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ABSTRACT  20 

Exposure of nanoparticles in a porous medium, such as a hydrogel, to low-intensity ultrasound 21 

has been observed to dramatically enhance particle penetration rate. Enhancement of 22 

nanoparticle penetration is a key issue affecting applications such as biofilm mitigation and 23 

targeted drug delivery in human tissue. The current study used fluorescent imaging to obtain 24 

detailed experimental measurements of the effect of ultrasound amplitude and frequency on 25 

diffusion of nanoparticles of different diameters in an agarose hydrogel, which is often used as a 26 

simulant for biofilms and biological tissues. We demonstrate that the acoustic enhancement 27 

occurs via the phenomenon of oscillatory diffusion, in which a combination of an oscillatory 28 

flow together with random hindering of the particles by interaction with hydrogel proteins 29 

induces a stochastic random walk of the particles. The measured variation of acoustic diffusion 30 

coefficients with amplitude and frequency were used to validate a previous statistical theory of 31 

oscillatory diffusion based on the continuous time random walk approach.  32 

 33 
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I. INTRODUCTION 34 

 Most microorganisms have the capability to live in either a freely floating (planktonic) 35 

state or in a wall-bounded state called a biofilm, in which they are encapsulated by a hydrogel 36 

formed of proteins called extracellular polymeric substances (EPS). Bacteria, for instance, spend 37 

on average about 90% of their time in biofilms and the remaining 10% in a planktonic state. The 38 

EPS found in bacterial biofilms offer protection to the bacteria in a variety of ways, including 39 

shielding the bacteria from predators, reducing shear stress from fluid flows, and neutralizing 40 

antibiotic chemicals that are harmful to the bacteria (Singh et al., 2017). Bacterial biofilms pose a 41 

danger in promoting infectious diseases (Costerton et al., 1999), in contamination of water 42 

purification systems (particularly in restricted environments such as during space travel) (Makris 43 

et al., 2014; Venkateswaran et al., 2014; Singh et al., 2018), and in fouling water flow lines 44 

(Characklis, 1981), to name only a few important applications. A primary method for mitigation 45 

of biofilms is by transport of anti-microbial agents (called biocides) into the biofilm via 46 

nanoparticles (Han et al., 2017). Nanoparticle-based biofilm mitigation strategies include silver 47 

nanoparticles (Siddique et al., 2020), liposomes or lipid-polymer hybrid nanoparticles 48 

encapsulating antibiotic chemicals (Cheow et al., 2011; Forier et al., 2014; Ma et al., 2015), 49 

hybrid nanoparticles with antimicrobial polymeric surface coatings (Galvão et al., 2018), 50 

photothermal bacterial mitigation using gold nanoparticles heated by infrared light (Millenbaugh 51 

et al., 2015; Zharov et al., 2006), and magnetic iron-oxide nanoparticles (Li et al, 2019; 52 

Mohammed et al., 2017).  53 

 A key step in nanoparticle-based biofilm mitigation approaches involves forcing the 54 

nanoparticles to penetrate into the biofilm. For magnetic particles, penetration into the biofilm 55 

can be readily controlled by application of an external magnetic field (Li et al., 2017). Biofilm 56 
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penetration for liposomes is generally controlled by diffusion of the nanoparticles through the 57 

EPS matrix, which depending on the particle size relative to the pore size, can be influenced by a 58 

variety of hindering processes involving nanoparticle capture by the porous structure (Fatin-59 

Rouge et al., 2004; Peulen and Wilkinson, 2011).  60 

 A number of investigators have observed that acoustic excitation can significantly 61 

enhance particle penetration into porous media. Thomas and Chrysikopoulos (2006) conducted 62 

experiments on acoustic enhancement of diffusion of particles in a packed bed of spheres, 63 

building on previous work by Vogler and Chrysikopoulos (2002) for acoustic enhancement of 64 

solute transport. These authors proposed a phenomenological model in which an effective 65 

acoustic diffusion coefficient was added to the molecular diffusion coefficient, where the 66 

acoustic diffusion coefficient is a function of the acoustic wave amplitude.   67 

 In studies of the effect of ultrasound on use of liposomes containing recombinant tissue 68 

plasminogen activator (tPA) for lytic treatment of acute stroke, Tiukinhoy-Laing et al. (2006) 69 

and Shaw et al. (2009) observed that exposing the liposomes to low-intensity ultrasound (120 70 

kHz frequency) significantly helped to improve effectiveness of the treatment. However, the 71 

mechanism by which this improvement was achieved was not clearly identified in these papers. 72 

Schroeder et al. (2009) discussed the use of ultrasound to control release of drugs from 73 

liposomes for medical treatments. 74 

 Ma et al. (2015) conducted a study of antibiotic-containing liposome treatment of an 75 

alginate biofilm and reported that application of low intensity ultrasound significantly enhanced 76 

transport of liposomes into an alginate hydrogel, including both the liposome transport from 77 

solution to the hydrogel outer surface and liposome penetration into the hydrogel. Alginate and 78 

agarose hydrogels are often used as physical models for biofilms since they share similar 79 



  5

mechanical properties to the biofilm EPS, but they have the advantages of fast setup and 80 

consistent properties compared to natural biofilms (Jung et al., 2015; Rowley et al., 1990; 81 

Smidsrǿd et al., 1990). In a follow-up work, Ma et al. (2018) conducted a preliminary study of 82 

the effect of ultrasound on nanoparticle diffusion in a two-layer agarose hydrogel, in which the 83 

top layer is initially seeded with fluorescent nanoparticles and the bottom layer is unseeded. 84 

Using a single ultrasound frequency and amplitude and two different nanoparticle sizes, this 85 

work was the first to measure the enhancement of nanoparticle diffusion coefficient in a hydrogel 86 

caused by exposure to low-intensity ultrasound. These measurements were performed by fitting 87 

numerical solutions of the advection-diffusion equation with two adjustable coefficients - the 88 

diffusion coefficient and the acoustic streaming velocity - to the experimental nanoparticle 89 

concentration data.   90 

 Mathematical modeling of oscillatory diffusion dates back to statistical modeling using a 91 

two-time continuous time random walk theory (CTRW) by Balakrishnan and Venkataraman 92 

(1981), in which particles are assumed to randomly flip between an oscillating state and a state in 93 

which they move at a constant random walk velocity. A simple stochastic model for oscillatory 94 

diffusion was proposed by Marshall (2016) in which particles are again assumed to exist in one 95 

of two states -- either an oscillating state or a captured state, in which their motion is temporarily 96 

hindered by the surrounding porous medium. While the parameters used in this model did not 97 

relate clearly to the particle and porous medium physical parameters (such as particle diameter 98 

and pore size), the model demonstrates that the combination of free oscillation and random 99 

hindering results in a diffusive process, which in the limit of many particles can in fact be 100 

accurately modeled using the standard diffusion equation with an effective diffusion coefficient 101 

that depends on the amplitude of the oscillatory flow.  102 
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     An experimental and modeling study was reported by Marshall et al. (2021) in which 103 

motion of individual particles was tracked in a packed bed of spherical beads subject to an 104 

oscillating flow field. The particle diffusive motion was found to be consistent with theoretical 105 

predictions for random walk processes, including linear variation of variance with time, power 106 

law variation of the power spectrum with inverse square of frequency, linear decrease of the 107 

autocorrelation function, and value of the ratio of kurtosis to variance squared close to 3. The 108 

experimental observations were used to propose a physics-based stochastic model for oscillatory 109 

diffusion which was shown to agree well with experimental predictions. Curran and Marshall 110 

(2021) reported a parametric study of this stochastic model, including good agreement with the 111 

analytical expression for effective diffusion coefficient obtained from the CTRW theory of  112 

Balakrishnan and Venkataraman (1981) within parameter ranges for which both the CTRW 113 

theory and the stochastic model assumptions are satisfied.  114 

 In the current paper, we conduct a detailed experimental study of the problem of 115 

acoustically-enhanced nanoparticle diffusion in a two-layer agarose hydrogel. The study extends 116 

and improves upon the work of Ma et al (2018), but uses a similar experimental set-up. The 117 

current study specifically examines the effect of different ultrasound amplitudes and frequencies 118 

on nanoparticle diffusion in a two-layered agarose hydrogel, and compares the observed 119 

variation of diffusion coefficient with amplitude and frequency to the CTRW theoretical results 120 

of Balakrishnan and Venkataraman (1981). The study also improves accuracy of the 121 

methodology used by Ma et al. (2018) by applying the requirement of particle mass conservation 122 

in order to eliminate one fitting parameter (acoustic streaming), allowing us to make more 123 

accurate measurements of the nanoparticle diffusion coefficient.  124 
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 The experimental method used in the study is described in Section 2. Results of the 125 

ultrasound exposure on nanoparticle diffusion is described in Section 3, and discussion of results 126 

is given in Section 4.  127 

  128 

II. EXPERIMENTAL METHOD 129 

A. Hydrogel preparation   130 

 A two-layered 0.8% agarose hydrogel sample was prepared in a Petri dish with one layer 131 

of clear agarose gel and another layer seeded with fluorospheres of 20, 40 or 100 nm diameter 132 

particles. The 0.8% agarose solution was prepared by mixing 0.2 g of agarose powder to 24.5 ml 133 

of deionized distilled water in a microwavable flask. The solution was microwaved for about 2 134 

min at 700 W power by swirling the flask occasionally until the agarose was completely 135 

dissolved. A surfactant, 1 ml of 5% sodium dodecyl sulfate (SDS) (5 g per 100 ml), was added to 136 

the agarose solution while magnetically stirring the solution at 90C for 3 min. This surfactant 137 

was important to eliminate particle agglomeration during formation of the seeded agarose layer.  138 

 An amount of 12 ml of this solution was poured carefully over the Petri dish to avoid any 139 

bubble formation and allowed to set for 5 min at room temperature (22C) to form a layer of 140 

clear agarose gel. For the seeded layer, a specified amount of carboxylate-modified microspheres 141 

(ThermoFisher Scientific) (200 l for 20 nm particles and 50 l for 40 and 100 nm particles)  142 

was first processed in a vortex mixer for 10 s and then added to the remaining 10 ml of clear 143 

agarose solution while continuously mixing by magnetic stirrer for 3 min at 90C. The solution 144 

was then poured over the clear agarose hydrogel layer, again avoiding any bubble formation, and 145 

allowed to gel for 5 min at 22C to form the upper layer of agarose hydrogel seeded with 146 

fluorospheres. The nanoparticle volume concentration in the seeded layer after hydrogel 147 
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formation (at the start of the diffusion experiments) was equal to 0.000128, 0.000118, and 148 

0.000079 for the 20, 40 and 100 nm particles, respectively. As discussed in Section 3, the 100 149 

nm particles exhibited minimal diffusion, so only a limited number of results were obtained with 150 

these particles.   151 

 152 

B. Ultrasound experiment    153 

 As shown in Figure 1, the ultrasound system consisted of non-focused transducers of two 154 

different center frequencies (Olympus NDT Inc., Waltham, MA), a function generator (Hewlett 155 

Packard 3314) to generate pulsed signals, and a power amplifier (ENI 240 RF, Rochester, NY) to 156 

drive the transducer to produce one-dimensional ultrasonic waves. The hydrogel samples were 157 

kept in deionized water and exposed to ultrasound for either 5 or 10 min, with the transducer 158 

held at 1 cm distance from the hydrogel surface to ensure that exposure occurs in the near-field 159 

region of the transducer. Experiments were conducted for frequencies of 0.50, 1.0 and 2.25 MHz 160 

at 10% duty cycle and ultrasound amplitudes of 0.10, 0.15 and 0.18 MPa, corresponding to a 161 

spatially-averaged and temporally-averaged intensity (ISATA) of acoustic waves of 0.36, 0.82 and 162 

1.18 W/cm2, respectively. The active radius of the acoustic transducer was b = 0.95 cm, and the 163 

Rayleigh distance was  /2baR  3.0, 6.0 and 13.5 cm for cases with frequencies of 0.50, 1.0 164 

and 2.25 MHz, respectively. The ISATA of acoustic waves were determined by using the radiation 165 

force method (Beissner, 1987), and amplitudes were then determined using the equation 166 

 167 

 CpI /2 , (1) 168 

 169 
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where I is the acoustic intensity, p is acoustic pressure,  is fluid density, and C is speed of sound 170 

in water. The measurements of intensity and pressure amplitudes were taken in distilled and 171 

degassed water at room temperature (20C) at 1 cm from the transducer.   172 

 173 

 174 

Figure 1. (Color online) Experimental set-up for the ultrasound measurements. 175 

 176 

 The transmission coefficient (T), ultrasound velocity, and attenuation coefficient of the 177 

hydrogel are listed for each transducer in Table I. These parameters were determined by 178 

measuring the transmitted signal through the two-layered hydrogel of thickness d = 2.1 mm 179 

using a hydrophone placed near the bottom of the clear agarose gel layer, using the equation  180 

 181 

 
2][

4

hw

hw

ZZ
ZZT


 ,  (2) 182 

  183 

where www CZ   and hhh CZ   are the acoustic impedances of water and hydrogel, 184 

respectively, and wC  and hC  are the ultrasound phase velocity in water and hydrogel. The 185 
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density of hydrogel was calculated as 03.098.0   g/ml using the water displacement method 186 

(Dan-Asabe et al., 2013).  187 

 188 

Table I. Data for ultrasound frequency (MHz), amplitude (MPa), transmission coefficient (T), 189 

speed of sound (m/s) and attenuation coefficient (dB/cm) used in the different experimental cases 190 

examined.  191 

 192 

Frequency 
(MHz) 

Amplitude 
(MPa) 

Transmission 
coefficient 

Speed of 
sound (m/s) 

Attenuation 
coefficient 
(dB/cm) 

1.00  0.10  0.999±0.003  1521±2.7  0.36±0.01 

1.00  0.15  0.999±0.001  1521±8.7  0.41±0.01 

1.00  0.18  0.998±0.015  1524±7.9  0.48±0.01 

0.50  0.10  0.999±0.001  1516±12.5  0.56±0.01 

2.25  0.10  0.995±0.009  1554±16.8  0.87±0.01 

 193 

The hydrogel acoustic attenuation coefficient ( h ) for each transducer was calculated by 194 

comparing the log-magnitude of the ratio of the Fourier transform of the transmitted signal 195 

through the hydrogel sample ( hA ) to that of a reference signal transmitted through distilled water 196 

( wA ), such that (Wu, 1996) 197 

 198 

 )/ln(
1

hwh ATA
d

 .    (3)     199 

              200 

Similarly, the ultrasound velocity was given by the phase velocity at the center frequency for 201 

each transducer. The ultrasound phase velocity in the hydrogel ( hC ) was derived from the phase 202 

of the complex spectra, given by Wu (1996) as 203 

 204 
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are the phase angles of the amplitude spectra of the hydrogel and water, respectively. The term 208 

m2  in (4) accounts for the ambiguity of the phase spectrum calculated from the arctangent 209 

function, where m is an integer.  210 

          The hydrogel was placed in a petri dish and immersed in the distilled water during the 211 

measurement. The transmission coefficient is inherent property of the material; hence it had no 212 

dependence on the frequency and amplitude. Uncertainty in the values recorded in Table I was 213 

determined by the root-mean square value of three repeated measurements. Over 99.5% of the 214 

incident ultrasound beam was transmitted through the hydrogel.  215 

 216 

C. Imaging   217 

 A cross-section from the two-layer agarose hydrogel was used as a sample for the 218 

imaging using a Nikon A1R confocal microscope located at the University of Vermont Imaging 219 

Center. The samples were cut from the same Petri dish to test for different ultrasound conditions. 220 

The images obtained from the microscope depict the left-hand side as the initially seeded layer 221 

and the right-hand side as the initially clear layer, with the interface between them coinciding 222 

with the origin (x = 0), as shown in Figure 2a-d for different ultrasound amplitudes using 1 MHz 223 

ultrasound frequency with 20 nm particles. The fluorescence intensity line profile can be 224 

obtained from these images using NIS software, where it is assumed that the fluorescence F is 225 
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proportional to the particle concentration c. The experiments were repeated three times for each 226 

case, with three different agarose hydrogels, and tests for each condition were performed on the 227 

same day to maintain the same ambient environment. Five intensity line profiles were drawn 228 

from each image. The experimental mean and least-square values were obtained using these 5 229 

intensity lines for each image. 230 

 231 

 232 

Figure 2. (Color online) Images obtained from a confocal microscope for the agarose hydrogel 233 

seeded with 20nm particles for different ultrasound conditions after 45 minutes of hydrogel 234 

formation: (a) control (no ultrasound); (b) treated using 1 MHz, 0.10 MPa ultrasound waves; (c) 235 

treated using 1 MHz, 0.15 MPa ultrasound waves; (d) treated using 1 MHz, 0.18 MPa ultrasound 236 

waves. 237 

 238 

III. RESULTS 239 

 We are interested to study the diffusion process of different particle sizes in agarose 240 

hydrogel with and without treatment by ultrasound. Diffusion results are presented by plotting 241 

the normalized nanoparticle concentration 0/ˆ ccc   as a function of the normalized distance into 242 
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the hydrogel Lxx /ˆ  . Here, 0c  is the value of particle concentration initially within the seeded 243 

layer and 1L  mm is the nominal length scale of the layer thickness. The value of ĉ  was 244 

measured by averaging the fluorescence ),( txF  as a function of distance and time on five 245 

horizontal lines within an image (such as those in Figure 2) within a series of 100 bins along the 246 

x-axis. The maximum value of fluorescence was set equal to the maximum fluorescence 0F , and 247 

the normalized concentration was estimated as 0/ˆ FFc  . The origin was determined for each 248 

line by the requirement of nanoparticle mass conservation, which for a one-dimensional 249 

diffusion process requires that the integral under the concentration curve is conserved in time. 250 

This mass conservation condition also serves to subtract out from the data the effects of any 251 

small convective effects, such as might be caused by acoustic streaming within the hydrogel or 252 

motion driven by acoustic radiation pressure (King, 1934). The resulting concentration curves 253 

can therefore be fit by solution of the diffusion equation (as described in Section IV) using the 254 

diffusion coefficient as a single fitting parameter. 255 

 Diffusion results for each particle size for control cases (i.e., cases without ultrasound 256 

treatment) are shown in Figure 3a, with the imaging conducted 45 min after hydrogel formation. 257 

The curves shown were formed by connecting the average values of 100 bins using line 258 

segments. The rate of diffusion was found to increase as the particle size decreases. The 100 nm 259 

diameter particles exhibited very little diffusion, so we conclude that these particles must be 260 

either larger than, or at least approaching, the hydrogel pore size. Figure 3b shows diffusion 261 

results for the control case with 20 nm particles at times of 10, 20, 30 and 40 min after hydrogel 262 

formation. One measure of diffusion of particles from the initially seeded layer into the initially 263 

unseeded layer is obtained by integrating under the normalized concentration curve over the 264 
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interval )1,0(ˆx , corresponding to the initially unseeded layer, to yield the integral penetration 265 

measure P, defined by 266 

 267 

 xdtxctP ˆ),ˆ(ˆ)(
1

0
 . (6) 268 

 269 

For the case shown in Figure 3b, we obtained P 0.0446, 0.0696, 0.0882 and 0.1087 for images 270 

at 10, 20, 30 and 40 min, respectively.  271 

 272 

 273 

 Experiments were conducted with different particle sizes and ultrasound amplitudes and 274 

frequencies, in which the particle fluorescence was measured at 45 min after gel formation. 275 

Results obtained by varying ultrasound amplitude from 0.10-0.18 MPa for cases with 20nm 276 

Figure 3. (Color online) Plots of particle normalized concentration ĉ  as a function of 
dimensionless distance x̂  for control cases: (a) comparison at 45 min after hydrogel formation 
for particle diameters 20 nm (C, blue), 40 nm (B, red) and 100 nm (A, green); (b) plot for 20 
nm particles at times after hydrogel formation of 10 min (blue), 20 min (red), 30 min (green) 
and 40 min (black). The standard deviation estimates lie within 0.01 for each condition. The 
arrow in (b) shows the direction of increasing time (t). 

(a) (b) 
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particles and ultrasound frequency 1 MHz frequency at 10% duty cycle and 5 min exposure are 277 

compared with the control case (with no ultrasound) in Figure 4a. It was generally observed that 278 

particle diffusion rate is enhanced by the application of ultrasound, with the amount of diffusion 279 

increasing as the ultrasound amplitude increases. The same tests conducted for 40 nm diameter 280 

particles are shown in Figure 4b, which similarly exhibits the trend of increasing particle 281 

diffusion rate with increase in ultrasound amplitude. 282 

 283 

 284 

 Figure 5 compares the control case with ultrasound-treated cases for frequencies of 0.50, 285 

1.00 and 2.25 MHz, all with amplitude 0.10 MPa, 10% duty cycle and 5 min ultrasound exposure 286 

time. The results show a clear enhancement of particle diffusion rate due to the imposition of 287 

ultrasound. A comparison of the results obtained with the three frequencies were closer to each 288 

other than was the control case, and show a small enhancement of particle diffusion rate with 289 

Figure 4. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 
particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control 
case (blue) and cases treated with ultrasound of amplitude 0.10 MPa (red), 0.15 MPa (green) 
and 0.18 MPa (black) at 1 MHz frequency. The arrow shows the direction of increasing 
amplitude (A)

(a) (b) 
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increase in ultrasound frequency. Results obtained with 20 nm particles (Figure 5a) and 40 nm 290 

particles (Figure 5b) exhibit similar trends. 291 

 292 

 293 

 The effect of ultrasound exposure time on the particle diffusion was examined by 294 

comparing results with 5 and 10 min exposure times and different ultrasound frequencies, in both 295 

cases with a 10% duty cycle. An example case with 1.0 MHz frequency and 0.1 MPa amplitude 296 

is shown in Figure 6 for 20 and 40 nm. For the 20 nm particles. we observe a significant 297 

enhancement of particle diffusion between the control case and the case with 5 min ultrasound 298 

exposure, and then a smaller increase in particle diffusion for the case with 10 min exposure. The 299 

40 nm particles exhibit a similar trend, but with an overall slower diffusion rate. 300 

 301 

Figure 5. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 
particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control 
case (blue) and cases treated with ultrasound of amplitude of 0.10 MPa of frequency 0.50 
MHz (red), 1.00 MHz (black) and 2.25 MHz (green). The arrow shows the direction of 
increasing frequency. 

(a) (b) 
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 302 

IV. DISCUSSION 303 

 In this section, the diffusion coefficient D is estimated for each experimental case by 304 

determining the value of D for which solution of the one-dimensional diffusion equation yields 305 

the best fit to the observed data at 45 min after hydrogel formation. It was assumed that the 306 

diffusion coefficient due to Brownian motion ( MD , molecular diffusion) and that due to the 307 

ultrasound forcing ( AD , oscillatory diffusion) are additive to obtain the total diffusion coefficient.  308 

 The concentration for the control samples (with no ultrasound treatment) is governed by 309 

the standard diffusion equation  310 

 311 

 
2

2

x
cD

t
c

M 




  for ftt 0 , (7) 312 

 313 

Figure 6. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 
particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control 
case (blue) and cases treated with ultrasound of amplitude of 0.10 MPa of frequency 1.00 
MHz for 5 min exposure (red) and for 10 min exposure (black). The arrow shows the 
direction of increasing exposure time (t). 

(a) (b) 
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where t is time since formation of the hydrogel, x is depth within the unseeded agarose hydrogel 314 

film, and ft  is the time interval following hydrogel formation at which the images were obtained. 315 

The initial particle concentration was assumed to be given by )](1[)0,( 0 xUcxc  , where )(xU  316 

is the step function. The final value of ),( txc  at time ft  for the control sample is denoted by 317 

),()( fC txcxC  .  318 

  When a sample is treated with ultrasound, the enhanced particle concentration exhibits 319 

additional diffusion, given by  320 

 321 

 
2

2

x
cDc

A 







 for At 0 , (8) 322 

 323 

where At  is the time duration of ultrasound application and   is a pseudo time variable. Equation 324 

(8) was solved numerically with the initial condition )()0,( xCxc C , and the final value of 325 

the concentration obtained from solution of (8) at At  is denoted by ),()( AT txcxC   .  326 

 Numerical solution of (7) and (8) was performed using the Crank-Nicholson method with 327 

time and spatial steps sizes  001.0/  Tt  and 01.0/  Lx , where T and L are characteristic 328 

time and length scales of the computation. The experimental data for the control and treated 329 

normalized concentration fields measured at the imaging time ft  are denoted by )(xeC  and 330 

)(xeT , respectively. Least-square error measures CE  and TE  are defined by 331 

 332 

 dxxCxeE CC

L

C
2

0

)]()([   , dxxCxeE TT

L

T
2

0

)]()([   . (9) 333 

 334 
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The numerical solution of (7) and (8) was repeated for a range of values of MD  and AD , and the 335 

corresponding error measures from (9) were tabulated for each case. The optimal diffusion 336 

coefficient values were set equal to the values with the smallest least-square error values.  337 

 An example comparing the best-fit diffusion curves with the binned experimental data is 338 

given in Figure 7 for 20 nm diameter particles. We observe that away from the origin, the 339 

computed diffusion curves fit reasonably well with the experimental data. Very close to the 340 

origin, the experimental data exhibits a jump that is not observed in the computed diffusion 341 

curves. This jump in the experimental data is believed to be due to the impedance of the interface 342 

between the two layers on passage of particles from one layer to the other.   343 

 344 

 345 

Figure 7. (Color online) Plot of the normalized particle concentration for 20 nm diameter 346 

particles measured at 45 min after hydrogel formation, showing binned experimental data 347 

(symbols) and best-fit diffusion predictions (black curves) for the control case (A, blue) and a 348 

case treated with ultrasound of amplitude 0.18 MPa at 1.0 MHz frequency (B, red). 349 

 350 

 An analytical prediction for the acoustic diffusion coefficient in oscillatory diffusion 351 

processes was given by Balakrishnan and Venkataraman (1981) using a two-time continuous 352 



  20

time random walk (CTRW) theory, in which particles are assumed to randomly flip between an 353 

oscillating state and a state in which they move at a constant random walk velocity. The resulting 354 

formula for the acoustic diffusion coefficient can be written as  355 

 356 

 









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22
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22
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

. (10) 357 

 358 

In this equation, f  is the ultrasound frequency and partA  is the amplitude of non-hindered 359 

particle oscillation in the porous medium. Under conditions of linear acoustics, it is expected that 360 

partA  is proportional to the ultrasound amplitude A . The parameter 0  denotes the average 361 

particle holding time in the oscillating state, in-between particle capture events. The CTRW 362 

theory assumes that the particle holding time has an exponential distribution for both the 363 

captured state and the oscillating state.  364 

 The acoustic diffusion coefficient AD  was estimated from the binned experimental data 365 

for each case examined. All results reported in the paper were obtained as the average value of 366 

diffusion coefficient from repeated experiments with three different hydrogels. The estimated 367 

acoustic diffusion coefficient AD  is plotted as a function of ultrasound amplitude in Figure 8a at 368 

a frequency of 0.1f  MHz and as a function of frequency in Figure 8b at an amplitude of 369 

1.0A  MPA, for both 20 nm and 40 nm diameter particle sizes. The error bars in Figure 8a 370 

were determined for each case by the root-mean-square of the acoustic diffusion coefficient 371 

values for repeated tests with three different hydrogels. The measured average value of the 372 

molecular diffusion coefficient MD  for these hydrogels were 6.31 m2/s and 3.29 m2/s for 373 

20nm and 40nm diameter particles, respectively. The curves shown in Figure 8a were generated 374 
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by fitting a quadratic equation of the form 2cADA  , where c is a fitting coefficient, to the 375 

estimated acoustic diffusion coefficient values for the 0.1f MHz data. The form of this curve 376 

is motivated by the dependence of AD  on partA  in (10), and the assumption that partA  is linearly 377 

proportional to the ultrasound amplitude A. This expression is observed to be a reasonably good 378 

fit to the acoustic diffusion coefficient values, indicating that the dependence on amplitude 379 

indicated by the theoretical expression (10) is consistent with our experimental data.  380 

 The dependence of acoustic diffusion coefficient with frequency is examined in Figure 8b. 381 

The open symbols in this figure are based on an ultrasound exposure time of 5 min, and the filled 382 

symbols are based on an ultrasound exposure time of 10 min. Consistent with Figure 5, we 383 

observe a modest increase in the acoustic diffusion coefficient with increase in ultrasound 384 

frequency and with increase in the acoustic exposure time. In order to compare this data to the 385 

theoretical result (10) for the acoustic diffusion coefficient, we fit curves of the form 386 

2 2
1 2/ (1 )AD C f C f   to the data for each particle size. In both cases the best-fit curves yield 387 

the same value of the coefficient 2C , which from (10) corresponds to an average particle hold-up 388 

time of 0 0.41   µs. Our results therefore provide strong confirmation of both the amplitude and 389 

frequency dependence in the theoretical prediction (10) for acoustic-enhance nanoparticle 390 

diffusion in a hydrogel.          391 
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       392 

 (a) (b) 393 

Figure 8. Acoustic diffusion coefficient AD  as a function of (a) ultrasound amplitude A at a 394 

frequency of 1.0 MHz and (b) ultrasound frequency f at an amplitude of 0.1 MPa. Data is shown 395 

for 20 nm diameter particles (circles) and 40 nm diameter particles (triangles). The curves in (a) 396 

are quadratic functions of the form 2
AD cA  and the curves in (b) are functions of the form 397 

2 2
1 2/ (1 )AD C f C f  , fit to the data for 20 nm particles (solid curve) and 40 nm particles 398 

(dashed curve). The open symbols are for data obtained after a 5 min ultrasound exposure time, 399 

and the filled symbols in (b) are for data obtained after a 10 min exposure time.   400 

 401 

 The integral penetration measure P provides a measure of the transport of particles from 402 

the seeded layer into the unseeded layer, starting with a value 0P  at the initial time and 403 

eventually approaching a value 5.0P  as the system approaches the equilibrium state in which 404 

the concentration achieves a uniform value across both layers. The values of the integral 405 

penetration measure P for different cases with 20 nm and 40 nm diameter particles examined at 406 

45 min after hydrogel formation are plotted in Figure 9 as a function of ultrasound amplitude A 407 

at a frequency of 1.0 MHz (Figure 9a) and ultrasound frequency f at an amplitude of 0.1 MPa 408 

(Figure 9b). The values plotted were obtained from the average value for the three hydrogels 409 

tested for each case. For the control case ( 0 Af ), the diffusion process is purely molecular, 410 

whereas for the ultrasound-treated cases, both molecular diffusion and acoustic diffusion 411 
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contribute to the measured values of P. In Figure 9a, the measured values of P obtained from 412 

binned experimental values are indicated by symbols and curves are fit to the predicted values 413 

from the fit diffusion solutions. Figure 9a indicates an increased penetration of particles into the 414 

initially unseeded layer with increase in ultrasound amplitude. Figure 9b similarly indicates an 415 

increase in the penetration of particles into the unseeded layer with increase in the ultrasound 416 

frequency. As expected, the case with 10 min exposure time (denoted by filled symbols in Figure 417 

9b) exhibited increased particle penetration into the unseeded layer compared to cases with 5 min 418 

exposure time (denoted by open symbols).    419 

 420 

      421 

 (a) (b) 422 

Figure 9. Plots of the integral penetration measure P for 20nm particles (circles) and 40 nm 423 

particles (triangles) as a function of (a) ultrasound amplitude A at a frequency of 1.0 MHz and 424 

(b) ultrasound frequency f at an amplitude of 0.1 MPa at a time of 45 min after hydrogel 425 

formation. In (a), predicted values obtained from the diffusion equation solutions are denoted by 426 

a ‘+’ for the 20 nm particles and by a ‘X’ for the 40 nm particles. The solid and dashed curves 427 

are best quadratic fits to the computed diffusion curve values for the 20 nm and 40 nm particles, 428 

respectively. In (b), the data is given for ultrasound exposures of both 5 min (open symbols) and 429 

10 min (filled symbols).     430 
 431 
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  We note that it cannot be entirely excluded that the ultrasound damaged the hydrogel and 432 

that this could have influenced the data to some extent. We took precautions in conducting the 433 

experiments to avoid such damage, and we have good reasons to believe that damage either did 434 

not occur, or if it did that it was so minor as to have negligible effect on our conclusions. To 435 

avoid any possible damage, we were careful to select experimental conditions that minimized 436 

heating of the hydrogel. This is the reason that all tests were conducted with low ultrasound 437 

intensity at a 10% duty cycle, and for ultrasound exposure time periods of only 5 or 10 min. A 438 

demonstration that the ultrasound at these conditions did not influence the nanoparticle diffusion 439 

within the hydrogel is given in Figure 8b, where diffusion coefficient values are presented as a 440 

function of frequency for both 5 and 10 min ultrasound exposures. The diffusion coefficients 441 

obtained with these two exposure times are close to each other, as would be expected if there 442 

were no effect on the hydrogel from the ultrasound.   443 

 We conducted a test of diffusion coefficient following ultrasound exposure for ultrasound 444 

treated samples prepared as described in Section II, with 5 min ultrasound exposure period, 1.0 445 

MHz frequency and 0.1 MPa amplitude ultrasound, and 20 nm particles. After the ultrasound 446 

was turned off, we continued to monitor the fluorescence field at 10 min intervals out to a time 447 

of 75 min. Using a sample of the same hydrogel, we also conducted a control experiment out to a 448 

time of 75 min with no ultrasound. The control experiment was used to determine the molecular 449 

diffusion coefficient, as described in Section IV. The acoustic diffusion coefficient obtained in 450 

these experiments was 8.06.16 AD m2/s, which is in the uncertainty range of the value given 451 

under the stated conditions in Figure 8a ( 30.15 AD m2/s). The molecular diffusion 452 

coefficient was measured after the ultrasound was turned off at 55, 65 and 75 min, and the values 453 

obtained were found to be within the uncertainty range of the values for the control experiment. 454 
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The finding that the molecular diffusion coefficient after the ultrasound was turned off in the 455 

treated experiment returned to approximately the same value as for the control experiment 456 

supports our claim that the ultrasound did not damage the hydrogel.  457 

 Finally, we validated our experimental results for acoustic diffusion coefficient by 458 

showing that the measured values are in agreement with the theoretical predictions of 459 

Balakrishnan and Venkataraman (1981), as shown in Figure 8. If the hydrogel had been damaged 460 

by the ultrasound, we would expect a strong deviation from the theoretical 2cADA   461 

dependence predicted by Balakrishnan and Venkataraman (1981) for the high amplitude cases. 462 

Such deviation is not observed in our data shown in Figure 8a.  463 

 464 

V. CONCLUSIONS 465 

 The effect of ultrasound on diffusion enhancement via the mechanism of oscillatory 466 

diffusion was examined for nanoparticles of different diameters in a two-layer agarose hydrogel 467 

for a range of different ultrasound amplitudes and frequencies. One layer of the hydrogel was 468 

initially seeded with fluorescent nanoparticles and the other layer was unseeded. The ultrasound 469 

was directed orthogonally to the layer surface, and it was run at a 10% duty cycle for both 5 and 470 

10 min exposure times. The effective molecular and acoustic diffusion coefficients were 471 

estimated for each case by numerical solution of the diffusion equation and selecting the 472 

coefficient that yields the lowest value of the least-square error.  473 

 Molecular diffusion experiments were initially conducted with 20, 40, and 100 nm 474 

diameter nanoparticles. The 100 nm particles exhibited little diffusion, so the tests with 475 

ultrasound were conducted primarily with 20 and 40 nm particles. The 20 nm particles exhibited 476 

more rapid diffusion than the 40 nm particles for all cases examined. The effective diffusion 477 
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coefficient, which is composed of the sum of the molecular part MD  and the acoustic part AD , 478 

was observed to increase significantly with increase in ultrasound amplitude. Effective diffusion 479 

coefficient values for the highest amplitude case examined, with 18.0A  MPa, were nearly an 480 

order of magnitude higher than the molecular diffusion coefficient for both particle sizes. The 481 

diffusion coefficient was also observed to increase modestly with the ultrasound frequency, with 482 

the acoustic diffusion coefficient increasing by about 50% for both particle sizes as the 483 

ultrasound frequency is increased from 0.5 MHz to 2.25 MHz. A measure of particle penetration 484 

from the seeded layer into the unseeded layer was also computed.      485 

The trend in the estimated acoustic diffusion coefficient as a function of both ultrasound 486 

amplitude and frequency were found to compare closely with a theoretical prediction derived 487 

using the continuous time random walk (CTRW) theory for oscillating diffusion by Balakrishnan 488 

and Venkataraman (1981). This agreement is somewhat surprising, as the CTRW theory employs 489 

the highly simplified assumption that particles must occupy one of two states -- either oscillating 490 

freely in the porous medium or held captured within the medium. We note that a recent 491 

stochastic model by Curran and Marshall (2021) also demonstrated strong agreement with the 492 

CTRW prediction for acoustic diffusion coefficient. Both the current experimental finding and 493 

our previous computational finding provide confidence in our interpretation of the observed 494 

diffusion phenomenon.   495 

 The results of this study demonstrate that even low intensity ultrasound at a low duty 496 

cycle can be used to significantly enhance the rate of particle diffusion and penetration into a 497 

porous medium, such as a biofilm or human tissue. Nanoparticles have been effectively used for 498 

biofilm mitigation and for treatment of tumors in diseased tissue, but in most previous 499 

applications it was necessary that particles be magnetic so that they could be pulled into the 500 
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porous medium by a magnetic field. This requirement can make particle dispersal difficult and 501 

significantly limits particle selection. The results of the current paper suggest that exposure to 502 

low intensity pulsed ultrasound can be an effective method for controlling penetration of non-503 

magnetic particles for treatment and/or mitigation of media such as biofilms or diseased tissue.     504 

     505 
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FIGURE CAPTIONS 

Figure 1. (Color online) Experimental set-up for the ultrasound measurements. 

 

Figure 2. (Color online) Images obtained from a confocal microscope for the agarose hydrogel 

seeded with 20nm particles for different ultrasound conditions after 45 minutes of hydrogel 

formation: (a) control (no ultrasound); (b) treated using 1 MHz, 0.10 MPa ultrasound waves; (c) 

treated using 1 MHz, 0.15 MPa ultrasound waves; (d) treated using 1 MHz, 0.18 MPa ultrasound 

waves. 

Figure 3. (Color online) Plots of particle normalized concentration ĉ  as a function of 

dimensionless distance x̂  for control cases: (a) comparison at 45 min after hydrogel formation 

for particle diameters 20 nm (C, blue), 40 nm (B, red) and 100 nm (A, green); (b) plot for 20 nm 

particles at times after hydrogel formation of 10 min (blue), 20 min (red), 30 min (green) and 40 

min (black). The standard deviation estimates lie within 0.01 for each condition. The arrow in (b) 

shows the direction of increasing time (t). 

 

Figure 4. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 

particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control case 

(blue) and cases treated with ultrasound of amplitude 0.10 MPa (red), 0.15 MPa (green) and 0.18 

MPa (black) at 1 MHz frequency. The arrow shows the direction of increasing amplitude (A). 

 

Figure 5. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 

particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control case 
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(blue) and cases treated with ultrasound of amplitude of 0.10 MPa of frequency 0.50 MHz (red), 

1.00 MHz (black) and 2.25 MHz (green). The arrow shows the direction of increasing frequency. 

 

Figure 6. (Color online) Plots of normalized particle concentration for (a) 20 nm diameter 

particles and (b) 40nm particles measured at 45 min after hydrogel formation for the control case 

(blue) and cases treated with ultrasound of amplitude of 0.10 MPa of frequency 1.00 MHz for 5 

min exposure (red) and for 10 min exposure (black). The arrow shows the direction of increasing 

exposure time (t). 

 

Figure 7. (Color online) Plot of the normalized particle concentration for 20 nm diameter 

particles measured at 45 min after hydrogel formation, showing binned experimental data 

(symbols) and best-fit diffusion predictions (black curves) for the control case (A, blue) and a 

case treated with ultrasound of amplitude 0.18 MPa at 1.0 MHz frequency (B, red). 

 

Figure 8. Acoustic diffusion coefficient AD  as a function of (a) ultrasound amplitude A at a 

frequency of 1.0 MHz and (b) ultrasound frequency f at an amplitude of 0.1 MPa. Data is shown 

for 20 nm diameter particles (circles) and 40 nm diameter particles (triangles). The curves in (a) 

are quadratic functions of the form 2CADA   fit to the data for 20 nm particles (solid curve) and 

40 nm particles (dashed curve). The open symbols are for data obtained after a 5 min ultrasound 

exposure time, and the filled symbols in (b) are for data obtained after a 10 min exposure time.   

 

Figure 9. Plots of the integral penetration measure P for 20nm particles (circles) and 40 nm 

particles (triangles) as a function of (a) ultrasound amplitude A at a frequency of 1.0 MHz and 
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(b) ultrasound frequency f at an amplitude of 0.1 MPa at a time of 45 min after hydrogel 

formation. In (a), predicted values obtained from the diffusion equation solutions are denoted by 

a ‘+’ for the 20 nm particles and by a ‘X’ for the 40 nm particles. The solid and dashed curves 

are best quadratic fits to the computed diffusion curve values for the 20 nm and 40 nm particles, 

respectively. In (b), the data is given for ultrasound exposures of both 5 min (open symbols) and 

10 min (filled symbols).     

 

 

 


