2104.11268v3 [math.NA] 30 Oct 2021

.
.

arxiv

Hyperbolicity-Preserving and Well-Balanced Stochastic
Galerkin Method for Two-Dimensional Shallow Water
Equations

Dihan Dai**, Yekaterina Epshteyn®, Akil Narayan®P

% Department of Mathematics, University of Utah, Salt Lake City, UT 84112, USA
bScientific Computing and Imaging (SCI) Institute, University of Utah, Salt Lake City, UT 84112,
USA

Abstract

Stochastic Galerkin formulations of the two-dimensional shallow water systems parame-
terized with random variables may lose hyperbolicity, and hence change the nature of the
original model. In this work, we present a hyperbolicity-preserving stochastic Galerkin
formulation by carefully selecting the polynomial chaos approximations to the nonlinear
terms in the shallow water equations. We derive a sufficient condition to preserve the
hyperbolicity of the stochastic Galerkin system which requires only a finite collection
of positivity conditions on the stochastic water height at selected quadrature points in
parameter space. Based on our theoretical results for the stochastic Galerkin formula-
tion, we develop a corresponding well-balanced hyperbolicity-preserving central-upwind
scheme. We demonstrate the accuracy and the robustness of the new scheme on several
challenging numerical tests.
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1. Introduction

The system of shallow water equations and closely related models have found tremen-
dous success in modelling flows whose vertical scales are significantly smaller than their
horizontal scales. Such flows include, but are not limited to, the water flows in rivers,
lakes, and coastal areas. In addition, uncertainties can enter models, for instance, through
measuring or empirically approximating the bottom topography or initial conditions.
This makes deterministic-model-based predictions less reliable and therefore it is also
important to model this uncertainty in the governing shallow water systems. In this
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work, we will consider the parameterized stochastic shallow water equations (SWE),
where the parameter is a random variable that models the uncertainty.

For discretizing parameterized partial differential equations, the polynomial chaos ex-
pansion (PCE) technique is a commonly-used approach. It seeks to represent a second-
order random field using an expansion in an orthogonal polynomial basis. It was first
introduced by Wiener [47] to represent the Gaussian processes using Hermite polyno-
mials. The idea has been later extended to the representations of random outputs and
fields with more general distributions using more general families of orthogonal polyno-
mials [T5] (2] 29 [46]. With PCE the strategy for encoding uncertainty, this gives rise
to parameterized partial differential equations. Two major classes of methods are used
to solve the resulting system and compute the statistics of the outputs. One class of
non-intrusive methods is based on sampling (see, e.g.,[51] 34, 32]). The implementations
and the parallelism can be easily achieved for non-intrusive methods. However, such
approximations can be less accurate than the solutions of intrusive methods.

The class of intrusive methods, in the PCE context, usually refers to stochastic
Galerkin (SG) method. In the SG framework, the truncated PCE representations are
projected by a Galerkin method in stochastic (parameter) space to obtain a new system
of deterministic partial differential equations (PDEs) that describes the evolution of the
coefficients in the PCE representation. The new system typically requires new solvers
and a substantial rewrite of legacy codes. However, it is expected that the SG method
will deliver a more accurate solution than, for example, some alternative non-intrusive
strategies. In particular, it is known that intrusive methods have near-optimal accuracy
in an L? sense for static problems [I, B30]. In addition, for SG formulations, one can
generally prove important properties of the system or of their subsequent numerical dis-
cretizations. Because of this, applications of SG methods have found success in modeling
uncertainty in diffusion equations, e.g. [563| [I], kinetic equations, e.g. [I8 42], and for
conservation and balance laws with symmetric Jacobian matrices, e.g. [44].

However, when the SG method is applied to a general hyperbolic system of conser-
vation/balance laws such as the SWE, the associated SG system may lose hyperbolicity
[10, 19, 14]. The loss of hyperbolicity may lead to unphysical solutions and prevent the
use of robust numerical schemes. Efforts have been made to overcome this difficulty. In
[48], a strategy to regain hyperbolicity for the quasilinear form of hyperbolic systems is
proposed. Hyperbolicity can be regained by multiplying the SG formulation of the system
by the left eigenvector matrix of the flux Jacobian matrix, but this approach is limited
to quasilinear forms, and the numerical schemes designed for conservative forms cannot
be applied directly. Operator-splitting approaches for one-dimensional Euler equations
[7] and one-dimensional shallow water equations [6] have also been investigated. The
original systems are split into linear hyperbolic and scalar subsystems, whose SG for-
mulations remain hyperbolic. However, it has been shown in [38] that the splitting
approach may lead to an overall non-hyperbolic system. Strategies that introduce a
PCE of auxiliary variables have also been explored. For example, the SG system of a
balance/conservation laws in terms of the entropic variables can be shown to be hyper-
bolic [37,86]. An optimization-based intrusive polynomial moment method (IPMM) was
proposed to compute the PCE of entropic variables given the PCE of the conserved vari-
ables [10, 37, [36]. But the IPMM method can be computationally expensive since one
must solve an optimization problem for each cell at each discrete time level. The PCE
using a Roe variable formulation is introduced in [35] [14] 3], where the flux of the SG
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system is constructed using PCE of the Roe variables. Thus, the conservative form of the
system is preserved. It has been shown that, for the Wiener-Haar expansion, both the
SG Roe formulations of the Euler equation [35] and of the 1D SWE [14] are hyperbolic.
For the system of isothermal Euler equations, its SG Roe formulation is hyperbolic under
a positive definiteness condition of a matrix depending on the positive square root of the
water height, regardless of the choices of distributions of the random parameters [14].
However, the Roe formulation may still be expensive to implement since the PCE of the
Roe variables need to be calculated by solving both a nonlinear equation and a linear
equation. More discussion about the SG Roe formulation can be found in [13]. Recently
we developed a hyperbolicity-preserving SG formulation for the one-dimensional shallow
water equations [8], where we carefully tailored PCE truncation operators for the nonlin-
ear non-polynomial term in the system using only the conserved variables. For arbitrary
choices of distributions of the random parameters, the resulting SG system is hyperbolic
under only a positive-definiteness condition on a matrix which depends on the PCE of
the water height. The condition is a stochastic variant of a positivity condition for the
water height for the deterministic system. The current paper is an extension of the work
[8] to the two dimensional shallow water equations.

In this work, the numerical scheme for the SG formulation in two-dimensional physical
space is based on the extension of the finite-volume central-upwind scheme. The semi-
discrete central-upwind schemes [23] are a class of robust Godunov-type Riemann-solver-
free projection-evolution methods for hyperbolic systems. They are the generalizations
of the central Nessyahu-Tadmor scheme [33] and Kurganov-Tadmor high resolution cen-
tral scheme [26]. The central Nessyahu-Tadmor scheme, the Kurganov-Tadmor central
scheme, and the family of the central-upwind schemes have been successfully applied for
the solution of the general multi-dimensional hyperbolic systems of conservation/balance
laws, including for the solution of the deterministic SWE and related models [20]. A
second-order central-upwind scheme for the solution of SWE was first proposed in [21],
but it was not designed to preserve the positivity and the well-balanced property simul-
taneously. The scheme was further improved in [24] to capture the “lake-at-rest” steady
state and to preserve the positivity of the water height. See [25] 22] 4} [5 311, 20] for more
examples and details of other closely related work. The scheme in this paper is mainly
based on further extensions to stochastic SWE of the schemes proposed in [23] 24]. We
note that, although the developed framework in [8] and in the current paper is not lim-
ited to the choice of central-upwind schemes, the Riemann-solver-free nature of these
schemes allows us to design an efficient deterministic solver as a part of the numerical
discretization of the random SWEs.

1.1. Contributions of This Paper

In this paper we extend the ideas that we developed in [8] to stochastic shallow
water equations in two-dimensional physical space. In order to develop a hyperbolicity-
preserving stochastic Galerkin formulation, we use specially tailored PCE truncation
operators for the SWE nonlinear term (¢*¢¥)/h that occurs in both the z- and the y-
component of the flux. For any probability distributions of the random parameters,
our SG formulation is conservative and we prove it is also hyperbolic under a positive-
definiteness condition on the matrix associated with the PCE of the water height (Theo-
rem [3.1]). This result is similar to our one-dimensional physical space result in [8] and is
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a generalization to the results in [I4] for matrices related to Roe variables. This positive-
definiteness condition is a stochastic variant of the positivity condition on the water
height for the deterministic model. We show that the positive-definiteness condition can
be guaranteed by enforcing a finite collection of positivity conditions on the stochastic
water height at the stochastic quadrature nodes. Based on our SG formulation, we also
develop a corresponding well-balanced hyperbolicity-preserving central-upwind scheme.

This paper is structured as follows. In Section [2, we introduce the parameterized
stochastic shallow water model in 2D physical space, as well as the stochastic Galerkin
discretization of the system using a particular choice of the PCE truncation for the
nonlinear terms (¢%)?/h, (¢¥)?/h, and (¢®¢¥)/h. In Section we discuss the hyperbolicity
of the resulting stochastic Galerkin system and present a sufficient condition to guarantee
hyperbolicity of the stochastic Galerkin formulation of the 2D shallow water system. In
Section 4] we develop a well-balanced central-upwind scheme for the resulting model and
obtain a hyperbolicity-preserving CFL-type condition. In addition, we use a filter to
avoid the possible loss of hyperbolicity at pointwise reconstructed values. In Section
we demonstrate the accuracy and the robustness of the developed numerical scheme on
several challenging numerical tests. Conclusions and future directions are discussed in
Section

2. Modeling Stochastic Shallow Water Equations

2.1. Stochastic Modelling of the Two-Dimensional Shallow Water Equations

The two-dimensional system of shallow water equations read
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where h is the height of the water, g is the gravitational constant, B is the time-
independent bottom topography function, and ¢® and ¢¥ are the discharges in the z-
and y-directions, respectively. The quantities h, ¢, and ¢¥ depend on the spatial vari-
ables (z,y) and time ¢, and B depends only on (z,y). We are interested in modeling a
random/uncertain variant of this system.

Let (92, F, P) be a complete probability space with event space €, o-algebra F, and
probability measure P defined on F. Uncertainty can enter the deterministic system,
for example, via the bottom topography B. For example, the stochastic bottom can be
modeled by a d-dimensional random field

d

B = B(x,y,{(w)) = BO(xay) + ZBk(xvy)gka
k=1



where {(w) = (§1(w),...,&(w)) is a d-dimensional random variable for w € Q. Such
a stochastic bottom function will lead to a &-parameterized version of the 2D shallow
water equations , so that now h = h(z,y,t,£), ¢* = ¢*(z,y,1,§), ¢ = ¢*(z,y,t,&), and
B = B(x,y,&). Our results can be generalized to other models of uncertainty, e.g., the
uncertainty from the measurements of the initial water displacements 1 :== h+ B. In the
following context, we will refer to the quantities associated only with (x,y) as “physical”
quantities and the quantities associated only with & as “stochastic” quantities.

2.1.1. Polynomial Chaos Expansion - A Review

In this section, we briefly review the results and notation for polynomial chaos ex-
pansions (PCE), which are similar to what is used in [8]. We include this section here
in order to be self-contained; interested readers can find a more technical discussion of
PCE in [9] 50l 43].

Let p be the Lebesgue density function for the random variable ¢ € RY. The strat-
egy of PCE is to approximate the dependence of a square-integrable random field by a

polynomial of £. Let v = (v1,...,v4) € Nd be a multi-index. For a d-dimensional vector
¢ € RY, the standard notation for the monomials with multi-index v reads
d
Cl/ — H CVJ CO _ C(O,O ..... 0) -1
j o :
j=1

We consider the PCE approximations in the polynomial subspace defined by A:
Py =span{¢” | v € A}, dim Py = K = |A],

where A C N¢ denotes any non-empty, size-K finite set of multi-indices with 0 =
(0,0,...,0) € A. We will also need “powers” of this set, defined by r-fold products
of Py elements:

PX:_span{Hpj |pj€PA,j—1,...,7"}, dimPXS((f)):(K+:_l), (2)
j=1

where the dimension bound results from a combinatorial argument. Note that since
0 € A, then Py C P for any r < s. We will later exercise the notation above for r = 3

(Theorem [3.2). Define the function space
%
< fz(s)p(s)ds) < Jroo} .
Rd

Assuming finite polynomial moments of all orders for p, there exists an Lf) (R%)-orthonormal
polynomial basis {¢x}32, of Pa, i.e.,

L2(RY) = {f:IRd%IR

(Ons00)y = [ Ou(5)o(s)p(5)ds = b bi(€) =1, g
R
for all k,¢ € IN, where dy, ¢ is the Kronecker delta.

If 2(z,y,t,-) € L%(Rd), then under mild conditions on the probability measure p (see
[12]) there exists a convergent expansion of z in these basis functions,

oy t,6) 2 S By, 6k (),
k=1
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where Zx(x,y,t) are (deterministic) Fourier coefficients in the basis {¢ }ren. If Py =
span{ ¢ | 1 <k < K}, then we define the K-term PCE approzimation of z on Py to
be the truncation of the first K terms in the summation above,

‘T yat7£ sz z,y,t d)k ) [z](x,y,t,f). (4)

The operator II, : Lf,(]Rd) — P, is the linear projection operator onto Ph.

Orthogonality of the basis functions allows us to compute statistics of the the trun-
cated PCE by manipulating the coefficients in a straightforward way. For example, the
expectation and the variance of Il [z](z,y, t,€) are given by

K
E[Mla[2](2,y,1,8)] = 21 (z,,1), Var[la[2](z,y,t,6)] = Y Z(@,y,1), (5)
k=2

respectively.
We introduce the pseudo-spectral product as the approximation to the K-term PCE
of the product of two random fields a(z,y,t, &) and b(z,y,t,£),

K K
Tala,b] = Tix [Hafa] TAD) = D | D xbe(drde, dmdp | Sm(©)- (6)
m=1 \ k(=1

This expression is an exact projection onto Py of the product of two Py projections. The
approximation @ is a widely used strategy for computing PCE expansion of products
(e.g. [91[I4]). The choice above is not the only approximation to ITx [ab], but is one that
renders the 1D SG formulation to be hyperbolicity-preserving [8]. This choice is also a
natural one since Ilp [a,b] = IIp [ab] if (ab) € Pr. For general a,b, then Il [a,b] and
IT5 [ab] are not equal since @ truncates the polynomial terms of ¢ and b whose multi-
indices are not in A. Such an operation can be cast in linear algebraic terms by considering
vectors comprised of the PCE expansion coefficients. Let 2 € R¥ denote the vector of
the ¢p-expansion coefficients of z € Py. Define the linear operator P : RX — REXK ag

K
= BM, M, € RFXE, (Mi)em = (D1, pedm)pr  (7)

where My, is a symmetric matrix for each k. The following properties can be verified:

o~ ~ — ~

P(a) = (Mia|M2dl ... [Mka), P(a)b =P(b)a, IIala,b] = P(a)b, (8)
where the last property is due to (6). If P(a) is invertible, we further have
O(P@P~ @) oI

oa o
IP(@) .y _OP7(a)
— 9
= 5 P @+P@) =5 0, (9)

@E P '(a)

_ =l —1/~
Jap P H@)M,P " (a).



Equation @ will be exercised later for computing the Jacobian matrix of .

We will also need to compute Py truncations of ratios of random fields (when for each
(z,y,t) the denominator is a single-signed variable with probability 1). For a single-signed
random field a, we have

M o 2] (0000, = TalGo0..9). (10)

Using as motivation, we make the assumption that the PCE of b is equal to the
pseudo-spectral product of a and b/a,

wflfons & o)

In particular, if b € Py (which is that case that we consider later), then implication
is true. Equation then motivates the definition for a new operator for the K-term

PCE of the ratios,
K
Vo @=L amo, (12)

where ck is the kth element of ( ) defined by (11 ., assuming P(a) is invertible. Equa-
tion is a frequently used strategy for computing the PCE of the ratio of two poly-
nomials [9). In the following section we will exercise for the case where b € P,.

2.2. Stochastic Galerkin Formulation for 2D SWE

Following a standard Galerkin procedure in stochastic (§) space, we first reduce the
problem to a finite-dimensional one by making the ansatz that the solutions to h, ¢*, and
qY lie in the polynomial space Ph,

K

hoshy = i, y,£)(E),
k;l

qm = (ﬁ\ = Z( m)k(xvy’t)d)k(g)’ (13)
k[:(l

¢’ ~ g} =Y _(¢V)k(x,y, ) (€),

b
I
—

respectively, and B is replaced by II5[B]. We then apply the projection operator I to
both sides of and enforce equality. Similar to [§], we make the assumption that,

@? o mrﬁﬁzmhmuﬁn, »
@2, @] _ o [t [
a7 HA[ ha ] Ha [q" Ha [hAH'



In addition, we make another crucial assumption on the approximation of the nonlinear
term (¢®qY)/h that occurs in the fluxes of both a- and y-directions. Specifically, for the
nonlinear term ¢*¢¥/h in (¢*¢Y/h)., we use the approximation,

q“q¥ qv arax a
—@% B g [ ]. (15)

while for the same nonlinear term in (¢*¢¥/h),, we adopt the approximation,

T N I e

xZ

q

h ha ha

The two different approximations — turn out to be the crucial ingredient of our
hyperbolicity-preserving SG formulation (Theorem . The two approximations are
in general not equal. But as K increases, we observe empirically that the discrepancy
decreases exponentially (see Figure .

— 100 % 100
e 200 < 200 |
400 x 400

m— 300 x 800

10-12 [

Difference

10716 ‘ :
4 5 6 7
K-term Expansion

Figure 1: Numerical verification: the two approximations — are in general not the same. The
difference is computed as the maximum of L/% norm of the difference between the two PCE approximations
of ¢*q¥/h in corresponding cells over the whole computational domain. The data are taken from the
numerical solutions to — at t = 0.07 for different 2D grid sizes.

The steps introduced above lead to a new system of balance laws for the PCE vector
of the stochastic state variables,

0  ~ 0 =, 0 ~ ~ o~

— (U —(F(U —(G(U)) =5(U, B). 17
(O)+ 2-(FO) + 3-(@0) =50, B) o

Here U == (B, qA””T, quT)T, where h, ¢, and ¢¥ are each length-K vectors whose entries

are the coefficients introduced in . The flux terms are,

I PN . . P

FU)= PP (We" +39P(Wh ), GU)=| PP '(he |, (18

P(g)P~ ' (h)g" + 3gP(h)h



and the source term is
S(U.B)= | —gP(h)B. | . (19)
h

Using Equation —@D and following a similar calculation as in [19], we obtain the
flux Jacobians written in terms of K x K blocks,

OF o L ©
o gP(h) = P(¢")P_'(M)P(@) P(¢")P~'(h) + P() o0 ], (20
~P(g*)P~(h)P (D) P(@) P(g®)P~(h)
Y O R 0] R I
== —P@ridr@  P@pd) @ @)
gP(h) —P(g¢")P~ (h)P(0) o P(gv)P~"(h) + P(D)
where we have introduced
i=P (R, o =P ' (h)g (22)

which can be interpreted as PCE coefficients of the z- and y-velocity, respectively.

Remark 2.1. In the numerical section Section 4] our scheme requires us to compute
the maximum and minimum eigenvalues of both g—g and %. Some algebraic manipula-
tions can accelerate the computation. For example, the flux Jacobian g—g has the same

eigenvalues as the block diagonal matrix

R 0] R I 0
gP(h) = P(q)P~ (W)P(@) P(¢)P~'(h)+P@ O
0 o P(g")P~(h)

One can first compute the maximum and minimum eigenvalues of the first 2K x 2K
submatrix and the K x K submatrix on the right corner, and then determine the max-

imum and minimum eigenvalues of the original matrix by comparing the eigenvalues of

the submatrices. Similar calculations can be applied to %, where we can replace the

—P(q/@)’P*l(ﬁ)P(ﬂ) and P(u) blocks by zero matrices when computing eigenvalues.

3. Hyperbolicity of the SG System

In this section we will present a sufficient condition to ensure hyperbolicity of the
system as well as a computationally tractable way to preserve hyperbolicity of the
system.

~

Theorem 3.1. If the matriz P(h) is strictly positive definite for every point (x,y,t) in
the computational spatial-temporal domain, then the SG formulation is hyperbolic.



ProOOF. To show that the system is hyperbolic, we need to show that, for any unit
vector n = (ng,ny) ", the matrix
OF  8G
ou ou
is real diagonalizable. Define,

A:=gP(¢"), B=7P(@@), C:=gP(@), D:=P®O), FE:=\/gPh), (24)

where v/M is the (unique) symmetric positive definite square root of a symmetric positive
definite matrix M. Define

I O I
P=|B+n,E —-ny,E B-n,E]|,
D+nyE ny,E D-—-n,FE

whose inverse is given by

1 E—n,B—nyD Nl nyl
pl= <2> (I® E_l) 2(nyB —nyD) —2n,I 2n,I
E+n,B+nyD —n,I —nyl

Recall that ® represents the Kronecker product between matrices.
Using —, direct calculation leads to

7 5 Ju O  Jis
J =P nla—lj +n 6*9 P = 1 O Jy O |. (25)
ou  YoUu 2
Js1 O Jss,

where,
Jii =2E+n,(B+E'AE™Y) +n,(D+ E'CE™),

Jiz=n.(B—E'AE™) 4+ n,(D - E'CE™") = J3,
Jog =2n, B AE™ 4+ 2n, ET'CETY,
Jsz = —2E+n,(B+EYAE™Y) +n,(D+E'CE™").

From (24)), the matrices A, B, C, D and E are all symmetric. Thus, it can be verified that
Ji1, J13, Jao, J31, and Js3 are all symmetric. Since Jy3 = J31, the matrix J is symmetric
el
aU

(26)

and therefore the similar matrix (nz% + ny ) is real diagonalizable. (I
Remark 3.1. When the system is deterministic, the matrix P and the matrix J in
the proof above reduce to the eigenmatrix that symmetrizes the deterministic Jacobian
matrix and the diagonal matrix after symmetrization, respectively.

From Theorem the hyperbolicity of the SG system relies only on the positive def-
initeness of the matrix P(h), a stochastic variant of the hyperbolic condition for the
deterministic 2D SWE. In [8], a computationally convenient sufficient condition to guar-
antee P(ﬁ) > 0 is given by the following theorem.
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Theorem 3.2. Given A, let nodes &, and weights T, satisfying {(Em, Tm) M, C R x
(0,00) represent any M -point positive quadrature rule that is exact on P}, i.e.,

M

[ €1 = 3 o) pe Rt (27)
m=1
i
ha(z,y,t,&0) >0 Vm=1,..., M, (28)

then the SG system of the 2D SWE is hyperbolic.
PROOF. See Theorem 3.4 in [§]. O

Thus, to preserve the hyperbolicity of , we only need to preserve a finite number
of positivity conditions on the stochastic water height. In the worst-case scenario, the
number M of quadrature points used in the stochastic space is of order O(dimP3) < K3
(see for the definition of P3). For one-dimensional stochastic space, one can use the
M-point Gaussian quadrature associated with the density p of &, with M any integer
satisfying M > [3K] — 1.

Instead of preserving the positive definiteness of P(E), one could choose to preserve the

positivity of the expectation iAll of hx. The following corollary states that this condition
is guaranteed by P(h) > 0.

Corollary 3.2.1. If the assumptions of Theorem (3.2)) hold, then ﬁl > 0.
PrOOF. See Corollary 3.6 in [g]. O

4. Numerical Scheme for Stochastic Shallow Water Equations

The family of central-upwind schemes ([26], 23], etc.) are Riemann-solver-free, second-
order, high-resolution MUSCL schemes [45]. The generalized minmod limiter is used for
the piecewise linear approximation of the solution. In this section, we present a well-
balanced central-upwind scheme that preserves the hyperbolicity of the system at
every time step.

4.1. Central-Upwind Scheme for the SG System
For simplicity, we consider only rectangular spatial domains. Let {C; ; }ie[ No].i€[N,]
x> Y
be a uniform rectangular partition over the rectangular computational domain, where

Cij = {xi_%,xwé} X {yj_%,yj_i_%} ,
[Nz] is the index set {1,2,..., Ny}, and [N,] is defined similarly. Define Az = z;, 1 —
i1, Ay =y 1 —y; 1. Let |Ci ;| denote the size AzAy of cell (¢,7). Define the

approximation to the cell average of the vector U over cell C;,; to be

Ui;(t)=|q" ,,](t) o ¢ (@ ,y,t) dz dy € R3K.
qyzj(t) i Cij qy(m y,t)
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Since U with subscripts has been used for the polynomial moments, we use the bold letter
U with superscripts and subscripts here and in the following subsections to represent the
cell averages and the pointwise values of the reconstructions, respectively, for the vector
function U(z,y,t). For example, U is the reconstructed value of U at the west-side

(z;i_1,y;) of the cell C; ;. A similar reasoning applies to the pairs (h,h), (g%, ¢%), and
(qy,qu). To minimize clutter, we will notationally suppress ¢ dependence from here
onward.

For a continuous bottom topography, the pointwise values of the reconstructions are
given by

— Az — Ax
Ufj =Ui;+ 7(U )iis UZV Ui; - T(Ux) NE
Ay Ay
Uf\,[j:UzJ‘FT(Uy)i,ja U, =Ui, T(Uy) e

(U ) . — minmod <9Ui,j _ﬁi—l,j ﬁi—&-l,j _ﬁi—l,j eﬁi—i-l,j _Uij)
x)i,j — )

Az ’ 20z ’ Az
~Uij-1 Uijr1—Uij1 Uijs1— U,
Ay ’ 2Ay '

(Uy)i,; = minmod (0 Ui

The minmod function for scalars is defined by

max;{c;}, ife¢; <0 Vj,
minmod (e, ¢, ..., ¢n) = min;{c;}, if¢; >0 Vi,
0, otherwise,
and the minmod function for vector is simply applying the scalar minmod function for
each component. The parameter 6 € [1,2] controls how dissipative the limiter is. The
limiter is less dissipative for larger value of 6, but it remains non-oscillatory for any

choice of 6 [23].
The speeds of local propagation are then estimated by,

(29)

oG
bigrs = {)‘1 < ’a+1)> s A1 (W(Uﬁ\fj)> 70},
oG
,J+2 = max {)‘31( < U§j+1)> s A3K (W(U%O 70},



where A1 and A3 are the smallest and the largest eigenvalues of the matrix, respectively.
The semi-discrete version of the central-upwind scheme is given by

iﬁ o _]:i'*‘%vj —Fi-1i _ ijry ~ Yii-4 +S. (30)
dat "’ Az Ay n
where S;; ~ |c”| fc S(U, B)dady is the well-balanced discretization of the source

term to be discussed in the following section. The numerical fluxes for z- and y-direction
are given by

UE —a. U a’ a. .
S PR —al, FUR) % tow el
i+l = - + - i+1,5 il (31)
2 a'l, . —a. 4 . at L. —a. 4
i+3,J i+3,J i+3,] i+3,J
and
+ N - A + -
b’ 41 G(U- ) —bl +1G(U”+1) b4 <+1bi 1
g ._ 1, 2 5] + )Tz LT U UN (32)
i+3.4 b+ b b+ - 3,5+1 3]0
i,5+% i+ Gty it

respectively.

4.2. Well-Balanced Flux Discretization

For deterministic 2D SWE, the numerical scheme should accurately capture the “lake-
at-rest” steady state solution, or small perturbations to this state on coarse meshes. The
scheme is said to be well-balanced if it possesses such a property. A stochastic variant to
the “lake-at-rest” property is given by

q{a{(xa y,t,ﬁ) = Q/y\(xa y7ta§) =0, ha + HA[B](I7y7ta§) = C(f)a (33>

where C(£) is a random variable depending only on £. The solution to represents
a still water surface with a flat but stochastic water surface. The corresponding vector
equations for the PCE coefficients are

-~ o~

q* =q¥ =0, h+B=C. (34)

Within the framework of central-upwind scheme, the bottom function B is first re-

placed by its continuous piecewise bilinear interpolant B ,

= ~ ~ ~ T -T2
B(z,y) = Bi_1 ;-1 + (BH%J—% - Bi—%,j—%) A
~ ~ Yy—Y;—1
+(Biyiny ~Bgay) 5, (35)
+§z—%,jf%)




For a general (possibly discontinuous) bottom topography function, the values at the
corners of the cells are estimated by the average of the lower and the upper limits,

lim inf g(x, y) + lim sup B\(glc7 y) |- (36)

1
2 @y) =10 1) @y) = (0 19;01)

Biy1 i1 =

S
N[

For continuous B(z, y), reduces to

~

Biiyje1 = B(xi:t%ayjj:%)'

The cell average of B in the cell Ci,; is equal to the averages of the values of B at centers
of the edges of the cell, i.e.,

_ 1 =

B, = 7// B(z,y)dxdy,
ICiil JJe,,
1

=1 Biry; +Bioy;j+ Bijiy +Bijy),

where
Bi—Q—%,j = B(mi_i_%,yj), Bi,j—&-% = B(.Z‘i,yj+%). (37)

Note that, since Bisa piecewise continuous function, the cell average Ei,j is equal to

the value of the interpolant at the center of the cell B (@i, yj)-

At every time step, we compute the cell averages of the PCE vector of the water
surface 7, ; = h; j + Bi; and their second-order-accurate pointwise values n; j’E’S’N of
the reconstructions. The pointwise values of the reconstructions for the water heights

are then computed by

W, w E . E
hij=mi; =Bty hiz=mi;—Bi_s;
s ._ .S N ._ N (38)
hij=ni; = Bij—1, hij=mni; =B
The numerical fluxes { (.E 1 Gij+ 1 ) } N LICIN,) are then computed using the heights
’ § 1€[Nz],jE[Ny

defined in . With the reconstructions for the heights and the fluxes, we are now ready
to propose the well-balanced discretization for the source term.

Proposition 4.1. The central-upwind scheme is well-balanced if we choose S;; =
— _ _ T
((Sz('}j))—r7 (5(2))T, (5(3))T) , where

inj ij
5. =o,
E(-i-) = —gP(hi ;) <Bi+;’j A_xBié’J) ) (39)
50 = —gP(hiy) BL'H%A_yBi’j_l )



PROOF. Let nV[; E:5N 16 the pointwise values of the reconstructions for the water surface
at cell C; ;. Assume at time ¢, the stochastic water surface is flat and the water is still,
that is,

7;,; =m" = const vector, q°,;=4q%;; =0,
for all cell C; ;. The piecewise linear reconstructions yield nWE SN =n* and (qx)r;’E’S’N =
0. Hence, the numerical fluxes {(]:iJr%J, giﬁ%)} CINLLIEIN,] are
0
]-"i+%7j = %P("?* - Bi+%7j)(n* - Bz’+%,j) ) (40)
0
and
0
Giss = 0 : (41)

§P(n* — Bi,j+%)(n* - Bi,j+%)
The semidiscrete form for the stochastic “lake-at-rest” problem is thus given by

jth” —5 &g

d__ 1y . . \ . =(2)
dtq Wi~ T Az 9 [7’(77 - Bi+%,j)(n _Bi+%,j) -Pn" - Bifé,j)(n -B,_ )] +S; 0,5
d_ 1y . . . <)
T = 2y [P0~ Bu )" =By~ P’ B, )0 —B”")] +517.

(42)
The well-balanced property requires that the numerical fluxes to be balanced by the
source term, i.e., the right-hand-side of (| needs to vanish. Clearly, S; st ) = 0. Using

the linearity of the operator P and the property ., one can show that if we choose Si, j)

and EE‘? by , the right-hand-side of will vanish and the well-balanced property
of the scheme can be satisfied (see also [§], Lemma 4.1). O

The numerical approximations in can be treated as the approximation of the cell
average of the source term using midpoint quadrature rule with the partial derivatives
B (xi,y;j), By(zi,y;) approximated by the central difference.

4.3. Hyperbolicity-Preserving Time Discretization

The hyperbolicity of the system depends only on the vector h and so we focus
on the first K equations in in this subsection,

Fi,oFh, z
iﬁ Tt i—3d gz Gt -9 -3 (43)
dat Ax Ay ’
where
+ z\E — z\W + -
- a’ . co—a g . A a’l, o a. g .
Fhoo_ H%J(q )i Z+%J(q ey L ed s [pwo pE (44)
i+t at —a- at —a- 41,5 VA
i+3.5 it i+3.5 it
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and

-~ bt N b v)S bf b

Gh = w+%(q )i w+%(q D+ bits bits s nY 45)

Lity bt — b + bt _ i,5+1 — PG| (
i,j+% i+ 3 i+ 3 ij+%

The following lemma presents a computable restriction on a hyperbolicity-preserving
time step for a forward Euler time discretization.

Lemma 4.1. Let {fm}me[M] be the nodes of a quadrature rule satisfying the conditions
of Theoremcmd ®(¢) = (¢1(8),..., 0K (&) T. Denote the numerical approvimation

n

to h; ;(t") by Hitj and At™ == t"t1 —t". Assume that E?,j (Em) = (hy ;)" ®(Em) > O for
m € [M]. If At™ satisfies

— “‘Zl' b m
A" < AthL = m%n] — _ ( ,])A (é ) _ ’
me[M Fh (tn)—F" (tn) gh (tn)—Gh (tn)
1€[Nz],J €[N, itd, i—1 i+l ii— L
[ ]] [ y] |: 22 Az 2 2 Ay 2 I(g7l)

(46)

then the flux Jacobian , J (ﬁ?jl) is diagonalizable with real eigenvalues when
18 discretized using forward Euler solver.

—n+1

PROOF. From Theorem we only need to guarantee that (h; ; )" ® (&) > 0 for all

m € [M], which, for a forward Euler discretization, gives the inequality

0<(hi; ) @(m)
=R @) — 3y [Flep o) = Py 00)] B(6m) )
B % [giﬁé(t") - QEF% (tn)] ' P (&m)- (48)

Direct calculation and minimization over all the cells as well as all the quadrature points

yields . O

Combining the hyperbolicity-preserving condition with the wave-speed-based CFL
stability conditions, we choose

(49)

in{Axz. A
A#" — 0.9 min {M,;, m{y}} .

2a

Here, a = max; j{a;, 1 b i+ 1 } is the maximum possible magnitude of the propagation
speeds at time level t", where

a;r1 ;= max{a;

- +
., —Qa. . .
2] i+3.50 z+%,y}’

bijy1 = max{ber%, —b;j+%}.
+ b:t
i+5,57 i3,
tem is hyperbolic at the pointwise values of the reconstructions. The timestep condition
16

For now, we assume the local propagation speeds a are real, i.e., the SG sys-



analysis for is limited to the cell averages. For second-order or higher-order central
upwind schemes, we need an additional treatment for the pointwise values U WESN of
the reconstructions. Further discussion on the procedure to preserve the hyperb011c1ty
at U%’E’S’N will be provided in Section

Our numerical scheme uses high-order strong stability-preserving Runge-Kutta schemes
[177] for time discretization, which corresponds to a convex combination of several forward
Euler steps and thus the analysis above for deriving a hyperbolicity-preserving time step
restriction still holds. An adaptive time control is introduced for the time discretization
[5L 20]. Note that our analysis above can be applied to any other finite volume scheme.

Remark 4.1. If the signs of the fluxes at quadrature points are taken into account, the
condition can be relaxed and the scheme will be more efficient.

4.8.1. Hyperbolicity-Preserving Filtering for the Pointwise Values of the Reconstructions

Assuming (hZIJ)T@(fm) > 0, we are able to guarantee that (hnH)T@(fm) > 0 for

m € [M] by the condition (49)), provided the local propagation speeds are real. However,

the local propagation speeds are evaluated by the eigenvalues of the matrices g—g and

% (see —) at UZ[;’E’S’N and, unfortunately, the hyperbolicity at the pointwise

values of the reconstructions is not guaranteed by positivity of (Ezj)Tq)(gm) due to the
nonlinearity of the generalized minmod limiter. The problem can be resolved by filtering
the higher-order stochastic moments [38, []].

Let pz(§) = Zszl Zr¢r(§) be a polynomial in Py with positive moment z3. Our
goal is to determine the smallest possible weight p/ such that the weighted average of
the polynomial pz(§) and the moment z; are nonnegative at given quadrature points

{fm}me[M]a i'C'7

W+ (1 —p )pz(fm)>0<:>zl—|—z (1 — 1) Zkdr(Em) > 0,m € [M], (50)
k=2

and we filter the coefficients in the following way,
71 =71, Z=(1-pzx, k=2,...,K, (51)

where ;1 = min{u’+4, 1}, and we select § = 10719 in our scheme. The filtered polynomial

pz(§) = Zszliqu(E) is positive at quadrature points {&m }me[n-

The hyperbolicity at the pointwise values of the reconstructions requires the positivity
of the corresponding reconstructed water helght to satisfy (hV[;E A S)T<I>(§m) > 0 for all
m € [M]. We will use the filter defined in (50)-(5I) to filter the moments of these

polynomials. Our strategy is to take the smallest filtering parameter y;';, among the

W,E,N,S . .
h; R of the reconstructions in the

W,E,N,S
hi,j

filtering parameters of all the pointwise values

same cell C; ;j, and use it as the common filtering parameter for

(hWENS) :(hWE’NS>
. 1 1,] 17
S n E,N,S
(hVSEN )k:(l_ﬂi,j)(h%EN )k,k=2,...,K.
17
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The corresponding cell averages are recomputed accordingly,

n

h 1 w E N S

With , we are also able to preserve the first moment of the cell averages before
filtering. There are other choices of filters to further reduce the oscillations (e.g., see
[277, [39] 28]), but we adopt this filter because of its simplicity. Note that, in -,
we only filter the polynomial moments for h"V-E+ S and do not filter the discharges.

Remark 4.2. We use a filtering strategy because we cannot theoretically guarantee that
. —W,E,N,S .. ) )
our second-order reconstructions h; ; are positive, even if the corresponding cell av-

erages Ei’j and positive and the stochastic pointwise assumption from Theorem
is satisfied. If a first-order numerical scheme is used, i.e., the approximated solutions are
piecewise constant functions, the filtering procedure is not necessary as long as EZ ; satis-
fies Theorem for all 4, j. A positivity-preserving condition for such an approximation
can be derived in a similar manner to Lemma [£1]

The above strategy requires that the first moments of h%’E’N’S are positive during

computation, but this is not necessarily the case. Nonpositi{fe first moments may lead
to the failure of the filtering procedure (52). This is an issue that happens even for the
deterministic system of 2D SWE [24]. Therefore, we propose the following correction for
the PCE vector of the reconstructed water height with nonpositive first moment,

if (h!) <0 then take A}, =0, hf, = 2R,
i), , , ,

n
] 2,77

if (thJ) <0 then take hj; =0, h" =2h
/1 )

n
] 2,37

if (h%)l < 0 then take hf\; =0, h?. =2h

it (hY;) <0 then take Y, =0, ALY =2R];.

In this way, the cell averages remain consistent, i.e., the cell average is equal to the
average of the pointwise values for the corresponding cell. Note that, in the case when
the first moment is corrected, the filter will not be applied. This correction reduces to
a similar procedure in the central-upwind scheme for the deterministic shallow water
equations [24].

4.83.2. Velocity Desingularization

In computation, the matrix P( may be near singular at the pointwise values
of the reconstructions and may result in large round-off errors when determining the
PCE vector for the velocity . An approach for stochastic velocity desingularization
is proposed in [§]. To recall the idea, we consider P(hlv‘;) as an example. But our process
can be extended naturally to the other point values of the reconstructions. Let

W,E,N,S
h;; )

P(h};) = QTEQ, (54)
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be the eigenvalues decomposition of P(h}/};), where ¥ = diag(oy,...,0k). For k € [K]
and a prescribed ¢, defined the corrected inverse of ¥ to be,

cor __ \/io—k

3" = diag(o1™, ..., 0%"), ot = .
( 1 K ) k \/g]‘ierax{aﬁ,E‘l}
In our simulation, ¢ = min{Az, Ay}. The PCE coefficients for the velocity vector are

then computed by,

uy’[; — QTzcorQ(qac>ZVj’ ,UZVJ _ TzcorQ(qy)XVj_ (56)

(55)

For well-conditioned P(h%), the correction reduces to and no further recon-
struction is needed. In the case when P(hlu;) is ill-conditioned, to remain the consistency
of the PCE vector of the discharges, we recompute the discharges using the corrected
velocity

\W __ w w
(q )z; = P(hi,j)ui,ja

w W, W
(qy)i,j = P(hi,j)vi,j' (57)
If there is no uncertainty in the system (all moments beyond the first vanish), the desin-
gularization procedure reduces to the deterministic velocity desingularization procedure

proposed in [24] [20]. Readers can also find other desingularization options there.

5. Numerical Results

In this section, we will demonstrate the capability of our scheme to capture the
solutions to small perturbations of the stochastic “lake-at-rest” solution for different
choices of the random variables £. The distributions we consider are from the families
of distributions with Beta density. For a single random variable £, its density is given
by,

p(e") = p P (ED) = Cla, A1 =€) (14607, Cla,B)7" =27 B(B + La+ 1),
(58)

where B(-, ) is the Beta function, and the parameters «, 5 > —1 can be chosen freely and
control how mass concentrates at £V = 1 and £¢() = —1, respectively. The associated
orthonormal polynomial basis is the Jacobi polynomials with parameter o and 5. In
particular, « = 8 = 0 corresponds to the uniform distribution #(—1, 1) and the Legendre
polynomial basis.

In our numerical tests, we consider the cases with both the one-dimensional random
variable ¢ = ¢ and the two-dimensional random variable ¢ = (§(1),§(2))T, where ¢
and £? are independent one-dimensional random variables with different distributions,
and thus the density function for ¢ is defined by p(¢) = p(€M))p(¢®). The multi-index
set A associated with the polynomial space Py is chosen to be the tensor-product set,

A={DW, @) eN? | 0<v® @ <3}, (59)

for all the two-dimensional random field numerical examples.

Throughout the numerical section, the gravitational constant is g = 1, the parameter
for the generalized minmod limiter is set to be § = 1.3 (except for Section where
§ = 1.0). The filtering parameter is set to be § = 1071%. We further observe that, in all
of our numerical examples, only Section p.1| requires filters.
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5.1. Ezxample 1: Filtering

As we mentioned i 1n Remark [£.2] filtering is employed to guarantee that the point-
wise reconstructions h.” if B,N.5 satisfy the sufficient condition Theorem (3.2l This section
demonstrates the necessity of filtering by providing a comparison of the filtered and
nonfiltered numerical results.

We consider a deterministic water surface with perturbation

140.0001(& +1), if —04<z< 0.3,
77( s Ys ){ ’ u(:L',y,O):v(:z:,y,O):(),

1, otherwise,
(60)
and with bottom topography,
0.9998, r <0.1,
B(z,y,£) = <9.998(0.2 —r), 0.1 <r<0.2, (61)
0.0001, otherwise,

The one-dimensional random variable is chosen to be £ ~ U(—1,1). We run the numerical
test for the following 4 sets of parameters up to time ¢ = 0.65 for both K =4 and K = 8§,

e (nz,ny) = (100, 100), filtered = True,

ne,ny) =

)=
)=
)=
)=

)
200, 200), filtered = True,
)

nx,ny) = (100, 100), filtered = False,

(
(
(
(

e (nz,ny) = (200,200), filtered = False.

We first present a table of comparison of running time (in seconds) Table The text
“Failed” indicates that Equation loses hyperbolicity at some pointwise reconstruc-
tions before ¢t = 0.65. We find that, for a 100 x 100 grid, the filtering procedure was never
activated (p = 0 in Equation ) The slight difference in time for the 100 x 100 grid is
from determining whether a reconstruction satisfies the sufficient condition Theorem [3.2}
The filtering scheme is more robust as it consistently avoids possible loss of hyperbolicity
at pointwise reconstructed values. We further keep track of the number of filtered cells
and the maximum magnitude of the filter values u at each time step (Figure [2)). The
number of cells that need filtering is relatively small (~ 0.03% of the total cells) and the
filter values p are relative small.

K=4 K =238
Filtered Nonfiltered  Filtered  Nonfiltered

100 x 100 450.74s 441.27s 1597.25s 1556.59s
200 x 200  3868.11s Failed 13459.43s Failed

Grid size

Table 1: Comparison of time for 1} with different choices of parameters.
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Number of filtered cells Number of filtered cells

12 T T T 14 T T T
10 1 125
101
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Figure 2: Study of the filtering procedure for ), grid size 200 x 200. Top: number of filtered
cells; Bottom: max magnitude of the filter p. Left: K = 4; Right: K = 8.
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5.2. Example 2: Accuracy Test

This subsection is devoted to checking the order of accuracy of the proposed scheme
for our SG system of 2D SWE. We consider a stochastic version of the accuracy test in
[4, [40] T6] with deterministic initial water surface,

n(z,y,0,) =1, u(z,y,0,§) =03, v(z,y,0,£) =0, (62)
and stochastic elliptic-shaped hump bottom,
B(z,y) = 0.5¢~2(F"D*=50(y=05)" | 0 1(¢ 4 1). (63)

The one-dimensional random variable is chosen to be £ ~ U(—1,1). The computational
domain is [0,2] x [0,1]. All the boundary conditions are obtained by zero-order extrap-
olation. The reference solution is computed on a 800 x 800 uniform rectangular grid.
The contour plots of the reference solution for the mean water surface and the standard
deviation of the water surface at ¢ = 0.07 are shown in Figure

mean, t=0.07 std, t=0.07 %104

0.8 1.02 0.8

0.6 06

0.4 04

02 0.8 02

0.96
0.5 1 15 0.5 1 1.5

Figure 3: Contours for the water surface of the reference solution. Left: mean. Right: standard deviation
at t =0.07

We computed the error between the reference solution and the numerical solution
using,

err(Ua) = [[Ua(2,y,€) — Uret(, ¥, |1 (2322 (26:R?)) » (64)

where 2, is the physical domain, )¢ is the stochastic domain, Uy is the numerical K-

term PCE solution to the {-parameterized equation (|1)), and Ut is the K-term PCE

reference solution to the &-parameterized equation (|1)). Here, for the stochastic state

Eariable in K-term PCE, U = (ha,¢%,q%)", the norm || - ||L1(wa;L%(Qg;RS)) is defined to
e’

1U(@,y,t, )21 (00206 5R2)) =

/ ‘Hh’/\(xayﬂfvg)nlz% =+ ||Q7\(x7yat7€)||lz/27 + Ilqy\(xvyataé‘)”[/% dx dy

Qzy
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K=4 K=238
Error Order Error Order

100 x 100  1.475875e-05 - 1.456866e-05 -
t=0.067 200 x 200 4.287569¢-06 1.764646 4.287573e-06 1.764635
400 x 400  1.279305e-06 1.744799 1.279306e-06 1.744799
100 x 100  1.475875e-05 - 1.475865e-05 -
t=20.07 200 x 200 4.343711e-06 1.764571 4.343714e-06 1.764559
400 x 400  1.296122e-06 1.744727 1.296122e-06 1.744727
100 x 100  1.494536e-05 - 1.494524e-05 —
t=10.073 200 x 200 4.398829¢-06 1.764506 4.398832e-06 1.764494
400 x 400 1.312592e-06 1.744700 1.312593e-06 1.744701
100 x 100  1.808672e-05 — 1.808651e-05 —
t=20.14 200 x200 5.329017e-06 1.762990 5.329023e-06 1.762971
400 x 400  1.590317e-06 1.744555 1.590320e-06 1.744554

Time Grid size

Table 2: Order of convergence for - with different grid sizes and different K values at different
times.

From the orthogonality of the basis functions in the PCE, we have,
1ha(@,y;8) 2 = lIAll2;

where h is the vector of the PCE coefficients of hy, and I 1]2 is the Euclidean norm. The
computations for the norm of ¢§ and ¢ are similar. We compute orders of convergence
for the solution with K = 4, K = 8 at various times ¢ in Table[2] The rate of convergence
is comparable to the rates of the deterministic benchmark reported in [4, [40] [16] and we
expect that using a finer grid for the reference solution will yield second-order conver-
gence. We also note that, for this example, increasing the polynomial order will not have
a significant effect on the order of the convergence, especially when K is relatively large
(K > 8).

5.8. Example 3: Comparison with Collocation Method

The second numerical example serves to compare our SG formulations (17)) as well as
our scheme with a collocation procedure. Consider a deterministic initial water surface

1.01, if 0.05 <z < 0.15,

. u(z,y,0,§) =v(z,y,0,§) =0,  (65)
1, otherwise,

n(z,y,0,8) = {

with an uncertain bottom function
B(z,y,&) = 0.8 (e 00"=50w=05" 4 0 3(¢ 4 1), (66)

where ¢ has Beta density with parameters («, 5) = (1,3). At t = 0, there is a small but

deterministic perturbation to the “lake-at-rest” state n = 1 at 0.05 < = < 0.15. The

uncertainty of the bottom skews toward the positive direction, i.e., the probability for £ to

be a positive number is higher. The computational domain is [0, 2] x [0, 1]. The boundary

conditions for the upper and the lower boundaries are periodic boundary conditions. The
23



boundary conditions for the left and right boundaries are outflow boundary conditions.
We compute the SG solution for K = 4,8 on 200 x 200 and 400 x 400 grid up to time
T = 1.2. As a comparison, we compute the stochastic collocation (SC) solution Ug¢ for
K = 8 with M = 100 collocation points on 400 x 400 grid for the same terminal time,
where the SC solution is obtained by
K N N M
Usc(z,y,t,0) = > Uscu(®,y,)éx(Q),  Uscu(w,y,t) = D Usc(®,y,t,Cn) o (Gn)2m.
k=1 m=1
Here, {Cn, 2m fme[m) is an M-point p-Gaussian quadrature rule. The comparison of the
contours of the statistics of the water surface is shown in Figure 4 (mean) and Figure
(standard deviation). Since the SG solutions and the SC solutions are obtained from
numerically solving different partial differential equations, we do not expect that one
solution will converge to the other solution by, for example, increasing the number M
of quadrature points and/or refining the mesh. The contour lines look different near the
intermediate region from peak to valley of the mean water surface, but overall they are
similar, especially between the SG solutions on 400 x 400 grid with K = 8 and the SC
solution.

5.4. Example 4: A Two-Dimensional Random Variable Example
In this example, we will consider a more difficult variant of —. Consider a

deterministic initial water surface

1.01, if 0.05 < z < 0.15,

. u(z,y,0,§) =v(z,y,0,§) =0,  (67)
1, otherwise,

n(x,y,0,8) = {

and a stochastic bottom

B(x,y,€) = 0.8¢ 5@ 090167 -50(y-0.5+0.167)? (68)

where ¢ = (€M), @) T is a two-dimensional random variable, with £ having Beta
density with parameters (a, 8) = (1,3), and €3 ~ /(—1,1). The randomness is put on
the position of the center of the Gaussian-shape “hump”.

The computational domain is [0,2] x [0,1]. We compute the numerical solution on
100 x 100 and 200 x 200 grid at various time. We plot the contours of mean overlaid with
disk glyphs (Figure [6|and Figure[7)) whose radius are proportional to the uncertainties at
the corresponding cells. We uniformly downsample the cells for the disk glyphs to better
present the uncertainties in the figures. The water propagates towards the right in the
computational domain and the uncertainties remain small for most of the sampled cells
at the beginning (¢ = 0.6). As the water interacts with the hump, the water splits and
propagates along all directions. The contours of the mean water surface generate more
complicated structures and the uncertainties propagate along the directions of the mean
waves. The largest uncertainties were concentrated near the peak of the water surface
(t = 0.6,0.9) but then gradually “spread out” following the mean waves (¢t = 1.2,1.5,1.8).
One can also compare the middle left contours (corresponding to the solution at t = 1.2)
in Figure [7] or Figure [6] with the contours of the mean water surfaces in Figure [d] The
uncertainties imposed in the position shifts the peak of the mean towards the right. It is
reasonable because £V follows a distribution that skews negatively so the mean center of
the hump (0.9 — 0.15(1)) is skews towards the right. On the other hand, the uncertainties
on the center increase the width of the peak and valley structures.
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Figure 4: Numerical solutions to , mean water surface at ¢ = 1.2, grid size 400 x 400. Top left:
SG solution, K = 4, 200 x 200 grid; Top right: SG solution, K = 8, 200 x 200 grid. Middle left: SG
solution, K = 4, 400 x 400 grid; Middle right: SG solution, K = 8, 400 x 400 grid. Bottom: SC solution,
K =8, 400 x 400 grid. The number of collocation points is 100.
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Figure 5: Numerical solutions to -, standard deviation of the water surface at ¢t = 1.2.Top left:
SG solution, K = 4, 200 x 200 grid; Top right: SG solution, K = 8, 200 x 200 grid. Middle left: SG
solution, K = 4, 400 x 400 grid; Middle right: SG solution, K = 8, 400 x 400 grid. Bottom: SC solution,
K =8, 400 x 400 grid. The number of collocation points is 100.
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Figure 6: Numerical solution to @-, water surface, 100 x 100 grid, disk-glyph over mean contours,
where the radii of the disks indicate the magnitude of the standard deviation, ¢t = 0.6,0.9,1.2,1.5,1.8
(Top left, top right, middle left, middle right, bottom). The largest disks are corresponding to the
standard deviation values 6.97e-4, 1.50e-3, 1.03e-3, 5.16e-4, and 4.81e-4, respectively.
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Figure 7: Numerical solution to @-, 200 x 200 grid, water surface, disk-glyph over mean contours,
where the radii of the disks indicate the magnitude of the standard deviation, ¢t = 0.6,0.9,1.2,1.5,1.8
(Top left, top right, middle left, middle right, bottom). The largest disks are corresponding to the
standard deviation values 2.20e-3, 3.35e-3, 2.00e-3, 1.58e-3, and 1.20e-3, respectively.
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5.5. Example 5: A Submerged Flat Plateau
We consider a deterministic initial water surface with deterministic perturbation

1.0001, if —04 <z < —0.3,
n(z,y,0) = . ;o u(w,y,0) = v(z,y,0) =0, (69)
1, otherwise,
and with stochastic bottom topography,
0.9998, r <0.1,
B(z,y,€) = < 9.997(0.2 — ) +0.0001(¢M +1), 0.1<r<0.2, (70)
0.0001, otherwise,

where 7 := /22 4 »2 + 0.0001(£® + 1). The bottom is a flat plateau beneath, but very
close to, the water surface. It is continuous but not smooth in the physical domain. The
uncertainties £V ~ U(—1,1) are on the heights of the bottom in the transition region
between the plateau and the lowland in the water. The uncertainties &(2) (with Beta
density (a,8) = (1,3)) are on the radius of the disk-shaped plateau. We compute the
solutions at various time on the computational domain [—0.5,0.5] x [—0.5,0.5] with a
50 x 50 and 200 x 200 grid. The mean contour plots with disk glyphs are presented in
Figure[8land Figure[0] The initial deterministic perturbation is split into two waves. The
left-going wave propagates out of the computational region while the right-going wave
interacts with the plateau and generates complicated waves as the interaction starts.
The initial deterministic perturbation on the water surface is 10™* and largest level of
the mean water displacement from the steady state stay in the same order during the
computation. The uncertainties (standard deviation) remain small and are close to the
island, which shows the capability of our scheme to capture the stochastic “lake-at-rest”
solution .

As a comparison, we also include the results of a non-well-balanced scheme, where
the numerical source term is given by a straightforward midpoint quadrature rule:

< _

Si,j - 0,

P 2 p—

SEJ') = —gP(hi;)(Bz)i; (71)
S, ; = —gP(hi;)(By)i;,

where (B);; and (B,);; are the partial derivatives of the bottom function B at the
center of cell C; ;. The numerical results of this non-well-balanced scheme are presented in
Figure |10 and Figure As we can observe, the perturbations in the non-well-balanced
scheme are far larger than the corresponding well-balanced results. Refining the mesh
can reduce the magnitude of the oscillation. However, we cannot observe the correct
wave propagation from Figure [[0]and Figure[TI} The uncertainty exercised on the radius
of the island seems to be the major cause of the unphysical results since it affects the
“width” of the transition region.

5.6. Example 6: Another Two-Dimensional Example
We consider the deterministic initial water surface

n(z,y,0,8) =1, u(z,y,0,§) =03, wv(z,y,0,§) =0, (72)
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Figure 8: Numerical solution to ), 50 x 50, water surface, disk-glyph over mean contours, where
the radii of the disks indicate the magnitude of the standard deviation, ¢ = 0.2,0.35,0.5,0.65 (top left,
top right, middle left, middle right). The largest disks are corresponding to the standard deviation values
4.87e-7, 6.28e-7, 8.45e-7, and 5.37e-8, respectively.
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Figure 9: Numerical solution to 70), 200 x 200, water surface, disk-glyph over mean contours,
where the radii of the disks indicate the magnitude of the standard deviation, t = 0.2,0.35,0.5,0.65 (top
left, top right, middle left, middle right). The largest disks are corresponding to the standard deviation
values 4.83e-8, 6.57e-6, 4.20e-6, and 3.50e-6, respectively.
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Figure 10: Numerical solution to ) for non-well-balanced scheme, 50 x 50, water surface, disk-
glyph over mean contours, where the radii of the disks indicate the magnitude of the standard deviation,
t =0.2,0.35,0.5,0.65 (top left, top right, middle left, middle right). The largest disks are corresponding
to the standard deviation values 4.38e-4, 4.45e-4, 3.92e-4, and 3.73e-6, respectively. The well-balanced
counterpart is Figure
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Figure 11: Numerical solution to ) for non-well-balanced scheme, 200 x 200, water surface, disk-
glyph over mean contours, where the radii of the disks indicate the magnitude of the standard deviation,
t =0.2,0.35,0.5,0.65 (top left, top right, middle left, middle right). The largest disks are corresponding
to the standard deviation values 7.07e-4, 6.56e-4, 4.22e-4, and 6.60e-4, respectively. The well-balanced
counterpart is Figure [0]
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with stochastic bottom

B, y,€) = 0.5¢ 123 4D =1 =25(+1)-05)" (73)

where ¢ = (5(1),5(2)) is a random vector, £ is the distribution with Beta density
(, B) = (3,1), €@ ~ U(-1,1). This example is a multidimensional variant of Sec-
tion [5.2] Here, we put the uncertainties on the width of the Gaussian-shape hump. The
computational domain is [0, 2] x [0, 1]. We compute the solution numerically on 100 x 100
(Figure and 200 x 200 (Figure grids up to t = 0.07. Compared with the solution
in Figure 3] where only a simple additive uncertainty is imposed, the contours in Fig-
ure 12| (or Figure are more complicated with the introduction of the two dimensional
uncertainties on the width of the hump. The largest uncertainties occur near the peak
and the lowest part of the mean waves. The region between them, however, has very
small uncertainties.

6. Conclusion

We have introduced a hyperbolicity-preserving SG formulations for the two-dimensional
shallow water equations. A sufficient condition for preserving the hyperbolicity of our
SG system has been introduced and can be interpreted as a “stochastic” positivity condi-
tion. Our formulation remains in conservative form. Based on our theoretical results, we
develop a well-balanced hyperbolicity-preserving central-upwind solver and illustrate the
effectiveness of our solver on some challenging numerical examples. However, our the-
oretical framework is not limited to central-upwind type schemes, and can be extended
to other finite-volume-type schemes (e.g., [41]) or discontinuous Galerkin schemes ([49])
with modifications on the discretization of the well-balanced source term, as well as the
CFL-type time condition.

Currently, our scheme is not designed to handle the dry/wet interfaces, for example,
a wave arriving or leaving the shore. The presence of dry or partially dry cells may cause
computationally impractical time step even for deterministic problems. In deterministic
cases, the “draining” time step strategy has been introduced to capture the wet/dry
interfaces [3, 2, [BI]. Future design of stochastic version of “draining” time step may
adapt our scheme to more challenging problems. Another possible extension is to preserve
the strict positivity of the water height rather than the positivity at a finite number of
quadrature points, which requires an efficient algorithm to preserve the positivity of
high-order polynomials (e.g., [54]).
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