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The Casimir effect in graphene systems is reviewed with emphasis made on the large
thermal correction to the Casimir force predicted at short separations between the test
bodies. The computational results for the Casimir pressure and for the thermal correction
are presented for both pristine graphene and real graphene sheets, which possess nonzero
energy gap and chemical potential, obtained by means of exact polarization tensor. Two
experiments on measuring the gradient of the Casimir force between an Au-coated sphere
and graphene- coated substrates performed by using a modified atomic force microscope
cantilever-based technique are described. It is shown that the measurement data of both
experiments are in agreement with theoretical predictions of the Lifshitz theory using the
polarization tensor. Additionally, several important improvements made in the second
experiment, allowed to demonstrate the predicted large thermal effect in the Casimir
interaction at short separations. Possible implications of this result to resolution of long-
term problems of Casimir physics are discussed.
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1. Introduction

The Casimir effect! is an extraordinary physical phenomenon which has been much
investigated in several fields of physics for almost 75 years after its discovery. Ac-
cording to Casimir’s result, two parallel ideal metal planes in vacuum attract each
other by a force which depends only on the Planck constant A, speed of light c,
and the separation between the planes. This force originates from the zero-point
fluctuations of the quantum electromagnetic field. If the planes are at temperature
T in thermal equilibrium with the environment, the force value is also determined
by the value of T" and the Boltzmann constant kp. The thermal Casimir force is
caused by the joint action of the zero-point and thermal fluctuations.
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Lifshitz? 3 developed a general theory of the Casimir force between two material
plates described by the frequency-dependent dielectric permittivities. In the last
20 years this theory has been shown to have problems when comparing theoreti-
cal predictions with the measurement data of high precision experiments and with
the requirements of thermodynamics (see an extensive review? 7 and the most re-
8-11). One conceivable reason for these problems is that the dielec-
tric permittivities describing the response of the plate materials to electromagnetic

cent, experiments

fluctuations are to a large measure of phenomenological character and may fail to
account for all subtle features of the field-matter interaction.

In this regard graphene, which is a 2D sheet of carbon atoms packed in a hexago-
nal lattice!? 16
the Casimir effect. The reason is that at energies below some definite value (which
was estimated'” as approximately equal to 3 eV) graphene is well described in the
framework of the Dirac model as a set of either massless or very light electronic
quasiparticles. The quantum field of these quasiparticles satisfies the relativistic
Dirac equation in 2+1 dimensions'®> !¢ with the only difference that the speed of
light is replaced with the Fermi velocity vr & ¢/300.

Given that graphene is so simple a physical system, it becomes possible to find
its dielectric response to electromagnetic fluctuations starting from the first prin-
ciples of quantum electrodynamics at nonzero temperature without resorting to
phenomenological methods. This was done by finding the polarization tensor of
graphene® 2! which is equivalent to two spatially nonlocal dielectric permittivities,
the longitudinal one and the transverse one, depending on both the frequency and
the wave vector.?? In so doing the Casimir interaction between two graphene sheets
is described by the standard Lifshitz formulas where the reflection coefficients take
the non-Fresnel form and are expressed via the components of the polarization ten-
sor. This offers strong possibilities of reliable theoretical predictions for the Casimir
interaction between two graphene sheets and graphene-coated substrates which can
be tested experimentally and checked for a consistency with the requirements of
thermodynamics.

The first experiment on measuring the gradient of the Casimir force between
an Au-coated sphere and a graphene sheet on a Si-SiOy substrate was performed
by means of an atomic force microscope (AFM) operated in the frequency shift
technique.?? The measurement results were found to be in good agreement with
theoretical predictions by using the polarization tensor.?* Due to the small thickness

of the SiOy substrate,?® it was, however, not possible to detect the large thermal
26

is of immediate interest to theorists and experimentalists working in

effect in the Casimir force at short separations predicted previously for graphene.

In the second experiment on measuring the gradient of the Casimir force from
graphene by means of an AFM, a thicker SiO5 substrate was used. In addition, the
energy gap A caused by a nonzero mass of quasiparticles and the chemical potential
w caused by the presence of impurities in the graphene sample have been found uti-
lizing scanning tunneling spectroscopy and Raman spectroscopy, respectively.?”:28
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The measurement data were compared with theoretical predictions using the po-
larization tensor and the existence of large thermal effect was confirmed over the
range of separations from 250 to 517 nm.

In this review, we consider all the above results with due regard to the investi-
gation of the Casimir effect in graphene systems performed using some other tech-
niques. In Sec. 2, the Lifshitz formulas describing the Casimir interaction between
two graphene sheets and between graphene-coated substrates using the formalism
of the polarization tensor are presented. Section 3 is devoted to the thermal Casimir
force from the sheets of pristine and real graphene. In Sec. 4, the first experiment on
measuring the gradient of the Casimir force from graphene is described. Demonstra-
tion of the unusual thermal effect in the Casimir interaction from graphene made in
the second experiment is contained in Sec. 5. Finally, in Sec. 6, the reader will find
our conclusions and discussion of the obtained results for the Casimir force from
graphene with their possible implication to other materials.

2. Lifshitz Formula, Electromagnetic Response of Graphene, and
the Polarization Tensor

According to the scattering theory approach to electrodynamic Casimir forces,?? 3!

the standard Lifshitz formulas for the Casimir free energy per unit area F and
pressure P, originally derived? for the case of two semispaces, remain valid for any
two planar structures with appropriately defined reflection coefficients R%\),[ and

R(T"E), n = 1, 2, for the transverse magnetic and transverse electric polarizations of
the electromagnetic field. They are as follows:

Fla, kBTZ [ kadi 3o 1 - R e k)R g ke 0] (1)

eQaql

kBT /
Pla.T) } j kst 3
1) (i€, k)R (AQ)(Z'&,/@

Here, a is a separation between the plane structures, the prime on the summation

-1 . (2
A

in [ divides the term with [ = 0 by 2, k, is the magnitude of the wave vector
projection on the planar structures, § = 2wkpTl/h are the Matsubara frequencies,
q = (K2 +€2/c*)Y? and A = (TM, TE). The quantities RE\") may have a meaning
of the reflection coefficients on metallic or dielectric plates, on graphene sheets or
on the graphene-coated substrates.

There are many theoretical approaches to calculation of the reflection coef-
ficients on a graphene sheet based on a hydrodynamic model,>>3* Kubo the-
ory,?37 density-density correlation functions found in the random phase approx-
imation,2% 3842 in_plane and out-of-plane electrical conductivities of graphene ob-
tained by means of the 2D Drude model, Kubo formula etc.?”4%42746 [t should be
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noted, however, that the exact expressions for the correlation functions and con-
ductivities of graphene at any nonzero temperature remained unknown. Specifically,
the conductivities calculated using the Kubo formula include the phenomenological
relaxation parameter and neglect the energy gap of graphene.

As mentioned in Sec. 1, at energies below 3 eV the Dirac model provides a
comprehensive fundamental description of graphene (note that the first absorption
peak of graphene takes place at larger energy of fuw & 4.59 V). Taking into account
that measurements of the Casimir interaction by means of the dynamic AFM are
performed at separations exceeding 200 nm, which correspond to the characteristic
energies fic/(2a) < 0.5 €V, an application of the Dirac model for calculation of the
Casimir force from graphene is fully justified.

In the framework of the Dirac model, the reflection coefficients on a graphene
sheet can be expressed via its polarization tensor Il ; = Iz, (i, k1, T, A, p) found
using the formalism of quantum electrodynamics at nonzero temperature.'® 2! For
real graphene sheets the components of the polarization tensor (8,7 = 0, 1, 2)
depend on the energy gap A = 2mo#, where m is the mass of quasiparticles, and
on the chemical potential p. For generality, we present the reflection coefficients on
thick material plates with the dielectric permittivities sl(n) = e (ig) coated with
a graphene sheet?4 4748

R(") . k _ hki [El(n)ql — kl(n)] + QIk[(n)HOO,l
TM (7’&7 J—) = 51 (n) () ) 5
hk? e, qr + k)1 + gk Ty
_ i la -k -1
B3 g + k" + 10

R (i&, k1)

3)

where kl(") = [k? + El")ff/c?]l/2 and the quantity II; is expressed via the trace of
the polarization tensor and its 00-component according to:

I, = kiﬂg,l — ¢;Moo1- (4)

The reflection coefficients on the freestanding (with no substrate) graphene sheet
are obtained from (3) by putting al(n) =1, kl(") = ¢;. The standard (Fresnel) reflec-
tion coefficients on the plates made of ordinary materials are obtained from (3) by
putting Ilgg; = II; = 0.

It is convenient to present the quantities Ilpg; and II; in the form

Moo, = Iy, + 105, I =107 + 11V, (5)

where H((J%{ ; and Hl(o) refer to the polarization tensor of graphene with perfect hexag-
onal lattice with no impurities (11 = 0), zero temperature (7' = 0), and any value of
the energy gap A. By construction, the terms Hé%))l and Hl(o) in (5) do not depend
on T as a parameter but only implicitly, through the Matsubara frequencies, as
they are calculated at w = i§;. By contrast, the terms Hé}})l and Hl(l) in (5) include
an explicit dependence of the polarization tensor on 7" as a parameter. They also

depend on the chemical potential p and the energy gap A.
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The terms H((J%%l and Hl(o) are given by'® 19
ahk? -

R, = L), 0 = ahkd (D), ©)
where a = €2/(hc) is the fine structure constant and the following notations are
introduced

U(x) =2 :10—1—(1—:102)aulrctaunl G = %kQ —i—g D _ A8 (7)
B 2 TV " heq

The second terms on the right-hand side of (5) take the form?!:48

1 4ahc qi

k==+1€

1 - Re 1 —u? + 2iyu
(1 —u? 4 2iyou + D} — ~; D2)1/2
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l 2 D, :Z eBlqun?

(1+iy; 'u)? + (32 = 1)D?
(1 —u?+ 2iyu+ D} — "yl2Dl2)1/2
where Y= {l/(cqﬁ) and Bl = ﬁcql/(QkBT)

Note that the density-density correlation functions and the spatially nonlocal

dielectric permittivities of graphene are uniquely determined by its polarization
tensor.*” For instance, the transverse and longitudinal permittivities are given by

x |1 —Re

(8)

2
e =1+ 72?11;_512 11, el =1+ 2h11ﬂ oo, (9)
Thus, the exact expressions (5)—(8) for the polarization tensor also provide the
respective expressions for the density-density correlation functions of graphene at
any temperature and make both formalisms equivalent.*®
Using the Casimir free energy F (1) with the reflection coefficients (3)—(8), one
can define the Casimir entropy

~ 0F(a,T)

T
and determine its behavior with vanishing temperature. For two pristine graphene
sheets (sl(n) =1, A = p = 0) it was shown®® that the Casimir entropy goes to
zero when the temperature vanishes in line with the Nernst heat theorem. The
same was proven®! for two real graphene sheets characterized by nonzero values of
the energy gap and chemical potential. Similar results were obtained®??3 for the
Casimir-Polder entropy related to an atom interacting with a graphene sheet (see
also the review in Ref. 54).

S(a,T) = (10)
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One can conclude that the Lifshitz theory of the Casimir interaction between
graphene sheets is in perfect agreement with the requirements of thermodynamics if
the dielectric response of graphene is described by the formalism of the polarization
tensor.

3. Thermal Casimir Force from Sheets of Pristine and Real
Graphene

The formalism of Sec. 2 allows calculation of the thermal Casimir force between
pristine and real graphene sheets as well as between different material plates and
a graphene sheet either freestanding or deposited on a substrate. Below we present
several characteristic results of this kind which give an idea of the thermal effect in
the Casimir force from graphene as opposed to ordinary materials.

We start with the simplest configuration of two parallel sheets of pristine
graphene at room temperature 7 = 300 K. The thermal Casimir pressure in this
configuration is computed*” by (2) and (3)—(8) where one should put sl(") =1 and
A = p = 0. In Fig. 1 (left), the computational results for the magnitude of the
Casimir pressure |P| normalized to the quantity B = kpT/(8ma®) are shown as a
function of separation by the top line.

To gain a better understanding of the role of thermal effects, we consider sep-
arately the impact of the explicit and implicit thermal dependence on the Casimir
pressure. For this purpose, we repeat the same computations as above, but with
only the first term of the polarization tensor in (5) given by (6). This term does not
include the explicit dependence of the polarization tensor on T' as a parameter and
depends on temperature only implicitly through the Matsubara frequencies. The
obtained computational results for |P|/B, as a function of separation, are shown by

1.4f 3000
12} 2500 ¢
1.0} <3 20001
XS 2000
=08 1500}
A o.6f D;
04l 5 1000
02 \k 500
0.0k ‘ : : 0 ‘ ‘ ‘ ‘
200 400 600 800 1000 200 400 600 800 1000
a (nm) a (nm)

Fig. 1. The normalized magnitudes of the Casimir pressure between two pristine freestanding
graphene sheets are shown as functions of separation. The top and middle lines are computed at
T = 300 K using the full polarization tensor and its zero-temperature contribution taken at the
Matsubara frequencies, respectively. The bottom line is computed at T'= 0 K (left). The relative
thermal corrections to the Casimir pressure between two pristine freestanding graphene sheets are
shown as functions of separation by the top and bottom lines computed at 7' = 300 K using the
full polarization tensor and its zero-temperature contribution taken at the Matsubara frequencies,
respectively (right).
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the middle line in Fig. 1 (left).

Next, the bottom line in Fig. 1 (left) is computed by the same formulas as the
middle line, but at 7" = 0 K in the strict sense. This means that the summation
over the Matsubara frequencies in (1) is replaced with an integration in continuous
frequency according to

>, I %)
kpT %%/O de. (11)
=0

Thus, a difference between the middle and bottom lines in Fig. 1 (left) illus-
trates the role of an implicit thermal effect in the Casimir pressure between two
graphene sheets whereas a difference between the top and middle lines shows the
contribution from an explicit dependence of the polarization tensor on temperature
as a parameter. As is seen in Fig. 1 (left), in the region of separations considered,
both thermal effects contribute to the Casimir pressure roughly equally.

The role of thermal effects in the Casimir pressure between the sheets of pristine
graphene can be expressed quantitatively by the relative thermal correction

ArP(a,T) P(a,T)— P(a,0)

SrP(,T) = Spo s = = (12)

In Fig. 1 (right), the computational results for ér P at T = 300 K are presented
as functions of separation by the top and bottom lines computed with the full
polarization tensor (5), (6), (8) and the polarization tensor (6) defined at T = 0,
respectively. Thus, the top line presents the total thermal effect whereas the bottom
line — only the implicit one. In fact both these effects are unexpectedly large. For
example, at 100, 200, 600, and 1000 nm the total thermal correction constitutes
236%, 544%, 1818%, and 3101% of the zero-temperature Casimir pressure, respec-
tively. The implicit thermal correction constitutes 104%, 262%, 935%, and 1617%
at the same respective separations.

An unusually large thermal effect in the Casimir pressure between two graphene
sheets at short separations was first predicted?® by using the method of density-
density correlation functions in the random phase approximation. It can be consid-
ered as unusual because for ordinary materials at separations below a micrometer
the thermal effect does not exceed a fraction of a percent (a few percent effect
predicted for metals when using an extrapolation of the optical data by means
of the Drude model was experimentally excluded* !!). So the large magnitude of
the thermal effect for graphene can be explained physically?%2® by the fact that,
in addition to the standard effective temperature kpTes = hc/(2a) inherent to
all materials, graphene is also characterized by much lower effective temperature
kBTCﬁ' = hvp/(2a)

The computational results obtained using different theoretical approaches to the
Casimir force in graphene systems listed in Sec. 2 were correlated with the results
found by means of the polarization tensor.>® This was helpful in the determination
of the regions of applicability of each approach and in the justification of the results



April 29, 2022 0:25 WSPC/INSTRUCTION FILE arxKMM

8 G. L. Klimchitskaya, U. Mohideen € V. M. Mostepanenko

using various phenomenological models. Specifically, it was shown that for a pristine
graphene the calculation approaches, which neglect the temperature dependence of
its dielectric response, could be applicable only at the shortest separations of about
a few angstroms. At the same time, the computational results using the polarization
tensor are in agreement®® with nonrelativistic computations using Coulomb coupling
between density fluctuations with subsequent thermal averaging employed in the
first publication which predicted the unusual thermal effect in the Casimir force
from graphene.26

Now we consider the impact of the nonzero gap and chemical potential on the
size of thermal correction to the Casimir pressure. Note that a nonzero energy
gap and chemical potential are inevitable with real graphene sheets particularly
those on substrates as used in experiments.?® 2728 As in experiments on measuring
the Casimir force from graphene one body is metallic, we consider an Au plate
interacting with the freestanding either pristine or real graphene sheet with A =
0.29 eV and p = 0.24 eV (these are the experimental parameters, see Sec. 5).
Computations of the thermal correction in each case are again performed by (2),
(3)-(8) and (12). In both cases one should put IIpp; = II; = 0 in the reflection
coefficients R(Al) from (3) and substitute El(l) for Au obtained from the optical data®®
extrapolated down to zero frequency? * (the type of extrapolation does not influence
the obtained results in this case due to a smallness of the TE reflection coefficient
for graphene at zero frequency). As to the coefficients RE\2), one should put 552) =
and use A = p = 0 for a pristine graphene sheet and the specific values indicated
above for a real one.

The computational results for the relative thermal correction to the Casimir
pressure between an Au plate and either pristine or real graphene sheet are shown
as the functions of separation in Fig. 2 (left) by the top and bottom pairs of lines,

600 sof

500
7S 400 -

o 3 e
S ol 0

<, 200} 20
&

100} 10¢

200 400 600 800 1000 200 400 600 800 1000
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Fig. 2. The relative thermal corrections to the Casimir pressure between an Au plate and either
pristine or real freestanding graphene sheets are shown as functions of separation by the top and
bottom pairs of lines, respectively (left). The relative thermal corrections to the Casimir pressure
between an Au plate and a real graphene sheet deposited on a SiOz plate are shown by the
bottom pair of lines (right). In each pair, the solid line is computed at T = 300 K using the
full polarization tensor and the dashed line — its zero-temperature contribution taken at the
Matsubara frequencies. The top pair of lines (right) reproduces the bottom pair of lines (left).
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respectively. In each pair, the solid line indicates the total thermal correction and
the dashed line presents the implicit thermal correction with neglected explicit
dependence of polarization tensor on temperature as a parameter. In this case the
thermal effect originates entirely from a summation over the Matsubara frequencies.

As is seen from the top solid line in Fig. 2 (left), for an Au plate interacting
with a pristine graphene sheet the thermal correction, though large enough, is much
smaller than for two pristine graphene sheets. At a = 100, 200, 600, and 1000 nm, it
constitutes 53.7%, 115.5%, 379.5%, and 659.9% of the Casimir pressure calculated
at T = 0, respectively. These should be compared with the respective values related
to the top line in Fig. 1 (right) which are by almost a factor of 5 larger. From the
top dashed line in Fig. 2 (left), one finds that at the same respective separations the
implicit thermal correction constitutes 22.5%, 61.1%, 244.2% and 439.9%. Thus, in
this case, the role of implicit correction increases with increasing separation.

For an Au plate interacting with real graphene sheet the total thermal effect
constitutes 21.5%, 34.4%, 53%, and 58% at a = 100, 200, 600, and 1000 nm, re-
spectively [see the bottom solid line in Fig. 2 (left)]. From the bottom dashed line
one finds 15.9%, 29.6%,53% and 58% for the implicit thermal correction to the
Casimir pressure at T'= 0 at the same respective separations. This means that for
a real freesranding graphene sheet the role of explicit dependence of the polarization
tensor on T as a parameter rapidly decreases with increasing separation.

Since in measurements of the Casimir force graphene is deposited on some sub-
strate, we also illustrate its impact on the size of the thermal correction to the
Casimir pressure. As a typical substrate, we consider a SiOs plate with a suffi-
ciently accurate expression®” for the dielectric permittivity 51(2). Now we perform
computations of the thermal correction to the Casimir pressure between an Au plate
and a real graphene sheet deposited on a SiOs plate by (2), (3)—(8) and (12). In
R(Al) from (3) we again put Ilpo; = II; = 0 and use sll for Au. In R)\2 we Nnow
use 51(2) for SiO5 and the experimental values of A and p indicated above for a real
graphene sheet.

The computational results are shown in Fig. 2 (right) by the bottom solid line as
a function of separation. The relative thermal correction is equal to 2.79%, 4.29%,
6.2%, and 6.2% of the Casimir pressure at T'= 0 at a = 100, 200, 600, and 1000 nm,
respectively. The bottom dashed line presents similar results for the implicit thermal
correction to the Casimir pressure at T = 0. It is equal to 1.53%, 3.10%, 6.0%, and
6.2% at the same respective separations. For comparison purposes, in Fig. 2 (right)
we also reproduce the bottom pair of solid and dashed lines from Fig. 2 (left) which
shows the thermal corrections to the Casimir pressure between an Au plate and a
freestanding real graphene sheet. In Fig. 2 (right) this pair takes the top position.

From Fig. 2 one can conclude that nonzero values of the energy gap and chemical
potential of real graphene sample lead to a significant decrease of the thermal effect
at short separations as compared to the case of a pristine graphene sheet. The
thermal effect decreases further when the graphene sheet is deposited on a substrate
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but still remains measurable in high precision experiments. Similar to the case of a
freestanding graphene sample, for a graphene-coated substrate the role of an explicit
contribution to the thermal effect rapidly decreases with increasing separation.

In the end of this section, we note that the thermal correction to the Casimir
pressure from graphene depends heavily*® on whether the condition A < 2pu is
satisfied (as in our case) or A > 2u. Different aspects of the Casimir and Casimir-
Polder interactions from graphene are investigated in a number of papers using the

formalism of the polarization tensor.?® 7!

4. First Experiment on Measuring the Casimir Interaction from
Graphene

In this experiment,?? the gradient of the Casimir force was measured between an
Au-coated hollow glass microsphere attached to an AFM cantilever and a graphene
sheet deposited on a SiOs film covering a Si plate. The radius of the coated sphere
was R = 54.10 4+ 0.09 um and the thickness of an Au coating was 280 nm allowing
to consider this sphere as all-gold. A large area graphene sample was obtained
through a two-step chemical vapor deposition process.” The grown graphene sheet
was transferred to a plate with D = 300 nm thick SiO5 layer on top of a Si substrate
of 500 pum thickness.

Measurements of the gradient of the Casimir force were performed at room
temperature 7" = 300 K in high vacuum down to 10~% Torr using the dynamic
measurement scheme employed earlier in measuring the Casimir interaction between
metallic surfaces.” ™ The total force

Ftot (a, T) = Fel(a’) + Fsp(a, T) (13)

was the sum of an electric force Fy caused by the constant voltages V; applied
to graphene sheet while the sphere remained grounded and the Casimir force F,
which depends on the temperature at the laboratory.

The force (13) leads to a modification of the resonant frequency of the cantilever-
sphere system from wyp to some w,(a,T), and the frequency shift

Aw(a,T) = wr(a,T) — wo (14)

was measured by means of a phase-locked loop.

These measurements were performed at different separations in the linear regime
of the oscillator where the frequency shift is connected with the gradient of the total
force (13) according to” ™

Aw(a,T) = —CF|(a,T) = —CF}(a) — C’Fs’p(a,T). (15)

The calibration constant C' in (15) is given by C' = wp/(2k) (k is the cantilever
spring constant), FY} is a known function” of the sphere radius, sphere-graphene
separation a = 2o+ Zpiezo, Where zpicso is the distance moved by the graphene-coated
SiO2-Si substrate, zg is the closest sphere-graphene separation, and of the residual
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potential difference V. Note that the values of zy, Vy, and C are determined by
means of electrostatic calibration. Then, the experimental values of the gradient of
the Casimir force between an Au-coated sphere and a graphene-coated substrate
are obtained from the measured frequency shift using (15)

F,(a,T) = —%Aw(a,T) — F!\(a). (16)

The comparison between experiment and theory was made by using the formal-
ism presented in Sec. 2 and the proximity force approximation. In this approxima-
tion,*® the Casimir force between a sphere and a plate is expressed as

Fop(a,T) =27RF(a,T), (17)

where the Casimir free energy per unit area of two parallel plates is given by (1). By
differentiating both sides of (17) with respect to a, one expresses the gradient of the
Casimir force between a sphere and a graphene-coated substrate via the pressure
between an Au plate and this substrate

F! (a,T) = —27RP(a,T). (18)

The error introduced from using the approximate equality (18) has been shown
as being less than a/R based on the exact theory of the Casimir force using the
gradient expansion.”®"® For the present experiment this error does not exceed 0.5%
(see Sec. 5 for a more detailed information).

The theoretical force gradients should also be corrected for the presence of sur-
face roughness.® % 728! In the framework of the multiplicative approach, which is
sufficiently precise at short separations used in this experiment,*® the gradient of
the Casimir force corrected for the presence of roughness is given by

62 +6;

a2

F;pythcor(a, T)= (1 +10 ) Fs'p(a, T). (19)
Here, the root-mean-square roughness amplitudes on the surfaces of the sphere
and graphene measured by means of the usual AFM with a sharp tip are equal
to s = 1.6 £ 0.1 nm and §; = 1.5 = 0.1 nm, respectively. Thus, the maximum
contribution of the surface roughness is equal to only 0.1% at the shortest separation
in this experiment.

Computations of the Casimir pressure in (18) were performed by (2) at T =
300 K as follows.?* The reflection coefficients Rf\l) on an Au surface are given by (3)
where one should put Ilpg; = II; = 0 and use al(l) for Au (see Sec. 3). The reflection

coefficients RE\2) in (1) should be replaced with
RO (i1, k) + rP (i, ky ) e—20k
1+ R (g, k., )r'? (g, k) ) =20k

because in this experiment graphene is deposited on a SiOs film of thickness D
covering the Si plate.

RO (i, k1) = (20)
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Here, the coefficients Rg\z) are defined in (3) where the permittivity el(2) for SiOq

was discussed in Sec. 3. The polarization tensor Ilyg; and II; entering RE\2) is given in
(5)—(8). It was used®* with = 0 and A varying from 0 to 0.1 eV (the exact values
for the experimental graphene sample were not determined). As to the reflection
coeflicients 7‘;2) in (20), they describe the reflection on the boundary plane between
semispaces made of SiOy and Si and have the standard form

) ESik(2) _ E(Q)kSi k(2) _ 8(2)/€Si
T(T21\)/I(Z€l’kn7 "™ 1M 1 1M

(2) ¢, _
- . iR} T (’Lglv kL) -
El&kl@) + El(2)leI ™

where k' = (k2 + e1¢?/c?)1/2,

The dielectric permittivity of Si along the imaginary frequency axis, ef! =
£5i(i&;), added some uncertainty in the theoretical analysis of this experiment. The
B-doped Si plate used?® had a nominal resistivity between 0.001 and 0.005 £ cm.
This leads®? to a density of charges varying from 1.6 x 10'° to 7.8 x 10'? cm ™3
which is above the critical value 3.95 x 10*® cm™2 at which the dielectric-to-metal
transition occurs.®? The resulting plasma frequency w, varied in the relatively wide
range?® between 5 x 10 and 11 x 10 rad/s and was used in the extrapolation of
the Si optical data’® to zero frequency.

In Fig. 3, the measured gradients of the Casimir force from (16) between an Au-
coated sphere and graphene-coated substrate are shown as crosses. The arms of the
crosses indicate the total experimental errors in measuring the force gradients and
separations determined at the 67% confidence level. The theoretical gradients of the
Casimir force computed as a function of separation by (18) and (19), as explained
above, are shown as the dark gray bands over the intervals from 224 to 280 nm
(left) and from 280 to 350 nm (right). The width of the bands is mostly determined
by the uncertainties in the values of w, for the Si plate and in the energy gap A of
graphene.

Over the entire measurement range from 224 to 500 nm (Fig. 3 illustrates only a

35 16
— 14}
g 30}
5
3. 25¢
N— 10,
L 20 gl
15¢ ‘ ‘ ‘ ‘ ‘ 61 ‘ ‘ ‘ ‘ ‘ ‘
220 230 240 250 260 270 280 280 290 300 310 320 330 340 350

a (nm) a (nm)

Fig. 3. The gradients of the Casimir force between an Au-coated sphere and a graphene sheet
deposited on a SiO2 film covering a Si plate computed at T' = 300 K using the polarization tensor
are shown as functions of separation by the dark gray band over the intervals from 224 to 280 nm
(left) and from 280 to 350 nm (right). The measurement data are indicated as crosses.
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part of this interval) the theoretical force gradients were found to be in good agree-
ment with the predictions of the Lifshitz theory describing the electromagnetic
response of graphene by means of the polarization tensor.2* Note that theoretical
predictions of the same theory using the reflection coefficients found in the frame-
work of the hydrodynamic model of graphene are excluded by the measurement data
of this experiment.®* The question remains of what this experiment says about the
large thermal effect in the Casimir force from graphene which, according to Sec. 3,
should exist and be observable at short separations below 1 pum.

The question above was investigated?® taking into account the experimental un-
certainties and the material properties of the substrate supporting the graphene
sheet. The gradient of the Casimir force at zero temperature was computed using
the same formalism as above but replacing the summation in (2) with integration
along the imaginary frequency axis in accordance with (11). The obtained compu-
tational results are shown in Fig. 4 by the bottom (light gray) band as a function
of separation. The width of this band was found using the same uncertainties as
considered above in computations of the Casimir force at T" = 300 K. The theo-
retical band computed at T = 300 K is reproduced from Fig. 3 as the top (dark
gray) band together with the measurement data indicated as the crosses. As can be
seen in Fig. 4, the thickness of the bottom band computed at 7= 0 K is somewhat
larger than of the top one computed at 7' = 300 K. This is because under the con-
dition A > 2u (later*® the value of the chemical potential in this experiment was
estimated as p = 0.02 €V) an impact of the nonzero energy gap A, which can be as
much as 0.1 eV, on the force gradient is stronger at zero temperature.

From Fig. 4 it is seen that the bottom theoretical band computed at T'= 0 K
is slightly below the measurement data which, however, touch it in a number of
data points. This suggests that there is some evidence in favor of the presence of
thermal effect which, nevertheless, cannot be considered as a solid confirmation for

220 240 260 280 300
a (nm)

Fig. 4. The gradients of the Casimir force between an Au-coted sphere and a graphene sheet
deposited on a SiO2 film covering a Si plate computed at 7' = 300 K and T' = 0 K using the
polarization tensor are shown as functions of separation by the top (dark gray) and bottom (light
gray) bands, respectively. The measurement data are indicated as crosses.
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its existence.

According to the results obtained,2® an impact of graphene deposited on a di-
electric substrate on the thermal Casimir force increases with decreasing dielectric
permittivity of the substrate material. This means that the SiOy substrate is ap-
propriate for observation of the thermal effect in the Casimir force from graphene.
It was concluded, however, that to attain this goal it is necessary to increase the
thickness of the SiOg film up to at least 2 pm in order to eliminate the detri-
mental impact of the Si substrate. Following this analysis, it has become possible
to demonstrate the large thermal effect in the next experiment on measuring the
Casimir interaction from graphene.

5. Demonstration of Large Thermal Effect in the Casimir
Interaction from Graphene

In the second experiment on measuring the Casimir interaction from graphene,?”28

an Au-coated hollow glass microsphere of radius R = 60.35 + 0.5 um was used as
the first test body, whereas the second one was a graphene sheet deposited on top of
thick SiO4 substrate. Thus, the Si plate, which added uncertainty to the comparison
between experiment and theory in the first experiment (see Sec. 4), was removed.

The graphene sheet used was made from a large-area graphene sample grown on a
Cu foil using the method of chemical vapor deposition.8? This sheet was transferred
onto an optically polished SiO5 substrate of 10 cm diameter and 0.05 cm thickness®6
using an electrochemical delamination procedure.% 87

An important new feature of the second experiment, as compared to the first
one, is that a small but nonzero mass of electronic quasiparticles in graphene, which

15,16 was directly measured rather

leads to an energy gap A in their spectrum,
than estimated in some qualitative manner. This was made by means of scanning
tunneling spectroscopy®® and resulted in the value A = 0.29 & 0.05 eV exceeding
the one estimated in the first experiment.

Another important feature addressed in the second experiment is that any real
graphene sheet contains some fraction of impurities and, as a result, is character-
ized by a nonzero value of the chemical potential.'® 6 The polarization tensor of
graphene, taking the chemical potential of graphene u into account, was derived?!
only in 2016. Because of this, in the course of first experiment it was not possible
to reliably calculate the impact of impurities on the gradient of the Casimir force.

In the second experiment, the mean concentration of impurities in the graphene
sheet was measured by Raman spectroscopy® with the result 7 = (4.2 £ 0.3) x
10'2 ecm™2. Due to the transfer process used the expected dominant type of impu-
rities was Na. Then the value of the chemical potential at T = 0 K was found?®

= hopy/7i = 0.24 £ 0.01 eV. (22)

This value can also be used at room temperature because the relatively large chem-
ical potential ;= 0.24 eV is almost temperature-independent.®!
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The measurement scheme of the gradient of the Casimir force was the same as
in the first experiment described in Sec. 4. This means that measurements were per-
formed in high vacuum at T"= 294.0 £ 0.5 K temperature by using a modified AFM
cantilever-based technique operated in the dynamic mode. There was, however, an
important improvement allowing a significant decrease of the total experimental
error in measuring the force gradient. The AFM cantilever spring constant k was
reduced through chemical etching (like it was done in a recent experiment with
metallic test bodies!'?) leading to the corresponding decrease of the resonant fre-
quency of the cantilever wy. As a result, the value of the calibration constant C
in (16) was increased by up to a factor 8 leading to a significant decrease of the
total experimental error from 0.64 uN/m in the first experiment (see Fig. 3) to
0.14 uN/m in the second.

Computations of the gradients of the Casimir force were performed by (2) using
the reflection coefficients (3), the polarization tensor (5)—(8), and the equalities
(18) and (19). In the reflection coefficients Rf\l) one should put Ilpo; = 1I; = 0

and take for sl(l) the values of the dielectric permittivity of Au at pure imaginary

Matsubara frequencies. In RE\Q) the polarization tensor at T' = 294 K is taken with
A = 0.29 eV and p = 0.24 eV as was measured for a graphene sheet used and
the dielectric permittivity 51(2) refers to a SiOs substrate. The root-mean-square
roughness amplitudes on the surfaces of a sphere and graphene were measured to
be §; = 0.9+ 0.1 nm and d4 = 1.5+ 0.1 nm, respectively.

The computational results for the gradient of the Casimir force are shown in
Fig. 5 as the functions of separation by the top (dark gray) bands over the intervals
from 250 to 300 nm (left) and from 300 to 400 nm (right). The width of these bands
is determined in the following conservative way. The upper boundary lines of the
theoretical bands were computed with the largest allowed value of u = 0.25 eV and
the smallest allowed value of A = 0.24 eV. The lower boundary lines were computed

24}
22}
20}
18}
16}
14}

12¢ . . . . . . . .
250 260 270 280 290 300 300 320 340 360 380 400

a (nm) a (nm)

g
~
Z
=
g

Fig. 5. The gradients of the Casimir force between an Au-coted sphere and a graphene sheet
deposited on a SiO2 substrate computed at T' = 294 K and T = 0 K are shown as functions of
separation by the top (dark gray) and bottom (light gray) bands, respectively, over the intervals
from 250 to 300 nm (left) and from 300 to 400 nm (right). The measurement data are indicated
as crosses.
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with the smallest allowed value of = 0.23 eV and the largest allowed value of
A = 0.34 eV. This is because an increase of u with fixed A increases the force
gradient, whereas an increase of A with p = const decreases the force gradient.*8
The width of the theoretical band was also increased to take into account the 0.5%
errors arising from uncertainties in the optical data of Au and SiO; and the error
in the sphere radius indicated above.

As was mentioned in Sec. 4, the theoretical force gradients computed by (18) are
burdened with an error due to the deviations from PFA. According to the results
obtained using the gradient expansion”® %92 and the scattering approach,®® 9% in
the sphere-plate geometry the PFA leads to slightly larger force gradients than are
given by the exact computations using these methods. Because of this, the upper
boundary lines of the top theoretical bands in Fig. 5 remained as they are with no
correction for the PFA error. As to the lower lines bounding the theoretical bands,
they are corrected for a maximum possible correction factor of (1 — a/R).

The experimental gradients of the Casimir force are shown in Fig. 5 as the
crosses whose arms indicate the total experimental errors determined at the 67%
confidence level. It is seen that the measurement data are in good agreement with
theoretical predictions of the top band computed using the polarization tensor at
T = 294 K with the measured values of A and p. Similar good agreement holds?"-28
in the remaining range of experimental separations from 400 to 700 nm which is
not shown in Fig. 5.

The computations of the gradient of the Casimir force were repeated at T = 0 K.
In so doing, a summation in the Matsubara frequencies in (2) was replaced with an
integration over continuous £ in accordance to (11). It is important to stress that for
a real graphene sheet with A < 2 (as in this experiment) the polarization tensor
at T =0 K is not given by (6) but is defined by the equalities

HOO (157 kJ_u 07 Aa M) = Hé%) (257 kJ_7 A) + %1310 H((J%)) (257 kJ_7 T7 Au /1‘)7
(i€, k1, 0, A, ) = O (i€, ko, A) + Jim TOGE k1, T, A ). (23)
—

As a result, ITog and IT at T'= 0 K depend both on A and g in this case [under the
condition A > 24 the polarization tensor at T = 0 K is given®® by (6) and, thus,
does not depend on .

The computational results for the gradient of the Casimir force at 7= 0 K are
shown in Fig. 5 as the functions of separation by the bottom (light gray) bands over
the intervals from 250 to 300 nm (left) and from 300 to 400 nm (right). The thickness
of these bands is computed in the same conservative way as the top ones taking
into account all theoretical uncertainties and errors as explained above. According
to Fig. 5, the top bands do not intersect with the bottom ones demonstrating
the predicted large thermal effect from graphene at short separations. The same
holds?”:28 at separations up to a = 517 nm (at larger separations both bands
overlap). Thus, this experiment demonstrates the presence of the thermal effect
in the gradient of the Casimir force from graphene sample in the region of relatively
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short separations from 250 to 517 nm.

To explicitly demonstrate the observed thermal effect, in Fig. 6 we show the
thermal correction to the gradient of the Casimir force equal to a difference between
the mean measured gradients presented in Fig. 5 and the theoretical ones computed
at T = 0 K as a function of separation. This correction constitutes 4%, 5%, 7%,
and 8.5% of the total gradient of the Casimir force at separations a = 250, 300, 400,
and 500 nm, respectively. As is seen in Fig. 6, its absolute values are significantly
larger than the total error in measuring the gradient of the Casimir force equal to
0.14 uN/m.

12},
= %
E 100y
Zos 3
E! 0.8 a9
<206 g
0.4 w3
& Var Vg .« o
0.2¢ T 'PMﬁ
250 300 350 400 450 500
a (nm)

Fig. 6. The observed thermal correction to the gradient of the Casimir force between an Au-
coated sphere and a graphene-coated SiOg2 substrate is shown as a function of separation.

6. Conclusions and Discussion

In the foregoing, we have considered the Casimir effect from graphene. This is a novel
material which has already demonstrated several unusual features of its mechanical,
electrical, and optical properties. As mentioned in Sec. 1, the striking feature of the
Casimir effect between two pristine graphene sheets is a predicted?® huge thermal
correction equal to thousands of percent of the zero-temperature pressure even at
short separations of a few hundred nanometers. This effect should be compared
with a few percent thermal correction to the Casimir pressure between two parallel
metallic plates described by the Drude model which was excluded by the results of
many high precision experiments.

As discussed in Sec. 2, the Casimir effect from graphene at separations exceeding
100 nm can be reliably described by using the Lifshitz theory where the dielectric
response of graphene is expressed via the polarization tensor at nonzero temper-
ature accounting for the nonzero energy gap and chemical potential. Taking into
consideration that the explicit expression for the polarization tensor is derived from
the first principles of quantum electrodynamics at nonzero temperature and pro-

vides the correct description of the electrical and optical properties of graphene,®” 98
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the crucial question arises whether the predicted huge thermal effect does occur in
nature.

In Sec. 3, it is shown that for real graphene sheets possessing nonzero energy
gap and chemical potential the predicted effect is significantly suppressed. In the
case of graphene-coated dielectric substrate interacting with a metallic plate at
separations of a few hundred nanometers, its size is reduced to a few percent, i.e.,
to the same value as an experimentally excluded thermal correction for metals
described by the Drude model. At the same time, the Lifshitz theory using the
dielectric response of graphene given by the polarization tensor was found to be in
agreement with the Nernst heat theorem which is not the case for an idealized model
of Drude metals with perfect crystal lattices and for dielectric materials described by
the frequency-dependent dielectric permittivity with inclusion of the conductivity
at nonzero temperature. This adds considerable significance to the experimental
investigation of the Casimir effect from graphene.

The first experiment on measuring the Casimir interaction from graphene,?
considered in Sec. 4, was found?* in good agreement with theoretical predictions of
the Lifshitz theory using the polarization tensor. Taking into account the relatively
large experimental and theoretical errors from the not fully characterized graphene
sample and the two-layer substrate, and the unavailability of the polarization tensor
accounting for the chemical potential at that time, it was not possible to reliably
separate only a few percent thermal effect from the total measured force gradient.

These problems were successfully solved in the second, refined, experiment on
measuring the gradient of the Casimir force between an Au-coated sphere and a
graphene-coated SiOs substrate discussed in Sec. 5. In this experiment,?” 28 the
single-layer thick dielectric substrate has been used made of a material with low
static dielectric permittivity which is favorable for an observation of the thermal
effect.2® What is more, the graphene sheet was carefully characterized by performing
independent measurements of its energy gap and chemical potential. By reducing
the spring constant of the AFM cantilever through chemical etching, the calibration
constant of the oscillator was increased by up to a factor of 8. In the end, the total
experimental error in the second experiment was reduced by the factor of 4.6 as
compared to the first one.

Finally, the theoretical gradients of the Casimir force in the experimental config-
uration have been computed using the Lifshitz theory and the exact polarization ten-
sor of graphene taking into account the nonzero values of its energy gap and chemical
potential. The theoretical values at the experimental temperature T' = 294 K were
found in good agreement with the measurement data over the entire range of sep-
arations from 250 to 700 nm with no fitting parameters. The comparison of the
same data with the theoretical force gradients computed at " = 0 K unambigu-
ously demonstrated the presence of the predicted thermal effect which size ranges
from 4% to 8.5% of the total force gradient when separation increases from 250 to
500 nm, respectively.

Thus, the Lifshitz theory using the exact response functions of graphene to

3
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electromagnetic fluctuations does not have any problems being in good agreement
with both the measurement data and with the principles of thermodynamics. The
long-term problems in theoretical description of the Casimir force between metallic
surfaces mentioned in Sec. 1 arise when a metal is described by the Drude model
which has been carefully tested in the area of propagating waves. Because of this,
one may suggest that this phenomenological model fails to provide an adequate
description of the electromagnetic response to evanescent waves which are off the
mass shell in the free space but make an important contribution to the Casimir
force. Taking into account that the polarization tensor of graphene is equivalent
to the spatially nonlocal dielectric permittivities, the Drude-like phenomenological
nonlocal response functions were proposed® 192 which nearly coincide with the
Drude model in the area of propagating waves but bring the Lifshitz theory in
agreement with both thermodynamics and experiment for the test bodies made of
nonmagnetic and magnetic metals.

Hence, the fundamental description of an electromagnetic response in the case of
103) "as has

been made for graphene, may be also helpful in solving the complicated problems

3D material bodies (an attempt in this direction was undertaken recently
of Casimir physics for usual materials.
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