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A B S T R A C T   

Until now, the nature of the competitive and cooperative correlation between solid solution 
strengthening and precipitate hardening is still uncovered, and then brings great challenges in 
designing the high-performance alloys. Here, a unified model has been developed to establish the 
quantitative relationships among the aging process, microstructure, and yielding strength for a 
model nickel-based superalloy in a three-dimensional (3D) space, which agglomerates the three 
independent variables of aging temperature, cooling time, and matrix composition, and these 
variables dominated the size and volume fraction of precipitates, and anti-phase boundary (APB) 
energy. Our experiments clearly suggest the competitive and cooperative correlation of solid 
solution and precipitate hardening exits in a 3D space. The size and volume fraction of pre
cipitates, and the composition of matrix after the aging process can be predicted, and then in
tegrated into the physical model to obtain the yielding strength of alloys. On average, the 
deviation of the yielding strength is 4%, which is far better than 15% with the existing strength 
model without considering the heat treatment, significantly reducing the development cycle. The 
size and volume fraction of precipitates decrease with the increased cooling rate, leading to that 
the precipitate strengthening firstly increases and then decreases. Meanwhile, this trend would 
result in enhancing solid solution strengthening monotonously. Especially, the critical cooling 
rate coordinates the relationship between the competition and cooperation owing to the obvious 
change of the APB energy together with the matrix composition, and a maximum yielding 
strength occurs at 166 ℃/min. The present work can provide a key theoretical guidance for 
designing advanced alloys with the excellent performance in a 3D space.   

1. Introduction 

The nickel-based superalloys are extensively utilized in the hot-end components due to their excellent properties at high tem
peratures (Pollock, 2016; Xu et al., 2017; Murray et al., 2020; Panwisawas et al., 2020; Wu et al., 2020; Wei et al., 2021). The 
extraordinary high-temperature performance is essentially originating from the special contribution of solid solution strengthening 
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and precipitate strengthening, which is mainly controlled by the unique microstructures of precipitates (Reed, 2008; Osada et al., 
2013; Francis et al., 2014; Li et al., 2015; Ji et al., 2019; Schleifer et al., 2020). The microstructural parameters of precipitates are 
dependent on the special heat treatment conditions, which are composed of the solution treatment and subsequent aging treatment. It 
is generally recognized that the cooling rate plays a crucial role on the microstructural evolution and mechanical properties of 
nickel-based superalloys. 

The relationships between the cooling rate and the precipitate configuration have been widely reported in the previous work (Li 
et al., 2018; Mallikarjuna et al., 2019; Li et al., 2021). The experiments show that the size of the nanoscale precipitates presents a 
monomodal distribution when the cooling rate is high. The slow cooling rate produces a bimodal distribution of the precipitates with a 
large size and irregular cubic shape (Li et al., 2018; Mallikarjuna et al., 2019). This reason is that the lower cooling rate promotes the 
element migration of the precipitates, and then the size and volume fraction of the precipitates increase at a low cooling rate (Li et al., 
2021). Through the numerical simulations of precipitate kinetics, the unimodal and multimodal size distribution of the precipitates is 
observed in the continuous cooling process, and also verified based on the previous research (Radis et al., 2009). Using the ther
modynamic calculations, the key kinetic factors are the compositional variations of precipitates for different cooling rates due to that 
the diffusion mechanism changes with the temperature (Chen et al., 2015). Based on the classic-nucleation theory and 
diffusion-growth theory, a fast-acting model is developed to calculate the number density and size variation of the precipitates during 
the continuous cooling (Semiatin et al., 2015, 2018). 

Moreover, other physical models have been developed, which try to modify the classic theories of solid solution strengthening and 
precipitate strengthening. For instance, a grain-size dependent solution pinning model is proposed, and predicts the solid solution 
softening behavior in the nanocrystal alloy (Rupert et al., 2011). Based on the Mooren’s approach, the classical solid solution 
strengthening model has been extended to calculate the solid solution hardening in the high entropy alloys (Toda-Caraballo and 
Rivera-Díaz-del-Castillo, 2015). In consideration of the composition-related lattice constant and shear modulus, the solid solution 
strengthening effect of various alloy elements is calculated by high throughput density functional theory (Wang et al., 2021). As for the 
precipitate strengthening, a parameter-free physical model that considers the size distribution of the multimodal precipitates is 
proposed (Galindo-Nava et al., 2015), and this model can accurately predict the yielding stress. The effect of chemical element 
concentration on various strengthening mechanisms is elucidated. It is found that the multifaceted effect of the element is more 
significant than the variation of the precipitate volume fraction (Goodfellow et al., 2019). By introducing the temperature-dependent 
microstructural parameters, a yielding strength model for nickel-based superalloys at different temperatures is developed (Li et al., 
2019). Considering the relative position between the dislocation-slip plane and the precipitate-geometric center, a 
probability-dependent precipitate strengthening model is proposed (Fang et al., 2019). This model could predict the contribution of 
precipitate strengthening more accurately in a wide range of precipitate size. By incorporation of the additional cube slip system, the 
γ-γ′ interaction, and the adoption of APB shearing as the dominant deformation mechanism in the γ and γ′ phases, a dislocation 
density-based crystal plasticity model is developed to capture the micromechanical behavior of nickel-based superalloys (Gupta and 

Fig. 1. The mechanical properties of alloys in a 3D space, which contains three independent variables of the aging temperature, cooling time, and 
matrix composition. These three independent variables would control the size and volume fraction of the precipitate, and APB energy. 

Q. Fang et al.                                                                                                                                                                                                           



International Journal of Plasticity 149 (2022) 103152

3

Bronkhorst, 2021). Recently, a series of tie-line single-crystal modeling specimens are uniquely designed for the direct validation of 
classical precipitate strengthening theory. The result shows that the experimental measured strength does not correlate well with the 
value predicted by the classical precipitate strengthening model (Wu et al., 2021). The previous work reported above has been 
committed to improving the classical model of solid solution strengthening and precipitate strengthening, and then has been extended 
to some novel materials, such as nanocrystal alloys, high-entropy alloys, and high-temperature alloys. However, the competitive and 
cooperative mechanism between solid solution strengthening and precipitate strengthening to the yielding strength during the 
heat-treatment process is rarely reported, which is a significant and necessary issue for the design and industrial application of 
high-strength alloys. 

As a hopeful advanced powder metallurgy (PM) technique, hot isostatic pressing (HIP) has been extensively explored to obtain 
attractive mechanical properties in the previous fundamental research (Atkinson and Davies, 2000; Singh et al., 2020). HIP can rapidly 
fabricate nearly full dense and complex components with fine microstructures and excellent mechanical properties directly from loose 
metal powders (Han et al., 2018; Gussev et al., 2018; Qin et al., 2021). It is well known that HIP is not only employed to eliminate the 
internal pores in a material, but also thought to be particularly effective as a post treatment of selective laser melting process (Hirata 
et al., 2020; Du Plessis and Macdonald, 2020; Herzog et al., 2020). The nickel based superalloy turbine disc used in aeroengines are 
usually fabricated via HIP technique (Wei et al., 2014; Sreenu et al., 2020). Here, we would employ the HIP technology to fabricate the 
superalloys. 

In the current work, a new model for the quantitative correlation among the processing parameter, microstructure, and yielding 
strength is established for the alloy in a 3D space agglomerating the temperature, time, and composition. Several corresponding sub- 
problems should be solved: (ⅰ) The size and volume fraction of the precipitates with the increase of the cooling rate are firstly 
determined, based on the experimental data. (ⅱ) Subsequently, considering the actual precipitate spatial and statistical distribution, a 

Table 1 
The nominal composition of a nickel-based alloy (weight percent, wt %).  

Element Co Cr Mo W Al Ti Nb C B Zr Hf Ni 

Alloy 
precipitate 

26 
14.09 

13 
1.173 

4 
0.19 

4 
2.44 

3.2 
6.35 

3.7 
7.77 

0.95 
1.98 

0.05 
- 

0.025 
- 

0.05 
0.018 

0.2 
0.18 

Bal. 
Bal.  

Fig. 2. (a) The schematic of the preparation of the investigated alloy. (b) The schematic diagram of equipment for end quenching, which can realize 
high-throughput precipitate control and data acquisition. (c) The selected 6 points on the gradiently-cooled specimen, where the thermocouples are 
welded on the selected point to monitor the temperature during water quenching. (d) The change of temperature for the points 1–6 with the increase 
of the cooling time. 
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precipitate strengthening model is proposed. (ⅲ) Meanwhile, considering the composition variation of the matrix, the solid solution 
strengthening is developed. (ⅳ) By combining the precipitate strengthening and solid solution strengthening, a yielding strength 
model is established. (ⅴ) Finally, integrating the temperature- and time-dependent size and volume fraction of the precipitate into the 
strength model, a yielding strength model can be developed after the heat-treatment process. Fig. 1 illustrates the predicted me
chanical properties for alloys in a 3D space. Based on this result, the competitive and cooperative mechanisms between the solid 
solution and precipitate strengthening would be revealed from a high-dimension aspect. 

2. Experiment 

2.1. Material preparation and heat treatment 

A nominal chemical composition of a nickel-based superalloy in the present work is listed in Table 1. Firstly, the alloy powders are 
prepared, using a vacuum-induction melting technique and atomized by argon gas. A stainless-steel container is employed to contain 
the alloy powders with sizes ranging from 50 to 150 μm. Then, HIP is performed in a vacuum condition of 1100 ◦C/140 MPa, and the 
alloy powders are consolidated for 4 h. After the HIP treatment, we remove the stainless steel container and heat-extrude (HEX) the 
billet at 1100 ◦C to reduce the billet area to one-tenth of the original. The alloy sample with a diameter of 25 mm and a length of 100 
mm from the HEX billet is used for end quenching. The detail process is presented in Fig. 2a. The top end and the side surfaces of the 
alloy are coated by the ceramic fibre wool to prevent heat loss, and the bottom surface is exposed for subsequent water quenching till to 
room temperature. The sample is a supersolvus solution treated at 1180 ◦C for 40 min, and then end quenched at 650 ◦C, where the 
solvus temperature of this alloy is 1154 ◦C. The six thermocouples are welded on the specimen side surface to monitor the temperature, 
where every thermocouple is set as the point, as presented in Fig. 2b. The thermocouple positions are selected in the prepared sample 
with the increased cooling rate (Fig. 2c). 

In order to quantify the solid solution cooling rate at different positions of the gradient cooling sample, the formula,c = (Tsol −

Tend)/Δt, is used to determine the solid solution cooling rate in the area from points 1–6, whose method refers to the literature and the 
actual experience of General Aviation in the United States (Mao et al., 2001, 2002). Here, c is the solid solution cooling rate, Tsol is the 
solid solution treatment temperature of 1180 ◦C, Tend is the temperature end point, which is set to a fixed value of 650 ◦C, and Δt is the 
time required to cool from the solid solution temperature to the end temperature for a certain point in the sample. Hence, the cor
responding cooling rates of six points from the sample are 35, 39, 55, 171, 951, and 6346 ◦C/min, based on the developed end 
quenching equipment (Fig. 2d), which is used for the high-throughput experimental preparation and data acquisition. 

2.2. Microstructural characterization 

Using a FEI Quanta 650 scanning electron microscope (SEM) equipped with an electron backscattered diffraction (EBSD) analyzer 

Fig. 3. The evolution of precipitates at different cooling rates after end quenching. The point 1 is cooled at 6346 ◦C/min (a), the point 2 at 951 ◦C/ 
min (b), the point 3 at 171 ◦C/min (c), the point 4 at 55 ◦C/min (d), the point 5 at 39 ◦C/min (e), and the point 6 at 35 ◦C/min (f). 
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and transmission electron microscope (TEM), the microstructure of the nickel-based superalloy is characterized. Fig. 3 shows the 
morphology, size, and volume fraction of precipitates at various cooling rates. The statistical results show (i) the precipitate size is 
unimodally distributed at the fast cooling rate; (ii) with the gradually-decreasing cooling rate, the secondary precipitates coarsen, and 
the tertiary precipitates gradually nucleate and grow. The precipitate size is bimodally distributed at the low cooling rate. For the case 
of high cooling rate, such as 6346 and 951 ◦C/min, the secondary precipitates are spherical due to the leading role of the isotropic 
interface energy (Singh et al., 2013). Through measuring the image pixel, Table 2 presents the average radius and volume fraction of 
the precipitate and the average grain size from the points 1–6. Here, the radius of the secondary γ’ precipitate is counted for the points 
1–6, and the volume fraction includes the secondary γ’ precipitate and tertiary γ’ precipitate. Although a bimodal precipitate size 
distribution exists, the volume fraction of only one type of precipitate is dominant (Masoumi et al., 2016; Smith et al., 2018). In 
addition, the average grain size of points 1–6 is approximately equivalent, indicating that no substantial grain growth occurs during 
the end quenching. According to the previous work (Osada et al., 2013), there is a quantitative relationship between the Vickers 
hardness and yield strength of nickel-based superalloys. Considering the size limitation of the gradient cooling sample, we employ the 
Vickers hardness to study the mechanical properties of the sample at different points. 

3. Microstructure-based physical model in a 3D space 

3.1. Model of precipitate size 

The precipitate strengthening is the single most important contribution to the nickel-based superalloys, which provide not only the 
excellent yield strength from the interaction between the dislocation and precipitate, but also high work hardening from the short 
range stress field (Khan and Meredith, 2010). The microstructure parameter and morphology of precipitates in alloys are greatly 
affected by the cooling rate. In fact, the cooling rate is determined, based on the dependence of temperature on time. In order to obtain 
the precipitates with different sizes and morphologies, the alloys are heated to a solid-solution temperature, and then cooled (Fig. 4). 
Due to the fact that the elemental redistribution in the matrix and precipitate is significantly affected by the cooling rate, the 
composition and structure of precipitates during continuous cooling are controlled by the concentration gradients (Reinhart et al., 
2020). Here, considering the quenching temperature and cooling time, the size and volume fraction of the precipitate can be modeled. 

Table 2 
The average radius and volume fraction of precipitates, the average grain size and the Vickers hardness obtained from the experiment.  

Point Average precipitate radius, r (nm) Precipitate volume fraction, f (%) Grain size, D (μm) Vickers hardness (Hv) 

1 11.1 ± 2.6 13.9 9.65 430.96 
2 13.9 ± 2.0 15.4 9.38 464.71 
3 33.3 ± 8.0 20.0 10.0 494.12 
4 49.5 ± 14.2 31.3 9.94 454.49 
5 61.1 ± 20.9 34.6 9.53 447.68 
6 80.7 ± 34.7 35.6 10.58 432.51  

Fig. 4. The dissolution and re-precipitation mechanisms of precipitates, where the primary precipitate is transformed into secondary precipitate 
during the fast cooling condition, and the primary precipitate is transformed into a tertiary precipitate during the slow cooling condition. 
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To acquire the reliable prediction of the precipitate size with the increase cooling rate, the McLean’s theory is applied to build the 
connection between the average radius of precipitate and cooling rate (McLean, 1984). This model is widely utilized to calculate the 
precipitate growth during the heat treatment, and by means of the following equation 

{
rα = kt α = 3
rα = k’t α = 2 (1)  

where r is the average radius of precipitate in nm, and t is the time in s. k is a constant and the growth rate in nm3/s, and k′ is a constant 
and the growth rate in nm2/s. In addition, k and k′ are also temperature dependent value, which can be expressed as k(T) and k′

(T)

based on the previous work (McLean, 1984), and T is the temperature. In some complicated heat treatment situations, the diffusion 
controlled equation cannot precisely describe the precipitate growth, hence the interface controlled equation was developed and 
applied to the precipitate growth process (Lifshitz and Slyozov, 1961; Wagner, 1961; McLean, 1984; Ardell and Ozolins, 2005). Based 
on the classical Lifshitz and Slyozov and Wagner (LSW) theory, α = 2 stands for the precipitate growth controlled by the interface 
reaction, and α = 3 means the precipitate growth controlled by the diffusion. Both two mechanisms during the precipitate growth are 
operative, however, it is difficult to identify the dominant mechanism. Hence, we choose the equation that can better fit the exper
imental data. 

The precipitation at the peak temperature Tp corresponds to the maximum overall transformation rate K, which relies on two 
competitive factors: (1) the thermodynamic driving force for nucleation determined by the degree of undercooling ΔT = Te − T, where 
Te is the equilibrium transformation temperature; (2) the diffusivity of the precipitating elements for the growth of the nucleus 
following an Arrhenius-type temperature dependence. Hence, K(T) can be expressed as 

K(T)∝(Te − T)exp
(

−
Q

RT

)

(2)  

where Te is the equilibrium transformation temperature, Q is the activation energy, and R is the gas constant. 
Fig. 5 shows that the maximum of the overall transformation rate takes places at an intermediate critical temperature Tp (Papadaki 

et al., 2018). A convenient approximation for the temperature dependent overall transformation rate could be used by a parabolic 
function to simplify the analysis, where the transformation rate reaches a maximum when T = Tp. Thus, the overall transformation 
rate can be written approximately in the form 

K(T) = 1 − (1 − τ)
2

= τ(2 − τ) (3) 

Fig. 5. The schematic diagram of precipitate growth controlled by the interface reaction, or the diffusion. The overall transformation rate as a 
function of temperature. The dashed line indicates the approximation for the temperature-dependent overall transformation rate could be used by a 
parabolic function to simplify the analysis. Tminstands for the minimum temperature at which transformation occurs, Tp means the critical tem
perature for maximum overall transformation rate, and Te represents the equilibrium transformation temperature for nucleation. 
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where a standardized temperature τ is introduced as τ = Te − T
Te − Tp

. 
Assuming the cooling rate from the solution temperature to be constant 

dτ
dt

=
c

ΔT∗
⇒ τ =

ct
ΔT∗

(4)  

where ΔT∗ = Tp − Te. 
Therefore, the overall transformation rate K(T) can be expressed approximately as (Papadaki et al., 2018) 

K(T) =
ct

ΔT∗

(
2 −

ct
ΔT∗

)
(5)  

where c is the cooling rate. 
Considering the fact that k(or k′ ) and K depend on the temperature, the combination of the Eqs. (1) and (5) can be derived from a 

mathematical point of view 

rα = Kt ⇔ ṙ =
1
α Kr1− α (6)  

where K is the rate of the overall transformation relying on temperature, and α is dependent on the precipitate growth controlled by the 
interface reaction and the precipitate growth controlled by the diffusion. It is noted that Eq. (6) is purely empirical formula in which 
the units of the quantities do not play any role. Nevertheless, previous studies have shown that good agreement with the experiment 
can be obtained (Papadaki et al., 2018). 

By considering Eq. (5), and then separating variables and integrating Eq. (6), we can obtain 
∫ r

0
rα− 1dr =

∫ tmax

0

1
α

ct
ΔT∗

(
2 −

ct
ΔT∗

)
dt (7)  

where ct/ΔT∗ = 2 stands for precipitate growth terminates at tmax. Thus, based on Eq. (7), the mean particle radius can be written as 

rα

α =
4

3αc
⇒ r∝c− 1/α (8) 

By taking the logarithm on Eq. (8), the precipitate radius and cooling rate obey a linear relationship on a double-logarithmic axis, 
which is described below 

logr = −
1
α logc + B (9)  

where B is a constant related to the solution heat treatment temperature and alloy composition. 

3.2. Model of precipitate volume fraction 

The qualitative connection between the volume fraction and cooling rate has been established in a large number of studies (Huang 
et al., 2018; Semiatin et al., 2018), but the quantitative relationship is still lacking. In the present work, by developing the relationship 
between the number density of precipitates and the cooling rate, the volume fraction of the precipitates can be predicted in a wide 
range of cooling rates. 

Based on the result of our experiment, the number density of the precipitates can be calculated, and the corresponding function can 
be expressed as (Semiatin et al., 2015, 2018) 

N = EcF (10)  

where N is the number density of precipitate, and E and F are the dimensionless constants related to the solution heat treatment 
temperature and alloy composition. The calculated number density and the cooling rate show a good linear relationship on a double 
logarithmic axis. In addition, Eq. (10) is purely empirical formula in which the units of the quantities do not play any role. 

The radius, number density, and volume fraction of precipitates satisfy the following equation (Cao et al., 2016; Guo et al., 2018; 
Herrnring et al., 2021) 

f =
4πNr3

3
(11)  

where f is the volume fraction of the precipitate. 
Combining Eqs. (8), (10), and (11), the relationship between the volume fraction of precipitate and cooling rate can be given by 

f =
4A3Eπ

3
cF− 3/α (12) 
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where A denotes (4/3)
1/α. Subsequently, we can further reasonably predict the yield strength of the alloys using the size and volume 

fraction of precipitate depending upon the temperature and time. Overall, the cooling rate dependent precipitate size has been deduced 
based on the previous work. The correlation between the volume fraction of precipitate and cooling rate is for the first time quanti
tatively established in present work. Although Eq. (12) is empirical formula, it can accurately predict the volume fraction of precipitate 
with the cooling rate. It would be proved that the latter result is compared with the experiment. 

3.3. Precipitate strengthening model 

Considering the interaction between the precipitate and dislocation, the precipitate and its composition can be applied, based on 
the above work. Thus, the critical resolved shear stress (CRSS) is strongly dependent on the precipitate related parameters, including 
APB energy, precipitate size, and precipitate volume fraction. It has been emphasized that the dislocations travelling in the nickel- 
based superalloy matrix cannot enter the precipitate without the formation of APB, and therefore that the dislocations must travel 
through the matrix/precipitate structure in pairs, with a second dislocation removing the APB introduced by the first. The weak-pair 
coupling means that the spacing of the two paired dislocations is large in comparison with the particle diameter; consequently, the 
second trailing dislocation is some way behind the first, leaving faulted particles between the two. This situation is applicable to the 
case of small precipitate. The strong-pair coupling denotes that the spacing of the dislocation pairs becomes comparable to the particle 
diameter. Thus, any given particle may contain a pair of dislocations, which are now ‘strongly coupled’. This situation is applicable to 
the case of large precipitate. Based on the comparison between the distance of two paired dislocations and precipitate size, the weak- 
pair and strong-pair coupling exist. 

Here, CRSS of weak-pair coupling is (Reed, 2008; Collins and Stone, 2014; Galindo-Nava et al., 2015; Ghorbanpour et al., 2017; 
Fang et al., 2019) 

τweak =
γAPB

2b

[(
6γAPBfr

2πT

)1/2

− f

]

(13) 

The CRSS of strong-pair coupling can be given by 

Fig. 6. The CRSS vs. precipitate size. Here, the red line represents the weak-pair coupling mechanism, the green line represents the strong-pair 
coupling mechanism, and the blue line is the Orowan mechanism. rp is the critical size for the transformation from the weak-pair to strong-pair 
coupling, and rc is the critical size for the transformation from the cutting to the Orowan mechanism. The solid lines denote the effective parts 
from weak-pair coupling, strong-pair coupling, and Orowan mechanisms. The dash lines denote the ineffective parts (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.). 
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τstrong =

̅̅̅
3
2

√ (
Gb
r

)
f 1/2

π3/2

(
2πγAPBr

Gb2 − 1
)1/2

(14)  

where γAPB is the APB energy, b is the magnitude of the Burgers vector, T = Gb2/2 is the line tension of the dislocation, and G is the 
shear modulus. Especially, the APB energy depends on the composition of the matrix, which is closely related to the cooling rate 
(Hussein et al., 2017). Here, 7.5 × 10− 3c0.697 + 175 mJ/m2 is used to the current alloys, and its value ranges from 175 to 178.9 mJ/m2. 

When the precipitate size is larger than the critical size for the transformation from cutting to looping mechanism, the CRSS for the 
dislocation bypassing precipitate through the Orowan mechanism is less than that for the dislocation cutting into precipitates (Ku 
et al., 2020). Therefore, the Orowan-bypassing mechanism is effective, which can be expressed by 

τorowan =
3Gb
2L

(15)  

where L is the mean precipitate spacing, L =

(
2π
3f

)1/2
r, and the related parameters are listed in Table 4. In addition, the correlations 

among the weak-pair coupling, strong-pair coupling, and Orowan bypassing mechanisms are illustrated in Fig. 6. Here, the precipitate 
volume fraction is fixed as a constant in Fig. 6. In Eq. (13), the precipitate strengthening has a positive correlation with the precipitate 
radius, resulting in the increasing tendency of CRSS for weak-pair coupling with increasing the precipitate radius. In Eqs. (14) and (15), 
the precipitate strengthening has an inverse correlation with the precipitate radius, resulting in the decreasing tendency of CRSS for 
strong-pair coupling and Orowan mechanisms with increasing the precipitate radius. Based on the classical theory (see Supplemental 
Material), the CRSS required for the weak-pair coupling is less than that for the strong-pair coupling and Orowan mechanisms in region 
r ≤ rp, thus the weak-pair coupling is the operative mechanism. In region rp < r < rc, strong-pair coupling is the operative mechanism. 
In region rc ≤ r, Orowan mechanism is the operative mechanism. Considering the spatial- and statistical- distribution of the precipitate, 
we would establish a new precipitate strengthening model based on the classical theory subsequently. 

It is significant and necessary to capture the actual precipitate mechanisms for the design of advanced alloys (Iftikhar et al., 2021). 
In view of the fact that dislocations slip in some certain planes, and precipitates are distributed randomly in the matrix, the relationship 
of the spatial positions between precipitates and dislocations is considered in the present work (Fig. 7a). Based on the previous ex
periments (Prikhodko and Ardell, 2003; Goodfellow et al., 2018), some precipitates are cuboidal in form in nickel-based superalloys. 
Also, this similar phenomenon has been observed by our experiments (see Fig. 3). For the simplification, the classical precipitate 
strengthening model assume that all precipitates are circular in form (Reed, 2008; Collins and Stone, 2014; Galindo-Nava et al., 2015). 
Therefore, the cuboidal precipitate would be regarded as a circular shape in Fig. 7a. Here, the strengthening contribution of a large 
precipitate comes from the three parts, including the weak-cutting region (Eq. (13)), the strong-cutting region (Eq. (14)), and the 
looping region (Eq. (15)). The dislocation bypasses through the precipitate in the region between ‘O’ and ‘P’ slip planes by the Orowan 
mechanism, bypasses through the precipitate in the region between ‘P’ and ‘Q’ slip planes by the strong-cutting mechanism, and 
bypasses through the precipitate in the region between ‘Q’ and ‘R’ slip planes by the weak-cutting mechanism (Fig. 7b). Therefore, for a 
given precipitate with a size larger than rc, the effective precipitate strengthening mechanism is the probability-dependent super
position of the weak-pair dislocation mechanism, strong-pair dislocation mechanism, and Orowan mechanism. 

In the RQ region, only the weak-pair coupling mechanism is effective. The probability of the dislocation-bypassing RQ region is 
equal to the ratio between the slip plane R-to-Q distance, lRQ, and the spherical precipitate radius, r (see Fig. 7b). Hence, the probability 
of this case is 

p1 =
lRQ

r
= 1 −

(

1 −
(rp

r

)2
)1/2

(16) 

In the PQ region, there is only the strong-pair coupling mechanism to work. Similarly, the probability in this case is 

Fig. 7. (a) The illustration of the spatial- and statistical- distribution of the precipitate. (b) The dislocation bypasses through the precipitate in 
different regions by various mechanisms. The precipitate strengthening in each region is calculated by the numerical integration. hi and hi+1 

represent the radii of the i and the i + 1 parts for the cross-circular area between the slipping plane and precipitate. dh represents the height 
increment of the infinitesimal. (c) The probability density function vs. precipitate size. 
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p2 =
lPQ

r
=

(

1 −
(rp

r

)2
)1/2

−

(

1 −
(rc

r

)2
)1/2

(17) 

In the OP region, there is only the looping mechanism. Similarly, the probability of the dislocation-looping precipitate is 

p3 = 1 − p1 − p2 (18) 

To compute the three-parts contributions to the precipitate strengthening, the finite difference method is applied in the interaction 
between the large precipitate and dislocation. As shown in Fig. 7b, the O-P section, the P-Q section, and the Q-R section can be divided 
into the n parts, and the CRSS of τp

weak, τ
p
strong, and τp

orowan, considering the probability effect, can be expressed as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τp
weak =

1
n

∑n

i=1
τweak(hi), hi ≤ rp

τp
strong =

1
n

∑n

j=1
τstrong

(
hj

)
, rp < hj < rc

τp
orowan =

1
n

∑n

k=1
τorowan(Lk), rc ≤ hk

(19)  

for the τp
weak, h1 = rw, and hi+1 is equal to hi+1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2 − [(r2 − h2
i )

1/2
+ dh]

2
√

, where dh = lRQ/n (Fig. 7b). For τp
strong, h1 = rc, and hj+1 is 

hj+1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2 − [(r2 − h2
j )

1/2
+ dh]

2
√

, where dh = lPQ/n. For τp
orowan, Lk = hk(2π/3f)

1/2, h1 = rc, and hk+1 is hk+1 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2 − [(r2 − h2
k)

1/2
− dh]

2
√

, where dh = lOP/n. Here, dh denotes the space between hi and hi+1, which is perpendicular to rp and rc in 
Fig. 7b. The parameter “n” in Eq. (19) is an alterable value. The larger the parameter “n”, the greater the amount of calculation, but the 
more accurate the calculation result. 

Therefore, for a given precipitate with various sizes, the CRSS, considering the probability-dependent precipitate-bypassing 
mechanism, can be expressed as 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

τnew
weak = τp

weak r ≤ rp

τnew
strong = p1τp

weak + (1 − p1)τp
strong rp < r < rc

τnew
Orowan = p1τp

weak + p2τp
strong + (1 − p1 − p2)τp

Orowan rc ≤ r

(20) 

Subsequently, the statistical distribution of precipitates is considered in the present work. The previous work suggests that the law 
of the lognormal distribution is used to describe the statistical distribution in the alloys (Collins and Stone, 2014). The region of the 
precipitate statistical distribution can be divided into three regions, including the weak-pair region, the strong-pair region, and the 
Orowan looping region (Fig. 7c). Here, in region, rp < r ≤ rc, the weak-pair mechanism occurs due to the spatial distribution of 
precipitates. Similarly, both weak-pair and strong-pair mechanisms are operative in the region, r > rc (Fig. 7c). The probability density 
function of the precipitate statistical distribution can be expressed as (Nan and Clarke, 1996) 

F(r) =
1

̅̅̅̅̅
2π

√
σr

exp
[

−
(ln(r) − μ)

2

2σ2

]

(21)  

where μ and σ are the geometric mean value and the geometric standard deviation of ln(r). μ is calculated by Eq. (9). σ is used to 
describe the distribution of precipitate radii. We firstly measure the precipitate radii and count them as a column chart. Then we fit the 
column chart to obtain the σ by log-normal probability density function. 

In all regions, including r ≤ rp, rp < r ≤ rc, and r > rc, the space-dependent CRSS of τs
weak, τs

strong, and τs
orowan in Fig. 7b can be 

expressed as 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

τs
weak =

∫ rp

0
τnew

weak(r)F(r)dr, r ≤ rp

τs
strong =

∫ rc

rp

τnew
strong(r)F(r)dr, rp < r < rc

τs
orowan =

∫ rmax

rc

τnew
orowan(r)F(r)dr, rc ≤ r

(22)  

where τs
weak is the contribution of all precipitates with sizes less than rp to contribute to the yielding strength, τs

strong is the contribution of 
all precipitates with sizes larger than rp but less than rc to contribute to the yielding strength, and τs

orowan is the contribution of all 
precipitates with sizes larger than rc to contribute to the yielding strength. Here, rmax is an artificial value much larger than rc to avoid 
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errors. τnew
weak, τnew

strong, and τnew
Orowan represent CRSS in three different regions, respectively. dr is the differential of r. 

Compared to the classical precipitate theory where only the mean precipitate size is considered, the present work deals with the 
precipitate with a single average size as a precipitate group with a log-normal distribution, as shown in Fig. 7c. Here, the total area 
under the curve is 1 in Fig. 7c. Considering the different operative mechanisms in regions r ≤ rp, rp < r < rc, and rc ≤ r (Fig. 7c), we 
compute the precipitate strengthening by three different expressions in Eq. (22) individually. The total contributed strength from the 
precipitate group is the sum of τs

weak, τs
strong, and τs

orowan in Eq. (22). Hence, considering the spatial- and statistical-distribution of pre
cipitates, the new precipitate strengthening expression of the yielding strength can be written as 

σpre = M
(

τs
weak + τs

strong + τs
orowan

)
(23)  

where M is the Taylor orientation factor. 

3.4. Yielding strength 

The precipitate parameters are coupled to the precipitate strengthening model, and then the yielding strength in a 3D space can be 
obtained. The yielding strength includes three strengthening contributions in alloys (Galindo-Nava et al., 2015): (i) grain-boundary 
strengthening (σGB); (ii) solid solution strengthening (σss); and (iii) precipitate strengthening (σpre). Therefore, the total yield 
strength can be given by 

σY = σGB + σSS + σpre (24) 

The grain-boundary strengthening can be represented by the Hall-Petch relationship (Hall, 1951; Petch, 1953), σGB = kYD− 1/2, 
where kY is a constant (Keller and Hug, 2017), and D is the average size of grain. Here, the grain size remains basically unchanged 
during the aging process. Solid solution strengthening is evaluated by introducing Labusch’s theory (Labusch, 1970), and can be given 
by 

σss = (1 − f )
( ∑

xiβi
3/2

)2/3
(25)  

where xi is the atom fraction of the element, i, in the matrix, and βi is a constant controlled by the local lattice distortion and modulus 

mismatch of the element, i. According to Fleischer’s study (Fleischer, 1963), βi can be derived by βi = 3
2 G(η′

i + 16δi)
3/2, where η′

i = |ηi|

/(ηi +0.5) is a constant, ηi = (Gi − GNi)/GNi, and δi = (ri − rNi)/rNi are the modulus and lattice strain of the element, i, respectively, 
andGi and ri represent the shear modulus and atomic radius of the element, i, respectively. Here, the estimation of βi is shown in the 
Table 3. 

The elemental composition of the matrix is changeable during the heat-treatment stage, and the elemental composition of the 
matrix after the solution heat treatment can be obtained based on the conservation of the solute mass 

Table 3 
The solid solution strengthening parameters, βi, in a nickel-based alloy.  

Element Co Cr Mo W Al Ti Nb C B Zr Hf 

βi  10 75 1112 1417 212 1186 1654 1061 - 2359 1401  

Table 4 
The material parameters used in our model.  

Parameters Symbol Magnitude 

APB energy (mJ/m2)  γAPB  175–178.9  

Magnitude of Burgers vector (nm)  b  0.253  

Shear modulus (GPa)  G  67.2  

Taylor factor  M  3.06  

Hall-Petch constant (MPa/μm) ky 750 
Constant related to growth mechanism 1/α1 0.481 
Constant related to growth mechanism 1/α2 0.119 
Constant related to solution temperature B1 2.292 
Constant related to solution temperature B2 1.196 
Constant related to alloy composition E1 5.37 
Constant related to alloy composition E2 1303.8 
Constant related to alloy composition F1 1.09 
Constant related to alloy composition F2 0.302  
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xi =
Xi − fxPi

1 − f
(26)  

where Xi is the initial atom fraction of the element, i, and xpi is the atom fraction of the element, i, in the precipitate. The precipitate 
composition is determined by the equilibrium phase diagram (Table 1). 

If Eq. (26) is substituted into Eq. (25), a new solid solution strengthening formula can be obtained 

σss = (1 − f )
1/3

( ∑
βi

3/2(
Xi − fxpi

))2/3
(27) 

In the heat treatment process, the precipitates contain a few major elements, such as Co, Al, and Ti. Therefore, the solid solution 
strengthening is contributed by these several elements. 

The parameters 1/α and B in Eq. (9) are obtained from the average precipitate radii and cooling rates in Table 2, and the parameters 
E and F in Eq. (10) are acquired by the average precipitate radii, precipitate volume fractions and cooling rates in Table 2. The 
experimental data of precipitate size and precipitate volume fraction are used for parameter evaluation. Meanwhile, precipitate 
volume fraction and Vickers hardness are used for testing our model. The APB energy is estimated, based on a regression type model 
(Crudden et al., 2014). 

Thus, the contribution of precipitate on the yielding strength can be predicted. The flow chart of this work is shown in Fig. 8, which 
includes identifying the relationship between the precipitate parameter and the cooling rate, the calculation of precipitate strength
ening and solid solution strengthening, and the prediction of yielding strength. The details are shown as follows: (i) The precipitate size 
dependent on the cooling rate is modeled and verified on a double-logarithmic axis; (ii) The correlation between the volume fraction 
and the cooling rate is obtained by linear regression. (iii) The relationship between the cooling rate and the contributed stress from the 

Fig. 8. In a 3D space, the flow chart for predicting the strength, which consists of the strengthening contribution from the cooling rate controlled 
precipitate, the cooling rate controlled chemical composition of the matrix, and grain boundary. 

Fig. 9. (a) The precipitate size changes with the increase of the cooling rate, where error bars indicate the precipitate size difference in six different 
cooling rates. (b) Our prediction of the precipitate volume fraction as a function of cooling rate and its comparison with the experimental result on 
the log-log plot. 
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precipitate strengthening and the solid solution strengthening is established. (iv) The total yield strength is a sum of the solid solution 
strengthening, the precipitate strengthening, and the grain-boundary strengthening. 

4. Results and discussion 

4.1. Prediction of precipitate size and volume fraction 

The microstructure parameters of the precipitate are firstly predicted. In order to identify the reasonability of our model, a 
comparison of the prediction and our experiment is provided. Fig. 9a shows the relationship between the precipitate size and cooling 
rate. In order to obtain more accurate prediction, the experimental data of precipitate size has been divided into two groups, namely 
0–1000 ℃ and 1000–6346 ℃, to predict the experimental result, which has been reported in the previous work (Mitchell et al., 2008; 
Chiou et al., 2016). Obviously, the precipitate size from the experimental data is consistent with the calculation from the present work. 
It indicates that the evolution of the precipitate is dependent on both diffusion and interface reaction. In plenty of previous work 
(Smith et al., 2018; Wu et al., 2019; Pant et al., 2021), only the diffusion-controlled precipitate growth mechanism is considered, and 
the parameter, 1/α, in Eq. (9) is always equal to 0.5. In our model, 1/α typically lies between the upper limit of 0.5 and the lower limit 
of 0.33, which correspond to the interface reaction and diffusion-controlled mechanisms, respectively. If 1/α is close to 0.33, the 
diffusion mechanism is dominant; on the contrary, the interface reaction mechanism is governing. Here, 1/α is equal to 0.481, and thus 
the interface reaction is dominant for the precipitate growth. Furthermore, a comparison between the prediction for the precipitate 
volume fraction and the experimental data is provided, to verify the validity of the present model (Fig. 9b). As a result, the good 
agreement is achieved between our prediction and the experimental result. 

4.2. Solid solution strengthening vs. precipitate strengthening 

To obtain the trend of solid solution strengthening and precipitate strengthening with the cooling rate during the entire solid- 
solution cooling process in a 3D space (Gao et al., 2020, 2021), the variations of all elemental compositions with increasing the 
cooling rate in matrix are calculated. According to the previous report (Semiatin et al., 2015), the elemental compositions of pre
cipitates are not obviously affected by the cooling rate during the cooling process. Here, we assume that the precipitate compositions 
are constant at various cooling rates, which are equal to the compositions of the precipitates in an equilibrium state. The correlation 
between the cooling rate and the elemental composition in the matrix is shown in Fig. 10a. It is found that the compositions change 
significantly at a very low cooling rate. The matrix stays in the high-temperature environment for a longer time in the case of low 
cooling rates, resulting in the higher diffusion rate of various elements (Singh et al., 2013). Moreover, the contents of Co and Cr would 
strongly affect the yielding strength, compared to the other elements. 

The solid solution and precipitate strengthening is calculated in Fig. 10b. Here, the total strength is the sum of the contribution from 
the precipitate, solid solution, and grain boundary, as mentioned in Eq. (24). The volume fraction of precipitates is negatively 
correlated with the cooling rate (Li et al., 2021), resulting in more solutes in the matrix at high cooling rate (when the cooling rate is 
larger than 951 ℃/min). Therefore, the contribution of solid solution strengthening to the yielding strength would gradually increase 
with the increasing cooling rate. However, the contribution of precipitate strengthening enhances to a maximum value and then 
decreases slowly. Here, a maximum yield strength at the cooling rate of 166 ℃/min can be predicted. This trend is caused by the 
complex interaction mechanism between the dislocation and precipitate (Cervellon et al., 2020; Harte et al., 2020). Therefore, the 
cooperation of the precipitate strengthening and solid solution strengthening causes a maximum yield strength. 

In order to further explore the competition and cooperation between solid solution and precipitate strengthening, the contribution 
of the solid solution and precipitate strengthening is investigated in Fig. 11. The percentage of the contribution from solid solution 
strengthening to the total strength arises with the increase of cooling rate. The dramatic increase at low cooling rates (when the cooling 

Fig. 10. (a) The elemental compositions in the matrix change with cooling rate. (b) The predictions of solid solution strengthening and precipitate 
strengthening as a function of cooling rate. 
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rate is less than 171 ℃/min) is driven from the suppressed elemental diffusion (Fig. 11). The percentage of the contribution from 
precipitate strengthening decreases slowly as the cooling rate increases. During the precipitate nucleation stage, a large amount of Co, 
Cr, Mo, and W diffuse into the precipitates due to their relatively high contents in the matrix (Qu et al., 2020; Zhang et al., 2021), 
resulting in a very high volume fraction of precipitates and less contribution of solid solution strengthening at a low cooling rate. As the 
precipitates continue to grow, the elements of Al, Ti, and Nb diffuse from the matrix to the interface; while the elements of Co, Cr, Mo, 
and W diffuse from the precipitate to the matrix (Chen et al., 2016). This trend leads to the decrease of the precipitate volume fraction 
and the increase of solid solution strengthening. 

4.3. Temperature, time, and composition-dependent yielding strength 

The yielding strength of the alloys is studied in a 3D space consisting of the temperature, time, and composition, and their con
trolling the spatial- and statistical-distribution of the precipitate. Fig. 12 shows the comparison of the yielding strengths between our 
prediction and experiment in a wide range of cooling rates. Here, the cooling rate contains the temperature and time, and the matrix 
composition has been determined from our experiment. The maximum yielding strength in our model occurs at the cooling rate of 166 
℃/min. (Fig. 12a). Therefore, the present work can obtain the optimal cooling rate for the maximum strength. In addition, the yield 
strength calculated agrees well with the existing experimental results (Jackson and Reed, 1999), such as a superalloy U720LI, in the 
intermediate cooling rates (When the cooling rate is less than 900 ℃/min) (Fig. 12b). Our model can provide the quantitative cor
relation between the cooling rate and the yield strength. 

To verify the reasonability and universality of our developed model, Fig. 13 shows the comparisons of the yield strength obtained 
from the previous experiments (Mitchell et al., 2008; Tian et al., 2008), the predictions from our model and the classical model for 
various alloys. The results show that the prediction from our model agrees better with the previous experimental results (Mitchell et al., 
2008; Tian et al., 2008), compared with that from the classical model. For all four different alloys, this trend is satisfied, as shown in 
Fig. 13. Our predicted results show the better agreement not only at the cooling rate less than 200 ℃/min for the large precipitate size, 

Fig. 11. The competition and cooperation of solid solution and precipitate strengthening during the continuous cooling process.  

Fig. 12. (a) Our prediction of yield strengths as a function of cooling rate and their comparison with our experimental results. (b) The predicted 
relationship between the yield strength and cooling rate of another alloy is compared with the corresponding experimental results (Jackson and 
Reed, 1999). 
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but also at cooling rate larger than 700 ℃/min for the small precipitate size. Compared with the experimental data (Mitchell et al., 
2008), the deviations of our model predictions are 1.2, 6.7, and 3.4%, which correspond to the result of RR1000, RR1000-based UC01, 
and RR1000-based UC02 superalloys. However, the deviations of the classical model predictions are in the range from 15 to 27%. For 
FGH4096 superalloys (Tian et al., 2008), the deviation of our model prediction is about 3.1%, which is far better than 8.3% of the 
classical model prediction. Hence, our model is more reasonable to estimate the yield strength after the cooling process in a 3D space. 

Therefore, the physical model for predicting the yielding strengths of the alloys in a 3D space are developed. If the alloys can be 
widely used, they should have the great advantages, such as high strength and good ductility. The ductility is the ability to sustain large 
deformation, and it is necessary for the precipitate strengthened alloy to provide an early warning of failure. As well known, the 
deformation of the material depends on the fact, (i) the movement of the defect, such as the dislocation, void, and grain boundary, 
whose distribution and density are usually uncertain in bulk materials; (ii) the interaction between defects and between defect and 
precipitate, such as dislocation-void, and dislocation-precipitate; (iii) distribution and concentration of solute elements would affect 
the defect structure and motion. Thus, a direct connection between atomic scale phenomena and macroscale ductility under loading 
remains extremely challenging, due to the complex microstructure and interaction. Hence, the quantitative prediction of ductility 
would be considered in the future, which could provide a framework for the design of alloys with a high strength-yet-toughness. 

5. Conclusion 

In the present work, we determine the relationship of the cooling rate and the precipitate-related parameters on account of the 
classic precipitate growth theory, and then propose a microstructure-based physical model to compute the yielding strength in a 3D 
space. Our novel strength model achieves as high as overall predictable accuracy of 96%, and has filled a long-term gap in the 
quantitative relationship between heat treatment process and mechanical performance. In order to acquire the better mechanical 
property, the optimal cooling rate obtained by the present work is 166 ℃/min. Our model reveals the competitive mechanism of the 
contribution from solid solution strengthening and precipitate strengthening to the yielding strength during the cooling process. The 
cooling rate would significantly affect the matrix composition and precipitate to control the APB energy. Particularly, the maximal 

Fig. 13. The correlation between the yield strength and cooling rate is predicted by both our model and classical model, compared with the 
previous experimental data for RR1000 superalloys (a), RR1000-based UC01 superalloys (b), RR1000-based UC02 superalloys (c), and FGH4096 
superalloys (d). 
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yielding strength depends upon the APB energy, due to the significant contribution of cutting mechanism to the strength. The results 
not only deeply understand the precipitate evolution and quantitatively predict the precipitate characteristics, but also offer a theo
retical guidance for designing the high-property alloys by regulating the heat-treatment process in a 3D space. 
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Radis, R., Schaffer, M., Albu, M., Kothleitner, G., Pölt, P., Kozeschnik, E., 2009. Multimodal size distributions of γ′ precipitates during continuous cooling of UDIMET 

720 Li. Acta Mater. 57, 5739–5747. 
Reed, R.C., 2008. The superalloys: fundamentals and applications. Cambridge University Press. 
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