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Abstract

A multigrid multilevel Monte Carlo (MGMLMC) method is developed for the stochastic
Stokes—Darcy interface model with random hydraulic conductivity both in the porous media
domain and on the interface. Three interface conditions with randomness are considered on
the interface between Stokes and Darcy equations, especially the Beavers—Joesph interface
condition with random hydraulic conductivity. Because the randomness through the interface
affects the flow in the Stokes domain, we investigate the coupled stochastic Stokes—Darcy
model to improve the fidelity. Under suitable assumptions on the random coefficient, we prove
the existence and uniqueness of the weak solution of the variational form. To construct the
numerical method, we first adopt the Monte Carlo (MC) method and finite element method,
for the discretization in the probability space and physical space, respectively. In order to
improve the efficiency of the classical single-level Monte Carlo (SLMC) method, we adopt
the multilevel Monte Carlo (MLMC) method to dramatically reduce the computational cost
in the probability space. A strategy is developed to calculate the number of samples needed in
MLMC method for the stochastic Stokes—Darcy model. In order to accomplish the strategy
for MLMC method, we also present a practical method to determine the variance conver-
gence rate for the stochastic Stokes—Darcy model with Beavers—Joseph interface condition.
Furthermore, MLMC method naturally provides the hierarchical grids and sufficient infor-
mation on these grids for multigrid (MG) method, which can in turn improve the efficiency
of MLMC method. In order to fully make use of the dynamical interaction between this two
methods, we propose a multigrid multilevel Monte Carlo (MGMLMC) method with finite
element discretization for more efficiently solving the stochastic model, while additional
attention is paid to the interface and the random Beavers—Joesph interface condition. The
computational cost of the proposed MGMLMC method is rigorously analyzed and com-
pared with the SLMC method. Numerical examples are provided to verify and illustrate the
proposed method and the theoretical conclusions.
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1 Introduction

The Stokes—Darcy interface model has attracted significant attention from scientists and
engineers due to its wide range of applications, such as interaction between surface
and subsurface flows [25,36,38,67,78], industrial filtrations [45,64], groundwater system
in karst aquifers [24,50,62,63], petroleum extraction [2,42,61,85,122], and many oth-
ers [26,28,34,35,84,100,105,110,124]. Therefore it is not surprising that many different
numerical methods have been proposed and analyzed for the Stokes—Darcy model, includ-
ing domain decomposition methods [14,20,22,30,37,39,40,60,109], Lagrange multiplier
methods [4,51,79], discontinuous Galerkin methods [32,57,71,82,97], multigrid methods
[1,18,87], partitioned time stepping methods [74,88,103,121], coupled finite element meth-
ods [3,19,72,86,101], and many others [8,13,31,44,48,58,65,69,70,81,89,102,112,114].

The above existing works only consider the deterministic Stokes—Darcy model, for which
the problem data, including the model coefficients, the forcing terms, the domain geome-
try, the boundary conditions and the initial conditions, are assumed to be perfectly known.
However, in reality there is a significant amount of uncertainty involved in determining these
real-life data due to measurements and simplifications [33,52,91,104]. Up to the authors’
knowledge, in the literature there is only one existing pioneer work [76] which considers
the stochastic transport problem of Stokes—Darcy model with Beavers—Joseph—Saffmann
interface condition.

In recent years, various numerical methods have been developed to solve stochastic partial
differential equations, such as the polynomial chaos methods [117,118], the collocation
methods [5,6], the sparse grid methods [9,92,93], and many others [7,65,94,111,115,116,
119,123,125]. There also exist many works on the uncertainties of the porous media flow by
assuming the hydraulic conductivity of the porous media is a random field in the second order
elliptic equation [41,49,80,120]. But the Stokes—Darcy model has a much more complicated
system for the uncertainties due to the flow interaction on the interface between the porous
media flow and the free flow in conduits.

Therefore, it is not trivial to study the effect of randomness of the hydraulic conductivity on
the whole coupled flow performance, which is key component of this paper, especially around
the interface. Furthermore, most of the existing works on Stokes—Darcy model consider the
simplified Beavers—Joseph—Saffmann interface condition, including the pioneer work [76]
for the stochastic transport problem of Stokes—Darcy model. In this paper, we will consider
the original Beavers—Joseph interface condition [12], which is more complicated and brings
more difficulties [21,23]. Starting from the analysis for the wellposedness of the stochastic
Stokes—Darcy model with random Beavers—Joseph condition, we will develop the proposed
method step by step, by following and improving the ideas of the multigrid multilevel Monte
Carlo MGMLMC) method in [76].

The Monte Carlo method [99] is widely used in a range of stochastic problems, owing to
the dimension independent convergence rate of the sampling error. However, high accuracies
of Monte Carlo method require a large number of samples, and the convergence is determined
by the number of the samplings under the Central Limit Theorem. Then the performance of
Monte Carlo method for the stochastic partial differential equations on a fine mesh will lead
to very expensive computational cost. To reduce the computational cost for simulating the
coupled stochastic Stokes—Darcy model, we adopt the multilevel Monte Carlo method, which
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is an effective variance reduction method. This method is introduced by M. Giles [53,54], and
has been used in many research works [11,27,43,55,77,107]. It is much more costly efficient
by significantly reducing the number of samples on the fine meshes.

However, itis not trivial to determine the number of samples in each level to keep the global
accuracy while minimizing the cost. Therefore, motivated by the idea in [75], in this paper we
particularly develop a strategy based on a detailed analysis to overcome this difficulty for the
stochastic Stokes—Darcy model with random Beavers—Joseph interface condition. To perform
this strategy, we also provide a suitable method to determine the variance convergence rate
for calculating the number of samples needed in MLMC method.

Furthermore, the multilevel Monte Carlo method only reduces the computational cost in
the probability space, not in the physical space. Inspired by a fact that the multilevel Monte
Carlo method already has a set of hierarchical grids for the multilevel idea, it is a natural idea
to fully make use of the same set of hierarchical grids to solve the discrete algebraic system by
using the powerful multigrid method [15,17,108], which can further improve the efficiency
of the proposed multilevel Monte Carlo method. Meanwhile, the saved information of the
multilevel Monte Carlo method on the set of hierarchical grids will also significantly reduce
the computational cost of the multigrid method.

Therefore, we adopt the multigrid multilevel Monte Carlo (MGMLMC) method, which
combines the multilevel Monte Carlo method and the multigrid method on the same set of
hierarchical grids to propose an even more costly efficient method. The MGMLMC method
has been developed for various models, such as the stochastic elliptic variational inequalities
[73], the stochastic elliptic equations [98], the lognormal diffusion problems [75], and the
transport in Stokes—Darcy system [76]. Particularly, the finite volume method was used for the
spatial discretization in [ 76] to solve the transport model, whose velocity field is obtained from
the coupled Stokes—Darcy equation with the Beaver-Joseph-Saffmann interface condition.

In this paper, we develop the MGMLMC method for the stochastic Stokes—Darcy
model with the random Beavers—Joseph interface condition. The randomness in the original
Beavers—Joseph interface condition, which is more complicated than the simplified Beaver-
Joseph-Saffmann interface condition, brings more difficulties to the model. In the proposed
method, finite elements are utilized for the physical space discretization, and the grid based
method [59] is adopted to generate the realizations of the random hydraulic conductivity in the
probability space. Furthermore, the computational cost of the proposed MGMLMC method
is rigorously analyzed and compared with the SLMC method for the stochastic Stokes—Darcy
model with the random Beavers—Joseph condition.

The rest of the paper is organized as follows. In Sect. 2, we briefly recall the deterministic
Stokes—Darcy model. In Sect. 3, we present the stochastic Stokes—Darcy interface model, the
weak formulation of the stochastic Stokes—Darcy model and the proof of the wellposedness.
In Sect. 4, we recall the Monte Carlo method to approximate the numerical moments of
the stochastic solutions, adopt the multilevel Monte Carlo method to reduce the computa-
tional cost in probability space, and then develop the multigrid multilevel Monte Carlo to
further reduce the computational cost. In Sect. 5 we provide numerical examples to verify
the theoretical analysis and illustrate the features of the proposed methods.

2 Deterministic Model for Coupled Porous Media Flow with Fluid Flow

The coupled Stokes—Darcy system describes the confined flow by Darcy system in the porous
media domain and the free flow by Stokes equations in the conduit domain. Then three
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interface conditions are used to couple the flows in these two domains. In this paper, we
consider the coupled Stokes—Darcy system on a bounded domain D,,s = D,, U Dy C RY,
d = 2, 3, where D,, is the porous media domain and Dj is the conduit domain. We decompose
the boundary 0 Dy, into two parts: I, = dD,,\I7, Iy = d Ds\I7, and denote the interface
as I't = dD,, N dD;.

In the porous media domain D,,, the flow is governed by the Darcy system [10]

uy (x) = —K(x)Vén(x), in Dp, (D
Vou,(x) = fi(x), in Dy, ()

here, u,, denotes the specific discharge in the porous media, K is the hydraulic conductivity
tensor of the porous media that is symmetric and positive definite in accordance with physical
meaning, ¢, is the hydraulic head, and f;, is the sink/source term.

By substituting (1) into (2), we obtain the second-order form of the Darcy system

= V- (KX)Vu(x)) = fu(x), in Dpy. 3
In the conduit domain Dy, the flow is governed by the Stokes equations:

-V .-T(us, ps) =15, in Dy, “
V.u, =0, in Dy, (5)

where uy denotes the fluid velocity, p; is the kinematic pressure, and f; is the external body
force. T is the stress tensor, defined as T'(ug, py) = 2vID(uy) — psl, where v is the kinematic
viscosity of the fluid, I is the identity matrix, and D(uy) = %(Vus + (Vuy) ).

On the interface between the porous media domain and the conduit domain, we impose
three interface conditions:

u; -ng = (KVe,,) -n,, onl7y, (6)

—n, T(u;, po)ns = g(dm —2),  onT7, )
av/d

Vitrace(I1 (x))

where n,,, ng denote the unit outer normal to the porous media and the conduit regions
at the interface I, respectively, T;(j = 1,...,d — 1) denote mutually orthogonal unit
tangential vectors to the interface I, z is the hight, g is the gravitational acceleration, and
II(x) = @ is the intrinsic permeability. The first interface condition (6) is governed by
the conservation of mass, the second interface condition (7) represents the balance of the
kinematic pressure in the matrix and the stress in the free flow at the normal direction along
the interface, and the last interface condition (8) is the famous Beavers—Joseph condition
[12,21,23,24,47,66,68,83,95,103].

—7 ] T(uy, ps)ng = ] (us+KVg,), only, ®)

3 Stokes-Darcy Interface Model with Random Permeability

To overcome the difficulty of measuring the exact permeability at every point in the porous
media domain, we use an underlying random field to describe the intrinsic permeability tensor
I1. Thus the hydraulic conductivity tensor K(x) is also a random field with the relationship
K= %. Then we obtain the stochastic partial differential equations to describe the coupled
system with the random hydraulic conductivity, based on the deterministic model in the
above section. In this paper, we will investigate the uncertainty in the porous domain and
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the uncertainty transferred to the conduit domain through the interface. In this section, we
will provide the weak formulation and prove the wellposedness of the weak solution of the
coupled stochastic model.

3.1 Functional Spaces and Notations

Before the study of the stochastic coupled problem, we introduce some notations. Throughout
this paper, we adopt the notations in [46] for the classical Sobolev spaces. Let D be an open,
connected, bounded, and convex subset of RY, d = 2,3, with polygonal and Lipschitz
continuous boundary d D. Following the notations in [46], let r € R, ¢ € Z, and W"4(D)
be a deterministic Sobolev space on D with the standard norm || - ||wr.¢(py and semi-norm
| - lwr.a(py. For ¢ = 2, define the Hilbert space H" (D) := W"2(D) and Hy(D):={u:ue
H" (D), u |3p= 0} with the standard norm || - || - (p) and semi-norm | - | gr(p). Ford = 2, 3,
define H' (D) := (H"(D))? and L (D) := (L9(D))". For the vector v = (vy, va, ..., v,) ",
n € N*, 2-norm | - fl2 of vis [[Vlla = (2 + 02 + - - + )"/

Then we define the stochastic Sobolev space. Let (£2, F, P) be a complete probability
space. Here £2 is the set of outcomes, F is the o-algebra of events, and P : F — [0, 1]
is a probability measure. Then the stochastic Sobolev space, which consists of strongly
measurable, 7-summable mappings ¢ : 2 — W"9(D), is denoted as

L* ($2; W1(D)) := {¢ : 2 — W"1(D) | ¢ strongly measurable, @1l 2(@:wra Dy < 00}
Here | - | 12(. wr.a(py is the norm given as, V¢ € L? (£2; W4 (D)),
1/2 172
161 2@ewracon = (B [I6@. Mo |) = ( fg I (@, -)||%V,,q(D)d7?(w)> ,
which is induced by following inner product, Yo, ¥ € L2(£2; W"9(D)),
6, V12w oy = E[@, Wwramy] == /Q @ V) wra ) dP(@).

For simplicity, we define

£9(D) = L*(82; LY(D)), withnorm || - [l za(py = Il - | .2(2:24(Dy)-
H'(D) = L*(2; H' (D)), withnorm || - 130y = Il - 2@ 17 (D)
£9(D) = L*(2; LY(D)), withnorm | - [l zapy = || - | .2(2:10 (D))
H (D) = L2(9§ H' (D)), with norm || - Iy =1 - ”LZ(Q;H’(D))-

3.2 Stochastic Stokes-Darcy Interface Equations
With the complete probability space (2, F, P), let K(w, x), w € 2, x € D,, be a random
hydraulic conductivity tensor. Then in the porous media domain, the stochastic second-order

form of Darcy equation with deterministic sink/source term f, (x) is given as:

=V (K@, X)V¢u(®,x)) = fin(x), in Dy,. )
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And the interface conditions on I'; with random hydraulic conductivity are

u (@, x) - n5(x) = (K@, X) Vo (@, X)) -y (x), (10)
—n, T(uy, ps)n; = g (@, x) — 2), 1D
—7 [ T(u;, poIny = =24 77 (u; (@, ¥) + K(@, ) Vg (@, x).  (12)

Due to the randomness transferred from porous media domain through the interface con-
ditions, the Stokes equations in the conduit domain become stochastic as follows

= V- T(us (@, x), ps(@, x)) = f5(x), in Dy, (13)
V-ug(w,x) =0, inDy. (14)

For the boundary conditions, we assume the hydraulic head ¢,, and the fluid velocity ug
satisfy deterministic homogeneous Dirichlet boundary condition except on I7.

3.3 Weak Formulation of the Coupled Problem

We denote the pressure spaces on the porous media as

X = {m € H' (D) | ¢m = 0o0n I},
X% = (¢ € H(D) | ¢ = O on Ty},

and the velocity-pressure spaces on the conduit domain as

X, = {u; € H'(Dy) | uy = 0on I},
X" = {u; e H'(Dy) |uy =0 on I3},

Xs.div = {uy € X5 | V-uy =01in Dy},
Qs = {qs € LX(Dy)}.

For convenience, let X! = X = X,, x X, Xaiv = X X Xs.divs X0 = X;% X X?, and
u = (¢, uy) € X, where ¢, € X, uy € X;. The norms of X", r = 0, 1 are given as

172 172
lalix = (B [Nl oyeiron)]) = (19010, +10sBem,) - (15

The projection onto the local tangential plane of the vector u is denoted as P;(u) =
u — (u - ng)ng. Then using the boundary conditions (10)-(12), we obtain the following weak
formulation: find (u, ps) € X x Qy, such that

{A(E, v) — B(v, ps) = F(v), Yu= (¥, V) € X, (16)

B(Ev (Is) = Os VCIs € QS?
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where

Aw,v) =E[a(,v)] = / a(u, v)do,
2

au,v) = / 2vD(uy) : D(vy)dx +g/ KNV ém) - Vipmdx
Dy Dy

av/d
/trace(IT)

Ug - N d — u -V d} N
g ) S S m 1 ) /7t (H) T S N 1

B(Q? Ps) = ]E[b(y7 Ps)] = /;b(y’ Ps)dw,

tg | éuvs-ndly+ / Po(KV ) - vsd I
Iy

Iy

b(g,ps)=f DV - vidx,
F =E[f@] = /Q Fwdo,

f = fy - vedx + g Sm¥Umdx +/ gzvs -ngdIy.
D, D r

3.4 Wellposedness of the Weak Solution

a7

(18)

19)

(20)

@2y

(22)

(23)

24

The approach to analyze the wellposedness in our paper follows the ideas in [11,24,56,96]. To
ensure the existence and uniqueness of the weak solution, K(w, x) is assumed to be a diagonal

matrix as diag(Kll(a),x), cey Kdd(a),x)), we 2,x €D, =D,UdD,,d="2,3,

and

satisfy the strong elliptic condition that there are positive lower and upper bounds Ky,

K nax such that
0 < Kpin < [Kii (@0}, < Kiax < 00, for (@,x) € 2 x Dy,

Then several properties of the weak formulation can be derived.

(25)

Lemma 1 With the assumption (25), the bilinear form A(-, -) is continuous on X giy X Xgiyp-

Proof By using the Cauchy—Schwarz inequality, trace theorem and (25), we have

A(u, v) <2v]lug ”’Hl(D.y)) lIvs ||7-¢l(1)3,)) + gd Kmax |l om ”Hl(Dm) 1¥m ”H‘(Dm)

a./gv
+ glldmllr (o) 1Vsllagtpyy + \/?”us =t (o) Vsl Dy

min

Oldeax/\/gv
+ gl¥mlr oy l0s g (py) + ——F——N@mll 1 (p,) 1Vs 21 (D)
1 (Dm) (Dy) m ’ (Dm) (Dy)

for Yu, v € X4;,. Thus the bilinear form A(-, -) is continuous on the space X i, X Xgiy-

Lemma 2 The linear form F (-) is continuous on X gi».
Proof By using the Cauchy—Schwarz inequality and trace theorem, we have

F@) < Esllgg o Vsl oy + &Ll c2o,0 IWm 1t b,y + 82115l (D)

for Yv € Xyjy. Thus the linear form F'(-) is continuous on X ;.

[}
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Lemma 3 With the assumption (25), the bilinear form A(-,-) is coercive on X iy X Xaiy
when the coefficient a in the Beavers—Joseph condition (12) is small enough.

Proof By using the Korn’s inequality, Poincaré inequality, Cauchy—Schwarz inequality, trace
theorem and (25), we have

A(g,g):// ZUD(us):ID)(us)std.Q—i-g// (KVém) - (Vom)d Dd 2

/ / _OVL ) ug PRV ) - us) AT
Iy trace(H

> 2C1vllus 31 ) + C28Kminlldm 150,

o./gv adKyax/8V
+ P Uy 2 I — 1 Ug 1
Il P (o)l 22y Niom lm 1341, s 1 (D)

max
> 2C, v||us||;1(D )+ C28Knminllém 501,
ad K ax /g
- ,Lax ||¢m||H1(Dm)”us||H1(D )
Kmm

1
> vl ) + 5 Co8Kminllm 2,1, -

2
2 2C1C2Kn
where o~ < W”" for Vu € Xg4iy. Thus the bilinear form A(-, -) is coercive on Xy, X
X4iv when the coefﬁcwnt « in the Beavers—Joseph (12) condition is small enough. m]

Theorem 1 With the assumption (25), there exists a unique weak solution u = (uy, ¢,) € X
and ps up to an additive constant for the weak formulation (16) of stochastic Stoke-Darcy
interface problem (9)—(14) when the coefficient o in the Beavers—Joseph (12) condition is
small enough.

Proof Based on the Lemmas 1, 2 and 3, there exists a unique weak solution u by the Lax-
Milgram Lemma. Then the assertion about p; is clear, by following the derivations in the
deterministic scenario [56,79,96]. O

4 Numerical Solution for the Stochastic Coupled Problem

Since the moments are the characteristic functions of the stochastic solution, the object is
to design a numerical method to calculate the moments of the stochastic solution. The main
difficulty in this design is how to represent the stochastic solution by a discrete form in the
probability space and the physical space. For the discrete form in the probability space, we
choose the ensemble representations in sampling methods, e.g., Monte Carlo (MC) method in
this paper. But the total computational cost of the classical single-level Monte Carlo (SLMC)
method is very expensive. Then the multilevel Monte Carlo (MLMC) method is adopted
to reduce the total computational cost in the probability space. For the discretization in the
physical space, the finite element method (FEM) is utilized. Furthermore the multigrid (MG)
method is used to reduce the computational cost in the physical space. Finally, the multigrid
multilevel Monte Carlo (MGMLMC) method is developed to reduce the computational cost
both in the probability space and the physical space.
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4.1 Realizations of the Random Hydraulic Conductivity

The realizations of the random hydraulic conductivity K(w, x) in a discrete form on the spatial
domain D,, and the random field §2 are the basis of the numerical method. We adopt the grid
based method in [59] to represent the random field at the discrete points x1, ..., Xy € Dy,.

For simplification, we assume K(w, x) = diag(K“(w, x), ..., Kgg(w, x)), we R, x €
D,,d =2,3isa diagonal matrix. The process to generate the realizations of K(w, x) =
K11(w, x) is displayed as follows, which is the same as the processes to generate the real-
izations of K;; (w, x),i =2, 3.

Up to a multiplicative constant, K (w, x) is assumed to be a log-normal distribution to
meet the positivity of K (, x) in the physical sense, i.e.,

K(w,x)=¢?@Y weR, xeD,, (26)

where Z (w, x) is a mean zero Gaussian random field on D,,, with the continuous covariance
function r(x, y), x, y € Dy, i.e.,

E[Z(w,x)] =0, Vx e D, 7
E[Z(CU,X), Z(w,)’)] :r(xvy)a anyebm~ (28)
For x; € D, i = 1,2,_...,M, the vector x = (xl,xz,...,xM)T represents all

the discrete spatial points in D,,, on which Z(w, x) is approximated by its discrete form
Z(@,X) = (Z1,Z2,....Zm) ", Zi = Z(w, x7).

Then the discrete form of the covariance function r(x, y) at the discrete points X is given
by a M x M positive definite matrix R as

R =E[Z(0,%), Z(@,%) ]| = (r(x,»,x,»))j‘szl.

(29)

Let ©® be the Cholesky factorization of R as R = ®©T. Then the random field Z(w, x)
at the discrete points x is given by

Z(w,x) = OY (), (30)

where Y (o) = (Y1(0), Y2(w), ..., Yu(w) " isa M x 1 vector of independent identically
distributed standard Gaussian random variables. And the discrete form Z(w, X) is a mean
zero Gaussian random vector with the covariance R, since Z(w, x) satisfies

ElZ(w,x)] = E[@Y] = OE[Y] =0,
ElZ(w,X), Z(w,X) ' 1 = E[(@Y)(©Y) 1= OE[YY 10T = 06T =R.
It is obvious that the approximation Z(w, X) at the discrete points x will be more accurate
when the number of the discrete points xy, . . ., x3r becomes larger and the discrete form of the

covariance function r with matrix R is more accurate. Then the realizations of K (a)i, X),i =
1,2,..., NMC NMC c 7 at the discrete points x are generated as follows:

K@, x) = 2@ 70 x) = OY (o),

where Y(a)i), i =1,2,..., NMC are the realizations of Y (w).

Since the realizations Y (') of the standard Gaussian random vector Y are bounded, then
the the realizations Z (', x) are bounded. Hence the realizations of K (o', X) are bounded
and positive, which satisfy (25). Some samples of the realizations of the random hydraulic
conductivity K will be displayed in the numerical experiment section.
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4.2 Monte Carlo Methods

The Monte Carlo method [99] is a classical method to calculate the numerical approximation
of moments. In this paper, we only investigate the process to generate the expected value of
¢m, ug and pg, which is easy to be used for the high order of moments.

For simplification, the symbol Q(w, x) is used to substitute the exact solution of the
variable ¢,,, us or ps. Then, let O, (w, x) denote the finite element approximation of Q(w, x)
on the quasi-uniform triangulation mesh 7, with the mesh size hy, and Q@ (x) denote the

realization of Q¢ (w, x) with the sample K(w', x). Then the approximation Q?L(x) of the
. SL
expected value of Q(w, x) by SLMC method with N, L,SL samples {K (o', x)}f\z | 18 given as:

NSL

N I - .
0} () = —5 D Q4. 31)
i=1

12

When no ambiguity arises, we may omit x in Q(x), Qiz (x) and Q ¢(x) for convenience.
The mean squared error of the SLMC method is:

MSE(QY) = E[(Q3" — E[Q])*]
=E[(QS" — E[Q¢] + E[Q¢] — E[Q])?]

< 2E[(Qf" — E[Q,])*] + 2E[(E[Q¢] — E[Q])*] (32)
- ZWJ’V[[SQL“ +2(B[Q] - B[O
Then the error of SLMC method with a given norm || - || is bounded as
IMSE(Q7M)Il < W +2[|(B[Q¢] — ELOD?|, (33)

i.e., the accuracy of SLMC method is based on the sampling error and the FEM error.

4.3 Multilevel Monte Carlo Method

The total computational cost TCSL of single-level Monte Carlo is
Y = NG, (34)

where Cy is the computational cost of one sample with mesh size /. TCSL would be very high
when N ZSL and Cy are both very large. By the accuracy formulation (33) of SLMC method,
the sampling error and the FEM error should be both small enough, if a small mean squared
error is required. Thus N KSL should be larger while the mesh size i, becomes smaller. On
the other hand, C, increases exponentially as the mesh size 7y, becomes smaller. Thus the
total computational cost increases very fast as mesh size h, become smaller. An efficient
algorithm is needed to reduce the total computational cost. Hence we adopt the multilevel
Monte Carlo (MLMC) method.
By the linearity of the expectation operator

L L
E[Q1] =E[Qol+ Y (E[Q¢] ~ E[Qr11) = E[Qo] + Y E[Q¢ — Qr1l.  (35)

=1 (=1
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we can use the hierarchical meshes to construct the MLMC method to generate the expect
value of Q. Let {Tg}%zo be a sequence of quasi-uniform triangulation meshes with the mesh

sizes {h¢}r_,. These mesh sizes satisfy iy = hoc, *, € =0,1,2,..., L. And (NMM}L_ are
the numbers of samples with the mesh sizes {hﬁ}gL:o- Then, from (35) the approximation
QII\‘/IL of the expected value by the MLMC method is given by:

ML
N()

NML
oy NML ZQ0+Z A Z(Qe Q). (36)

In Sect. 4.4 this formula will be used to compute the expected value in Algorithm 2. When
computing the results for step L, one only needs to solve for Qf since all the Q) (£ =

0,...,L — 1) were already solved and saved in the previous steps.
Based on the derivation of the mean squared error of the SLCM method in formula (32),
the corresponding mean squared error of the MLCM method with norm || - || is given by

IMSEQYY| = |IE[(QY" — E[Q])2]||

v v — Q-
<2 ll A[/ﬁg]ll +22 I [QzNMLQe Il 37)
¢

+2I(E[QL] - IE[Q]) Il

For simplicity,let Q_1 =0, h_; =0, v, = ||V[Q¢ — Q¢—1]ll, £ =0,1,2,..., L. Then
the mean squared error is rewritten as

IMSE(Q)! )||<2Z -+ 21(E[QL] — E[QD?I. (38)

And the total computational cost of MLMC method is given as:

L
L=> "M, (39)

By the mean squared error of SLMC method (33) and MLMC method (38), the accuracy
of approximation of expected value is based on two parts, i.e., the sampling error and FEM
error. To guarantee the accuracy of the numerical approximations, both the sampling error

and FEM error should be smaller than the required error. We substitute the sampling errors
in SLMC method and MLMC method by:

L
eSL _ VIO and eML _ Z V¢ (40)

L = SL L ML °
Ny = Ne

For guaranteeing the accuracy of MLMC method to be the same as that of SLMC method,
the following relationship between two sampling errors should be ensured

. Vo v vL V[Q,]
ML < oSt <|| oLlll

e, 1e., ML W—}__’_ ML — SL (4])
NO Nl NL NL

Then we show our strategy to generate the key parameters for MLMC method: the total
number of levels (L), and the number of samples at every level ({N ML) L = 0)
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We take by L = log,(ho/hr), where the smallest mesh size /j, is determined by the
accuracy of FEM required by the practical problem, and the largest mesh size i is constrained
by the size of the physical area.

The guideline in designing the number of samples at every level is to minimize the compu-
tational cost under the given sampling error. Then, from (39) we introduce the optimization
problem as follow:

Minimize TML NMLCO + NMLC1 + -+ N%LCL,

42
subject to NML + NML ot 1\76& — eEAL- (42)

This optimization problem is solved by the method of Lagrangian multipliers:

£=N"co+NM-Cy + -+ NMC,

vo V] vL ML 43)
+)\(W+W+"‘+NILVIL—EL ).
Then the equations for {N, é\/”“} szo are
oL _
aNME = Cop—A NML)Z =0, fort=0,1,. )

oL vr ML
aT—NML+NML+ +NML_eL =0.

Then the number of samples at every level is

ML v [ ~voCo+ /viCr+ -+ v .Cp,
Ny = o VL , (45)
¢
€L
and the optimal computational cost is
2
opt ML (»,/voCo—i—«/voC +"~+«/ULCL)
" =T = VL (46)

er

In conclusion, based on this strategy, we can obtain the number of samples at every level
while the parameters e%’”‘, {C i}£=0’ {vg}ﬁzo are given.

Furthermore, we assume vy = O(hf ) by the virtue of experience, and C; = O(hzy) with
the reason that the amount of calculated information increases exponentially while the mesh
size becomes smaller. Then with hp = hg2~¢, £ =0,1,..., L, and (45), for any j > i, the
relationship between the numbers of samples at two levels is given as

NME Ci v U=
J ! J _U=DB+y)
2L = O(z 2 ) 1. 47
N.VH‘ Ui j < ( )

Thus the number of samples becomes smaller while mesh size becomes smaller. The decrease
of N éV[L is the reason why the MLMC method can reduce the total computational cost.

Since the computational cost of every sample with the mesh size hg is low, vy is easy
to calculate by Monte Carlo method with low computational cost. Then vy, £ = 1, ..., L,
can be given by vy, = O(hf ) with the corresponding parameter 8. Thus how to determine
parameter 8 is a key problem for the MLMC method. In this paper, for the Stokes—Darcy
interface problem with Beavers—Joseph condition, we develop a strategy for calculating the
parameter § in the Sect. 5.2.
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4.4 Combine the Multigrid Method with the Multilevel Monte Carlo Method

The total computational cost is determined by the number of samples and the computational
cost of every sample. Since we have reduced the total computational cost in probability space
with the MLMC method by reducing the number of samples, it is a heuristic problem whether
we could reduce computational cost of every sample to save the total computational cost in
physical space. Inspired by the hierarchical meshes used in the MLMC method, we adopt the
multigrid (MG) method to reduce the computational cost of every sample in physical space.

In the physical space, the finite element method (FEM) is chosen to construct the discrete
form of weak formulation (16) under the given samples of hydraulic conductivity. We adopt
the quadratic element in the porous media domain, and the Taylor-Hood element in the
conduit domain. Then for every given sample of hydraulic conductivity K(w, x), the weak
formulation (16) is discretized into the following matrix-vector form

Am B 0 ¢m bm
Lx=b, L= By A; B;, , X=[lu |, b=|bs]. (48)
0 B, 0 p 0

where A,, is the matrix corresponding to the discretization of g f D, KVeum) - Vipdx,
Bj is the matrix corresponding to the discretization of —g f rn (ug - ng) ¥, dI77, By is the

matrix corresponding to the discretization of f r gbmVs -ngdl] + f r J% - (KVyy,) -

vsd I, Ay is the matrix corresponding to the discretization of f D, 2vD(uy) : D(vg)dx +

Nz} . . . . .
/ r \/frtavceﬁ Pr(ug)-vedITy, B;) is the matrix corresponding to the discretization of | p, PsV-

vsdx, by, is the vector corresponding to the discretization of g f Dy, fm¥mdx, and by is the

vector corresponding to the discretization of fD fy - vedx + fr gzvs -ngdIT.

Inspired by the multigrid method for Stokes equations, we adopt the efficient least square
commutator distributive Gauss-Seidel (LSC-DGS) relaxation [29,113] in this paper. The
right-side operator M is given as:

I 0 0
M=|0 1 B, . (49)
00 —(B,B),)"” 1B,,A B,
Multiplying L with M yields
An B BlB;,
IM=| B A W |, with W = (1—B)(B,B)) "' By) AB),
0 B, BpB;,
By defining S := LM and y := M~ !x, the equivalent algebraic equations are given as
Sy =b. (50)

The standard Gauss—Seidel method is proposed to solve the equivalent algebraic equations
(50). And the following V-cycle multigrid method is applied to reduce the computational cost
in physical space. As in the MLMC method, the hierarchical quasi-uniform triangulation
meshes are 7; with the mesh sizes hy = hoc;@, ¢ =0,1,2,..., L. Then the V-cycle
multigrid method on the mesh 7, with the mesh size %, is given as [108]:

Algorithm 1 y™ <V — cycle(S, b, £)

(1) Relax iy times on the fine mesh h = hy with the initial guess'y to reach y".
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(2) Obtain the residual on the fine mesh as
Pt =b— Syh,

and restrict the residual from the fine mesh h to the coarse mesh H = hy_y by rfl =
R,IZ ", where R,Il{ is the restriction matrix.
(3) Solve the corrected error from the residual equation on the coarse mesh H :

— If ¢ =1, use a direct or fast iterative method to solve SHeH — H.

— If¢ > 1, use the {-grid method to solve S" e = r¥ from a zero initial guess on the
mesh Typ—1 by el «—y— cycle(SH, P —1);

where SH is the approximation of S on the coarse mesh.
(4) Prolongate the corrected error form coarse mesh H to the fine mesh h by " = I},fleH ,
where Iff] is the interpolation matrix. And correct the approximation by

ynew — yh + eh.

new

(5) Relax ), times on the fine mesh h with the initial guess 'y

One can also replace the V-cycle by W-cycle or F-cycle [16,17,29,90,106,113]. Further-
more, the solutions calculated on the coarse mesh in the MLMC method could be used as the
initial guess on the fine mesh in the MG method to further reduce the computational cost.
Then the following multigird multilevel Monte Carlo (MGMLMC) method is developed to
reduce the computational cost in both the probability space and the physical space.

Algorithm 2 multigrid multilevel Monte Carlo method

(1) On the mesh grid Ty with the mesh size ho, for the Ist to the N(’)WL sample of hydraulic
conductivity K(w, x), solve the numerical approximations Qy, by standard Gauss-Seidel
with the initial guess 0,i = 1,2, ..., N(I)VIL;

(2) For £ = 1,2,..., L, consider the mesh grid Ty with the mesh size hy. For the Ist to
the N, é"’L sample of hydraulic conductivity K(w, x), solve the numerical approximations
Q; by V-cycle (£ + 1)-grid method (Algorithm 1) with the initial guess II}L’I Q@fl, i =
1,2,..., N, where h = hy and H = hy_y;

(3) Based on the numerical solutions Qi gained in the above two steps on every mesh grid Ty
with each hydraulic conductivity sample K, x),i=12,..., Né”L, t=0,1,...,L,
the approximation QZZIL of the expected value by the MGMLMC method is computed
(36).

4.5 Computational Cost of SLMC Method and MGMLMC Method

Based on the conclusions in the Sects. 4.2 and 4.3, we gain the relationships between the
sampling error and the FEM error in the SLMC method and the MLMC method. Notice that,
the sampling error is determined by the number of samples, and the FEM error is determined
by the mesh size of the quasi-uniform triangulation mesh. Then we can gain the relationships
between the number of samples and the mesh size in the SLMC method and the MLMC
method. Furthermore, the mesh size also determines the computational cost of one sample.
Then we can give an estimate of the total computational costs of the MLMC (or MGMLMC)
method and the SLMC method, with the given mesh size.
First, the numerical error is estimated as follow:
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Proposition 1 With the assumption (25), the solutions of problem (16) satisfy the following
discrete error estimate

lu —uplixo + IIps — Peslic2py) < Che(llzllxl + ”pS”LZ(D:))v (51)
where hy is the mesh size of the given quasi-uniform triangulation mesh 7.
Proof Based on the analysis in [23,24,79], we have
ug(@, ) — e (@, )lpop,) + 1dm (@, ) = e.m(@, I pop,,)
+lps(@, ) — pes(o, Ii2p,)
= Che (s @. e o,y + 19 @. 1,
+lps(@. M 2p,)s ae. € 2.

Then the assertion follows with the above conclusion by the definition of the norm || - || yo in
(15). m}

Then the numerical errors of SLMC method and MGMLMC method are bounded by the
mesh size k¢ and the number of samples N,.

Lemma 4 With the assumption (25), the error bounds of SLMC method (31) and MLMC (36)
for the problem (16) are given as follows

N n 1
VL] — % lxo + IELps] — 5551 2oy < Cla Ps)(hz + —) (52)

VNt

L

. A he

IE[u] — &) llxo + IElps] — p¥Fll 22,y < Clu, m)(hL +y ) (53)
| ATML

=0 /N,
where C depends on u and ps, hg is the mesh size of the quasi-uniform triangulation mesh
Ty, N ;L is the number of samples with mesh size hy in SLMC method, N ém is the number
of samples with mesh size hy in MLMC method, QfL, ﬁfL[ are the approximations of expect

value by SLMC method, and Q/ZIL, ﬁf’% are the approximations of expect value by MLMC
method, £ =0,1, ..., L.

Proof For simplification, let the symbol Q substitute the variables ¢,,, us or ps. And let
L(V) denote the corresponding space of Q. Thus £(V) may denote HY(Dy), L2(Dy) or
H'(Dy), and V may be H'(D,,), L>(D;,) or H'(Dy), which depends on the choice of Q.
Then we analyse the error of the approximation of expect value of ¢,,, us or p, by analysing
E[Q] — Q?L with the norm || - || z(v) as follow:

IELQ] — O Il 2(vy = IELQ] — E[Q¢] + E[Qe] — OS5l (v

X (54)
< |ELQ] - E[Q¢]llcv) + IBIQe] — OF I cov)-
For |E[Q] — E[Q¢]ll £(v), we have
IE[Q] — E[Qe1lIZ(vy = IEIQ — QeI 7y = E[IEIQ — Q]I ]
= |E[Q — Qllly < EIIQ — Q7] (55)

=110 — QellZ)-

@ Springer



68  Page 16 of 30 Journal of Scientific Computing (2022) 90:68

For |E[Q¢] — Q5| £(v), we have

NSL
. IR
IELQA] — 0112y, = E[HE[QU s Z 2,

!

(NSL)2 [HZ (E[Q¢] - 0}

i

1 (56)

<
— (NZSL)2

|

NZ
E[Z |Ern - 0}
i=1

E[IIE[Q¢] — Q¢l}]

13

NSL ||QK||L(V)

The last inequality is based on E[(E[Q¢] — Q¢)?] = E[(Q¢)*] — (E[Q¢])? < E[(Q¢)?].
Thus we obtain

IELQ] — O3l cevy < (NSHY TV Qellieevy + 1 = Qellcey)- (57)

Then by the Proposition 1, we have

IE[] — a5% I xo + IELps] — A5l 221,
< (N2 lugllxo + llu — uyllxo
+ (NSHT2 -
fi Ds.ellc2pyy + 11ps — Ps.ell c2py)
= C e+ WEH™2) (lulyo + Nl + 1pslle2cm,)

—C. m(;l[ T (NZSL)*I/Z).

where C(u, ps) depends on [u|lxo, [lullx1 and || psll c2(p,)-
Because the idea to prove the assertion of the MLMC method is the same as that in the
proof of the assertion of the SLMC method, we omit the corresponding proof. O

By equilibrating the sampling error in probability space and the FEM error in physical
space, and the conclusions in Lemma 4, we have the following two conclusions:

e'? = o((NM %) = 0(hy), (58)

L
(™)' = O 3 he(NM)T12) = O(h). (59)

The formula (58) is the relationship between the numbers of samples N ZSL and the mesh sizes
h¢ in the SLMC method, which is based on the conclusion (52). And the formula (59) is the
relationship between the numbers of samples {N, ML} o and the mesh sizes {h By /—o in the
MLMC method, which is based on the conclusion (53).

In the SLMC method, by (58), it is easy to see that the number of samples N LSL on the
finest mesh is determined by the mesh size /1, then the computational cost can be calculated.
In the MLMC method, the number of samples {Név"“} 1%:0 on every level is determined by the
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formula (45). Since the sampling error is bounded by the formula (59), then the computational
cost can also be calculated.

Theorem 2 With the assumption (25), for the problem (16), if we choose the SLMC method
(31) on the triangulation mesh Ty, with the mesh size hy, or the MGMLMC method Algorithm
2 on the hierarchical quasi-uniform triangulation meshes {72}%:0 with mesh sizes hy =
ho2=¢, ¢ = 0,1,...,L to solve the approximations of expect value, we can evaluate the
computational cost as follows:

2
TSt — O(Mi“), (60)
2-p
TMOML — o(M, " log(M )27 T4-dL), 61)

where My is the amount of calculated information for one sample on the mesh T with the
mesh size hy, d is the dimension of the physical space, and B is the decrease rate of the
variance. Furthermore, the ratio of the computational cost of the SLMC method and the
MGMLMC method is given as

TSL/TMGML 0(22Ld+%7d /(L d)). (62)

Proof Under the assumption M, = (’)(he_d) and the setting hy = ho2~¢ M, =

O(M LZ(Z’L)d) is given. Since the standard Gauss-Seidel method is chosen to solve the

algebraic equations (50) in the SLMC method, the computational cost C, with the mesh size
hyis Cp = O(M72*¢=1d),

For the SLMC method, the number of samples on mesh 77, with mesh size &y, is NEL =

O(hz2) = O(Mi/ d) by the bound of sampling error in (58). Then the computational cost

2
of the SLMC method is 75" = NSLCL = O(M2+").

For the MGMLMC method, the bound of sampling error is eY'- = O(h?) = O(M;z/ d)
by (59). Since we adopt the V-cycle multigrid methods in this paper, then the computational
cost [17,106] on mesh 7, with mesh size Ay is

€O = 0(M2 71 (log(My) +d (€ — L) log(2)))

(63)
< O(M 2P 10g(My)).
Then by (45), the number of samples at the initial level is
ML v \/vOC(I)VIG-I-\/v1CMG+~-~+1/ULC£AG
No™ = MG ML
0 er (64)

< o2,

And by the relationship between the numbers of samples at two different levels (47), the
number of samples on mesh 7, with mesh size h; is

cMG v 2-B  pL—dL+d—d¢
0 . 4 ( d 27’3 5 )

N = N ovic = O(My (65)
4
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Fig.1 A sketch of two rectangles |
domain
D,
Iy,
re, D, T,
FSQ

Then the computational cost of the MGMLMC method is

L 28
TMGML _ Z NéVILCE/IG _ O(Mﬁ a log(ML)Z%er_dL). (66)
=0
By i = ho2 " and My, = (), we have
Ld(2+2
TSL 0(2LdC+ ) _ O(ZZLdJr%*d/(Ld) (67)
TMGML ™ 1d(1+28)+BEva—dLy ;\ '
! 0(2 a )t Ld)

[m}

5 Numerical Experiments

In this section, we use numerical experiments to demonstrate both the features of the
MGMLMC method and the theoretical conclusion. The first part is to generate the real-
izations of random hydraulic conductivity K by the grid based method. The second part is to
determine the key parameter 8, which will be used to calculate the {N%VIL}@L:O in the MLMC
method. The last part is to provide the numerical results in detail.

We assume that the domain D,,s consists of two rectangles, the upper rectangle is the
porous media domain D, = (0, 1) x (0, 0.75), and the other rectangle is the conduit domain
D = (0, 1) x (—0.25, 0), shown as the Fig. 1. The whole domain D,,; = D, U D with the
interface I'; = (0, 1) x {0}. The boundaries are I, = {0, 1} x (0,0.75) U (0, 1) x {0.75}
and I'y = I, U T, U Ty, where Iy, = {0} x (=0.25,0), I, = (0, 1) x {=0.25}, Iy, =
{1} x (—0.25, 0). For simplicity,let g = 1,z = 0, = 1, v = 1 and K(w, x) = 4@,

by —yil Iyl
The covariance function of Z is 7 (x, y) = r((x1, x2), (y1, y2)) = 0.le” 02"~ 02",

5.1 The Realizations of Random Hydraulic Conductivity

Because the diagonal matrix is given as K(w, x) = @1, it is natural to generate the real-
izations of K (w, x) = %@ and then copy the realizations d times to construct K(w, x). As
the hierarchical meshes are used in the MLMC method, the realizations of K (w, x) = e% (@)
could be first generated on the finest mesh by the grid based method. Then the realizations
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0.75 s : : _ 2

N

Fig.2 Four samples of random hydraulic conductivity K (@, x)

on the coarse mesh can be chosen as a subset of the realizations on the finest mesh. Then the
consistency of hydraulic conductivity K (@, x) on every mesh could be ensured.

Because the Gauss quadrature is used to compute the integrals in the proposed method, we
calculate the value of the approximation of the hydraulic conductivity K (@, x) on the Gauss
quadrature points by the grid based method. In every triangle of the triangulation mesh 77 , the
seven-point Gauss quadrature rule is applied. On the interface, four-point Gauss quadrature
rule is applied.

In this experiment, we generate 4000 samples of the hydraulic conductivity K (w, x).
Four samples of K (w, x) are illustrated in Fig. 2, by which the randomness of hydraulic
conductivity is exhibited.

5.2 Determination of the Parameter 8 in MLMC Method

How to determine the parameter 8 is a key problem in the numerical implementation of
MLMC method. If one calculates 8 from the exact variances {vg}gzo, which come from the
SLMC method with mesh size {h[}é‘zo, then the computational cost is higher than that of
the SLMC method with mesh size /. This contradicts the purpose of the MLMC method.
In this section, we develop the following practical method to approximate the parameter
without calculating the exact variances {Uli}f:o-

Since the random hydraulic conductivity is only a parameter in the Darcy domain and on
the interface, we assume that the g of the stochastic Darcy problem is an approximation for
the S of the stochastic Stokes—Darcy problem with the same random hydraulic conductivity.
Compared with the coupled stochastic Stokes—Darcy problem, the computational cost of
every sample of the stochastic Darcy problem is much cheaper since the Darcy problem is
much simpler. Furthermore, we can also use the multigrid method to reduce the computational
cost in generating the approximation of .

@ Springer



68  Page 20 of 30 Journal of Scientific Computing (2022) 90:68

B w.r.t.0=0.01 B w.rt.c=0.2 Bw.rto=1.2
2.02 2.02 - 2,02 Prgestieisiomearls
1.65 1.65 . 1.65] % e oo ;.'o.-.'-'.,.-oﬁ_-.-
o 0] O
1.30}« 1.30f 1.30} ORS00
0 40 0 40 0 40

Fig. 3 0, 40 on x-label in every subgraph is the index of 40 samples of f. The red star x are g with || - ||,
norm, the green dot - are 8 with || - ||, norm, and the blue circle o are B with || - || 7, norm

Table 1 Mean values of 8 with

different o and norm “ Il LIRS I ey
0.02 2.0204 1.6468 1.3030
0.80 2.0216 1.6487 1.3043
1.20 2.0209 1.6511 1.3081

The stochastic Darcy problem is given by

-V (K, x)V¢(w,x)) = f(w,x), (@,x) € R X Dy, 68)
¢(w,x) =0, (w,x) €82 xIDy,.
where f(w, x) is a piecewise constant approximation of white noise, i.e.,
I
1
fx)=o Z ——=Xi () Xi(®), x € Dy. (69)

i=1 Vi

Here o is a given constant, V; is the volume of non-overlapping tessellation {D,-}i’:1 as
D, = U,-Ilei’ xi (x) is the indicator function corresponding to D;, and {X; (a))}ilz1 is a
given set of independent identically distributed standard Gaussian random variables.

Given the o and {X; (w)}l.l=1 in (69), we could use the SLMC method to calculate {vg =

IV[Qe¢— Qe—1]ll }zL=o with norm || - || on the hierarchical quasi-uniform triangulation meshes
{7¢} 1%:0 with mesh sizes {/¢} é:o- And then the parameter f is determined from the assumption

{vg = O(hf)}%zo. For each o = 0.02, 0.8, 1.2, we choose 40 samples of f. For every given
o and one sample of f, three § are calculated with || - [Iz,, || - L., and || - ||z, norms. The
results of B with each sample of f and the choice of o are exhibited in Fig. 3. And the mean
values of B with 40 samples of f are shown in Table 1. One can see that the mean value of
the B changes only in a small range when o becomes larger. Thus the parameter f is given
as 2.02, 1.65, 1.30 wrt. || - [z, | - lzoos || - Il 1, nOTms.

In the next section for the results of the stochastic Stokes—Darcy model, it can be seen that
the expected accuracy is gained by MGMLMC method with much less samples and compu-
tational cost, compared with the SLMC method. Based on the definition and importance of 8
discussed in Sect. 4.3, this will indicate that the 8 determined in this section works well for
the MGMLMC method of the stochastic Stokes—Darcy model with Beavers—Joesph interface
condition.

In addition, compared with the traditional SLMC method, this process in MLMC method
will give rise to extra computational cost, whose computational cost should be added to the
total computational cost of MLMC method.
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0.75

Fig.4 Four samples of solution and stream lines with 2 = 1/64. Color represents the speed of flow

Table 2 Computational cost with

different mesh size h 14 /8 1/16 1/32
Cpu time (s) 0.48 1.84 9.64 245.65
Tic-toc time (s) 0.44 1.43 8.38 240.46

5.3 Main Numerical Results

Let f = 0,f; = 0,40 = 0,0n I},, u; = (1,0)", on I, uy = (0,0)", on I},, and
u; = (1,0)7, on I,.

For exhibiting the stochastic property of our problem, numerical solutions on the mesh
hp = 1/64 with four different samples of K(w, x) are shown in the Fig. 4, by using the flow
speed and the velocity stream lines. From the comparison of the four solutions in the Fig. 4,
one can see the randomness in the porous media and on the interface.

For the hierarchical quasi-uniform triangulation mesh {7} 520, five levels are chosen, i.e.,
hy = %(, £ =0,1,2,3,4 with hp = 1/4. An explicit numerical method is needed to
determine the parameter y in calculating {N?AL}LO, which is needed for the MGMLMC
method. Based on Cy = (’)(h;y), £ =0,1,2,3, we can compute y after the computational
cost {Cy }?:0 of a few samples at every level are recorded. The cpu time and tic-toc time with
different mesh size are shown in the Table 2, and the corresponding y are 2.0536, 2.4549,
which are illustrated in the Fig. 5. In this paper, we choose y = 2.4549.

If the variance v at the first level is known, the variance {vg}fzo at the every level could

be calculated by v, = O(hf ), while the parameter § is approximated by the 8 of stochastic
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cpu time as y=2.0536 tic—toc time as y=2.4549

N 1

()

o gcpu time
&
Iogtic—toc time
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13:1!; i’;evljlumber of samples at P NEL N(I)VIL N%"‘L NQ’IL NéV[L NzltVIL
2.02 1277 4000 4000 1179 110 8
1.65 1352 4000 4000 2484 262 20
1.30 2221 4000 4000 4000 946 82

Table 4 The required error and the errors of numerical methods

B Required Error Error of SLMC Error of MGMLMC
2.02(1 - ll;2) 4.00 x 1074 1.27 x 10~% 1.82 x 1074
1.65(]| - |l z.o0) 1.20 x 1073 127 x 1073 1.69 x 1073
L30(] - I 1) 1.20 x 1073 5.16 x 1073 8.77 x 1073

Darcy problem in the previous section. The variance vy at the first level is easy to be calculated
with low computational cost.

Then using the formula (45) with the parameters 8 and ¥ we have gained, we can obtain
the number of samples at every level based on the optimization problem (42) under the given
sampling error ey . In this experiment, the sampling error with each choice of g is given as
the square of the required error in the Table 4. And the corresponding numbers of samples on
every level are shown in the Table 3. Since we only generate 4000 samples of the hydraulic
conductivity K (w, x) in this experiment, the upper bound of the number of samples on every
level is 4000.

For evaluating the accuracy of the SLMC method and the MGMLMC method, we generate
the reference solution with the mesh size & = 1/128 and 4000 samples of hydraulic con-
ductivity. Then the corresponding errors of the SLMC method and the MGMLMC method
are shown in the Table 4, here these methods are performed with the number of samples in
the Table 3. From the results in the Table 4, we can find that the errors of the SLMC method
and the MGMLMC method have the same order of magnitude. In other words, these two
numerical methods have the same accuracy.

To further numerically verify our claim that the MGMLMC method is as accurate as the
SLMC method, we do the following process. At first, we calculate the numerical solution by
the SLMC method with the mesh size h;, = 1/64, and record this solution. And we also use the
MGMLMC method to gain another numerical solution with the same mesh size h;, = 1/64.
Then, it is obvious that the difference between these two numerical solutions will indicate
whether the MGMLMC method is as accurate as the SLMC method or not. A very simple way
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Table 5 Relative errors of
solutions by the SLMC method
and the MGMLMC method

B om (%) ub (%) uZ (%) ps (%) ul (%) u? (%)

202  1.63 1.32 0.42 0.03 0.01 0.02

1.65 1.98 1.54 1.84 0.01 0.04 0.02

1.30  3.26 3.11 8.30 0.01 0.02 0.02
075 SLMC p=2.02 075 MGMLMC p=2.02

1.8 1.8
1.4 14
1 1
0.6 0.6
0.2 0.2

-0.250 —0.250

SLMC =1.65 075 MGMLMC $=1.65
1.8 1.8
14 14
1 1
0.6 0.6
0.2 0.2
-0.255

075 SLMC =1.30 075 MGMLMC $=1.30
1.8 1.8
1.4 14
1 1
0.6 0.6
0.2 < 0.2

-0.255 1 -0.255 1

Fig.6 Left: Numerical expectation of speed and stream lines by the SLMC method; Right: Numerical expec-
tation of speed and stream lines by the MGMLMC method. Color represents the speed of flow

to estimate the difference between these two numerical solutions is to calculate their percent
relative errors with a given norm, which are shown in the Table 5. Each row of the Table 5 is
the percent relative errors with different choice of 8, and each column of the Table 5 is the
percent relative errors of the unknown parameters in our Stokes—Darcy model. We can find
that the percent relative errors in the Table 5 are small, which indicates that the MGMLMC
method is as accurate as the SLMC method. Furthermore, we exhibit the numerical solutions
by these two methods with the mesh size i, = 1/64 in the Fig. 6, which also shows that there
is a slight difference between the numerical expectations of speed and stream lines by these
two methods, and implies that the MGMLMC method is as accurate as the SLMC method.
Moreover, an interesting finding through the Table 5 is that the percent relative errors of the
parameters (p;, u sl, u?) in the Stokes equations are much smaller than the percent relative
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Table 6 Efficiency of the MLMC and MGMLMC methods

B TSt (5) ML (s) TMOML () ML/ TS (%) TMOML/75L ()
2.02 1.68 x 107 1.57 x 10° 2.53 x 104 0.93 0.15
1.65 1.78 x 107 3.62 x 10° 3.80 x 10* 2.04 0.21
1.30 2.92 x 107 1.35 x 100 7.24 x 104 4.64 0.25

errors of the parameters (¢, u,ln, u,zn) in Darcy system, which is corresponding to the setting

that the random hydraulic conductivity is only a parameter in the Darcy domain and on the
interface. Besides, based on the results in the Table 5, the MGMLMC method will be more
accurate when the parameter 8 becomes larger. An explanation for this finding is given as
follows. Through the results in the Table 3, we can find that more number of samples are
required to capture the information in the probability space when the parameter 8 becomes
smaller. But the upper bound of the number of samples on every level is fixed in this paper.
Then there will be not enough information on the probability space in the performance of
MGMLMC method when the parameter § becomes smaller. This finding also shows that
how to determine the parameter § is one of the key points in the performance of MLMC
method.

To illustrate the efficiency of the MLMC method and the MGMLMC method, the com-
putational costs of the SLMC method, the MLMC method and the MGMLMC method are
compared in the Table 6. Based on these results, it is easy to see that the MGMLMC method
significantly reduce the computational cost with the same accuracy as the SLMC method.

6 Conclusion

In this paper, for the stochastic Stokes—Darcy interface model with random Beavers—Joseph
interface condition, we proved the wellposedness of weak solution, and developed an accurate
and efficient multigrid multilevel Monte Carlo method to solve the numerical approximations.
For the MLMC method, a strategy is constructed to calculate the number of samples on
every level. The computational cost is also analyzed and compared. By using the numerical
examples, we verified the features of the numerical method and the theoretical conclusions.
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