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Gravitational-wave echoes from spinning exotic compact objects:
Numerical waveforms from the Teukolsky equation
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We present numerical waveforms of gravitational-wave echoes from spinning exotic compact objects
(ECOs) that result from binary black hole coalescence. We obtain these echoes by solving the Teukolsky
equation for the y, associated with gravitational waves that propagate toward the horizon of a Kerr
spacetime, and process the subsequent reflections of the horizon-going wave by the surface of the ECO,
which lies right above the Kerr horizon. The trajectories of the infalling objects are modified from Kerr
geodesics, such that the gravitational waves propagating toward future null infinity match those from
merging black holes with comparable masses. In this way, the corresponding echoes can be used to
approximate to those from nonspinning comparable-mass mergers. For boundary conditions at the ECO
surface, we adopt recent work using the membrane paradigm, which relates y, associated with the horizon-
going wave and y, of the wave that leaves the ECO surface. We obtain y of the horizon-going wave from
4 using the Teukolsky-Starobinsky relation. The echoes we obtain turn out to be significantly weaker than
those from previous studies that generate echo waveforms by modeling the ringdown part of binary black
hole coalescence waveforms as originating from the past horizon.
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I. INTRODUCTION

The detection of binary black hole (BBH) mergers, e.g.,
GW150914 [1], and binary neutron star (BNS) collisions,
e.g., GW170817 [2], has opened the era of gravitational
wave (GW) astronomy. In the third observing run of
Advanced LIGO [3] and Virgo [4], completed in March
2020, the upgraded detectors reached further in space and
observed a significantly increased number of events. The
LIGO-Virgo Collaboration has confirmed 50 GW events in
total during the first, second, and the first half of the third
observing runs (as of October 1st, 2019) [5,6]. With this
new messenger to observe signals from strong gravity
regime, we are now able to test theories of gravity in ways
that was inaccessible before [7-10].

In general relativity (GR), black holes (BHs) are the
standard models for compact stellar remnants of the gravi-
tational collapse of massive stars at the end of their lives and
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for massive objects at centers of galaxies. However, exotic
matter equations of states [11], phase transitions [12,13], or
effects of quantum gravity [14—17] allow the existence of
Exotic Compact Objects (ECOs), whose external spacetime
has the same geometry as a BH—except in a small region
near the horizon (i.e., with size <M, where M is the BH
mass) [18-20]. Searching for and detecting ECOs would
push the frontier of fundamental physics. Without detection,
upper limits on ECO properties derived from the search can
be used to quantitatively test “how black are BHs,” thereby
confirming the existence of the event horizon, the boundary
of a region within which signals cannot be sent to distant
observers.

Since the ECOs have nearly the same external spacetime
geometry as BHs, geodesic motions around them are iden-
tical to those around BHs, therefore one way to probe ECOs
is through tidal interactions during a binary inspiral process
[21-24]. An additional approach is via GW echoes [25-27],
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namely the GWs reflected from the near-horizon region
of the final ECO formed during the merger process. One
prominent feature of these echoes is that the lag of
echoes behind the main wave corresponds to the expo-
nentially small distance between the ECO surface and
the location of the horizon. Thus, GW echoes can be
used to probe even Planck-scale structures near the
horizon [25]. Even though there is still no statistically
significant evidence for echoes in existing GW data
[28-37], echo signals would be a promising candidate
for probing physics beyond GR.

Many studies about GW echoes have been carried out for
spherically symmetric, nonspinning ECOs, whose external
spacetime is Schwarzschild. For instance, Mark et al
studied echo modes of scalar waves in some ECO models
by solving the scalar perturbation equations with reflecting
boundaries [38]. Du et al. solved GW echo modes based on
the SN formalism and studied its contribution to stochastic
background [39]. Huang et al. developed the Fredholm
method and a diagrammatic representation of echo solution
for general wave equations [40]. Maggio et al. studied the
ringdown of nonspinning ECOs [41]. Recently, another
approach called the close limit approximation [42-45] was
adopted by Annulli ez al. to compute echoes from the head-
on collision of two equal-mass ECOs [46]. The authors
used the Brill-Lindquist initial data [47] and treated the
merger and ringdown stages as a single, distorted spheri-
cally symmetric ECO.

Astrophysically, we expect that merging BHs are spin-
ning, at least to some extent. Indeed, the LIGO-Virgo
Collaboration has detected mergers of spinning binary BHs
[6]. Inferring these spins has led to better understandings of
these BHs’ formation history and their stellar environments
[48]. More importantly, even nonspinning merging BHs
will generally result in significantly spinning remnants.
For example, an equal-mass, nonspinning BH binary in a
quasicircular merger leads to a final BH with J/M? ~ 0.7
(with units G = ¢ = 1), where J is the remnant angular
momentum. This motivates the study of GW echoes
from spinning ECOs, which has been carried out in
Refs. [18,20,49-51].

In this paper, we assume that the external spacetime
geometry of a spinning ECO is Kerr, except in a small
region with distance <M near the horizon, and pose
a boundary condition at the boundary of that region.
Here we need to point out that, while in the spherically
symmetric case, one can use the Birkhoff’s theorem to
argue that the exterior spacetime of a spherical ECO should
be Schwarzschild in GR, a similar argument does not exist
for spinning objects. For spinning ECOs, one eventually
needs to consider the composite effects of spacetime
deviation and near-horizon boundary condition. Note that
mapping exterior spacetime geometry of compact objects
(or “bumpy BHs”) has been a subject of extensive
studies [52-54]. Recent studies have further obtained

nonspherically symmetric fuzzball geometries that arise
from spacetime microstates [15,55].

Let us now get to effects of the boundary condition at the
ECO surface. Nakano e al. [50] have constructed a model
for echoes from spinning ECOs, where the asymptotic
behavior of solutions to the Teukolsky equation is used to
analyze the reflectivity and echo modes, but the incident
wave toward the horizon is phenomenological. Micchi and
Chirenti studied effects of the rotation using a scalar charge
falling into a Kerr spacetime [56]. Wang et al. [57], Maggio
et al. [51], and Micchi et al. [58] obtained echo wave-
forms from spinning ECOs by first deducing waves that
propagate toward the horizon from waves that propagate
toward infinity, and then imposing a reflectivity for Sasaki-
Nakamura (SN) [56,57] or Detweiler [51] functions. Sago
et al. [59] studied echoes from a particle radially falling into
a spinning ECO, also imposing boundary conditions in
terms of SN functions.

One caveat when studying echoes from ECOs comes
from the instability of ECOs, either from the structure of
the ECO itself, including ergoregion instability for spin-
ning ECOs [60,61] and the existence of stable photon
orbits [62], or from the energy content of GWs that
propagate toward the ECO, which may induce the ECO to
collapse [63,64]. Despite all such instabilities, we advo-
cate keeping an open mind about echoes. The ergoregion
instability can either be quenched or lead to nonspinning
ECOs. We might also argue that instabilities that cause
gravitational collapse can simply cause the event horizon
to grow, while nonlocal effects of quantum gravity would
keep appearing right outside the new location of the
growing event horizon.

In this article, we construct echoes from spinning ECOs
using the Teukolsky formalism. We evolve a point particle
in quasi-circular, equatorial orbits, until it finally plunges
into a Kerr BH. Our approach improves from previous
work, notably Refs. [51,57,58], by: (i) using gravitational-
wave waveform toward the horizon directly computed in
the Teukolsky formalism, and (ii) using a boundary con-
dition on the ECO surface that is connected to tidal tensors
measured locally by zero-angular-momentum observers
floating right above the horizon (fiducial observers used
in the membrane paradigm). Even though the boundary
conditions we apply here are still phenomenological, by
contrast to the application of conditions directly on
Detweiler and SN functions, they at least have physical
meanings that are connected to tidal deformations. Since
the current focus of GW astronomy is on binaries with
nearly comparable masses, we tune our point-particle
trajectory in such a way that the waveform at infinity
matches the numerical relativity (NR) surrogate waveform
from nonspinning binaries with comparable masses; this is
similar to the approach taken by Ref. [58]. In this way, we
provide approximations for echoes from comparable-mass,
nonspinning binaries.
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The paper is organized as follows. In Sec. II, we briefly
review the Teukolsky formalism and obtain trajectories of
particles in Kerr spacetime whose GWs (in terms of the
Newman-Penrose y, scalar) at infinity match those from
comparable-mass binaries that merge from quasicircular
inspirals. In Sec. III, we discuss how to obtain echoes at
infinity from y, waveforms that go down the horizon, in
particular deducing a conversion factor from the echoes
obtained in the SN formalism to those obtained by
imposing more physical boundary conditions on curvature
perturbations. In Sec. IV, we discuss features of the GW
echoes, demonstrating the effect of the conversion factor
obtained in the previous section, and highlight a subtlety
that leads to discrepancy between y, directly obtained
using the Teukolsky formalism and , obtained using
approximations imposed by Refs. [51,57,58]. The main
conclusions are summarized in Sec. VL.

II. PARTICLE FALLING INTO A BLACK HOLE

In this section, we briefly review the computation of
waveforms of a particle falling into a Kerr BH, both at
infinity and near the horizon. We note that the Teukolsky
formalism itself only applies to the high-mass-ratio limit.
However, we follow the prescription of the effective one-
body (EOB) and Teukolsky formalism [65] and construct
particle trajectories in the Kerr spacetime that decay due to
radiation reaction, in such a way that the waveforms at
infinity match those from comparable-mass binaries
obtained from NR surrogate models [66]. In this way,
we obtain approximations for echo waveforms even for
comparable-mass binaries. Here the study is restricted
to nonspinning binaries. The mass M and the angular
momentum per unit mass a of the Kerr spacetime corre-
spond to those of the remnant formed by the binary merger,
which can be obtained from the initial total mass and mass
ratio of the binary via NR surrogate models [67,68].

A. GWs emitted by a particle falling into a Kerr BH

Let us first consider GWs emitted by a particle
falling into a Kerr BH. We use the Newman-Penrose
scalar curvature w,, which can be decomposed into
frequency and angular components in the Boyer-Lindquist
coordinates

+o0 . .
wa(t,r,0,¢) = p4/ da)ZRfma,(r)_zS%‘,;(«9)6””%‘"‘”,
—o ‘m
(1)
with p = (r —iacos0)~!. Here _,S% is the spin-weighted

spheroidal harmonic with eigenvalue E,,, [69], while R,,,,,
is the solution to the radial Teukolsky equation,

dr\A dr

d (1dR
Az - ‘ma
dr <

) - V(I”)Rfmw = _Tfmw(r)’ (2)

with the potential

K2 +4i(r—M)

K
A + 8iwr + A, (3)

V(r) =

where K = (r* + a*)w —ma, A= Eg,, + a*w* —2amw -2,
and A = r> —2Mr + a*>. The source term 7T 4, (r) is
determined by the mass and trajectory of the particle
(discussed in Sec. II B).

Homogeneous solutions for the radial Teukolsky equa-
tion have two types of asymptotic behaviors each, near the
horizon and at infinity, respectively. We are particularly
interested in two combinations of such solutions, namely
the one that is purely ingoing near the horizon,

hole A2 ,—ipr,

R A
ou ior, —1 pin —iwr,
By, e +r—Bp,.e r— 00,

and the one that is purely outgoing at infinity

R ( ) = D(L;lrligweipr* + AzD?mwe_ipr* T (5)
tmo\") = DX p3eior. rF = 00
‘mm '
Here we define
p=w-mQ,,  Q =a/(ri+a), (6

with Q, being the horizon’s rotation angular frequency,
and the tortoise coordinate r, as

2M —
N I AL —log

r*:r+r+—r_ oM ry—r_ 2M

The quantities Bi™outholeco apd pinouthole.co are related to
the transmissivity and reflectivity of the compact object;
their values here are subject to a choice of conventions,
for which we follow the convention of Hughes [71]. We
compute these homogeneous solutions numerically with
the help of the SN formalism based on the codes developed
in Refs. [72,73] (see review in the Appendix A and
Appendix B).

When the central object is a BH, we look for solutions
that are only ingoing at the horizon and only outgoing at
infinity, by imposing

r— oo

(8)

ocoBH .3 jiwr,
RBH o {mew re
‘mw HBH A2 ,—ipr.
ZyaAe r—=r,.

This uniquely determines a solution that can be obtained
from the Green’s function approach,
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];nl-ll“(r) _ R;omw( ) /rdr/ R?mw(r/)Tb;mw(r/)
‘ 2iwB® D% A(r)

‘mo’™ fmw

+ Rlz;lmm( ) / dl"/ R;omm<r/)7fmw(r/>
leBlfnme;omw r A(r/)2 ’
9)
from which we can read off
70 BH _ 1 /oo dar R]L;Imw(r/)Tfmw(r/) (10)
‘mm 2 wBlfnmw . A(I"/)z s
and
HBH __ B?’%Z)

/oo dr Rzlzw(r/)Tfmw(r/) . (11)

‘mw leBm Doo A(r/)z

‘mw Cmeo

In particular, at r — 400, Y4 is related to GW polarizations
h, and h, by

(hy —ih). (12)

| =

Walr = o) =

The GWs we observe at a distance r, latitude angle ©, and
azimuthal angle ®, is given by:

BH :1,BH
h+ _lhx |(r,®.<1>,t)

2 oo 7%
=-2)" / doy =052 ,540(©, ®)emr). - (13)
‘m

(s

Here we note that the spin-weighted spheroidal harmon-
ics differ from the spin-weighted spherical harmonics, and
are frequency dependent. In NR waveform catalogs, as well
as in surrogate models, GW strains at infinity are decom-
posed into spin-weighted spherical harmonics

@d)r thm

In this paper, we treat the mode-mixing in the spheroidal
harmonics as negligible, writing _,S%? ~ _,Y,,. This
allows us to make a simple connections between Z%
and A3R:

r[INR — iR LY, (0.®).  (14)

2%, %, (15)
We also focus on the £ = 2 contributions, with m = +2.
Note that ,Y,,(®,®) and _,Y, ,(®,®) predominantly
emit toward the northern hemisphere (® < z/2) and
southern hemisphere (® > 7/2), respectively. Both m =
42 and —2 contributions are equally important to des-
cribe the “(2,2)” waveform. Furthermore, for nonprecess-
ing binaries with angular momentum along the z axis

(® = 0), we have hy,(f) = h}_,(—f). The studies in this
paper are based on this scenario.

B. Trajectory of particles in Kerr
and the Teukolsky source terms

We aim to use Teukolsky waveforms to approximate
those from coalescence of BHs with comparable masses.
First of all, in order for the ringdown frequencies to
match up, we set the mass and spin of the Kerr background
spacetime equal to those of the remnant BH of a
comparable-mass binary merger. We then evolve particle
trajectories by modifying the Kerr geodesic equation,
adding generalized forces that implement the effect of
radiation reaction, in such a way that the late inspiral,
merger, and ringdown parts of the waveforms match those
from comparable-mass binaries, obtained from surrogate
models.

For a trajectory in the Boyer-Lindquist system, para-
metrized as x*(7) = (¢(), r(7),0(7), ¢(7)), our modified
equations are written as

dx*
d_xr: ut, (16)

du
dl: —[heu’u’ + F*. (17)
T

The radiation reaction force F* can be obtained from the
GW energy flux E, angular momentum flux L, and rate of

change of Carter constant 0, by solving the following
equations:

Eut = _gttj:l - gt(ﬁf¢’ (18)

l:zul = gt¢.7:t + g¢¢f¢, (19)
o s 2 LL,
Qu' = 2gy,u”F° + 2cos“Oa”EE + 2cos 9'—29’ (20)
sin

G F¥ =0. (21)

In this paper, we focus on nonprecessing binaries. Hence
we consider equatorial circular orbits and impose Q = 0; £
and le are determined phenomenologically such that the
Teukolsky waveforms (in the BH case) match those
obtained from NR. We also assume that the ECO does
not modify these forces.

From the numerical trajectory x*(z), or alternatively the
3-dimensional trajectory as a function of time r(z), (),
¢(t), the source term in the Teukolsky equation is given by
(see Appendix A for details)
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T pmo(r )—/ dee' =PI (1)

X {[AnnO + AnrhO + ArhrhO]‘s(r/ - r(t))
+ 0, (Aunt + Ap 807 = 7(0)

02 A a6 = ()]}

Plugging this source term into Egs. (10) and (11), we obtain

amplitudes of GWs toward infinity,

Z;O _#/_F dtel[a)[ me(1)]
maw 2 wamw

{Rfmw( (O)[Anno + Apmo + Ao

(22)

and toward the horizon,

/ £ reilon-m(0)
‘mw J —0

x { ;omw(r(t))[AnnO +Anﬁ10 +Aﬁzﬁz0]

dRz,”mw
dr

hole
H B ‘mw

tmo = Zl(z)Dfmw

dQRz,’mw
Cdrr

Ayt + Az +
r(t)

Ajin2 } .
(1)

24
In the above integrals, the integration variable ¢ p(ara)—
metrizes locations on the trajectory of the infalling particle,
with t - —oo corresponding to the beginning of the
infall, and # - +oo corresponding to when the particle

approaches r,. The integrand approaches zero for

dR 0 pH t - 4o0. For t - —o0, we apply a window which selects
“Ymo 4 . Cq. . .
p Ol Ayl FAnm] + TZ’"“’ Ay ,;12}, part of the trajectory within a finite distance from the BH/
r r C o
(1) (1) ECO. We note that as t — +oo, although the individual
(23)  terms, e.g., Ay 50 in Eq. (24) can diverge, the sum of those
0.6 :
—— —Im(lsa/ha), gwsurrogate 0.6 —— NRSur7dq4 model, mass ratio q=1
0.5 X ISCO --== Teukolsky-based fitting
’ —m = 2o = 2/(r*? +a) 0.4
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= = 02
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FIG. 1.

Comparison between the NR surrogate model NRSur7dqg4 and waveforms generated from the Teukolsky code with

phenomenological trajectory described by Eq. (21) (see text for details), for ¢ = 1 (top two panels) and ¢ = 4 (bottom two panels).
The time ¢ is shifted so that the waveform starts at a certain frequency during inspiral, which is consistent with the starting time of the

phenomenological trajectory.
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terms approaches zero due to the cancellation between
the terms.

C. Waveform at infinity: Calibration
with surrogate models

In order to obtain the trajectory that leads to a Teukolsky
waveform matching the surrogate waveform, we take the
(2,2) component of the surrogate waveform, evaluate its
instantaneous angular frequency @, ,), as well as its rate of
change @(;,), and make sure that, before reaching the
innermost stable circular orbit (ISCO), the orbital fre-
quency of the particle follows the a corresponding evolu-
tion with @y, = 1/2w(;,) by adjusting the radiation
reaction forces. We turn off the radiation reaction forces
after the particle reaches ISCO. The amplitude of the final
waveform from this orbit is rescaled so that the normali-
zation is the same as that of the surrogate model. Note that
the time axis of the surrogate model waveform is also
rescaled to units of remnant mass.

To make comparisons, we take (£, m) = (2,2), compute
Z$BH | obtain the time-domain waveform via an inverse
Fourier transform [see Eq. (13)], and then compare the
waveform with the NR surrogate model. Figure 1 shows the
waveforms for nonspinning binaries with mass ratio ¢ = 1
and g = 4 obtained by “NRSur7dg4” model [74], com-
pared with our approximate Teukolsky-based waveforms.
For the portion of the waveform shown in the figure, using
Advanced LIGO noise spectrum at the design sensitivity,
the match [75] between the Teukolsky and the NR
surrogate waveforms are above 0.99 for all M between
10 Mg and 500 M.

III. CONSTRUCTING ECHOES

In this paper, we assume that the ECO spacetime is
identical to a Kerr spacetime except for r,/M < —1. Since
GW echoes are mainly sourced by the plunge part of the
trajectory, which is not significantly affected by the
radiation reaction, we can neglect the modification to
the trajectory due to the ECO surface. For these reasons,
as a particle falls toward the ECO, we keep the same
Teukolsky equation, with the source term in Eq. (2) given
by Eq. (22). However, we need to change the boundary
condition for p~*y, to a more general form

RECO { ZXECO 3 gior. F— oo 25)
fmo in 2 ,—ipr, out ipr,
mea)A e'rr +me(ue P r—=ry,
where Z%' " appears due to the “reflection” from the ECO
surface, while Z% is modified since additional waves

‘ma

propagate toward the ECO upon reflection from the inner
side of the Kerr potential barrier near the light ring.

In Sec. IIT A, we first prescribe reflectivity within the SN
framework, following previous literature. However, it turns
out that for Kerr spacetime, it has a more direct physical

meaning to impose boundary conditions in terms of y, and
w4, which are tied to curvature perturbations experienced
by observers near the future and past horizons, respectively.
We obtain echo formulas from such boundary conditions in
Sec. I B. In Sec. III C, we review the reflectivity models
used in subsequent sections.

A. Boundary condition imposed on SN functions

1. SN formalism and boundary condition

The simplest way to describe the ECO’s reflection of
GWs is to use the SN formalism (see Appendix B). We use
fields X, that satisfies the SN equation

2
d Xfmm
dr?

dX ‘maw
dr,

—F(r) —U(r)Xspe =0. (26)

The transformation between the SN function and
Teukolsky radial function is given by

R :l|:<a+&> AXfmw _ﬁi AXv}f’mw (27)
S A RV N e

The potentials F(r) and U(r) in Eq. (26) and functions a, S,
and 7 in Eq. (27) can be found in Egs. (3.4)-(3.9) of
Ref. [76] (also see Appendix B). To derive R” and R®, we
use two homogeneous solutions of the SN equation, which
have purely sinusoidal dependence on r, due to the short-
ranged potential:

hole ,—ipr,
H Afmwe r—=ry
Xfm“’(r) - out iwr in —ior, (28)
Agn e - AY eT T r — o0,
o0 C;lrlrtlwelpr* + C;lmwe_lpr* r—=ry
X2 (r)= _ (29)
Cma 00 iwr
Cone " r — 0.

Because these X’s are directly used to compute the
corresponding R’s, there are relations between the
amplitudes A, C here and B, D in Egs. (4) and (5),
given in Appendix B. For convenience, we can set

Cc,, = Al — 1. Using linearity, we can also write

ECO _ gin —ipr, out ,ipr, _
Xfma) = Stmo® + gfmwe ’ Fy = —00 (30)
with
out __ qoECO gin
‘mw Rfmw ‘mw’ (31)

where RECO is the ECO reflectivity. This is the baseline

‘mw
approach taken by most previous literature [39,51,57,58],
except for [50], where using energy reflectivity is pro-
posed. As discussed in more detail later in this paper,
although |RECO|? corresponds to energy reflectivity in the
Schwarzschild case, it is not generally true for Kerr BHs, or
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spinning ECOs. We introduce more physically motivated
reflectivites in Sec. IIIC and comment on additional
subtleties of the SN formalism. At this stage, by comparing
Eq. (30) with Eq. (25), as well as Eqgs. (4), (5), (28), and
(29), we write

in in hole out out
‘mo Cz,’ma) _ Afm(u _ 1 ‘mo Cz,’mw (32)
in ~ jpjin ~ phole ~  phole ’ out ~ pyout

mea) Dfma) Bt’mw Bfmw mew Dfma)

Since the conversion relation (27) between SN and
Teukolsky functions involves derivatives, these formulas
are only correct when the source terms vanish rapidly
enough—which is true for sources that are bounded outside
the horizon, but not necessarily true for a particle that
plunges into the horizon. See Sec. IIIB1 for more
discussions.

2. Echoes in the SN formalism

In the BH case, we obtain

BH _ ;om]if_l e r— oo 33
fmw( ) - HBH ,—ipr ( )
(Sfm(u e ’ r—ry,

in the SN formalism. Then in the ECO case, we need to
superimpose an additional homogeneous solution to form a
new solution,

Xt (1) = Xy (r) + X35, (7). (34)
We assume that the source term does not change for ECOs.
After imposing boundary condition (30) at the ECO sur-
face, we obtain

RIL:;CO

_ mao HBH — HBH

€= out — RECO cin ‘mo T Kfmwé:fmw : (35)
‘mw ‘mo ™~ Cmeo

Using the asymptotic form of X%, . we obtain

ECO _ HBH BH
;oma) - ,Cfmwéfmw + g?mw . (36)
We can further write
ECO-7BH

ICf _ Rfmwamm (37)

mo — ECOBH *

1- Rfmefmw
where REM “and 7BH = are amplitude reflectivity and

transmissivity of the BH potential barrier—or the SN
potential in Eq. (26); in terms of asymptotic expressions

of X%, they can be written as
1 cin
BH __ BH _ “/mw
Tfmw — out Rfmw - Cout : (38)
‘mw ‘mw

In Eq. (36), the outgoing wave at infinity, in the case of an
ECO, is the outgoing wave in the case of a BH plus echoes,
which are determined by the horizon-going wave in the
BH case.

3. Echoes in Teukolsky functions

Using linearity of the transformation between the SN and
Teukolsky functions, we have

0 out 0
'ffmw _ Afmw — Cfmw _ 1 (39)
(+3) out [+ 0 ’
mem Bfma) Dfmm Dfm(u
and
BH in hole
‘mw . T fme __ Afmw _ 1 (40)
7BH - Din - phole - phole *
‘maw ‘mw ‘mew ‘mw

; © _ phole _
Here we use the conventions C3, = Ap° = 1. We can

rewrite Eq. (36) in terms of the Teukolsky functions

RECO RBH

oo ECO _ 700 BH ‘mo’” Y mo ooeff
mea) - mea) + 1= RECORBH mea)’ (41)
‘mo’ Y fmw
with
00
coeff — Dfmw HBH (42)
mow — Din ‘mw *

‘mw

For very compact ECOs, substantial phase shift exists in
RECO " causing substantial time delays between neighbor-

‘mw?
ing echoes, which allows

‘mw @ ‘mo’ Y mo ‘mw*

+0o0
70 ECO _ Z;omBH + Z (RECORBH )nzooeff (43)
n=1

Here the nth item is effectively the nth echo in the full
waveform. The physical understanding of the expansion
above is that the nth echo is reflected n times by the ECO
surface and n — 1 times by the potential barrier (of SN or
Teukolsky equations), propagates for an additional 2n
times the distance between the potential barrier and the
ECO surface (in terms of r,), and finally transmits through
the potential barrier.

We can obtain GW strain 4 from Z via Eq. (13).
Equations. (41) and (43) reduce to those in Maggio et al.
[51] and Wang et al. [57] (in their “inside” prescription), if
we make the substitution of

“inside” prescription: ZZe « ZBHRD = (44)

Here ZXBHRD i the ringdown part of the waveform at

infinity in the BH case.
The quantity ZX°T as defined in Eq. (42), has the

‘mw?
following physical meaning. If we replace the spacetime of
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FIG. 2. Spacetime diagrams illustrating generation of echoes when a particle plunges into a massive ECO (left panel), and the
construction of Z®° from Z"BH (right panel), with Z*° being the transmitted wave at future null infinity. In the left panel, we label
v = v, at which the particle plunges into the future horizon; at this point ZHBH has a local feature. In the upper-right region of the panel,
we also label the approximate locations of ringdown and the first echo in Z®ECO_ In the right panel, we indicate that one needs to supply
the incoming wave from the past horizon, in order for the BH barrier to reflect it and generate ZHBH,

a particle plunging into Kerr with a linear perturbation of
Kerr, and replicate the waveform at infinity by sending in
a wave from the past horizon, in such a way that the
waveform toward the future horizon agrees with ZHBH
then the waveform at infinity is given by Z&CM,

The situation is illustrated in Fig. 2. As we can see
from the figure, in the region “above” the trajectory
of the particle, we have a vacuum spacetime, and

[ZHBH] = [(Din/D‘X’)Z‘”BH]Dv It is then plausible

V>0
that Z2 can be approximated by the ringdown part
of ZSBH or ZRBIRD a3 Maggio et al. [51] and Wang

et al. [57] have done in the “from inside” prescription
[see Eq. (44)].

However, our results turn out to differ rather significantly
from these prescriptions. More details are given in Sec. IV
C. Here we point out two features, namely D%, /DI~ (
when w ~mQ., and D%, / Dfmw diverges quickly when
@ — +o0. This means that Z&° vanishes when o ~ mQ.,
(i.e., for radiations that are co-rotating with the horizon),
and tends to infinity as @ — +oo [77]. This is clearly
different from Z%BH,

mw
Therefore, we write

CO
ZooECO ZooBH + l;m(qumm ZH BH (45)
‘mo ‘ma 1 - RECOR ’

‘mw’ Yl ma

where we define

ZHBH — D;omw HBH (46)

‘mw
Bhole
‘mw

which remains finite as @ — +oco. By absorbing the

/B factor, we have

f me ‘mw

2la) B A=(r)

1 /+
2lw fmm 0

{ fmw(r( ))[AnnO + AnrhO + Aﬁtr‘nO]

dlei[(ut—m(ﬁ(l)]

dR
dfrmw oy [Anmt + Ammi]
aQR >
dr 5’2 r(t)AﬁL m2 } . (47)

This is related to Z*BH by replacing the Green function R”
with R® [cf. Egs. (10)—(11)].
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B. Boundary conditions directly imposed
on Teukolsky functions

In this section, we discuss some subtleties in the SN
formalism, and directly impose boundary conditions on
Teukolsky functions. The SN formalism remains as a
computational tool in obtaining homogeneous solutions
to the Teukolsky equation.

1. Subtleties in the SN formalism

As argued by Nakano et al., from the Wronskian of the
radial equations, the energy reflectivity, in terms of the SN

reflectivity RECO, is given by [50]

Eout _ |Cfmmdfmw|2 ‘RECOP

En  1602Mr.)>(p* +4€%)(p? + 16€*) | (rp)| "'
(48)

with

€= VM —a*/(4Mr.) (49)

equal to half the surface gravity. More specifically, this is
the energy flux that emerges from the past horizon divided
by the energy flux that goes into the future horizon [78].
Note that the modulus of this conversion factor is not unity
for a/M # 0 (see Fig. 3).

As we use the SN formalism to derive echoes, we need to
note two important subtleties: (i) as we convert between X
and R, it is important to keep both the first two leading
orders in r — r, near the horizon, and keep those in 1/r
near infinity and (ii) the particle plunges toward the
horizon, and therefore the source term for Teukolsky and

(a) a/M = 0 (non-spinning)

FIG. 3.

SN equations does not vanish as r, - —oo. Such subtleties
affect the evaluation of ingoing energies down the horizon,
as well as the boundary conditions near the ECO surface.

A particular example of such subtleties is as follows.
As one tries to evaluate the SN source terms, there are two
degrees of freedom in the form of the integration constants.
They lead to different leading-order field amplitudes at
infinity (in terms of 1/r) and at the horizon (in terms of
r — r_). Only after accounting for the correction terms up to
the second order, one can obtain the correct Teukolsky
amplitudes. This presents an ambiguity for how to impose
boundary conditions for X.

2. Physical boundary conditions from y, and y,

In a companion paper [78], we have determined the
relation between Z% and Z, by considering tidal tensor
fields of fiducial observers near the horizon. To summarize
the results, we connect y, and y, to the tidal tensors of

ficucial observers near the horizon:

A z
EN_EWO_KWL T = r? 4+ a*cos?0.

(50)
Note that it is the ingoing piece of y, (~A~2¢~P"*) and the
outgoing piece of y4 (~e*P’+) that dominate this expres-
sion, with both contributing to £ at the order of 1/A since
the effect of GWs is heavily blue-shifted for near-horizon
observers. Since the ingoing piece of y is externally
applied to the ECO, while the outgoing piece is generated
by the ECO, the ratio of these two terms can then be viewed
as a local tidal Love number of the ECO.

We can find the ingoing y, components via the
Teukolsky-Starobinsky identity

real part

imaginary part

magnitude
— = mfy

=2 -1 0 1 2
Mw
(b) a/M = 0.7 (spinning)

The real (blue) and imaginary (green) parts and absolute values (black) of the reflectivity conversion factor [for

(¢.m) = (2,2)] as a function of @ for (a) a/M = 0 and (b) a/M = 0.7. The vertical line at nonzero o in the right panel indicates
o = mQ, . For a nonspining ECO, the SN and Teukolsky reflectivities are related to each other with a pure phase shift; while for a
spinning ECO, the factors have substantial frequency dependence, but remain at the order of unity at frequencies interested for compact

binary mergers.
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Y?mw = Gfmwzglmw’ (51)
with

- 64(2Mr+)4ip(p; + 4€%)(—ip + 4e¢) 5
‘mw

Here C,,,, is the Starobinsky constant, given by

|Crmol? = (0* + dawm — 4a*@?)
x [(Q = 2)* + 36awm — 36a*w?]
+ (20 = 1)(96a%w* — 48awm)
+ 1440*(M? - a?),

ImC,,,, = 12Mw,

ReCfmw = +\/|Cfmw‘2 - (Ilncfmw)z7 (53)

with Q = E,,, + a’>w® — 2awm, where E,,, is the sphe-
roidal eigenvalue [see discussions below Eq. (1)]. This has
previously been applied to computing energy and angular
momentum carried by GWs into the horizon. However, we
need to be careful here because the Starobinsky-Teukolsky
identity may not work in the presence of source terms—
while here we do have a particle plunging into the horizon.
This remains an unaddressed issue in this paper, but is
addressed in [79].

By considering tidal distortions of zero-angular-momen-
tum fiducial observers very close to the horizon, we obtain

_1\m+1
zout ( 1) ECOTYm
‘mw 4 ‘mw —m—w*

(54)

Here the Teukolsky reflectivity RECOT can be related to the
response of the ECO to external driving. Its modulus,
|RECOT| " corresponds to the energy reflectivity of the
ECO surface. Here we have ignored the mixing between
different Z-modes, which is a general feature due to the
distortion of spacetime geometry by the spin of the ECO.
As it turns out, we also need to consider (Z% = Z9" )
and (Z%,,.Z%,_,), since generically an ECO couples
between these modes. Nevertheless, in the most commonly
considered situation of an equatorial, quasicircular orbit,

we have

J— *
mew =Z

—m—-w’ (5 5 )
as described by Maggio et al. [51]. This indicates that only
one reflectivity needs to be considered. However, when the
particle has an inclined orbit, relation (55) no longer holds,
and thus the echoes have a more complex form.

Assuming Eq. (55) to hold, we have

gout _ (_1 m+1

ECOT ~in
‘mo Gfme z

‘maw ‘maw*

(56)

Assuming a linear relation between the SN and Teukolsky
functions, we can write

out out in out
X pn 7

ECO _ “fmw _ “fmow ~ fmo Zfmo
Rfmw - xin - Dout in 7in (57)
‘mw ‘mo < fmo “fmo
This leads to
_1\m+1 out in
RECO _ ( 1) o Cfmw Dfma) ECOT
‘mo 4 ‘mo Dout in ‘mw

‘mw ~ fmo

m4(2Mr+)5/277(”+><P —2ie)(p +4ie) RECOT
Cfmwdfmw fme

—(-1)

(58)

In Fig. 3, we plot the real, imaginary parts and modulus
of RECO/RECOT‘

At this stage, aside from subtleties of the Teukolsky-
Starobinsky relation, Eq. (58) provides the reflectivity of
the ECO in the SN frame work, RECO in terms of the

‘ma’

physically defined ECO reflectivity, RECOT. We can insert

Eq. (58) into Egs. (41) and (45) to obtain echoes that arise
from these physical boundary conditions.

3. Echoes in terms of Teukolsky reflectivity

We can now write echo waveforms in terms of the
amplitudes of Teukolsky functions. In terms of reflectivity,
we have

REGORE, = REGCTREL. (59)
where
1 in
BHT _ (_1)m+ Df
7e’fmm - 4 O tmw D(;UZZ . (60)

We can also write

‘mao ‘maw ‘maw

+00
70ECO _ Z;oﬂl?al)-l + Z (RECOTRBHT)nZ;o’Sg‘ (61)
n=1

Here |RBHT|2 directly gives the energy reflectivity of
the BH potential barrier, including superradiance at
frequencies @ < mQ,. The condition [REHTRECOT| <1
needs to be satisfied such that the instability does not
happen in the ECO.

We can also express the echo waveform in terms of the
ingoing y, component toward the horizon in the BH case,

HBH
Y)f’mw > as
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ECO coBH REEEI)ITJ ma HBH
meu) = mea) + 1 — R};ggTR?}-nlg Yfma) ’ (62)
where we define
(=)™ D
jfma) = Tﬁ . (63)

Here, the ingoing v, takes the form of curvature perturba-
tions of fiducial observers near the horizon. Response of
structures in the observers’ frame gives rise to a local
reflectivity RECO, leading to the outgoing w, with a con-
version factor of (—1)"*"RECO /4 This y, is then trans-
mitted to infinity with a factor of D, /D% applied. Since
Eq. (62) does not use the Teukolsky-Starobinsky trans-
formation (which is only valid for homogeneous solutions),
it provides a more straightforward way to compute echoes.

C. Models for ECO reflectivity

We consider two types of reflectivity, namely a para-
metrized Lorentzian reflectivity and a Boltzman-type
reflectivity [57].

1. Lorentzian reflectivity
In the Lorentzian case, we assume the reflection takes
place at a fixed position of r = b, or r, = b, [Eq. (7)].
At position r = b, the proper distance 6 along the radial
direction toward the horizon is given by

2 2 2

ri +a°cos6

———/b—rg, 64
Mr . k T+ (64)

for 6§ < M. For BHs with a/M not too close to unity, this
leads to

b
0= / VG, dr =

1 b—r r r.—r
b, ~ —1 f = log—=
T T Tk, 2 oM
1 5
~-log— (65)
K r2 + a*cos’ 0

Another way of measuring the closeness to the horizon is
via the redshift of zero-angular-momentum observers at a
constant » = b, with

4Mr  x
=|5————=Vb—r,. 66
* \/ 2+ a?cos? 6 T+ (66)

For a # 0, both § and a depend on 8. This can be understood
as the deformation of spherical symmetry due to the spin. In
Ref. [78], we choose to set the reflection surface at a constant
red shift a (i.e., the reflectivity has the same phase for all
values of € when «a is a constant), which leads to mixing
between the modes with different #. In this paper, for

simplicity, we assume that the Lorentzian reflectivity is a
constant at »r = b (or r, = b,) and can be written as

18 .
RE,., = €<p :_ iF) e~2ib.p, (67)

Here the quantity € € (0,1) parametrizes the amplitude
reflectivity of the ECO surface. Note that R depends on @
only via p = o — mQ_, the frequency of oscillations mea-
sured by observers corotating with the horizon of the Kerr
spacetime (even though it is covered by the ECO surface at
r = b). The quantity I" characterizes a relaxation rate of the
ECO surface, which corresponds to an impulse response
function ~e~'" in the time domain and imposes a low-pass
filtering of waves upon reflection in the frequency domain.
For distant observers, GWs with frequencies | — mQ | ST
have the highest reflectivity. Note in particular, that peak
reflectivity takes place atw ~ 2Q, form = 2and w ~ =2Q
for m = —2. As argued by Ref. [60], as long as ¢ is not too
close to unity, the ECO is stable under the Lorentzian
reflecitivity. Though Ref. [60] imposes reflectivities on
Detweiler’s function instead of SN function, the meaning
of these parameters do not differ much.

The phase factor e=*-7 in R corresponds to a time
delay of —2b,. If we consider that the ringdown wave is
generated roughly at r, = 0, the term —2b, provides an
estimate of the time delay between the main wave and the first
echo, as well as time delays between neighboring echoes.

2. Boltzmann reflectivity

Considering wave reflection by a thermal atmosphere,
Wang et al. [57] and Oshita et al. [80] proposed the
following Boltzmann reflectivity, given by

P P
Rf o = €XP (—E €xp —lmlog(ﬂpb . (68)
with Hawking temperature

K ry—r_ V1-ad?

Ty =— = = .
"7 4n(R +d®)  aaM(1 + V1 - &)

(69)

We may replace Ty with a free parameter 7oy to generalize
the Boltzmann reflectivity,

RE .. =exp (_2|p ) exp |:_i7ﬂ{)QH log(ylpD)|.  (70)

We fix the temperature to the Hawking temperature, i.e.,
Ton =Ty, until in Sec. V, where we relax this condition
to explore the detectability of echoes that arise from
a broader class of reflectivity models. Similar to the
Lorentzian reflectivity, RE ~ depends on o via p =

o —m€,, leading to the peak reflectivity (equal to unity)
for modes with zero frequency viewed by observers

104005-11



SHUO XIN et al.

PHYS. REV. D 104, 104005 (2021)

co-rotating with the horizon, or ® ~ m€Q,, and vanishing
reflectivity for |w — mQ | > Ty.

Boltzmann reflection does not take place at a fixed point,
but for waves oscillating near the quasinormal mode
(QNM) frequency, @ ~ R[wgnm]. The effective distance
traveled by waves at this frequency, in terms of r,, due to
the phase factor in Eq. (68), is given by

2r5" = log(y|Mwoam] — mQ.[)/aTy.  (71)

Similar to the Lorentzian case, here —27¢® corresponds to
the time lag between echoes.

As shown in Ref. [57], the Boltzmann reflectivity leads
to a stable ECO. Basically, the BH potential barrier has a
reflectivity higher than unity for @ < m€,, and the ECO
simply needs to have a reflectivity that decreases fast
enough as p increases from zero.

IV. HORIZON WAVEFORMS AND ECHOES

In this section, we discuss numerical features of GWs
that go down the horizon and echoes generated using
several models of the ECO reflectivity.

A. Prescriptions for computing echoes

We first review existing prescriptions and show how our
prescription is connected to and differs from these previous
studies. In existing literature, in particular Wang et al. [57]
and Maggio et al. [51], echoes are obtained from the

outgoing GWs at infinity and the SN transmissivities and
reflectivities. In the “inside prescription” of [51,57], one has

RECO RBH

o0 ECO _ 7,00 BH
h =h + 1= RECORBH

(AP gp.  (72)

where “RD” represents the ringdown part of the binary black
hole coalescence waveform 7% BH,

In this work, following Ref. [78], we propose that it is in
fact RECOT that follows the reflectivity models described in
Sec. I C, since RECOT is directly connected to the tidal
fields measured by fiducial observers near the horizon. One
must take a reflectivity from Sec. III C, and convert it into a
SN reflectivity REC© using Eq. (58).

The second difference between this study and previous
work is that we obtain the ingoing y, wave toward the
horizon directly from Teukolsky formulation. This is
equivalent to obtaining it directly from the SN formalism
foryy, e.g., done in Ref. [59] for radially infalling particles.
We insert the ingoing Teukolsky amplitude ZHBH, obtained
from Eq. (24), into Eq. (41) to compute echoes. This is
equivalent to using Eqs. (45)-(47).

We would like to mention that instead of computing
ingoing wave via 4 (or the SN formalism for y,), one can
also compute the ingoing v directly, and then use Eq. (62)
to compute echoes. As discussed, since the reflection on the
ECO surface is really a relation between the ingoing v
and the outgoing v, this approach is more direct and not

1050

0.4 Re(Z") carly part removed 0
—= Im(Z") early part removed 10
1040 —— Re(Z") self field removed
= 1030 107!
L1020
1072
1010 —— | ZH] self field removed
P | ZH |
1000 - 103
1000 1020 1040 1060 1020 1030 1040 1050 1070 1080 1090 1100 102 1071 100
t/M wM
1050
0.3 100
1040 0.2
——= Re(z")
0.1 5 =1
imo B 10
5 0.0 1
L1020
—0.1 10-2
1010 =i —— | ZH] self field removed
— |Z"|
1000 03 10-3
1000 1020 1040 1060 1020 1030 1040 1050 1070 1080 1090 1100 1074 107! 100
t/M wM

FIG. 4. Advanced-time trajectory and horizon waveform Z"BH_ with and without self field, corresponding to a trajectory fitted to the
NR waveform shown in Fig. 1 (Top row: ¢ = 1, bottom row: ¢ = 4). The left panels show the advanced time verses coordinate time. In
the late stage of the particle plunge, advanced time converges to a constant. All the late-time pieces in the integration for ZHBH
accumulate near this epoch, resulting in a dip near 7/M = 1047, as shown in the middle panels. The right panels show the frequency
spectrum |ZHBH ()|, which peaks at the QNM frequency of the final BH.
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subject to uncertainties of whether the ingoing y, can be
converted into the ingoing v reliably using the Teukolsky-
Starobinsky relation when the point particle plunges into
the horizon. We leave this for future work.

B. Features of horizon waveforms

In Fig. 4, we plot the horizon waveform Z5BH for ¢ = 1
and ¢ = 4. There is a feature in the time-domain horizon
waveform, right at the advanced time when the particle
plunges into the horizon. This differs from the discussion
for scalar fields by Mark et al. [38], and has to do with
curvature perturbations due to a point particle. As shown in
the figure, the feature occurs at a rather early time in the
horizon waveform. Therefore most of the echo does arise
from GWs that hit the ECO after the point particle plunges
into the horizon.

To compute the energy of the GWs going down the
horizon, we need to convert y,4 to ), using the Teukolsky-
Starobinsy identity and then the Hartle formula of BH area
increase, which leads to Eq. (4.44) in Ref. [81]:

dE™*  64wp(p? +4€)(p? + 16€*)(2Mr,)°
dw a ‘m 7[|Cfmm|2
X | Z ey |- (73)

This leads to diverging energy going down the horizon,
even for each individual #, as indicated in Fig. 5. However,
at least in the Schwarzschild case, this energy should not
diverge for each ¢, as shown in Ref. [82]. We suspect that
this is due to the fact that the Teukolsky-Starobinsky
identity does not apply to our case, where the particle
plunges into the horizon, but leave the detailed study for
future work. In our current formulation, the divergence of
the energy flux is a direct consequence of the “self-field”
feature of ZMBH near the location where the particle
plunges. We resolve this issue by replacing the part of
the waveform near plunging time by a spline interpolation
using sample points on the waveform away from the

0.125 A

—— EH self field removed
....... EH

0.100 4

0.075 1

0.025 1

0.000 1

0.0 05 1.0 15 20
Mw

FIG. 5. The ingoing energy spectrum of the merger waveform
with ¢ = 1. The dashed curve shows the energy spectrum directly
computed. The solid curve shows the energy spectrum of the
interpolated waveform after removing the self-field part.

plunging time. Smoothing out this feature in the time
domain (see middle panels of Fig. 4) can fix the energy
divergence (blue curve in Fig. 5) without significantly
affecting echo waveforms, as discussed later in Sec. IV C 3.

C. Features of echoes

In Fig. 6, we plot the GR and echo waveforms for
binaries with g = 1, using Lorentzian (the first and second
rows) and Boltzman reflectivities (the third and fourth
rows), either imposing them on the SN functions (the first
and third rows), or on Teukolsky functions (the second and
fourth rows) using the prescription described in Ref. [78].
We zoom in and show the details of the first echo in each
row on the right panels.

1. Lorentzian reflectivity

For Lorentzian reflectivity RL, e simply scales the
magnitude of the nth echo by &, while |2b,| shifts the
time-domain separation between echoes (effects of e and b on
the first echo are shown in the left panels of the first two
rows in Fig. 6). The bandwidth I" of the reflectivity acts
as a low-pass filter in the reference frame of the ECO
surface, therefore it filters out frequency components with
|o —mQ,| S T. By comparing the first and second rows of
Fig. 6, we find that the new boundary condition, imposed on
curvature perturbations (the second row), gives rise to
slightly weaker echoes than those with the condition imposed
on the SN functions (the first row), but does not modify the
qualitative features of the echoes. This is consistent with the
conversion factor in Eq. (58) with an absolute value smaller
than unity in the frequency band of the echoes, i.e., around
@ ~ m&2, and higher toward wqgny (as shown in Fig. 3).

2. Boltzmann reflectivity

The Boltzmann reflectivity RZ only has one free
parameter y, which simply shifts the separation between
echoes (as well as between the first echo and the GR wave)
in the time domain by 2758, as given by Eq. (71). Similar
to the Lorentzian case, the new boundary condition on
curvature perturbations leads to slightly weaker echoes, for

the same reason discussed above.

3. Removal of “self field”

In Fig. 7, we investigate the impact of removing the
feature of ZMHBH near the location where the particle
plunges into the future horizon. We compare the original
first echo, the one resulted from a smoothed version of
ZHBH a5 well as the one obtained by completely removing
the part before the plunge from ZHBH. The “self-field-
removed” waveform is obtained by smoothing out the
feature near plunging time using interpolation based on
sample points away from the plunging time in ZH. [See
solid lines in the middle panels of Fig. 4.] The “early-part-
removed” waveform is obtained by applying a window
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FIG. 6. Echoes for an equal-mass binary merger (¢ = 1) with Lorentzian (top two rows) and Boltzmann (bottom two rows)
reflectivities imposed on SN or Teukolsky radial functions. Top row: Impose Lorentzian reflectivity on SN functions. The left panel
shows how ¢ and b, /M in Lorentzian reflectivity change the magnitude and separation of echoes (MI" = 0.5). The right panel shows
how I' impacts the shape of the first echo (with ¢ = 0.2, b,/M = —75). Second row: (similar to the top row) Impose Lorentzian
reflectivity on Teukolsky radial functions. Third row: Impose Boltzmann reflectivity on SN functions. The left panel shows how y in the
Boltzmann reflectivity changes the echoes. The right panel shows how y impacts the shape of the first echo [time is shifted by 27TB, as
defined in Eq. (71), to align with the first echo]. Bottom row: (similar to the third row) Impose Boltzmann reflectivity on Teukolsky
radial functions. Imposing reflectivities on Teukolsky functions (the more physical approach) tends to generate echoes with lower
amplitudes than imposing the same reflectivities on the SN functions; this can be understood from the frequency content of ZHBH and
the conversion factors shown in Fig. 3.

function to Z" in time domain [See dot-dashed lines in  same Parke-Taylor window as defined in Appendix B 4.
the middle panels of Fig. 4.]. The window is 0 before the  of [38] with width t, —# =20M and starting time
plunging time and gradually increase to 1 after that (the ¢, = 1060M). The differences caused by the removal
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Impact of the particle self-field on echoes using the Lorentzian reflectivity for SN functions with ¢ = 0.2, MI' =1, b, =

—75M (left) and the Boltzman reflectivity for SN functions with y/M = 0.2 (right). Both panels display the first echo directly computed
using the particle plunging orbit (red dashed curve), after removing self-field region (blue solid curve), and after removing all early-time

waves (yellow solid curve).
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The real part (left panel) and the imaginary part (right panel) of RECOREH

1.0
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m
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when £ = |m| = 2 using the Lorentzian

‘mw " Cmao

reflectivity with e = 1 and MT" = 0.21. For m = —2, the real part is flipped such that Re[RE®C (—w)RBH ()] is shown instead, and the
imaginary part is also flipped such that —Im[RECC(—w)RBH (—w)] is plotted. This shows explicitly that the equatorial symmetry is

preserved such that RECORBH "— (RECO_ RBH "y«

of these features are shown in Figs. 7 and 15. In Fig. 7, only
one parameter setting is shown for Lorentzian and
Boltzman reflectivity, but the relative shape among the
three kinds of waveforms is similar for several different
parameters that we have tested. The differences are smaller
for Boltzmann reflectivity and for Lorentzian reflectivity
with small T'; in these cases high-frequency features are
filtered out by the bandwidth of the frequency-dependent
reflectivity. See Fig. 15 in Appendix C.

4. Polarization of the echoes

For the waveforms and reflectivity models considered
here, we have R,_,_, =R, for both ECO and BH
reflecitivites, and h,_,,(—w) = h}, (@) for all waveforms,
including the main wave and the echoes. For example,
the fact that RECORBH "— (RECO_ RBH "+ is shown
explicitly in Fig. 8. This means that, for the models
considered here, we do not see the polarization mixing
pointed out by Maggio et al. [51]. Note that the effect of

polarization mixing is absent as long as we consider pairs
of £m simultaneously, while for an individual m, such
polarization mixing can still exist.

In Fig. 9, we plot both the + and X polarizations, for the
GR wave and the first two echoes, and for inclination angle
©® =0 (face on) and ©® = n/2 (edge on)—indeed, the
polarization state of the echoes traces that of the main
wave. The echoes are approximately circularly polarized
for the face-on case, and linearly polarized for the edge-
on case.

We also see that even by accounting for the £ — ¢’
mixing effects due to the ECO rotation, as considered in
Ref. [78], polarization mixing is still absent. This is because
the equatorial symmetry is not broken by the deformation
of the spacetime geometry due to the ECO rotation. To
observe polarization mixing proposed by Maggio et al.
[51], one can consider precessing binaries, whose source
modes can be explicitly decomposed into those with
hyp(—w) = h3, (0) and h,_,(-w) = —h}, (w) [78].
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FIG. 9. The plus and cross polarizations of the first two echoes when viewing the ECO at two different angles, ® = 0 (left panel)

where the echoes are circularly polarized and ® = 7/2 (right panel) where the echoes are linearly polarized (no cross polarization) using
our prescription and the Lorentzian reflectivity model with ¢ = 1 and MT" = 0.21.

D. Comparison between prescriptions domain are shown on the right panels. The echoes obtained

We finally compare our numerical waveforms with the
results from the “inside” formulation [51,57], as outlined in
Eq. (72). The comparison is shown in Fig. 10 using (a) a
Lorentzian reflectivity and (b) a Boltzmann reflectivity. We
can see that the magnitude of echoes are substantially
different. The differences between these models in frequency

using our model are weaker than those from the “inside”
prescription. This is because Z"BH does not peak at
@~ m&, in our method (it peaks at wqgny, as indicated
in Fig. 4); while for the “inside” model, it naturally peaks near
w ~ mQ., by using (D'"/D*)Z*BH (or Z*BH) (o estimate
the ingoing y4 toward the horizon. Thus, the echoes from
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(b) Using Boltzmann reflectivity with parameters y/M =1 and Tqou = T

FIG. 10. Comparison between the echoes generated using the “inside” prescription and the method in this paper. Left panel: the first
echoes in time domain; middle panel: the second echoes in time domain; right panel: the first and second echoes in frequency domain.

Note that Refs. [51,58] both correspond to the “inside” prescription. The echoes in this paper are weaker than those obtained using the
“inside” formulation.
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our method are suppressed by @ — m€ .
compared to the inside model.

It seems peculiar that the results from our model and the
inside model have a large discrepancy. As clarified above,
one can see that the spacetime region above the plunge
trajectory in the spacetime diagram (left panel of Fig. 2) is
free of sources, and therefore y, in this region should
be characterized by a homogeneous solution with no
incoming wave from the past null infinity, or R* in
Eq. (5). However, since the conversion from y, at infinity
to w4 on the future horizon is done in the Fourier domain,
and the homogeneous solution is only valid for part of the
future horizon, additional transient waves may need to be
added to this conversion, e.g., corresponding to the poles of
the frequency-domain conversion factor. Thus, the ZHBH
computed using our method is a more faithful representa-
tion of w4 going down the horizon.

However, a more faithful horizon-going y, does not
guarantee a better approximation for curvature perturbations
for the fiducial observers, and hence a better approximation
for the echoes. This is because i, associated with the ingoing
wave is directly responsible for tidal perturbations for the
fiducial observers, and we obtain ingoing v by applying the
Teukolsky-Starobinsky identity to the ingoing y,. However,
strictly speaking, the Teukolsky-Starobinsky identity only
applies to homogeneous solutions. One hint that this
approach may not be sound is the fact that the amount of
energy going down the horizon computed this way diverges
for the (2,2) mode alone; the same behavior is also seen in
Ref. [59] for radially plunging particles. As discussed before
[82], for a plunging point particle, even though the total
ingoing GW energy summed over all £’s are divergent, the
energy corresponding to each individual # does not diverge.
We believe it is necessary to directly compute the ingoing v,
in order to completely resolve the above issue.

when @ ~ mQ,,

M =60Mg, q =1, dy, =100 Mpc
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(a) Inside prescription

FIG. 11.

V. DETECTABILITY

In this section, we discuss the detectability of echoes
with current and future detectors. To quantify the detect-
ability, one can compute the optimal signal-to-noise ratio
(SNR) pgpi, which is defined as [83]

RN 100
popt—% A

where S, (f) is the one-sided noise power spectral density
of a detector, and h(f) is the strain measured by the
detector which is given by

(74)

(75)

with F, , being the detector response to the plus and the
cross polarization respectively.

Following Ref. [83], we define a new quantity H, ,(f)
that factors out the 1/d; dependence on the luminosity
distance d;, [84] for each polarization, where

- 1

hix(f) = a (76)

H+,><(f>'

The direction and orientation averaged optimal SNR (p?) is
then given by [83]

) / / |H+(®<1>f)|2+IH (©.2./)P
58 Sa(f) ’
(77)
where the angle bracket (...) denotes average over the sky

location angles of the source with respect to the detector,
the polarization angle and the polar angles of the detector

M =60Mg, q=1, dy, =100 Mpc

1.0
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0.2 0.4 0.6 0.8 1.0
I'/k

(b) Our prescription

SNR and detectability of echoes in the e-I" parameter space for the Lorentzian reflectivity model assuming the Advanced

LIGO design sensitivity [86] with N ,, = 5 at a luminosity distance of d;, = 100 Mpc. The solid contour corresponds to the maximal
SNR pop = 8 as the detection threshold. Here we set b, = —100M. This choice of b, is not expected to affect the detectability as it
mostly affects the time delay between echoes. We see that echo signals from the inside prescription are only detectable in a small part of
the parameter space, while the echoes obtained using the method in this paper are generally too weak to be detected.
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FIG. 12. Same as Fig. 11 but with Cosmic Explorer at its design sensitivity [87]. The solid contours correspond to the maximal SNR
Popt = 8 as the detection threshold, while the dash-dotted contours correspond to the location-and-orientation averaged SNR of 8. We
see that the detectable e—I" parameter space using the inside prescription is much larger, with the threshold of € being detectable reaching

as low as

~0.2. With Cosmic Explorer, the echoes computed using our prescription are now strong enough to be detected, but with a

smaller detectable parameter space compared with that using the inside prescription.

with respect to the source (with dQ = sin @dOd®d). If we
only consider the # = |m| = 2 modes, the averaging over
the orientation can also be done analytically. In fact, it is
given by [85]

16
T 5d

f)

Similarly, we can also compute the maximal p,, by setting
the source to be face-on (® =0) and directly above a
detector (F,, = 1), ie., both optimally oriented and
optimally located.

We compute both the direction-and-orientation averaged,
as well as the maximal optimal SNR of the first five
echoes in Advanced LIGO at the design sensitivity [86]
and Cosmic Explorer [87] with both the Lorentzian and

M =60Mg, q=1, d, = 100 Mpc

1.0 — 60
S ; |
Py O 5 Popt = §
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3 20 &
20 QL
= 05
Advanced LIGO at design sensitivity
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—1.0 T T T 0
—20 —15 —10 -5 0
logyo(v/M)
(a) Inside prescription
FIG. 13.

Boltzmann reflectivities, using the inside prescription and
the prescription in this paper. However, we only use the
Teukolsky formulation for reflectivity; the corresponding
transformed SN reflectivity becomes weaker (see Fig. 3 for
¢ = m = 2 where most of the wave contents are concen-
trated in the positive frequencies). These differ from the
treatment in Ref. [58].

Figures 11 and 12 show the SNR and detectability of
echoes in the e-I" parameter space for the Lorentzian
reflectivity model assuming the Advanced LIGO and
Cosmic Explorer at their design sensitivities, respectively.
For Advanced LIGO, we see that the echoes computed
using the inside prescription are only detectable in a small
part of the parameter space, while the echoes obtained
using the prescription in this paper are too weak to be
detected in the parameter space that we explore here

M =60My, q=1, d, = 100 Mpc

1.0
—  0.51
S 105
3 =
g 0.01 ®
& 20 £
QL
= 05
Advanced LIGO at design sensitivity
using our prescription
—1.0 T T T 0
—20 —15 —10 -5 0
logyo(v/M)

(b) Our prescription

SNR and detectability of echoes in the Toy—y parameter space for the Boltzmann reflectivity model assuming the Advanced

LIGO design sensitivity [86] with N, = 5 at a luminosity distance of d; = 100 Mpc. The solid contour corresponds to the maximal
optimal SNR p,,. = 8 as the detection threshold. We see that echoes obtained using the inside prescription are louder and detectable in
part of the Toy—y parameter space, while echoes obtained using our method are too weak to be detected.
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Same as Fig. 13 but with Cosmic Explorer at its design sensitivity [87]. The solid contours correspond to the maximal optimal

SNR pop = 8 as the detection threshold, while the dash-dotted contours correspond to the location-and-orientation averaged SNR of 8.
Again, we see that the detectable T o~y parameter space with the inside prescription is much larger for Cosmic Explorer, compared with
Fig. 13 for Advanced LIGO. Echoes computed using our prescription are also loud enough to be detected, but again the detectable
parameter space is smaller compared with the inside prescription. The plots also indicate that the detectability of echoes is generally

independent of the value of y.

(0<e<1, 0<I'/k <1). This implies that if our pre-
scription is correct, we would not be able to detect echoes
with second-generation terrestrial detectors, and would
require next-generation detectors in order to test the
existance of ECOs via GW echoes. Indeed, Fig. 12
indicates that with Cosmic Explorer, a much larger fraction
of the e—I" parameter space allows detection for echoes
from both the inside model and our prescription.

Figures 13 and 14 show the SNR and detectability of
echoes in the Tou—y parameter space for the Boltzmann
reflectivity model assuming the Advanced LIGO and
Cosmic Explorer at their design sensitivities, respectively.
Similar to the Lorentzian reflectivity model, echoes
obtained from the inside prescription are only detectable
in a small part of the parameter space explored (—1 <
logyo (Tou/Tu) <1, =20 <log,oy < 0) with Advanced
LIGO, while we would not see any echoes from our model
with second-generation detectors. Detecting echoes would
become more promising with next-generation detectors.
Interesting, from the plots we see that the detectability of
echoes is generally independent of y.

VI. CONCLUSIONS

In this paper, we compute GW echoes from merging
ECOs that arise from the waves reflected by the surface of
spinning ECOs. The exterior spacetime of a spinning ECO
is modeled as Kerr spacetime except in a small region
above the horizon where a reflecting boundary exists. We
obtain the echo waveforms by first computing the y, of the
GWs that travel toward the horizon of the final BH in the
case of BBH mergers, and then computing the subsequent
reflection from the ECO surface and the Kerr potential
barrier, in the case of ECO. More specifically, we solve the

Teukolsky equation for w, sourced by an inspiraling
particle that eventually plunges into the horizon of a
Kerr BH. In order to model binaries with comparable
masses, which is the most interesting case with existing
GW events, we have adopted an EOB-like approach: by
modifying the trajectory of the infalling particle and
calibrating the GWs at infinity to match NR surrogate
waveforms, we can obtain the horizon-going GWs that
approximate those of comparable-mass mergers. For com-
parable-mass binaries, our approach is only designed for
echoes reflected by the surface of the final ECO.
Nevertheless, from Fig. 7 (and the associated discussions),
we show that most of the echoes arise from the reflection of
waves that propagate toward the final horizon after the
particle plunges. This justifies our approximation. Our
approach can be straightforwardly generated to nonpre-
cessing spinning binaries.

In the comparison with previous work, we use prescrip-
tions of the ECO reflectivity that are better connected to
spacetime geometry near the ECO surface (obtained from a
companion paper [78]). More specifically, the reflectivity
RECOT in our method is directly related to the tidal
response of the ECO surface to the external curvature
perturbations due to incoming GWs. This reflectivity can
also be converted into an effective reflectivity for SN
functions using Eq. (58). Numerically, this conversion
factor leads to discrepancies in the resulting waveforms,
although it does not qualitatively modify the main features
of the echo waveform.

The echo waveforms we obtain here are significantly
weaker than those obtained by Maggio ef al. and from the
“inside” formulation of Wang et al., because the y, we
obtain by directly solving the Teukolsky equation turns out
to be much smaller in magnitude than those obtained in
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previous studies (see Sec. IV D for details). Nevertheless,
our echo waveforms are comparable to those of the close
limit approximation [46]. As shown in Sec. V, the echoes
obtained in this paper are not expected to be detectable
using the second-generation detectors, and we would need
the next-generation detectors to test ECOs via GW echoes.
One subtlety in our calculation is about obtaining the
reflectivity for y, on the ECO surface. When applying
the RECOT between the ingoing and outgoing y,, the
Starobinsky-Teukolsky relation between the ingoing
and the ingoing 1, has been assumed. Strictly speaking,
this relation only applies to homogeneous solutions of the
Teukolsky equation and may not apply to the situation here.
A more direct approach, to be studied in future work, is to
compute the ingoing v, and then obtain the y, of the
echoes by applying reflectivities to the ECO surface.
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APPENDIX A: SOURCE TERM IN
TEUKOLSKY EQUATION

Consider a massive point particle with the trajectory
X = (t,r(1),0(1), (1)) (expressed in Boyer-Lindquist
coordinates) in Kerr spacetime with instantaneous energy
E and angular momentum in z direction L,. Following
Ref. [88], the source term 7 4, induced by this trajectory
is (see Eq. (2.24) of [88]):

Tfmm(”/) _ /°° dtei[wt—mqﬁ(t)]AZ(rI)

X {[AnnO +Anﬁz0 +An‘1ﬁ10}5(r/ - r(t))
+ 0y ([Apmr +Apm|8(r = (1))

+ 03 Anmad(r = r(1))]}, (A1)

where the coefficients are given by
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The operators appearing in the coefficients are defined by

Ll = 89—.19+awsin9+scot9.

S (A4)

The coefficients are different from [88] by a factor of
1/+/2x due to normalization. The spin-weighted spheroidal
harmonics functions we use are normalized as (while in
Ref. [88] this expression is normalized to 1):

x 1
/ LS5 (0)]2 sin 06 — —.
0

> (A5)

APPENDIX B: SASAKI-NAKAMURA
FORMALISM

Transformation between Teukolsky function R,,,, and
SN function X, is given by Ref. [71]:
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1 ﬂr AXfma) ﬂ d Avamw
Rfmw:_ a+—= —— . (Bl)
n AJVrP+a> Adry@P 4+ 42

Taking Eq. (B1) into Teukolsky equation, one can find the
equation for SN function X,,,,:

dzxfmw
(dr+)?

demw

— F(r) P Ur)Xsme =0. (B2)

A detailed discussion of the SN formalism can be found in
Ref. [71]. Expressions for functions «, f, n and the
potentials F(r), U(r) can be found in Egs. (3.4)—(3.9) of
Ref. [76]. For completeness, we list # here:

n=co+ 5424 (B3)

with
co = —12ioM + A(A+2) - 12aw(aw —m),  (B4)
¢ = 8ia[3aw — A(aw — m)], (B5)
¢, = =24iaM (aw — m) + 12a*[1 = 2(aw —m)?],  (B6)
c3 = 24ia*(aw — m) — 24Ma?, (B7)
cy = 12a*. (B8)

The SN equation admits two homogeneous solutions
having purely sinusoidal asymptotic behavior since the
potential U(r) is short-ranged:
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‘mw Afmwe ’ r—=r,
H __ Aout iwrk in —iwr+
Xfm(u - Afmwe +Afmwe ’ r— oo, <B9)
and
0.02
early part removed
self field removed
0.01 » ---- original

0.00 1

Re(hg2)

—0.01

—0.02
1180

1200 1220 1240 1280

t/M

1260

FIG. 15.

co __ (out Liprx in —iprx
Xfmw - Cfmwe + lemwe ’ r—=rg,
co ayalc ior*
Xfmw = Ltmw® ’ r— oo. (BIO)

The homogeneous equations X*** are related to R”** by
Eq. (B1) and thus the asymptotic amplitudes A"°'¢, Ain Aout,
Cin cout C Bhole Bin B°Y and Din DOt D™ have fol-
lowing relations [88]:

i;m(u = WA;IWM)’
2
Bout  — _ 4o out
‘me —12i0oM + A(A +2) — 12aw(aw — m) "
L A I (B11)
Di;lnl(ﬂ = d)/;rlnwcl;mw’
4p\2Mr_ (2Mr p + iVM? — a?)
D(I;ul - _ C(}ul ,
4 2
D;oma) == : “ C;omw
—12ioM + A(A +2) — 12aw(aw — m)
(B12)
where

dz,’mw = \/M[(g —24iMw — 16M2a)2)r%r
+ (12iam — 16M + 16amMo + 24iM’w)r .
- 402m2 - 12lde + SMZ] (B13)

We note the subtlety that since the transformation between
X and R contains derivatives, in regions where the source
does not vanish, one has to expand the coefficients of X and
R up to the second order in 1/r at infinity and A” near
horizon in order to obtain the correct transformations.

0.2
early part removed
self field removed
0.1 . ---- original
3 A
< 001 a
&
Y
—0.11
—0.2
1180 1200 1220 1240 1260 1280

/M

Same as left panel of Fig. 7, but for I' = 0.01 (left) and I' = 0.1 (right).
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APPENDIX C: INFLUENCE
OF SELF-FIELD REMOVAL

In Sec. IV C 3, we discussed the influence of self field
removing on the echo waveforms. Here we show the results
for different I" parameters using Lorentzian reflectivity in

Fig. 15. As I' decreases, the echo waveforms that have
the self-field removed are closer to the original ones,
because the with smaller I, the Lorentzian reflectivity
filters out a larger part of the high-frequency self-field
contribution.
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