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Abstract

Homeostasis of protein concentrations in cells is crucial for their proper functioning, requiring steady-
state concentrations to be stable to fluctuations. Since gene expression is regulated by proteins such as
transcription factors (TFs), the full set of proteins within the cell constitutes a large system of interacting
components, which can become unstable. We explore factors affecting stability by coupling the dynamics
of mRNAs and proteins in a growing cell. We find that mRNA degradation rate does not affect stability,
contrary to previous claims. However, global structural features of the network can dramatically enhance
stability. Importantly, a network resembling a bipartite graph with a lower fraction of interactions that
target TFs has a higher chance of being stable. Scrambling the E. coli transcription network, we find
that the biological network is significantly more stable than its randomized counterpart, suggesting that
stability constraints may have shaped network structure during the course of evolution.

Introduction

Cells require different protein levels to survive in different external environments. The expression of these
proteins within the cell are therefore highly regulated. An important regulatory mechanism involves tran-
scription factors (TFs), which are themselves proteins that can either up or down regulate the transcription
of mRNAs coding for other proteins by binding to enhancer or promoter regions of the regulated gene [/1].
Despite the importance of maintaining desired protein concentrations within cells, factors affecting the
stability of these concentrations to perturbations have received little attention.

One approach of studying the stability of such systems with a large number of interacting components
was introduced by May in the 1970s in the context of complex ecological communities [2]]. The idea is that
in a n-species community, the dynamics of the abundances N; of each species may in general be described
by a set of ordinary differential equations:

dAN;
dt

= fi(N1, N2, ...Ny,) )]

fori =1, 2,...,n, with corresponding steady-state solution N;® such that fi(1\7 %) = 0V 4. The dynamics
of small perturbations about this steady-state z;(t) = N;(t) — N7°, when linearized about N*, has the
form: ii
z
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where A is the Jacobian matrix with elements A;; = ( g 1{; ) . If all the eigenvalues of A have a negative
J

real part, the system relaxes back to the steady-state upon perturbations and the steady-state is said to be
stable; if any of the eigenvalues have a positive real part, the steady-state is unstable as the system will
move away from it (exponentially fast) when infinitesimally perturbed. To construct A, one would need to
precisely know the functions f;, which is often hard to obtain. May’s approach was to model A as a random
matrix with independent, identically distributed off-diagonal elements (with mean 0, standard deviation o,
and fraction of non-zero elements C') and constant diagonal elements —a. In the context of ecology, o
reflects the average interaction strength between species, C' is the density of interactions or the probability
that any two species interact, while « is the self-regulation term which sets the relaxation time-scale of the
system if there were no other pairwise interactions. From random matrix theory (RMT) and in particular
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the circular law for matrix eigenvalue distributions [3,/4], this system is stable if and only if a > avnC.
This implies that the system becomes unstable above some critical size, and that increasing a stabilizes the
system and allows for stronger interactions between species.

This approach has also been used to analyze other large interacting systems. In particular it has been
used to argue why weak repressions by microRNAs, thought of as effectively increasing the degradation
rate of mRNAs, confer stability to gene regulatory networks [5)|6]]. However, such a framework does
not take into account the functional form of f; and in particular that the matrix elements often depend
on the steady-state solutions themselves. These details of the model can be important — for example,
when competition for resources between ecological species are explicitly modeled (using the MacArthur’s
consumer resource model), even when the interactions (i.e. preferences of each species for the different
resources) are completely random, the spectrum of the Jacobian matrix that represents effective pairwise
interaction between species is no longer circular (but rather, follows the Marchenko-Pastur distribution)
[7]. Furthermore, transcriptional regulatory networks are not random but instead have distinct structural
features. The structure of interaction networks has been known to affect stability in other models [7H10].
However, how these features affect the stability of gene regulatory networks has not been explored.

Here, by analyzing a model that takes into account the transcription of mRNAs from genes, translation
of mRNAs into proteins, and transcriptional regulation by proteins, we investigate the stability of this large
system of coupled mRNAs and proteins in growing cells, and find that while the mRNA degradation rate
can affect relaxation rate back to steady-state levels, it does not affect whether the system is stable. Instead,
stability can depend strongly on global structural features of the interaction network. In particular, given
the same number of proteins, TFs, number of interactions, and regulation strengths, a network with a lower
fraction of interactions that target TFs has a higher chance of being stable. In the limit where there are no
TF-TF interactions i.e. all TFs regulate proteins that are not TFs, it is possible for the system to remain
stable for arbitrarily large system sizes, unlike random networks which become unstable when system
size becomes too large. By scrambling the E. coli. transcription network, we find that the topology of
real networks can stabilize the system since the randomized network with the same number of regulatory
interactions is often unstable. These findings suggest that constraints imposed by system stability may have
played a significant role in shaping the existing regulatory network during the evolutionary process. By
carrying out the analysis for different physiological states the cell can be in (corresponding to different sets
of dynamical equations) and with different choices of parameter distributions, we also show that our main
results and conclusions are robust to the details of the model.

Results

The model

Gene expression involves two major steps: transcription and translation (Fig[Tj). Transcription is the pro-
cess in which mRNA is synthesized by RNA polymerase using DNA as a template. The transcription rate
of a gene ¢ therefore depends on the number of RNA polymerases n and its effective gene copy number g;
which takes into account both its copy number and how strongly RNA polymerase can bind to the promoter
of that gene [11]. Due to the presence of TFs, g;(¢) can in general depend on the set of protein concentra-
tions ¢ (Fig[Th). We assume that multiple TFs acting on the same gene act independently, with their effects
stacking multiplicatively. This allows for both "OR”- and ”AND”-gate-like combinatorial effects [[12f], and
can emerge from a thermodynamic model of TF binding (SI Section[A). Therefore, we adopt the following
form for transcriptional regulation throughout the paper:

9i(€) = gio H(l + 715 fi5(c5)), 3)
J

where g;o is the effective gene copy number of ¢ if it were unregulated (randomly drawn from a uniform
distribution), and ;; controls the type and strength of regulation i.e. how much gene expression of ¢ changes
in the presence of the TF j. In particular, v;; > 0 if j up-regulates 7 and —1 < «;; < 0if j down-regulates
i. For each regulatory interaction, we assume that the fold-change €2;; is drawn from a uniform distribution
between 1 and €2,,,,., such that

i = {Q,] —1 if~;; > 0 (up-regulating) @

Qi? —1 if v;; < 0 (down-regulating)



since this would allow g;(c;) to increase (if j up-regulates %) or decrease (if j down-regulates ¢) by a factor
of ;5 in the limit of high c;. In SI section[F, we show that the main results do not depend on the particular
distribution P(2) used.

Motivated by experimental measurements of the relationship between transcription factor input and
gene expression output showing a sigmoidal functional form of f;;(c;) [13}|14], we take it to be a Hill
function

fij(ej) = - C;W i (5)
ii(ci) = — T
J\&j Kij” ¢

with N > 0.

Following Ref. [11]], we assume a threshold number . of RNA polymerases above which the gene copy
number is limiting the transcription rate (Fig[Tb). When this is the case, transcription rate is proportional to
g; and is independent of n. If instead n < n, it is the RNA polymerases that are limiting, in which case
the different genes have to compete for the limited pool of RNA polymerases. The transcription rate of a
gene ¢ is then proportional to both n and the fraction of RNA polymerases working on that gene, the gene
allocation fraction: @

gi\c
$i(6) = == (6)
> 5 95 (@)

Denoting the number of different genes by IV, the dynamics of mRNA m; for ¢ = 1, ...N can therefore
be described by the following equation:

)

Tm
dt kmgi(©ns — 2 ifn>n,

dnli . {km@:(an — o ifn < Ne

where k,,, characterizes the transcription rate of a single RNA polymerase, 7,, is the mRNA lifetime, and
ng is the maximum number of RNA polymerases per gene.

Similarly for the process of translation where ribosomes make proteins using mRNA as a template,
the translation rate depends on the number of ribosomes r and the mRNA copy number m;. As for RNA
polymerases, there is also a threshold number of ribosomes . above which mRNA number is limiting and
below which ribosomes are limiting (Fig[Tk). The dynamics of protein numbers p; for i = 1,..., N, with
pn—1 = n corresponding to RNA polymerases and pyy = r corresponding to ribosomes, are therefore
given by:

. 3)
kpymgrs — B ifr>r,

dp; kp Z;”jnj r— f—p if r <7
dt

where k,, characterizes the translation rate of a single ribosome, 7, is the protein lifetime, and 7, is the
number of ribosomes per mRNA when ribosomes are in excess.

Depending on whether the RNA polymerases and ribosomes are limiting, there are 4 different cellular
phases (Fig, ¢). The regime where n > n. and r > r. (phase 3 of the model, where the production rate
of mRNAs and proteins are proportional to gene and mRNA copy numbers respectively) has been widely
studied [[15H17]], but has been shown to be inconsistent with experimental observations in wild type cells
showing exponential growth of protein levels [[18|/19]]. Instead, the regime where n < n. and r < r. (phase
1 of the model) is the one where wild type fission yeast [18] and mammalian cells appear to be in [[19].
We therefore focus on this phase for the rest of the paper. Note, however, that the phase 3 regime has been
experimentally observed in defective budding yeast and mammalian cells that are excessively large [20]],
whereas the regime where RNA polymerases are in excess (n > n.) while ribosomes are limiting (r < r.)
(phase 2 of the model) has been observed in mutant fission yeast [[18]. We will address these two phases in
the SI. The regime where n < n. and r > 7. (phase 4 of the model) is biologically unrealistic as ribosomes
are typically more expensive to make compared to other proteins and hence having excess ribosomes while
RNA polymerases are limited would be inefficient [21}22]. This regime is therefore not considered.

It will be convenient to consider the dynamics for the concentrations of mRNAs ¢,,; = m7 and proteins
ci = % In bacteria [2324] and mammalian cells [25], the volume of the cell V' is approximately propor-
tional to the total protein mass. Hence, we assume for simplicity that each protein has the same mass and
set the cell density to be 1, such that V' = ). p;. The dynamics for concentrations in phase 1 are then given
by:

dcmi

1
dt - km¢z(acn — Cmi (kpcr + 7_> (9)
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Figure 1: Schematic illustration of the gene expression model. (a) The dynamics of protein and mRNA
concentrations are coupled through transcriptional regulation, where some of the proteins (e.g. transcription
factors) modulate the effective gene copy numbers g; and hence the transcription rate of other genes. (b)
If RNA polymerase is in excess, transcription rate I',,, of gene ¢ is proportional to its effective gene copy
number g;. If instead RNA polymerase is limiting, I',, is proportional to the gene allocation fraction
bi = 9i/ >, ; 95~ (¢) Translation rate Iy, is proportional to mRNA number mn; if mRNAs are limiting, and
proportional to the mRNA fraction m;/ > ; ™y if ribosomes are limiting. There are 4 different phases of
the model depending on whether RNA polymerases and ribosomes are limiting.

% = kycr (CW - ci) (10)
dt CmT
where ¢, 7 = ), ¢ is the total concentration of all mRNAs and 1 = % — = is the difference between
mRNA and protein degradation rates (which can be positive or negatwe) A summary of the list of model
parameters can be found in the SI Section [B] Table[ST]

While this set of equations govern the dynamics of average concentrations and hence do not capture
stochastic effects inherent in gene expression and in the binomial sampling of molecules during cell di-
vision, these fluctuations do not affect the average steady-state concentrations if the number of molecules
is large (see SI Section [C] Fig. [SI). In fact, these fluctuations can be considered as perturbations about
steady-state values, and we investigate the stability of the system to such perturbations in the rest of the

paper.

Effects of network features and topology on stability of the system

To study how properties of the transcriptional regulatory network affect the stability of the system, we first
consider the regime where the lifetime of mRNAs is much shorter than that of proteins, which is typically
true for wild-type cells [26]]. In this limit of fast mRNA degradation, the relaxation dynamics of mRNA
is much faster than that of proteins such that dCT ~ 0 at all times. Eliminating the fast process (by

substituting the steady-state mRNA concentrations c¢,,; = . ;"ﬁ:  ¢;(¢) obtained from Eqn. |§|into Eqn ,
the dynamics of protein concentrations can be written as a set of N ODEs:

de;

d7t2 ~ kpcr ((;Sz(c”) — Ci) . (11)



The stability of the system therefore depends only on the eigenvalues of the N x N Jacobian matrix A =
kpci® (M —I), where we define the interaction matrix

99
Mij - 870] C=cC*%) (12)

with the steady-state protein concentrations given by ¢{* = ¢;(¢°*) (from Eqn. .

Denoting \js as the eigenvalues of M, the system is stable as long as the maximal real part of these
eigenvalues Aps ... is smaller than 1 (such that all eigenvalues of A have a negative real part). It is
therefore useful to understand the structure of M by breaking it into two parts using Eqn. [6}

M;j = ¢i*(Mij — Ma,;j), (13)
where ol
0g3gi
My, = 14
1,45 acj (14)

15)

is a rank-1 matrix that captures the indirect interactions arising from competition for ribosomes.

It can be shown that both the structure of M (Eqn[I3) and the fact that stability only depends on M still
hold in the other phases, despite the exact equations for protein dynamics being different (see SI Section
D). Therefore, even though the simulations in the rest of this section are carried out in phase 1, our findings
and conclusions also apply to the other phases.

Stability of the system scales with v/ for random regulatory networks.

We start by exploring the stability of ‘fully random’ regulatory networks, which we take to be our null
model.

Since the maximum eigenvalue of a random matrix depends on the standard deviation of its elements,
we first carry out a naive estimate of how the elements of M scale with N. With g;(c) given by Eqn. [3|

Ologg; _ Vij 8fz'j_
dcj 1 +iifij(e;) O¢;

(16)

Biologically, TF concentrations are often comparable to the values of dissociation constants K ; for DNA
binding [26]. Therefore, since ¢; ~ 1 /N, we also choose K;j ~1 /N (Eqn, which would allow cells
to maintain the full range of gene expression response. From Eqn. [5] this implies that f;; ~ O(1) and

%’ijj ~ N, and hence M; and M, also scale with NV (Eqns. . We therefore expect M;; ~ O(1)

(Eqn. , and hence (from RMT), for Ay .. to scale approximately as V/N for random interaction net-
works. Apz.p.,... alsoincreases with the strength of the interactions v, implying that the system will become
unstable either when IV exceeds a critical number or the regulation strength becomes too high. However,
this argument neglects correlations between the elements of M, which could potentially be relevant. In fact,
we will see in the later sections that the structure of M (Eqn. [I3)) plays an important role in influencing the
stability of the system.

Therefore, to test if this scaling relation holds, we constructed networks of a specified interaction density
p by randomly selecting pN? interactions from the N (N — 1) possibilities (where we have assumed that
ribosomes cannot act as TFs), and choose half of the interactions to be up-regulating with the remaining
half being down-regulating.

By taking the ensemble average over the randomly drawn networks, we indeed recover the v/ N scaling
(Fig. 2), which is also robust to the fraction of up- and down- regulatory interactions (see SI Section [E}
Fig.[S2h) and the distribution of fold-changes P(2) (see SI Section[F Fig.[S3). For sufficiently large N or
Qmaz, We can no longer find the fixed point of the system. Nevertheless, by simulating the dynamics, we
find that for interaction networks of a given IV and p, we get oscillatory, followed by chaotic behaviour as
Qa0 18 increased (Fig. 2b). Similar phenomena have also been described and analyzed in models of neural
networks [27]] and ecological systems [28]]. While certain biochemical circuits have been known to generate
oscillations such as in the cell cycle and the circadian clock, the oscillatory dynamics observed here is of a
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Figure 2: Stability of random interaction networks. (a) For random interaction networks (red mark-
ers,‘rand’), the maximal real part of the eigenvalues of the interaction matrix Ay, . scales with v/N.
Surprisingly, for random directed acyclic networks (blue markers,'DAG’), Apsr.,,.. also scales approxi-
mately with V/N. In both of these cases, increasing the interaction strength from €,,,, = 1.5 (circles)
t0 Qe = 2 (triangles) increases Apsr.,,,.. These results suggest that the system will become unstable
(i.e. logio(Aas,r,,,, ) €xceeds O, indicated by the black dashed line) when N or €2, becomes too large.
Each data point is obtained from an average of 10 randomly drawn networks, with error bars indicating
the interquartile range. Each random network is constructed by randomly selecting pN'? interactions from
N(N — 1) possibilities, with half of the interactions chosen to be up-regulating and the remaining half to
be down-regulating. Construction of DAGs is described in (c). For each regulatory interaction, fold change
is chosen uniformly between 1 and €2,,4,.. [Other parameters: p = 0.01, n = 1.] (b) When systems go out
of stability, they exhibit oscillatory (left, 2,4, = 20) followed by chaotic behavior (right, £, = 200) as
interaction strengths are increased. [Other parameters: N = 200, p = 0.2, n = 1, fully random network,
time ¢ is in units of 1/k,.] (c) Random directed acyclic networks are constructed by randomly drawing con-
nections between proteins (red circles represent TFs, blue circles represent non-TFs). If a drawn connection
creates a loop (e.g. the grey arrow with a cross on it), it is rejected.

different nature — it does not come about from any specific fine-tuning of the network but, rather, emerges
from having a large number of randomly and strongly interacting genes.

However, transcriptional regulatory networks are typically not random. Instead, they are enriched for
distinct structural features such as the following motifs: feedforward loops (FFL), single input module
(SIM) and dense overlapping regulons (DOR) which do not contain any loops besides autoregulatory ones
[1,29]. In the next few subsections we therefore explore the effects of network topology on the system
stability.

Random directed acyclic networks can also be unstable.

Since transcription networks as a whole resemble directed acyclic graphs (DAGs) [1,[29]], we explore the
stability of such networks.

In systems where the Jacobian matrix reflects the presence of direct interactions between components,
the elements of the Jacobian matrix A;; is O if j does not influence or regulate i. In such cases, if there
are no interaction loops involving 2 or more components (e.g. E regulates F which also regulates E), A
can be written as a triangular matrix for such a DAG and the eigenvalues are the diagonal elements of the
matrix i.e. the self-regulation loops. The system is therefore stable if there are no auto-activation among
the components i.e. there are no positive elements along the diagonal of A.

In our case, the presence of indirect interactions captured by the additional M matrix (Eqn. [I3)) implies
that even if the regulation network is a DAG, the stability of the system is not determined solely by the self-
regulation loops. Instead, we find that if we draw DAGs randomly (constructed by adding a connection only



if the resultant network is still acyclic, Fig[2k), even if there are no self interactions, the largest eigenvalue
still scales approximately with /I, suggesting that it is still possible for such a network to go unstable.
Nevertheless, there is a negative offset in Apz ..., compared to the fully random case (Fig. ), implying
that the lack of loops does help to stabilize the system.

Bipartite structure can maintain stability of large networks.

A commonly found motif in the Escherichia coli sensory transcription networks is the dense-overlapping
regulons (DORs) which consist of a set of regulators that combinatorially control a set of output genes
[[1,29,30]. There are several of these DORs in E. coli, each with hundreds of output genes, and they appear
to occur in a single layer i.e. there is no DOR at the output of another DOR. Such a structure can be thought
of as a bipartite graph in which there are 2 types of nodes representing transcription factors (TFs) and non-
transcription factors (non-TFs), and every directed edge go from a TF to a non-TF. Since such graphs do not
contain any regulatory loops (and are therefore also DAGs), we expect them to be more stable than random
networks. However, they are a specific subset of DAGs in which none of the TFs are themselves regulated.
This is also a key difference between these networks and bipartite, mutualistic networks commonly studied
in ecological models [[9,/10]. In this subsection, we investigate the stability of such networks.

To study this problem, we first group proteins into 2 categories: ¢ TFs and N — ¢ non-TFs, such that
for any general network the components of the Jacobian matrix have the following structure:

M, = (Tl 0) (17)
R: O

M, = (TZ 0>, (18)
Ry, O

where Ty (Ts) is a ¢ X ¢ matrix representing the direct (indirect) effect of TFs on TFs while R; (R2) is a
(N — q) x g matrix representing the direct (indirect) effect of TFs on non-TFs, with their elements defined
previously (Eqn[I3}{I5). The non-zero eigenvalues of M are therefore the eigenvalues of the sub-matrix Q
with elements:

Qij = ¢;*(Th,i5 — Ta,4j)- (19)

When the network is sparse, each TF only regulates a small fraction of the total number of genes. Since
¢** ~ 1/N, the strength of indirect interactions are therefore typically much weaker than that of direct
interactions (i.e. the non-zero elements of My are much smaller in magnitude than that of M, Eqns{14]|15).

When constructing random bipartite networks, we only allow TFs to regulate non-TFs (Fig[3p), imply-
ing that Ty = 0. The matrix Q therefore only consists of weak indirect interactions, and we expect the
maximal eigenvalue to be smaller than that of random networks and DAGs. Moreover, since in this case Q
is of rank-1, it has a unique real eigenvalue ¢, which can be shown to be (see SI Section|G):

q
Olo
Moo == ok, (20)
i=1 v

where a';% = Zjvzl c;j mgff” as defined in Eqn/15|are the elements of the M matrix (and therefore small
when the interaction densitylis low). The maximum eigenvalue of the interaction matrix M is then given
by Aarp = max(Agp, 0), since 0 is also an eigenvalue of M (see Eqns. .

This expression (Eqn[20) implies that unlike for fully random networks and random DAGs, the stability
of bipartite networks can depend strongly on the ratio of up- and down- regulating interactions (see SI
Section [E)). In particular, there is a limit on the total strength of down-regulation (relative to that of up-
regulation) for the system to be stable. For example, if the majority of the interactions are up-regulating,
Ag,» should be negative and hence Az, must be 0. On the other hand, Az, must be positive when the
fraction of down-regulations is sufficiently high. This tendency for inhibitory (activating) interactions to
destabilize (stabilize) the system comes from the indirect effect that a regulator has on itself: a slight
increase in the concentration of an inhibitor from its steady-state value will reduce the gene copy number
and hence mRNA levels of the regulated gene. The mRNAs of the inhibitor therefore make up a larger
fraction of the total mRNA in the cell. Since all mMRNAs compete for the shared pool of ribosomes, this in
turn causes the inhibitor concentrations to increase further. This positive feedback also exists in the other
phases, although its physical origin may be different (see SI Section[E] Fig. [S2p).
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Figure 3: Stability of bipartite networks. (a) When constructing a bipartite interaction network, we group the
proteins into TFs (red circles) and non-TFs (blue circles), and only allow directed regulatory interactions to
go from a TF to a non-TF. (b) For bipartite networks, there is a critical value of P, (that is slightly greater
than 0.5) below which Az, .. = 0 and above which Apz . . > 0. In the regime where Ay, .. =0
(which can be considered to be ‘deeply’ stable since it is furthest from the point Aps .. ... = 1 where the
system becomes unstable), this value of Aas,,, . stays the same even when N (star markers to circles) or
interaction strengths €,,,,, (star markers to squares) are increased. (c) When there is an equal fraction of
up/down regulatory interactions P,.y = 0.5, A, is independent of both N and €2, for bipartite
networks. This is in contrast to fully random networks (red markers) and random DAGs (blue markers)
where the system approaches the instability limit (Aasr,..., = 1) as IV or 2,4, (circles to triangles) is
increased. This implies that a bipartite network structure can maintain and enhance the stability of the
system as N or €),,,4, is increased. Each data point is obtained from an average of 10 randomly drawn
networks, with error bars indicating the interquartile range. [Parameters: p = 0.01, n = 1, number of TFs
q=0.1N.]

Indeed, by numerically constructing multiple instances of a bipartite network and varying the fraction
of inhibitory interactions P,.4, we find that Ay, = 0 when P, is below a critical value that is approxi-
mately (but slightly greater than) 0.5 (Fig. ). Importantly, within this regime, the value of Ap7, = 0 1is
independent of both IV and the strength of interactions ;4 (Fig. [Bb, ¢). This suggests that such a bipartite
network structure can help to maintain and enhance the stability of the system, especially for large N and

Qmax .

Scrambling the interactions of E. coli transcriptional regulatory network can destabilize the system.

Real transcription networks, however, are not strictly bipartite graphs - there are autoregulatory elements as
well as transcription factors that regulate other transcription factors. To investigate how relevant network
stability is to biological networks, we obtained the E. coli transcriptional regulatory network from ref. [31].
The network consists of u = 5654 regulatory interactions (of which u, = 3187 are up-regulating), with
q = 211 TFs regulating N = 2274 genes. We compared its stability with that of randomly constructed
networks with the same NV, density of interactions p = 77 ~ 0.0011, and ratio of positive (activating) to
negative (inhibitory) regulation.

We first explored two different ways of scrambling the original network: (1) randomly choosing
directed connections out of the N(N — 1) possible connections, and (2) fixing the number of TFs ¢ and
randomly choosing u directed connections out of g/N possibilities. The second method of scrambling is
motivated by the fact that ¢ < N and the stability of the system is governed solely by the ¢ x ¢ matrix Q
representing how TFs affect TFs (Eqn. For each drawn interaction network, we randomly choose u,, of
the interactions to be up-regulating (;; > 0) and the rest to be down-regulating (v;; < 0). We draw the
fold-change §2;; of each regulatory interaction from a uniform distribution between 1 and 2,,,, = 1000.
This choice of 4, is motivated by the fact that TFs have been shown experimentally to change target
protein levels by 100-1000 fold [[13].

We find that with the real network, the system always converges to a stable fixed-point regardless of the
regulation strengths (Fig. ). In contrast, for the randomly constructed networks (both with and without
keeping ¢ fixed), the probability of the system becoming unstable drastically increases when the interactions
become too strong (Fig. d). This loss of a stable fixed point can give rise to either an oscillatory (Fig. dp)
or chaotic behaviour (Fig. ). This suggests that for typical regulation strengths and density, the interaction
network cannot be random, and that certain structural features of real networks are important for stability.
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Figure 4: Comparing the E. coli transcriptional regulatory network with random networks of the same den-
sity. (a) The actual E. coli network does not become unstable even when the maximum regulation strength
Qnaz 1s increased (blue stars). In contrast, as €2,,,, increases, the probability of the system not having a
stable fixed point increases for scrambled networks of the same interaction density p = 0.0011, regardless
of whether the number of TFs ¢ = 211 is kept fixed (yellow circles) or not (red squares). However, scram-
bling the network while maintaining the same number of TF-other TF, TF-nonTF, and self interactions can
significantly enhance the probability of the system being stable (green triangles). Each of the data points are
averages over 15 sets of 10 regulatory networks, with error bars indicating the interquartile range. [Other
parameters: n = 2.] (b) A typical example of oscillatory behaviour when the system no longer has a stable
fixed point. [Parameters: €2,,,, = 1585, n = 2] (c) An example of the system going unstable and exhibit-
ing chaotic behavior when the real network is scrambled at time t = 5 x 10° marked by the dashed vertical
line. [Parameters: {24, = 1000, n = 5.] In both (b) and (c), time ¢ is in units of 1/k,,.

Network stability depends on the density of TF-TF interactions

Since it is the maximal eigenvalue of the ¢ x ¢ sub-matrix Q (Eqn. [I9) that determines the stability of the
system, and direct regulatory interactions are typically stronger than the indirect background effects, we
expect a higher density of direct interactions among TFs to destabilize the system. This suggests that what
matters for stability is not only the number of TFs and the total number of regulatory interactions, but also
the fraction of those interactions that target TFs.

We therefore analyzed the composition of regulatory interactions in the E. coli transcription network,
and found that there are (i) us = 134 self-regulations (of which 42 are activating), (ii) u; = 373 TF-other
TF interactions (of which 201 are activating), and (iii) u,, = v — us — u; = 5148 TF-nonTF interactions
(of which 2944 are activating) (Fig. [5p). In comparison, the scrambling method that maintained both the
number of TFs and the total number of interactions gives a smaller number of self-interactions ({us) = 2.5)
and a larger number of direct TF-other TF interactions ({u;) = 522) than in the real network.

To investigate if this could be the origin of the enhanced stability of the E. coli regulatory network,
we tried another scrambling method with the composition of the interactions kept fixed. In particular,
after setting the first ¢ = 211 (out of N = 2274) proteins to be TFs, we randomly drew the numbers of
interaction pairs within the 3 categories (self, TF-otherTF, and TF-nonTF) by choosing each TF and its
target separately. The sign of the interactions are then randomly assigned while maintaining the fraction
of positive/negative interactions within each of these categories. We find that this scrambling procedure,
which fixes the composition of regulatory interactions (in addition to N, ¢ and p), significantly increases
the probability of the network having a stable fixed point (Fig. @h).

Direct interactions among TFs can either be auto-regulatory loops or TFs regulating other TFs. We
explored the effects of both of these factors, and found that assuming up- and down-regulations to be
equally likely, a random network is almost always stable when the density of TF-other TF interactions
Pqg = ﬁ is sufficiently low (Fig). Above this threshold value of py, the probability of the system not
exhibiting a stable steady-state increases with p, (FigE'p). This effect is observed regardless of the number
of self-interactions or whether w,, is kept fixed (Fig[3p).

While this implies that systems with a small number of TF-TF interactions are almost always stable, it
does not mean that having a high density of TF-TF interactions will necessarily lead to an unstable system.
This can be seen from the fact the the probability of the system being stable does not drop sharply with p,
(Fig. [Bb) — there are still systems with a relative high density of TF-TF interactions that are still stable. This
suggests that in the high p, regime, the details of the interactions become important. For such a network
with a large number of TF-TF interactions to be stable, the type and strength of those interactions will need
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Figure 5: Effect of density p, of TF-otherTF interactions on stability. (a) In the real network analyzed,
there are us; = 134 self-regulations (of which 42 of them are activating), u; = 373 TF-other TF interactions
(of which 201 of them are activating), and u,, = 5148 TF-nonTF interactions (of which 2944 of them are
activating). The total number of interactions is given by u. (b) A randomly constructed network is almost
always stable when p, is sufficiently low. Above a threshold value, the probability of being stable decreases
with pg. This is true with (red and green circles) or without (blue circles) self-interactions, and regardless
of whether it is the total number of interactions u (red circles) or the number of TF-nonTF interactions u,,
(green and blue circles) that is kept constant. [Parameters: N = 2274, g = 211, n = 2, Q4. = 1000.]

to be more fine-tuned.

This phenomenon that a small p, promotes stability is consistent with the stability of bipartite networks
(pq = 0) and the fact that direct regulatory interactions are typically much stronger than the indirect back-
ground interactions. Nevertheless, since Q (which has contributions from both T; and T, Eqn. is not
a sparse matrix even when p, is small, we do not expect the maximal eigenvalue Ay ... to scale with pg
the way it does for a ¢ X ¢ random matrix with density p,. Indeed, we find numerically that the presence
of Ty can affect A\ps ... (Fig. |§_Z[) suggesting that the indirect coupling between proteins can also play a
role in influencing the stability of the system.

Effect of degradation rates on protein level stability

So far, we have been working in the limit of fast mRNA degradation, where the stability of the system is
governed only by the interaction matrix M (Eqn. [T2). In this regime, since M is independent of degradation
rates 1/7,, and 1/7, (see Eqns. |§|, , these do not affect whether the system is stable. The relaxation
rates are also independent of 7, and 7, with the relaxation rate in the absence of interactions given by
(from Eqn. [TT):

60 = kpcis. (21)

However, it is not clear if this insensitivity (of both stability and relaxation rates) to 7,, and 7, still
holds outside of the 7,,, < 7, regime. Within the framework of RMT, a more negative self-regulation
term typically increases the relaxation rate and hence has a stabilizing effect [2]. Here, we ask if this is
the case by investigating how mRNA and protein degradation rates affect the stability of the system and its
relaxation timescale. In particular, can faster mRNA degradation rates help to stabilize a system that would
otherwise be unstable if mRNAs degrade too slowly?

Values of mRNA and protein degradation rates do not affect whether the system is stable.

To investigate how the degradation rates of proteins and mRNAs affect the stability of the system when 7,,
is not too small, here we consider the full set of 2]V equations (Eqns. [0 and study how the eigenvalues
of the (2INV x 2NV) Jacobian matrix J varies with 7,,, and 7,,.

To compare the relaxation rates of the full system with the protein relaxation rates when there are no
interactions, we work with the transformed Jacobian matrix:

1
—J.
Bo

For an arbitrary regulatory network with a corresponding interaction matrix M (Eqn[I2), we find that

J= (22)
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Figure 6: Effect of degradation rates on stability. (a) The system is stable if and only if Ap7 ..., <
1, regardless of the value of w which increases with mRNA degradation rates (Eqn. [24). The scaled
eigenvalues A\ — Ap; — 1 in the limit of fast mRNA degradation rate w — oo (Eqn. b) Eigenvalue
spectrum for different degradation rates 7. When mRNA and protein degradation rates are comparable, all
eigenvalues fall within a circular region (red). On the other hand, when 7,,, < 73, the eigenvalue spectrum
approximately resembles two circular regions, one corresponding to the dynamics of mRNAs and one for
that of proteins. In this limit, increasing mRNA degradation rate only shifts the eigenvalues for the mRNA
‘sector’ to more negative values, leaving the maximal real part of the eigenvalues approximately unchanged,
w = 0.5 (green) vs w = 0.4 (blue).

the eigenvalues X of J are given by (see SI Section El):

A= % (—wi\/w2+4>\M(1+W)) -1 3)

where )\, are the eigenvalues of M as before, and w is a dimensionless quantity given by:

1

= —, 24
. 750 24)
which reflects the difference between mRNA and protein degradation rates (% = Tin — %)
Since on average cell volume increases exponentially with rate (see Eqn. [8):
1
W= kpor — —, (25
Tp

a growing cell has to satisfy the condition ﬁ < 1. Therefore, since 7,, > 0, we have w > —1.
pivp¥Tr

The expression for A (Eqn. therefore implies that the system is stable if and only if A\p7,,.. < 1,
regardless of the value of 7,,, and 7, (Fig @1). We find that despite differences in the details of the model,
this conclusion still holds in the other phases (see SI Section D).

Therefore, unlike what has been argued in the literature and what one might expect from RMT, changing
mRNA nor protein degradation rates has no effect on whether the overall system is stable. If steady-state
protein concentrations are unstable because Az, .. is too large (e.g. when interactions are too strong),
increasing mRNA or protein degradation rates can never help to stabilize the system.

Importantly, this finding also implies that our results for how structural features of the transcription
network affects stability holds outside the regime of fast mRNA degradation, since stability only depends
on M.

Increasing mRNA degradation rate can improve response times, but only up to some limit.

Besides system stability, another quantity of biological interest is the response time of the system to per-
turbations, which is especially relevant for cells experiencing changes in nutrient conditions [[32,33]]. Since
this relaxation timescale is determined by the slowest eigenvalue of the Jacobian matrix, here we discuss
how the maximal real part of the eigenvalues S\T"W changes with 7.

The expression for \ (Eqn implies that when the system is stable (Aas,r,,.. < 1), the rate at which
the system relaxes to steady-state initially increases as w increases from —1, but eventually plateau off — in
the w — oo limit (where 7,,, < 7p), A=Ay —1 (Eqn. Fig. @1). This implies that there is some benefit
to having fast mRNA degradation in terms of response times, but once mRNA degrades much faster than

11



proteins, further increasing mRNA degradation rate no longer affects the response time of the system. The
eigenvalue spectrum in this 7,,, < 7, limit appears to consist of two circular regions, one for the dynamics
of mRNAs and the other for that of proteins (Fig. [6b), reminiscent of the RMT’s circular law. Increasing
T only shifts the eigenvalues corresponding to the mRNA sector and hence does not affect A, . This
is consistent with the fact that when 7,,, < 73, the dynamics of the overall system is governed only by the
protein ‘sector’ (Eqn[IT). Therefore, the slowest relaxation rate back to steady-state levels depends only on
M and increasing mRNA degradation rate no longer improves the response time.

Discussion

In systems with a large number of interacting components, the question of stability is often an important
one, as results from random matrix theory (RMT) predict instability when the system size N becomes too
large or interactions become too strong. In the context of gene expression, transcriptional regulation is
crucial for cells to adapt to different environmental conditions by changing their gene expression levels. It
is therefore important for transcriptional regulatory networks (TRNs) to be able to accommodate a large
number of regulatory interactions without the system going unstable. However, we find here that similar to
the intuition provided by RMT, A ~ /N for a fully random regulation network, suggesting that the system
will go unstable as the number of genes exceeds a threshold. In fact, based on typical values for the density
of actual regulatory networks and interaction strengths, we find that the system has a high probability of
being unstable if the TRN is randomly constructed.

Besides the number of genes, and the density and strengths of interactions, there are other factors that
can affect the stability of the system, one of which is the network topology. This aspect is particularly
relevant in this system since TRNs are far from being random but instead consist of recurring motifs.
While the properties of these specific motifs have been widely studied and shown to be important for
specific functions such as adaptation, robustness, and fast response to environmental changes [[1,{29}30],
how they contribute to the overall stability of the network is less clear. We find here that global structural
features of the network, which are fundamentally shaped by many of these motifs, can play a huge role in
determining the stability of the system. In particular, given the same number of proteins, TFs, interaction
density and regulation strengths, a network that resembles a bipartite graph with a lower density of TF-
otherTF interactions p, has a higher chance of being stable. The significance of p, fundamentally arises
because of two main factors: (i) the eigenvalues of the Jacobian matrix and hence the stability of the system
about its steady-state are governed only by the TF sector (i.e. how perturbations in TF concentrations affect
TFs), and (ii) for a sparse regulatory network, the indirect background interactions arising from competition
for ribosomes between different genes are typically much weaker than the direct regulatory interactions.

TRNs are also known to be scale-free, having a power-law out-degree distribution. This is consistent
with the fact that most TFs only regulate a small number of genes, but there are TFs that regulate a very
large number of genes (‘master regulators’). Within a more abstract model of gene regulatory dynamics,
the presence of these outgoing hubs has been shown to significantly increase the probability of the system
reaching a stable target phenotype when the interaction strengths are allowed to vary while the network
topology is kept fixed [34]. Here, we find that having a low p, can already significantly stabilize the system
without the need to control the degree distributions. Nevertheless, having just a few master regulators may
contribute to the network having a low p, if for instance most of the regulations on TFs are carried out by
the master regulators (and non-master regulators predominantly regulate non-TFs).

Besides structural features of the network, another factor that could affect stability is the degradation
rates of mRNA and proteins. Based on RMT, one may expect faster degradation to stabilize the system.
This has in fact been argued to be the case [5,/6]]. However, by taking into account the dynamics of protein
concentrations and how it couples to the dynamics of mRNA levels, we find that this is not the case. Instead,
the stability of the system depends solely on the regulatory network and the strengths of those regulations
— if the system is unstable, it will be unstable regardless of how fast mRNA or protein degrades. This
highlights the importance of taking into account key aspects of the interactions (through the form of the
dynamical equations) when analyzing the stability of large coupled systems, similar in spirit to studies of
ecological models where explicitly considering interactions mediated through competition for nutrients can
give drastically different results from assuming random pairwise interactions between species [7]]. This
prediction can also potentially be tested in the lab by varying the degradation rates of mRNAs (e.g. by
using genetically modified RNases) or proteins (e.g. by using genetically modified proteases) in the cell
and observing the dynamics of protein concentrations.

From an evolutionary perspective, there are many possible factors (such as the range of gene expression
levels, environmental conditions, response time [32l33]], level of unwanted crosstalk [35]], etc.) that drive the
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addition or removal of regulatory connections. Our findings suggest that in addition to these considerations,
another fundamental factor is the stability of the overall network. For example, there could be many ways
of achieving a certain task such as allowing the cell to switch between two desired gene expression levels in
two different nutrient conditions, but the only ones that can survive are those that also maintain the stability
of the system. In other words, stability of the system may have played a role in shaping current existing
regulatory networks through the evolutionary process. Our approach can therefore provide insights into the
design and evolutionary constraints for a functional regulatory network, which may potentially be useful for
guiding the construction of synthetic genetic circuits [36H38|]. In the future, the ability to experimentally
engineer a large, random regulatory circuit within cells could also allow testing of the results we have
described.

In addition to transcriptional regulation, gene expression is also regulated at the post-transcriptional (e.g.
through small-RNAs or micro-RNAs) and post-translational (e.g. through post-translational modifications)
level. Our framework can be extended to take into account these effects (see SI Section [l for an example).
How stability of the system is affected by the coupling between these different forms of regulation with
potentially different network structures is an interesting question that we leave for future work. Besides
stability (determined by the eigenvalues of J), in the future it could also be instructive to investigate the
spread of perturbations within the regulatory network (i.e. the eigenvectors of J). This is analogous to
the study of how concentration perturbations propagate in protein-protein interaction networks within the
cell [39].

Data Availability

The data that support the findings of this study are available from the corresponding author upon request.

Code Availability

All codes can be found on GitHub repository https://github.com/yipeiguo/TRNstability.
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Supplementary Information

A Example of a thermodynamic model of RNA polymerases and tran-
scription factors binding to DNA

We consider the scenario where a gene has 1 promoter site and L regulatory sites, each corresponding to a
binding site for a different transcription factor.

Letg;, = ; = e Plei—hi) be the binding affinities of each site = = 0, 1, ..., L, where ¢; is the concentra-
tion of the protein ¢, K; and ¢; are respectively the dissociation constant and binding energy between protein
¢ and site ¢, and p; is the chemical potential of . We choose the index ¢ = 0 to represent binding of RNA
polymerase to the promoter and the other indices represent TF binding to the corresponding regulatory site.

The state of the system is then given by & with o; = {0, 1} representing whether the " binding site
is occupied. We allow pairwise interactions between RNAP and each of the TFs, but neglect any pairwise

interactions among the TFs, such that the free energy E of any state is given by:

E(E) = Z(GZ — Mz)oz — Z log;/Oj 0003, (Sl)
4 J

where wo; > 0 captures the strength and nature of the pairwise interaction between a bound RNAP and a
bound TF j. Specifically, w > 1 indicates a positive interaction (with the TF up-regulating gene expression),
w = 1 indicates no interaction, while w < 1 indicates a repulsive interaction. The limit where wp; = 0
corresponds to the case where the TF is a steric inhibitor i.e. binding of j blocks RNAP from binding to the
promoter.

Denoting ZON (ZOF ) as the sum over the weights of all possible RNAP-bound ‘ON’ (RNAP-unbound
‘OFF’) configurations, the equilibrium probability P, of RNAP binding to the promoter is given by

ZON
ZON + ZOFF
qo Hle(l + woigq;) (S2)
HZ-L:1(1 + i) +qo HiLzl(l + woiq;)
= PbOF'r‘Eg(6)7

P, =

where Py = ljoqo is the probability of RNA polymerase being bound to the promoter in the absence of any

transcriptional regulation (L = 0), and F).4(¢), which is the regulatory function which captures the effect
of TFs on the the binding of RNAP to the promoter, is given by:

L woigi
(1+a0) TTE, (Hee)

L 14+woiqi
T+q 2, (#)

L
i —Da
zH<1+(w0 )Q>’
i=1 I+a

Freg (@) =

(83)

1+woiqs
This model is therefore an example of how a multiplicative form for F,..,(¢) can arise, and serves as
a motivation for our choice of regulatory function for the effective gene copy number (which we assume
to be proportional to the probability of RNAP binding to promoter). Even though in this model the Hill
coefficient is 1 for the effect of individual TFs, one could imagine higher Hill coefficients if there are
cooperative effects in the binding of each TF to its binding site.

with the approximation taken in the limit of low RNAP concentrations gy < Hle ( 14g; ) and ¢o < 1.

B Summary of model parameters

C Effect of stochasticity in gene expression and during cell division

To explore the effect of stochasticity in gene expression and binomial sampling of molecules during cell
division, we carry out Gillespie simulations. In these simulations, we keep track of the number of mRNA
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Parameter Definition/Description How value is set in simulations

Transcription and transcriptional regulation

km, transcription rate of a single RNA polymerase N/A (fast mRNA degradation limit)
T mRNA lifetime N/A (fast mRNA degradation limit)
gi effective gene copy number of 9i(€) = gio [ [;(1 + 35 fij (c;)) (Eqn.lgl)
gio effective gene copy number of ¢ if drawn from a uniform distribution
it were unregulated between 0 and 1
. ; ; ; gi
o] gene allocation fraction of ¢ S o (Eqn. [6]
dio gene allocation fraction of ¢ %
without any regulatory interactions
. Qij =1 ify; >0
Vij controls the type and strength of regulation Yii =9 1 . (Eqn. @4
o 1 ifvy; <0
Qi fold-change of each regulatory interaction, drawn from a distribution P(£2)
controls strength of interaction (either uniform or log-uniform)
between 1 and 2,44
e
fij How protein j affects gene copy number of ¢ fij(ej) = W (Eqn.[5
Nij Hill coefficient of f;; same constant (n = 1,2 or 5) for all 4, j
K;; concentration of j at which f;; = 0.5 set to be ¢
Translation

. . . constant, time is measured in units of
kp translation rate of a single ribosome 1/k
-

N/A, does not affect dynamics of
Tp protein lifetime protein concentrations in the limit of
fast mRNA degradation.

Table S1: List of model parameters, their definitions and how they are chosen in the simulations.

and protein molecules of each gene ¢ = 1,..., N. At every time step, the production rate of each mRNA
is given by T',,; = ky,¢;(C), the production rate of each protein is given by I'y; = k, Zzlpk r, and the

m;

degradation rates of each mRNA and protein are given by o and f—p respectively. The next event and the
time to the next event are then drawn based on these rates. We assume that the cell divides whenever the
volume (i.e. total protein number) reaches a threshold value (2 x 10* in Fig. . When the protein number is
large and the system is stable, we find that protein concentrations fluctuate around the steady-state solution
obtained from the corresponding deterministic dynamical equations (Fig. [ST)).

17



Cp

0.5F

1.5¢

0 500 1000 1500 2000
t/min

Figure S1: Gillespie simulations of gene expression and binomial sampling of mRNA and protein numbers
during cell division. The protein concentrations obtained from a single simulation (solid lines in top, middle
panels) fluctuate around the steady-state solution obtained from deterministic dynamical equations (dashed
horizontal lines, obtained from solving main text Eqns[9] [T0). Different colors represent different proteins,
the middle panel is a zoomed-in view of the top panel in the low ¢, regime. The bottom panel shows the
corresponding changes in cell volume, with vertical lines indicating cell division events, at which point
the number of mRNA and protein molecules in the daughter cell is sampled from a binomial distribution.
[Parameters: N = 10, random interaction network with p = 0.5, Q4 = 20, n = 1, ky, = 0.3, k, = 0.03,
T = 3.5, 7 = 1 x 10%]

D Dynamics and stability of protein concentrations in different phases
D.1 Phase 1: The regime where both RNAPs and ribosomes are limiting (n < n,,
r<re)

When both RNAPs and ribosomes are limiting, the dynamics of mRNA ¢,,; and protein ¢; concentrations
within the cell are governed by the following equations (Eqns. [9]and[I0] of the main text):

dcmi - 1
a km¢z(c)cn — Cmi (kpcr + 7_) (S4)
de; Cmi
— =k T —Ci ]y S5
dt pC <CmT ¢ > ( )

where k,,, and k,, are constants characterizing the transcription and translation rates of a single RNA poly-
merase and ribosome respectively, ¢;(¢) = % is the gene allocation fraction (with g;(¢) being the
J 77

effective copy number of gene %), ¢, = ; Cmi and % =1 _ %, with 7,,, and 7, being the lifetimes of

Tm
mRNA and proteins respectively.
The corresponding steady-state concentrations are given by:

Cmi,ss = 1 ¢z(_gg) (S6)

55 = (). (S7)



Since by definition ), ¢; = 1, the total steady-state mRNA concentration is

K dn
kpdr + L

CmT,ss =

(S8)

We denote the total number of genes by N, and choose the index N — 1 to represent polymerases
(the number of which we also denote as n) and the N* index to represent ribosomes (the number of
which we also denote by 7). The Jacobian of the full coupled mRNA-protein system is a 2N x 2N matrix

A . .
= o ,where A = — (1 + k,c,) Tis the N x N matrix representing how mRNA concentrations
affect one another, and D = —k,c,Iis the N x N matrix representing how protein concentrations affect

one another. Since c;’s are independent of 7 (Eqn. [S7), it is convenient to define

1
kpey

J= (89)

such that the system is stable if and only if the maximal real part of the eigenvalues of J is less than 0. The

- - A B - 5
elements of J are then given by J = & b , with A = — (mlc,. + 1) I, D=-1I and
kmdn 0d; y
. W@, fOr]—l,Q,...,N—2
Bij = ’;v:j:, forj=N—1 (S10)

f%cmT, forj =N

Cii = { Cm£i7 for]‘ _? (S11)
—ooL, forj #+1

where we have made the assumption that RNAPs and ribosomes cannot act as transcription factors.
—
U1

%

Let A be the eigenvalues of J with corresponding eigenvectors v = <
V2

). Then Av_f—i-]é@ = S\H

and Cvj = (5\ + 1)@ which gives CBvj = (;\ +1) (5\ + 4+ 1) 03, where the elements of CB are

Tkpcr

given by:

(CB)y =Y Cuby,
k

phutn (90— g5, G, forj=1,2,., N =2

k}p(bw“c'mT acj BCJ
= km i . .
= Ve (f-eXig).  frj=N-1 (512)
—%‘F@Zk%’j, forj =N
1 09i .
(1+ Tkp¢r> 80j7 for] - 1?2)"'7N72
0, forj=N-1,N

This therefore provides a relation between each value of X and its corresponding eigenvalue of %,
which we denote by Aj;. Since A, is independent of 7, we can find how 7 affects A for any given Ay;:

\ = % (—wﬁ:\/w2+4>\M(1+w)) —1, (S13)

where w = —1 .
Thpcr

D.2 Phase 2: The regime where RNAPs are in excess and ribosomes are limiting
(n = ne, 7 <1¢)

Whenever it is the gene copy numbers (instead of RNAPs) that are limiting (n > n.), the transcription rate
is no longer proportional to the number of RNAPs, and hence it is the mRNA numbers m; rather than their
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concentrations that are kept at steady-state levels within the cell. We therefore analyze the the dynamics for
m; and ¢; which in this case are given by:

dm; m;

i kmgi(c)ns — - (S14)
dCi m;

— kpe, (mT ct> , (S15)

where mp = > ;M is the total number of mRNAs, ns is the maximal number of RNA polymerases a
single gene can accommodate, and the other variables are as defined previously.
The corresponding steady-state mRNA and protein levels are:

mi® = kynsgi(S®°)Tm (S16)
Sé

¢ = = gy(E), (S17)
ms

where we note that as before the steady-state protein concentrations are independent of the degradation
lifetimes.
Following the same approach as in the previous section, we define the scaled Jacobian matrix (Eqn. [S9),

where now the elements of J are given by A = (— L ) ILD=-I

Tmkpcr
o kmns agz
= S18
7 kpe, Oc; (518)
= (65 — ) (S19)
1] — mr %] Ci )y
such that
55 1 1 [9g gk
(CB);; = (S 3
T Twkper gr \ Oc; zk: oc; (520)
1 oy
" Twmkper Ocj
The eigenvalues X of J are hence given by
-1 .
A= 3 7002:‘:\/&)24»4)\]»](602‘%1) -1, (S21)

where wy = ﬁ — 1, and as before Ay, denote the eigenvalues of %, which are independent of 7. This
equation is the same as that in phase 1 (Eqn. [ST3) with w replaced by ws.

Therefore, in both of these phases we get similar dependence of the stability of the system on degrada-
tion rates - the system is always stable as long as Aj; < 1 and unstable if Ay, > 1, regardless of the values

of w or ws.

Phase 3: The regime where both RNAPs and ribosomes are in excess (n > n.,r > r.)

In this regime, the dynamics of m; and ¢; are given by:

dml— ~ m;
== km 7 - 22
dt gi( Tm (522)
de; ~
= ky(m; — e;mr), (S23)

pTs

where k;n = kyng, and Ep = kv is dependent on cell volume which is linearly increasing over time. It is
useful to define the growth rate per unit volume p3, which is given by:

kﬂ’lk S 1
py = =t — (24)

Tp

20



At steady-state,

M3 = kmgi (@) Tm (S25)
SS ml‘ss =SS
4= = ¢;(c*%), (S26)

and while these are constant over the whole cell cycle, the rate at which the system goes back to steady-state
levels after a perturbation depends on its current volume at that point in time.

A
C
D = —kymrl, B;; = k;ng—g;, and C;; = k},(dij — ¢;). Unlike phases 1 and 2, here D depends on

mrp = k;ngTTm which is a function of 7,,.
The eigenvalues \ of J can be found from

The Jacobian matrix of this system can again be written as J = -

B 1
, where A = ——1,
D

CBwS — </\ n 1) </\ n lélmT) w3, (S27)

with

_ i [ 99 Z 99k
(CB)U = k‘o/ﬁ (80]' — C; aCj>
k (S28)

where K = koky gr. Unlike the other phases, here we choose not to scale J by the diagonal elements of D
since we are investigating the effect of 7,,, on the eigenvalues and D itself depends on 7,.
We therefore have

— (L + Kr) + \/(; + KTm)2 — 4K (1 = Aur)

A= 5 ,

(S29)

where as before, A, are the eigenvalues of the interaction matrix M = %.

This implies that the system becomes marginally stable (A — 0), for both 7,,, — 0 and 7,,, — 00, i.e. in
both these limits, even if the system is stable, it takes a long time for it to relax back to its steady-state when
perturbed. This suggests that there is an intermediate regime of 7, for which the system responds fast to
perturbations away from steady-state. This ‘Goldilocks effect’ arises because when 7, is large, the restoring
force for mRNA numbers is small, while for small 7,,,, the restoring force for protein concentrations is small.

If we were to consider the scaled relaxation rates A = ﬁ, where by 3 = KT, is the relaxation rate for
proteins when there are no transcriptional regulation (which is also the growth rate per unit volume p3 in
the limit 7, — 00), then

< 1
A= 3 (—W3i \/w32)+4)\M(w3+1)> -1, (S30)
where w3 = ﬁ — 1. This expression is the same as that in phases 1 and 2 (Eqns ,| with w and

Wo NOW replacedmby ws. Therefore, as before, the system is always stable as long as Ay; < 1 and unstable
if Aps > 1, regardless of the value of ws.

E Effect of sign of regulatory interactions on stability

In this section, we investigate how the relative fraction of up- and down- regulatory interactions affect the
maximal eigenvalue Apy ... of the interaction matrix.

We find that for random and DAG networks, the fraction of up-regulating interactions p,,, does not
significantly affect A\rs . (Fig. [SZh). However, for bipartite networks (which do not have any direct
interactions between TFs), having only down- regulating interactions (p,, = 0) increases Az, ., dra-
matically compared to the scenario of having p,,, = 0.5 (Fig. ). This is consistent with the tendency
for inhibitory (activating) regulations to destabilize (stabilize) the system, which comes from the indirect
effect that a regulator has on itself: a slight increase in the concentration of an inhibitor from its steady-state
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value will reduce the gene copy number and hence mRNA levels of the regulated gene. The mRNAs of
the inhibitor therefore make up a larger fraction of the total mRNA in the cell. When ribosomes are limit-
ing (phases 1 and 2), all mRNAs compete for the shared pool of ribosomes, and a higher mRNA fraction
therefore causes the inhibitor concentrations to increase further. In phase 3, the reduction in mRNA levels
of the regulated gene reduces the rate at which proteins are made. This slowing down of the increase in
cell volume causes the inhibitor protein concentration to increase. This effect is much smaller in the case of
random and DAG networks because their stability is dominated by the stronger, direct interactions among
TFs.

(@) 1010 (Aar,) (b)o :/B\M,r,,,,,_,.
@ rand, p,, = 0.5 > .
-0.8} @ rand, puz =1 00&
@ rand, pyp =0 ﬁo DDDDE]
-1 e 0.2 o
o] - B phrER =
1.7 2 = 2  mp,=05
L] DAG 0.5 01 8 W Py =1
- » DAG, pyp = 0.
148 > DAG,puZ =1.0 = 8 py =0
> DAG, pyp =0
-1.6 oo oooooooo
2.5 3 0 500 1000
log1p(N) N

Figure S2: Effect of sign of regulatory interactions on maximum eigenvalue Az, . . (a) For fully random
(circles) and random DAG (triangles) regulatory networks, Aps ... is approximately the same when there
is an equal fraction of up- and down- regulatory interactions (red markers, ’p,, = 0.5’), when all inter-
actions are up-regulating (blue markers, ’p,, = 1°) and when all interactions are down-regulating (green
markers, 'p,, = 0°). [Parameters: k, = 1, p = 0.01, n = 1, Q4 = 1.5.] (b) For bipartite interaction
networks, up- regulating interactions are stabilizing while down-regulating interactions are destabilizing.
These results hold in all phases of the model (since it is always the same interaction matrix that matters),
even though the physical origin of the background, indirect interactions change between the three phases.
[Parameters: number of TFs ¢ = 0.1N, other parameters same as in (a).]

F Effect of distribution of fold-change (2;; on stability

In this section, we investigate the effect that the distribution of fold-changes €2;; of the regulatory interac-
tions has on the maximal eigenvalue Ay .. of the interaction matrix.

In the main text, all the simulations were carried out with €2 drawn from a uniform distribution. For
any fixed value of §2,,,,., having P(2) ~ % (such that the logarithm of € is uniformly distributed [40,41]])
would result in a lower () and a higher fraction of weaker interactions. Nevertheless, we find that the
qualitative behavior of how Aaz,,,,, scales with N remains unchanged (Fig. [S3).

G Bipartite regulatory network

G.1 Eigenvalue of Jacobian matrix

For a bipartite regulatory network, the relevant ¢ x ¢ sector of the Jacobian matrix Q (main text Eqn. [T9) is
given by:
Q=—di", (S31)

where c; is the concentration of TF 7, and a; = alg%. Since this is a rank-1 matrix, it only has one
eigenvalue )\, with corresponding eigenvector ¥ such that

—C; Z ajvj = )\bvi, (832)
J

forall 7 = 1,2,..., q. This implies that

—ZaiciZajvj = )\bZaivi. (833)
i J 4
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Figure S3: Effect of fold change distribution on how the maximal eigenvalue Ay ... varies with N. (a)
For fully random (circles) and random DAG (triangles) regulatory networks, Ay, ~ V/N both when
fold-changes §2;; are drawn from a uniform distribution (blue markers), and when they are drawn from a
1/ distribution (red markers). [Parameters: k, = 1, p = 0.01, n = 1, Q0 = 1.5, pyp = 0.5] (b) For
bipartite interaction networks, the qualitative behavior of how Ay ;.. . varies with NV is also independent
of P(2) regardless of the fraction of up-regulating interactions p,,,, [Parameters: number of TFs ¢ = 0.1,
other parameters same as in (a).]

Therefore

A== aic, (S34)
and
(S35)

Vi = Cj.

H Effect of density of TF-otherTF interactions p, on maximum eigen-
value \y/,.

Here, we investigate how the density of TF-otherTF interactions p, affects the maximal eigenvalue Ap7 ...
of the interaction matrix. We find that without any auto-regulation loops, increasing p, increases Aas,r, ..,
which is consistent with our observation that the probability of the system going unstable increases when
pq is too large (Fig. [5p).

These values of Aps .. can be higher than the maximum eigenvalue of the corresponding matrix Qq
consisting only of the direct interactions i.e. Q1,;; = ¢; "’g’f?i (Fig. , especially for small values of p,,
suggesting that the indirect interactions can potentially pla}i a role in affecting the stability of the system.
In fact, in the limit where p, = 0 (i.e. bipartite network), stability is only determined by these indirect
interactions. Nevertheless, these indirect interactions are much weaker than the direct interactions, which
accounts for the stability of the system at low p,.

I Allowing post-translational modifications in the model

Suppose each protein has to undergo some form of modification before they can be functional. In phase 1,
the dynamics of the number of mRNAs m;, proteins p;, functional proteins p; of each gene 7 can in general
be written as:

dm; o m
C— ki ()t — =2 S36
dt ¢i(c") T (536)
dpi _ mi . Pi
e k, Zj py r - i (c*)p; (S37)
=i (c*)p; — =%, S38
n =Y (c*)p - (S38)

where ¢; is the gene allocation fraction as defined in our main model (which now depends on concentrations
of the functional forms of the transcription factors), and we have assumed that the rate of modification of
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Figure S4: Effect of density p, of TF-otherTF interactions on the maximal eigenvalue of the interaction
matrix Apz ... When the number of self-interactions u, = 0 and the number of TF-otherTF interactions
up, = 5000, the average maximum eigenvalue Ay ., .. of the interaction matrix (blue circles) among stable
systems increases with the density p, of TF-otherTF interactions, until reaching a threshold value of p,
above which where it stays approximately constant. The maximum eigenvalue of the corresponding matrix
Q1 consisting only of the direct interactions i.e. Q1 ;; = ¢; ag)cgfi (green triangles) can be lower when p, is

small. (other parameters: N = 2274, ¢ = 211, k, = 1, n = 2, Q0 = 1000.)

p; into p; is proportional to p;, which is analogous to the reaction being first order in the substrate ¢. The
modification rate also depends on the concentrations of other proteins involved in the modification through
the function ;(c*). As an example, for the case of a 1-step enzymatic reaction e.g. phosphorylation of
.. . . kg . ke . . . .
a protein ¢ by a kinase K: ¢ + K k: i-K — " + K, solving the dynamics of each component (i, ¢*,
b
K and i-K) leads to ¢;(c*) = k’sz I CJ» Where ¢ is the concentration of the free kinase, and we have
made the approximation that the concentration of the intermediate complex - K does not change on the
time-scale of the formation of product ¢* (quasi-steady-state approximation). If we further assume that the

total kinase concentration (including both the free and bound forms) is fixed at a constant value of ¢} ;.

"
kCCK,tot
km+eci

we recover the familiar Michaelis-Menten kinetics, with v;(¢*) =

kptke
ky

Approximating the volume of the cell as V' = > p; + p}, the dynamics of concentrations are then
given by:

, where ¢; is the concentration
of iand k,,, =

dcmi 2\ * 1 1
g = kmgbl(c )Cn — Cmi (kpcr + a - Tp) (839)
dc; Cmi -
—— =k | =—— —ci | —di(cH)e (S40)
dt P (Z] ij >
dC’F * * %
dtZ = i(c*)e; — kpcicy. (S41)

With such a model, it is then possible to investigate how the coupling of both the transcriptional regu-
latory network and the network of post-translational modifications would affect stability of the system. We
leave this interesting question for future work.
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