the choice of S represents an ‘instant of time’ on I . Then, for a
vector field ξa representing an asymptotic symmetry and to every cross-section S we define a
chargeQ[ξ; S], which is to represent the ‘not really conserved quantity’ at that ‘instant of time’.
The change in this charge with ‘time’, i.e. between two cross-sections, is then a fluxF [ξ;ΔI ]
where ΔI is the region of null infinity between those two cross-sections. However, without
any further physical criteria one could make up arbitrary expressions for such a charge and flux
formula. Even if one requires that any notion of charge associated with time translations and

4 This conjecture has been recently proven under certain regularity conditions on the spacetimes near spatial infinity,
see [3–5] for details.
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rotations coincide with the mass and angular momentum usually defined in Kerr spacetimes,
it is not apparent how to generalize the charge expressions to all BMS symmetries and to
non-stationary spacetimes.

Next we list some criteria which any physically reasonable notion of asymptotic charges
and fluxes should satisfy: (1) any charge or flux quantities one defines must be independent
of any choice of coordinates; this issue is already resolved since we work directly with the
covariant formulation of null infinity mentioned above, instead of fixing some coordinates like
Bondi–Sachs coordinates. (2) We want to associate the charges and fluxes with the physi-
cal spacetime and not with the choice of conformal-completion used to obtain the unphysical
conformally-completed spacetime, or with any additional structure used to compute these
quantities. Thus, we require that the charges and fluxes be independent of the conformal fac-
tor used to obtain the Penrose conformal-completion. Below we will also use a foliation of
I to simplify our computations, and so we will also demand that the charges and fluxes be
independent of this additional choice of foliation. (3) We also want to associate the charges
and fluxes with the BMS symmetries at I and so, we demand that they be independent of
any arbitrary extension of these asymptotic symmetries into the spacetime (these extensions
are considered ‘pure gauge’ and are discussed in section 4.1). (4) The charges and fluxes are
local and covariant in the following sense: the value of the charge Q[ξ; S] is obtained as an
integral over S of a two-form which is constructed from the available fields and the BMS sym-
metry, and finitely-many of their derivatives at S. The flux F [ξ;ΔI] is the integral overΔI
of a three-form constructed in a similar way from the fields and symmetry in the regionΔI .
(5) Finally, since we want the fluxes F [ξ;ΔI ] to characterize physical dynamical processes,
like gravitational radiation, we also require that the flux associated with any BMS symmetry
between any two cross-sections vanishes when the physical spacetime is stationary.

A prescription for obtaining such asymptotic charges and fluxes in any local and covariant
Lagrangian theory of gravity was given by Wald and Zoupas [21]. We will detail this proce-
dure in section 5 for our case of interest, namely asymptotically flat spacetimes in vacuum
general relativity. This case was also considered in detail by Wald and Zoupas [21], where it
was shown, rather indirectly, that the resulting charge expression matches the one given by
Dray and Streubel [23], which was obtained by generalizing Penrose’s formula motivated by
twistor theory (see appendix C3). Explicit expressions for these charges in terms of quantities
on null infinity were obtained by Flanagan and Nichols [22], but their analysis was done in
Bondi coordinates (where the covariance and conformal-invariance of the expressions is not
manifest) and also in stationary regions of null infinity5.

In this paper we compute the formulae for the charges and fluxes, using the Wald–Zoupas
(WZ) prescription,written explicitly in terms of fields defined on null infinity in full generality.
We call these the ‘WZ charge’ and ‘WZ flux’ respectively. To simplify our computations we
will choose an arbitrary but fixed foliation of null infinity, but show that our formulae are inde-
pendent of this choice of foliation. This computation can be done easily for the flux, since the
WZ flux expression is written entirely in terms of quantities at null infinity; our expression for
theWZ flux in terms of a choice of foliation is given in equation (5.33). The computation of the
charges, however, is more complicated: unlike the flux, a portion of the expression for the WZ
charge involves the limit of the integral of a quantity that is defined in a neighborhood of null
infinity. To compute this limit, we make use of Bondi coordinates, much like [22]; however,

5 The method used in [24] only gives a ‘perturbed charge’ expression which is not integrable in phase space; see
equation (5.41) and the subsequent discussion. Charge expressions similar to those in [22] were also obtained in [25],
but their charge expression differs from the one obtained using the Wald–Zoupas method, except in the case where
the asymptotic symmetry is a pure supertranslation; see also footnote 11 of [22].
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we show that the value of this limit is independent of the choices that are made in using Bondi
coordinates, such as the choice of foliation, conformal factor, and extension of the BMS vector
field off of null infinity. As such, we can convert the value of the limit back into a covariant
form, allowing us to write an expression for the WZ charge (see equation (5.44)) in terms of
quantities defined on null infinity. Since this procedure is somewhat involved, we then check
explicitly that the change of the charge is consistent with the flux formula in equation (5.33).
These covariant expressions are equal to those given by [21], and are therefore independent of
foliation; however, picking a choice of foliation allows us to write the charge in terms of quan-
tities defined entirely at null infinity. These explicit formulae can then be easily compared to
the expressions one would obtain in any coordinate system of ones choosing, see e.g. section 6.
These expressions can also be compared to other formulations of BMS charges, some of which
we detail in appendix C.

The rest of this paper is organized as follows. We start by reviewing the definition of
asymptotic-flatness at null infinity in section 2, and summarize the various asymptotic fields
arising at null infinity that we will use in subsequent computations. In section 3, we discuss
the universal structure at null infinity (that is, the structure common to all asymptotically-flat
spacetimes at null infinity) and the restrictions on metric perturbations which follow from the
definition of asymptotic flatness. In section 4, we review the BMS algebra and its relevant
properties. In section 5, we describe the WZ prescription for obtaining the charges and fluxes
associated with BMS symmetries and obtain manifestly covariant expressions for these quan-
tities which we call the ‘WZ charge’ and the ‘WZ flux’. Finally, we discuss the construction of
Bondi–Sachs and conformal Gaußian null coordinate frames near null infinity in section 6 and
express the BMS symmetries and theWZ charge in these coordinates.We end with a short dis-
cussion of our results in section 7.While in the body of the paper, wework in a conformal frame
where the Bondi condition (see equation (2.6)) holds, we include a summary of ourmain results
in more general conformal frames in appendix A. In appendix B we rewrite the WZ charge and
flux expressions in the Geroch–Held–Penrose (GHP) formalism at null infinity. In appendix
C, we compare theWZ charge and flux formulae to some of the other charge and flux formulae
that have been proposed for BMS symmetries, namely, the Ashtekar–Streubel flux formula,
the Komar charge formulae and their linkage versions and Penrose’s twistor charge formula.
Appendix D collects some useful results on symmetric tracefree tensors on a two-sphere.

Our notation and conventions are as follows. We follow the conventions of Wald [26] for
the metric signature, Riemann tensor, and differential forms, and use abstract index notation
with Latin indices a, b, c, . . . for tensor fields. Quantities defined on the physical spacetime are
denoted by a ‘hat’, while the ones on the conformally-completed, unphysical spacetime are
denoted without a ‘hat’ (e.g. ĝab is the physical metric while gab is the unphysical metric). In
addition, we use ‘ =̂ ’ to denote equality at null infinity and

←
to denote the pullback to null

infinity. We also use both the indexed and index-free notations for differential forms, and in
the index-free notation we denote differential forms in bold. We use ‘≡’ to translate between
indexed and index-free notation, writing, e.g. ε4 ≡ εabcd. Since ‘≡’ is used for this translation,
we use ‘ := ’ for definitions.

2. Asymptotic-flatness at null infinity

In this section, we recall the covariant definition of asymptotically-flat spacetimes and define
the asymptotic fields and their equations at null infinity that will appear in our later analysis.

Definition 2.1 (Asymptotic flatness). A physical spacetime (M̂, ĝab), which satisfies
the vacuum Einstein equation Ĝab = 0, is asymptotically-flat at null infinity if there exists an
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unphysical spacetime (M, gab) with a boundary I = ∂M and an embedding of M̂ into M (we
use this embedding to identify M̂ as a submanifold ofM), such that

(a) There exists a smooth function Ω (the conformal factor) on M satisfying Ω =̂ 0 and
∇aΩ̂�=0 such that gab = Ω2ĝab is smooth onM including at I .

(b) I is topologically R× S
2.

(c) Defining na :=∇aΩ, the vector field ω−1na is complete on I for any smooth function ω
onM such that ω > 0 onM and∇a(ω4na) =̂ 0.

Detailed expositions on the motivations for this definition may be found in [26, 27]. The
differentiability conditions on the unphysical spacetime can be significantly weakened, but we
restrict to the smooth case for simplicity.

Using the conformal transformation relating the unphysical Ricci tensor Rab to the physical
Ricci tensor R̂ab (see, e.g. appendix D of [26]), the vacuum Einstein equation can be written as

Sab = −2Ω−1∇(anb) +Ω−2ncncgab, (2.1)

where Sab is given by

Sab = Rab −
1
6
Rgab. (2.2)

It follows from equation (2.1) and the smoothness ofΩ and the unphysicalmetric gab atI that
nana =̂ 0. This implies that I is a smooth null hypersurface inM with normal na = ∇aΩ and
that the vector field na = gabnb is a null geodesic generator of I .

Further, the Bianchi identity ∇[aRbc]de = 0 on the unphysical Riemann tensor along with
equation (2.1) gives the following equations for the unphysicalWeyl tensor Cabcd (see [27] for
details)

∇[a(Ω
−1Cbc]de) = 0, (2.3a)

∇dCabcd = −∇[aSb]c. (2.3b)

Given a physical spacetime (M̂, ĝab) there is a lot of freedom in constructing its conformal-
completion to obtain the unphysical spacetime (M, gab). Firstly, there is the choice of the
embedding of M̂ into M, but since this is simply used to identify points of M̂ with those of
M this freedom is innocuous and one can always fix a choice of this embedding map. Another
freedom is the choice of the conformal factor Ω. Note that for the same physical spacetime
another choice of the conformal factor Ω′ = ωΩ, with ω|I > 0 also satisfies definition 2.1
with a different unphysical metric g′ab = Ω′2ĝab = ω2gab. Since we are interested in studying
the asymptotic properties of the physical spacetime—the conformal-completion is used only
to bring the asymptotic boundary ‘at infinity’ of the physical spacetime to a finite boundaryI
in the unphysical spacetime—all physical quantities (such as symmetries, charges and fluxes)
must be independent of the choice of conformal factor made.

All of our computations which follow can be done using an arbitrary conformal factor;
however it is convenient to fix some of the conformal freedomby imposing theBondi condition
as follows. On I , let Φ be defined by

Φ :=
1
4
∇an

a

∣∣∣∣
I

. (2.4)

5
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Under a change of conformal factor Ω 	→ ωΩ and gab 	→ ω2gab we have

Φ 	→ ω−1(Φ+£n ln ω). (2.5)

Now, without loss of generality, we can choose ω to be a solution of Φ +£n ln ω =̂ 0 to
set Φ =̂ 0 [26, 27].6 In this choice of the conformal factor, equation (2.1) implies the Bondi
condition

∇anb =̂ 0, (2.6)

and

nan
a = O(Ω2). (2.7)

We will henceforth work in a conformal frame where the Bondi condition holds. Having
imposed the Bondi condition, the remaining freedom in the conformal factor is of the form
Ω 	→ ωΩ where

ω|I > 0, £nω =̂ 0. (2.8)

We reiterate that the choice to work in a conformal frame where the Bondi condition holds is
made purely for convenience and is not essential for the calculations in this paper. The main
results of this paper, expressed in general conformal frames where the Bondi condition is not
imposed, are included in appendix A. In the body of the paper, our statements about conformal
invariance will pertain to conformal transformations that satisfy equation (2.8). More general
conformal transformations for which£nω ̂�= 0 will only be considered in appendices A and B.

Finally, let qab denote the pullback of gab to I . This defines a degenerate metric onI such
that

qabn
b =̂ 0, £nqab =̂ 0, (2.9)

where the second condition follows from equation (2.6). Thus, qab defines a Riemannianmetric
on the space of generators of I which is diffeomorphic to S

2.

2.1. Auxiliary foliation and null normal at I

For carrying out explicit computations on I , it is convenient to pick an additional ‘auxiliary’
structure onI given by a choice of foliation ofI by a one-parameter family of cross-sections
which are diffeomorphic to S

2. Note that such a foliation always exists since I ∼= R× S
2,

though there is no unique choice for this foliation. The results in this paper can be obtained
without reference to any choice of foliation, but it is far simpler to use some choice of foliation
and then verify that the results are independent of the choice of foliation made.

For any choice of foliation, we obtain a one-form la on I which is normal to each cross-
section of the foliation. Then there exists a unique vector field la defined at I such that
la =̂ gablb is the normal to the chosen foliation and

lala =̂ 0, lana =̂ − 1. (2.10)

We will call such a vector field associated with the chosen foliation the auxiliary normal. Note
that the vector field la can be extended arbitrarily away from I , and our computations will be
independent of which extension is chosen.

6 Note that while this condition can always be imposed onI , it cannot be imposed at spatial infinity where solutions,
ω, to the equation Φ+£n ln ω =̂ 0 diverge [26].
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Using the auxiliary null normal la, we now define a tensor Qab at I by

Qab := gab + 2l(anb). (2.11)

Note that qab = Q
←
ab, and so Qab is a choice of pushforward of the intrinsic (degenerate) metric

on I . By the definition of Qab, we have

Qabl
b =̂ 0, Qabn

b =̂ 0. (2.12)

We also define the symmetric trace-free part of a tensor with respect to Qab by:

STFAab :=

(
Q(a

cQb)
d − 1

2
QabQ

cd

)
Acd. (2.13)

Next, we define a volume form on I and on the cross-sections of the chosen foliation by

εabc := ldεdabc, εab := εabcdl
cnd =̂ εabcn

c. (2.14)

Remark 2.1 (Orientation conventions). The orientation of these volume forms are such
that I is outward-facing as a manifold in M, and such that the cross-sections have a future
orientation within I . Note that this convention for the orientations for ε2 and ε3 is some-
what unexpected. In Minkowski spacetime, setting la = −∇au and na = ∇aΩ (with Ω = 1/r
and u = t − r), we have that ε3 = − sin θ du ∧ dθ ∧ dφ and ε2 = − sin θ dθ ∧ dφ, which is the
opposite of the ‘expected’ sign for ε2. Despite this sign difference, we still have that∫

S

ε2 > 0; (2.15)

this, in fact, is the definition of an orientation. In Minkowski, this can be seen by noting that
this means that the bounds of the integrals are in the opposite order (say, the θ integral is from
π to 0, instead of 0 to π).

Finally, note that, in our choice of orientation, if we consider a cross-section S as a limit of
spheres S′ within a spacelike hypersurfaceΣ in the unphysical spacetime, then the orientation
for S′ that is compatible with that of S is the inward-facing one within Σ.

The shear of the auxiliary normal on I is defined by

σab =̂ STF∇alb =̂
1
2
STF£lgab. (2.16)

The twist εab∇alb vanishes on I since la is normal to cross-sections of a foliation of I . We
will mostly not need the expansion of la in our analysis (it is introduced in section 6.2 where
needed).

The change in la along the null generators of I is given by

τa =̂Qa
bnc∇clb. (2.17)

By the normalization conditions for la and na and the Bondi condition we have

τa =̂ nb∇bla =̂£nla. (2.18)

We also can define a ‘sphere derivative’ along the cross-sections for any tensor field that is
orthogonal to la and na on all indices (at I ):

DaT
b1 ...br

c1...cs :=Qd
aQ

b1
e1 . . .Q

br
erQ

f1
c1 . . .Q

fs
cs∇dT

e1 ...er
f1... fs . (2.19)

7
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One can easily show that this derivative operator is compatible with both Qab and εab at I :

DaQbc =̂ 0, Daεbc =̂ 0. (2.20)

With our choice of ε3 and ε2, we can derive several useful formulas from Stokes’ theorem.
Consider some portionΔI of I whose boundary is given by two cross-sections S1 and S2 in
our foliation, with S2 to the future of S1. Then, for any scalar α we have∫

ΔI

ε3£nα =

∫
S2

ε2α−
∫
S1

ε2α. (2.21)

Also, for any vector va which is orthogonal to both na and la we have∫
ΔI

ε3∇av
a =̂

∫
ΔI

ε3(Da + τa)va =̂ 0, (2.22)

where the second expression is obtained using the Bondi condition along with equations (2.11)
and (2.18), and the vanishing of the expression follows from the fact that ε3∇av

a is an exact
three-form and lava =̂ 0. Similarly, for any cross-section S of I we also have∫

S

ε2Dav
a =̂ 0. (2.23)

We note that equation (2.22) was erroneously given in equation (2.13) of [4] as an integration-
by-parts identity on the sphere, instead of ΔI (all instances when equation (2.22) was used
in [4], however, were correct, as they were applied toΔI ).

The final quantities that wewill need are componentsof theWeyl tensor atI . By the peeling
theorem, we have Cabcd =̂ 0 at I , and thus Ω−1Cabcd admits a limit to I (see theorem 11 of
[27]). In the choice of a foliation of I we define the Weyl tensor fields

Rab := (Ω−1Ccde f )Qa
cndQb

en f , Sa := (Ω−1Ccde f )lcndQa
en f , (2.24a)

P := (Ω−1Ccde f )lcndlen f , P∗ :=
1
2
(Ω−1Ccde f )lcndεe f , (2.24b)

Ja := (Ω−1Ccde f )ncldQa
el f , Iab := (Ω−1Ccde f )Qa

cldQb
el f . (2.24c)

Note that, due to the symmetries of the Weyl tensor,Rab and Iab are symmetric and traceless.
The relation of these tensors to the Weyl scalar components in the Newman–Penrose notation
is given in equation (B.12).

For the fields defined in equation (2.24), equation (2.3a) implies the following evolution
equations along I , which can be verified to be conformally-invariant (equation (B.13) in the
GHP formalism):

£nSa = (Db + τ b)Rab, (2.25a)

£nP = (Da + 2τ a)Sa − σabRab, (2.25b)

£nP∗ = −εab(Da + 2τa)Sb + εb
cσabRac, (2.25c)

£nJa =
1
2
(Db + 3τb)(Qa

bP − εa
bP∗)− 2σa

bSb, (2.25d)

8
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£nIab = STF(Da + 4τa)Jb −
3
2
σac(Qb

cP − εb
cP∗). (2.25e)

Next, we list the conformal transformationweights of these various quantities. Any quantity
α is said to have conformal weight w if, under Ω 	→ ωΩ, it transforms as α 	→ ωwα. First, we
clearly have that

gab : w = 2, εabcd : w = 4. (2.26)

Next, while in the spacetime

na 	→ ωna +Ω∇aω, (2.27)

we therefore have that na : w = 1 on I itself, and so

la : w = 1, (Qab, εab) : w = 2, εabc : w = 3. (2.28)

Moreover, we have that

σab : w = 1, (2.29)

while, under a conformal transformation, τ a transforms as

τa 	→ τa + Da ln ω. (2.30)

Finally, the fields constructed from the Weyl tensor have the following conformal weights:

(Rab, Iab) : w = −1, (Sa,Ja) : w = −2, (P ,P∗) : w = −3. (2.31)

Finally, we remark that there is a particularly convenient choice of conformal factor and
foliation, namely one where qab is given by the unit two-sphere metric, and τ a =̂ 0. This is the
Bondi frame, and in particular it is a restriction of the remaining conformal freedom Ω 	→ ωΩ
that is more restrictive than the Bondi condition. Even though Bondi frame can always be
achieved by a conformal transformation and a change of foliation, we do not enforce Bondi
frame, since we want to consider charges on arbitrary cross-sections of I (and fluxes between
these cross-sections) and want our expressions to be manifestly conformally invariant (apart
from the choice of Bondi condition).

2.2. News tensor

In this section, we define theNews tensor, which characterizes the radiative degrees of freedom
of the gravitational field at null infinity. This tensor can be defined in terms of a foliation, or
invariantly from the universal structure that exists on I ; we review both definitions and show
that they are equal. Moreover, we review how the News tensor vanishes in asymptotically
stationary regions of I , which motivates its usage as a characterization of radiation.

We define the News tensor as the (projected) Lie derivative along na of the shear σab:

Nab := 2Qa
cQb

d£nσcd = 2 STF£nσab. (2.32)

Note that it follows from the above definition that

Nabn
b =̂ gabNab =̂QabNab =̂ 0. (2.33)

It is straightforward to verify that the News is conformally invariant.

9
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We can also write the News Nab in terms of Sab as follows. Consider the quantity
STF £n£lgab. Despite involving covariant derivatives of la, when evaluated at I , this quan-
tity is independent of the choice of la away from I . By choosing a particular extension of la,
one can show from equations (2.16) and (2.18) that

STF£n£lgab =̂ 2 STF(£nσab − τaτb) =̂Nab − 2 STF(τaτb), (2.34)

where the second equality follows from equation (2.32). Using [£n, £l] = £[n,l], together with
equation (2.18), we therefore find that

Nab =̂ STF[£l£ngab + 2(Da + τa)τb]. (2.35)

Using equation (2.1), we therefore find that

Nab =̂ STF[Sab + 2(Da + τa)τb]. (2.36)

Further, from equations (2.3b) and (2.36), theNews is related to theWeyl tensor components
(defined in equation (2.24)) by:

Qa
cQb

d£nNcd =̂ 2Rab, DbNab =̂ 2Sa, (2.37)

and

P∗ = εab
[
Da(Dc − τc)σb

c − 1
2
Nacσb

c

]
. (2.38)

In the GHP notation these relations can be found in equations (B.16) and (B.18).
As defined by equation (2.32), it is not obvious that the News tensor is independent of our

choice of foliation. However, we show below that this definition of the News coincides with
the covariant definition given by Geroch [27] which makes no reference to any foliation of I .
While most of the literature exclusively uses only one of these two definitions, we will find it
convenient to use either interchangeably, and (since there does not appear to be any proof that
we could find), we will now show that these two definitions yield the same tensor.

Consider the Geroch News tensor defined in [27] as

Nab: = S
←ab − ρab, (2.39)

where S
←ab denotes the pullback of Sab to I and ρab is the unique symmetric tensor field on I

constructed from the intrinsic universal structure on I defined in theorem 5 of [27].
First note that the Geroch News tensor is conformally invariant, and satisfies the condi-

tions equation (2.33) (see [27]). Moreover, projections of equation (68) of [27] show that
equation (2.37) also holds for the Geroch News tensor. Thus, if λab is the difference of the
Geroch News tensor and the one defined in equation (2.32), then λab is a symmetric tensor
field on I which satisfies

λabn
b =̂Qabλab =̂Qa

cQb
d£nλcd =̂Dbλab =̂ 0. (2.40)

Thus, λab is a tensor field on S that is symmetric, traceless and divergence-free, and there-
fore vanishes by proposition D.2. Consequently, the News tensor defined in equation (2.32) is
equivalent to the covariant definition by Geroch.

Finally, we review the key property of the News tensor, namely that it characterizes the
presence of gravitational radiation in a spacetime. This can be seen by the following result,

10
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which is due to Geroch (see pp 53–54 of [27]): consider an asymptotically flat spacetime
(M̂, ĝab), and some portion ΔI of null infinity. If ΔI is asymptotically stationary, in the
sense that there exists a vector field t a in a neighborhood of ΔI that is a timelike Killing
vector with respect to ĝab, then Nab =̂ 0 on ΔI . Since any notion of gravitational radiation
should vanish in asymptotically stationary regions of null infinity, this motivates the News
tensor as indicating the presence of radiation. It should be noted, however, that it is not known
whether the converse of this statement is true, namely that all regions ΔI where the News
tensor vanishes are asymptotically stationary.

3. Universal structure and metric perturbations

In this section, we summarize the universal structure at null infinity. This is the structure that is
common to the conformal completion of all spacetimes that satisfy the definition of asymptotic
flatness given in definition 2.1 and is thus independent of the specific physical spacetime under
consideration.

If (M, gab,Ω) and (M′, g′ab,Ω
′) are the unphysical spacetimes corresponding to any two

asymptotically-flat physical spacetimes then, a priori, M and M′ are distinct manifolds each
with their own boundary I and I ′. However, we argue below that there exists a smooth
diffeomorphism from a neighbourhood of I in M to a neighbourhood of I ′ in M′ which
can be used to identify these unphysical spacetimes (in this neighbourhood) and which maps
I to I ′. Since we are only interested in the asymptotic properties near null infinity, we
can work with just one manifold M and one null boundary I to represent null infinity
for any two (and thus, all) asymptotically-flat spacetimes. Further, without any loss of gen-
erality, this diffeomorphism can also be chosen so that Ω′ = Ω in a neighborhood of I
and g′ab =̂ gab.

This can be achieved by setting up a suitable, geometrically-defined coordinate system in
a neighborhood of I and identifying the two unphysical spacetimes in these coordinates,
as we now explain (see also the argument on p 22 in [27]). On the null infinity I of any
asymptotically-flat spacetime, we define a parameter u along the null generators of I such
that na∇au =̂ 1. We then pick some cross-section S0 ∼= S

2 with constant u = u0. On S0 define
a coordinate system xA (with A = 1, 2), and extend these coordinates to all of I by parallel
transport along na:

na∇ax
A =̂ 0. (3.1)

This gives us a coordinate system (u, xA) on I . Next, since Ω =̂ 0 and na =̂∇aΩ =̂� 0, we
can use Ω as a coordinate transverse to I . As discussed above, there is considerable free-
dom in the choice of the conformal factor at I which we need to fix to specify the choice
of coordinate used. First, as before, we pick the conformal factor so that the Bondi condition
(equation (2.6)) is satisfied, which leaves us the freedom to change the conformal factor on
the cross-sections of I . To fix this freedomwe proceed as follows. Consider the induced met-
ric qab on the cross-section S0 chosen above. It follows from the uniformization theorem (for
instance see chapter 8 of [28])7 that any metric on S0 is conformal to the unit round metric
on S

2 (that is, the metric with constant Ricci scalar equaling 2). Thus, we can always choose
the conformal factor so that the metric qab on this cross-section S0 is also the unit round met-
ric of S2 and from equation (2.9), this holds on any cross-section. Thus, we choose as our

7 The uniformization theorem is a global result depending on the topology of the two-dimensional space. Locally, all
metrics of a particular signature on a two-surface are conformally-equivalent, problem 2, chapter 3 of [26].
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transverse coordinate the choice of conformal factor Ω which satisfies the Bondi condition
and makes the metric on the cross-sections of I to be the unit round metric on S

2. This
gives us a coordinate system (Ω, u, xA) at I for any asymptotically-flat spacetime. Since this
construction can be done for any asymptotically-flat spacetime, we can, without any loss of
generality, identify the null infinities of all asymptotically-flat spacetimes by identifying their
points in these coordinates. This shows that there exists a diffeomorphism between neighbour-
hoods of null infinities of different spacetimes such that we can identify their boundaries with
one ‘abstract’ manifold I and also that we can choose the same conformal factor Ω in this
neighbourhood.

Next, we show that the unphysical metric at I can be chosen to be the same for the con-
formal completion of any physical spacetime. Consider a foliation of I by cross-sections
Su of constant u. Then, by equation (3.1) the null generator na, in these coordinates, can be
written as na =̂ ∂/∂u. The one-form on I normal to this foliation is given by la =̂ −∇au.
Using na = ∇aΩ, la =̂ −∇au and nala =̂ − 1, we obtain the following expression for the line
element of the unphysical metric on I in the coordinate system (Ω, u, xA)

ds2 =̂ 2 dΩ du+ sAB dx
A dx B, (3.2)

where sAB is the unit round metric on S
2 in the chosen coordinates x A.8 Note that the form of

the unphysical metric equation (3.2) is completely independent of which physical spacetime is
under consideration, that is, all asymptotically-flat spacetimes have the same universal unphys-
ical metric at null infinity. Different choices of the physical spacetime are only reflected in the
unphysical metric away from I . Note that the definition of asymptotic-flatness (definition
2.1) includes an embedding map from the physical spacetime manifold M̂ into the unphysical
manifold M. The existence of the universal structure at I described above implies that one
can embed any physical spacetime into an unphysical spacetime by identifying some physical
spacetime coordinates with the coordinates (Ω, u, xA) constructed above so that the unphysical
metric gab takes the form equation (3.2). In the conformal-completion formalism this is the ver-
sion of the statement that ‘asymptotically-flat spacetimes behave like theMinkowski spacetime
to leading order at infinity’ and the difference between two physical spacetimes only shows up
at ‘sub-leading order’.

Note that since the manifold I is universal, the choice of the foliation can also be made
independently of the physical spacetime. It follows that the auxiliary normal la =̂ −∇au is
also universal, and (from equation (3.2)) we also have la =̂ − ∂/∂Ωwhich is the auxiliary null
normal and is also universal.

Many of the choices made in constructing the coordinates at I are irrelevant to this argu-
ment and are made just for convenience. For instance, the choice of the unit-metric sAB is
irrelevant. In any asymptotically-flat spacetime, we can instead choose the freedom in the con-
formal factor at I so that the induced metric on the cross-sections qab = q(0)ab where q(0)ab is any
fixed metric on S

2. Similarly, one could have chosen a different foliation of I if one wishes.
These choices simply correspond to the freedom of choosing the embedding map from the
physical spacetime into the unphysical spacetime. Then the rest of the construction proceeds
as before and gab|I is universal.

8 The precise choice of coordinates x A on the cross-sections is irrelevant; one could pick polar coordinates x A = (θ,φ)
to put the unit round sphere metric in the standard form sAB dx A dxB = dθ2 + sin2 θ dφ2, but any other coordinate
system is just as good.
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3.1. Metric perturbations near I

Next we consider linearized perturbations of the physical metric and derive the conditions
on the perturbations arising from requiring asymptotic flatness. We consider a one-parameter
family of physical metrics ĝab(λ) with ĝab = ĝab(λ = 0) being any chosen background space-
time metric, and define the physical metric perturbation by

δĝab :=
d
dλ
ĝab(λ)

∣∣∣∣
λ=0

. (3.3)

We also use the notation δ to denote perturbations of other quantities defined in a similar way as
above. We emphasize that the δ denotes changes of quantities when the physical metric is var-
ied; the quantities appearing in the universal structure described above including the unphysical
metric at I , the conformal factor and the choice of foliation do not vary under δ. Note, this
does not mean that the conformal factor and foliation cannot be changed—our expressions for
the charges and fluxes are independent of the conformal factor and foliation—it means that
these quantities can always be held fixed when the physical metric is varied.

Taking the one-parameter family of physical metrics ĝab(λ) to all be asymptotically-flat, we
want to consider the behaviour of the metric perturbations at null infinity. Let gab(λ) be the
one-parameter family of unphysical metrics obtained by the conformal completion of ĝab(λ).
As discussed above, without loss of generality we can take all the unphysical metrics gab(λ)
to be defined on the same manifold M, with a common boundary I describing null infinity.
Further, the conformal factorΩ can also be chosen to be independent of the parameter λ. Thus,
we get

gab(λ) :=Ω2ĝab(λ), δgab = Ω2δĝab, (3.4)

where δgab is the perturbation of the unphysical metric. Moreover, since the unphysical metric
at I is universal, we have that δgab =̂ 0 and thus

δgab =̂ Ωγab, (3.5)

for some γab which is smooth at I .
Since the conformal factor is chosen to satisfy the Bondi condition equation (2.6) in any

spacetime, varying the Bondi condition we get

δ(∇anb) =̂ 0 =⇒ γabn
b =̂ 0. (3.6)

Thus, since γab is smooth at I , there exists a smooth γa such that

γabn
b = Ωγa. (3.7)

Thus, the perturbations δgab of the unphysical metric are given by the tensor fields γab and γa
with

γab = Ω−1δgab, γa = Ω−2δgabn
b = Ω−1γabn

b. (3.8)

These tensor fields are constrained by the linearized vacuumEinstein equations. A particularly
important component of these equations is given by [21]

∇bγab − 3γa −∇aγ
b
b =̂ 0. (3.9)
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Further, using the auxiliary foliation of I we can relate the unphysical metric perturbation
characterized by γab to the perturbation of the shear σab as follows. Varying the definition
of the shear (equation (2.16)), noting that the foliation is kept fixed and that δgab =̂ 0, from
equation (3.8) it is straightforward to compute that

δσab = −1
2
STF γab. (3.10)

This equation shows that, although γab is a subleading quantity, its value is determined by the
variation of an object that is constructed from quantities at I : it only depends on quantities
off of I through the dependence of σab on∇a.

4. Asymptotic symmetries at I : the BMS Lie algebra

Consider a smooth vector field ξa in the physical spacetime M̂, and let ĝab(λ) be the one-
parameter family of physical metrics generated by diffeomorphims along ξa. The physical
metric perturbation corresponding to this family is given by

δξ ĝab = £ξ ĝab. (4.1)

The corresponding perturbation of the unphysical metric is

δξgab = Ω2£ξ ĝab = £ξgab − 2Ω−1ξcncgab. (4.2)

For ξa to be an asymptotic symmetry the infinitesimal diffeomorphism generated by ξa must
preserve the universal structure discussed in section 3. We now obtain the conditions on ξa for
it to be an asymptotic symmetry.

Firstly, since the unphysical spacetimeM is smooth up to and including I , ξa must extend
to a smooth vector field onM including at I . Secondly, since the unphysical metric is smooth
at I , the perturbation δξgab in equation (4.2) is also smooth at I . This condition implies that

ξana =̂ 0. (4.3)

That is, as expected, an asymptotic symmetry ξa must be tangent to I and thus preserves the
asymptotic boundary. For convenience we define

α(ξ) :=Ω−1ξana, (4.4)

which is smooth at I .
Next, δξ preserves the universal structure, which implies that (equation (3.8))

γ(ξ)
ab :=Ω−1δξgab, γ(ξ)

a :=Ω−1γ(ξ)
ab n

b, (4.5)

must be smooth at I . Using equations (4.2) and (4.4), the smoothness of γ(ξ)
ab implies

£ξgab =̂ 2α(ξ)gab, (4.6)

while, the smoothness of γ(ξ)
a implies

£ξn
a =̂ − α(ξ)n

a, £nα(ξ) =̂ 0. (4.7)

The pullback of equation (4.6) gives

£ξqab =̂ 2α(ξ)qab. (4.8)
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Intrinsically on I , an asymptotic symmetry is, thus, given by a vector field ξa tangent to I
which satisfies equations (4.7) and (4.8) for some smooth function α(ξ). Such vector fields are
the BMS symmetries on null infinity.

In any choice of foliation ofI we can further characterize the BMS symmetries as follows.
Since ξa is tangent to I , we can write

ξa =̂ βna + Xa, (4.9)

where

β := − laξ
a, Xa :=Qa

bξ
b. (4.10)

We note their conformal weights:

β : w = 1, Xa : w = 0. (4.11)

That is, β is a smooth function of conformal weight one and Xa is a smooth vector field tangent
to the cross-sections of the chosen foliation on I . The conditions on β and Xa follow from
equations (4.6) and (4.7) as we derive next. Note that equations (4.6) and (4.7) only depend on
the vector field ξa at I and are independent of how this vector field is extended away fromI .

The only non-trivial component of equation (4.6) is given by its projection tangent to the
cross-sections of the foliation which gives

Qa
cQb

d£ξgcd =̂ 2D(aXb) =̂ 2α(ξ)Qab, (4.12)

which shows both that

STFDaXb =̂ 0, (4.13)

and that

α(ξ) =̂
1
2
DaX

a. (4.14)

Next, we consider equation (4.7) on I using equation (4.9) to get

£ξn
a = −£nξ

a =̂ − na£nβ −£nX
a =̂ − α(ξ)n

a. (4.15)

Projecting along the cross-sections we get

Qa
b£nX

b =̂ 0, (4.16)

whereas Xala =̂ 0, the Bondi condition, and equation (2.18) imply that

la£nX
a =̂ − Xa£nl

a =̂ − Xaτ
a, na£nX

a =̂ 0, (4.17)

so that

£nX
a =̂ naXbτ

b. (4.18)

Contracting equation (4.15) with la, we find that

£nβ + la£Xn
a =̂£nβ − Xaτ

a =̂α(ξ), (4.19)

15



Class. Quantum Grav. 39 (2022) 085002 A M Grant et al

where the second equality follows from equation (4.18). As such, we find that equation (4.19)
becomes

£nβ =̂α(ξ) − Xaτ
a =̂

1
2
(Da − 2τa)Xa. (4.20)

In summary, in a chosen foliation of I any BMS symmetry can be written as ξa =̂ βna +
Xa where Xa is tangent to the cross-sections of the foliation and the following conditions are
satisfied:

£nβ =̂
1
2
(Da − 2τa)Xa, (4.21a)

£nX
a =̂ naXbτ

b, (4.21b)

STFDaXb =̂ 0, (4.21c)

α(ξ) =̂
1
2
DaX

a. (4.21d)

Note that, using equations (2.8), (2.27), (2.30), (4.4) and (4.11), one can show that these
equations are invariant under conformal transformations that preserve Bondi condition, that
is, with £nω =̂ 0 (for the form of these equations when Bondi condition does not hold, see
equation (A.7)).

Let ξa1 =̂ β1na + Xa1 and ξa2 =̂β2na + Xa2 be two BMS symmetries (with equation (4.21)
holding for each) then their Lie bracket can be computed to give

ξa =̂ [ξ1, ξ2]a =̂βna + Xa with

β =̂£X1β2 −
1
2
β2DaX

a
1 − (1 ↔ 2) Xa =̂£X1X

a
2 .

(4.22)

It can be checked that ξa is also a BMS symmetry, i.e. the β and Xa in equation (4.22) also
satisfy the conditions equation (4.21). Thus, the BMS symmetries form a Lie algebra b.

The structure of the BMS algebra can be analyzed using equation (4.22). Consider a BMS
symmetry of the form ξa1 =̂ f1na where f1 is a smooth function onI satisfying£n f1 =̂ 0 (from
equation (4.21a)). Then, from equation (4.22) we see that the Lie bracket of ξa1 =̂ f1na with any
other BMS symmetry is also of the form ξa =̂ f na with £n f =̂ 0, that is the set of such vector
fields is invariant under the Lie bracket. Further, the Lie bracket of any two such symmetries
vanishes. Thus, BMS symmetries of the form fna form a preferred infinite-dimensional abelian
subalgebra s which is a Lie ideal of the BMS algebra b consisting of supertranslations. The
quotient algebra b/s can then be parameterized by Xa. From equation (4.21c) we see that
this consists of conformal Killing fields on the cross-sections of I . Since the cross-sections
are diffeomorphic to S

2 we get that b/s is isomorphic to the Lorentz algebra so(1, 3). Note
that the Lorentz algebra is only identified as a quotient algebra—since the Lie bracket of a
supertranslation and Xa is non-zero, there is no invariant choice of Lorentz subalgebra within
the BMS algebra b. Thus the BMS algebra is the semi-direct sum

b ∼= s� so(1, 3), (4.23)

of the Lie ideal s of supertranslations with the Lorentz algebra; the� indicates the non-trivial
Lie bracket between the two factors.

There is another finite-dimensional Lie ideal within the BMS algebra given by supertrans-
lations f na ∈ s which satisfy the additional condition

STF(Da + τa)(Db − τb) f =̂ 0. (4.24)
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It can be checked that this equation is conformally-invariant. Further, the space of solutions to
this equation is four-dimensional and is preserved under the Lie bracket of the BMS algebra
(see remark 4.1 below). This four-dimensional Lie ideal t can be viewed as the space of trans-
lations. In fact, if the physical spacetime (M̂, ĝab) possesses any Killing vectors ξa, then they
can be extended to I ; moreover, if the Killing field is of the form ξa =̂ f na, then ξa must be a
translation in the sense of f obeying equation (4.24) (see [29]).

A special case of the translations are those that are given by a time-translation in some con-
formal frame. A time-translation in a given conformal frame is given by f = 1, a definition that
is motivated by the behavior of the time-translation vector field in Minkowski (and, similarly,
the time-translation vector field in Kerr). Since f transforms by f 	→ ω f under a conformal
transformation, a conformally-invariant notion of a time-translation is given by f > 0, since
ω > 0.

Remark 4.1 (Characterization of BMS symmetries through spherical harmonics).
Consider the Bondi frame—where the conformal factor is chosen so that the metric on the
cross-sections is the unit two-sphere metric and the foliation is chosen so that τa =̂ 0. A
general supertranslation can then be expanded in spherical harmonics on S

2. The condition
equation (4.24) implies that the translations are spanned by the � = 0, 1 harmonics which
is indeed a four-dimensional space. The fact that the translations are preserved under Lie
brackets can also be shown using some spherical harmonics technology (see the appendix
in [30, 31]). Note that since supertranslations have conformal weight one, this spherical
harmonic decomposition only holds in the Bondi frame. Similarly, the Lorentz vector fields
satisfying

STFDaXb =̂ 0, (4.25)

are spanned by vector spherical harmonics with � = 1 (see, e.g. [22]) which is the six-
dimensional space of the Lorentz algebra so(1, 3).

Remark 4.2 (Supertranslation ‘ambiguity’ in the Lorentz algebra). As noted above,
while the supertranslations form a subalgebra of the BMS algebra, there is no preferredLorentz
subalgebra. Instead, the Lorentz algebra arises as the quotient algebra b/s: the set of equiv-
alence classes [ξa] of b, where ξa1 and ξa2 are members of the same equivalence class if
ξa1 − ξa2 =̂ f na ∈ s.

For a given cross-section S, one can consider the algebra lS of BMS vector fields of the
form ξa|S = Xa (that is, vector fields tangent to S). This is a subalgebra of b, and in fact it
is straightforward to show that lS ∼= b/s. The issue, therefore, is not that there is no Lorentz
subalgebra of b but that there is an uncountably infinite number of them, one per cross-section
of I .

The fact that the members of the quotient algebra b/s are only defined up to super-
translations is known as the supertranslation ambiguity. A similar situation occurs with
the Poincaré algebra, which, while possessing a Lie ideal in the form of the algebra of
translations, possesses no unique Lorentz subalgebra. For each origin in Minkowski space,
there is a Lorentz subalgebra that consists of infinitesimal rotations and boosts that fix that
point, which is analogous to the Lorentz subalgebra lS associated with some cross-section
S of I .

Much like how there is a Lorentz subalgebra associated with each cross-section of I , there
is moreover a Poincaré subalgebra, given by considering the semidirect product of this Lorentz
subalgebra with the translation subalgebra picked out by equation (4.24). This Poincaré sub-
algebra can be shown to contain any exact Killing vector field that might exist in the physical
spacetime (see theorem 1 of [29]). Similarly, in appendix C3, we review a construction (based
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on twistors) of a Poincaré subalgebra, once again depending explicitly on a choice of cross-
section S. Finally, there is no invariant notion of a set of charges conjugate to Lorentz vector
fields, which would form an invariant notion of angular momentum. Such a set of charges
only exists for a given cross-section, so that (in particular) one cannot have an invariant notion
of the flux of angular momentum between two cross-sections. This is similar to how, since
the Poincaré algebra has no unique notion of a Lorentz subalgebra, with each origin deter-
mining a particular Lorentz subalgebra, the notion of angular momentum in flat space is
origin-dependent.

Remark 4.3 (Extended BMS algebra). There have been various recent proposals for
extending the BMS algebra. These include proposals to extend the Lorentz quotient algebra,
b/s, to the Virasoro algebra [32, 33] and to the algebra of all diffeomorphisms of S2 [34–36].
The Virasoro vector fields are however singular at isolated points of S2 and hence do not pre-
serve the smoothness of I . Similarly, as detailed in section 3, it follows from the definition
of asymptotic flatness that the conformal class of the induced metric on cross-sections of I
is always universal. As a result, arbitrary diffeomorphisms of S2 do not arise as symmetries in
this context. It has also been shown that the extension to all diffeomorphisms of S2 cannot be
implemented in a fully covariant manner [30]. For these reasons, we do not work with these
extended symmetries in this paper.

4.1. Extensions of BMS symmetries away from I

Up to this point, althoughwe started this discussionwith vector fields ξa defined throughout the
unphysical spacetime, we have worked mostly with the value of ξa on I itself. The extension
of the BMS symmetries away fromI into the spacetime is arbitrary—one could choose some
coordinate system or gauge conditions to obtain a particular extension, but then one needs to
verify that any physical quantities (like charges and fluxes) associated with the BMS symme-
tries are independent of such choices. We collect some of the relevant results on the extensions
of BMS symmetries away from I below.

First, we show that the extension of ξa away from I is determined up to O(Ω2):

Proposition 4.1 (Equivalent representatives of a BMS symmetry). If ξa and ξ′a

are vector fields in M which represent the same BMS symmetry, i.e. ξa =̂ ξ′a ∈ b then ξ′a =
ξa + O(Ω2).

Proof. Since ξ′a =̂ ξa, let ξ ′a = ξa +ΩZa from which we obtain

α(ξ′) − α(ξ) = Ω−1na(ξ
′a − ξa) = naZ

a. (4.26)

Since £ξgab − 2α(ξ)gab =̂ 0 for any BMS vector field we have

0 =̂
(
£ξ′gab − 2α(ξ′)gab

)
−
(
£ξgab − 2α(ξ)gab

)
=̂ 2n(aZb) − 2ncZcgab. (4.27)

Taking the trace gives naZa =̂ 0. Then we have n(aZb) =̂ 0 which implies Za =̂ 0. Thus Za =
O(Ω) and ξ′a = ξa + O(Ω2). �

The perturbation γ(ξ)
ab generated by a BMS symmetry ξa|I will, in general, depend on the

extension of the symmetry away from I and hence is not well-defined for the BMS sym-
metries. However, using the above lemma it can be shown that STF γ(ξ)

ab on I is, in fact,
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independent of the extension of the BMS symmetry ξa away from I , and thus is well-defined
for any BMS symmetry.

Corollary 4.1. If ξa and ξ′a are any two extensions of a given BMS symmetry ξa|I away
from I then

STF γ(ξ)
ab =̂ STF γ(ξ′)

ab . (4.28)

Proof. From proposition 4.1, we have ξ′a = ξa +Ω2Wa, from which (using equation (4.4))
we compute

α(ξ′) = Ω−1naξ
′a = Ω−1naξ

a +ΩnaW
a = α(ξ) +ΩnaW

a. (4.29)

Similarly

£ξ′gab = £ξgab + 4Ωn(aWb) + O(Ω2). (4.30)

Thus, we find that

Ωγ(ξ′)
ab = £ξ′gab − 2α(ξ′)gab = £ξgab − 2α(ξ)gab + 4Ω

(
n(aWb) −

1
2
ncW

cgab

)
+ O(Ω2)

=⇒ γ(ξ′)
ab = γ(ξ)

ab + 4

(
n(aWb) −

1
2
ncW

cgab

)
+ O(Ω).

(4.31)

Evaluating the STF of both sides on I of the above equation we find the desired result. �
For later computations it will be useful to have an explicit expression for STF γ(ξ)

ab at I for
any BMS symmetry ξa in terms of the fields defined on I . We show below that

STF γ(ξ)
ab =̂ − 2 STF

[
1
2
βNab + (Da + τa)(Db − τb)β+£Xσab −

1
2
(DcX

c)σab

]
. (4.32)

Comparing the above formula to equation (3.10) we find that under a BMS symmetry the shear
transforms as

δξσab = STF

[
1
2
βNab + (Da + τa)(Db − τb)β +£Xσab −

1
2
(DcX

c)σab

]
. (4.33)

This is the infinitesimal version of the transformation of the shear found by Sachs [2]. It is also
the same as that given in, for example, equation (2.18b) of [22] for the transformation of the
shear CAB in Bondi coordinates (which is related to σab by equation (6.10)).

In the remainder of this section we detail the computations which lead to equation (4.32).
Let ξa|I = βna + Xa be a BMS symmetry on I . In the following, let la be any vector field
in a neighbourhood of I which coincides with the chosen auxiliary normal at I—the result
of the computation can be checked to be independent of how the auxiliary normal is extended
away from I .

As shown above in corollary 4.1, STFγ(ξ)
ab

∣∣∣
I

is independent of how the BMS symmetry

ξa|I is extended away fromI . Thus, we can choose to extend the BMS symmetry away from
I as follows. We first extend β and Xa away from I to satisfy

£lβ =̂ 0, £lX
a =̂ 0. (4.34)
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With this choice any extension of the BMS symmetry ξa|I can be written as

ξa = βna + Xa +ΩZa (4.35)

where Za is some smooth vector field. Next from proposition 4.1 we see that Za|I can be
determined in terms of β and Xa. To do this, first note that, by equation (4.4),

α(ξ) =̂ −£l(ξana) =̂ − na£lξ
a =̂ naZ

a. (4.36)

Next, we compute lb£ξgab, using equation (4.6), together with equation (4.34):

lb£ξgab =̂ −∇aβ +£Xla − Za + nal
bZb =̂ 2α(ξ)la. (4.37)

Contracting this equation with la, using equation (4.34) and la£Xla =̂ − la£Xla =̂ 0, we find
that laZa =̂ 0. Therefore, we can rearrange equation (4.37) to solve for Za: ple

Za =̂ −∇aβ − 2α(ξ)la +£Xla. (4.38)

Further, since la is the normal and Xa is tangent to the cross-sections of the chosen foliation,
we have Qa

b£Xlb =̂ 0. So

Za =̂ − Daβ + la(£nβ − 2α(ξ) + lb£Xn
b) =̂ − Daβ − α(ξ)la, (4.39)

where we have used equations (4.21a) and (4.21b). In summary, with the choice
equation (4.34), we can write any extension of a given BMS symmetry ξa|I as

ξa = βna + Xa − Ω(Daβ + α(ξ)l
a)+Ω2Wa, (4.40)

for some smoothWa.
With this choice of extension of the BMS symmetry, we compute STFγ(ξ)

ab

∣∣∣
I

in terms of β

and Xa. Using the expansion in equation (4.40) we have

Ωγ(ξ)
ab = £ξgab − 2α(ξ)gab

= β£ngab +£Xgab − 2α(ξ)gab − 2n(a[Db)β + α(ξ)lb)]

− Ω[2∇a∇bβ + α(ξ)£lgab + 2l(a∇b)α(ξ) − 4n(aWb)]+Ω2£Wgab. (4.41)

We now want to solve this equation for STFγ(ξ)
ab

∣∣∣
I
. This can be done by taking the £l of the

above equation, evaluating on I , and then taking the STF. Using £lΩ =̂ lana = −1 and that
£lna ∝ na at I , a long but straightforward computation gives

STF γ(ξ)
ab =̂ − STF[β£l£ngab +£l£Xgab + 2DaDbβ − α(ξ)£lgab], (4.42)

where we have used equation (4.34). Note that by equation (4.34), we find that

STF£l£Xgab =̂STF£X£lgab =̂ 2 STF£Xσab, (4.43)

where the final equality can be shown using equations (2.16) and (4.21c), together with the fact
that Xana =̂Xala =̂ 0. Combining equations (4.42) and (4.43), together with equations (2.16),
(2.35) and (4.21d), we find that

STF γ(ξ)
ab = −2 STF

[
1
2
βNab + (Da + τa)(Db − τb)β+£Xσab −

1
2
(DcX

c)σab

]
, (4.44)

as claimed in equation (4.32).
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5. Asymptotic charges and fluxes: the Wald–Zoupas prescription

The prescription ofWald and Zoupas [21] provides a method of determining charges and fluxes
at null infinity, and can be applied to any local and covariant theory. However, for simplicity,
we will be specializing to the case of vacuumgeneral relativity. Note that the addition ofmatter,
for example, does not significantly complicate this discussion (see for example, [21, 37]).

We start with the Einstein–Hilbert Lagrangian four-form L:

L =
1

16π
R̂ε̂4. (5.1)

where R̂ is the Ricci scalar and ε̂4 is the four-form volume element of the physical metric. The
dynamical field is the physical metric ĝab, and varying this dynamical field we obtain

δL = Eabδĝab + dθ(δĝ), (5.2)

where the three-form θ is the symplectic potential, and Eab is a tensor-valued four-form which
gives the equations of motion in the form Eab = 0. For general relativity, we have [38]

Eab = − 1
16π

ε̂4Ĝ
ab, (5.3a)

θ(δĝ) ≡ − 1
8π

ε̂abc
[dĝe] f∇̂eδĝd f . (5.3b)

The symplectic current is defined by taking a second, independent variation of the symplec-
tic potential and antisymmetrizing in the perturbations:

ω(δ1ĝ, δ2ĝ) := δ1θ(δ2ĝ)− δ2θ(δ1ĝ). (5.4)

Computing dω from this equation, using the fact that d and δ commute, using the second
variation of equation (5.2), and using the fact that δ1 and δ2 commute, one finds that (for
example, [38])

dω(δ1ĝ, δ2ĝ) = δ2Eabδ1ĝab − δ1Eabδ2ĝab, (5.5)

which vanisheswhenever the perturbations satisfy the linearized equations ofmotion δEab = 0.
When the dynamical fields ĝab satisfy the equations of motion, and δĝab satisfy the linearized
equations of motion, one can show that (see [39–41])

ω(δĝ,£ξĝ) = d
[
δQξ − ξ · θ(δĝ)

]
, (5.6)

for all infinitesimal diffeomorphisms generated by ξa, where the two-form Qξ is the Noether
charge associated with ξa. In general relativity, we have that [21, 38]

ω(δ1ĝ, δ2ĝ) ≡
1

16π
ε̂dabcP̂

de fghi
[
δ2ĝe f ∇̂gδ1ĝhi − (1 ↔ 2)

]
, (5.7)

where

P̂abcde f := ĝaeĝ fbĝcd − 1
2
ĝadĝbeĝ f c − 1

2
ĝabĝcdĝe f − 1

2
ĝbcĝaeĝ fd +

1
2
ĝbcĝadĝe f . (5.8)

Moreover, the Noether charge is given by [40]

Qξ ≡ − 1
16π

ε̂cdab∇̂cξd. (5.9)
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The symplectic current introduced above, when integrated over some hypersurfaceΣ, pro-
vides a symplectic product on phase space. As discussed in [21, 39], a perturbed Hamiltonian
should be constructed by considering the symplectic product of an arbitrary perturbation δgab
with δξ ĝab = £ξĝab:

δHξ =

∫
Σ

ω(δĝ,£ξ ĝ) =
∫
Σ

d
[
δQξ − ξ · θ(δĝ)

]
=

∫
∂Σ

[
δQξ − ξ · θ(δĝ)

]
, (5.10)

where the second equality follows by equation (5.6) and ∂Σ is the boundary of Σ. Thus, the
Hamiltonian can then naturally be thought of as an integral over the boundary ∂Σ.

Now consider the case where the hypersurface Σ extends as a smooth surface to I in the
unphysical spacetime which intersects I at a cross-section S. We take equation (5.10), rewrit-
ten in terms of the unphysical fields which are smooth at I . In general relativity, using the
behaviour of the unphysical metric perturbations detailed in section 3.1, the symplectic current
has a finite limit toI ; as shown in [21]. However, one should not conclude from equation (5.6)
that δQξ − ξ · θ(δĝ) has a limit to I ; in general relativity it can be shown that θ(δĝ) again has
a finite limit to I (see [21]), but δQξ diverges in the limit to I . Note that any procedure to
‘subtract out the diverging part’ is highly non-unique. Fortunately, there is no need to resort
to any such ad hoc procedure as we can use some elementary differential geometry to proceed
directly as follows.

Lemma 5.1. Let S′ be some sequence of two-spheres in unphysical spacetime which limits
(continuously) to a chosen cross-section S of I . Then, the limiting integral

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
(5.11)

defined by first integrating δQξ − ξ · θ(δĝ) over the sequence of two-spheres S′ and then taking
the limit as the sequence tends to S ⊂ I exists and is independent of the chosen sequence of
two-spheres used in the limit.

Proof. Let S0 be some two-surface in the unphysical spacetime and let Σ be a smooth three-
surface which extends from S0 and intersects I at a cross-section S. Note that this surface Σ
is a compact three-manifold in the unphysical spacetime. The integral of ω(δĝ,£ξĝ) over Σ is
necessarily finite sinceω(δĝ,£ξ ĝ) is a continuous three-formonΣ (including at the ‘boundary’
at S). Thus integrating equation (5.6) over Σ we obtain9∫

Σ

ω(δĝ,£ξĝ) =
∫
S0

[
δQξ − ξ · θ(δĝ)

]
− lim

S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (5.12)

where the last expression on the right-hand side means ‘integrate over some two-sphere S′ ⊂
Σ, and then take the limit of this two-sphere to the boundary S’. This limiting procedure is
necessary because, although the integral on the left-hand side of equation (5.12) is always
finite (as argued above), the two-form integrand on the right-hand side need not have a finite

9We note that on the left-hand side, we have taken Σ to be future-oriented while on the right-hand side, the two-
spheres do not have the usual outward-facing orientation within Σ, but the opposite. This choice of orientation is more
natural, since (as mentioned in remark 2.1), the limit of the orientation as S′ → S is the future-directed orientation of
S within I as specified by ε2. This choice of orientation is the opposite of the one that is used by Wald and Zoupas
(see footnotes 2, 3 and 8 of [21]), and so some of our equations have the opposite sign.
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limit to I in general. It follows that the limit in the last expression on the right-hand side of
equation (5.12) exists. The limit is also independent of the choice of sequence of S′ that is
used in its definition due to equation (5.6) and the fact that Σ is compact and ω(δĝ,£ξĝ) is
continuous onΣ. Further, by Stokes’ theorem, this expression is the same for any choice of the
three-surface Σ whose boundary is also S, since dω(δĝ, δξĝ) = 0 by equation (5.5) and since
ω(δĝ, δξĝ) extends continuously to I . �

Remark 5.1 (Necessity of ω extending continuously to I ). We emphasize that the
condition that ω(δĝ, δξĝ) extend continuously (as a three-form in M) to I is necessary in the
above argument. For instance, if we instead only assume that

∫
Σ

ω(δĝ, δξĝ) is finite on every

surface Σ (or that the pullback of ω(δĝ, δξ ĝ) to every Σ is continuous within Σ), then dω = 0
does not imply that the limit of

∫
S′

[
δQξ − ξ · θ(δĝ)

]
is well-defined since it can depend on the

choice of surface Σ used to define the limiting integral. As this point is often overlooked in
the application of Stokes’ theorem at I we provide a simple example on the Euclidean plane
below.

On R2, let (x, y) be the usual Cartesian coordinates. Consider the one-form

ω ≡ 1
(x2 + y2)3/2

[
y2 dx − xy dy

]
. (5.13)

This one-form can be written as the exterior derivative of a 0-form (i.e. a function) as10

ω = dQ, Q =
x

(x2 + y2)1/2
. (5.14)

Note that ω does not extend continuously to the origin (x, y) = (0, 0), but dω = 0 everywhere
else and extends continuously to the origin. Further, it can be checked that the pullback of
this ω to any smooth curve Σ through the origin is continuous at the origin within this curve.
However, we cannot use Stokes’ theorem to conclude that

∫
Σ

ω is independent of the choice

of curve Σ joining the origin to some other point, since ω is not continuous at the origin as a
one-form in R2. A direct computation shows that for any curve Σ from the origin to (1, 1), we
have ∫

Σ

ω =
1√
2
− cos θ, (5.15)

where θ is the angle with the x-axis of the tangent ofΣ at the origin. So the integral ofω along
any curve through the origin is finite but depends on the curve Σ. Thus, we cannot define the
value of Q at the origin by taking such integrals over curves Σ since it depends on the curve
used in the limiting procedure. This can be explicitly checked from the expression of Q given
above.

Next we show that, in general relativity, the limiting integral of
[
δQξ − ξ · θ(δĝ)

]
is

independent of the choice of extension of the BMS symmetry away from I .

10 The choice of the constant in the function Q is irrelevant for our argument.
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Lemma 5.2. If ξa and ξ′a are equivalent representatives of a BMS symmetry onI in general
relativity then

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
= lim

S′→S

∫
S′

[
δQξ′ − ξ′ · θ(δĝ)

]
, (5.16)

for all background spacetimes, all perturbations δĝab and all cross-sections S of I .

Proof. From proposition 4.1, two equivalent representatives of a BMS symmetry are related
by ξ′a = ξa +Ω2Wa for some smooth Wa. Hence to prove the desired result we only need to
show that the above integral computed for the vector field Ω2Wa vanishes. In general relativity
it can be shown that the three-form θ(δĝ) is finite at I [21] and thus (Ω2W) · θ(δĝ) =̂ 0. So
we only need to the compute the Noether charge term which can be written as

QΩ2W ≡ − 1
16π

ε̂abcd∇̂c(Ω2Wd) = − 1
16π

εabcd∇cWd. (5.17)

Note that this is manifestly finite at I and so we can dispense with the limiting procedure
used in the integral and evaluate the variation of the above expression directly at I . Using
the asymptotic conditions on the metric perturbations (equation (3.8)), we get (we ignore the
overall signs and factors)

δQΩ2W

∣∣
I

∝ εabcdn
cγdeW

e. (5.18)

Using the definition of the volume-forms (equation (2.14)) and nala =̂ − 1, the integral over
the cross-section S is then (using γabnb =̂ Ωγa)∫

S

δQΩ2W ∝
∫
S

ε2n
aγabW

b =̂

∫
S

ε2ΩγaW
a =̂ 0. (5.19)

�

The results of lemmas 5.1 and 5.2 prove that the limiting integral of
[
δQξ − ξ · θ(δĝ)

]
is

well-defined on BMS symmetries at I . Thus, from equation (5.12), it would be natural to
define a charge associated with the asymptotic symmetry ξa at S as a function Q[ξ; S] in the
phase space of the theory such that

δQ[ξ; S] := lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (5.20)

for all backgrounds ĝab, all perturbations δĝab, and all cross-sections S. However, in general,
no such function Q[ξ; S] exists, since the right-hand side is not integrable in phase space;
that is, it cannot be written as the variation of some quantity for all perturbations. To see this,
suppose that the charge defined in equation (5.20) does exist. Then, one must have (δ1δ2 −
δ2δ1)Q[ξ; S] = 0 for all backgrounds ĝab and all perturbations δ1ĝab, and δ2ĝab (satisfying the
corresponding equations of motion). However, it follows from equations (5.4) and (5.20) and
the commutativity of δ1 and δ2 that

(δ1δ2 − δ2δ1)Q[ξ, S] = −
∫
S

ξ · ω(δ1ĝ, δ2ĝ). (5.21)
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Thus, a charge defined by equation (5.20) will exist if the right-hand side of the above equation
vanishes. This is the case if ξa is tangent to S. However, in general, the right-hand side is
non-vanishing, and so one cannot define any charge Q[ξ; S] using equation (5.20).

Remark 5.2 (Subtracting the ‘non-integrable part’). It might be tempting to simply
stare at some explicit expression for the right-hand-side of equation (5.20) and then subtract
off the ‘non-integrable part’ of the expression to obtain an expression which is manifestly
integrable to define the charge at S. But this ‘procedure’ is very ad hoc; for instance suppose
one manages to write the right-hand side of equation (5.20) as δA+ Bwhere δA is a manifestly
integrable expression and B is not. However, one can trivially write this in the alternative form
δA+ B = δ(A+ C)+ (B− δC) whereC is some tensorial expression in terms of the available
fields. Obviously, δ(A+ C) is integrable while (B− δC) is non-integrable for any choice of C.
Thus the procedure to ‘subtract off the non-integrable part’ is highly ambiguous—without
any additional criteria one cannot know which ‘non-integrable part’ B or B− δC should be
‘subtracted off’.

The obstruction to the non-integrability of equation (5.20) was resolved by the rather gen-
eral prescription of Wald and Zoupas [21]. Their procedure for defining integrable charges
associated with asymptotic symmetries can be summarized as follows: let Θ be a symplectic
potential for the pullback of the symplectic current to I ; that is,

ω
←
(δ1ĝ, δ2ĝ) = δ1Θ(δ2ĝ)− δ2Θ(δ1ĝ), (5.22)

for all backgrounds and all perturbations, with appropriate asymptotic conditions and
equations of motion imposed. Following [21], we require that the choice of Θ satisfies the
following properties:

(a) Θ must be locally and covariantly constructed out of the dynamical fields gab, the pertur-
bations δgab, and finitely many of their derivatives, along with any fields in the ‘universal
background structure’ present at I described in section 3;

(b) Θmust be independent of any arbitrary choices made in specifying the background struc-
ture; that is, Θ is conformally invariant and independent of the choice of the auxiliary
normal la; and

(c) If gab is a stationary background solution, then Θ(ĝ; δĝ) = 0, for all (not necessarily
stationary) perturbations δgab.

The first of these criteria is motivated by the fact that, as laid out in the introduction, the
prescription used to define charges should only require the tensor fields that exist on I , and
should not depend on additional structure that can be used (for example, some choice of coor-
dinates). The second is required to ensure that the charges that are defined by this prescription
are associated with the physical spacetime and do not depend that the particular choices that
go into the conformal-completion (such as the conformal factor) or other additional choices
like the foliation of I . The final criterion plays an important role in showing that the flux of
these charges vanishes for stationary spacetimes as we shall see below.

If such a symplectic potentialΘ can be found, defineQ[ξ; S] to be a function on the phase
space at I by

δQ[ξ; S] := lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+

∫
S

ξ ·Θ(δĝ). (5.23)

It can easily be checked (using equations (5.20)–(5.22)) that this expression is integrable
in phase space; that is, (δ1δ2 − δ2δ1)Q[ξ; S] = 0. Together with some choice of reference
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solution g0 on which Q[ξ; S] = 0 for all asymptotic symmetries ξa and all cross-sections S,
equation (5.23) can be integrated in phase space to define the WZ charge Q[ξ; S] associated
with the asymptotic BMS symmetry ξa at S. We note the following properties of theWZ charge
defined by the above procedure:

(a) SinceΘ is locally and covariantly constructed from the physical metric and the universal
structure of I , the charge can similarly be written in terms of quantities that are defined
at I . In particular the charge only depends on the BMS symmetry at I and not on any
choice of its extension into the spacetime.While this is clear for the term that is an integral
of ξ ·Θ, that this is also true for the remaining terms, which are defined by a limit in the
unphysical spacetime, follows by lemmas 5.1 and 5.2.

(b) Moreover, sinceΘ is chosen to be conformally invariant and independent of the choice of
the auxiliary foliation ofI and the choice of the reference solution is to be specified with-
out any particular choice of its conformal completion or the choice of auxiliary foliation,
theWZ charge is also conformally invariant and independent of the choice of the auxiliary
foliation. Note, however that the WZ charge does depend on the chosen cross-section S
on which it is evaluated and hence can depend on the auxiliary normal la at S (but does
not depend on the choice of la away from S).

The flux of the perturbedWZ charge, through a portionΔI of I whose boundary is given
by two cross-sections S1 and S2, is given by (see equations (28) and (29) of [21])

δF [ξ;ΔI] := δQ[ξ; S2]− δQ[ξ; S1] =
∫
ΔI

[
ω
←
(δĝ,£ξĝ)+ d{ξ ·Θ(δĝ)}

]
. (5.24)

The last term of this equation can also be written as

d[ξ ·Θ(δĝ)] = £ξΘ(δĝ) = −ω
←
(δĝ,£ξĝ)+ δΘ(£ξĝ), (5.25)

where in the first equality, we have used the fact that Θ is a three-form intrinsic to I , and so
its exterior derivative is zero, and the second equality follows from the definition of Θ as a
symplectic potential for ω

←
(equation (5.22)). The flux of the perturbedWZ charge is therefore

simply given by

δF [ξ;ΔI] =
∫
ΔI

δΘ(£ξĝ). (5.26)

To get the unperturbed charge and flux, we have to choose a reference solution g0 on which
the charges are required to vanish. Since the symplectic potential Θ is required to vanish on
stationary backgrounds, we choose the reference solution g0 to also be stationary. For our con-
crete case of general relativity, we will pick g0 to be (any conformal completion of)Minkowski
spacetime. Then, the flux of the WZ charge is given by

F [ξ;ΔI] = Q[ξ; S2]−Q[ξ; S1] =
∫
ΔI

Θ(£ξĝ). (5.27)

There are two important properties that follow from this expression for the flux. The first,
which the flux inherits from Θ, is that, for any stationary background, the flux will vanish.
This property captures the fact that, if there is no radiation, there should be no flux and the
charges should be conserved quantities. The second is that, if ξa is an exact Killing vector field
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in the physical spacetime, then the flux will vanish as well. This follows from the vanishing
of £ξĝab for such vector fields. This property is reminiscent of Noether’s theorem: if there is
an exact symmetry, then there should be a quantity related to that symmetry (in this case, the
charge) that is conserved. In the next two sections, we will find expressions for the WZ flux
and the WZ charge in vacuum general relativity. Since the charge and flux calculations will be
performed in different ways, we will check these calculations by showing that they agree with
equation (5.27).

Finally, we remark that the WZ prescription has certain ambiguities related to the choices
of the symplectic potential θ and the choice of Θ. However, it was argued in [21] that
these ambiguities do not affect the final result. As the proof is quite involved, we do not
present it here, and turn our attention to computing explicit expressions for the WZ flux and
charge.

5.1. Wald–Zoupas flux in general relativity

We first consider the flux of theWZ charge. From equation (5.27), it is apparent that determin-
ing this flux requires finding Θ. First, a lengthy calculation starting with equation (5.7), then
using equation (3.8) for the unphysical metric perturbation δgab, along with the variation of
the vacuum Einstein equations (equation (2.1)), shows that [21]

ω
←
(δ1ĝ, δ2ĝ) =̂ − 1

32π

(
δ1Sabγ

ab
2 − δ2Sabγ

ab
1

)
ε3. (5.28)

Since γabnb =̂ 0 by equation (3.8), δSab in this expression can be replacedwith δS←ab. Moreover,

ρab is universal, and so δρab = 0; as such, equation (2.39) implies that we can replace δS
←ab with

δNab, yielding

ω
←
(δ1ĝ, δ2ĝ) =̂ − 1

32π

(
δ1Nabγ

ab
2 − δ2Nabγ

ab
1

)
ε3

=̂
1

16π

(
δ1N

abδ1σab − δ2N
abδ1σab

)
ε3, (5.29)

where the final equality uses the fact that the News tensor is traceless and equation (3.10).
A symplectic potential for ω

←
is therefore given by

Θ(δĝ) =̂ − 1
32π

Nabγabε3 =̂
1

16π
Nabδσabε3. (5.30)

One must check that this symplectic potential satisfies the requirements above. First, it is con-
structed from gab, δgab, their derivatives (such as Sab), and fields that are part of the universal
structure at I (such as na and, less obviously, ρab [21]). Moreover, it does not depend on the
arbitrary structure that we have provided at I , the choice of conformal factor Ω and auxiliary
normal la. To see this, first note that the only piece that depends on la is ε3 = l · ε4, but upon
taking the pullback, this dependence drops out. To see that it is conformally invariant, use the
fact that γab = Ωδĝab, and so under a conformal transformationΩ 	→ ωΩ,

Nab 	→ ω−4Nab, γab 	→ ωγab, ε3 	→ ω3ε3, (5.31)

and so we find thatΘ is conformally invariant. Finally, note that this choice ofΘ vanishes on
stationary solutions gab, for any perturbation δgab, by the argument on pp 53–54 of [27] (which
shows that Nab vanishes for stationary vacuum spacetimes).
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Using a chosen foliation of I , we now provide a more explicit expression for the WZ flux
in terms of fields defined on I . Note that, since the News tensor is traceless, we have that

Nabγ(ξ)
ab =̂Nab STF γ(ξ)

ab . (5.32)

As such, from corollary 4.1 we have that our flux is independent of the extension of ξa off of
I . Plugging in our expression for STF γ(ξ)

ab from equation (4.32), we therefore find that11

F [ξ;ΔI] =̂ − 1
16π

∫
ΔI

ε3N
abγ(ξ)

ab =̂ − 1
16π

∫
ΔI

ε3N
ab

× [
1
2
βNab + (Da + τa)(Db − τb)β +£Xσab −

1
2
(DcX

c)σab]. (5.33)

As mentioned in [21] this flux formula is equal to the one obtained by Ashtekar and Streubel
[43]; the explicit computation of this equivalence is given in appendix C1.

Note that the first expression is manifestly independent of any choice of foliation of I , a
property it inherits from Θ. This is not obviously true for the second, which instead is more
useful for explicit computations (such as comparing with expressions in Bondi coordinates).
Both, however, are clearly local and covariant, and can be easily shown to be independent of
the conformal factor. We reiterate that these properties of the flux are motivated by the desire
that these expressions not be dependent on any arbitrary choices that we could make, such as
a coordinate system, conformal factor etc. As mentioned below equation (5.27), the flux in
equation (5.33) has both the property that it vanishes for stationary backgrounds, as well as
when ξa is an exact Killing vector field in the physical spacetime. The first of these properties
is evident both in the first and second expressions in equation (5.33), as the integrands are both
proportional to the News. That the flux vanishes when ξa is an exact Killing vector field follows
immediately from the fact that γ(ξ)

ab vanishes for such vector fields.
In the case where ξa is a translation, namely ξa = fna, where f obeys equation (4.24), it is

the case that

F [ f n;ΔI ] = − 1
32π

∫
ΔI

ε3 f N
abNab. (5.34)

In the case where f is everywhere positive, ξa corresponds to a time-translation in some confor-
mal frame, as mentioned below equation (4.24). In this case, the flux is negative, corresponding
to the loss of mass/energy during the emission of gravitational waves.

Remark 5.3 (BMS fluxes and Hamiltonians). On any region ΔI of null infinity we
can consider the integral of the symplectic current

∫
ΔI

ω
←
(δ1ĝ, δ2ĝ) as defining a symplectic form

on the radiative phase onΔI . Then, equation (5.24) implies that

δF [ξ;ΔI] =
∫
ΔI

ω
←
(δĝ,£ξĝ)+

∫
S2

ξ ·Θ(δĝ)−
∫
S1

ξ ·Θ(δĝ). (5.35)

Note that if the boundary terms at S1 and S2 vanish for all perturbations δgab and all background
solutions gab then theWZfluxF [ξ;ΔI] would define aHamiltonian generator corresponding

11 The first form of the WZ flux in equation (5.33) was anticipated by Geroch and Winicour long before Wald and
Zoupas (see equation (28) of [42])!
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to the BMS symmetry ξa, as defined by [21, 39]. But these boundary terms do not vanish in
general and theWZ flux does not define aHamiltonian.However, in the casewherewe consider
all of null infinity, instead of some finite portion, and use appropriate boundary conditions at
timelike and spatial infinity, thenF [ξ;I] will be a Hamiltonian generator on the full radiative
phase space on I . To see this, let u be a parameter along the null generators of I such that
na∇au =̂ 1, and impose, as u→±∞, the following boundary conditions:

Nab = O(1/|u|1+ε), γab = O(1), (5.36)

for some ε > 0. These conditions ensure that the integral of the symplectic current over all of
I , as given in equation (5.29), is finite. Further, equation (4.21a) implies that ξa = O(|u|), and
so it follows from equations (5.30) and (5.36) that

lim
u→±∞

ξ ·Θ(δĝ) = 0. (5.37)

Note that the conditions equation (5.36) are preserved by all BMS symmetries, and thus the
total flux F [ξ;I] defines a Hamiltonian generator for the BMS symmetry ξa on the radiative
phase space on I .

5.2. Wald–Zoupas charge in general relativity

Having obtained the WZ flux we now wish to find an expression for the WZ charge in terms
of fields on I . From equation (5.23), the WZ chargeQ[ξ; S] is determined by

δQ[ξ; S] = lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+

∫
S

ξ ·Θ(δĝ), (5.38)

along with the requirement thatQ[ξ; S] vanish on Minkowski spacetime for all BMS symme-
tries ξa and all cross-sections S. The main difficulty in carrying out this computation directly
is that the two-form δQξ does not have a limit to I ; as mentioned earlier, it can be shown
that θ(δĝ) does have a limit to I in general relativity. To compute the right-hand-side of
equation (5.38), one must first choose some family of two-spheres inside the spacetime, eval-
uate the integral and then take the limit as these two-spheres tend to the chosen cross-section
S of I .

To compute this term, we note that by the general arguments in lemmas 5.1 and 5.2,

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (5.39)

is guaranteed to exist, is independent of the family of two-spheres chosen to take the limit
and is independent of how the BMS symmetry is extended into the spacetime away from I .
Moreover, it is manifestly independent of the choice of the conformal factor and the choice
of the foliation of I . Thus, we can compute equation (5.39) in the choices given by the con-
formal Bondi–Sachs coordinates in a neighbourhood of I . The detailed construction of these
coordinates and the form of the unphysical and physical metrics in these coordinates is given
in section 6.1. The conformal Bondi–Sachs coordinates give us a family of null surfaces Nu

labeled by a coordinate u and a family of two-spheres S′ labeled by the coordinates Ω and u
along each null surfaceNu such that asΩ→ 0 the two-spheres limit to a cross-section S of I .
We use this family of two-spheres to evaluate equation (5.39) and then take the limit Ω→ 0
along this family.
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With this setup, we take the form of the unphysical metric in Bondi–Sachs coordinates
(given by equations (6.2) and (6.5)), the corresponding expressions for the unphysical metric
perturbations along with the expression for ξa derived in equation (6.19). We use this to eval-
uate equation (5.39) using equations (5.3b) and (5.9), after converting the physical metric and
physical metric perturbations to their unphysical counterparts. The resulting expression for the
two-form δQξ has a term that diverges as Ω→ 0, which is given by

ε2Ω
−1

(
2XAδU(2)

A

)
= −ε2Ω

−1XADBδCAB. (5.40)

The indices A,B are abstract indices for tensor fields on the chosen family of two-spheres, and
DA is the covariant derivative on these two-spheres. The equality equation (5.40) follows from
equation (6.7) which is a consequence of the (linearized) Einstein equation in the Bondi–Sachs
coordinates.Now, sinceXA is a Lorentz vector field (satisfying equation (6.14) in the conformal
Bondi–Sachs coordinates) and δCAB is traceless, this term vanishes when integrated over the
two-spheres. As a result, the limit of

∫
S′
δQξ as S

′ → S, i.e. Ω→ 0, is finite. Then, computing

the remaining terms in equation (5.39) (which are manifestly finite as Ω→ 0) we obtain

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
= − 1

8π
δ

∫
S

ε2

[
β (P +

1
2
σabN

ab)+ XaJa

+XaσabDcσ
bc − 1

4
σabσ

abDcX
c

]
− 1

16π

∫
S

ε2β N
abδσab. (5.41)

where we have used equation (6.10) to convert the metric components in the conformal
Bondi–Sachs coordinates to covariant quantities defined on I . We can immediately see this
expression is non-integrable due to the last term12.

Using equations (2.14), (5.30) and (6.19), we have∫
S

ξ ·Θ(δĝ) =
1

16π

∫
S

ε2βN
abδσab. (5.42)

Thus we have the perturbed WZ charge

δQ[ξ; S] = lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+

∫
S

ξ ·Θ(δĝ)

= − 1
8π

δ

∫
S

ε2

[
β (P +

1
2
σabN

ab)+ XaJa+XaσabDcσ
bc − 1

4
σabσ

abDcX
c

]
. (5.43)

Therefore, the expression for the WZ charge is given by

12 As emphasized in remark 5.2 above, this should not be taken to mean that the last line above is the ‘non-integrable
part’ of the expression which should be ‘simply subtracted away’ without specifying any additional criteria.
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Q[ξ; S] =̂ − 1
8π

∫
S

ε2

[
β(P +

1
2
σabNab)+ XaJa + Xaσab(Dc − τc)σbc

− 1
4
σabσ

ab(Dc − 2τc)Xc
]
. (5.44)

Note that in equation (5.44) we have added terms which depend on τ a; these terms cancel
amongst each other using the identity equation (D.3). These additional terms make each term
in the integrand of conformal weight −2 (which can be verified using the conformal weights
given in equations (2.29)–(2.31) and (4.11)) which, along with the conformal weight +2 of
ε2, makes the charge conformally-invariant. Further, since these τ a terms cancel the charge is
independent of the choice of the foliation and only depends on the chosen cross-section S. We
will verify below that the flux of this charge across any regionΔI is given by equation (5.33).
Finally, since the flux vanishes in Minkowski spacetime we can compute the charge on any
cross-section of I . Using a shear-free cross-section we see that the charge also vanishes on
any cross-section of I in Minkowski spacetime. Thus, the charge formula in equation (5.44)
satisfies all the properties required by the WZ charge.

For a supertranslation symmetrywith β =̂ f satisfying£n f =̂ 0 it is straightforward to verify
that equation (5.44) reproduces Geroch’s supermomentum [21, 27]. Further, if at some chosen
cross-section Swe pick β|S =̂ 0 then the resulting formula is equal to the linkage charge defined
by Geroch and Winicour [21, 42]; this was proven in [21] and we show this more explicitly in
appendix C2. Now, while on any fixed cross-section S we can decompose a general BMS sym-
metry into a supertranslation part and a part tangent to S, this decomposition is not preserved
along I (see also remark 4.2). Thus, in general the WZ charge is not the sum of Geroch’s
supermomentumwith the Geroch–Winicour charge. For an exact Killing vector field ξa in the
physical spacetime, the WZ charge agrees with the charge that is given by the Komar formula.
We discuss in more detail appendixC2. To see this, note that, for exact Killing vector fields, the
linkage charge agrees with the Komar formula for Killing vector fields which asymptotically
become Lorentz vector fields at S, and agrees up to a factor of two for Killing vector fields
that become translations at S. The WZ charge, similarly, equals the linkage charge for Lorentz
vector fields at S, and up to a factor of two for translations; as such, the WZ charge and the
Komar formula agree for exact Killing vector fields. Note that the Komar formula is (up to
constant factors) the integral of the Noether charge in equation (5.9).

By the general arguments following equation (5.24), the change in the charge
equation (5.44) between two cross-sections is given by the flux formula equation (5.33). How-
ever, showing this explicitly is a non-trivial computation, which we detail in the remainder of
this section.

Let S2 and S1 be any two cross-sections of I , with S2 to the future of S1, and let ΔI be
the portion of I bounded by these cross-sections. Then, the change in the charge is given by

F [ξ;ΔI] =̂Q[ξ; S2]−Q[ξ; S1] =̂ − 1
8π

∫
ΔI

ε3£n

[
β(P +

1
2
σabNab)+ XaJa

+XaσabDcσ
bc − 1

4
σabσ

abDcX
c

]
. (5.45)

Note that we have dropped the τ a terms from the expression since they do not contribute to the
charge as explained above.

Now we simplify equation (5.45) term-by-term starting with the first and second terms.
Using Jana =̂ 0, as well as equations (2.25b), (2.25d), (2.37), (4.21a) and (4.21b) and the
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integration-by-parts formula equation (2.22), we see that the first two terms in equation (5.45)
contribute

− 1
8π

∫
ΔI

ε3

[
Nab

(
1
4
βNab +

1
2
(Da + τa)(Db − τb)β + (Da + τa)(Xcσbc)

+
1
4
σab(Dc − τc)X

c

)
− 1

2
εa

bXa (Db + 3 τb)P∗
]
, (5.46)

to the flux. Now consider the contribution of the third term in equation (5.45):

£n(XaσabDcσ
bc) =̂

1
2
XaNabDcσ

bc + Xaσab£nDcσ
bc (5.47)

where we have used equations (4.21b) and (2.32). For the last term above we have

£nDcσ
bc =̂£n(Q

a
cQ

b
d)∇aσ

cd + Qa
cQ

b
d£n∇aσ

cd

=̂ (Qa
cn

bτd + Qb
dn

aτc)∇aσ
cd +

1
2
DaN

ab

=̂ (Qa
cn

bτd)∇aσ
cd +

1
2
(Da + τa)Nab,

(5.48)

where we have made liberal use of the Bondi condition (equation (2.6)) along with
equations (2.11) and (2.18), and commuted the £n past the∇a using σabna =̂Qabna =̂ 0. Using
the above expression in equation (5.47) the first term vanishes by σabnb =̂ 0 and we get

£n(X
aσabDcσ

bc) =̂
1
2
XaNabDcσ

bc +
1
2
(Dc + τc)(X

aσabN
bc)− 1

2
NbcD

b(Xaσ
ac). (5.49)

Note that the second term on the right-hand side above drops out of the flux formula using
equation (2.22).

Consider now the fourth term in equation (5.45). Since α(ξ) =̂
1
2DaXa and £nα(ξ) =̂ 0

(equation (4.7)), using equation (2.32) we get

−1
4
£n(σabσabDcX

c) =̂ − 1
4
σabNabDcX

c. (5.50)

Putting together equations (5.46), (5.49) and (5.50), we see that the flux is given by

F [ξ;ΔI] =̂ − 1
8π

∫
ΔI

ε3

[
Nab

(
1
4
βNab +

1
2
(Da + τa)(Db − τb)β

+
1
2
(Da + 2τa)(X

cσbc)−
1
2
σabτcX

c +
1
2
XaDcσ

bc

)
− 1

2
εa

bXa(Db + 3τb)P∗
]
.

(5.51)

Next we simplify the last term using the identity equation (2.38) for P∗. The term arising from
this identity which involves derivatives of the shear reads ε3 εdeεabXa(Db + 3τb)[Dd(Dc −
τc)σec]. This term can be shown to vanish upon integrating over the cross-sections as follows.
Note that this term is conformally-invariant (which can be seen using equation (2.38) and the
conformalweights given in equations (2.28), (2.29), (2.31) and (4.11)). Therefore, we can eval-
uate this term in the Bondi framewhere the metric on the cross-sections is chosen to be the unit
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roundmetric and τa =̂ 0. This allows us to make use of spherical harmonics—σab is a symmet-
ric and trace-free tensor and thus is supported on � � 2 tensor spherical harmonics while Xa is
supported on � = 1 vector spherical harmonics (see remark 4.1). Using the orthogonality of the
spherical harmonics, the integral of this term over the cross-sections vanishes. The remaining
term arising from equation (2.38) contains the News tensor which, after an integration-by-parts
using equation (2.22), becomes

−1
4
εabεe

dNacσb
c(Dd − 2τd)Xe =̂

1
2
Nabσ

b
cD

[aXc] − Nabσ
b
cX

[cτ a]. (5.52)

Replacing the above for the last term in equation (5.51) we get

F [ξ;ΔI] =̂ − 1
8π

∫
ΔI

ε3N
ab

[
1
4
βNab +

1
2
(Da + τa)(Db − τb)β

+
1
2
(Da + 2τa)(Xcσbc)−

1
2
σabτcX

c +
1
2
XaD

cσbc +
1
2
σb

cD[aXc] − σb
cX[cτa]

]
.

(5.53)

The last term on the first line and first term on the second line in the expression above can
together be written as

Nab(Xcσbcτa −
1
2
σabτcX

c) =̂Nabσb
c(Xcτa −

1
2
QcaXdτ

d). (5.54)

Moreover, it follows from equation (D.3) that Nabσbc =̂ pure trace term+ Nb[aσbc] and so
equation (5.54) becomes Nabσb

cX[cτa]. This exactly cancels the last term in equation (5.53),
and therefore the flux formula simplifies to

F [ξ;ΔI] =̂ − 1
8π

∫
ΔI

ε3N
ab

[
1
4
βNab +

1
2
(Da + τa)(Db − τb)β

+
1
2
Da(Xcσbc)+

1
2
XaD

cσbc +
1
2
σb

cD[aXc]

]
. (5.55)

The second line above can be simplified using equation (D.5) to get

F [ξ;ΔI] =̂ − 1
16π

∫
ΔI

ε3N
ab

[
1
2
βNab + (Da + τa)(Db − τb)β+£Xσab −

1
2
(DcX

c)σab

]
(5.56)

which matches the WZ flux derived in equation (5.33).

6. Expressions in some coordinate systems

Our entire preceding analysis was completely covariant, without referring to any particular
coordinate systems. In this section, we consider two examples of coordinate systems for the
unphysical spacetime in a neighbourhoodof null infinity. These coordinates can be used to also
obtain asymptotic coordinates for the physical spacetime. We will find the asymptotic form of
the metric, both physical and unphysical, and derive the expressions for the BMS symmetries
and their charges in these coordinates.
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As described in section 3, one can construct a geometrically defined coordinate system
(Ω, u, xA) at I where x A are coordinates on the cross-sections ofI , u satisfies na∇au =̂ 1 and
the conformal factorΩ is chosen so that the Bondi condition is satisfied and so that the induced
metric on the cross-sections is the unit round metric sAB on S

2. Then for any asymptotically
flat spacetime the line element of the unphysical metric at I is

ds2 =̂ 2 dΩ du+ sAB dx A dx B. (6.1)

These coordinates can be extended away from I in different ways, and these give rise to the
different coordinates that are often used in the analysis of asymptotic symmetries and their
associated charges. Two commonly used coordinates are the Bondi–Sachs coordinates and
conformalGaußian null coordinates, andwewill focus on these in the remainder of this section.
We emphasize that the form of the (physical or unphysical) metric in these coordinates follows
directly from the construction of the coordinate systems and the covariant definition of asymp-
totic flatness without any additional assumptions. We also show that in any such coordinate
system one can obtain the BMS symmetries as coordinate transformations which preserve the
asymptotic form of the metric.

6.1. Bondi–Sachs coordinates

Oneway to extend the coordinates described above away fromI is as follows. Let Su be cross-
sections of I with u = constant, and consider a family of null surfaces Nu which intersect
I transversely in the cross-sections Su. These surfaces Nu foliate a neighbourhood of I by
null surfaces. We first extend the coordinate u away from I so that it is constant along each
null surface Nu. Then la := −∇au is the null normal to each Nu with lala = 0 in addition to
lana =̂ − 1 as above. Then we extend the angular coordinates x A on each cross-section Su by
parallel transport i.e. la∇axA = 0.

Fixing the inducedmetric on cross sections ofI to be the unit round sphere metric fixes the
conformal factor, Ω, on I . To extend Ω away from I , we use the freedom in the conformal
factor off of I to demand that the two-spheres at constant u andΩ have the same area element
as the unit sphere, that is, if hAB is the two-metric on the surfaces of constant u and Ω then we
demand that det h = det s in the xA-coordinates. This fixesΩ uniquely away from I . Thus we
have set up the conformal Bondi–Sachs coordinate system (Ω, u, θA) in a neighborhood of I .

The most general form of the unphysical metric in conformal Bondi–Sachs coordinates is
given by13

ds2 ≡ −We2B du2 + 2e2B dΩ du+ hAB(dx
A − UAdu)(dx B − UBdu), (6.2)

where the metric components gΩΩ and gΩA vanish everywhere due to the conditions lala =
la∇axA = 0, and W, B, hAB, and UA are smooth functions of the coordinates (Ω, u, xA). Since
the metric at I is given by equation (6.1) we also have

W = O(Ω), B = O(Ω), UA = O(Ω), hAB = sAB + O(Ω). (6.3)

Further, evaluating the Bondi condition∇anb =̂ 0 (equation (2.6)) gives

W = O(Ω2), B = O(Ω2), UA = O(Ω2). (6.4)

13 Note that the function we denote by B is conventionally denoted by β, but we use a different symbol to avoid conflict
with the na-component of a BMS vector field.
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We therefore consider the following expansion of the metric components

W = Ω2W (2) − 2Ω3M + O(Ω4), UA = Ω2U(2)A + 2Ω3LA + O(Ω4),

B = Ω2B(2) + O(Ω3), hAB = sAB +ΩCAB +Ω2dAB + O(Ω3).
(6.5)

Next, imposing det h = det s, we get

sABCAB = 0, sABdAB =
1
2
CABCAB. (6.6)

We then impose the Einstein equation, equation (2.1), order by order in Ω. At O(Ω0), it gives

W (2) = 1, B(2) = − 1
32
CABCAB, U(2)

A = −1
2
DBCAB, (6.7)

while at O(Ω) we get

∂u STF dAB = DA STF dAB = 0. (6.8)

Since dAB is a smooth tensor on a two-sphere this implies that STF dAB = 0 and thus (from
equation (6.6))

dAB =
1
4
CCDCCDsAB. (6.9)

The metric component CAB is related to the shear and the News tensor while M and LA are
related to the Weyl tensor components (equation (2.24)) through

σAB = −1
2
CAB, NAB = −∂uCAB,

P = −2M +
1
4
CABN

AB,

JA = 3LA −
3
32

DA(CBCC
BC)− 3

4
CA

BDCCBC.

(6.10)

Imposing the Einstein equation to higher order in Ω either relates the higher order metric
components to the lower order ones or gives evolution equations along u—for instance, one
gets equations for ∂uM and ∂uLA which are equivalent to equation (2.25) using equation (6.10).
We will not need the explicit form of these higher order equations in our analysis.

The conformal Bondi–Sachs coordinates defined above can be used to define the physi-
cal Bondi–Sachs coordinates (r, u, xA) which are often used in the asymptotic analysis near
I .14. Define the physical ‘radial coordinate’ r :=Ω−1, and using (r, u, xA) as coordinates, the
physical metric ĝab = Ω−2gab = r2gab has the line element

dŝ2 ≡ −Ue2B du2 − 2e2B du dr + r2hAB(dx A − UA du)(dx B − UB du), (6.11)

14We present these equations in the two-sphere covariant form appearing in [44], and in a more modern form in [22,
45], instead of the original notation of [1].
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where, from equations (6.2), (6.5), (6.6) and (6.9), we have the asymptotic expansions

U = r2W = 1− 2
r
M + O(1/r2),

B = − 1
32r2

CABCAB + O(1/r3),

UA = − 1
2r2

DBC
AB +

2
r3
LA + O(1/r4),

hAB = sAB +
1
r
CAB +

1
4r2

sABC
CDCCD + O(1/r3).

(6.12)

Note that since Ω, and hence r, is chosen so that det h = det s, the area (in the physical metric)
of the two-spheres of constant u and r is precisely 4πr2. Thus r is a ‘radial coordinate’ along
the outgoing null surfacesNu as constructed by Bondi and van der Burg [1].We emphasize that
the Bondi–Sachs asymptotic form of the physical metric (equations (6.11) and (6.12)) directly
follows from the covariant definition of asymptotic flatness in a particular choice of coordinate
system and does not involve any additional assumptions.

Having chosen the conformal Bondi–Sachs coordinate system, the asymptotic BMS sym-
metries are coordinate transformations which preserve the Bondi–Sachs form of the unphys-
ical metric. We shall only consider the infinitesimal coordinate transformations, i.e. we take
(Ω, u, xA) and (Ω′, u′, x′A) to be two conformalBondi–Sachs coordinates, as constructed above,
related by an infinitesimal coordinate transformation parametrized by a vector field ξa. We next
obtain an expression for this vector field in the coordinate system (Ω, u, xA).

Since in both coordinates (Ω, u, xA) and (Ω′, u′, x′A), null infinity I lies at Ω = Ω′ = 0, the
component ξΩ vanishes at Ω = 0, i.e. ξa must be tangent to I . Thus, ξa can be written in the
coordinate system (Ω, u, xA) as

ξa ≡ β∂u + XA∂A +ΩZa∂a +Ω2Wa∂a + O(Ω3), (6.13)

where each of β,XA, Za andWa are functions of (u, xA).
Next we note that, since we are using the conformal factor itself as a coordinate, an infinites-

imal change in the coordinate system is accompanied by an infinitesimal change of the con-
formal factor parametrized by the component ξΩ. Thus, when changing the coordinate system,
the unphysical metric changes infinitesimally by £ξgab − 2Ω−1ξΩgab; note that this is finite
at I since ξΩ vanishes there. We now require that this change preserve the Bondi–Sachs
form of the metric obtained in equation (6.2) along with equation (6.5) and the equations
below.

As discussed above, the metric onI , given by equation (6.1), is universal and so we require
that at O(Ω0), £ξgab − 2Ω−1ξΩgab =̂ 0. This gives us the following conditions [46]: XA is
constant along u and satisfies the conformal Killing equation on the cross-sections, that is,

D(AXB) =
1
2
qABDCX

C, ∂uX
A = 0, (6.14)

while the components of Za satisfy

ZΩ = ∂uβ =
1
2
DAX

A, Zu = 0, ZA = −DAβ. (6.15)
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The first condition in equation (6.15) allows us to solve for the u-dependence of β to get

β = f +
1
2
(u− u0)DAX

A, (6.16)

where f is an arbitrary function of xA which denotes the value of β at some choice of cross-
section with u = u0.

At O(Ω), requiring that the form of the unphysical metric be preserved, we further obtain

Wu = 0, WA =
1
2
CABD

Bβ, (6.17)

and the requirement that the metric component CAB remain trace-free with respect to the unit
round sphere metric gives us

WΩ =
1
2
DAZ

A = −1
2
D2β. (6.18)

At this order one also obtains the transformation of CAB under a BMS symmetry which, upon
using equation (6.10), coincides with equation (4.33) (see also equation (2.18b) of [22]).

Putting all of this together, we obtain

ξa ≡ β∂u + XA∂A +Ω(−DAβ ∂A +
1
2
DAX

A∂Ω)+
1
2
Ω2(−D2β ∂Ω + CABDBβ ∂A)+ O(Ω3).

(6.19)

Up to O(Ω), this expression agrees with the covariant expression derived in section 4. The
form of the O(Ω2) terms here is fixed by the choice of the conformal Bondi–Sachs coordinates
and that also matches equation (2.16) of [22]. One could continue this computation to higher
orders in Ω, which gives expressions for higher order terms of the components of ξa (which
appear in equations (3.5)–(3.7) of [46]) and also the transformation laws for the variousmetric
components, but we will not require these expressions.

Using the relations equation (6.10) in equation (5.44) the WZ charge on any cross-section S
of I can be written in terms of the metric components in the Bondi–Sachs form of the metric
to get

Q[ξ, S] =̂ − 1
8π

∫
S

ε2

[
−2Mβ + XA

(
3LA −

1
32

DA(CBCCBC)− 1
2
CA

BDCCBC

)]
. (6.20)

The above charge expression matches the charge expression given by Flanagan and Nichols
in equation (3.5) of [22], even though their expression was calculated on a cross section of I
where the News vanishes. A similar expression was also obtained by Barnich and Troessaert
[24] with non-vanishing News but they do not find the integrable charge.

From the above expression we also see that the function M determines the Bondi mass
at any cross-section of I and can be called the mass aspect. In the Bondi–Sachs coordi-
nates it coincides with the (constant) mass parameter of Kerr spacetimes. Similarly, in the
usual choice of Bondi–Sachs coordinates in Kerr spacetime the angular momentum parame-
ter a appears in the metric component LA [25]. Note however, on cross-sections with shear,
there are other terms containing the CAB in the charge formulae. In any case, since there is no
preferred Lorentz subalgebra in the BMS symmetries (see remark 4.2), there is no preferred
notion of ‘angular momentum aspect’—so identifying any particular metric component with
‘the angular momentum’ is a moot point.
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6.2. Conformal Gaußian null coordinates

Instead of extending the coordinates (Ω, u, xA) away from I along null hypersurfaces, we
can extend them into the (unphysical) spacetime along affine null geodesics, transverse to I .
We recall this construction below which leads to the conformal Gaußian null coordinates in a
neighborhood of I .

We fix the conformal factor to leading order away from I as follows. Consider the
expansion of la at I defined by

ϑ :=Qab∇alb =̂
1
2
Qab£lgab. (6.21)

We can set this expansion to vanish by suitably choosing the conformal factor away fromI as
follows. Note that the conformal factor onI has already been fixed so that the induced metric
on cross-sections of I is the unit-sphere metric. So consider a new conformal factor Ω̃ = ωΩ
(with ω =̂ 1) so that g̃ab = ω2gab. Then, the expansion of the new auxiliary normal l̃ a =̂ la can
be computed to be (the behaviour of the auxiliary normal away from I is not relevant here)

ϑ̃ =̂
1
2
Q̃ab£l̃ g̃ab =̂ϑ+ 2£lω. (6.22)

Then, choosingω to be any solution of ϑ+ 2£lω = 0 with ω =̂ 1 we can set ϑ̃ =̂ 0. In the rest of
this section we work the choice of conformal factor where the auxiliary normal is expansion-
free at I—we drop the ‘tilde’ from the notation.

Having made this choice, we then extend the vector field la =̂ − ∂/∂Ω away from I such
that it is the generator of affine null geodesics so that lb∇bl

a = 0. We can further use the
remaining freedom in the conformal factor Ω so that Ω is the affine parameter along these
null geodesics generated by la. To summarize, we can always choose the conformal factor Ω
and extend the auxiliary normal away from I so that in a neighbourhood of I we have

la = − ∂

∂Ω
, ϑ =̂ 0, lala = 0, lb∇bl

a = 0. (6.23)

Finally, we extend (u, xA) into the spacetime by parallel-transport along la, that is, we require

la∇au = la∇ax
A = 0. (6.24)

This construction gives us the conformal Gaußian null coordinates in a neighbourhood of I .
The most general form of the unphysical metric in these coordinates is given by

ds2 = 2 du(dΩ− α du− βA dx A)+ hAB dx A dx B. (6.25)

To see why this is the most general form, note that gΩΩ = 0 by lala = 0 and gΩA = 0
by la∇axA = 0. Then, lb∇bl

a = 0 gives ∂guΩ
∂Ω = 0 which implies guΩ = 1 by the condition

lana =̂ − 1. Further,

α = O(Ω), βA = O(Ω), hAB = sAB + O(Ω), (6.26)

since the metric at I is given by equation (6.1). Imposing the Bondi condition∇anb =̂ 0 leads
to the following conditions

α = O(Ω2), βA = O(Ω2). (6.27)
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We therefore consider the asymptotic expansions

α = Ω2α(2) +Ω3α(3) + O(Ω4), βA = Ω2β(2)
A +Ω3β(3)

A + O(Ω4)

hAB = sAB +ΩCAB +Ω2h(2)AB + O(Ω3).
(6.28)

The condition that the expansion of la vanishes on I gives us

sABCAB = 0. (6.29)

We then impose the Einstein equation (2.1). At O(Ω0), this gives the conditions

α(2) =
1
2
, β(2)

A = −1
2
DBCAB, sABh(2)AB =

1
4
CABCAB, (6.30)

while at O(Ω), it implies

DBh(2)AB =
1
8
DA(CBCCBC), ∂uh

(2)
AB =

1
8
sAB∂u(CCDCCD). (6.31)

As in the Bondi–Sachs case, this implies that h(2)AB is pure trace.
Themetric coefficientsCAB,α(3) and β(3)

A are directly related to the shear and theWeyl tensor
components as follows

σAB = −1
2
CAB, P = 2α(3), JA =

3
2
β(3)
A . (6.32)

One could continue computing the Einstein equations to higher orders but we will not need to
do so.

To write an expression for the physical metric define λ :=Ω−1 so that in the coordinates
(λ, u, xA) the physical metric ĝab = Ω−2gab = λ2gab has the components

ĝλλ = 0, ĝAλ = 0, ĝuλ = −1,

ĝuu = −1− 1
λ
P + O(1/λ2),

ĝuA =
1
2
DBCAB −

2
3λ

JA + O(1/λ2),

ĝAB = λ2sAB + λCAB +
1
8
sABCCDC

CD + O(1/λ).

(6.33)

Note that the vector field

l̂ a ≡ ∂

∂λ
= −Ω2 ∂

∂Ω
= Ω2la, (6.34)

generates outgoing null geodesics which are affinely parametrized with respect to the physical
metric ĝab with the affine parameter being λ. Equation (6.33) is consistent with equations (5)
and (58) of [13] put together (with the additional condition that our CAB is tracefree since
we picked la to be expansion-free; see remark 6.1). This also gives the physical metric in
the coordinates used in the affine-null form used in [47, 48], as well as the Newman–Unti
coordinates [49].

We can also derive the formof the BMS vector fields by considering infinitesimal coordinate
transformations between two conformal Gaußian null coordinate systems and demanding that
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the conditions on the unphysical metric derived above be preserved. Since the computa-
tion proceeds exactly as in the case of Bondi–Sachs coordinates detailed above, we skip
the details. The end result is that the BMS vector field in conformal Gaussian null coordi-
nates takes the same form as equation (6.19) above—the difference in the form of the BMS
vector fields written in conformal Gaußian null coordinates and conformal Bondi–Sachs coor-
dinates only appears atO(Ω3) and higher. Note that this form is different than the one obtained
by [13] since our coordinates differ slightly from theirs as explained in remark 6.1 below.
The WZ charge (equation (5.44)) can be straightforwardly written in these coordinates using
equation (6.32).

Remark 6.1 (Comparison of different conformal Gaussian null coordinates).
The conformal Gaußian null coordinates constructed in this section are closely related to, but
not the same as, the ones used in [13, 50, 51]. Note that these references use the freedom in
the conformal factor to set the metric coefficient α(2) = 1/2 (as in equation (6.30)) and then
the Einstein equations imply that the expansion ϑ of the auxiliary normal la is constant along
na on I , i.e. £nϑ =̂ 0. In contrast, we used the conformal freedom to set ϑ =̂ 0 and then
α(2) = 1/2 follows from the Einstein equation.

7. Discussion

The aim of this paper was to obtain, using the WZ prescription, manifestly covariant expres-
sions for the charges and fluxes corresponding to the BMS symmetries at null infinity in
asymptotically flat spacetimes in vacuum general relativity. While (special cases of) these
expressions have appeared in various places in the literature, they are usually written in a
way that obscures their covariant and conformally-invariant nature, for example, by restricting
to specific coordinate frames near null infinity. The expressions we obtained are manifestly
covariant, conformally-invariant and do not rely on a preferred choice of foliation of null
infinity or on any arbitrary extension of the BMS symmetries away from null infinity. We
also recast our charge expression in two specific choices of coordinate frames near null infin-
ity and showed, for example, that in Bondi–Sachs coordinates, it reduces to the expression
obtained by Flanagan and Nichols, even on cross-sections of I where the News tensor is
non-vanishing. In appendices C1–C3, we compare the WZ charge and flux formulae to some
other expressions that have appeared in the literature, including the Ashtekar–Streubel flux
formula, the Komar and linkage formulae and Penrose’s twistor charge formula. In particular,
we explicitly show that the flux of the WZ charge matches the flux expression of Ashtekar and
Streubel.

While our analysis was limited to null infinity in asymptotically flat spacetimes in vac-
uum general relativity, the WZ prescription is, in fact, much more general and can be used to
obtain local and covariant charges for arbitrary diffeomorphism covariant Lagrangian theories
of gravity including gravity coupled to electromagnetism [37] and Brans–Dicke theory [52].
TheWZ prescription has also been applied to the context of symmetries and charges associated
with finite null surfaces and horizons [53, 54] and spatial infinity [55] in asymptotically flat
spacetimes in vacuum general relativity.We hope that the explicit computations presented here
will be useful for similar analyses in other contexts, for instance, in spacetimes with compact
extra dimensions [56].
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Appendix A. General choices of conformal factor

In the body of the paper, we worked in a conformal frame where

Φ :=
1
4
∇an

a =̂ 0, (A.1)

which, as a result of the Einstein equation (equation (2.1)), implies the conditions
equations (2.6) and (2.7). This choice, however, was made purely for convenience and is not
essential to the results of this paper. In this appendix, we state some of our main results in
general conformal frames where Φ �= 0 and therefore the Bondi condition does not hold. In
this context, one is allowed more general conformal transformations of the form

Ω 	→ ωΩ, where£nω
̂

=� 0. (A.2)

Using the fact that Sab is smooth at I , equation (2.1) implies that in general

∇anb =̂ Φgab, lim
→I

Ω−1nan
a = 2Φ, (A.3)

which generalize equations (2.6) and (2.7). In these conformal frames, the pullback of the
unphysical metric to I , qab, satisfies

£nqab =̂ 2Φqab. (A.4)

It is important to note that Φ is universal in the sense of section 3, that is, it is independent of
the physical spacetime under consideration and can, without any loss of generality, be picked
to be the same for the conformal completion of any asymptotically-flat physical spacetime.
Hence, δΦ =0 on phase space.

In these general conformal frames, evolution equations for components of the Weyl tensor
on I given in equation (2.25) also get generalized and may be found in equation (3.3) of [4]
(see also equation (B.13) for their expressions in the GHP formalism).Moreover, the definition
of the News tensor is generalized to

Nab := 2Qa
cQb

d(£n − Φ)σcd , (A.5)

(given by equation (B.15) in the GHP formalism)where σab is (still) defined by equation (2.16)
and has conformal weight one. In addition, equation (2.36) is generalized to

Nab =̂ STF [Sab − 2Φσab + 2 (Da + τa) τb] , (A.6)

(which corresponds to equation (B.17) in the GHP formalism). Note that these expressions for
the News tensor are defined in any conformal frame and are conformally invariant under all
conformal transformations, including those of the form equation (A.2), whereas, for example,

41



Class. Quantum Grav. 39 (2022) 085002 A M Grant et al

the expression due to Geroch, discussed in equation (2.39), is only defined in frames where the
Bondi condition holds.

In general conformal frames where Φ �= 0, a BMS symmetry is given by ξa =̂βna + Xa

where Xala =̂ 0. Here, β,Xa satisfy the relations (which are derived using the same method as
for equation (4.21))

(£n − Φ)β =̂
1
2
(Da − 2τa)Xa, £nX

a =̂ naXbτ
b,

STFDaXb =̂ 0, α(ξ) =̂Φβ +
1
2
DaX

a,

(A.7)

which correspond to equation (B.22) in the GHP formalism. It is worth emphasizing that this is
not a different symmetry algebra than the one considered in the body of the paper. The observa-
tion that, for example, in these conformal frames a pure supertranslation, ξa =̂ f na, is no longer
constrained to satisfy £n f =̂ 0 and that f can have a non-trivial functional dependence on the
normal direction along I , should not be taken to mean that symmetry algebra has become
bigger. The point is simply that supertranslations are associated with conformally-weighted
functions which have different-looking functional forms in different conformal frames.

With these considerations all of our computations can be carried out in a similar manner;
one only has to keep track of the chosen Φ through the calculations. For any BMS symmetry
with β andXa subject to equation (A.7) andNab given by equation (A.5), the expressions for the
WZ flux (equation (5.56)) and charge (equation (5.44)), remain unchanged in these conformal
frames and are given by

F [ξ;ΔI] =̂ − 1
16π

∫
ΔI

ε3N
ab

[
1
2
βNab + (Da + τa)(Db − τb)β+£Xσab −

1
2
(DcX

c)σab

]
,

(A.8)

and

Q[ξ; S] =̂ − 1
8π

∫
S

ε2

[
β(P +

1
2
σabNab)+ XaJa+Xaσab(Dc− τc)σbc−

1
4
σabσ

ab(Dc− 2τc)Xc
]
,

(A.9)

respectively. These expressions are invariant under all conformal transformations including
those of the form equation (A.2).

Appendix B. The GHP formalism at I

In this appendix, we include a brief review of the GHP formalism (see [4, 57, 58] for details)
applied at null infinity. We also present some of the expressions written in the body of the
paper, including those for the WZ charge and flux, in this formalism.

In order to be consistent with our conventions for the signature and Riemann curvature of
the metric, we will use the sign conventions of [59].15 We pick a null tetrad (na, la,ma,ma)
which is normalised such that nala = −mama = −1, with all other inner products vanishing.
The metric then takes the form gab = −2n(alb) + 2m(amb). It is easy to see that the form of the

15 Note however that la in the notation of [59] corresponds to our na while their ka corresponds to our la.
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metric is invariant under the following transformations,

la 	→ λλla, na 	→ (λλ)−1na, ma 	→ λ(λ)−1ma, (B.1)

for any complex scalar λ. These are called GHP transformations. A scalar field ξ, associated
with a choice of null tetrad, is said to have GHPweight (p, q) if, under the GHP transformations
in equation (B.1), ξ transforms as

ξ 	→ λpλqξ. (B.2)

We will indicate the GHP weight of such fields by writing ξ � (p, q).
We now adapt the choice of the null tetrad to I . Note that the conformal factor Ω, and

therefore ∇aΩ, are independent of the choice of null tetrad. To use the GHP formalism con-
sistently with the transformations equation (B.1), we therefore need to define (on I ) a scalar
field A such that

Ana =̂∇aΩ whereA � (1, 1). (B.3)

When converting to tensor expressions used in the body of the paper, we set A = 1 at the end
of the calculation. As in section 2.1, we choose la to be the auxiliary null normal to a foliation
of I . The tetrads (ma,ma) are then a complex orthonormal basis for the cross-sections of I
in the chosen foliation, and are related to Qab and εab by

Qab =̂ 2m(amb), εab =̂ 2im[amb]. (B.4)

The definition of the GHP spin coefficients in our conventions can be found in equation (7.2)
of [59]; see also footnote 12 above. This definition differs by a sign from the ones used in [57,
58]. At I , using∇a∇bΩ|I = Φgab (from equation (A.3)) and equation (B.3) we obtain

κ′ =̂ σ′ =̂ τ ′ =̂ 0,

ρ′ =̂ − A−1Φ,

ε =̂ − 1
2
(nalb∇bla − malb∇bma),

β =̂
1
2
(ma∇a ln A+ mamb∇bma),

ε′ =̂
1
2
(−£n ln A+ A−1Φ+ manb∇bma),

β′ =̂
1
2
(−ma∇a ln A+ mamb∇bma),

(B.5)

while the spin coefficientsκ, ρ, σ, τ are arbitrary.Note that when the conformal factor is chosen
to satisfy the Bondi condition we haveΦ =̂ 0 and thus ρ′ =̂ 0. Also, equation (B.5) implies that

(B.6)

which is equation (9.8.26) of [60].
Further, since la is chosen to be normal to the cross-sections of I , we have ρ = ρ (i.e. the

twist of la vanishes), and the expansion of la is given by

ϑ =̂ − 2Re ρ =̂ − 2ρ. (B.7)
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The spin coefficient κ depends on the choice of extension of la off of I , while σ and τ are
related to the tensors σab and τ a defined in equations (2.16) and (2.17) by

σab =̂ − σmamb − σmamb, σ =̂ − σabm
amb,

τa =̂ − τma − τma, τ =̂ − τam
a.

(B.8)

Note that the spin coefficients ε, β, ε′, β′ are not GHP-weighted quantities, and in fact their
GHP transformations contain derivatives of λ. These are used to define the GHP derivative
operators (see equation (7.41) of [59]) which map GHP-weighted scalars to
(other) GHP-weighted scalars.

Recall that, under a change of conformal factor Ω 	→ ωΩ, the transformations of the metric
and null tetrad on I are given by

gab 	→ ω2gab (na, la,ma,ma) 	→ ω−1(na, la,ma,ma), (B.9)

where ω has GHP-weight (0, 0). Under this transformation, a scalar field ξ associated with the
choice of null tetrad will have an additional conformal weight w if it transforms as ξ 	→ ωwξ.
We will indicate the combined conformal-GHPweight of such scalars by writing ξ � (p, q; w).

Under the conformal transformation in equation (B.9), the GHP derivatives of a
conformally-weighted GHP scalar ξ will, in general, pick up derivatives of ω. However, using
the fact that the spin coefficients ρ′ and τ are not conformally-weighted and transform as (see
also equations (2.5) and (2.30))

(B.10)

we can ‘correct’ the conformal behaviour of the GHP derivatives by adding suitable combina-
tions of ρ′ and τ to define the conformal-GHP derivatives. For our purposes we only need the
conformal-GHP derivatives tangential to I , which are given by (see equation (5.6.36) of [61],
where we set w0 = w1 = −1/2 as in equation (5.6.26) (iii) of [61] for compatibility with the
conformal transformations of the null tetrad given in equation (B.9))

(B.11)

where ξ � (p, q; w) is any conformally-weightedGHP scalar. We note that the spin coefficient
τ ′ is, in our formalism, conformally-invariant on I , contrary to its transformation given in
equation (5.6.27) (iii) of [61]. This difference arises because, under Ω 	→ ωΩ, the normal na,
in our definition, transforms away fromI as na 	→ ωna +ΩA−1∇aω. For this reason, we have
defined the conformal-GHP derivative corresponding to with τ instead of τ ′. This definition

corresponds to the conformal operators and that were introduced in
equation (5.6.36) of [61]. The conformal-GHPderivatives are useful for translating expressions
from a Bondi frame to arbitrary choices of conformal factor and foliation, as follows: in the
Bondi frame,where ρ′ = τ = 0, the conformal-GHPderivatives equation (B.11) are equivalent
to the usual GHP derivatives. Thus, to generalise any expression in the Bondi frame to arbitrary
conformal frames, we replace the usual GHP derivatives in that expression with the conformal-
GHP derivatives, taking into account the appropriate weights. We will summarize the essential
relations below; see appendix A of [4] for details of this procedure.

44



Class. Quantum Grav. 39 (2022) 085002 A M Grant et al

By the peeling theorem (see theorem 9.6.41 of [60]) the usual GHP componentsΨi of the
Weyl tensor vanish at I and the components of Ω−1Cabcd are smooth at I . We denote the
components ofΩ−1Cabcd in the chosen tetrad atI , whichwe call the (unphysical)Weyl scalars,
by

ψ4 :=Rabm
amb � (−4, 0;−3),

ψ3 :=Sama � (−2, 0;−3),

ψ2 :=
1
2
(P + iP∗) � (0, 0;−3),

ψ1 :=Jam
a � (2, 0;−3),

ψ0 := Iabmamb � (4, 0;−3).

(B.12)

The relations between the spin coefficients, Ψi = Ωψi, and components of the Ricci tensor in
the GHP formalism can be found in [58].

Equation (2.3a) implies that theWeyl scalarsψi in the unphysical spacetime satisfy the same
Bianchi identity at I as the Weyl scalars Ψ̂i defined by the physical Weyl tensor, with all the
physical Ricci tensor components set to zero by the vacuum Einstein equations (see equations
(9.10.1) and (9.10.2) of [60]). Taking the prime transform (defined by equation (2.7) of [58])
of the Bianchi identities equations (2.33)–(2.36) of [58], with their Ψi replaced by ψi and the
Ricci tensor terms set to zero, we have

(B.13a)

(B.13b)

(B.13c)

(B.13d)

If the conformal factor satisfies the Bondi condition (i.e. ρ′ = 0), these reduce to equations
(9.10.4)–(9.10.7) of [60]. Using equations (B.5) and (B.12) and setting A = 1, we see that
equation (B.13) is equivalent to equation (2.25).

The spin coefficient σ has conformal-GHPweight (3,−1;−1). The complex News function
N is defined by

N := − þ′σ � (2,−2;−2). (B.14)

The conformally-invariantNews tensor Nab is given by

Nab =̂ 2Nmamb + 2Nmamb, 2N =̂Nabm
amb. (B.15)

Using equations (B.8), (B.14), (B.15) and (B.17), we reproduce the definition of the News
tensor in equation (2.32). Note that equation (B.14) differs from the definition of the News
function in equation (9.8.73) of [60] by terms involving the spin coefficient τ , which van-
ishes in the Bondi frame. In arbitrary conformal frames we choose equation (B.14) as the
definition of the News function, since the corresponding News tensor in equation (B.15) is
conformally-invariant.
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The News function is related to the Weyl scalars by

(B.16)

Rewriting the above in terms of tensors using equations (B.12) and (B.15) and setting ρ′ =̂ 0
and A = 1, we get equation (2.37). Moreover, using equation (2.25) of [58], along with
equations (B.5) and (B.14), we have

(B.17)

where, in our conventions, Φ02 := 1
2Sabm

amb [59]; this corresponds to equation (2.36) when
ρ′ =̂ 0, or equation (A.6) when the Bondi condition is not imposed.

Using Ψi = Ωψi with equations (B.5) and (B.17) in equation (2.34) of [58], we also get

(B.18)

which corresponds to equation (2.38). Similarly, from equation (2.21) of [58] we have

(B.19)

where Φ01 =
1
2Sabl

amb; using equation (B.7), this corresponds to equation (C.5).
For any vector ξa tangent to I , we have the tetrad components

ξa =̂ β∇aΩ + Xa =̂ (Aβ)na + Xma + Xma, (B.20)

where the conformal-GHP weights of β and X are:

Aβ � (1, 1; 1), X � (−1, 1; 1). (B.21)

The conditions for ξa to be a BMS symmetry are given by

(B.22)

For a supertranslation (β = f ,X = 0) to be a translation we have the additional condition

(B.23)

Using equation (B.5) and settingA = 1, we reproduce equations (4.24) and (A.7); when ρ′ = 0,
the former reduces to equation (4.21).

Finally, the WZ charge in equation (5.44), in GHP notation, takes the form

(B.24)

while the WZ flux is given by
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(B.25)

Appendix C. Comparison to other charge formulae

In this appendixwe compare theWZ prescription to other formulations of the charge and fluxes
associated with the BMS symmetries. In particular, we consider the Hamiltonian formulation
of Ashtekar and Streubel, the Noether/Komar charge formula and their linkage versions and
also the charges defined by considering twistors at null infinity.

C1. Ashtekar–Streubel flux and charge

In this appendix,we compare the expression for theWZ flux given in equation (5.55) to the flux
given by Ashtekar and Streubel [43]. Rewriting the expression for the flux given in equation
(4.14) of [43] in our conventions, we obtain

F (AS)[ξ;ΔI ] =̂ − 1
16π

∫
ΔI

ε3N
ab
(
£ξDa − Da£ξ

)
lb, (C.1)

where Da is the derivative operator induced on I by the unphysical derivative operator∇a as
defined on pp 46 of [27]. The derivative operator Da satisfies

Dan
b =̂ 0, Daqbc =̂ 0, Davb

←
=̂ (δa

c + nal
c)(δb

d + ndl
b)∇cvd, (C.2)

where va is any covector field in in the unphysical spacetime and va
←

is its pullback to I .

To compare the flux equation (C.1) to the WZ flux we need to compute the quantity
STF[

(
£ξDa − Da£ξ

)
lb] for a BMS symmetry ξa. First, note that

(
£ξDa − Da£ξ

)
lb can be

expressed in terms of the Riemann tensor of Da which can, in turn, be written in terms of Sab
using equation (3.5) of [43]. This gives(

£ξDa − Da£ξ

)
lb =̂ ξc

(
qb[cSa]

d + Sb[cδa]
d) ld − lcDaDbξ

c. (C.3)

For a BMS symmetry ξa =̂ βna + Xa, we get

STF[
(
£ξDa − Da£ξ

)
lb] =̂STF

[
1
2
XbSa

clc +
1
2
Sabβ + DaDbβ − lcDaDbX

c

]
. (C.4)

Next, we use the following relation (which follows from equation (B.19) in the GHP notation)

1
2
Qb

cSacl
a =̂Daσab −

1
2
Dbϑ, (C.5)

where ϑ =̂Qab∇alb is the expansion of la. Therefore, the first term in equation (C.4) gives

STF[
1
2
XbSa

clc] =̂ STF

[
XbD

cσac −
1
2
XbDaϑ

]
. (C.6)
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Using equation (2.36), the second term in equation (C.4) is

STF[
1
2
Sabβ] =̂ β STF[

1
2
Nab − (Daτb + τaτb)]. (C.7)

The third term in equation (C.4) can be expressed as

STFDaDbβ =̂ STF(DaDbβ −£nβ∇alb)

= STF

[
DaDbβ − 1

2
(Dc − 2τc)Xcσab

]
, (C.8)

where we have used £nβ =̂ 1
2 (Da − 2τa)Xa (equation (4.21a)). For the fourth term in

equation (C.4), using laXa =̂ 0 we have −lcDaDbXc = Da(XcDblc)+ DbXcDalc. We substitute
Dalb =̂σab +

1
2Qabϑ− laτb and take the STF of the resulting expression. Using STFDaXb =̂ 0

(equation (4.21c)), we get

STF[−lcDaDbX
c] =̂ STF[Da(Xcσbc)+

1
2
XbDaϑ− Xcτcσab + σa

cDbXc]. (C.9)

Putting together equations (C.6)–(C.9) we get

STF[
(
£ξDa − Da£ξ

)
lb] =̂STF

[
1
2
βNab + (Da + τa)(Db − τb)β

+ XbD
cσac −

1
2
DcX

cσab + Da(Xcσbc)+ σa
cDbXc

]
. (C.10)

Finally, we simplify the second line above using proposition D.1. As a result, we find

F (AS)[ξ;ΔI ] =̂ − 1
16π

∫
ΔI

ε3N
ab

[
1
2
βNab + (Da + τa)(Db − τb)β+£Xσab −

1
2
σabDcX

c

]
.

(C.11)

This is the same as the WZ flux formula given in equation (5.56). A charge expression whose
flux is given by the Ashtekar–Streubel formula, for the case where τ a = ϑ = 0, was also con-
sidered in [62]. Our charge expression, when adapted to τ a = ϑ = 0, differs from the one in
[62] which we believe to be a result of sign errors in some of the terms given in [62].

C2. Komar formulae and linkage charges

In this section we review the Komar formulae for conserved charges associated with Killing
vector fields and the linkage charges which generalize these to asymptotic BMS symmetries.
We show that for translations and Lorentz symmetries these reproduce theWZ charge formula
(up to proportionality constants), however for supertranslations the linkage charge does not
coincide with the WZ charge.

For physical spacetimes with a Killing vector field a prescription for a corresponding con-
served quantity was given by Komar [63]. For stationary spacetimes (with a timelike Killing
field t̂a) and axisymmetric spacetimes (with an axial Killing field φ̂a) this gives a prescription
for the Komar massM(K) and Komar angular momentum J (K), respectively, defined as

M(K) := − 1
8π

∫
S

ε̂abcd∇̂ĉtd, J (K) :=
1

16π

∫
S

ε̂abcd∇̂cφ̂d. (C.12)
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Using the vacuum Einstein equation and the Killing equation it can be checked that these
expressions are identically conserved and so can be evaluated on any two-sphere S in the space-
time. The relative difference in the sign arises because t̂a is timelike while φ̂a is spacelike with
the choice dictated by standard conventions for fields in Minkowski spacetime. The relative
‘factor of two’ between the two formulae is essentially put in ‘by hand’ to match the standard
notions of mass and angular momentum in the case of the Kerr spacetime.

Note that the integrands in equation (C.12) are proportional to the Noether charge two-
form (equation (5.9)) evaluated for the respective Killing fields. Thus, for asymptotic BMS
symmetries we could define the asymptotic charges using the Noether charge to get

Q(N)[ξ; S] = − 1
16π

lim
S′→S

∫
S′

ε̂abcd∇̂cξd = − 1
16π

lim
S′→S

∫
S′

εabcd∇c(Ω−2ξd). (C.13)

It can be shown that the limit of the integrals defined above is finite and is independent of the
manner in which S′ limits to S (this is similar to the proof of lemma 5.1; see [42]). However, a
major drawback of using the Noether charge as the charge associated with a BMS symmetry
is that equation (C.13) depends on how the BMS symmetry is extended away from I : if ξ′a

and ξa are equivalent representatives of a BMS symmetry, so that ξ′a = ξa +Ω2Wa (from
proposition 4.1) then we have

Q(N)[ξ′; S]−Q(N)[ξ; S] = − 1
16π

∫
S

εabcd∇cWd. (C.14)

It is clear that one can obtain any value for the Noether charge on S associated with the BMS
symmetry simply by using different extensions of the symmetry into the spacetime. Note, if ξa

is an exactKilling vector field of the physical spacetime then ξa is determined everywhereby its
value on I by the Killing equation in the physical spacetime, or equivalently the conformal
Killing equation in the unphysical spacetime and this ambiguity does not arise. Thus, for a
Killing vector field the Noether charge (i.e. the Komar formula) at S is unambiguously defined.
But for asymptotic BMS symmetries which need not be exact Killing fields the Noether charge
cannot be unambiguously defined.

A way of avoiding this dependence on the extension of the BMS vector fields would
be to suitably modify the Noether charge formula (so that it reduces to the Noether charge
for a Killing field) and/or prescribe a choice of extension for the BMS vector field. Such a
prescription is given by the linkage charge which we summarize next.

(a) One formulation of the linkage charge is given as follows [44, 64]: consider a fixed cross-
section S of I , and let N be an outgoing null hypersurface which intersects I in S. Let
la be a null geodesic vector field (defined onN ) which is tangent toN and coincides with
the auxiliary normal at S. Given a BMS vector field ξa on S we extend it along the null
surfaceN by the condition(

γ(ξ)
ab − 1

2
γ(ξ)gab

)
lb
∣∣∣∣
N
= 0, (C.15)

where γ(ξ)
ab is the unphysical metric perturbation generated by ξa (see equations (4.2) and

(4.5)) and γ(ξ) is its trace. Then the linkage charge at S is defined by

Q(L)[ξ; S] := − 1
16π

lim
S′→S

∫
S′

[
εabcd∇c(Ω−2ξd)+Ω−1γ(ξ)εab

]
, (C.16)
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where the integral is evaluated on two-sphere cross-sections S′ of the null surfaceN , with
area-element εab := εabcdncld(lene)−1, and then the limit is taken to S alongN .

(b) Another formulation of the linkage charge, which does not require fixing a cross-section
and a null surface was given by Geroch and Winicour [42]. In this formulation the BMS
vector field ξa on I is extended away from I by the condition

γ(ξ) = 0, (C.17)

and the linkage charge is defined by

Q(L)[ξ; S] := − 1
16π

lim
S′→S

∫
S′

εabcd∇c(Ω−2ξd), (C.18)

where now the integral is evaluated on any family of two-spheres S′ in M and then the
limit is taken as S′ limits to S.

It was shown in [42] that both formulations of the linkage charge give the same charge on
any choice of cross-section S (when the respective conditions in each formulation are satisfied).
The advantages and disadvantages of both formulations are also discussed in [42]. An explicit
expression for the linkage charge in terms of fields on I was computed by Winicour [64].
After integration-by-parts on the cross-section S, the expression for the linkage charge given
in equation (5.6) of [64] (in the GHP notation) can be written as16

(C.19)

The linkage charge expression is conformally-invariant and thus only depends on the phys-
ical spacetime and not on the choice of the conformal-completion. If we pick β|S = 0, i.e. ξa is
a Lorentz vector field at S, the linkage charge coincides with the WZ charge equation (B.24);
this was argued by Wald and Zoupas [21]. For a BMS translation (with β = f satisfy-
ing equation (B.23) and X = 0) note that the third term in the first line of equation (C.19)
vanishes upon integration-by-parts (also using equation (B.6)) and we get half of the WZ
charge. Thus, the linkage charges also have a ‘factor of two’ discrepancy between the mass
and angular momentum similar to the Komar formulae equation (C.12). Note that the WZ
charge gives the correct relative factor between mass and angular momentum without any
need to fix these factors in an ad hoc manner. Since exact Killing vector fields in the phys-
ical spacetime can be shown to be part of some Poincaré algebra at I (see remark 4.2),
we conclude that the WZ charge of an exact Killing vector field agrees with the Komar
formula.

However for supertranslations which are not translations the third term in equation (C.19)
does not vanish when the shear σ on the cross-section S is non-zero, and the linkage charge

16 Note that the function N defined in equation (3.30) of [64] is in fact Φ02 in our notation and we have used
equation (B.17) to convert to our notation. Similarly, the quantity P defined in equation (3.31) of [64] vanishes at
I due to the Bondi condition. We have also restored factors of A (defined in equation (B.3)) to make the expression
invariant under GHP transformations (equation (B.1)).
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does not coincide with the WZ charge or the Geroch supermomentum [27]. Thus, the linkage
charge for supertranslations is non-zero even in Minkowski spacetime when the cross-section
is not shear-free. This also implies that the flux of the linkage charge between arbitrary cross-
sections does not vanish in Minkowski spacetime; though the flux does vanish when computed
between two shear-free cross-sections. A detailed comparison of the linkage flux and the
Ashtekar–Streubel flux (which equals theWZ flux, see appendixC1), with similar conclusions,
was given in [65].

C3. Twistor charge

Another expression for a charge associated with the BMS symmetries was given by Penrose
[66] motivated by twistor theory (see also [23, 60, 67]). To compare to these references we
will work with the GHP formalism, set ρ′ =̂ 0 (i.e. the Bondi condition is satisfied) and τ =̂ 0
(equivalent to a choice of foliation where τa =̂ 0).

With these choices being made, we choose a cross-section S of I and define two-surface
twistors (ω0,ω1) on S satisfying17

(C.20)

Given two solutions (ω0,ω1) and (ω̃0, ω̃1) of equation (C.20) we can form the (complex) vector
field

ξa
C
= (Aβ)na + Xma, β = −i(ω0ω̃1 + ω1ω̃0), A−1X = −2iω0ω̃0, (C.21)

where A is as defined in equation (B.3). Then equation (C.20) implies

(C.22a)

(C.22b)

The first equation says that Xma generates a (complex) Lorentz transformation on S, while
the second is a restriction to a (complex) Poincaré subalgebra at S. The ‘complexification’ is
necessary since equation (C.22b) in general does not have any real solutions for β. A fixed
choice of cross-section S is necessary since equation (C.22b) is not preserved along the null
generators of I unless β = 0 or N = 0, i.e. the News vanishes. For this choice of subalgebra
the (complex) twistor charge at S proposed by Penrose [66] is

Q(T)[ξC; S] =̂ − i
4π

∫
S

ε2
[
(ω0ω̃1 + ω1ω̃0)ψ2 + ω0ω̃0ψ1 + ω1ω̃1ψ3

]
. (C.23)

Using (equation (B.16)), and integrating by parts on S we can write this charge
in terms of the vector field ξa

C
, defined in equation (C.21), as

Q(T)[ξC; S] =̂
1
8π

∫
S

ε2
[
2β(ψ2 − A−1σN)+ A−1Xψ1

]
. (C.24)

17 The pair (ω0,ω1) are the components of a two-spinor defined at S in a spin frame compatible with the GHP tetrad
frame at S; see [67].
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Using equation (C.22) and integrating-by-parts on S, equation (C.24) can be written as (see
also equation (11) of [23])

(C.25)

To compare this expression to the WZ charge we can use equation (B.18) (with τ =̂ 0) to get

(C.26)

Comparing to equation (B.24) we see that the twistor charge is the same as the WZ charge
for the complex vector field ξa

C
= βna + Xma in the Poincaré subalgebra at S chosen by

equation (C.22). The flux of the twistor charge was shown to be equivalent to the (complex)
Ashtekar–Streubel flux in [67].

Appendix D. Symmetric and tracefree tensors in two dimensions

This appendix collects some useful identities for symmetric, tracefree tensors in two dimen-
sions. In the main body of the paper these are applied to tensors on a cross-section S of I ,
but they hold for any two-dimensional orientable manifold S with a Riemannian metric Qab;
as such, for simplicity, we drop the hats on all equalities.

The results of this appendix primarily rely on the following relation between the two-
dimensional Riemannian metric Qab and the corresponding area-element εab, (see equation
(B.2.12) of Wald [26]):

εabεcd = 2Q[a
cQ

b]
d. (D.1)

For a tensor field Aab, let STFAab be the symmetric tracefree part as defined in
equation (2.13). Then, we can decompose Aab into an antisymmetric part, a pure trace part,
and a symmetric, tracefree part:

Aab = A[ab] +
1
2
AccQab + STFAab. (D.2)

Most of the tensors on S which arise in our main analysis are symmetric and tracefree, so
we collect the identities satisfied by such tensors in the following proposition:

Proposition D.1. Let Aab and Bab be symmetric and tracefree tensors on S; then the
following identities hold:

STF (AacB
c
b) = 0, (D.3)

D[aAb]c = Qc[aD
dAb]d , (D.4)
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where D is the covariant derivative compatible with Qab, and

STF

(
£XAab −

1
2
AabDcX

c

)
= STF

[
XaD

cAbc + Da(X
cAbc)+Aa

cD[bXc]
]
, (D.5)

for any vector field Xa on S.

Proof. For any tensor Aab on S, define a notion of left and right dual, respectively, by

(∗A)ab := εcaA
c
b, (A∗)ab :=Aa

cεcb. (D.6)

It follows from equation (D.1) that

(∗∗A)ab = −Aab, (A∗∗)ab = −Aab, (∗A∗)
ab

= Ac
cQab − Aba. (D.7)

Using equation (D.7), we therefore can characterize Aab by how its left and right duals are
related:

(A∗)ab =

{
(∗A)ab ⇐⇒ Aab = STFAab

−(∗A)ab ⇐⇒ STFAab = 0.
(D.8)

Now, let Aab and Bab be two symmetric, tracefree tensors, and consider the left and right duals
of Uab = AacBcb. Using equations (D.6) and (D.8) we obtain

(U∗)ab = Aac(B∗)cb = Aac( ∗B)cb = Aacε
dcBdb

= −(A∗)acB
c
b = −(∗A)acB

c
b = −(∗U)ab. (D.9)

Then, using equation (D.8) we get that STF(AacBcb) = 0.
To show equation (D.4) we start with the fact that

εcdεabDaAbc = 2Da(Qa[cQd]bAbc) = DcA
dc, (D.10)

where the first equality uses equation (D.1) and the compatibility ofDa and εab, and the second
follows from the fact that QabAab = 0. As such, the trace of equation (D.1) implies that

εabDaAbc = εcdDeA
de. (D.11)

The result equation (D.4) then follows by equation (D.1).
Finally, consider the Lie derivative of Aab with respect to some vector field Xa on S. We

have that

STF

(
£XAab −

1
2
AabDcX

c

)
= STF

(
XcDcAab + 2AacDbXc −

1
2
AabDcX

c

)
= STF

[
2XcD[cAa]b + Da(X

cAbc)+ Aa
cDbXc −

1
2
AabDcX

c

]
, (D.12)

where the first equation follows by the definition of the Lie derivative and the second from the
Leibniz rule. Using equation (D.4) for the first term in this expression and rewriting the last
two terms as

STF
[
Aa

cD[bXc] + Aa
c STFDbXc

]
= STF

[
Aa

cD[bXc]
]
, (D.13)
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and using equation (D.3), we find equation (D.5). �
Finally, we show that divergence-free, symmetric, and trace-free tensors Aab on Smust van-

ish. Unlike the above proposition, which holds for any two-dimensional manifold S, this is a
consequence of the fact that any cross-section S of I has the topology of S2. Our proof is
based on one given in lemma 5 of [27] (for similar discussion, see appendix A.4 of [62] or
appendix C of [68]):

Proposition D.2. Let Aab be a symmetric, trace-free tensor on S that satisfies DaAab = 0.
Then Aab vanishes.

Proof. Consider any conformal Killing vector ξa on S, and define

va :=Aabξ
b. (D.14)

First note that, since Aab is symmetric and trace-free and ξa is a conformal Killing field on S,
va is divergence-free:

Dav
a = AabDaξb = 0. (D.15)

Next, we show that va is curl-free. To do so, we use equation (D.1) to show that

εabε
acAc

b = QabA
ab = 0, Qabε

acAc
b = εabA

ab = 0, (D.16)

so that εacAcb is also a symmetric, trace-free tensor. Then, proposition D.1 implies that

Da(ε
acAc

b) = εacQb
aD

dAcd = 0, (D.17)

and so

εabDavb = Da(εacAcbξb) = εacAc
bDaξb = 0. (D.18)

As such, va is both divergence- and curl-free, and so it must vanish (as S has the topology of
S
2): that is,

Aabξ
b = 0, (D.19)

for any conformal Killing vector ξa on S. However, at each point, the set of conformal Killing
vectors on S spans the tangent space, and so we find that Aab = 0. �
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