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Abstract Associated to a finite measure on the real line with finite moments are recurrence
coefficients in a three-term formula for orthogonal polynomials with respect to this measure.
These recurrence coefficients are frequently inputs to modern computational tools that facil-
itate evaluation and manipulation of polynomials with respect to the measure, and such tasks
are foundational in numerical approximation and quadrature. Although the recurrence co-
efficients for classical measures are known explicitly, those for nonclassical measures must
typically be numerically computed. We survey and review existing approaches for comput-
ing these recurrence coefficients for univariate orthogonal polynomial families and propose
anovel “predictor-corrector’” algorithm for a general class of continuous measures. We com-
bine the predictor-corrector scheme with a stabilized Lanczos procedure for a new hybrid
algorithm that computes recurrence coefficients for a fairly wide class of measures that can
have both continuous and discrete parts. We evaluate the new algorithms against existing
methods in terms of accuracy and efficiency.
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1 Introduction

Univariate orthogonal polynomials are a mainstay tool in numerical analysis and scientific
computing. These polynomials serve as theoretical foundations for numerical algorithms
involving approximation and quadrature [31,/6122/[141/15]. Given a positive measure [ on
the real line R, if u has finite polynomial moments of all orders along with an infinite
number of points of increase, then a family of orthonormal polynomials {p,}_, exists,
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satisfying deg p,, = n, and

[ Pl ()40 (6) = B
R

where 8, , is the Kronecker delta. If we further assume that each p, has a positive leading
coefficient, then these polynomials are unique. Such families are known to obey a three-term
recurrence formula,

Xpn(X) = bppp—1(x) + ans1Pn(X) + bnt1pnr1(x), n>0, 1)

with the starting conditions p_; = 0 and po(x) = 1/bg. The coefficients (a,);>_; C R and
(bn);r_y C (0,00) depend only on the (polynomial) moments of . In practical settings,
knowledge of these coefficients is the only requirement for implementing stable, accurate
algorithms that achieve evaluation and manipulation of polynomials that are core compo-
nents of approximation and quadrature algorithms. For example, the n eigenvalues of the
n x n Jacobi matrix J,, are precisely the abscissae of a u-Gaussian quadrature rule, with J,
the symmetric tridiagonal matrix given by

aj b]
b] an b2

L= o : )
bn72 an—1 bnfl
bu-1 ay

Therefore, the recurrence coefficients a, and b, must be computed stably and accurately.

Some classical probability measures i give rise to classical families of orthogonal poly-
nomials p,: A Gaussian measure results in Hermite polynomials; the uniform measure on
a compact interval results in Legendre polynomials; a Beta measure corresponds with Ja-
cobi polynomials; and a one-sided exponential measure gives rise to Laguerre polynomials.
These classical polynomial families are among a few for which explicit formulas are avail-
able for the recurrence coefficients @, and b, see, e.g., [14} Tables 1.1, 1.2].

However, for even modestly complicated measures y outside this classical collection,
the task of determining these coefficients can be quite difficult. For example, an application
in which this situation arises is in polynomial Chaos methods, which are techniques in sci-
entific computing problems for modeling the effect of uncertainty in a model [35,38]. An
output’s dependence on a finite number of random variable inputs is modeled with polyno-
mial dependence on those inputs. With one random input, the polynomial approximation is
typically constructed using a basis of polynomials orthogonal to the distribution of the ran-
dom input, which requires building orthogonal polynomials with respect to a given, often
nonclassical, probability measure.

A simple example that illustrates how computation of orthogonal polynomials is difficult
for even fairly simple measures is furnished by the class of Freud weights,

dp(x) = exp (—|x|*)dx, o >0, )

with support equal to all of IR. (In what follows, we will refer to 1 as a measure and du as
a weight.) When a = 2, corresponding to the Gaussian measure (and Hermite polynomial
family), the three-term recurrence coefficients are known exactly. However, when o = 1,
no closed-form analytical formula for the coefficients @, and b, exists, even though the
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moments of i are known explicitly in terms of well-studied special functions. (For exam-
ple, note that under a change of variable, the moments of the measure above correspond to
evaluations of the Euler Gamma function.)

In such general cases when no known closed-form expression for the three-term recur-
rence coefficients exists, numerical methods are employed to approximate them. The main
goal of this article is to survey and extend existing methods for computing these recurrence
coefficients associated to measures for which explicit formulas are not available.

1.1 Existing approaches

When pu is not a measure for which the coefficients have explicitly known formulas, one
typically resorts to numerical methods to approximately compute these coefficients. A sum-
mary of the methods we consider in this article is presented in Table[T]} which indicates later
sections in this article where we give a formal description of each algorithm. A brief descrip-
tion of these procedures is given in Section 2] but an excellent and more detailed historical
survey is provided in [14, Section 2.6]. Below we present a nontechnical summary of the
approaches that we survey.

A classical approach to computing recurrence coefficients from moments is via deter-
minants of Hankel matrices [[14, Section 2.1.1]. A second classical approach, the Cheby-
shev algorithm, transforms monomial moments by expressing the recurrence coefficients in
terms of moments involving monomials and p,, [4]]. A more effective approach, the modified
Chebyshev algorithm, uses moments involving p, and another arbitrary set of polynomials
[26,33L9]. Yet another procedure, the Stieltjes algorithm [28]], computes recurrence coeffi-
cients directly assuming moments involving p, can be computed. Finally, given a measure
with discrete support, the Lanczos algorithm can be used to compute the Jacobi matrix for
U, yielding the recurrence coefficients; although this is typically unstable, a stable variant is
given in [25]].

For very special forms of weight functions, other procedures can be derived. A primary
example of this are iterative recurrence-type algorithms resulting from discrete Painlevé
equations when dji(x) o< exp(—x%) for a/2 € N. These Painlevé equations, which deter-
mine the recurrence coefficients for p,, are remarkably simple and direct to implement, but
are quite unstable [32]]. A final approach we consider amounts to using a linear orthogonal-
ization procedure, such as (modified) Gram-Schmidt, to compute the expansion coefficients
of p, in terms of the monomials. However, this procedure is known to produce quite ill-
conditioned matrices, especially for large n, making the computation of p,, and hence the
recurrence coefficients, suffer roundoff errors. Therefore, although this approach has often
been used [36.,37]], it is less useful in the context of this article. Nevertheless, we consider
one recent related approach, an “arbitrary polynomial chaos” approach suggested in [23],
which amounts to solving a linear system involving a modified Hankel matrix.

1.2 Contributions of this article

Several algorithms exist to compute the recurrence coefficients, but a few clear and direct
recommendations are available for researchers without substantial experience and/or knowl-
edge of the field. The main contribution of this paper is to summarize, evaluate, and extend
existing methods for computing recurrence coefficients for univariate orthogonal polyno-
mial families. We first provide a survey and comparison of many existing algorithms (see
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Table 1 Abbreviation, subsection, and algorithm for each method. Also included is a modern citation that
explains each algorithm.

Method Abbreviation ~ Section  Citation

Discrete Painlevé I equations method DP [32]

Hankel Determinants HD [14} Section 2.1.1]
Arbitrary polynomial chaos expansion method — aPC [23} Section 3.1]
Modified Chebyshev algorithm MC D4 [14} Section 2.1.7]
Stieltjes procedure SP [14} Section 2.2.3.1]
Stabilized Lanczos algorithm LZ [14} Section 2.2.3.2]
Predictor-corrector method PC —
Predictor-corrector-Lanczos method PCL —

Section [2). In Section 3.1 we propose a novel “predictor-corrector” algorithm and evaluate
its utility. Finally, by modifying the “multiple component” approach in [[10,[12], we consider
a new hybrid algorithm in Section [3.3]that combines our predictor-corrector scheme with a
stabilized Lanczos procedure. Our algorithm can be used to compute recurrence coefficients
for the fairly general class of measures whose differentials are given by

M
wj(x) 1y, (x)dx+ )" v;6,dx, 4
1 j=1

e

du(x) =

J

where C and M are finite (either possibly 0), &, is a Dirac mass located at 7; € R, {vj}lyzl
are positive scalars, each I; is a (possibly unbounded) nontrivial interval, and w; is a con-
tinuous (ideally smooth) non-negative function on /;. Specification of the wj, I;, T;, and Vv;
is sufficient to utilize most of the algorithms we consider, but having extra information that
characterizes w;, particularly prescribed behavior at finite endpoints of /;, will increase the
accuracy of the procedures. In other words, with I; = [¢;,r;] and either of the endpoints
¢j,r; is finite, we assume knowledge of exponents f3;, ot; > —1 such that w; has polynomial
singular strength B;, o; at endpoints ¢}, r}, i.e.,

o<1iirénwj(x)(x712j)*ﬁf < oo, 0 <limw;(x)(rj —x)~% < oo, (5)
Xk

xfr;

Note that our assumption that ¢, 8; > —1 is natural since if the inequality above is true
with, say, o; < —1, then 1 is not a finite measure and therefore is not a probability measure.

Note that the form of y we assume in (@) is quite general, and includes all classical
measures, those with piecewise components, measures with discrete components, measures
with unbounded support, and measures whose densities have integrable singularities.

This paper is structured as follows: In section[2|we briefly survey the existing approaches
summarized in Table|l| Section [3|contains the discussion that leads to our proposed hybrid
“PCL” algorithm: Section discusses the predictor-corrector scheme; section briefly
describes how we compute moments, which leverages the specific form of the measure u
assumed in (@) and (@); section [3.3] combines these with a stabilized Lanczos procedure.
Finally, we present a wide range of numerical examples in Section[d] which compares many
of the techniques in Table [T} and demonstrates the accuracy and efficiency of the “PCL”
algorithm.
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2 Existing approaches

We review here some existing methods for computing recurrence coefficients. In order to
compute the required coefficients, having some knowledge about the measure { is necces-
sary. The following are two of the more common assumptions that one makes, with the latter
assumption being stronger:

— The (monomial) moments of all orders of tt are known, i.e., the moment sequence

m, = /x”du(x), n>0, 6)

is known and available. In practice, the integrals can be obtained by the composite
quadrature approach introduced in Section [3.2] but sometimes they can also be com-
puted directly in terms of special functions, such as Gamma function given the Freud
weights.

— General polynomial moments, i.e.,

[ atau). ™

are computable for a general, finite-degree polynomial ¢ that is often identified only
partway through an algorithm.

No particular prescription exists for how the moments above are computed, but typi-
cally this is accomplished through a quadrature rule. In some “data-driven” scenarios, this
quadrature rule often comes as a Monte Carlo rule from an empirical ensemble.

We discuss six procedures below; in practice, only the last two are computationally
stable, but they are all useful for comparison purposes. The first procedure works only for
very special Freud weights, i.e., those with exponential behavior.

2.1 DP: Freud weights and discrete Painlevé equations

Freud weights, named after Géza Freud who studied them in the 1970s [[7], have the follow-
ing form:

du(x) = |x]P exp(—[x[“)dx, p>—1a>0. ®

Observe that Freud weights are symmetric, which implies that a,, = 0 for n > 0, and there-
fore only the b, coefficients need be computed. Freud gave a recurrence relation for the
recurrence coefficients b, when o = 2,4,6. The connection between Freud weights and dis-
crete Painlevé equations was first pointed out by Magnus [21]]. In the case of @ = 4, one can
derive the following recurrence relation for n > 1 by letting x,, := Zb%:

1 p n _ _ar(3p)
Xn+l—g(n+§(1+(—1) )) —Xn —Xn—1, X0 =0, Xl—@- 9

See, e.g., [32, Section 2.2]. This recurrence relation is a discrete Painlevé I equation [21] that
is useful for theoretical analysis. For example, it can be used to prove Freud’s conjecture,
which is a statement about asymptotic behavior of the b, coefficients. For & = 4 in this
section, Freud’s conjecture states

b 1
lim —

nm T (10)
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A more general resolution of Freud’s conjecture using alternative methods is provided in
[20].

Similarly, when o = 6, by letting y, := bﬁ, a fourth-order nonlinear recurrence relation
for n > 2 [32| Section 2.3] is given by

69 (Yn—2Yn—1+ Vo1 + 2Vn—1¥n + Yn-1Vnt1 + Vo + 2n¥nt1 + Va1 + s 1Vnt2)

(11)
=n+ B+,
with initial condition
r(*)
yO :O7 yl = 1 9
I+
5 7 5 3
3y — r(=2) I (=) C20n+y»)l =2) N (1 +32)’ T (=2)
rie) yon I (12) yon(22) yon I (£2)
In this case, Freud’s conjecture states
b 1
lim — (12)

e 176 560

Note the computation of recursion coefficients via (9) and is quite straightforward,
but is also very unstable. Nevertheless, there is a unique positive solution [19]]; hence, a
small (e.g., machine roundoff) error in x; or y; quickly results in the loss of positivity of x,
or y,. Numerical solutions follow the exact asymptotic behavior well until large deviations
from the true solution eventually appear, cf. Figure[T]

2.2 HD: Hankel Determinants

Orthogonal polynomials as well as their recursion coefficients are expressible in determinan-
tal form in terms of the moments of the underlying measure. Indeed, much of the classical
theory of orthogonal polynomials is moment-oriented. One classical technique to express
recurrence coefficients in terms of moments is via matrix determinants.

We introduce the Hankel determinant A,, of order » in terms of the finite moments @
defined as

my mp - M

mi mo e m,
Ay=1, Ay=1, A,=detH,, H,=| . . . |, neN. 13

My—1 My == M2p—2

These determinants of Gram matrices are associated to the -inner product, using a basis
of monomials. In addition, we define determinants A, of modified Hankel matrices, where
the modification is to replace the last column of H, by the last column of H,; with the
trailing entry removed,

moy myp -+ Mu—2 Ny
, , , mp my e My My
Ay =0, Ay =my, A= .. o n=23....

My—1 My -+ Mp—3 M2p—1
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Along with by = /my, the orthogonal polynomial recurrence coefficients can be computed
explicitly from these determinants, cf.[14, Theorem 2.2],

A ALy Anr14n—1
—Tn_ Tnzl b, = /"~ € N. 14
n An Anfl ’ ! A}% ’ " ( )

The formulas (T4) are not practically useful as an algorithm to compute reucrrence coef-
ficients since the Hankel matrices above are typically ill-conditioned. In particular, the map
that computes recurrence coefficients from moments can be severely ill-conditioned [14}
Section 2.1.6].

2.3 aPC: “Arbitrary” polynomial chaos expansions

The arbitrary polynomial chaos (aPC), like all polynomial chaos expansion techniques, ap-
proximates the dependence of simulation model output on model parameters by expansion
in an orthogonal polynomial basis. As shown in [23], aPC at finite expansion order demands
the existence of only a finite number of moments and does not require the complete knowl-
edge of a probability density function. Once we construct the polynomials such that they
form an orthonormal basis for arbitrary distributions from the moment-based analysis, the
recurrence coefficients can be derived using the aPC expansion coefficients.

Our goal s, firstly, to construct the polynomials in (T3] such that they form an orthonor-
mal basis for arbitrary distributions. Instead of the normality condition, we will first intro-
duce an intermediate auxiliary condition by demanding that the leading coefficients of all
polynomials be equal to 1.

We define the monic orthogonal polynomial 7, (x) as

n

Ty (x) = chn)xi, (15)
i=0
where cl@ are expansion coefficients, and specifically, c,(1n> = 1,Vn. The general conditions
of orthogonality for 7, (x) with respect to all lower order polynomials can be written in the
following form [23| Section 3.1]:

/xk (Zc,?”)x") du(x) =0, k=0,1,...,n—1. (16)
2 \i=0

For each n, the system of equations given by (16) defines the unknown polynomial expansion
coefficients in (T3). Using finite moments in (6), the system can be reduced to

n
Z cgn)mHk =0.
i=0

Alternatively, the system of linear equations can be written in the more convenient matrix
form,

(n)

me my - my, o 0
m () 0

1 my My4-1 (o

. =] an
My My - Mp—| C(n) 0

n—1
o 0 - 1 C’(l) 1
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(n) (n) (n

T
By defining the coefficient vector e = (Co €1 5oy Ca >) , the normalized coefficients

c'f") can be expressed in terms of ¢™ and Hankel matrices H, .,

e E— (18)
c® H, . e

Together with by = /mg and c(701) := 0, the recurrence coefficients can be obtained from

using (1),

_(n—1) _b _(n) _(n—1)
%ZM, bn:c”;l’ neN. (19)
E(”71> E(”)
n—1 n

(n)

Thus, given the moments m;, we first solve for the ¢, via and subsequently uses
(T9) to compute the recurrence coefficients. As with the Hankel determinant procedure in
Section[2.2] this procedure is susceptible to instability since the moment matrices in are
typically unstable.

2.4 MC: Modified Chebyshev algorithm

The previous techniques have used (monomial) moments directly and suffer from numerical
stability issues. The classical Chebyshev algorithm [4] still uses monomial moments, but
it employs them through an iterative recursive approach to compute the recurrence coeffi-
cients. The technique in this section modifies the classical Chebyshev algorithm by using
u-moments computed with respect to some other set of polynomials {g;}. Typically, g is
chosen as a sequence of polynomials that are orthogonal with respect to another measure
A, where we require that the recurrence coefficients c¢,,d, for A are known. The Modified
Chebyshev algorithm is effective when A is chosen “close” to .
We define the “mixed” moments as

G = / 75 ()i (x)dpa (x), k> -1, (20)

where 7, (x) are the monic orthogonal polynomials with respect to u. We denote a,, b, as
the recurrence coefficients of orthonormal polynomials p,(x) with respect to p. They can
be used to formulate the three-term recurrence relation for monic orthogonal polynomials
Tt (x),

Tpi1(x) = (x—anﬂ)nn(x)—bﬁnn,l(x). 21)

We define ¢, dj as recurrence coefficients of orthonormal polynomials g (x). Plugging
(1) into (20), the mixed moments ok, in turn, satisfies the recurrence relation below:

Opk = M, (22)
2
O = dkOn—1j—1 + (Ck1 — An)Op—1 o + A1 Cp—1 41 — Djy_1On—2 -

(22) gives a routine to compute the first N recurrence coefficients, which requires as input
the first 2N — 1 modified moments {mk}izgz and {ck,dk}izal.
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Together with (ZI), 22) and the fact that 6_; ; = 0, we have the expression of the
recurrence coefficients,
dl 00,1 dn On—1,n dnfl On—2.n—1

ay=c1+——, ap =cp+ - , n=2.73,.., (23)
00,0 On—1,n—1 On—2.n—2

dn0,
by = \/domy, b, = ﬂ, neN.
On—1,n—1

Given a positive measure i on IR, by choosing A near u in some sense, we expect the
algorithm is well, or better, conditioned [14} Section 2.1.3].

2.5 SP: The Stieltjies procedure

The previous procedures have used either monomial moments or general (mixed) moments
with respect to a prescribed, fixed alternative basis g. In constrast, the Stieltjes procedure
[291110] requires “on-demand” computation of moments, i.e., the moments required are de-
termined during the algorithm. Starting with by = ([ d[.L)l/ % and po(x) = 1/by, a; can be
computed from (7) with g(x) = xpo(x)?, which allows us to evaluate p; (x) by means of (T)).
pi1(x), in turn, can be used to generate b;. The formulae [[14} Section 2.2.3]

1
2

an= [ bn:( /((x—an)pn,l(x)—bn,lpn,xx))zdu) L neN, @)

for the recursion coefficients provides a natural iterative framework for computing them.

2.6 LZ: A Lanczos-type algorithm

We assume that the measure dy is a discrete measure with finite support, i.e., (@) holds
with C =0 and 0 < M < oo. We wish to compute recurrence coefficients (a,,b,) up to
n < M, ensuring that orthogonal polynomials up to this degree exist. We could also consider
applying this procedure to a finite discretization of a continuous measure; see |14, Section
2.2.3.2 and Theorem 2.32].

The Lanczos procedure produces recurrence coefficients for the discrete measure p,
and utilizes the Lanczos algorithm that unitarily triangularizes a symmetric matrix. With
(tj,v 1)1]"’: | the quadrature rule associated to the measure yt in (@), we define

Vv = (Vvi, m,...,\/vM)T, D :=diag(t, &, ..., Tn).
We define Q as a scaled M x M Vandermonde-like matrix,
Q =diag (VV)V, (V) =rj-1(%),

for j,k=1,...,M. Then, Q is an orthogonal matrix by orthonormality of p,. The orthogo-
nality and the three-term recurrence further imply that,

(02) (5% )(007) = (i i)
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where e; = (1,0,0,...)" € RM. The Lanczos algorithm, given the middle matrix on the
left-hand side, computes the unitary triangularization above and outputs the right-hand side,
which identifies the Jacobi matrix Jy; in (2)), and, hence, the recurrence coefficients. See
[[14} Section 2.2.3.2] for more details. It is well known that the standard Lanczos algortihm
is numerically unstable, so that stabilization procedures must be employed [25l/18]. We use
a “double orthogonalization” stabilization technique to avoid instability. Our results suggest
that, for discrete measures, this procedure is more accurate than all the alternatives, see

Section 43|

3 PCL: A hybrid predictor-corrector Lanczos procedure

The main goal of this section is to describe a procedure by which we compute recurrence co-
efficients for 1 of the form (@). The procedure entails knowledge of the continuous weights
{w j}JC-:1 and their respective supporting intervals, {/ j}]C':p along with the discrete part of
the measure encoded by the nodes and weights (7;, vj)lyz 1~ In section , we will also uti-
lize the singularity behavior of the weights w; dictated by the constants ¢; and f; in (3)) to
compute moments.

Section first introduces a new procedure to compute recurrence coefficients for a
measure with a continuous density using polynomial moments. Section then discusses
our particular strategy for computing these moments. Finally, section [3.3]introduces a pro-
cedure based on the multiple component approach in [10] for computing recurrence coeffi-
cients for a measure of general form (@).

3.1 PC: Predictor-corrector method

In this section, we describe a Stieltjes-like procedure for computing recurrence coefficients.
Although this works for general measures, we are mainly interested in applying this tech-
nique for measures U that have a continuous density. The high-level algorithm, like the pre-
vious ones we have discussed, is iterative. Suppose for some n > 0 we know the coefficient
tableau,

) -+ an(p)
)"'bn(u)'

ai(u) az(
bo(u) bi(u) ba(

SRS

These coefficients, via (I)), define po, ..., p, that are orthonormal under a du-weighted inte-
gral. In order to compute a,| and b, 1, we make educated guesses for these coefficients,
and correct them using computed moments. The procedure is mathematically equivalent to
the Stieltjes procedure: We define a new set of recurrence coefficients {a;,b ]};’;r(l), where

i =aj, bj=b;, j=0,...,n, (252)

5n+1 = ap, bn+1 = by, (25b)

In particular, corrections Aa, 11 € R and Ab, | > 0 exist such that

Qpy1 = Gyl +Adpy 1, byt = bny1Abyyy. (25¢)
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Our procedure will compute the corrections Aay1 and Ab, 1. The tableau of coefficients
Gny1 and by

ar(p) -+ an() dn1 (1)

bo(u) br(p) -+ bu(u) by (1),

can be used with (T)) to generate the polynomials py, ..., py, along with p,1, defined as

buy1Pnt1 = (X —dns1)Pn —bupp—1- (26)
Since p,11 and p,; were generated using the same coefficients (a;,b;) up to index j =n,
then they are both orthogonal to all polynomials of degree n — 1 or less. However, p,] is
not orthogonal to p, in general. We can choose Aa, | to enforce this orthogonality, which
requires computing a polynomial moment.

Once ap11 = ap+1 +Aapt is successfully computed, we can similarly define another

degree-(n+ 1) polynomial p,.; through the relation,

Zn+1[5n+1 = (x —dn+1 )Pn —bppn-1. 27
This polynomial differs from p,,; by only a multiplicative constant, which can again be
determined through a moment computation and used to compute Ab, 1. We formalize the
discussion above through the following result:

Lemma 1 With p,1 and p,\ defined as in 28) and 7)), respectively, let

Gunir = [ Pal)Prir (93 (), (282)
Gttt = /]R Py (x)du (), (28b)

then,
Aapy = Gn,n+lbm Abyy = \ Gn+1,n+l- (29)

Proof Starting from the definition 26)) for p,1, we replace xp, with the right-hand side of
(T, yielding,

~ 1
Dnt1 = Abyiq {r (x_ an+1)pn —bupn—1+Aanq1 Tpn
n+1 n+1
Aa, 1Ab, i
= Abu1Pust + = o (30)
n+

Thus, due to orthogonality of {p;} j>0, we have
@ Aan-HAbn-H Aan+l
bn+1 bn ’

which shows the first relation in (]22[) To show the second relation, first we combine (IID and

@7 to show,

Gunit = [ a0t ()R ()

but1Pni (x) = (x_an+1)pn —bupp—1 =bpyr1Pnt1,

so that
by

Guiipr1 = /ﬁiﬂ(x)dﬂ(x) = <~ +
+1

2
b) [ Pradne) = (b2,

proving the second relation.
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The results (29) and (29) are the proposed approach: The moments G, 41 and G111
in (28a) and are polynomial moments that can be computed. We can subsequently use
and to compute the desired a, | and b, 1.

The methodology of this section can then be iterated in order to compute as many recur-
rence coefficients a, and b, as desired. However, we must compute the G, 1 and G, 11 541
coefficients (which are similar to the moments required by the Stieltjes procedure). The main
difference in our algorithm is that we use moments to compute a, | — a, and b, /b, that
are typically close to 0 and 1, respectively, instead of simply a, and b,, which in general
can be arbitrarily small or large numbers. We next summarize one particular strategy for
computing these moments assuming that a type of characterization of L is available.

3.2 Computation of polynomial moments

The previous section shows that we can compute recurrence coefficients for the measure u if
we can compute some of its moments, in particular G, 4.1 and Gy 11 ,4-1. We briefly describe
in this section how we compute moments for measures of the form @) with knowledge of
the singularity behavior in (5). The moment of a polynomial g for u can be written as

c M
[ a)ant) = Y. [ apwi@dr+ Y via(s)),
~ =171 =1
so that the only difficult part is to compute j,/ q(x)w(x)dx for each j.

Suppose first that /; is compact, i.e., that [; = [¢,r] for finite ¢,r. Then we rewrite the
integral as

r—£0 1 r—{ r+/
/ qg(x)w;j(x)dx = 5 q(A(u))w;(A(u))du, Au) = < 3 )u—l— 7
Ji; -1
w; obeying the limiting conditions (3) with constants o, 8; implies that w;(A(u)) behaves
like (1—u%) near u = 1, and like (1 +uPi) near u = —1. When a; = 8; = 0, then a global
dx-Gaussian quadrature rule will be efficient in evaluating this integral, but the accuracy will
suffer when either constant differs from 0. To address this problem, we can further rewrite
the integral as:

r—£ 1

(x)dx =

| atow;(ar="3

J

9(A () 0;(u)d 4P (w),
-1
where (%)) is a Jacobi measure on [—1,1], and o; is w; multiplied by the appropriate
factors,

dp 4P () = (1 —w)% (1 +uw)Pidx,  @;(u) = wj(Au))(1—u)~% (1+u)~Pi.

The advantage of this formulation is that @; is now smooth at the boundaries u = %1, and
if in addition it is smooth on the interior of [—1, 1], then a Jacobi (o, B;)-Gaussian quadra-
ture rule will efficiently evaluate the integral. Therefore, if (ukJLk)f: | is a K-point Jacobi
(¢tj, Bj)-Gaussian quadrature rule, we approximate the integral as

. K
J, i = Y Ao u)g( ),
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where the nodes and weights can be computed through the spectrum of J ( u(% ’ﬁf)) since the
recurrence coefficients of these measures are explicitly known. In particular, all the quadra-
ture nodes uy lie interior to [—1, 1], so that the above procedure does not require evaluation
of ®; at u = £1. We adaptively choose K, i.e., increasing K until the difference between
approximations is sufficiently small.

3.3 PCL: A hybrid Predictor-corrector Lanczos method

The full procedure we describe in this section combines the strategies in Sections [3.1] and
[3:2] along with the (stabilized) Lanczos procedure in Section[2.6] Assuming that we a proiri
know that the first N recurrence coefficients {a,,b, }ﬁ::ol are required for u, then the main
idea here is to construct a fully discrete measure v whose moments up to degree 2N — 2
match those of u.

We accomplish this as follows: Recall that the continuous densities {w;} j—1 of the mea-
sure 1 in (@) are known, along with their boundary singularity behavior in (3)). Then for each
J, the PC procedure in sections [3.1and [3.2]can be used to compute the first N 4 1 recurrence
coefficients for w;, {a in>Din }nN:O' Using these recurrence coefficients, an N-point Gaussian
quadrature rule (x;x, A j,k)szl can be computed that exactly integrates all polynomials up to
degree 2N — 1 with respect to the weight w;:

N
/1 q()w;(x)dx =Y Ajxq (xjx) degg < 2N —1.
j k=1
After this quadrature rule is computed for every j = 1,...,C, the discrete measure v, defined

as

M=

c
vi= Z
=

M
/’Lj_rkSX_,,ﬁk + Z Vj(‘)“;j, 31
=

k=1

and has moments that match those of it up to degree 2N — 1. Once this procedure is com-
pleted, we employ the Lanczos procedure in Section to compute the first N recurrence
coefficients for v, which equal those for tt. The main reason we employ the Lanczos scheme
(as opposed to any other approach) is that, for discrete measures, the Lanczos procedure ap-
pears more empirically stable than all other procedures we consider, cf. Section.5]

Note that if C =1 and M = 0, then the Lanczos procedure is not needed at all since
(alﬁ,,,bl,n)f:/;ol are the desired coefficients, and if C = 0, then only the Lanczos procedure
need be queried since no quadrature is required.

The above is essentially a complete description of the PCL algorithm. However, we in-
clude one additional adaptive procedure to ensure correct computation of the moments. Let
{Ns}s>0 be an increasing sequence of positive integers. A strategy for determining the se-
quence of Ny can be found in [13L[14],

No =N, Ny =N;_1 + A, s=1,2,...,
A =1, Ay =2L5IN, s=23,....

We define v; as the measure (31) with N < N;. We use PCL to compute numerical approx-
imations {aLX Lbl,s ]}nzo to the recurrence coefficients for v;. (I.e., we use PC to compute the
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Nj-point quadrature rule (x;x, A j,k)ivil and subsequently use LZ to compute the recurrence
coefficients for v;.) With the (approximate) coefficients for v; and v,_1, if the condition

bky]_bky*l]‘§8|b£ls]|7 n:O,l,...,N—l,

is satisfied, then we return the computed coefficients for v;. Otherwise, we set s <— s+ 1 and
test the condition above again. This adaptive procedure is similar to those employed in [13}
14]]. In our computations we set € = 10712, and we set an upper limit of Ny as N™* = 10N
for all s, which will usually be satisfactory.

4 Numerical Experiments

We now present numerical examples to illustrate the performance of our algorithm by com-
puting the first N three-term recurrence coefficients for different types of measures pt. Our
results will consider all the algorithms in Table [T} the first six in section [2] and the last two
new procedures proposed in Section[3] We implement all the algorithms in Python. All the
computations are carried out on a MacBook Pro laptop with a 3.1 GHz Intel(R) Core(TM)
i5 processor and 8 GB of RAM.

Examples can be classified according to whether we have a way to compute the exact
recurrence coefficients. When this is the case, we define {d,,b, }Q’;Ol as the first N exact
coefficients and {a,, b, }2/:_01 as coefficients that are computed from any particular algorithm.
The error ey can be denoted by an £2-type norm,

en = (Nf [(an —a)* + (by — 13")2] ) g (32)

n=0

If the exact coefficients are not available, we consider another error metric. If {p,(x) 2’;01

is a polynomial basis produced through the three-term recurrence (I)) using the computed
coefficients by {a,, b, nN:_Ol , then let A be an N x N matrix with entries

W= [ Po1(Opn1 ()0 () nm=1,...,N,
which equals 8, ,, if d, = a, and B,, = b,,. The new error indicator fy we compute is

fN: ||A_I||F7 (33)

where || - || is the Frobenius norm on matrices and I is the N x N identity matrix.
The computational timing results that measure efficiency are averaged over 100 runs of
any particular algorithm.

4.1 Freud weights

One computational strategy for determining the recurrence coefficients for Freud weights
of the form (@) on the entire real line is to use the (“non-modified””) Chebyshev algorithm,
which requires monomial moments and employs a recurrence similar to (22)). The monomial
moments of (B) are explicitly computable as simple evaluations of the Euler Gamma func-
tion, but numerical instabilities typically develop in such an approach due to roundoff error;
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Fig. 1 Example for Section the top two plots are recursion coefficients by computed by DP, HD, aPC, MC
and Freud conjecture in (I0) and (T2). The two plots at the bottom show errors ey of SP and PC

Table 2 Example for Section elapsed time (s) for Freud weight when o = 4 (subcolumns on the left)
and a = 6 (subcolumns on the right)

Method N =20 N =40 N =60 N =280 N =100

VPA 1886  19.13 | 99.38  101.10 | 293.44 300.41 | 631.20 633.20 | 1196.29 1362.86
SP 0.24 0.21 0.75 0.63 1.60 1.32 2.72 2.24 4.12 3.42

PC 0.25 0.22 0.75 0.65 1.60 1.34 2.72 2.27 4.12 3.40

to combat this limitation, computations may be completed in variable precision arithmetic,
resulting in a procedure that correctly computes the recurrence coefficients [[16]]. In this sec-
tion, we use this VPA procedure to generate recurrence coefficients treated as “exact” for use
in computing errors. In particular, we employ the sr_freud.m routine from [8]] that utilizes
variable-precision arithmetic in Matlab [1].

We compute recurrence coefficients using the DP, HD, aPC, and MC methods for Freud
exponents & = 4,6. The DP recursion for each of the two cases is simple, given by (@) and
(TT), respectively. For the MC method, we use Hermite orthogonal family for gy in (20) that is
orthogonal with respect to A. The top two plots in Figureshow that each of these methods
is not computationally useful since instabilities develop quickly. In contrast, both the SP
and PC approaches can effectively compute recurrence coefficients, which we show in the
bottom two plots of Figure[T] In terms of efficiency, Table 2] illustrates that the “exact” VPA
procedure is several orders of magnitude more expensive than all other approaches, and that
SP and PC are competitive. Code that reproduces this example is available in the routine
ex_freud_4.py and ex_freud_6.py from [2].
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Table 3 Example for Section errors ey (subcolumns on the left) and elapsed time (s) (subcolumns on
the right) when y = 1,p = g = —1/2. Here — means a NaN value due to the numerical overflow from the
instability of the corresponding method

Method N =20 N =40 N =60 N =280 N =100

HD 6.05e-02  0.003 | — — — — — — — —
aPC 6.05e-02  0.001 | — — — — — — — —
MC 2.34e-15  0.001 | 1.00e+00 0.006 | — — — — — _
SP 4.73e-14  0.10 2.85e-13 028 3.85e-13  0.57 | 3.99%-13 093 | 4.62¢e-13  1.39
PC 9.08e-15  0.10 1.80e-14  0.29 3.13e-14  0.57 | 5.14e-14 094 | 7.27e-14 140

4.2 Piecewise smooth weight
We consider the measure dut(x) = w(x)dx on [—1, 1], where

(D(x) - {|x |7 (XZ_éz)p(l _t2)q7 PAS [_lv_g]u[évl}

0,elsewhere, 0<é<l,p>—-1,g>—-1,7€R.

For certain choices of 7, p,q, there is theory regarding the resulting orthogonal poly-
nomials [3], and such weights arise in applications [34]. In the special cases Y= £1,p =
q = £1/2, closed-form representations for the recurrence coefficients can be computed [11]].
For example, the exact formula for the recurrence coefficients for the case y=1,p =¢q =

—1/2,n=(1-¢&)/(1+&) is given by

R R /14 &2
b0:ﬁ7 bl: 2g 3

b — [0 =8)+n>2) b JUEE (0>
2n = 4(1+n2n) ) 2n+1 = 4(1"’772”) ’

neN,

with @, = 0 for all n.

A Legendre orthogonal family for g, in (20) that is orthogonal with respect to A is cho-
sen for the MC method. For the choice y=1,p =g = —1/2 and § = 1/10, Table[3|illustrates
the accuracy and cost of the algorithms HD, aPC, MC, SP, and PC. We observe that only the
SP and PC approaches yield reasonable accuracy, with PC being slightly more accurate. We
omit results for other choices of (7, p,¢), which produce nearly identical results. The results
from this table can be produced from ex_pws.py in [2].

4.3 Transformed discrete Chebyshev

In the previous example, we compute the recurrence coefficients of “continuous” orthogonal
polynomials with respect to ¢ on bounded or unbounded supports. We now consider the
support of i that consists of a discrete set of points.

Given a positive number M, we define the nodes 7; = (j —1)/M and v; = 1/M for
j=1,2,...,M. Then, the transformed discrete Chebyshev [14, Example 2.26] measure is
given as

8, 1dx, j=1,2,....M,
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Fig. 2 Example for Section the first three plots compute errors ey for different N portion of distinct M
and the last two plots for the same N but for distinct M

i.e., an equally spaced and equally weighted discrete measure on [0, 1). The recurrence coef-
ficients are known explicitly if a linear transformation of variables is applied to the discrete
Chebyshev measure with canonical support points [14, Section 1.5.2]. For a given size of
supports, M, with 130 =1,

In Figure [2] the methods HD, aPC and MC are omitted since their instabilities develop
very quickly. An NaN value appears when the required number of recurrence coefficients,
N, is less than 20. We compare the SP, LZ and PC approaches on measure support sizes
M = 40,80,160,320. We observe that the LZ approach is effective for all choices of M,
and when N is comparable to M, the SP and PC approaches become inaccurate. The lower
two plots of Figure |Z| show that when M is notably larger than N, all three approaches
produce good results. In particular, all the numerical results in this subsection are produced
by ex_discrete_cheb.py in [2].

4.4 Discrete probability density function

High-dimensional integration is a common problem in scientific computing arising from,
for example, the need to estimate expectations in uncertainty quantification [27,30]. Many
integrands for such integrals found in scientific computing applications map a large number
of input variables to an output quantity of interest, but admit low-dimensional ridge structure
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Table 4 Example for Section errors fy when M = 100 (subcolumns on the left) and M = 300 (sub-
columns on the right). Here — means a NaN value due to the numerical overflow from the instability of the
corresponding method

Method N =20 N =40 N =60 N =280 N =100

HD 1.69e-07  1.24e-07 | — — — — — — — —

aPC 7.72e-08  3.80e-08 | 2.03e+05  7.67e+05 | 1.35e+27  3.90e+25 | 5.85e+47  2.71e+55 | 4.75e+67  9.70e+72
MC 3.02e-09  3.60e-09 | — — — — — — — —

SP 2.74e-15  3.3%-15 | 9.26e-15 8.53e-15 594e-10  2.62e-14 | 4.00e+00 5.20e-14 | 7.48e+00 9.37e-14
Lz 4.75e-15  3.87e-15 | 2.95e-14 1.10e-14 | 3.45e-09 1.73e-14 1.86e+68  3.38e-14 | 2.50e+68  9.29e-14
PC 3.96e-15  4.54e-15 | 1.17e-14  9.57e-15 1,03e-09 1.50e-14 | 4.00e+00 2.47e-12 | 7.48e+00 1.4le-13

that can be exploited to accelerate integration. A ridge function [24] is a function f: R" - R
of the form

f(x)=g(a"x),

where a € R™ is a constant vector called the ridge direction and g : R — R is the ridge
profile. For such functions, we clearly have that f depends only on a scalar variable y :=
a” x. In applications, we frequently wish to integrate f with respect to some m-dimensional
probability measure p on x, which can be simplified by integrating over the scalar variable
y with respect to the univariate measure ( that is the push-forward of p under the map
x+— a’ x. Thus, the goal is to compute recurrence coefficients for u.

In practice the multivariate measure p is known, but computing the univariate measure
U exactly is typically not feasible. However, an approximation to ¢ can be furnished using
the procedure in [17, Section 2.2] that randomly generates M i.i.d. samples {x j}ﬁflzl from p,
and defines u as a discrete measure supported on the projection of these samples onto the
real line:

M
1
du(x) =Y, TR 7 :=a’ x;.
=

To compute quadrature rules with respect to this measure, we take p as the uniform measure
on the m-dimensional hypercube [—1,1]™. Let m = 25, and @ € R is chosen randomly. We
then test for M = 100, 300.

Since we do not have an expression for the exact recurrence coefficients, we measure
errors using the metric fy in (33)). As shown in Table[d] the computed recursion coefficients
are not as accurate when N is closer to M, no matter what method is used. However, the
methods SP, LZ and PC all perform better when M is large enough.Code that reproduces this
example is available in the routine ex_discrete_convolution.py in [2].

4.5 Multiple component: Chebyshev weight function plus a discrete measure

The measure to be considered is the normalized Jacobi weight function on [—1,1] with a
discrete M-point measure added to it,

M
dux) = (B 1 —0)*(1+x)Pdx+ Y vidrdx,  af>-1, v;>0, (34
j=1

where ] = Lll (1 —x)%(14 x)Bdx. The orthogonal polynomials belonging to the measure
(34) are explicitly known only in very special cases. The case of one mass point at one
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Table 5 Example for Section errors e{, with one mass at 7y = —1 with v{ = 0.5 (subcolumns on the left)
and 7; =2 with v; = 1 (subcolumns on the right). Here — means a NaN value due to the numerical overflow
from the instability of the corresponding method

Method N =1 N=7 N=18 N=40
HD 3.71e-14  2.22e-11 3.64e-12  1.81e-09 1.72e-04 — — —
aPC 3.71e-14  2.22e-11 3.54e-12  1.81e-09 1.67e-04 — — —
MC 3.71e-14  2.22e-11 3.63e-12  8.90e-11 3.02e-12  2.90e+00 | 3.87e-12 1.84e+00
SP 3.71e-14  2.22e-11 3.63e-12  5.44e-13 3.03e-12  3.80e-12 3.90e-12  2.48e-06
Lz 3.70e-14  2.22e-11 3.63e-12  5.44e-13 | 3.03e-12  3.80e-12 3.90e-12  2.10e-12
PC 3.71e-14  2.22e-11 3.63e-12  5.44e-13 3.02e-12  3.80e-12 3.90e-12  2.49e-06
end point, that is, M = 1,7; = —1, has been studied and the recurrence coefficients can be

computed with rather technical formulas [3l/13]]. The exact recursion coefficients for N =
1,7,18,40 are given in [14] Table 2.11]. For each of these particular N, we compute the
fixed-N error, donated by eﬁ = ((aN — d/\/)2 + (bN — BN)2> 1/2.

Table E] shows results for the HD, aPC, MC, SP, and PC approaches for the measure u
above. In addition, we compute results using the LZ approach; note that the LZ approach
cannot directly be utilized on the measure (34)) since this measure has an infinite number of
support points. Instead, the LZ results shown in Table [5]first use the discretization approach
as described in Section[2.6] which replaces the continuous part of 1 with a discrete Gaussian
quadrature measure. The reason we include this test in Table [3]is that it motivates the PCL
algorithm: if one can discretize measures, then the LZ approach is frequently more accurate
than alternative methods.

We generate the first 40 recursion coefficients for @ = —0.6, 8 = 0.4 of the Jacobi pa-
rameters in two cases: one mass at 7] = —1 with strength v; = 0.5 and a single mass point
of strength v; = 1 at 7y = 2. The results, produced by routine ex_multi_component.py
from [2]], are shown in Table E] SP, LZ, PC and even MC produce essentially identical results
within machine precision in the first case. However, matters change significantly when a
mass point is placed outside [—1, 1], regardless of whether or not the other mass points on
[—1, 1] are retained [14] Example 2.39]. SP and PC become extremely unstable; this empir-
ical superiority of the LZ approach for discrete measures is the reason why the last step of
the PCL algorithm in Section[3.3]is to utilize the Lanczos algorithm.

4.6 General multiple component: continuous weight function plus a discrete measure

In the previous example, we studied the case of a combination of Chebyshev weight and
discrete measure. A quadrature for Chebyshev is trivial because it is one of the classical
weights so that we can obtain the quadrature by known recursion coefficients. However, if
the continuous weight is not of classical form, then we employ the PCL algorithm in Section
[3:3F We use PC to compute recursion coefficients, leading to Gaussian quadrature nodes and
weights for the continuous part, which is then combined with the discrete part as input to
the LZ algorithm.
We consider the positive half-range Hermite measure plus a transformed discrete Cheby-
shev measure defined on (—1,0],
M .
du(x) = e + Z V;jOr,dx, Tj = —%, V=
j=1
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Table 6 Example for Section errors fy by procedure in with N; = N for all s (subcolumns on the
left) and by PCL, i.e. with a adaptive procedure (subcolumns on the right) when M = 20,40, 80, 160,320

M N=20 N =40 N =060 N =280 N =100

20 1.09e-14  7.47e-15 | 6.48e-14  1.63e-14 | 1.46e-10 6.6le-13 | 2.41e-03  5.63e-12 | 1.66e+07  3.27e-09
40 6.50e-15  1.05e-14 | 2.50e-14  3.28e-14 | 9.34e-11  9.52e-14 | 8.54e-03  1.84e-13 | 1.95e+09  3.05e-11
80 8.80e-15  5.1le-15 | 1.39e-14  4.74e-14 | 1.68e-11  3.90e-14 | 4.48e-03  8.97e-14 | 5.10e+08  4.95e-11
160 7.73e-15  7.13e-15 | 1.43e-14  3.99e-14 | 2.90e-11  7.03e-14 | 1.88e-03  1.24e-13 | 2.34e+09  2.25e-11
320 7.24e-15  8.3%-15 | 1.98e-14  1.68e-14 | 3.80e-11  3.86e-14 | 6.82e-03  6.65e-14 | 9.63e+08  7.14e-11

Using the PCL algorithm, for M = 20,40, 80, 160,320, we generate the first 100 recur-
sion coefficients. Table [6] shows that the coefficients are more accurate when an adaptive
procedure is applied to determine N;, no matter what M is. The results here are produced by
routine ex_gmulti_component.py in [2]].

5 Summary and extensions

In this paper, we summarize several existing numerical methods for computing these recur-
rence coefficients associated to measures for which explicit formulas are not available. We
propose a novel “predictor-corrector” algorithm and study the accuracy and efficiency by
comparing with existing methods for fairly general measures. The method makes predic-
tions for the next coefficients and correct them iteratively. Finally, we introduce a hybrid
algorithm that combines the “predictor-corrector” algorithm and the (stabilized) Lanczos
procedure. It can be used to compute recurrence coefficients for a general measure with
multiple continuous and discrete components.

The predictor-corrector algorithm outperforms many other methods and is competitive
with the Stieltjes procedure when a continuous measure is given. For a discrete measure,
it can compute accurate coefficients only when the discrete support M is large enough.
However, the (stabilized) Lanczos procedure requires empirically appears to be superior for
discrete measures. Based on this observation, we propose a “predictor-corrector-Lanczos”
algorithm is that is a hybrid of the predictor-corrector and Lanczos schemes, and applies to
a fairly general class of measures.

We focus on the computation of recurrence coefficients for univariate orthogonal poly-
nomial families. Thus, a natural extension of this work would be to adapt the approaches to
address the same problem for multivariate polynomials, for which the formulations can be
substantially more complex. Such investigations are the focus of ongoing work.
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