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Optimal extraction of the non-Gaussian information encoded in the Large-Scale Structure (LSS)
of the universe lies at the forefront of modern precision cosmology. We propose achieving this
task through the use of the Wavelet Scattering Transform (WST), which subjects an input field
to a layer of non-linear transformations that are sensitive to non-Gaussianity in spatial density
distributions. In order to assess its applicability in the context of LSS surveys, we apply the WST
on the 3D overdensity field obtained by the Quijote simulations, out of which we extract the Fisher
information in 6 cosmological parameters. WST delivers a large improvement in the marginalized
errors on all parameters, ranging between 1.2 − 4× tighter than the corresponding ones obtained
from the regular 3D cold dark matter + baryon power spectrum, as well as a 50% improvement over
the neutrino mass constraint given by the marked power spectrum. Through this first application
on 3D cosmological fields, we demonstrate the great promise held by this novel statistic and set the
stage for its future application to actual galaxy observations.

I. INTRODUCTION

The current and next of stage of cosmological sur-
veys, such as the Dark Energy Spectroscopic Instrument
(DESI) [1], the Vera Rubin Observatory Legacy Survey
of Space and Time (LSST) [2, 3], Euclid [4] or the the
Nancy Grace Roman Space Telescope [5], will map out the
3-dimensional (3D) distribution of galaxies in the large-
scale structure (LSS) of the universe at unprecedented
levels of accuracy. Given that the latter acts as an ideal
window into the fundamental processes that have shaped
its formation, we will thus get a unique opportunity to
shed light on the nature of the accelerated expansion of
the universe [6], dark matter [7], massive neutrinos [8, 9],
the properties of gravity at large scales [10–12], and the
physics of the early universe [13].

Despite the tremendous promise held by these ambi-
tious observational endeavors, a full exploitation of the
information encoded in the 3D cosmic web is highly non-
trivial. From a theoretical standpoint, one of the sim-
plest and meaningful compressions of the cosmological
information, the power spectrum (2-point function) of
density fluctuations, fails to capture all relevant infor-
mation. This is the case due to the non-linear process
of gravitational instability, responsible for structure for-
mation, which has caused the emergence of higher-order
correlations [14]; in other words, cosmic density fields
have become highly non-Gaussian. Despite the notable
theoretical and numerical progress on understanding and
extracting higher-order clustering statistics made in the
last decade [15–17], the substantial computational cost
associated with such evaluations, which rises sharply with
increasing order in the correlation function, makes in-
cluding them in standard cosmological analyses still in-
feasible.
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As a consequence of this major challenge, a wide range
of alternative techniques has been proposed in the lit-
erature, aiming for a shorter path to accessing the non-
Gaussian information component of the LSS. Approaches
of this kind include, but are not limited to, using proxy
estimators [18, 19], exploiting the greater information
content in the unvirializied regions of the LSS (cosmic
voids) [20–25], penalizing the overdensities with non-
linear transformations that aim to capture the infor-
mation that lies beyond the ordinary power spectrum
[14, 26–30], using 1-point statistics [31], the k-nearest
neighbor cumulative distribution functions [32], or the
minimum spanning tree [33]. Even though the explo-
ration of such techniques is a very active area of re-
search, the extent to which they can reliably replace tra-
ditional estimators is still an open question. Last but
not least, Convolutional Neural Networks (CNNs) [34]
have recently shown great promise at improving cosmo-
logical parameter constraints by extracting information
from non-Gaussian structures [35, 36], but fall prey to
known interpretability issues associated with their appli-
cation on real data.

In this work we propose tackling this problem with
a novel estimator, in the context of the 3D density field,
the Wavelet Scattering Transform (WST), which was first
introduced in the context of signal processing [37] as an
ideal middle-ground between conventional statistics and
CNNs [34]. The WST consists of a series of nonlinear
transformations of an input field, in what can be re-
garded as a CNN with fixed filters and fixed weights of
well-understood properties, that can efficiently and reli-
ably capture non-Gaussian information [37, 38]. Wavelet
transforms have been growing increasingly popular in
multiple subfields of astrophysics, recently finding suc-
cessful applications in studies of the interstellar medium
[39–41], weak lensing (WL) [42, 43] and 2D slices of cos-
mological density fields [44]. Aiming to fully leverage the
information content in realistic LSS observations, as per-
formed by modern galaxy surveys, in this paper we apply
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the WST on the 3D density field, for the first time in the
literature. We then forecast its ability to constrain cos-
mological parameters, using N-body simulations, demon-
strating large improvement over the traditional power
spectrum analysis. Our analysis thus sets the scene for
a future WST application on the biased galaxy density
field, which is what LSS surveys observe [45], rather than
the underlying matter overdensity field.

II. WAVELET SCATTERING TRANSFORM

In the WST [34, 37] an input field, I(~x), is convolved
by a family of localized wavelets generated by perform-
ing spatial and angular dilations of a mother wavelet,
thus picking out various scales of interest. Followed
by a modulus operation and taking the spatial average
gives rise to a set of coefficients that are sensitive to the
clustering properties of the input field at the oriented
scale to which the wavelet is most sensitive. Repeating
the process encodes information on higher-order N -point
correlation functions, with the N th layer including con-
tributions from up to the 2N -point correlation function
[37, 38].

As opposed to previous cosmological applications of
wavelet techniques [42–44] that restricted their atten-
tion on 2D configurations only, in this work we aim to
study the information content of the WST applied on
the full 3D density field of the LSS. To do so, we will
closely follow the corresponding 3D WST implementa-
tion of [46], given by the publicly available KYMATIO
package [47]1,to evaluate the WST coefficients, Sn, up to
order n = 2.

The Wavelet Scattering Transform (WST) coefficients,
Sn, up to order n = 2, are given by the following rela-
tions:

S0 = 〈|I(~x)|q〉,

S1(j1, l1) =

〈(
m=l1∑
m=−l1

|I(~x) ∗ ψmj1,l1(~x)|2
) q

2
〉
, (1)

S2(j2, j1, l1) =

〈(
m=l1∑
m=1

|U1(j1, l1)(~x) ∗ ψmj2,l1(~x)|2
) q

2
〉
,

based on the particular 3D implementation of Ref.
[46], given by the publicly available KYMATIO package
[47]. In Eq. (1), 〈.〉 indicates spatial averaging, while
U1(j1, l1)(~x) denotes the first order convolution of the
input field

U1(j1, l1)(~x) =

(
m=l1∑
m=−l1

|I(~x) ∗ ψmj1,l1(~x)|2
) 1

2

. (2)

1 https://www.kymat.io/

We note that convolution in Eq. (2) (and all higher or-
ders) is performed in the Fourier space, assuming pe-
riodic boundary conditions. Furthermore, ψmj1,l1 reflect
dilations of the mother wavelets of the form

ψml (~x) =
1

(2π)
3/2

e−|~x|
2/2σ2

|~x|lY ml
(
~x

|~x|

)
, (3)

described by the relationship

ψmj1,l1(~x) = 2−3j1ψm1

l1
(2−j1~x), (4)

where the maximum number of spatial dilations and an-
gular oscillations, (j1, l1), are given by (J, L), respec-
tively, and Y ml are the familiar Laplacian Spherical Har-
monics. Wavelets of the form (3), first used in the context
of molecular chemistry [46, 48] and 3D image processing
[49], are called “solid harmonic wavelets”, because they

consist of a solid harmonic, |~x|lY ml
(
~x
|~x|

)
, multiplied by

a Gaussian with a width σ (in units of pixels). Even
though this particular wavelet form was motivated in a
different context, it was further found to perform very
well at capturing non-Gaussianities encoded in 3D inter-
stellar medium maps [40], as we also report in our cos-
mological analysis here. Aside from the dimensionality,
fundamentally the main difference between this solid har-
monic implementation and the 2D WST version applied
on WL maps [42, 43] is the use of a different wavelet form
as a convolution filter, with a “Morlet” wavelet being the
corresponding choice in the latter case2. Furthermore, in
direct analogy to the chemistry investigations mentioned
above, one may further optimize the performance of the
WST for LSS applications in particular, using wavelets
designed to leverage existing symmetries (as for example
in Ref. [50]). We plan to explore these issues in upcoming
work.

We also note that, unlike the 2D implementation,
the second order coefficients of the 3D WST evaluated
from the KYMATIO package (and based on Eq. 1)
are a function of a single angular scale only (that is,
S2 ≡ S2(j2, j1, l1) rather than S2(j2, j1, l2, l1)). From
a practical standpoint, this choice reduces the associated
computational cost and the dimensionality of the observ-
able vector by sacrificing a part of the angular informa-
tion (since l2 = l1). It will be interesting to investigate
(in future work) the extent to which the addition of the
second angular scale improves the performance of the
WST, including in the angle-averaged ISO case, which
seems to perform worse than using all coefficients with
the current configuration. Furthermore, only second or-
der coefficients with j2 > j1 are evaluated, both in the 2D
and 3D cases. This is the case because, after performing
the first order wavelet convolution with J = j1, infor-
mation encoded at scales smaller than the one defined

2 We also add that in the 2D WST case the modulus is strictly
raised to the power of q = 1.

https://www.kymat.io/
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by j1 is significantly suppressed. Indeed, second order
coefficients with j1 < j2 were not found to contribute
any further information in the WL applications of Ref.
[42, 43]. We note, however, that this is not necessarily
always the case, as evidenced by [50]. Using equivari-
ant wavelets applied on 2D images, some residual power
was found to lie in the coefficients usually discarded3.
In addition, [50] did not find a clear divide in the use-
fulness of the various second order coefficients, as can
be seen from Fig. 11 of that work. Given a maximum
scale J and number of angular bins L, with the indices
(j, l) ∈ ([0, .., J − 1, J ], [0, .., L − 1, L]), the combination
of the above choices results in (L + 1)(J + 1) 1st order
and (L + 1)(J + 1)J/2 2nd order coefficients, for a total
of S0 + S1 + S2 = 1 + (L + 1)(J2 + 3J + 2)/2 coeffi-
cients generated up to second order. Coefficients with
a greater degree of isotropy, SIso, can be further con-
structed [39, 40, 42], by averaging over all l’s for a given
j combination, thus reducing the number of S1 + S2 co-
efficients by a factor of (L+ 1). For a more sophisticated
attempt at preserving isotropy, see [50]. Unless stated
otherwise, we hereafter choose the pair of values J = 4
and L = 4 as our baseline case, which corresponds to a
total of 76 coefficients and 16 isotropic ones. It is worth
noting, at this point, that using higher J and L values
is perfectly acceptable and will most likely improve the
constraints given by the WST. The memory requirement
for these computations, however, exceeds the capabilities
of the GPUs at hand, so we restrict our attention to the

FIG. 1: Correlation matrix of all 76 coefficients for the
optimal WST case evaluated at the fiducial cosmology.
The WST coefficients populate the data vector in order
of increasing values of the j1 and l1 indices, with the l1

index varied faster.

3 This can be seen by the interactive Figures in https://faun.rc.

fas.harvard.edu/saydjari/EqWS/interactive_corners.html

choice of J = 4 and L = 4.
Furthermore, the power index q, to which the modulus

of the convolved field is raised in Eq. (1), allows us to
explore different density-weighting schemes, with q = 1
corresponding to the standard choice of using the mod-
ulus [37], while values of q > 1 emphasize on the peaks
of the target input field (in our case, cosmological over-
densities). More importantly, values of q < 1 effectively
up-weight lower non-zero values (underdensities), provid-
ing a measure of sparsity [46]. Given that cosmic voids
are known to serve as powerful probes of cosmological
information [20], from massive neutrinos [21, 22, 30] to
the properties of gravity [23, 24, 29], we investigate the
case of q < 1 below. Lastly, we consider variations in the
wavelet’s Gaussian width σ in Eq. (3).

We finally comment on the fact that the WST coeffi-
cients are commonly normalized as follows:

S̄0 = log(S0),

S̄1 = log(S1/S0), (5)

S̄2 = log(S2/S1),

in the 2D case [38–40, 42, 43]. The WL studies in Refs.
[42, 43], in particular, found the “decorrelated” second
order coefficients to be particularly efficient at breaking
degeneracies in the Ωm-σ8 plane. We did consider this
variant in our 3D application (including with and without
taking the logarithm of the coefficients), without however
finding any noticeable changes in the Fisher results and,
as a consequence, we report the outcome from using the
bare coefficients, for simplicity.

III. N-BODY SIMULATIONS

We apply the WST relations in Eq. (1) to the 3D
matter overdensity field,

δm(~x) =
ρm(~x)

ρ̄m
− 1, (6)

obtained from N-body simulations. In particular, we use
3D overdensity fields on a grid of 2563 resolution obtained
by the Quijote simulations [51]4. These are N-body sim-
ulations that evolved 5123 cold dark matter (CDM) par-
ticles on a cubic simulation box of 1.0 Gpc/h side, for a
fiducial cosmology that corresponds to the following pa-
rameter values: Ωm = 0.3175, Ωb = 0.049, H0 = 67.11
km/s/Mpc, ns = 0.9624, σ8 = 0.834, sum of the neu-
trino masses Mν = 0.0 eV and dark energy equation
of state w = −1. In order to enable parameter fore-
casting, additional simulations have been performed by
varying each of the base parameters in a step-wise fash-
ion, while keeping the rest fixed, with all the associated

4 https://quijote-simulations.readthedocs.io/

https://faun.rc.fas.harvard.edu/saydjari/EqWS/interactive_corners.html
https://faun.rc.fas.harvard.edu/saydjari/EqWS/interactive_corners.html
https://quijote-simulations.readthedocs.io/
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details summarized in Table 1 of [51]. We note that the
neutrino simulations additionally evolved 5123 neutrino
particles, in which case both the total matter overdensity,
δm = δCDM + δb + δν , and the CDM+baryon combina-
tion, δcb = δCDM +δb, were stored. We study the density
fields at redshift z = 0.

IV. FISHER FORECAST

We will use the Fisher information approach to forecast
the parameter constraints that we could achieve with a
WST analysis. It is important to keep in mind that un-
der this approach we are assuming that the likelihood is
Gaussian around the fiducial model. In the context of a
weak gravitational lensing analysis [52], the distribution
of the WST coefficients has been seen to be very close
to Gaussian. This is because, as opposed to the higher-
point functions, where the multiplication of more random
variables increases the skewness of the distribution, in the
case of the WST, the modulus of always one random vari-
able does not amplify the tails of the distribution. In fact,
as more modes are considered, the central limit theorem
Gaussianizes the coefficients in a faster way compared
to higher-point functions. Furthermore, down-weighting
the high-density regions of the LSS has been found to
lead to a greater degree of Gaussianity [14, 26, 27, 29],
a property also shared by the WST through raising the
modulus to powers q < 1 (and also by the marked power
spectrum we introduce in Appendix A.)

Based on the standard Fisher formalism, if Om is a
vector of a set of m independent observables that are
functions of θα cosmological parameters, the Fisher ma-
trix F is then given by

Fαβ =
∂Oi
∂θα

C−1ij
∂OTj
∂θβ

, (7)

with Cij the covariance matrix of Om, that can be well-
approximated as cosmology-independent [53, 54]. It can
then follow that the marginalized 1σ error on each of
the parameters θα can never be smaller than σα =√

(F−1)αα.
The WST coefficients obtained from Eq. (1) are sen-

sitive to the fundamental properties of the underlying
density field and can thus serve as a new cosmological
observable. In order to quantify its ability to constrain
cosmological parameters, we employ the Fisher formalism
to estimate the marginalized errors, σα, on 6 ΛCDM pa-
rameters θα = {Ωm,Ωb, H0, ns, σ8,Mν}, with the WST
coefficients obtained from the Quijote suite as an ob-
servable. In order to assess the potential improvements
by the WST over more conventional statistics, we ad-
ditionally evaluate and compare against the marginal-
ized constraints obtained by the 3D matter power spec-
trum, P (k), as well as another recently introduced esti-
mator with similar advantages as the WST, the marked
power spectrum M(k) [55] (defined in greater detail in

Appendix A), as it was considered in Refs. [28–30] (the
motivation for this comparison will become apparent in
the next section). The optimal parameter choices for the
P (k) and M(k) where chosen to agree with the corre-
sponding publications that considered them in the con-
text of the Quijote simulations [30, 51], using 91 k-bins
up to kmax = 0.58 h/Mpc, and picking p = 2, δs = 0.25
and R = 10 Mpc/h for the free parameters of the M(k).

We make use of the full set of the available 15000
(500) realizations for the numerical evaluation of the co-
variance matrices (derivatives). The correlation matrix,
Cij/(CiiCjj), evaluated for the 76 WST coefficients (us-
ing the optimal WST settings) at the fiducial cosmology
is shown in Fig. 1. In order to make sure we obtain an
unbiased estimate of the inverse covariance matrix in Eq.
(7), we apply the standard Hartlap correction factor [56]
upon inversion, given by:

Ĉ−1ij =
Nr −D − 2

Nr − 1
C−1ij , (8)

where Nr = 15000 is the number of available realizations
and D the dimensionality of the observable vector, which
is equal to D = 76 for the WST and D = 91 for the
other two estimators we consider (the power spectrum
and marked power spectrum). Before inverting the co-
variance matrix of the WST coefficients, in addition, we
carefully checked that its conditioning number is within
acceptable limits for the particular WST configuration
and number of realizations used, in order to make sure
that the highly correlated features observed in Fig. 1 do
not compromise the accuracy of our Fisher analysis. We
similarly confirmed this to be the case for the correspond-
ing matrices of the power spectrum and marked power
spectrum, as well.

As far as the numerical evaluation of the derivatives in
Eq. (7) is concerned, we use all 500 realizations available
for each of the parameter steps away from the fiducial.
We further add that, in the particular case of the neutrino
mass variations, which is a central part of our analysis,
3 separate steps have been run away from the fiducial of
Mν = 0.0 eV, corresponding to values of M+

ν = 0.10 eV,
M++
ν = 0.20 eV and M+++

ν = 0.40 eV, using 5123 addi-
tional neutrino particles and performed with Zel’dovich
initial conditions (details explained in Ref. [51]). We
make use of all three neutrino steps {M+

ν ,M
++
ν ,M+++

ν }
in order to evaluate the derivative with a high order ap-
proximation, and against the 500 seeds of the fiducial
Zel’dovich set. We have additionally confirmed that our
conclusions do not change if we use any of the other lower-
order versions for the neutrino derivatives.

The numerical convergence of the marginalized 1σ er-
rors on all 6 parameters obtained from the WST is plot-
ted as a function of the 500 realizations of the derivatives
in Fig. 2. We confirm that the variations in the 1σ pre-
dictions (with respect to the results using all 500 seeds)
never rise above 1%, even when a very low number of
realizations is used, while they converge at the level of
< 0.5% when we use Nderiv > 350 seeds. For the er-
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ror on the sum of the neutrino masses, in particular, for
which we report the most impressive improvement over
the power spectrum prediction, we note that the conver-
gence is always better than 0.35%. Thanks to the large
number of realizations available for the fiducial cosmol-
ogy, in addition, the forecasted 1σ errors do not vary
by more than 0.1% when using 10000 out of the total
of 15000 realizations to estimate the covariance matrix,
for all the parameters. We also find the same levels of
convergence for all elements of the Fisher matrix. The
results in Fig. 2 were obtained using the total matter
combination, with the convergence behavior being very
similar when only working with the matter traced by
CDM+baryons. We also confirmed the numerical conver-
gence of the Fisher predictions from the power spectrum
and the marked power spectrum, in agreement with their
corresponding original Fisher studies presented in Refs.
[30, 51].

Last but not least, the forecast for constraints on all 6
cosmological parameters obtained from all 3 observables
(and in the ‘cb’ case) is shown in Fig. 3, demonstrating
the large improvement discussed in the next section.

FIG. 2: The 1σ errors on the cosmological parameters
forecasted by the WST coefficients, σNderiv

, are plotted
as a function of the number of realizations, Nderiv, used
for the numerical evaluation of the derivatives in Eq. (7),
normalized by the corresponding prediction using all 500

available realizations, σ500.

V. RESULTS

We begin by determining the optimal choice of the
WST free parameters q and σ that we will use as the
baseline case in this analysis. We vary q in the range
[0.1, 1] (with a step of 0.1) and σ in [0.8, 1] (with a step
of 0.05) and find the pair (q, σ) = (0.8, 0.8) to be the
optimal combination that (jointly) minimizes the aver-
age 1-σ error for the parameters {Ωm,Ωb,Mν}, which we
hereafter adopt. We caution against raising the modulus
to very low or high values of q, which leads to numerical
instabilities in the Fisher estimates. Furthermore, high q
values are known to make results susceptible to outliers
[44, 57]. In a similar spirit, and even though lower σ
values further improve the forecasted results, we do not
consider σ < 0.8, to avoid entering the regime where the
simulation becomes inaccurate. If we wanted to consider
lower values of σ, that could access scales close to or be-
yond the resolution limit of the current simulations, a
check against the higher resolution Quijote run would be
necessary. In order to illustrate the power of the WST,
in Fig. 4 we show how the marginalized 1σ error on the
neutrino mass, Mν , behaves as a function of the param-
eter q (when working with the density field traced by
CDM+baryons, and for σ = 0.8). The forecasted errors,
which are tight in general, monotonically decrease fur-
ther for lower values of q. This behavior is explained by
the fact that, as mentioned in the previous section, val-
ues of q < 1 effectively up-weight the significance of low
overdensity regions, which are in turn characterized by
a known sensitivity to the properties of massive neutri-
nos [21, 22, 30], and this is conveniently exploited by this
particular weighting scheme. If one wants to solely focus
on constraining neutrino masses, lower q values could be
chosen, with Fig. 4 as a guide. The numerical conver-
gence of our Fisher errors for the optimal case is better
than 1%, for all parameters.

We also briefly comment on the performance of the
WST when using the isotropic (“ISO”) coefficients. The
looser constraints in Fig. 4 are likely attributed to the
relatively low value of J we use, which leads to only 16
coefficients, a problem that can be potentially alleviated
by using a higher J value, when more GPU memory be-
comes available. We plan to further explore this issue in
future work, and hereafter only work with all 76 WST
coefficients, noting that, even in the ISO case, the con-
straints to the neutrino mass from Fig. 4 are already
∼ 2× tighter than when using the regular P (k).

Having determined the optimal choice of WST coef-
ficients, we proceed to quantify its information content
using the Fisher formalism, as explained previously. In
Table I, we list the marginalized 1σ errors on each of the
6 cosmological parameters, as obtained by the best case
WST, as well as by the other two estimators we consider.
We further differentiate between the constraints obtained
when using the total matter density field (‘m’) vs. tracing
only the CDM+baryon combination (‘cb’) in the presence
of massive neutrinos. Starting with the neutrino mass,
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FIG. 3: Forecasted 1-dimensional and 2-dimensional distribution functions for all 6 cosmological parameters obtained
by the power spectrum P (k) (red), the marked power spectrum M(k) (green) and the optimal WST (blue), when
working with the density field traced by CDM+baryons. The corresponding normalized probability density functions

for each parameter are shown along the diagonal.
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the WST has an impressive performance, predicting 1σ
errors that are ∼ 100× and ∼ 4× tighter than the cor-
responding ones from the regular P (k)-statistics, in the
‘m’ and ‘cb’ cases, respectively. Looking into the rest of
the cosmological parameters, and the ‘m’ case, the gain
with respect to the P (k) is still substantial, ranging be-
tween ∼ 3−15× better. Notably, the predicted errors on
ns and σ8 are an order of magnitude tighter than those
from the P (k), even though these parameters were not
taken into account in the optimization. The 1σ error el-
lipses for the 3 parameters demonstrating the greatest
improvement, {ns, σ8,Mν}, are shown in Fig. 5, using
the ‘cb’ field (while the corresponding ellipses for all 6
parameters are shown in Fig. 3). The smaller improve-
ment in the neutrino mass constraint (relative to the one
coming from P (k)) for the ‘cb’ as compared to ‘m’ case
is expected, as recently shown in [58], and indeed the
‘cb’ field is directly linked to an observable [59, 60], as
opposed to the 3-dimensional matter field. Nevertheless,
the WST does still deliver a substantial decrease by a fac-
tor of 1.2− 4 in the forecasted errors, for all parameters,
in this case as well.

The predicted improvement with respect to the neu-
trino mass estimates exceeds the one recently presented
by another similar estimator, the marked power spec-
trum, in [30], with a ratio of ∼ 1.5× and ∼ 2× tighter in
the ‘cb’ and ‘m’ cases, respectively. For the rest of the
parameters the 2 estimators have a similar performance,
with the WST giving tighter constraints for Ωm, ns and

FIG. 4: 1D PDF of the neutrino mass, Mν , as fore-
casted by using all WST coefficients (solid lines), the
isotropic WST coefficients (dashed lines), as the well
as the marked power spectrum (black dotted line) as
observables, when working with the density given by
CDM+baryons. Different colors indicate the WST re-
sult (with a width σ = 0.8) for varying values of the free

parameter q (see Eq. 1).

Matter type ‘m’ ‘cb’
Statistic P (k) M(k) WST P (k) M(k) WST

σ(Ωm) 0.076 0.013 0.014 0.040 0.016 0.016
σ(Ωb) 0.033 0.010 0.012 0.015 0.009 0.012
σ(σ8) 0.01 0.002 0.001 0.067 0.026 0.017
σ(ns) 0.39 0.044 0.031 0.088 0.035 0.029
σ(H0) [km/s/Mpc] 40.62 9.50 10.34 14.42 8.28 10.32
σ(Mν) [eV] 0.72 0.016 0.008 1.17 0.45 0.29

TABLE I: Marginalized 1σ errors on cosmological
parameters obtained from P (k), M(k), and optimal
WST, when using the total matter field ‘m’, and only

CDM+baryons ‘cb’.

σ8 and the M(k) doing slightly better for the rest of the
parameters (in the ‘cb’ case).

By performing 2 successive layers of wavelet convo-
lutions to the overdensity field, the WST is picking up
information beyond the power spectrum (containing in-
formation related up to the 4-point function [37, 38]).
It has already been shown that higher-order correlation
functions tighten constraints to cosmological parameters
(see the case of the bispectrum as an example [16, 17]).
Additionally, using q < 1 emphasizes the significance of
lower density regions, which are known to carry a wealth
of cosmological information [20]. By realizing these prop-
erties in a completely distinct way, the WST can thus
serve as a powerful complementary tool for studies of the
LSS. One of its great advantages, in particular, is that it
seems to be quite immune to the degeneracies between
the different cosmological parameters when studying all
matter species, in particular with respect to the neutrino
mass. The information content from the conventional
P (k), on the other hand, tends to saturate at small scales
as a result of these degeneracies in the same case (e.g.,
Fig. 6 of [51]). We note the parallel to the properties of
the marked power spectrum [28, 30], which possibly ex-
plains the similar performance of the two estimators and
our choice to compare them side by side. However, we
clarify that this is not quite the case in the ‘cb’ case, for
which parameter degeneracies are still present (for exam-
ple, between σ8−Mν), and as a result we would expect to
see less dramatic gains in a future analysis of LSS data,
upon marginalizing over the galaxy bias.

Furthermore, we note that the redshift-space bispec-
trum has been recently also found to significantly in-
crease the information content extracted from the halo
[16] and the galaxy [17] density fields, consistent with
the expected gain from going beyond the power spec-
trum. Given, however, that our analysis is instead per-
formed on the underlying matter field and in the real
space, these results are not directly comparable to ours
and we reserve a detailed ’apples-to-apples’ comparison
for upcoming work.

We now comment on how our results connect to previ-
ous cosmological applications of wavelet techniques. Re-
cently, a 2D version of the WST was shown to greatly
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improve constraints with respect to Ωm and σ8 [42] and
then also w and Mν [43]. Given that these works were fo-
cused on a different cosmological probe (WL convergence
maps) and for only a subset of the parameters we con-
sidered, no direct comparisons can be drawn. In order,
however, to better demonstrate the improvement when
opting for a full 3D analysis, we briefly quote constraints
obtained after applying the 2D WST on the same set
of Quijote simulations. In particular, we obtain 2D pro-
jected 2562 slices of the original 3D 2563 density cubes,
by taking the average over the z-axis of each. We then
apply the 2D WST for J = 8 and L = 4 (as in [42, 43])
on the projected overdensity fields, and repeat the Fisher
analysis using the new set of generated coefficients as the
observable, in the ‘m’ case. The forecasted errors, while
more directly related to an observable, are larger than
the ones obtained by the 3D matter P (k), for 5 out of
the 6 cosmological parameters, by a factor in the range
1.03− 7. This result is not surprising and highlights the
need to utilize the information encoded in the full 3D
galaxy density field. For the sum of the neutrino masses,
however, the 2D WST still gives a tighter constraint than
the matter P (k), by about 15%, demonstrating its great
sensitivity to neutrinos (even though the 3D matter field
is not directly observable, as we will discuss in Section
V.).

Lastly, in Ref. [44], a distinct but similar technique
called Wavelet Phase Harmonics (WPH) was applied

FIG. 5: Forecasted 1σ (solid) and 2σ (light) constraints
to the cosmological parameters Mν , σ8, and ns obtained
by the power spectrum (red), the marked power spectrum
(green) and the optimal WST (blue), when working with

the density given by CDM+baryons.

on the density field from the Quijote simulations, but
only on 2D projections of it, without including neutri-
nos. Even though the authors did find an improvement
in the forecasted errors over the 2D power spectrum and
bispectrum, direct comparisons cannot be made.

VI. CONCLUSIONS

In this paper, we propose the use of a novel statistic
in the context of the galaxy density field, the Wavelet
Scattering Transform, in order to optimally leverage
the cosmological information content encoded in the 3-
dimensional matter distribution of the LSS.

First conceived of in the context of image processing,
and later applied to other (astro-)physical systems, the
WST subjects an input field to a series of consecutive
non-linear transformations that capture non-Gaussian in-
formation, usually sought for with the n-point correlation
function. The substantial amount of non-Gaussian infor-
mation in the LSS, that has escaped towards higher order
statistics, thus makes such an estimator an ideal candi-
date for cosmological applications.

In order to demonstrate the WST’s ability to optimally
exploit the information carried in 3D cosmological den-
sity fields, we utilize the publicly available collection of
the Quijote N-body simulations, out of which we extract
the Fisher information in 6 ΛCDM cosmological param-
eters. After determining the optimal parameters of the
WST, we proceed to compare its performance against the
conventional power spectrum, as well as another known
estimator, the marked power spectrum.

Through the interplay between several key properties
that we identify in this work, the WST is found to deliver
a large improvement in the marginalized errors on all
parameters, ranging between 1.2 − 4× tighter than the
ones from the CDM + baryon P (k). We note that, since
galaxies are biased tracers of the ‘cb’ field [45], this is
realistically the most meaningful one to consider [58–60].

There are several potential lines of improvement that
can bring our analysis closer to realistic observations of
the LSS. First of all, the galaxies observed by surveys do
not perfectly trace the underlying matter density field,
but are biased tracers of it [45], residing within dark mat-
ter halos. Marginalizing over the unknown bias model
in this case may weaken the constraints derived on cos-
mological parameters, particularly when it comes to the
neutrino masses, as discussed in [58]. Secondly, spectro-
scopic observations are subject to Redshift Space Distor-
tions (RSD) [61], which introduce an anisotropy to the
observed clustering pattern, that needs to be accounted
for. In systems with an explicit directional dependence,
as is the case with RSD, one can also design wavelets that
fully leverage this property5. Furthermore, observational

5 For example https://github.com/andrew-saydjari/DHC

https://github.com/andrew-saydjari/DHC
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effects such as realistic survey geometry and supersam-
ple covariance, as well as uncertainties related to galaxy
physics that need to be marginalized over [16, 17], are
also factors we need to account for before an applica-
tion to observational data is finally possible. We plan to
tackle all of these issues in upcoming work.

By efficiently combining a set of well-understood math-
ematical properties, the WST can reliably capture non-
Gaussian information way beyond the traditional mat-
ter power spectrum. Through the first application on
3D matter overdensity fields in the literature, we demon-
strate the great promise it holds in the context of preci-
sion cosmology, and pave the way for its future applica-
tion on observational data.
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Appendix A: Marked Power Spectrum

In this appendix we summarize the basic properties of
the marked power spectrum, the predictions of which we
used as a comparison.

In the configuration space, the marked correlation
function [55] is a generalization of the standard 2-point
correlation function in which each correlated particle (or
tracer) is weighted by a function or “mark”, m, that em-
phasizes a given property of interest. If ξ(r) is the 2-point
correlation function at separation r, and W (r) the corre-
sponding weighted correlation function, then the marked
correlation function, M(r), is commonly defined as:

M(r) =
1

n(r)m̄2

∑
ij

δD(|xi−xj | − r)mimj =
1 +W (r)

1 + ξ(r)
,

(A1)
where in Eq. (A1) n(r) is the number of pairs of galaxies
correlated at a separation r, m̄ is the mean value of the
mark evaluated over the whole sample and δD the Dirac
function.

Marked correlation functions have been utilized to
study how the LSS clustering depends on various galaxy
properties [62–66] through the use of a suitably chosen
weight. More recently, an inverse density-weighted mark
of the form

m [x, R, δs, p] =

(
1 + δs

1 + δs + δR(x)

)p
(A2)

was proposed with the aim of testing modified gravity

(MG) theories [28], where δR is the fractional matter
overdensity δm, smoothed over some scale R, and δs, p
are two additional free parameters. Choosing values of
p > 0 highlights the low-density regions of the universe,
breaking degeneracies between the predictions made by
MG theories and General Relativity, as was found to be
the case using both dark matter simulations [29] and also
halo catalogues and galaxy mocks [12].

The function of the form (A2) was subsequently suc-
cessfully applied in the context of constraining neutrino
masses by [30], using the Fourier space counterpart of
(A1), the marked power spectrum M(k)6. Through a
Fisher forecast on the Quijote simulations [51], the com-
bination of parameter values p = 2, δs = 0.25 and R = 10
Mpc/h was found to be the one that minimized the
marginalized 1σ error on the sum and neutrino masses,
which are the values we adopt in our analysis. We eval-
uate M(k) (and also P (k)) up to a kmax = 0.58 h/Mpc,
using 91 k-bins, in order to match the minimum physical
scale probed by the WST coefficients (whereas [30, 51]
used a slightly different value of kmax = 0.5 h/Mpc).
Finally, we note that [30] also considered combinations
of marked power spectra with different parameter val-
ues, a choice which was shown to produce even tighter
constraints to the cosmological parameters. In a sim-
ilar fashion, combinations of the WST evaluated with
different parameters could lead to similar improvements.
However, in this work we did not choose to investigate
this possibility.
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Heidelberg, Berlin, Heidelberg, 2009) pp. 131–140.

[50] A. K. Saydjari and D. P. Finkbeiner, Equivari-
ant Wavelets: Fast Rotation and Translation Invari-
ant Wavelet Scattering Transforms, arXiv e-prints ,
arXiv:2104.11244 (2021), arXiv:2104.11244 [cs.CV].

[51] F. Villaescusa-Navarro, C. Hahn, E. Massara, A. Baner-
jee, A. M. Delgado, D. K. Ramanah, T. Charnock,
E. Giusarma, Y. Li, E. Allys, A. Brochard, C. Uhlemann,
C.-T. Chiang, S. He, A. Pisani, A. Obuljen, Y. Feng,
E. Castorina, G. Contardo, C. D. Kreisch, A. Nicola,
J. Alsing, R. Scoccimarro, L. Verde, M. Viel, S. Ho,
S. Mallat, B. Wandelt, and D. N. Spergel, The quijote
simulations, The Astrophysical Journal Supplement Se-
ries 250, 2 (2020).

[52] S. Cheng and B. Menard, Weak lensing scattering
transform: dark energy and neutrino mass sensitiv-
ity, Mon. Not. Roy. Astron. Soc. 507, 1012 (2021),
arXiv:2103.09247 [astro-ph.CO].

[53] Carron, J., On the assumption of gaussianity for cos-
mological two-point statistics and parameter dependent
covariance matrices, A&A 551, A88 (2013).

[54] M. Tegmark, A. N. Taylor, and A. F. Heavens, Karhunen-
loeve eigenvalue problems in cosmology: How should we
tackle large data sets?, The Astrophysical Journal 480,
22 (1997).

[55] D. Stoyan, On correlations of marked point pro-
cesses, Mathematische Nachrichten 116, 197 (1984),
https://onlinelibrary.wiley.com/doi/pdf/10.1002/mana.19841160115.

[56] Hartlap, J., Simon, P., and Schneider, P., Why your

model parameter confidences might be too optimistic. un-
biased estimation of the inverse covariance matrix, A&A
464, 399 (2007).

[57] S. Zhang and S. Mallat, Maximum entropy models from
phase harmonic covariances, Applied and Computational
Harmonic Analysis 53, 199 (2021).

[58] A. E. Bayer, A. Banerjee, and U. Seljak, Beware of Fake
νs: The Effect of Massive Neutrinos on the Non-Linear
Evolution of Cosmic Structure, (2021), arXiv:2108.04215
[astro-ph.CO].

[59] F. Villaescusa-Navarro, F. Marulli, M. Viel, E. Branchini,
E. Castorina, E. Sefusatti, and S. Saito, Cosmology with
massive neutrinos i: towards a realistic modeling of the
relation between matter, haloes and galaxies, Journal of
Cosmology and Astroparticle Physics 2014 (03), 011.

[60] E. Castorina, E. Sefusatti, R. K. Sheth, F. Villaescusa-
Navarro, and M. Viel, Cosmology with massive neutrinos
II: on the universality of the halo mass function and bias,
Journal of Cosmology and Astroparticle Physics 2014
(02), 049.

[61] A. J. S. Hamilton, Linear redshift distortions: A review,
in The Evolving Universe: Selected Topics on Large-Scale
Structure and on the Properties of Galaxies , edited by
D. Hamilton (Springer Netherlands, Dordrecht, 1998) pp.
185–275.

[62] C. Beisbart and M. Kerscher, Luminosity- and
morphology-dependent clustering of galaxies, The Astro-
physical Journal 545, 6 (2000).

[63] R. K. Sheth, A. J. Connolly, and R. Skibba, Marked
correlations in galaxy formation models, (2005),
arXiv:astro-ph/0511773.

[64] R. Skibba, R. K. Sheth, A. J. Connolly,
and R. Scranton, The luminosity-weighted or
‘marked’ correlation function, Monthly Notices
of the Royal Astronomical Society 369, 68
(2006), https://academic.oup.com/mnras/article-
pdf/369/1/68/18664730/mnras0369-0068.pdf.
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