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We prove the Legendrian Whitney trick, which allows for the removal of intersec-
tions between codimension-2 contact submanifolds and Legendrian submanifolds,
assuming such a smooth cancellation is possible. We apply this technique to prove the
first known existence h–principle for codimension-2 isocontact embeddings, with a
prescribed arbitrary contact structure on its domain.

53D10; 53D15, 57R17

1 Introduction

The object of this article will be to show the existence of the Legendrian Whitney
trick, which removes smoothly canceling intersections between codimension-2 contact
submanifolds and Legendrian submanifolds. We shall also prove the first known
existence h–principle for isocontact embeddings. This new h–principle is proven with
the Legendrian Whitney trick, and it is as general as possible, as it allows for any
codimension (including codimension-2) and any prescribed contact structure on the
submanifold.

The smooth Whitney trick is a method for removing points of intersection between two
smooth submanifolds; see Kirby [25] and Whitney [36]. This technique rests at the
center of differential topology, with direct applications to embeddings problems (see
Shapiro [31] and Whitney [36]) and the h–cobordism theorem (see Milnor [29] and
Smale [32]). Since its first appearance [36], the Whitney trick has been generalized to
include multiple submanifolds (see Mabillard and Wagner [28]), intersections of positive
dimension (see Goodwillie [16] and Haefliger [19]) and adapted for 4–dimensional
manifolds (see Casson [6] and Freedman [14]). At its core, the Whitney trick states
that a smooth cancellation is possible if certain algebraic obstructions vanish, thus
measuring the difference between algebraic topology and geometric topology. Here,
we study the Legendrian Whitney trick, in the context of contact structures, further
crystallizing the difference between smooth topology and contact topology.
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3230 Roger Casals, Dishant M Pancholi and Francisco Presas

Let .D2n�1; �st/ be the standard contact structure in the smooth .2n�1/–dimensional
disk. In Cartesian coordinates .x1; : : : ; xn�1; xn; y1; : : : ; yn�1/2Dn�Dn�1ŠD2n�1 ,
the standard contact structure reads �st D kerfdxn�y1dx1� � � � �yn�1dxn�1g. Let
.B; �/ an arbitrary contact structure in the .2nC1/–dimensional standard smooth disk

B D f.x; y; z/ 2Rn �Rn�1 �R2 W jxj2Cjyj2Cjzj2 � 1g:

Consider the two smooth inclusions

D2n�1 D f.x; y; z/ 2Rn�Rn�1�R2 W jxj2Cjyj2 � 1; z D 0g � B;

Sn D f.x; y; z1; z2/ 2Rn�Rn�1�R�R W jxj2Cjz1j
2
D 0:5; y D z2 D 0g � B:

By definition, a smooth embedding D2n�1!B will be said to be smoothly standard if
it coincides with the above inclusion D2n�1 � B near the boundary and it is smoothly
isotopic to this same inclusion relative to the boundary. Similarly, a smooth embedding
Sn! B will be said to be smoothly standard if it is smoothly isotopic to the above
inclusion Sn �B. These local models will be perturbed to achieve transversality as we
develop our arguments; see Section 2.1. The main result of the article reads as follows:

Theorem 1 (Legendrian Whitney trick) Let � W .D2n�1; @D2n�1I �st/! .B; @BI �/

be a proper isocontact embedding , n� 2 and � W Sn! .B; �/ a Legendrian embedding
such that � and � are smoothly standard. Then there exists a compactly supported
family of isocontact embeddings �t W .D2n�1; �st/! .B; �/ for t 2 Œ0; 1� with �0 D �
such that im.�1/\ im.�/D∅.

Theorem 1 stands in stark contrast with many known obstructions — see Borman, Eliash-
berg and Murphy [1], Casals, Murphy and Presas [3], Eliashberg [8] and Vogel [33] —
for the removal of intersections, via contact isotopies, between certain subsets in
contact manifolds. In particular, pairs of overtwisted disks are known to admit a rigid
behavior [33], whereby there exists a smooth isotopy removing their intersections but no
such contact isotopy exists. In fact, as shown in [3, Section 8.2], the intersection theory
between the overtwisted contact germ and certain Legendrian spheres is strictly richer
than the smooth topology. The new insight in Theorem 1 is that in higher dimensions
the interaction between Legendrian submanifolds and contact submanifolds is much
closer to smooth topology. In the same vein as the smooth Whitney trick, Theorem 1
should lead to a source of applications in higher-dimensional contact topology. We
show that it in fact leads to the discovery of a new h–principle in contact topology, as
follows.
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The Legendrian Whitney trick 3231

The study of contact submanifolds in higher dimensions has recently seen many new
developments, including the articles of Casals and Etnyre [2], Casals, Murphy and
Presas [3], Etnyre and Furukawa [12], Etnyre and Lekili [13], Honda and Huang [23],
Lazarev [27] and Pancholi and Pandit [30]. We apply Theorem 1 to completely solve
the existence problem for isocontact submanifolds:

Theorem 2 (existence of isocontact submanifolds) Let .N; �N / and .M; �M / be
contact manifolds with dim.M/Ddim.N /C2�5, and .f 0; F 0s / W .N; �N /! .M; �M /

a formal isocontact embedding. Then there exists a family

.f t ; F ts / W .N; �N /! .M; �M /; t 2 Œ0; 1�;

of formal isocontact embeddings such that .f 1; F 1s Ddf
1/ is an isocontact embedding.

Theorem 2 shows that any codimension-2 smooth submanifold in a contact manifold
.M; �M / can be smoothly isotoped to be a contact submanifold, even with an a priori
chosen induced contact structure, as long as the obstructions from algebraic topology
vanish. In particular, any almost contact smooth knot S2n�1! .M; �M / has a standard
contact representative .S2n�1; �st/ ! .M; �M / in its smooth isotopy class. Paired
with M Gromov’s h–principle for codimension-k submanifolds for k � 4, Theorem 2
resolves the existence h–principle for isocontact submanifolds in any formal class, ie
the existence of codimension-2 contact embeddings with a prescribed contact structure
in the domain.1

Theorem 1 focuses on the interplay between Legendrian submanifolds and contact
submanifolds, the first result of its type. Theorem 2 addresses the existence of a
contact submanifold in a given smooth class. This existence h–principle regarding
isocontact embeddings was actually conjectured and partially solved by the second
author and Pandit2 in [30, Theorem 1], who showed that a given contact structure can
be isocontactly embedded assuming the hypothesis that a contact embedding actually
exists. Theorem 2 is significantly stronger and resolves this issue entirely: it actually
does prove that existence always holds and strictly implies the results in the preprint [30].
The analogous statement remains open for symplectic manifolds. Note that, regarding

1Being able to prescribe the contact structure in the submanifold is a strong conclusion. Theorem 2 works
in full generality, without any assumption on the contact submanifold being (ambiently) Stein fillable or
overtwisted, or any other simplifying hypothesis: it holds for any contact structure, including all tight
nonfillable contact structures.
2An alternative argument for their results also appeared in [27, Theorem 4.12].

Geometry & Topology, Volume 25 (2021)
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the uniqueness of such a contact submanifold in its isotopy class, the first author and
Etnyre [2, Theorem 1.1] recently constructed the first examples of contact submanifolds
in all dimensions which are smoothly isotopic but not contact isotopic.

The present arguments for Theorems 1 and 2 apply to higher-dimensional contact
manifolds, and crucially use the dimensional hypothesis. In the remaining case — that
of transverse knots in contact 3–manifolds — Theorem 2 holds if we allow ourselves to
change the self-linking number (see Geiges [15, Section 3.3]), and thus the conclusion
is only valid on the smooth type of the knot, rather than the formal isocontact type of
the embedding. This situation is in line with the 3–dimensional Thurston–Bennequin
inequality [15, Section 4.6.5] and the difference between Legendrian knots and higher-
dimensional Legendrian submanifolds [3].

Organization This article is organized as follows: Section 2 proves Theorem 1 and
Section 3 shows Theorem 2 as an application. Regarding notation, given a set C we
will denote by Op.C / an arbitrarily small open neighborhood of it.

Acknowledgements The authors are thankful to J B Etnyre for useful comments and
suggestions on the first version of the manuscript, and to D Álvarez-Gavela, V L
Ginzburg, O Lazarev and Á del Pino for helpful comments and conversations. Casals
is also grateful to Etnyre for discussions in their collaboration, and a wonderful talk by
J V Horn-Morris in the conference Geometric structures on 3– and 4–manifolds, which
particularly sparked his interest in the study of higher-dimensional contact embeddings.
Casals is supported by the NSF grant DMS-1841913, the NSF CAREER grant DMS-
194236 and a BBVA Research Fellowship. Presas is supported by the Spanish Research
Projects CEX2019-000904-S and PID2019-108936GB-C21. Pancholi and Presas want
to thank ICTP (Trieste) for the support and help that they have provided through their
visitors program sponsored by the Simons Foundation during their two visits at ICTP
developing their work for this article.

Relation to [23] The results of this article were disseminated during spring and
summer 2019, with its arXiv version finally being uploaded August 13, 2019. Simulta-
neously, and unbeknownst to the authors, K Honda and Y Huang were able to apply
their newly developed theory of convex surfaces in higher dimensions to construct a
contact representative of a smooth submanifold, as presented in [23, Corollary 1.3.5],
dating July 13, 2019 on arXiv. Note also that our Theorem 2 is stronger than the
statement in [23, Corollary 1.3.5], as it proves that the contact structure on the smooth
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submanifold can be prescribed, which is not known to be the case if one only applies
the convex hypersurface techniques in [23] and Honda [22], as one would still need the
results of the second author in [30]. In any case, the two arguments are remarkably
different and were developed independently; we view this as a healthy consequence of
having active and fruitful research in higher-dimensional contact topology.

2 Legendrian Whitney trick

The classical smooth Whitney trick [25; 36] starts with two oriented submanifolds
S0; S1 �M inside a simply connected oriented manifold M, which intersect at finitely
many (signed) points. The main assumption is the existence of two oppositely oriented
intersection points p0; p1 2 S0 \ S1 . The Whitney trick then consists of canceling
these two intersection points by placing them as boundaries of two embedded curves
 0 W Œ0; 1�! S0 and  1 W Œ0; 1�! S1 . The crucial part of the argument relies on the
existence of an embedded smooth disk  W Œ0; 1� � Œ0; 1�! M which intersects S0
and S1 exactly in the images of  i for i D 0; 1 only along its boundary, and satisfies
 .t; 0/D p0 and  .t; 1/D p1 . This disk, known as a Whitney disk, is then used to
construct a smooth flow that pushes  0 to  t D  .t;�/ for time t and is supported
in an arbitrarily small neighborhood of the disk. The image of S0 through the flow at
time t D 1C ı for ı 2RC arbitrarily small becomes displaced from S1 at the points
p0; p1 2 S1 , and no new intersections are introduced.

The Legendrian Whitney trick generalizes the smooth Whitney trick to submanifolds
whose generic intersection has dimension bigger than zero. For instance, a Legendrian
sphere in .S2nC1; �st/ generically intersects a codimension-2 contact submanifold
in a smooth submanifold of dimension n�2. In this context, the underlying smooth
arguments in the contact setting are in line with Haefliger’s proof of unknotting in high
codimensions [19], and see also Shapiro’s theory of deformation cells [31, Section 5].

Let .M; �/ be a .2nC1/–dimensional contact manifold. Consider a Legendrian sphere
S � .M; �/ and a codimension-2 contact submanifold .D; �jD/ � .M; �/. Their
intersection S\D� .M; �/ is an .n�2/–dimensional isotropic submanifold †�D\S.
For the Legendrian Whitney trick, † might not be a sphere, and thus not necessarily
bound a smooth disk. Instead, the role of the Whitney disk is played by a Legendrian
map  WW � Œ0; 1�! .M; �/ restricting to two isotropic embeddings  0 WW �f0g!S

and  1 WW � f1g !D such that  0.@W � f0g/D†D  1.@W � f1g/. The image of
the Legendrian map  is referred to as a Legendrian Whitney bridge, and its interior
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will lie on the complement M n .S [D/. It is this Legendrian Whitney bridge that
allows us to construct a compactly supported contact isotopy sliding S along W and
remove the intersection †� S \D without creating a new one.

2.1 Construction of the Legendrian Whitney bridge

Let .D; �/� .B; �/ be a standardly embedded contact disk, and S� .B; �/ a Legendrian
sphere which is also standardly embedded. By genericity, we assume the intersection
† D D \ S between D and S is smoothly transverse. Since S is compact and D

is smoothly standard, there exists an .n�1/–dimensional compact manifold W and
an embedding W ! S with boundary @W D †. Indeed, the submanifold W can
be constructed by fixing a 2n–dimensional smoothly standard disk yD2n , satisfying
D � yD � B, and intersecting the closure of one of the two connected components of
yD2n nD with the Legendrian sphere S.

Let C† D†� .�"; 0� be a collar neighborhood of the boundary †�W , and denote
by W the quotient of W � Œ0; 1� by the relation .w; t/� .w; s/ if and only if w 2 @W
and s; t 2 Œ0; 1�, ie the quotient e WW � Œ0; 1�!W collapses the subset @W � Œ0; 1� to
a single copy of the boundary @W .

Proposition 3 (Legendrian Whitney bridge) Let .D2n�1; �st/ � .B; �/ be a prop-
erly embedded contact disk and S � .B; �/ a Legendrian submanifold with both
inclusions smoothly standard. For any sufficiently small " 2 RC , there exist a com-
pact manifold W , a Legendrian embedding F WW ! B and a smooth quotient map
e WW � Œ0; 1�!W such that :

(1) F is transverse to S and D , F�1.S/D e.W �f0g/ and F�1.D/D e.W �f1g/.

(2) .F ı e/.@W � Œ0; 1�/D†D S \D and .F ı e/j
VW�Œ0;1�

is a smooth embedding.

(3) There exists a Legendrian ribbon R.†/ of †� B and a chart †�D2.3"/!

R.†/� B such that the restriction .F ı e/jC†�Œ0;1� is mapped to †�D2.3"/

and there exist coordinates .q; s; t/ 2 C†� Œ0; 1�D†� .�"; 0�� Œ0; 1� such that

.F ı e/.q; s; t/D 	
�
q;
�
s cos

�
1
2
t�
�
; s sin

�
1
2
t�
���
:

Property (3) in Proposition 3 is depicted schematically in Figure 1. It is important to
keep in mind that .q; x; y/ 2†�D2.3"/ are coordinates for the ribbon R.†/. They
will be our reference coordinates to study this region and they will remain unchanged
for the whole proof.
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S

W �f0g

W �f1g

†

D

W �f0g

W �
˚
1
3

	
W �

˚
2
3

	
W �f1g

t
†

Figure 1: The Legendrian neighborhood †�D2 of the intersection †DS\D
and the image of the Legendrian Whitney bridge, where W is mapped into
the third quadrant. Left: inside the global manifold. Right: the coordinate
system.

Remark 4 The map  DF ıe WW � Œ0; 1�!B will be constructed as a 1–parameter
family f tgt2Œ0;1� of isotropic embeddings of W such that  0 D .F ı e/jW�f0g � S
and  1 D .F ı e/jW�f1g �D . However, we first find a family of smooth embeddings
f�tgt2Œ0;1� and then construct the required isotropic family f tgt2Œ0;1� . Hence, for the
proof of Proposition 3, �t are smooth morphisms and  t are isotropic morphisms.

Regarding notation, a normal bundle of a submanifold A�B is denoted by �BA . When
�BA is an oriented real line bundle, �BA will also denote a choice of nowhere-vanishing
vector field trivializing the bundle.

2.2 Proof of Proposition 3

Let us declare �0 D  0 to be the inclusion W � S. Choose a compatible almost
complex structure J� for the symplectic bundle � D .ker˛; d˛/ which extends a
complex structure compatible with .D; �jD/. First, we proceed with the construction
of the Legendrian embedding yielding W � B near the intersection locus †. For that,
we choose framings as follows.

Let us trivialize the rank-2 (trivial) normal bundle �S† over † so that

�S† D �
�0.W /
† ˚ �S�0.W /

D hv1i˚ hw1i;

Geometry & Topology, Volume 25 (2021)
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where v1 and w1 are fixed but arbitrary nonvanishing sections. Since this rank-2
bundle hv1; w1i is transverse to TDj† , there is a unique vector field v0 , up to positive
scalar function, such that hv0i D hfv1; w1; J�w1gi\TDj† . In short, v0; v1 2 �.T†/
are vector fields such that:

� v0 is tangent to D and transverse to �0.W /; v1 is tangent to �0.W / and
transverse to D .

� The subbundle T†˚hv0; v1i � �j† is a Lagrangian space.

Indeed, the second property follows from the fact that T†˚hv1; w1i is a Lagrangian
subspace and we have replaced w1 by a linear combination of the type

v0 D �0w1C�1Jw1C�2v1;

and such a vector paired with the isotropic subspace T†˚hv1i evaluates to zero for
the symplectic structure on �† .

For the smooth embedding �1 , we directly invoke the Whitney embedding theorem
[35; 36], relative to an open subdomain in which the map is already an embedding.
This constructs a smooth embedding �1 WW !D such that �1.@W /D†, such that
the vector field v0 is tangent to �1.W / and v1 is transverse to �1.W /. In order to
adequately construct the Legendrian ribbon R.†/, let us use the following:

Lemma 5 Let e W† ! .M 2nC1; �/ be an isotropic embedding with k < n and
f�kC1; : : : ; �ng a partial framing for e�� such that T†˚hfe��kC1; : : : ; e��ngi� �e.S/
is a Lagrangian subspace. Then there exists a Legendrian embedding Qe W†�Dn�k.1/!
.M; �/ such that Qej†�f0g D e and . Qe/�.@=@xi /j†�f0g D �kCi for 1� i � n� k .

Lemma 5 is proven right after we conclude the present proof. Now we apply Lemma 5
to the inclusion † D S \ D and the partial framing f�n�1; �ng D fv0; v1g, where
the vector fields v0 and v1 are extended preserving their containment in � with the
extension of v1 being transverse to �1.W /. This extension yields a family of maps
f tg D f�tg for t 2 Œ0; 1� in the collar neighborhood C† � .�"; 0� that conform to
condition (3) in the statement of Proposition 3. Let us now work towards extending
f�tgŒ0;1� from the collar C† � Œ0; 1� to the entire B.

First, let us claim that for " 2RC small enough, we can construct smooth pushoffs of
the two embeddings �0.W / and �1.W / providing a family of embeddings f�tg for
t 2 Œ0; "/[ .1� "; 1� which are each transverse to D and S, and intersect D and S
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The Legendrian Whitney trick 3237

at †. In order to prove this, it is enough to find two nonvanishing vector fields �0
and �1 within � which are defined over �0.W / and �1.W /, respectively, are normal
to them, and extend v0 and v1 , ie .�0/j†D v0 and .�1/j†D v1 , making sure that they
are tangent to the ribbon R.†/. For that, let D be the connected component of yD nD

which defines W , and note that hv1i D �
�0.W /
† ' .��D /j† . Then we choose �1 along

�1.W / such that hf�1gi D ��D jf�1.W /g. The vector field �0 is constructed similarly.
Indeed, the vector field J� �w1 is defined along �0.W / and the vector field v0 that is
defined over the collar C† . Since hv1; w1i is transverse to D , we have that �1 > 0
and thus the linear interpolation between J� �w1 and v0 is never zero and transverse
to �0.W /. Hence, we can choose a cutoff function h WW ! Œ0; 1� compactly supported
on the collar C† , with hj† D 1, and declare �0 D hv0C .1� h/J�w1 .

At this stage of the argument, the Legendrian Whitney bridge W � Œ0; 1� and its
embedding F ıe are (smoothly) defined by � in the region ADW �

�
Œ0; "/[.1�"; 1�

�
[

C†� Œ0; 1�. Its extension can be constructed as follows. First, since the contact divisor
D�B is smoothly standard, D is contained in a 2n–dimensional disk yD , D� yD�B,
smoothly isotopic to a linear disk. Recall that � is the connected component of B n yD
which contains A, out of the two components of B n yD , and note that � is a smooth
.2nC1/–dimensional ball. Then we choose an arbitrary smooth map z� WW � Œ0; 1�!
�� B which coincides with � along A, and use Thom’s transversality theorem [10]
to obtain a C1–small perturbation, relative to a neighborhood of A, which does not
intersect S. This is possible since dim.W � Œ0; 1�/C dimS D 2n < 2nC 1D dimB.
Then, the Whitney embedding theorem applies to perturb the map z� , relative to A, into
a smooth embedding � WW � Œ0; 1�! x�. The image of the restriction of this map � to
the open subset VW � .0; 1/ avoids both S and D . At this stage of the proof, we have
constructed a smooth Whitney bridge according to the statement of Proposition 3. The
remainder of the proof consists in deforming � to a Legendrian embedding as required.

The Legendrian embedding will be obtained via the h–principle on Legendrian immer-
sions [10, Section 16.1]. Note that this h–principle yields a Legendrian immersion;
nevertheless, the Legendrian dimension and codimension in ambient dimension 2nC1
are n and nC 1, respectively. Consequently, a generic Legendrian perturbation of a
Legendrian immersion yields a Legendrian embedding, as required. In order to apply
the h–principle, it now suffices to endow the smooth embedding � WW �Œ0; 1�!B with
the structure of a formal isotropic embedding G WW � Œ0; 1�!MonR.T W ˚R; ���/.
In fact, the bundle ��� decomposes as V ˚C for a complex bundle V , satisfying
that ��0 � D .�0/�T W ˝R C˚h�0; J��0i and V jW�f1g˚C , where V jW�f1g ' �jD .

Geometry & Topology, Volume 25 (2021)
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Indeed, along the collar neighborhood C† , the complexification .�t /�T W ˝R C is a
choice for V , and the linear interpolation .t�1C .1� t /�0/j† D tv1C .1� t /v0 is a
section trivializing the rank-2 symplectic orthogonal. Then obstruction theory [20] tells
us that this trivial subbundle can be extended along W � Œ0; 1�: since � is smoothly
trivial, choose a smooth map yf WW � Œ0; 1�! S2n�1 extending a fixed section on the
boundary, which exists since dimW � Œ0; 1�D n and S2n�1 is .2n�2/–connected. In
conclusion, we have the decomposition ��� D V ˚f yf ; J yf g for the pullback of the
contact structure.

Let Vt D V j�t .W / and Gt D GjW�ftg , and let us require that the formal isotropic
embedding .�;G/ satisfy the following properties:

(a) Gt .w/.f0g˚R/D f0g˚C � �.w;t/ for any w 2W .

(b) G.w; t/D d�.w; t/ for .w; t/ 2 .W � Œ0; "/[C† � Œ0; 1�/.

(c) Gt .w/.T W ˚f0g/� Vt and is a Lagrangian subspace of Vt for any w 2W .

The first condition is determined by imposing G.w; t/.@t /D f .w; t/, and the second
condition merely formalizes that the embedding is already Legendrian, not just formally
Legendrian, in certain regions. The third condition can be assumed since W � Œ0; 1�
deformation-retracts to .W � Œ0; "�/[ .C† � Œ0; 1�/. In conclusion, .�;G/ is a formal
Legendrian immersion of W � Œ0; 1� and .�1; G1/ is a formal Legendrian immersion
on D , since V1 ' �jD . Now, the C 0–dense h–principle for Legendrian immersions
and the genericity of the immersion yields a C 0–small perturbation of the pair .�1; G1/
into a new pair . 1; F 01 D d 1/. Then we push the smooth map  1 along the flow
of �1 to define the maps  t for t 2 .1� "; 1�, which are isotropic embeddings. Finally,
the same C 0–dense h–principle for Legendrian immersions relative to the domain for
the pair .�;G/ produces the required Legendrian Whitney bridge. The embedding
F WW ! B defined in the statement is the map  extended with the vector fields
@s and @t , defined in the two boundaries of W � Œ0; 1�. This concludes the proof of
Proposition 3.

Proof of Lemma 5 View the contact structure .T �†�Cn�k�R; �st/ as a 1–jet space,
and extend the map e to an smooth embedding Oe W T �†�Cn�k�R!Op.†/ such that
Oe��st coincides with � over e.†/ and @=@xi is mapped to the corresponding framing
vector. Since the associated conformal symplectic structures share a Lagrangian sub-
space, the linear interpolation between them is through conformal symplectic structures.
By Moser’s stability argument [15], given that the contact structures coincide over S,
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there is a small neighborhood of † that is contactomorphic to a small neighborhood of
†� T �†�Cn�k �R. Composing Oe with this contactomorphic yields the required
Legendrian embedding.

2.3 The Legendrian Whitney trick

Let us prove Theorem 1. Apply Proposition 3 to construct a Legendrian Whitney bridge
.e; F;W / for the intersection †D S \D . Intuitively, the product structure W � Œ0; 1�
of the domain of the Legendrian Whitney bridge allows us to proceed in the same vein
as in the smooth case [31; 36]. In the present case, the central caveat is that the isotopy
that displaces the Legendrian sphere S from the contact submanifold D must also be
a contact isotopy. The challenge thus relies in finding a compactly supported contact
isotopy which pushes the Legendrian S along the image of the Legendrian Whitney
bridge W � Œ0; 1� in such a manner that the last contactomorphism has removed the
intersection †.

In the smooth case, this is achieved by integrating a compactly supported extension
of the smooth vector field in the direction of Œ0; 1�. The core difference between the
smooth and the contact situations is the fact that smoothly cutting off a contact vector
field might not integrate to a contact isotopy. Hence, in a nutshell, the main contribution
of this section is a careful analytical construction of a compactly supported contact
vector field, or equivalently a contact Hamiltonian, which produces a contact isotopy
with the necessary properties. Let us introduce local coordinates in order to perform
these computations.

2.3.1 Coordinate system The Legendrian Whitney bridge W �Œ0; 1� is the manifold
W D .W �Œ0; 1�/=� and thus an open neighborhood of the Legendrian image F.W /�

.B2nC1; �/ can be identified with J 1.W ; �st/. Let qn 2 Œ0; 1� be the coordinate in the
second factor of W �Œ0; 1�, and qn�1 2 .�"; 0� the local coordinate in Op.@W / defined
by minus the distance to @W . Thus, given the nature of the quotient W � Œ0; 1�!W ,
the pair .qn�1; qn/ can be understood as smooth polar coordinates (defined on the
third quadrant) in Op.@W / �W , parametrizing the 2–dimensional normal slice to
@W , where �qn�1 is the radius and qn its associated angle.

The intersection .F ı e/.W � f0g/ D F.W / \ S of the Whitney bridge with the
Legendrian sphere is the image of W � f0g, and the intersection .F ı e/.W � f1g/D
F.W /\D of the Whitney bridge with the contact submanifold is the image of W �f1g.
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Far from †, ie qn�1 ¤ 0, the former can be given by the local3 equation

f.q1; : : : ; qn�1; qn/ 2W W qn D 0g;

whereas the latter is defined by f.q1; : : : ; qn�1; qn/ 2W W qn D 1g. Along †, given
by the vanishing of qn�1 , the quotient W � Œ0; 1�!W forces qn to be ill-defined,
and we interpret any restriction on qn as being satisfied. Thus, the above equation can
be understood as meaningful all along W and we have W �f0g\W �f1g D†. This
establishes a coordinate system along W , which we can now extend to its neighborhood
J 1.W ; �st/. Indeed, the chosen extension is given by the trivial Legendrian inclusion
W � .J 1.W /; �st/Š .T

�W �R� ; �W � d�/ given by the zero section in T �W at
� D 0. Note that this extension is not canonical: there is a choice of a Riemannian
metric. We fix a metric such that D and S are assumed to be orthogonal to the Whitney
bridge for the following discussion.

In the model T �W �R, we write .q; p/ 2 T �W for points in the cotangent bundle
such that the canonical projection � W T �W !W is given by �.q; p/D q . The contact
submanifold D is cut out by the equation

D D f.q; p; �/ 2 T �W �R W qn D 1; pn D 0g;

where pn is the conjugate coordinate of qn . The isotropy and dimension count for W ,
S and @W forces their conjugate momenta to vanish along S and thus we can write

S D f.q; p; �/ 2 T �W �R W p1 D p2 D � � � D pn�1 D 0; � D qn D 0g:

Again, these coordinates are understood in the quotient W , and thus the intersection
†D S \D is nonempty, cut out by the equation

†D f.q; p; �/ 2 T �W �R W p1 D p2 D � � � D pn�1 D pn D 0; � D qn�1 D qn D 0g;

since the vanishing of the radial coordinate qn�1 allows for both equations fqn D 1g
and fqnD 0g to be satisfied by the angular coordinate, as in the usual context of smooth
polar coordinates. Finally, recall that .x; y/ 2 D2 are Cartesian coordinates for the
disk spanned by these polar coordinates .qn�1; qn/. Denote their conjugate momenta
by .px; py/. Note that, in these Cartesian coordinates, the intersection of the contact
submanifold D with the Legendrian Whitney bridge reads

D\Op.W /D f.q; p; �/ 2 T �W �R W x D 0; px D 0g:

3The coordinates .q1; : : : ; qn�1/ are only local coordinates in W .
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†

Figure 2: A depiction of †�D2 � B, and the modification of the Legendrian
Whitney bridge W D .e; F;W / to its extension W D . Ne; F ;W / , which places
the extended collar C†�.�"�1; 1C"/ of † inside the domain †�D2 . In the
picture, the angle is extended from .0; 1/ on the left, and to .�"�1; 1C"/ on
the right.

2.3.2 Preparation before sliding The Legendrian Whitney bridge .e; F;W / pro-
vided by Proposition 3 can be intuitively depicted as an piece of a smooth open book [15]
with binding † and page W . The 2–disk factor of the tubular neighborhood †�D2

near the binding is parametrized by coordinates .qn�1; qn/, or equivalently .x; y/.
Before constructing the contact isotopy which removes the intersection †D S \D ,
let us perform a minor modification placing the binding of this open book off †� f0g,
as depicted in Figure 2.

The need for this modification is already present in the smooth Whitney trick, as
can be visualized in Figure 3. Indeed, the vector field @qn

in the above Whitney
bridge .e; F;W / vanishes along †, given that the smooth map F ıe only embeds the
quotient W . It is thus necessary to enlarge the collar C† of †�W in order for the
extension of the vector field @qn

to displace D from S. This modification is stated in
detail in the upcoming Lemma 7.

The notation follows that of Proposition 3, with .s; t/ denoted by .qn�1; qn/, q 2†
a point in †D @W and .q; x; y/ coordinates in the Legendrian ribbon R.†/ of †.
Let us also prolong a collar neighborhood of the boundary †D @W �W from C† D

†�.�"; 0� to C†D†�.�"; "� and use it to define the extension W DW [@W �.0; "�.
The Legendrian extension W of the Legendrian Whitney bridge W can be constructed
by applying the following:
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Lemma 6 Let F Wƒ! .M; �/ be a Legendrian embedding such that ƒ is an open
smooth manifold which admits a compactification yƒ such that the boundary @yƒ is
a smooth manifold (possibly with corners) and admits a collar neighborhood on the
boundary , ie Op.@yƒ/' @yƒ� ."; 0�. Then there exist

(a) an open manifold xƒ containing ƒ, ƒ� xƒ such that it admits a compactification
whose neighborhood is of the form @yƒ� .�"; "�,

(b) a Legendrian embedding F W xƒ! .M; �/ that coincides with F when restricted
to ƒ,

(c) the image F .xƒ/ lies in an arbitrary small neighborhood of F.ƒ/.

The proof of this lemma follows the same argument as that of Lemma 5. The embedding
F is extended to F WW ! B, by using Lemma 6. Let us remind the reader that
@W D e.W � f0g/[ e.W � f1g/. In particular, a neighborhood of e.W � f0g/ inside
F .W /nR.†/ can be assumed to have coordinates .w; v/ 2 e.W �f0g/� .�ı; ı/ such
that qn D v . In short, we are extending the domain of definition of the coordinate qn
from the interval Œ0; 1� to the interval Œ�"; 1C "�. Thus, we have that qn 2 Œ�"; 1C "�
is a coordinate on W .

This coordinate can be reparametrized into f .xqn/D qn , by using a diffeomorphism
f W Œ�"�1; 1C"�! Œ�"; 1C"� satisfying that qnD xqn for xqn � 0. Consequently, the
Legendrian S still satisfies the local equation fxqnD 0g. To ease notation, we shall still
write qn for this deformed coordinate xqn . In the working hypothesis of Proposition 3,
we have the following:

Lemma 7 There exists a smooth map Ne WW � Œ�"� 1; 1C "�!W such that :

(a) The map Ne coincides with e on .W nC†/� Œ0; 1�.

(b) The domain † � .�"; "� � Œ�" � 1; 1 C "� is mapped by Ne into the domain
@W �D2.3"/.

(c) Let x	 D F ı Ne ; then x	 on †�
�
�";�1

2
"
�
� Œ�1� "; 1C "� is given by

x	.q; qn�1; qn/D8̂̂̂<̂
ˆ̂:
.q; qn�1; qn/ if .q; qn�1; qn/ 2†�

�
�";�1

2
"
�
� Œ�1� "; 0�;�

q; qn�1 cos
�
1
2
qn�

�
; qn�1 sin

�
1
2
qn�

��
if .q; qn�1; qn/ 2†�

�
�";�1

2
"
�
� Œ0; 1�;

.q; qn� 1; qn�1/ if .q; qn�1; qn/ 2†�
�
�";�1

2
"
�
� .1; 1C "�:
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(d) x	.q; qn�1; qn/D .q; qn�1C 2"; 0/ in the domain †�
�
1
2
"; "
�
� Œ�"� 1; 1C "�.

(e) In the domain †�
�
�
1
2
"; 1
2
"
�
� Œ�"� 1; 1C "�, we have that

(1) x	.q; qn�1; qn/D .q; x.qn�1; qn/; y.qn�1; qn//;

where the change of coordinates

x W
�
�
1
2
"; 1
2
"
�
� Œ�"� 1; 1C "�!

�
�
1
2
"; 5
2
"
�
;

y W
�
�
1
2
"; 1
2
"
�
� Œ�"� 1; 1C "�!

�
�
1
2
"; "
�

satisfies the inequalities @qn�1
x; @qn

x > 0 on the intersection�
†�

�
�
1
2
"; 1
2
"
�
� Œ�"; 1C "�

�
\D

if the x–coordinate vanishes.

(f) e.W �f0g/� Ne.W �f0g/ and Ne.W �f0g/\†�D2.3"/D†� .�3"; 3"/�f0g.

Proof The items (a)–(d) and (g) are proven similarly as Proposition 3. The main
difference is the addition of the inequalities @qn�1

x; @qn
x > 0 in item (e). For that,

just note that the condition @qn=@x > 0 is equivalent to @x=@qn > 0. Since the initial
morphism e satisfies @x=@qn�1 � 0 and @x=@qn � 0 globally, we can ensure that the
extension Ne satisfies this property (e).

In order to ease notation, we shall refer to this extended Legendrian Whitney bridge
still as .e; F;W /, understanding that the goal is to place the original intersection †
in the interior of the bridge. However, the coordinates .x; y/ will still refer to the
previous embedding, and this is why they satisfy property (e).

2.3.3 The contact isotopy Endowed with the Legendrian Whitney bridge provided
by Proposition 3, and duly modified in Lemma 7, we can consider the smooth isotopy
given by the flow along the coordinate qn 2 Œ�1�"; 1C"� defined on W , generated by
the vector field @qn

2 �.TW /, which is nonvanishing away from †, and adjusted to
remove the intersection at †. This is the smooth generalization of the classical Whitney
trick, as depicted in Figure 3. This smooth flow, defined along W , lifts to a contact
isotopy in the 1–jet bundle J 1.W ; �st/ [15]. Nevertheless, this is not a compactly
supported contact isotopy.

The canonical lift of the vector field Ne�.@qn
/ has contact flow

.j 1�/t .w; qn; pw ; pn; �/D .w; qnC t; pw ; pn; �/;
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D

S

Figure 3: The Legendrian neighborhood †�D2 of the modified intersection
† D S \D (yellow) and the image of the extended Legendrian Whitney
bridge (green), where W � Œ0; 1� , the original bridge, is mapped into the third
quadrant. The purple curve represents the original boundary of the Legendrian
Whitney bridge .e; F;W / and the flowlines of the extended vector field @qn

(black) placing the original † (orange) in the interior of the extended
bridge W .

where w 2W belongs to the Legendrian Whitney bridge. Note that this contact flow
displaces the Legendrian S from the contact submanifold D at t � 1C ". Indeed, the
contact flow .j 1�/t preserves the pn–coordinate and we have the following:

Lemma 8 Let z 2†�D2.3"/ be such that the coordinate pn.z/¤ 0 is nonvanishing ,
pn�1.z/D 0 and xx.z/D 0. Then px.z/¤ 0 and thus z …D .

Proof Let us verify that pn¤0 implies px¤0. Indeed, being a change of coordinates,
we have

pndqnCpn�1dqn�1 D px dxCpy dy;

and, by the hypothesis pn�1 D 0, we have that

pndqnC 0dqn�1 D pndqn D pn
@qn

@xx
dxCpn

@qn

@xy
dy:

Thus we have px D pn@qn=@x and, by Lemma 7, we have @qn=@x > 0.
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From now on, we work with the deformed coordinates on W :

� qn�1 2 .�"; "/ that is defined on the Legendrian ribbon.

� qn 2 Œ�"� 1; 1C "� that coincides with qn away from the ribbon and over that
domain it is defined by (1).

Lemma 8 shows that

pn..j
1�/t .w; 0; 0; pn; 0//¤ 0 D) px..j

1�/t .w; 0; 0; pn; 0//¤ 0:

This implies that any point z � .w; 0; 0; pn; 0/ 2 S nW0 satisfies that .j 1�/tz does
not belong to D for any t > 0. This shows that the only intersection of the displaced
Legendrian spheres is happening along the image of W0 through the sliding flow.
These intersections, in turn, disappear at time t D 1C ". In addition, we will check
that this property remains true after applying the cutoffs which achieve the compact
support for the contact isotopy. Since the displacement occurs in the qn directions
and the Legendrian Whitney bridge essentially moves along the .qn�1; qn/ directions,
the core work for achieving a compactly supported contact isotopy must be in cutting
off along the conjugate coordinates .pn�1; pn/ and the Reeb direction � . Let us start
constructing this cutoff.

Let us start in a neighborhood of W0 D S \W , which is one of the two ends of the
Whitney bridge. Fix c 2 R with 0 < c < 1

2
", and construct a compactly supported

cutoff function zG W .�3"; 3"/! Œ0; 1� such that:

� zG.0/D 1, zG0.0/D 0 and zG0 is odd.

� For all pn 2 .�3"; 3"/, the associated integral

zg.pn/D

Z pn

0

zG0.s/ � s � ds

satisfies jzgjC0
� 3c .

In order to construct such zG, we can proceed as follows. Consider the function (see
Figure 4)

zG D

8̂̂̂<̂
ˆ̂:
1 if pn 2 Œ0; c�;
1� 2.pn� c/=c if pn 2 Œc; 2c�;
�1C .pn� 2c/=2c if pn 2 Œ2c; 4c�;
0 if pn � 4c;

which we extend to negative values by imposing even symmetry. Then zG satisfies

(2)
Z 4c

0

zG0.pn/ �pn dpn D 0:
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1

�1

c 2c 4c

Figure 4: The linearized version zG of the function G

Since zG0 is an odd function, . zG0.pn// �pn is even and thus zg W .�3"; 3"/!R, defined
as

zg.pn/D

Z pn

0

zG0.s/ � s � ds;

is an odd function which is also compactly supported in Œ�4c; 4c� after (2). Since
jzgjC0

� 3c , the above zG satisfies the second property. Finally, smooth out the function
zG to a new C1 function G, which is C 0–close to it, still has support in the closed
interval Œ�4c; 4c� and satisfies the required properties. In particular, the associated
function

g.pn/D

Z pn

�3"

G0.s/ � s � ds

has compact support in the interval Œ�4c; 4c�, and satisfies g0.pn/DG0.pn/ �pn and
jgjC0 � 3c . Note that G can be chosen so that the norm jgjC0 is arbitrary small, by
choosing c as small as required.

Now, the flow ‰t .w; qn; pw ; pn; �/D .w; qnCtG.pn/; pw ; pn; ��tg.pn// is a strict
contact flow defined for t < 1C " on a neighborhood of the intersection S \W . It is
here assumed that the function g is C 0–small to assure that the map �! �� tg.pn/ is
well defined, since the � –coordinate is defined for a small open neighborhood of � D 0.
In the same vein, the inequality jGjC0 � 1 implies that the function qnC tG.pn/ lies
in the interval .�"� 1; 1C "/ for qn D 0. So, it is well defined.

In addition, this cutoff flow is the identity for pn > 3" and therefore it glues ‰t .S/
and S in the transition region Op.fpn D˙3"g/. Thus, this discussion above resolves
the contact cutoff regarding the direction associated to the 1–jet of the coordinate qn .
Let us now study the remaining region qn�1>", responsible for the direction transversal
to the flow in the Whitney trick.
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The contact vector field associated to the above constructed flow is given by XH D
G.pn/@=@qn�g.pn/@=@� , whose associated Hamiltonian is H DG.pn/ �pn�g.pn/.
Choose a real number ı 2 .�"; "/ such that for any point z 2Op.W / with coordinate
qn�1.z/� ı , we have x.z/ > 0. Fix a smooth step function R W .�1; "/! Œ0; 1� such
that

� R.qn�1/D 1 for qn�1 � 1
2
."C ı/,

� R.qn�1/D 0 for qn�1 � 1
4
.3"C ı/,

� 0� @qn�1
R � �5=."� ı/.

and define yR D R �H, where H is the Hamiltonian above. Then the contact vector
field associated to the Hamiltonian yR is given by X yH DR �XH � .@qn�1

R/ �H �@pn�1
.

Thus the associated contact flow y‰t coincides with ‰t away from Op.†�D2.3"//.
In the neighborhood Op.†�D2.3"//, we obtain

y‰t .q; qn�1; qn; p; pn�1; pn; �/

D
�
q; qn�1; qnC tG.pn/R.qn�1/; p; pn�1C t �@qn�1

R �H;pn; � � tg.pn/R.qn�1/
�
:

Since the upper bound k@qn�1
R �Hk � 5=."�ı/ � .cC2c/D 15c=."�ı/ can be made

arbitrary small by further reducing c>0, the flow of y‰t is well defined for time t <1C".
As a consequence, we obtain a 1–parametric family of Legendrian submanifolds
obtained by flowing the Legendrian S along the contact isotopy y‰t for t 2 Œ0; 1C "/.
In addition, the Legendrian S1C" is disjoint from the contact submanifold D . Indeed,
in the region S1C" \ .B nOp.W //, the family of Legendrians St remains constant
and thus the empty intersection with D persists. In the region S \Op.W / near the
Legendrian Whitney bridge, the coordinate pn is preserved along the contact flow.
It thus suffices to show that the Legendrian St can only intersect D in points of the
image of the domain W0 D S \fpn D 0g through the flow. This can be discussed in
the following two regions:

(a) The complement of the region †�D2.3"/. Then px D pn for x D 0 and thus,
since pn is preserved, we obtain that the only possible intersections between
D and y‰t .S/ happen in the image of W0 . The same argument works for the
region in †�D2.3"/ in the complement of the support of R .

(b) In the remaining region, where the coordinate pn�1 is not preserved, we cannot
use Lemma 8. Nevertheless, the inequality x > 0 is satisfied and preserved by
the contact flow in positive time. Thus, since D is defined by fx D px D 0g,
the image of S can only intersect D along the image of W0 through the flow.
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Consequently, since the coordinate pn is preserved by the flow, the contact flow
coincides with the displacement flow constructed along W , and thus at time 1C " the
intersection between S1C" and D must be empty.

3 Application to isocontact embeddings

In this section we establish Theorem 2 by using Theorem 1. In line with standard
h–principle arguments [4; 5; 10; 17], the isocontact h–principle, Theorem 2, follows
from the resolution of the local problem, which is the content of the following:

Theorem 9 Let .B2nC1; �/ be a contact .2nC1/–dimensional disk , n � 2 and
.�; Fs/ W .D2n�1; �st/! .B2nC1; �/ a proper formal isocontact embedding such that :

(1) The embedding is isocontact close to the boundary, ie

.Fs/jOp.D2nC1/ D d�jOp.D2nC1/:

(2) The embedding is smoothly isotopic to the standard embedding.

Then there exists a family of formally isocontact embeddings .�t ; F ts /t2Œ0;1� , relative
to the boundary , such that the deformed embedding is isocontact , ie F 1s D d�

1 .

Theorem 9 constructs a solution to the core local model in our existence h–principle.
In comparison to the recent work [23], it is crucial to emphasize that the contact embed-
ding �1 induces the standard contact structure .D2n�1; �st/, which is the difference
between the study of contact embeddings and the existence h–principle for isocontact
embeddings.

Theorem 2 follows from Theorem 9, thanks to the h–principle for isocontact em-
beddings between open contact manifolds [10; 17] applied to the formal isocontact
embedding

.f0; Fs/jNnBN
WN nBN !M;

where BN is a Darboux ball in .N; �N /. Indeed, Theorem 12.3.1 of [10] provides a
formal isocontact deformation of .f0; Fs/jNnBN

to a genuinely isocontact embedding,
and thus extending the domain of this resulting isocontact embedding from N nBN

to N is achieved by applying Theorem 9.

3.1 Intuition for Theorem 9

Let us first consider the 3–dimensional case of a smooth knot K � .S3; �st/ or, in the
local context of Theorem 9, a properly embedded smooth arc K0 � .B3; �st/ within a
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Darboux ball .B3; �st/ which is positively transverse at the endpoints @K0 . The aim is
to perform a smooth isotopy Kt for t 2 Œ0; 1� relative to the boundary Op.B3/ such
that K1 is a transverse arc. In the 3–dimensional case this can be done explicitly,
as explained in [15, Theorem 3.3.1]. In short, the case where the transverse knot is
positively transverse everywhere except at Legendrian subsets can be solved directly
by averaging the positivity at the ends. Thus, the only significant reason for K0 not
to be a transverse knot is the existence of interval subsets I � K0 where the arc is
negatively transverse. The solution is to insert a 1–dimensional wrinkle [9], ie the
transverse pushoff of a Legendrian stabilization. In conclusion, in the 3–dimensional
case the problem translates into a solvable question on plane curves and their slopes,
an approach which does not exist in higher dimensions.

The crucial object in the 3–dimensional case is the notion of a transverse stabilization,
which is neatly explained in [11, Section 2.8]. As depicted in [11, Figure 21], the
transverse stabilization can be understood as a transverse bypass. This is where
intuition for the higher-dimensional case starts to arise. A Legendrian bypass [22] can
be understood as half an overtwisted 2–disk and, even more precisely, the connected
sum of a Legendrian arc with the boundary of an overtwisted disk is tantamount to a
Legendrian stabilization. Thus, the overtwisted disk can be understood as an object
which provides the necessary stabilizations required for the smooth arc to become
a transverse (or Legendrian) arc. In fact — and this is crucial — only half of the
overtwisted 2–disk is needed.

The coming proof of Theorem 9 is based on the following 3–dimensional geometric
heuristic. Instead of searching for half an overtwisted disk in the Darboux ball .B3; �st/,
which allows for transverse stabilizations, insert an entire overtwisted 2–disk D away
from Op.K0/. This modifies the standard structure .B3; �st/ to an overtwisted structure
.B3; �ot/, in which the h–principle for isocontact embeddings holds [1; 8]. Thus, the
smooth inclusion K0 � .B3; �ot/ can be made positively transverse, relative to the
endpoints. By Gray’s isotopy theorem, this can be considered as a smooth isotopy
fKtgt2Œ0;1� within the fixed contact structure �ot such that K1 is positively transverse.
The h–principle does not a priori guarantee that the isotopy fKtgt2Œ0;1� only uses half
the overtwisted 2–disk D .4 The argument then relies on proving that any such (formally
transverse) isotopy fKtgt2Œ0;1� can be made disjoint from half of the overtwisted 2–disk

4Although, in this 3–dimensional case, we know we can just use half an overtwisted 2–disk, but this
statement is not available in higher dimensions.
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D and that the isotopy fKtgt2Œ0;1� can therefore be pushed to exist within .B3; �st/,
where only half of the overtwisted 2–disk is available.

In the higher-dimensional case, the generalization of the arc K0 � .B3; �st/ is a
standardly embedded .2n�1/–dimensional disk .D; �st/� .B

2nC1; �st/. The fact that
Theorem 9 is able to conclude an embedding of the standard contact structure .D; �st/

is a feature of both Theorem 1 and the h–principle [1]. In the 3–dimensional case,
there is a unique contact structure induced in a transverse arc, whereas a codimension-2
contact embedding of a smooth disk D does not necessarily induce the standard contact
structure .D; �st/. In addition, the formal contact type of a smooth embedding in higher
dimensions differs from the data of the self-linking number of a transverse knot, which
entirely determines the formal transverse type of a smooth knot in .S3; �st/. Finally,
the proof of Theorem 9 only works in higher dimensions, since it relies on the smooth
Whitney trick [25; 36], its Legendrian avatar Theorem 1 and the fact that the space
of embedded n–sphere into R2nC1 is connected, which only holds for n � 2. The
following subsection comprises the details of our argument for Theorem 9 in higher
dimensions.

3.2 Proof of Theorem 9

First, we shall modify the contact structure .B; �/ by inserting an overtwisted disk,
away from the image �.D/ of the contact divisor. It is possible to achieve this by
choosing a standard Legendrian unknot ƒ0 � .B; �/, and performing5 two .C1/–
surgeries along ƒ0 . Let us do so in the framework of adapted contact open books
[3; 7]. For that, choose a .2nC1/–dimensional Darboux ball .B; �st/ � .B nD; �/

and p 2 .B; �st/ an interior point. This Darboux ball .B; �st/ is contactomorphic,
relative to its boundary, to the contact connected sum .B; �st/ #p .S2nC1; �st/ along (a
neighborhood of) the point p 2 .B; �st/. The contact structure .S2nC1; �st/ is supported
by the adapted open book .S2nC1; �st/Dob.T �Sn; �stI �Sn/, and the contact connected
sum can be performed so that p belongs to the zero section of the Weinstein page
P0 Š .T �Sn; �st/ at angle 0 2 S1 . In order to insert an overtwisted disk in this
context, change the monodromy �Sn 2 Sympc.T �Sn; �st/ to its inverse ��1Sn , to obtain
an overtwisted contact structure .S2nC1; �ot/ D ob.T �Sn; �stI �

�1
Sn /, as we proved

in [3]. The connected sum .B; �st/ #p .S2nC1; �ot/ is thus overtwisted and differs from

5Alternatively, choose a stabilized Legendrian unknot ƒ � .B nD; �/ , formally isotopic to ƒ0 , and
perform one .C1/–surgery.
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.B; �st/ #p .S2nC1; �st/ precisely in the gluing prescribed by the monodromy. The 2n–
dimensional overtwisted disk in the adapted open book decomposition .S2nC1; �ot/D

ob.T �Sn; �stI �
�1
Sn / can be visualized by using 3–dimensional techniques [24; 34] and

a thick neighborhood [3, Section 3].

Remark 10 In the case that the symplectic monodromy is an exact symplectomor-
phism, the action of the monodromy on the contact structure can be concentrated in
an arbitrarily small neighborhood of the page P� at angle � 2 S1 . The symplectic
Dehn twist �Sn is not an exact symplectomorphism, but the difference �st � �

�
Sn�st

can be written explicitly [26, Section 1.2] and these two contact connected sums
.B; �st/ #p .S2nC1; �st/ and .B; �st/ #p .S2nC1; �ot/ can be assumed to be contacto-
morphic away from a large enough neighborhood of P� , diffeomorphic to Op.P�/.

The formal isocontact embedding .�; Fs/ W .D; �st/! .B; �/ can be extended to have
the modified overtwisted contact manifold .B; �/ # .S2nC1; �ot/ as a target, since
its image lies away from p . Let us apply the h–principle [1] for codimension-2
isocontact embeddings in overtwisted contact manifolds in order to obtain a family
f.�t ; F ts /gt2Œ0;1� of formally isocontact embeddings which starts at .�; Fs/ and finishes
at a genuinely isocontact embedding .�1; F 1s /. Even though the image .�0; F 0s /D
.�; Fs/ lies away from any overtwisted disk, the image of the embeddings .�t ; F ts /
might, for some t 2 Œ0; 1�, be contained in the .B; �st/ #p .S2nC1; �ot/ region near p .
The crucial fact is that, in order to avoid the region .B; �st/ #p .S2nC1; �ot/, it suffices
to avoid the Legendrian sphere S� � P� Š .T �Sn; �st/ given by the Legendrian lift
of the (exact) Lagrangian zero section. This is explained in the following:

Lemma 11 Let " 2RC , � 2 .� � "; � C "/ and

K �N D .D".T
�Sn/� .� � "; � C "/; kerf�stC d�g/

be a compact subset of N such that K \ .Sn � f�g/D ∅, where Sn � T �Sn is the
inclusion given by the zero section. Then there exists a compactly supported contact
flow �t 2 Cont.N / such that �1.K/�Op.@N/.

Proof The complement of the zero section Sn � .D".T �Sn/; �st/ is Liouville sym-
plectomorphic to the symplectization .S.T �Sn/�R; et˛st/ with t 2R of the standard
unit cotangent bundle .S.T �Sn/; ker˛st/. Thus, the complement of the zero section
is modeled on the contactization of the symplectization of .S.T �Sn/; ker˛st/, with
contact form et˛stCd� . The vector field X D @tC@� is contact and a pseudogradient
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for the function tC� . Choose a compactly supported cutoff function yH that coincides
with its contact Hamiltonian H on a compact set of N whose complement is a small
open neighborhood of @N. The flow associated to the contact vector field generated by
the contact Hamiltonian yH satisfies the requirements, as it pushes the complement of
the zero section to Op.@N/.

Lemma 11 shows that an embedding whose image lies on the complement of the
Legendrian S� page inside .B; �st/ #p .S2nC1; �ot/ can be pushed off, with a contact
isotopy, away from the region where the contact domains .B; �st/ #p .S2nC1; �ot/ and
.B; �st/ #p .S2nC1; �st/ differ. Since S� is a standardly embedded Legendrian sphere
in a ball .B; �/, the Legendrian Whitney trick, stated in Theorem 1 above, can now
be used to remove the intersection between the contact disks given by the image of
the isocontact embedding .�1; F 1s / and the Legendrian sphere S� . At this stage, the
proof could proceed by establishing a parametric version of Theorem 1 which would
allow for the removal of intersections between the Legendrian sphere S� and .�t ; F ts /
for all t 2 Œ0; 1�. Instead, given that the maps .�t ; F ts / are just formal isocontact
embeddings, it suffices to treat this as a differential topology problem, rather than a
contact topological problem, as in the following:

Lemma 12 Let �t WD2n�1! B2nC1 for t 2 Œ0; 1� be a family of smoothly standard
proper embeddings of the disk such that n� 2, �0 and �1 do not intersect S� � B, a
standard n–sphere in the ball , and �t .Op.D2n�1// is independent of t 2 Œ0; 1�. Then
there exists a deformation through paths of embeddings �t;s to a new 1–parametric
family of embeddings �t;1 WD! B such that :

� �t;0 D �t and �t;s D �0 in Op.@.D2n�1// for all .t; s/ 2 Œ0; 1�� Œ0; 1�.

� For all s 2 Œ0; 1�, �0;s D �0 and �1;s D �1 .

� The images of �t;1 do not intersect S� for all t 2 Œ0; 1�.

Proof The diffeomorphism B2nC1 Š D2n�1 �D2 implies that B n �1.D/ is dif-
feomorphic to S1 � B2n . Proposition 13, proven below, shows that the space of
smoothly embedded n–spheres in B2nC1 ŠD2n�1 is connected. By deforming S�
to a sufficiently small sphere with (the endpoint of) an isotopy ‰1 , the composition
‰�11 ı�t is our required deformation.

In conclusion, the initial formal isocontact embedding is made genuinely isocontact
by inserting an overtwisted disk and using the h–principle [1]. Theorem 1 is used to
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ensure that the resulting isocontact embedding avoids the Legendrian sphere S� , ie
that it avoids part of the overtwisted disk. Lemma 11 is then used to flow the image of
the isocontact embedding away from the region where the overtwisted disk is inserted,
and Lemma 12 ensures that the formal isocontact isotopy is also disjoint from S� . This
yields the required isocontact embedding for Theorem 9.

3.3 Connectedness of the space of n–dimensional embedded spheres in
S1 � D2n

Let us conclude the article with Proposition 13, on the connectedness of the space
of embeddings into S1 � B2n . This is the higher-dimensional analogue of the 3–
dimensional arguments in [21] on the topology of the moduli space of unknots. The
argument strongly relies on the connectedness of the space of embeddings into B2nC1 ,
as proven by Haefliger [18, Theorem 1].

Proposition 13 The space of standard embeddings of the n–sphere into S1 �B2n is
connected for n� 2.

Proof Let X D S1 �B2n , and � WX ! B2n be the projection into the second factor.
Let e W S!X be a standard embedding, with components eD .�;m/, where � denotes
the angle � 2 S1 , and assume, after genericity and possibly adding a finite number
of kinks, that the smooth map � ı e W S ! B2n is a generic immersion and the self-
intersection points are all paired, ie the signed self-intersection number is zero. Here,
a kink is a smooth isotopy of the embedding e W S !X which adds exactly a double
point on its image �.e.S// of the required sign.

Let us now choose a pair of canceling points q0; q1 2B2n for �.e.S// and a Whitney
disk d WD2 ! B2n for the smooth map � ı e W S ! B2n . The sliding, through
a Whitney-move isotopy [25], along this Whitney disk yields a homotopy through
immersions Lt of the immersion L0 D �.e.S// into an embedded sphere L1 . This
homotopy lies entirely in B2n , and we need to choose a lift for the family of maps
mt W S ! B, defined by Lt D mt .S/, to a family of embeddings et W S ! X. For
instance, choose a lift Qd WD2! S1 �B2n for the Whitney disk d WD2! B2n such
that the interior of Qd.D2/ does not intersect S, the lower hemisphere of @. Qd.D2// still
intersects e.S/, and the upper hemisphere of @. Qd.D2// does not intersect e.S/.

The Whitney disk Qd WD2! S1 �B2n can now be used to perform a Whitney-move
isotopy along it such that both images e.S/ and �.e.S// through this smooth isotopy
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remain embedded. Finally, given that the degree of the map S ! S1 must be zero,
we can isotope the smooth sphere S to live within the region Op.p/�B2n , where
p 2 S1 is a point. This yields an embedding of the smooth n–sphere S inside B2nC1 .
Then Theorem 1 of [18] shows that, for n� 2, the space of standard embeddings of an
n–sphere into B2nC1 is connected, concluding the required result.
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