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Abstract
Since the initial discovery of gravitational waves in 2015, signi!cant devel-
opments have been made towards waveform interpretation and estimation of
compact binary source parameters. We present herein an implementation of the
generalized precession parameter 〈χp〉 [Gerosa et al 2021], which averages over
all angular variations on the precession timescale, within the RIFT parameter
estimation framework. Relative to the precession parameter χp, which charac-
terizes the single largest dynamical spin in a binary, 〈χp〉 has a unique domain
1 < 〈χp〉 < 2, which is exclusive to binaries with two precessing spins. After
reviewing the physical differences between these two parameters, we describe
how 〈χp〉 was implemented in RIFT and apply it to all 36 events from the sec-
ond half of the Advanced LIGO and Advanced Virgo third observing run (O3b).
In O3b, ten events show signi!cant amounts of precession 〈χp〉 > 0.5. Of par-
ticular interest is GW191109_010717; we show it has a ∼28% probability that
the originating system necessarily contains two misaligned spins.

Keywords: gravitational waves, black holes, precession, parameter estimation,
spin, RIFT, data analysis

1. Introduction

In the modern era of gravitational wave astronomy, data obtained by the Advanced LIGO and
Advanced Virgo detectors offers fresh insights on the characteristics of coalescing binary black
holes (BBHs) [1–4]. Analysis of these data has afforded us a new window on the dynamics of
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such astrophysical systems, and we are now able to identify the detailed characteristics of their
evolution.

To date a total of 90 gravitational wave events have been observed [4], and it is predicted that
in O4 the LIGO–Virgo–KAGRA network will detect 10+52

−10 binary neutron star mergers, 1+91
−1

neutron star-black hole mergers, and 79+89
−44 BBH mergers [5, 6]. By comparing the recorded

signal to that produced by simulated waveforms, we can obtain statistical information about the
fundamental source parameters of a binary system. The LIGO Scienti!c Collaboration (LSC)
and the Virgo Collaboration currently use a number of parameter estimation programs, includ-
ing LALInference [7], Bilby [8], and RIFT [9, 10]. These codes construct posterior probability
distributions for the binary’s intrinsic parameters (m1, m2,χ1,χ2) which may then be procedu-
rally transformed into other characteristic parameters to assess the properties of a binary. Such
parameterizations are useful both as a comparative heuristic for analysis, and also as a sam-
pling coordinate for improved parameter estimation. One of the properties of a binary system
that can be effectively reduced to a parameter is its precession—the change in direction of the
binary’s orbital angular momentum over time.

The characteristics of a gravitational waveform will be distinctly altered if the source binary
contains objects with misaligned spins, i.e. the spin angular momenta of the individual objects
do not point in the same direction as the orbital angular momentum of the binary. In such
systems the orbital plane will precess about the direction of the total angular momentum [11].
Spin-precession affects the gravitational waveform in three ways (1) it contributes to the orbital
decay of the binary, and thus to the accumulated phase of the gravitational wave; (2) it causes
the orbital plane to precess, changing its orientation relative to the observer and thus modulating
the waveform; and !nally (3) spin contributes directly to the gravitational wave amplitude
through higher order terms in the post-Newtonian expansion [12].

The identi!cation and analysis of precessing systems can have a signi!cant impact in our
understanding of astrophysical binary formation channels. There are two primary ways that
these binaries can form. The !rst is in the heart of star clusters [13–15]: in these dense envi-
ronments dynamic interactions between systems can lead to spins becoming misaligned; e.g.
in young star clusters [16]. The second primary formation channel occurs in isolated systems
in the galactic !eld [17–19], where there are several possible mechanisms of formation. Of
particular interest are binaries formed through supernova kicks, where it is estimated that as
high as 80% of objects can have misalignment angles greater than 30◦ [20].

In order to rapidly identify spin-precession effects in gravitational wave signals, the raw
output of parameter estimators such as RIFT is recast into single effective parameters such as
χp (see equation (2)) that judge the degree to which a binary is precessing. χp is a parameter
that expresses the maximum misaligned spin in the binary, taking information from only one
of the two objects. In this work we shall discuss the implementation in RIFT of the updated
precession parameter 〈χp〉, !rst introduced in [21]. This new parameter is a more faithful char-
acterization of a binary’s precession, as it includes misalignment information from both objects
in the binary and averages over all the angular variations on the precession timescale. It will be
shown that there are signi!cant differences in the valuation of precession between these two
parameters, particularly for systems with large spin magnitudes (χ ! 0.5) and even mass ratio
(m1 ≈ m2). The expression of these differences will then be highlighted for events from O3b,
of which ten show large amounts of precession

(
〈χp〉 > 0.5

)
.

This work will be organized as follows. In section 2 we review the parameterization of
precession magnitude as a way to characterize the binary. Following [21], in section 3 we
describe the implementation of 〈χp〉 in the RIFT parameter estimation algorithm. In section 4
the differences between the current standard parameter χp and the updated parameter 〈χp〉
are discussed as functions of the intrinsic parameter space. Finally in section 5 the precession
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Figure 1. Coordinate system in the binary source frame. The direction of the angular
momentum L is taken to be along the ẑ axis, such that the orbital motion is con!ned to
the x–y plane. The polar angles (θ1, θ2) described the misalignment of the two object’s
spins (S1, S2) with respect to the direction of orbital angular momentum. θ12 is the direct
angle between these two spin directions, and ∆Φ is the azimuthal difference between
the two spin projections onto the orbital plane3. Note that S1 is de!ned to be constrained
within the x–z plane; as such both polar angles range from 0 " (θ1, θ2) " π and the
azimuthal angle difference ranges from 0 " ∆Φ " 2π.

characteristics for all 36 events from the second half of the Advanced LIGO and Advanced
Virgo third observing run (O3b) are reported and discussed. Note that throughout this work
geometric units will be used such that G = c = 1.

2. Parameterizing precession

In a binary system containing objects with arbitrarily oriented spins, the spin-precession behav-
ior may be entirely de!ned by eight intrinsic parameters: the two object masses and six spin
components

(
m1, m2, S1x, S1y, S1z, S2x, S2y, S2z

)
. To analyze such systems we take the coordi-

nate system as shown in !gure 1, following [22]. We also take the convention for the mass
ratio q ≡ m2/m1 " 1, m1 ! m2.

In a coalescing binary the evolution of the orbital angular momentum per orbit proceeds as
follows:

dL
dt

=
dL̂
dt

L +
dL
dt

L̂, (1)

where the !rst term describes the orbital plane precession—the change in the direction of
the orbital angular momentum (denoted by the unit vector L̂)4over time, and the second term

3In LSC programming language this angle is often referred to as phi12.

4 Note that throughout this work the ‘hat’ notation (e.g. L̂) on a vector denotes that it is a unit vector.
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describes the radiation reaction. These two effects happen on different timescales and can thus
be decoupled from each other. The !rst scalar parameter introduced to characterize precession,
presented in [23] and discussed in [21], de!nes χp as:

χp ≡ max
(
χ1 sin θ1, Ω̃χ2 sin θ2

)
, (2)

where Ω̃ is the ratio of spin frequencies to leading order:

Ω̃ =
Ω2

Ω1
= q

4q + 3
4 + 3q

+ O

(
M2

L

)
, (3)

and χi =
∣∣∣ Si

m2
i

∣∣∣ are the dimensionless spin magnitudes. These are de!ned in the range
0 " χi " 1, corresponding to the Kerr spin limit for black holes. As de!ned in equation (2),
χp is the precession parameter has previously been widely reported by standard parameter esti-
mation codes to assess the degree to which a binary is precessing. The normalization factor of
Ω̃ constrains this parameter to the region 0 " χp " 1, with a larger value indicating a larger
degree of spin misalignment and thus orbital plane precession. This parameter is derived from
the normalized magnitude of orbital plane precession, which we refer to as the generalized χp
[21]:

χp,gen. =
1
Ω1

∣∣∣∣∣
dL̂
dt

∣∣∣∣∣ =

[
(χ1 sin θ1)2 +

(
Ω̃χ2 sin θ2

)2
+ 2Ω̃χ1χ2 sin θ1 sin θ2 cos ∆Φ

] 1
2

,

(4)

by taking the average value of the cos∆Φ extrema. However as pointed out by Gerosa et al [21]
this parameter has several drawbacks. Consider that χp as de!ned in equation (2) effectively
judges only the larger of the two spin projections onto the orbital plane, i.e. it takes information
from only one of the two objects in the binary. Furthermore the reductive assumption of taking
only the extrema of ∆Φ is tantamount to averaging over only this angle; however the other two
relevant angles θ1, θ2 vary on the same timescale. As all three angles vary on the same timescale
tpre ∝

(
r/M

)5/2, information is lost by averaging over only one of the three. A resolution to this
problem involves averaging over all the angular variations on the precession timescale. This
new parameterization takes the general de!nition of equation (4) and computes the average
[21]:

〈χp〉 =

∫
χp (ψ)

( dψ
dt

)−1
dψ

∫ ( dψ
dt

)−1
dψ

, (5)

whereψ(t) is chosen as a quantity that characterizes the one-parameter spin precession dynam-
ics on the spin precession timescale. The averaged precession parameter 〈χp〉 retains informa-
tion from both objects in the binary, and is a constant of motion at 2PN. It is also constrained
to the domain 0 " 〈χp〉 " 2, with the region 1 < 〈χp〉 " 2 exclusive to binaries with two
misaligned spins. For the implementation in RIFT presented below, the total spin magnitude
S = |S1 + S2| was chosen for ψ, as it is easily obtained from the intrinsic parameters without
need for further transformation.
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3. Implementation

3.1. RIFT

Rapid Iterative FiTting (RIFT) [9, 10] is a parameter estimation algorithm that compares a
candidate coalescing binary gravitational wave signal to existing waveforms, then marginalizes
the likelihood of the signal data over the characteristic coordinates of the binary’s coalescence
event relative to the Earth. The basic procedure for using RIFT5 is simple. Metadata from
a gravitational wave candidate event is taken directly from GraceDB (the Gravitational-Wave
Candidate Event Database). The user then chooses an approximant; the type of simulation basis
template against which the real data will be compared. RIFT also allows for several options,
such as specifying the power spectral density, allowing for higher-order modes, number of
iterations, etc.

From this user input, RIFT goes through two primary stages. The !rst is integrate likelihood
extrinsic (ILE), which evaluates the marginalized likelihood on candidate points using Monte
Carlo integration. The second stage is construct intrinsic posterior (CIP), which then estimates
the likelihood and posterior distribution using a Gaussian process. This posterior is then used
as a prior in the next iteration, and the two tasks repeat. The output of RIFT is a set of posterior
probability distributions for the binary’s eight intrinsic parameters and if speci!ed, also the
extrinsic parameters. For any speci!c sample within this distribution, one may then conduct
any transformation dependent upon these parameters. For a trivial example one might compute
the mass ratio q = m2/m1, and do so for every sample to create a posterior distribution.

The RIFT package provides many standard parameter transformations
(lalsimutils.py), as well as a plotting tool (plot_posterior_corner.py)
for creating corner plots of the posterior distributions. We modi!ed these two utilities to cal-
culate and illustrate the averaged precession parameter 〈χp〉. We emphasize these calculations
are purely postprocessing, performed after the main parameter estimation process of RIFT.
As they require only posterior samples, such calculations can be subsequently performed with
any existing posterior data. These low-cost postprocessing transformations can be performed
readily with local CPUs.

3.2. Calculation of 〈χp〉 in RIFT

To calculate 〈χp〉 for a given set of eight intrinsic parameters, the following algorithm
has been programmed into RIFT’s lalsimutils.py analysis tool as an option in the
extract_param function. This closely follows the example implementation presented in
[21] (and implemented with the precession package [24]), with adjustments made to coop-
erate with RIFT’s existing functions. It should be noted that the RIFT output samples for the
two masses are given in the units of solar mass M*; for the purposes of this calculation we
therefore !rst convert these to units of (s kg−1) using the conversion factor M*

G
c3 to reduce the

numerical order across the rest of the algorithm. We begin by calculating the angles (θ1, θ2,∆Φ)
using the built-in function extract_system_frame. This function !rst !xes the direction
of orbital angular momentum (see !gure 1) and then computes the following:

θ1 = arccos
(
Ŝ1 · L̂

)
,

θ2 = arccos
(
Ŝ2 · L̂

)
,

5 For more information on using RIFT and associated functions, see https://github.com/oshaughn/RIFT_tutorials.

5

https://github.com/oshaughn/RIFT_tutorials


Class. Quantum Grav. 39 (2022) 125003 C Henshaw et al

∆Φ = R

[
−i ln

(
(x̂ + iŷ) · Ŝ1

(x̂ + iŷ) · Ŝ2

)]
. (6)

The functionextract_system_framealso gives us the dimensionless spin magnitudes
χi. The last value needed is the reference frequency f ref , which is given a default value of 20 Hz,
although this may be changed through user speci!cation. The (Newtonian) orbital angular
velocity is then ω = π f ref . We can now calculate the separation distance as per equation (4.13)
in reference [12]:

r
M

= (Mω)−
2
3 −

[
1 − q

3(1 + q)2

]

− (Mω)
1
3

3(1 + q)2 [(3q + 2)χ1 cos θ1 + q(3 + 2q)χ2 cos θ2]

+ (Mω)
2
3

[
q

(1 + q)2

(
19
4

+
q

9(1 + q)2

)

− χ1χ2

2
(sin θ1 sin θ2 cos∆Φ− 2 cos θ1 cos θ2)

]
. (7)

We then proceed to calculate the magnitude of the angular momentum L, the magnitude of
the total angular momentum J, and the dimensionless effective aligned spin ξ [25, 26]:

L = m1m2

√
r
M

, (8)

J =
[
L2 + S2

1 + S2
2 + 2L (S1 cos θ1 + S2 cos θ2)

+ 2S1S2 (sin θ1 sin θ2 cos ∆Φ + cos θ1 cos θ2)]
1
2 , (9)

ξ ≡ M−2 [(1 + q)S1 + (1 + q−1)S2
]
· L̂

=
1 + q
qM2 (qS1 cos θ1 + S2 cos θ2) . (10)

Note that ξ is a conserved quantity on both the precession and radiation-reaction timescales
[24]. Recall that our goal is to calculate equation (5) using the total spin; this equation now
becomes:

〈χp〉 =

∫ S+
S−

χp (S)
(

dS
dt

)−1
dS

∫ S+
S−

(
dS
dt

)−1
dS

. (11)

The time derivative of S is given by [25]:

∣∣∣∣
dS
dt

∣∣∣∣ =
3
2

S1S2M9

L5

q5(1 − q)
(1 + q)11

[
1 − qM2ξ

L(1 + q)2

]
sin θ1(S)sin θ2(S)|sin∆Φ(S)|

S
. (12)

Notice that this derivative contains angular parametric equations of S, which are given by:
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θ1(S) = cos−1
{

1
2(1 − q)S1

[
J2 − L2 − S2

L
− 2qM2 ξ

1 + q

]}
,

θ2(S) = cos−1
{

1
2(1 − q)S2

[
−J2 − L2 − S2

L
− 2M2 ξ

1 + q

]}
,

∆Φ(S) = cos−1
[

S2 − S2
1 − S2

2 − 2S1S2 cos θ1(S) cos θ2(S)
2S1S2 sin θ1(S) sin θ2(S)

]
. (13)

The limits of integration S± in equation (11) correspond to the two extremal solutions of
dS
dt = 0. To obtain these we use the function Sb_limits, which is part of the precession
package [24]. This evaluates the geometrical constraints of the system based on the following
de!nitions. As shown in !gure 1, the two polar angles range from 0 " (θ1, θ2) " π and the
azimuthal angle difference ranges from 0 " ∆Φ " 2π. Based on the limits of the polar angles
and azimuthal angle difference, the effective spin ξ, along with the total spin S, and the total
angular momentum J, also have geometric limits:

− 1 + q
M2

(
S1 +

S2

q

)
" ξ " 1 + q

M2

(
S1 +

S2

q

)
,

|S1 − S2| " S " S1 + S2, max
(
0, L − S1 − S2, |S1 − S2| − L

)
" J " L + S1 + S2. (14)

Notice that these constraints are dependent on each other. To solve for the limits S±, the
effective potentials ξ± [27] for spin precession are used:

ξ± =
1

4qM2S2 L

{(
J2 − L2 − S2) [S2(1 + q)2 − (S2

1 − S2
2)(1 − q2)

]

± (1 − q2)
([

J2 − (L − S)2] [(L + S)2 − J2]

×
[
S2 − (S1 − S2)2] [(S1 + S2)2 − S2]) 1

2

}
. (15)

The solutions S± to the equations ξ± − ξ = 0 are then found using
scipy.optimize.brentq, an implementation of Brent’s method for root !nding
[28]. Each of the integrals in equation (11) may now be calculated, and are computed by
scipy.integrate.quad. Note that the precession cycle S− → S+ → S− is symmetric;
as such we need only integrate over half of the total cycle (i.e. from S− to S+).

Given the input of the eight intrinsic binary parameters this algorithm computes a value for
〈χp〉which lies in the interval [0, 2]. However it should be noted that this procedure does fail for
a few speci!c cases. If both spins are entirely aligned (or anti-aligned) with the orbital angular
momentum, then the above algorithm will fail. However this is a trivial case, as if there is no
misalignment then there is no precession and we set 〈χp〉 = 0. If one of the spins is exactly
zero (i.e. Si = 0) but the other spin is not, then this algorithm also fails. In this case 〈χp〉 = χp,
and this is the parameter that is calculated. This equivalence can be seen by applying the single
misaligned spin condition to equation (4) for the generalized precession parameter. Here taking
χ1 -= 0,χ2 = 0:

χp,gen. = χ1 sin θ1, (16)

or the opposite case, where χ1 = 0,χ2 -= 0:

χp,gen. = Ω̃χ2 sin θ2. (17)
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Hence a comparison to equation (2) shows that for either case of single misaligned spin
calculation of the general precession parameter reduces to simply a calculation of χp. This
is true also for the averaged precession parameter 〈χp〉; as the magnitude of one of the spins
approaches zero, 〈χp〉 is well approximated by χp.

RIFT’s supplemental tool for plotting posterior probability distributions is
plot_posterior_corner.py, which reads in the posterior samples produces by
the ILE/CIP process and creates corner plots of the total probability distribution for
the binary. Within this script one can call any of the transformations programmed into
lalsimutils.py to similarly create posteriors for parameters such as 〈χp〉. This param-
eter has been included in the latest release of RIFT, and posteriors for both precession
parameters can now be created for any existing and future gravitational wave event data.

4. Parameter comparison

Let us now examine the key differences between these two precession parameters. The current
standard parameter χp looks at the projection of the two object’s spins onto the orbital plane,
and takes the maximum of these two values. This produces a parameter value normalized to the
domain 0 " χp " 1. However by taking this maximum we are considering information from
only one of the objects in the binary, and using this information alone to judge spin misalign-
ment and thus orbital plane precession. This method, while useful in speci!c cases, loses the
cos∆Φ cross term from the generalized precession parameterization given in equation (4).

The new parameter 〈χp〉 retains this term and averages over∆Φ on the precession timescale,
and as such retains the spin-misalignment information from both objects in the binary. This
produces a parameter value normalized to the domain 0 " 〈χp〉 " 2. As pointed out in [21], it
is of crucial interest to note that any value of 〈χp〉 > 1 must necessarily correspond to a set of
binary intrinsics where both objects have misaligned spin. This is an immediately observable
feature that is not present in χp, as from this parameter there can be no direct correlation to the
intrinsic space of both objects.

Based on the domains of these two parameters, at !rst glance one might expect that for a
given set of source parameters 〈χp〉 will yield values greater than χp. However the inclusion
of the cross term which contains cos∆Φ in equation (4) means that for speci!c binary mor-
phologies the averaged parameter can actually be much less than χp. To highlight this, a set
of N = 1000 uniformly random binaries was generated with spin components 0 " |Si| " 1.
For each of these binaries both 〈χp〉 and χp were calculated at !xed total mass, for mass ratios
q = {1.00, 0.80, 0.50} at a reference frequency of f ref = 20 Hz. It should be noted that the spin
component values were randomized with a !xed seed; the only variable changing between the
three tests below is the mass ratio. The data from these calculations are shown in !gure 2 below.

One can see that for binaries in which both objects have relatively high spin
(0.5 " χ1,χ2 " 1.0) the distribution of the parameter space will be more widely spread about
the χp = 〈χp〉 line, in some cases surpassing a 5σ deviation. For binaries in which both objects
have a relatively low spin (0.0 " χ1,χ2 " 0.5) the distribution of the parameter space will be
less widely spread about the χp = 〈χp〉 line, never exceeding 5σ. This difference relationship
also depends strongly on the mass ratio q, but not on the total mass. The mass ratio enters as
a variable in the normalizing factor Ω̃ (equation (3)). One can see that increasing the asym-
metry in q reduces the overall spread of the parameter difference for all spin values. At higher
inverted mass ratios (1/q ! 2) the parameter difference is negligible, and in the limit as q → 0
the two parameters converge. The parameter difference also depends strongly on the azimuthal
angle difference ∆Φ. This variable enters into equation (4) as a cosine term, and this behavior
is re"ected in the distribution as shown in !gure 3.

8
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Figure 2. Precession parameter comparison for N = 1000 uniformly random spin
components 0 " |Si| " 1 at m1 = 10.00M* and q = {1.00, 0.80, 0.50} with a refer-
ence frequency of fref = 20 Hz. The left-hand stars indicate samples with low spin
(0.0 " χ1,χ2 " 0.5). The right-hand stars indicate samples with high spin (0.5 "
χ1,χ2 " 1.0). The regions bounded by dashed lines indicate standard deviations
σ = {0.109, 0.075, 0.023} away from the solid black line χp = 〈χp〉 for each respective
case.

9
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Figure 3. Precession parameter difference 〈χp〉 − χp vs ∆Φ for N = 1000 uniformly
random spin components 0 " |Si| " 1 at m1 = 10.00M* and q = {1.00, 0.80, 0.50}
with a reference frequency of fref = 20 Hz. The black markers indicate samples with
〈χp〉 > 1, corresponding to binaries which necessarily have two misaligned spins.

Notice that for q = 1 the distribution of values tends to follow the behavior of cos∆Φ, but as
the mass ratio decreases the distribution appears more uniform. Consider !rst the q = 1 image.
The samples with the largest positive parameter difference cluster around the ∆Φ = 0, 2π
regions, corresponding to spin morphologies where the in-plane components of S1, S2 are
aligned. These regions, where cos∆Φ > 0 also represent the domain in which 〈χp〉 > 1. These
samples, highlighted in black, correspond to binaries that necessarily have two misaligned
spins—qualitative information that is not conveyed by χp. The samples with the largest nega-
tive difference cluster in the region surrounding∆Φ = π, where cos∆Φ < 0. This region cor-
responds to spin morphologies where the in-plane components of S1, S2 are anti-aligned. The
orthogonal conditions for in-plane spin components

(
∆φ = π/2, 3π/2

)
correspond to roots

in 〈χp〉 − χp vs ∆Φ, indicating that for these morphologies the two parameters are equivalent.
However these behaviors degrade as the mass ratio decreases. Progressing from left to right in
!gure 3, the cosine-like behavior of 〈χp〉 − χp vs ∆Φ loses de!nition and approaches a uni-
form distribution. Additionally the quantity of samples with 〈χp〉 > 1 is signi!cantly reduced,
indicating that this region is less useful as a qualitative heuristic for double-misalignment as
the mass ratio deviates from unity.

These results demonstrate that for practically any given spin morphology, the parameter
χp either under or overestimates the binary’s precession. This is because χp inherently takes
information from only one object in the binary, and does not take into account all the angu-
lar variations of the two objects over the precession timescale. However, χp is still a useful
parameter when the mass asymmetry is large, or if one of the two spins is close to zero where
〈χp〉 = χp as discussed in section 3.2.

5. Precession results from GWTC-3

Presented below are the precession parameter posteriors for all 36 events from the second half
of the advanced LIGO and Advanced Virgo third observing run, as presented in GWTC-3 [4].
The intrinsic parameter data used to calculate these come from the public release [29, 30], and
were converted to RIFT readable format using the PESummary python package [31]. From
this release the SEOBNRv4PHM [32] approximant samples created by RIFT (prior to spin evo-
lution and cosmological re-weighting) were analyzed. These data were chosen to be as close
to the raw RIFT output as possible, differing only by standard calibration adjustment. As such

10
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Table 1. Highly precessing events from O3b.

Event χp 〈χp〉 P
(
〈χp〉 > 1

)

GW191109_010717 0.71+0.23
−0.36 0.81+0.57

−0.48 0.28
GW191204_110529 0.57+0.35

−0.42 0.60+0.53
−0.44 0.09

GW191215_223052 0.50+0.37
−0.38 0.51+0.39

−0.39 0.01
GW191230_180458 0.52+0.38

−0.39 0.53+0.52
−0.40 0.07

GW200128_022011 0.58+0.32
−0.39 0.62+0.52

−0.43 0.10
GW200209_085452 0.50+0.40

−0.36 0.51+0.54
−0.38 0.07

GW200219_094415 0.52+0.38
−0.38 0.53+0.51

−0.38 0.06
GW200220_061928 0.50+0.37

−0.36 0.51+0.56
−0.38 0.07

GW200220_124850 0.52+0.38
−0.39 0.52+0.53

−0.39 0.07
GW200225_060421 0.52+0.34

−0.38 0.52+0.35
−0.38 0.01

the data shown here may differ from those reported in the O3b catalog, which use a combi-
nation of samples from both the time-domain parameter estimation (RIFT, SEOBNRv4PHM)
and frequency-domain parameter estimation (Bilby, IMRPhenomXPHM [33]). As discussed in
the catalog, these samples were generated with a uniform prior over spin magnitudes, a uni-
form prior over redshifted component masses, and an isotropic prior over spin orientation, sky
location, and orientation [4]. Presented here are posterior probability distributions for both χp
and 〈χp〉, displayed in !gure 4 below, with median and 90% con!dence intervals reported in
table 2.

Note that for the majority of these events there are not signi!cant differences in the posterior
distributions, as there is not a signi!cant amount of precession. However there are a number
of events that have a large probability of being highly precessing, with a parameter peak!0.5.
The posterior probability distributions for these events show a signi!cant tail in the 〈χp〉 > 1
region, corresponding to the probability that the originating system necessarily contains two
misaligned spins. These highly precessing events are show in !gure 7 with P

(
〈χp〉 > 1

)
listed

in table 1 below.
Note that the information about dual-misalignment probability found from calculating

P
(
〈χp〉 > 1

)
is not present from calculating χp alone. From these initial results we see that

for highly precessing events this probability region offers valuable insight into the originat-
ing system, as evidence of dual-misaligned systems may contribute to constraining formation
channels of precessing systems. Of particular interest is GW191109_010717, shown below in
!gure 5 which presents with a sharply peaked χp = 0.71+0.23

−0.36 , but a relatively "atter distribu-
tion of 〈χp〉 = 0.81+0.57

−0.48 . There are a number of interesting features with this event that can
affect the difference in distributions between χp and 〈χp〉.

GW191109_010717 shows component black holes that have dimensionless spin magni-
tudes of χ1 = 0.83+0.15

−0.39 , χ2 = 0.57+0.39
−0.51 . The mass ratio of the system is q = 0.74+0.21

−0.25 . As
discussed in section 4 above, one should expect signi!cant differences between χp and 〈χp〉
for a system with two large spin magnitudes and a mass ratio close to unity. Additionally
both spins show moderately large probabilities of misalignment, with cos θ1 = −0.44+0.61

−0.48 ,
cos θ2 = −0.32+0.99

−0.61 . Furthermore, GW191109_010717 is an interesting event due to the
total mass. Its constituent black holes have masses of (in the source frame): m1 = 63+12

−10 M*,
m2 = 46+11

−12 M*, leading to a !nal black hole of mass Mf = 106+14
−14 M*. This places the !nal

black hole in the intermediate mass black hole (IMBH) mass range
(
102 − 105 M*

)
.

There are some remarkable similarities in the precession parameter distributions to those
of the salient IMBH candidate event from the !rst half of the Advanced LIGO and Advanced
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Figure 4. Posterior probability distributions for χp and 〈χp〉 for all 36 O3b events.
The vertical dashed line marks 〈χp〉 > 1; this region is exclusive to binaries with two
misaligned spins.

Virgo third observing run (O3a), GW190521 [2]. Using parameter estimation data from the
public release of GWTC-2 (also without cosmological reweighting), this event also shows
a sharply peaked χp = 0.73+0.22

−0.41 with a 〈χp〉 = 0.82+0.56
−0.49 that extends signi!cantly into the

〈χp〉 > 1 region, yielding P
(
〈χp〉 > 1

)
= 0.25. Similar to GW191109_010717, GW190521

shows component black holes that have dimensionless spin magnitudes of χ1 = 0.80+0.18
−0.58 ,

χ2 = 0.54+0.41
−0.48 , and a mass ratio of the system is q = 0.74+0.23

−0.42 . Thus it also falls into the
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Table 2. Precession parameter results for O3b events.

Event χp 〈χp〉 Event χp 〈χp〉

GW191103_012549 0.38+0.38
−0.25 0.39+0.36

−0.25 GW200129_065458 0.36+0.30
−0.24 0.33+0.34

−0.22
GW191105_143521 0.28+0.41

−0.22 0.28+0.39
−0.23 GW200202_154313 0.27+0.36

−0.21 0.28+0.34
−0.22

GW191109_010717 0.71+0.23
−0.36 0.81+0.57

−0.48 GW200208_130117 0.38+0.40
−0.28 0.38+0.46

−0.28
GW191113_071753 0.29+0.51

−0.25 0.30+0.51
−0.25 GW200208_222617 0.34+0.40

−0.26 0.36+0.43
−0.26

GW191126_115259 0.37+0.37
−0.25 0.39+0.37

−0.25 GW200209_085452 0.50+0.40
−0.36 0.51+0.54

−0.38
GW191127_050227 0.48+0.41

−0.35 0.49+0.50
−0.35 GW200210_092254 0.12+0.21

−0.10 0.13+0.21
−0.10

GW191129_134029 0.25+0.34
−0.19 0.26+0.31

−0.19 GW200216_220804 0.46+0.40
−0.34 0.47+0.49

−0.34
GW191204_110529 0.57+0.35

−0.42 0.60+0.53
−0.44 GW200219_094415 0.52+0.38

−0.38 0.53+0.51
−0.38

GW191204_171526 0.35+0.31
−0.23 0.36+0.28

−0.23 GW200220_061928 0.50+0.37
−0.36 0.51+0.56

−0.38
GW191215_223052 0.50+0.37

−0.38 0.51+0.39
−0.39 GW200220_124850 0.52+0.38

−0.39 0.52+0.53
−0.39

GW191216_213338 0.21+0.30
−0.14 0.22+0.27

−0.14 GW200224_222234 0.48+0.35
−0.35 0.45+0.41

−0.32
GW191219_163120 0.07+0.08

−0.05 0.07+0.08
−0.05 GW200225_060421 0.52+0.34

−0.38 0.52+0.35
−0.38

GW191222_033537 0.45+0.40
−0.35 0.45+0.48

−0.35 GW200302_015811 0.40+0.43
−0.30 0.41+0.45

−0.31
GW191230_180458 0.52+0.38

−0.39 0.53+0.52
−0.40 GW200306_093714 0.43+0.38

−0.31 0.44+0.39
−0.31

GW200105_162426 0.07+0.09
−0.05 0.07+0.09

−0.05 GW200308_173609 0.43+0.44
−0.33 0.45+0.49

−0.34
GW200112_155838 0.44+0.36

−0.33 0.42+0.39
−0.31 GW200311_115853 0.45+0.36

−0.34 0.43+0.39
−0.32

GW200115_042309 0.16+0.24
−0.12 0.17+0.26

−0.13 GW200316_215756 0.30+0.38
−0.21 0.31+0.36

−0.22
GW200128_022011 0.58+0.32

−0.39 0.62+0.52
−0.43 GW200322_091133 0.38+0.50

−0.31 0.39+0.51
−0.31

Figure 5. Precession parameter posterior probability distributions for
GW191109_010717, with median and 90% con!dence intervals.

behavior pattern discussed in section 4. Furthermore this event also shows high total mass,
with constituent black holes of (in the source frame) m1 = 99+42

−19 M* and m2 = 71+21
−28 M*,

leading to a !nal remnant mass of Mf = 162+35
−22 M*.

The high total mass of these two events leads to a very short signal duration (0.1 s) in
the LIGO and Virgo observable band. As pointed out in [34], the short signal duration of
GW190521 limits our ability to judge the spin evolution of the system. As such the origin
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Figure 6. Precession parameter posterior probability distributions for GW190521, with
median and 90% con!dence intervals.

of the difference in distribution of precession parameters as shown in !gures 5 and 6 may
be the result of lack of information affecting our ability to characterize precession in IMBH
systems. This topic will be addressed in a follow-up paper with further analysis of these two
events.
6. Closing remarks

The precession parameter χp is a normalized measure of the maximum projection of spin mis-
alignment onto the orbital plane between the two objects in a binary system. As such this
parameter takes information from only one object, averaging over only the azimuthal angle
difference ∆Φ, and does not account for the variation of the polar angles θ1, θ2 on the preces-
sion timescale tpre ∝

(
r/M

)5/2
. This inconsistency in averaging is resolved by the parameter

〈χp〉, which averages over all the angular variations on the precession timescale and preserves
the spin-misalignment information from both objects in the binary.

The generalized precession parameter 〈χp〉 has now been implemented in the parameter esti-
mation algorithm RIFT, and is now available in the latest release of RIFT at https://github.com/
oshaughn/research-projects-RIT.With this implementation, bothχp and 〈χp〉 can be calculated
for any set of intrinsic parameters and can therefore be used to generate posterior distribu-
tions from existing sample data. Such posteriors can be created and plotted directly from past
and future posterior sample data using the plot_posterior_corner.py tool. For more
information on using RIFT and associated functions, see https://github.com/oshaughn/RIFT_
tutorials. It should be emphasized that the calculation of these parameters presented in this work
were not sampled as part of the ILE/CIP process described in section 3.1. An analysis of this
sampling technique and its effect on parameter estimation of precessing systems is planned
for future work, along with comparisons to alternative parameterizations of precession and
the in"uence of higher-order waveform modes [35, 36]. The choice of priors for the intrinsic
parameters, the impact of that choice on the priors of χp, 〈χp〉, and the resulting consequences
for the posterior are also left to future work.

Additionally the precession characteristics for all 36 events from GWTC-3 have been
reported. It was shown that there are ten events displaying high precession

(
〈χp〉 > 0.5

)
, for
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Figure 7. Precession parameter posterior probability distributions for the ten highly
precessing (〈χp〉 > 0.5) events from O3b, with median and 90% con!dence intervals.

which there are signi!cant probabilities that their originating systems necessarily contain two
misaligned spins. Further analysis of these events, in particular GW191109_010717, is planned
for a follow-up paper.
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