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ABSTRACT. We study the asymptotics of the Poisson kernel and Green’s func-
tions of the fractional conformal Laplacian for conformal infinities of asymptot-
ically hyperbolic manifolds. We derive sharp expansions of the Poisson kernel
and Green’s functions of the conformal Laplacian near their singularities. Our
expansions of the Green’s functions answer the first part of the conjecture of
Kim-Musso-Wei[21] in the case of locally flat conformal infinities of Poincare-
Einstein manifolds and together with the Poisson kernel asymptotic is used
also in our paper [25] to show solvability of the fractional Yamabe problem
in that case. Our asymptotics of the Green’s functions on the general case of
conformal infinities of asymptotically hyperbolic space is used also in [29] to
show solvability of the fractional Yamabe problem for conformal infinities of
dimension 3 and fractional parameter in (%, 1) corresponding to a global case
left by previous works.

1. Introduction. In the last decades there has been a lot of study about fractional
order operators in Analysis and Geometric Analysis as well. In both fields, the
recurrent themes are existence, regularity and sharp estimates, see [3], [4], [5], [6], [7],
[8], [11], [10], [30], [17], [18], [14], [15]). In this paper we are interested in the issue
of existence, regularity and sharp estimates in the context of Conformal Geometry.
Precisely, we study the issue of existence, regularity and sharp asymptotics of the
Poisson and Green’s functions of the fractional conformal Laplacian on conformal

infinities of asymptotically hyperbolic manifolds.
To introduce the fractional conformal Laplacian, we first recall some definitions
in the theory of asymptotically hyperbolic metrics. Given X = X"*! a smooth
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manifold with boundary M = M™ and n > 2 we say that g is a defining function
of the boundary M in X, if

0>0 in X, 0=0 on M and do#0 on M.

A Riemannian metric ¢g© on X is said to be conformally compact, if for some
defining function p, the Riemannian metric

g:=0%g" (1)
extends to X := X UM so that (X, g) is a compact Riemannian manifold with
boundary M and interior X. Clearly this induces a conformal class of Riemannian
metrics

[h] = [glTm]
on M, where T'M denotes the tangent bundle of M, when the defining functions
o vary and the resulting conformal manifold (M, [h]) is called conformal infinity
of (X, g7). Moreover a Riemannian metric g+ in X is said to be asymptotically
hyperbolic, if it is conformally compact and its sectional curvature tends to —1 as
one approaches the conformal infinity of (X, ¢g™), which is equivalent to

|dolg =1

on M, see [26], and in such a case (X, gT) is called an asymptotically hyperbolic
manifold. Furthermore a Riemannian metric g* on X is said to be conformally
compact Einstein or Poincaré-Einstein (PE), if it is asymptotically hyperbolic and
satisfies the Einstein equation

S +
Ricg+ = —ng™,

where Ricy+ denotes the Ricci tensor of (X, g*).

On one hand for every asymptotically hyperbolic manifold (X, ¢g7) and every
choice of the representative h of its conformal infinity (M, [h]), there exists a
geodesic defining function y of M in X such that in a tubular neighborhood of
M in X, the Riemannian metric g* takes the following normal form

dy* +h

gt = %7 (2)
where h, is a family of Riemannian metrics on M satisfying hg = h and y is
the unique such a one in a tubular neighborhood of M. Furthermore we say that
the conformal infinity (M, [h]) of an asymptotically hyperbolic manifold (X, gT)
is locally flat, if h is locally conformally flat, and clearly this is independent of the
representative h of [h]. Moreover we say that (M, [h]) is umbilic, if (M, h) is
umbilic in (X, g) where ¢ is given by (1) and y is the unique geodesic defining
function given by (2), and this is clearly independent of the representative h of
[h], as easily seen from the uniqueness of the normal form (2) or Lemma 2.3 in [15].
Similarly we say that (M, [h]) is minimal if Hy; =0 with H, denoting the mean
curvature of (M, h) in (X, g) with respect to the inward direction, and this is
again clearly independent of the representative of h of [h], as easily seen from
Lemma 2.3 in [15]. Finally we say that (M, [h]) is totally geodesic, if (M, [h]) is
umbilic and minimal.

Remark 1. We remark that in the conformally compact Einstein case, h, as
in (2) has an asymptotic expansion which contains only even powers of y, at
least up to order n, see [8]. In particular the conformal infinity (M, [h]) of any
Poincaré-Einstein manifold (X, g") is totally geodesic.
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Remark 2. As every 2-dimensional Riemannian manifold is locally conformally
flat, we will say locally flat conformal infinity of a Poincaré-Einstein manifold to
mean just the conformal infinity of a Poincaré-Einstein manifold when the dimension
is either 2 or which is further locally flat if the dimension is bigger than 2.

On the other hand, for any asymptotically hyperbolic manifold (X, g*) with con-
formal infinity (M, [h]), Graham-Zworsky[17] have attached a family of scattering
operators S(s) which is a meromorphic family of pseudo-differential operators on
M defined on C, by considering Dirichlet-to-Neumann operators for the scattering
problem for (X, g*) and a meromorphic continuation argument. Indeed it follows
from [17] and [28] that for every f € C*°(M), and for every s € C such that
Re(s) > % and s(n—s) is not an L*-eigenvalue of —A+, the following generalized
eigenvalue problem

—Agru—sn—sju=0 in X (3)
has a solution of the form
u=Fy" *+Gy®, F, GeC®(X), Fly—0o="F,

where y is given by (2) and for those values of s the scattering operator S(s) on
M is defined as

S(s)f =Glu. (4)
Furthermore using a meromorphic continuation argument, Graham-Zworsky[17]
extend S(s) defined by (4) to a meromorphic family of pseudo-differential operators
on M defined on all C and still denoted by S(s) with only a discrete set of poles
including the trivial ones s = 3,5 +1,---, which are simple poles of finite rank,
and possibly some others corresponding to the L2-eigenvalues of —Ag+. Using the
regular part of the scattering operators S(s), to any v =s— 5 € (0,1) such that

ny 2 9
(5) 2 <M (=A)

with A;(=Ag+) denoting the first eigenvalue of —A, , Chang-Gonzalez[8] have
attached the following fractional order pseudo-differential operators referred to as
fractional conformal Laplacians or fractional Paneitz operators

n
Pilgt, b= =d,8 (5 +7). (5)
where d, is a positive constant depending only on « and chosen such that the
principal symbol of P7[gt h] is exactly the same as the one of the fractional
Laplacian (—Ap)”, when
X =R/, M=R", h=gg. and g = ggn+1.

When there is no possible confusion with the metric g, we just use the simple
notation

Pl :=P[g", hl.
Similarly to the other well studied conformally covariant differential operators,
Chang-Gonzalez[8] associate to each P}/ the curvature quantity

b= Pl(1).
The Q) are referred to as fractional scalar curvatures, fractional @Q-curvatures

or simply @Q7-curvatures. Of particular importance to conformal geometry is the
conformal covariance property verified by P’

P (v) =v" ey P)(uwv) for h, = v and 0<v e C*(M). (6)
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The fractional Yamabe problem is the problem of finding conformal metrics of with
constant @7-curvature. As in the classical Yamabe problem, see [31], its study
deeply depends on the existence, regularity and sharp asymptotic of the Green’s
function of P).

In this paper, we show existence, regularity and sharp asymptotics of the Poisson
kernel K, and Green’s functions I'; under weighted Neumann boundary conditions
of the Chang-Gonzalez[8] extension problem associated to P, and the Green’s
function G}, of P}'. Indeed recalling (12), we prove:

Theorem 1.1. Let (X, g%) be an asymptotically hyperbolic manifold with con-
formal infinity (M,[h]) of dimension n > 2. If

1
5#76(071) and A (—=Ag+) > s(n —s) fors:ﬁJrfy7

2
then the Poison kernel K, and the Green’s functions I'y and Gy respectively for

D,U=0 in X
U=f on ,
D,U=0 in X
—d limy oy~ 2790,U=f on M
and

{P};’u =f on M

exist and we may expand in g-normal Fermi-coordinates around & € M

Kg(Z,f) 6775(2) (pn),y‘ = +Zl2mj_»,? 223 2“’H1+l( )) +y2’yc2m,a(X)
Ty(2,6) €ne(2) ( i + il H1+27+l(z)> + (X))
Gu(z,8) € ne(z) (\wl” - +Zl_ iy H1+2'y+l( )) + 2 (0)

with Hy € COO(IR:L_H \ {0}) being homogeneous of order [, ne is a cut-off function
as in (23), pn~ s asin (9), and gn is as in (41), provided Hy, = 0.

In the case of locally flat conformal infinities of Poincare-Einstein manifolds, we
have:

Theorem 1.2. Let (X, g%) be a Poincaré-Einstein manifold with conformal
infinity (M, [h]) of dimension n =2 or n>3 and (M,[h]) is locally flat. If

%7&76(0,1) and A (=Ag+) > s(n —s) fors:g

then the Poisson kernel K, and the Green’s functions I'y and G}, respectively for

+7,

D,U=0 in X
U=f on M
DU=0 in X
—df limy oy ~270,U = f on M

and

{P;L’u:f on M
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are respectively of class y*YC%* and C?*% away from the singularity and admit
for every a € M locally in g4-normal Fermi-coordinates an expansion around a

Ka(2) € puyslores + 42 Hooy(2) + 7 Hy a9 (2) + 4?7 Ha oy (2) + 47707 (X)

Pal2) € 5% + Hay(2) + Hisay(2) + C2(X)

Gu(x) € Ixffji'}h + Ho(x) + Hitoy(z) + C2*(M), where g4 is as in (46),
K, =K, (-,a), To =Ty, (-,a) and G, = G, (-,a) and Hj € C=(R7 \ {0}) are
homogeneous of degree k.

To prove Theorem 1.1 and Theorem 1.2, we use the method of Lee-Parker[22] of
killing deficits successively. However difficulties arise due the the rigidity involved in
the problem (see (2)) and the lack of classical regularity theory. To overcome the
rigidity issue, we work with the space of homogeneous functions rather than the
one of polynomials as done in [22]. To handle the regularity issue, we show some
higher order regularity results for the Dirichlet problem and the weighted Neumann
boundary problem of the Chang-Gonzalez[8] extension problem for P,’ which are
of independent interest, see Proposition 2 and Proposition 3. We point out that
even if the estimates in Proposition 2 and Proposition 3 are weak, they are enough
for our purpose and in turn get improved by the estimates of the Poisson kernel and
Green’s function in Theorem 1.1 and Theorem 1.2 that they imply. On the other
hand, we would like to emphasize that the expansion of I', in Theorem 1.2 answers
the first part of the Conjecture of Kim-Musso-Wei[21] about the asymptotics of T,
and gives the definition of the fractional mass, see our work [25], Definition 4.3 and
Lemma 4.1.

The structure of the paper is as follows: In Section 2 we fix some notations. In
Section 3 we develop a non-homogeneous extension of some aspects of the works
of Chang-Gonzalez[8] and Graham-Zworsky[17]. It is divided in two subsections.
In the first one, namely Subsection 3.1, we develop a non-homogeneous scattering
theory, define the associated non-homogeneous fractional operator and its relation
to a non-homogeneous uniformly degenerate boundary value problem. In Sub-
section 3.2 we discuss the conformal property of the non-homogeneous fractional
operator. We point out that Section 3 even being of independent interest contains
estimates which are used in Section 5 and in [25], and a regularity result that
we use in [25]. Section 4 is concerned with the study of the Poisson kernel K
and the Green’s function I'; under weighted Neumann boundary conditions of
the Chang-Gonzalez extension problem of P}/, and the Green’s function G, of
P all in the general case of asymptotically hyperbolic manifolds with minimal
conformal infinity. In Section 5 we sharpen the results obtained in Section 4 in
the particular case of a locally flat conformal infinity of a Poincaré-Einstein manifold.

2. Notations and preliminaries. In this section we fix some notations. First of
all let X = X™*! be a manifold of dimension n + 1 with boundary M = M™
and closure X with n > 2.

In the following, for any Riemannian metric h defined on M, a € M and r > 0,
we use the notation B(a) to denote the geodesic ball with respect to h of radius
r and center a. We also denote by dj(z,y) the geodesic distance with respect to

h between two points x and y of M. inj,(M) stands for the injectivity radius
of (M,h). dVj, denotes the Riemannian measure associated to the metric h on M.
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For a € M we use the notation expj; to denote the exponential map with respect
to h on M.

Similarly for any Riemannian metric § defined on X, a € M and r > 0 we use
the notation BJ*(a) to denote the geodesic half ball with respect to g of radius
r and center a. We also denote by dg(x,y) the geodesic distance with respect to g
between two points 2 € M and y € X. 1MJg (X) stands for the injectivity radius of
(X,g). dVj denotes the Riemannian measure associated to the metric g on X. For
a € M™ we use the notation exp?* to denote the exponential map with respect
to g on X.

N denotes the set of nonnegative integers, N* the set of positive integers and
for k € N*, R* stands for the standard k-dimensional Euclidean space, Rﬁ_ the
open positive half-space of R¥, and Rfj_ its closure in R*. For simplicity we use the
notation R; := R}, and Ry :=RL. For r > 0 we denote respectively

BR(0) and BXH(0) = BR*(0) N RE ~]0,r[xBE" (0
- (0) an »7(0) = B, (0)NRY ~]0,r[xB," (0)

the open and open upper half ball of RF of center 0 and radius r, and set
n+1

B, = B®" and Bf = B, . For k € N*, we set
S =9BE"(0) and S* = S NREFL,

We also denote by Vé‘i the normal part of the standard gradient Vsi on S%.
For p € N*, let MP denotes the Cartesian product of p copies of M. We define
(M?)* := M?\ Diag(M?), where Diag(M?) = {(a,a): a € M} is the diagonal of
M.
For 1<p<oo, k€N, scR,,3¢€]0,1] and h a Riemannian metric defined
on M,

LP(M,h), W*P(M,h), C*(M,h) and C*P(M,h)

stand respectively for the p-Lebesgue, (s, p)-Sobolev space, k-continuously differen-
tiable space and k-continuously differentiable space of Holder exponent [, all on
M and with respect to h, if the definition required a metric structure. Similarly
forl<p<oo, keN,scR;, $€]0,1[and g a Riemannian metric defined on X,

LY(X,g), WiP(X,g), C*(X,g) and CMP(X,g)

stand respectively for the weighted p-Lebesgue, (s,p)-Sobolev space, continuously
differentiable space of order k£ and k-continuously differentiable space of Holder
exponent S, all on X, and as above with respect to § and a measurable function
f>0 on X, if required. For precise definitions and properties see [1], [9], [13], [12]
and [32]. C§°(X) means element in C'*°(X) vanishing on M to infinite order.

For ¢ >0 and small o.(1) means quantities which tend to 0 as e tends to 0.
O(1) stands for quantities which are bounded. For x € R we use the notation O(z)
and o(x) to mean respectively |z|O(1) and |z]|o.(1). Large positive constants
are usually denoted by C' and the value of C' is allowed to vary from formula
to formula and also within the same line. Similarly small positive constants are
denoted by ¢ and their values may vary from formula to formula and also within
the same line.

We define

& =37, (7)



POISSON KERNEL AND GREEN’S FUNCTIONS OF THE ~-CONFORMAL LAPLACIAN 7

cf. (5). Furthermore, we set

n+42vy
2

1
v, = S dz, 8
/Rn(1+|x|2> )
and
1
Py = 75— 9)
K CZ,B

Let (X, g") be an asymptotically hyperbolic manifold of dimension n + 1 with
n > 2 and minimal conformal infinity (M, [h]). Then, because of (2) and minimality
of the conformal infinity, we can consider a geodesic defining function ¥ splitting
the metric

g=1vy*g", g=dy* +h, near M and h=hy|m

in such a way, that H,; = 0. Moreover using the existence of conformal normal
coordinates, cf. [19], there exists for every a € M a conformal factor

1
0 <ug, € C®(M) satisfying c <ue <C, ug(a) =1 and Vug(a) =0, (10)
inducing a conformal normal coordinate system close to a on M, in particular in
normal coordinates with respect to

4
he =ua 2 h
we have for some small ¢ >0
ha =8+ O(|z|?), dethe =1 on Bhe(a).

As clarified in Subsection 3.2 the conformal factor w, then naturally extends onto
X via
Ya \ =27
wa = (22)*F
C oy

where 3, close to the boundary M is the unique geodesic defining function, for
which

)

Jo = ygg"‘, Ja = dyg + hay, near M with hq = hay, M

and there still holds H,, = 0. Consequently

go =0+ 0+ |z*) and detg, =1+ O0(%?) in B T(a).

3. Non-homogeneous scattering theory. In this section we extend some PDE
aspects of the works of Chang-Gonzalez[8] and Graham-Zworsky[17] to a non-
homogeneous setting and in the general framework of asymptotically hyperbolic
manifolds. It is of independent interest, but in it we derive estimates that are
used in Section 5 and [25], and an existence and regularity result used in [25]
to construct barrier solutions in order to compare different types of bubbles via
maximum principle. We divide this section in two subsections.
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3.1. Scattering operators and uniformly degenerate equations. In this sub-
section we extend some parts of the works of Chang-Gonzalez[8] and Graham-
Zworski[17] to a non-homogeneous setting in the context of asymptotically hyperbolic
manifolds. First of all let (X,g") be an asymptotically hyperbolic manifold with
conformal infinity (M, [h]) and y the unique geodesic defining function associated
to h given by (2). Then we have the normal form

y’9" =g=dy*+h, near M
with y >0 in X, y=0 on M and |dy|; =1 near M. Furthermore let

Og+ = —Ags —s(n—s),

where by definition

2

1
S:g‘F’Y; 76(031)7 77&5 and S(TL—S)G(O,%)-

According to Mazzeo and Melrose [26], [27], [28]

n2

o

where o(—=Ay+) and op,(—A,+) are respectively the spectrum and the pure point
spectrum of L2-eigenvalues of —Ag+. Using the work of Graham-Zworski[17], see
equation (3.9) therein, we may solve

{Dg+uf in X

Yy "u=v on M

7= 8g) = 0l 8g) UL 0), 3 (~By0) € (0

for s(n—s) € opp(—Ay+) and f € y"*T1C>®(X) + y*TC>°(X) in the form

u=y""*A+y*B in X
A, Be(C>®(X), A=v on M.

As in the case f = 0, which corresponds to the generalized eigenvalue problem of
Graham-Zworsky[17], this gives rise to a Dirichlet-to-Neumann map Sy(s) via

V= ALM—> BLM: v,

which we refer to as non-homogeneous scattering operator and denote it by Sy(s).
Clearly So(s) = S(s) and Sy(s) is invertible, since the standard scattering operator
So(s) is invertible, cf. equation (1.2) in [20]. We define the non-homogeneous
fractional operators by

P, = ~d,55(s),
where d, is as in (5). Following [15] we find by conformal covariance of the
conformal Laplacian that

Ogru=f =N DU =y 71, (11)
where
DU = —divg(y*~2'V,U) + E,U (12)

and with L, = —A, + %’ denoting the conformal Laplacian on (X, g)
1-2 1-24

~ R 4
E,:=y 2 Lyy 2 — (% +s(n—s)yt=22 ¢, = - fll

(13)
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Thus we find for ¢, € C°(X), that

{DWU — gty Lty in X peyira {DgU =y 2p+9 in X

Yy’ "u=v on M U=v on M

Note, that such a solution U is of the form
U=A+By” =) Ay + By +U

for some Uy € C§°(X) and has principal terms

v +vy?r  for 'y<%
v+ Ay +vy?  for 7>%.

As for the case v > %, expanding the boundary metric h,, we find
hy = ho + hiy + O(y*) with hy = 211,

and II; denoting the second fundamental form of (M, h) in (X,g). Still according
to [17] we may solve
Dg+u — yn—s+2¢ + ys+11/) in X
Yy "u=v on M
for ¢, € C*°(X) in the form

u=y""fA+y*B in X
A, Be(C>®(X), A=v on M

with asymptotic
A=Ay Ag=v, A1=0
at a point, where Hy = 0, i.e. the mean curvature vanishes. Thus for > %

{Dg+uyns+2¢+ys+l¢ in X U=y"~ " {DgUy127¢+w in X

Y " "u=v on M U=v on M

with principal terms
U=uv+7y* +o(y>)
at a point with Hy = 0 - just like in the case v < % - and there holds 7 =
% lim, 0 yl_Q'Y(?y U.
We summarize the latter discussion in the following proposition.

Proposition 1. Let (X,g%) be a (n+ 1)-dimensional asymptotically hyperbolic
manifold with conformal infinity (M, [h]) of dimension n > 2 being minimal in
case vy € (%, 1) and y the unique geodesic defining function associated to h given
by (2). Assuming that

n 1
:§+77 76(071)v 7#57 S(n_s)ggpp(Ang)

and f € y"sT2C°(X) + y*T1C°°(X), then for every v € C>°(M)
_ * s 1-2 f
P}Zh(y) = —d igr%ry T0,U7,

S
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where UY is the unique solution to

DU =y 1f in X
U=v on M

and d3 is as in (7). Moreover U' satisfies
U'=A+y>'B, A, BeC®(X)
and A and B satisfy the asymptotics
{A =Y Awi, A€ C®(M), Ag=v and A; =0
B=3 By, Bic C*(M) and —d,By=—d,v= P}, (v),
where d., is as in (5), hence U/ = v +0y*7 + o(y?).

3.2. Conformal property of the non-homogeneous scattering operator. In
this subsection we study the conformal property of the non-homogeneous scattering
operator P 7 of the previous subsection. To this end we first consider as background

data (X,g%) with conformal infinity (M,[h]) with n >2 and y the associated
unique geodesic definition function such that

9=vg", g:dy2+hy close to M and h=g|um

as in (2). From (13) it is easy to see, that in g-normal Fermi coordinates (y,z)

—2v0
E, = uMy_27 close to M. (14)
2 NG

We assume further that (M, [h]) is minimal and Og+ is positive, i.e.
Hy=0 and A (=Ay+) > s(n—s).
Then 9,,/g =0 on M"™*! and we may assume
07 € yC=(X) (15)

whence D, is well defined on

iz

Wyits, = W,ita (X,9) = C2(X)
with
2 _ 1-2y 2, .2
Il g = [ 91 0l a)a
and becomes positive under Dirichlet condition, cf. (11), so

8y\/§ € ycoo(Y) and <'7 '>Dg . <'7 '>W1i2_2_Y .

Let us consider now a conformal metric h = <pn—42v h on M. We then find a unique
geodesic defining function § > 0, precisely unique in a tubular neighborhood of M,
such that

G =dj*+h, clseto M, j725=g"=y2g and h= gpﬁh = (Q)Qh on M.
) Y

n—2

So we may naturally extend ¢ = (%) =~ onto X and by the conformal relation

<

~ 2 _4
g=(=)g=¢ 2y,
)
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we still have (-,-)p, =~ (-,-)y12_ . Putting § = ay, the equation

,gl—Q'y
- Y Y
gl =1 = |dgl3 =1+ 22 (dor dy)y + (L)) dol?

for the geodesic defining functions implies Oy = —%%|da|3. Since § = a?g by
definition, we firstly find H; = 0 = Hj = 0, i.e. minimality is preserved as already
observed by Gonzalez-Qing[15], and secondly § = apy + O(y*). Thus on the one
hand side the properties

aﬂ\/g S gcoo and <'7 '>D§ = <'7 .>W~1i272~,

Y

are preserved under a conformal change of the metric on the boundary. Moreover we
obtain a conformal transformation for the extension operators Dz and D, subjected
to Dirichlet and weighted Neumann boundary conditions. Put @ = (%)"‘Su. As for
the Dirichlet case, (11) directly shows

Dyu=f in X — Dgu=(4)**'f in X
u=v on M =()" v on M.

Moreover there holds

lim y'~270,u = v <= lim §'~ 28,0 = (L),
y—0 v g—0 Y

since § = agy + O(y?), whence for the weighted Neumann case we obtain
{Dgu =f in X — {Dgﬂ = (%)SHf in X

lim, o y'"?0yu=v on M limg_,o ' 2705t = (%)”_SJ"Q’VU on M.

We may rephrase this via ¢ = (%) S = (L)~ as

{Dg(gpu) = wi/tif in X — {Dgu f in X

pu=wv on M u=7v on M

and
Dy(pu) :SD%JC in X B — Dyi=f in X
limy 0 y* =279, (pu) = on2v on M" limj_,o ' "?"05u=v on M.

Noticing =+ = %;27 we thus have shown

Dsju=f in X

—df limg 0§~ 0u =7 on M

n4242+

ia Dy(pu) =¢ == fin X

P’Yﬁ (goy):gpn—%5<:> @u:(pyonM
pn=s f,h

n+2
—d limy 0 y' =10, (pu) = =517,
where the last equation on the right hand side holds on M. Therefore the non-
homogeneous fractional operator verifies the conformal property

Pl =¢ "5 P (pv) forh=pm5h
fon =" f.h
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or equivalently

—s—1

Pl (v) =@ "5 P}, (gv) for h=¢pm2h and f=p7 s f
f,;”lQ*‘P ralpy) for h =g an = ,

hence extending the conformal property of the homogeneous fractional operator to
the non-homogeneous setting. We remark that

Y _ pY
b =Fj,.

4. Fundamental solutions in the asymptotically hyperbolic case. In this
section, keeping the notations of the previous one, for an asymptotically hyperbolic
manifold (X, ¢g") with conformal infinity (M, [h]), we study the existence and
asymptotic behavior of the Poisson kernel K, := K] of Dg, the Green’s functions
Ig:=T7 of Dy under weighted normal boundary condition and G, := G) of the
fractional conformal Laplacian P}, i.e.

DyKy(-,6)=0 in X andforall {e€M
limy 0 Ky(y,z,§) = 0¢(z) and forall z, £€ M
and
D,Tg(-,6)=0 in X andforall £ M
—dz limy 0 y' 270,y (y, x,€) = 6¢(x) and for all z,£ € M,
where d? is given by (7), and PG} (x,§) = d¢(x), = € M. So by definition
K, : (X x M)\ Diag(M) — Ry
is the Green’s function to the extension problem
D,U=0in X
U=v on M,
while
[, : (X x M)\ Diag(M) — R
is the Green’s function to the dual problem
D,U=0 in X
—d limy 0 y1_278yU =7 on M
and
Gp : (M x M)\ Diag(M) — R.

is the Green’s function of the nonlocal problem PJv =7 on M. They are linked
via

Iy(z,€) = /M Ky (2,2)Gp(z,£)dVi(z), z€X, £€M. (16)



POISSON KERNEL AND GREEN’S FUNCTIONS OF THE ~-CONFORMAL LAPLACIAN 13

4.1. Study of the Poisson kernel for D, . In this subsection we study the
Poisson kernel K, focusing on the existence issue and its asymptotics. We follow
the method of Lee-Parker[22] of killing deficits successively. However, due to the
rigidity property involved in the problem, see the normal form (2), we have to work
close to the boundary in Fermi coordinates rather than normal ones. To compensate
this we are forced to pass from the space of polynomials used in [22] to the space of
homogeneous functions. We start with recalling some related facts in the case of the
standard Euclidean space R’/™'. According to [4] on R}

v
(¥2 + [ —€?)
where p,, is as in (9), is the Poisson kernel of the operator

D = —div(y' ">V (-)),

—n+1
K(yax7€> = K’Y(yvxvé-) = pn/‘/ n+2y 7 (y,l‘) € R+ ? 5 € Rn (17)
2

namely the Green’s function of the extension problem

Du=0 in R}
u=f on R",

i.e.

{DK(y,m,a =0 in BRI, (y,2) e RYECR" 18)

K(y,z,§) — d¢(z) for (y,z) e R1+1,§ eR™ y— 0.

We will construct the Poisson kernel for Dy, cf. (12), namely the Green’s function
of the analogous extension problem

Dygu=0 in X
u=f on M,
ie. K, solvesfor z€ X and £ € M
DyKy(2,6) =0 in X
K(z,€) = d¢(x) for y—0,

where z = (y,x) € X for z close to M. To that end we identify

£eMNUCUNX with0e B¥ " (0)nR* ¢ BE""(0) nR} ™

for some open neighborhood U of ¢ in X and small € > 0, and write K(z) =
K(z,0). We then have
0

D,K = —7%(@91’7@1*273(,1{) +EyK = feyH_,_9, 10 (19)

on B§n+1(0) ARY due (15), which relies on minimality H, = 0, where by
definition

H; = {p € C™(R}™\ {0}) | ¢ is homogeneous of degree {}. (20)
The next lemma allows us to solve homogeneous deficits homogeneously.

Lemma 4.1. For ; #~ € (0,1) and f; € yH;_1, | € N—n — 2y there exists
Kiioyq € yz"’HlH such, that

DKoy = fi-
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Proof. First of all the Stone-Weierstral Theorem implies
(Q(y,2) =y P(z) | k,leNand P € Il;) C y*C%(By(0) NRE™)

dense

with II; = {¢ € C°(R"™) | ¢ is homogeneous of degree [} and an easy induction
argument shows, that we have a unique representation

QF =Y 21" Asyiai
with D-harmonics of the form A,,(y,z) = . y*>"*%P,,_o/(x), DA,, = 0. Since
YIS € L2 ()
we thus obtain a D-harmonic basis E = {e}} for Lil,z7 (S%) with
Dei =0, k=deg(el), k€ N+2yand i€ {l,... ,dy},

where dj denotes the dimension of the space of D-harmonics of degree k. We may
assume, that e}, e] for i # j are orthogonal with respect to the scalar product on
Lil,QW(S’i). Moreover on S% we have

0=~ Def = 0, 10,e}) + 4" Ay, = Ty 2Vl + 41T A
noy,
— el

:Véxyl_%*v&;e}; + divgn (yl_%vsze};) +k(k+n— 1)y "el,

. Acn .
=Vy! Ve 4y = e +y 0] +

whence due to

Vany' 1 Vane, =(Vy' >, vy ) (vsy, Veg) = (1= 29)y™ (en+s1, vsy )rore;
(1—2y)ky' e,
there holds for Dgn = —divgn (vavSi -)

DSiei =k(k+n—2y)y' ek,

Therefore E = {el} is an orthogonal basis of yQ"f_lDSgr—eigenfunctions with
eigenvalues
Ao = k(k+n—2v).
By the same argument solving
_ n+1 . n+1
Du=fe L?JQV,I(IRJr ) in RY (21)
u=0 on R"
with homogeneous f, u of degree A, A+ 1+ 2v is equivalent to solving
Dgru=f+A+1+2y)A+n+1)y'"*u in S}
u=0 on 957 =8"""!

and thus, writing u = 3" a; yek, y?7 "' f = 3. bj el also equivalent to solving
> ain(k(k+n—27) = (A+1+29)A+n+1))e, => bjef
and the latter system is always solvable in case
Ek+n—2y)—(A+1+29)(A+n+1)#0 forall k, n, AeN. (22)
This observation allows us to prove the lemma, by whose assumptions

deg(fi)=A=m—n—2vy, meN.
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And we know
deg(el) =k =m'+2y, m' € N.
Plugging these values into (22), solvability of (21) is a consequence of
(m' +2y)(m' +n)—(m—-—n+1)(m+1-2y)#0 forall m', n,meN
and this holds true for % # v € (0,1). Thus we have proven solvability of

DKiioyy = f; in R}
Kitoy41=0 on R™\ {0}

with Ki42y4; being homogeneous of degree 1+ 2y 4 1. We are left with showing
Kiyoy4 € y?VH;, 1. But this follows easily from Proposition 2 below. O

Now recalling (19) we may use Lemma 4.1 to solve (18) successively, since
DgKitoy1 = fi+ (Dg — D)Ki12y11 € fi + yHiC™
due to (15) and Kiyoy1 € y*"Hi41. With a suitable cut-off function
ne: X — RT, supp(ne) = BF(€) = BT (€) for M 3¢ ~0€R"and
(23)
e>0 small
and for the meaning of BY(¢) see Section 2, we then find

m+2—2y

Ky=ne(K+ Y Kiyoyst) +m
l=—n—2y

for m € N and a weak solution
Dykim = =Dy (nf(K +yome K1+27+l)) =hm in X
km =0 on M

with h,, € yC™<.

The following weak regularity statement will be sufficient for our purpose.

Proposition 2. Let h € yC?**32(X) and u € I/[/"yll’%zw (X) be a weak solution of

Dyju=h in X
u=0 on M.

Then w is of class y*YC**P(X), provided H, = 0.

Putting these facts together before giving the proof of Proposition 2, we have the
existence of K, and can describe its asymptotic.

Corollary 1. Let % # v € (0,1). Then K, ezxists and we may expand in

g-normal Fermi-coordinates around & € M

2+ 2m—+5—2~

y m,o
K, (2,€) €ne(z) pMWJF Z Yy TH(2) | + v 0P (X)
l=—n—2y

with Hy € C=(R’1\ {0}) being homogeneous of order I and pn. is as in (9),
provided Hg = 0.
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Proof of Proposition 2. We use the Moser iteration argument. First let p,q =
1,...,n+1andi,j=1,...,n such, that gn41; = gys = 0. The statement clearly
holds by standard local regularity away from the boundary, since D, is strongly
elliptic there. Now fixing a point £ € M and a cut-off function

n e C(BL(0),Ry), n=1on B (0) for 0 <7y <ry <1, where { ~0€R",

T2

we pass to g-normal Fermi-coordinates around £ and estimate for some A > 2 and
aeN?

— A — A —
sz <2 [ v P 2 [ sV
]R1+1 Ri+1 Ri+1

(24)

and

)\2
[t =5 [yt oney.opuozu e
Ri—H R1+1

_ 22 /y1_27vzaauvz(aaulaau|k—2n2)
Ry
)\2

o 1—-2v a, qo a, [A—2
S 1) /y V. 05u0g u|0g ul* "V ,nn

n+1
R+
)\2

< 1—2 « 1eY o, [A—2, 2
Sl K Ay

Ry
)\2 1-2 2 A—2,2 )\2 1-2 A 2
ol Bl A e el I TR
R1+1 Ri-H

Absorbing the second summand above this implies

)\2
VIV P < s [ Dl@zwozuloza - T

(25)
R1+1 R1+1
with
T — AQ / y1_2y|aau|)\|vznl2
(A-1)? ’
Ry
Due to D(0%u) = 09 Du, and the structure of the metric
D@t = [ 32(Daz oz
R+ RPH1
+ + (26)

- / 92 (D — Dyu)duld%ul>2n?

n+1
R+
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o Op\G 4 _ - ij i,j
B / 0y [h+pﬁyl “g0qu+y' " 0;((g" — 6"7)0;u)

n+41
RY

— 270
_n ’yiy\/gy_z'yu]8gu|8;‘u|>‘_2n2 =0 +...+ 1,
N

We may assume |V¥p| < 6% for k=0,1,2, where ¢ = r5 — 1. Then
LAl I\ (27)
Rn+l
v
Using integrations by parts and (15)

Op\/9
I g/ 120,00 (L g7 M) 05 ul0g ul
[ <[ [ y70, (\/gg )05 uldgul™ "0

n+1
Ry

oy narg (VI o 190 Am
w1 [ v mam e g oz

n+41
RY

0,
<t [y aor oz
Ry
Cla|

LS BVl ogl T Va0l

m<|al hi1
R

+ (28)

+C > [ RV ul|0u Vel + 1)

m<al Jhi1
R+

§C|a\

— 2 2
> [ vieriol e

m<|al i
R

+Clal Y [ vy + 7).

<|a| %
m_‘(’|R++1

Using integration by parts and recalling 7,5 =1,...,n

C B o Ala R

IS [ 0 0s(e - 800zl T (0i 0zl
Ry
v [y los(iet - ool
RY T

17278‘301 % a'aa % 2
Y | l‘ acu| || J| xu| |77

n+1
RJr

C A

<— sup|ghI — 6%
A2 o
B

Claf > a2 2
= D A IVl T Ve 0gulF

m<|a
RY
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C . o _ A A
+ Souplg' =5 [y o0l jazal il

Bl g
+Clal D /yl_”IV;"UIA\Vann
mS‘O‘R1+1
Using (15)
L] < Clap Y | v 2IVFu (30)

m<|al pnt
+
Applying Holder’s and Young’s inequality to (27)-(30) we obtain
_Csupy lg =4 R
_ 2 \ | 2 :
Z' - / yl 27\Vz|6§“u| 2 |2772 a ||V’“u||Lx o, (B,
RL k<|a|
i

2y—1v7|af laf, j[A—1
WPV Ry o IV e

We may assume C'supg+ |g — 6| < 1, whence in view of (25) and (4.1)
5

ClaiA
1-2 212 2 lof k1A
y' VA0 lE Pt <=5 30 IVl sy

g k<ol
2y—1v7|a| lee], | A—1
—|—0)\Hy Vz hHLglfzw(B:rQ)HVI UHLz\l—Q'y(Bj—Q)’
so (24) implies
_ C|a\)\
v IV Il <255 30 IVl s
Ri+1 k<|a|
SO gy oty IR e
(31)

The weighted Sobolev inequality of Fabes-Kenig-Seraponi [10] Theorem 1.2 with
K= "—“ then shows

- Ca)\
n+1 ”aa ”LN* \

k
Z HV ’U,HL,\ W(sz

(B+) -
E<]a
+ 0A||y2V*1VL“'hHL;1_M(B@||VL“‘u\|251{M(BT+2).
By rescaling we may assume for some 0 < ¢y < 1, that
o]
fullse, ., + 315 VEbls =1 (32)

k=0
and putting A; = 2(2H)? and p; = €(1+ ) we obtain

21
IVl D Bl S X/ Clal,enAi2 X

sup [HV’”UIIL ;

m<|al

1
IVl

yl—2v

B

2y (By) (B,
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5_

HVLO“UHLoclizW(B:rO) SCYOhfo( + sup ||V uHL2
Y

m<|al

e )) S Ca,em

12~{

where the last inequality follows from iterating (31) with A =2 and (32). Rescaling
back we conclude

S IVEuls . 5y < Cmeollelzz, LY R L) (33)
k=0

Note, that D(0%u) = 03h + 03 ((D — Dg)u), where
97 ((D — Dy)u)
0, g q_ _ .. . n — 2*}/ 0 \/§ _
:ag P 1—2v P4y u_‘r_az 1—-2v( 4, — 55N u) — ) 2'yu
[7\/§ y ghi0, (y "9 )0;u) 2 v ! ]

AV e O
=3q3x(p7yl P gPau) — 0F (%(%yl 2T gP9Yu)

n—2 17)
02 o) - L on (L,

(34)
In particular, since —8,(y' ~27gP10,v) = Dv — 8;(y* =27 (¢g"? — 6*J)v;) we may write
0p(y' > gP10,05u) = OTh+ h* + Y 9phs,
where h®, h; depend only on z—derivatives of u of order up to ||, and due to
(15), (33), there holds

a hOt
Z H 1 27’ yl 2’Y||LOC1> 27(B+ < Cm GO[HUHI’zl 2y _|_Z||y27 1vthL yl—2v ]
la]=0 k=0

for all m € N. Then Zamboni[33] Theorem 5.2 shows Holder regularity, i.e. for all
meN

ZIIV UIICOQ(B+ ) < Omelllullzz, +ZHy27 "Vihlr< 1 (35)
k=0 k=0

This allows us to integrate the equation directly. Indeed from (34) we have
D(9gu) = 0gh + 03 (D — Dg)u) = 9gh + 3, (y* > f1') + y' =27 f5,
where by definition f* = 80‘( ”‘f u) and

« :aza;l J\/g biy 7624 2"/718 P 1-2v p,q U
fs ! (7\@ 9"7u) (v q(iﬁ y g7 )
+8:0%((g" — §99)9;u) — LT oo
(7 =)o) = P02,
This implies
=0y (y' 9, 05u) = 9, (y* " 1) +y T (fS + ApOFu+yP TG h)

and we obtain

guly,x) = yQ'yﬂg(a:) — /Oy O’f1 0,T) / 2= 1/ 1= 27f2 (1,x)drdo, (36)
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where by definition we may write with smooth coefficients f; g
fo= Z f1.50%u and fs = % + Z f2.,50%u. (37)
18I<|] 1BI<]|al+2
Let h € yC"'. Then (35) shows
Vja| <1 : Vlolu e O,
whence V|a| <1—2 : f* € C% due to (37). In particular (36) implies
a7 uly, x) = y*ug (x) + o(y™),
so a§ € C*2%* anyway by interior regularity. We define
W =y PO, fr=y N =y (38)
We then find from (36), that
a(y, ) =ug(z) —y= 27 /Oy o T2 (o, 2)do — y= 2 /Oy o2t /0(r 78 (1, x)drdo

=ug (z) +af (y, z) + a5 (y, ),
(39)

where according to (37), (38) we may write with smooth coefficients f; g
_ _ o O%h _
ffr=>" hpe’ and f§= + > et (40)
[BI<]e| 1BI<|erl+2
Then (36) and V || <1—2 : f& e C%* already show

Via| <1-2 : a* e CO*

and we may assume V|a| < 1—2—2m : Bgmﬂo‘ € 0% inductively, whence according
to (40)

V| <1—2-2(m+1) : o)™ f € CO
Then (39) implies via Taylor expansion

V|Oé‘ Sl—2—2(m+1) . a;m—‘r?ﬂ?’ 6§m+2aa c Co,a.

Thus we have proven V |a| <1—2—2m : 97"9%u € C®* for some X > 0. However,

since there are only even powers in the y-derivative, we only find u € C*=3* for
l € 2N. The proof is thereby complete. O

4.2. Green’s function for D, under weighted Neumann boundary condi-
tion. In this subsection we study the Green’s function I'y. As in the previous one
we consider the existence and asymptotics issue. To do that we use the method
of Lee-Parker[22] and have the same difficulties to overcome as in the previous
subsection. We first note that on RT’l

D(y, &) =(y,2,€) = Ina_____ (y)eRLT, ceRT (41)
(2 + |z — €2) "= i

for some g, > 0 is the Green’s function to the dual problem
Du=0 in R}
—d limy o Y= 0,u(y,’) =f on R",
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ie.
DI(,§)=0 in R, ¢eR"
—d} limy 0 y'*0(y, 7,€) = 0¢(x), x, £ ER™.
We will construct the Green’s function I'y for the analogous problem

Dyu=0 in X
—d: limy 0y " 0yu(y,”) =f on M

for D, = —div,(y'=>'V,(+)) + E,, i.e. for z€ X and £ € M

DyTy(,€) =0 in X
—d: hmy_)() y1_2’YFg (Z7 5) = 65 (.’E),

where z = (y,z) € X in g-normal Fermi-coordinates close to M. To that end we
identify

(42)

Rn-f—l
€

R —n+1

£eMNUCUNX with 0eB¥ 7 (0)nR" c BE"" (0)nR}

€

as in the previous subsection, and write I'(z) = I'(z,0). On BE""(0) N R+ we
then have

0 _ - oo
D, = 77%(\/591)’(13;/1 278(11“) +E,=fe y' 2WH—n+2w—IC : (43)

Again we may solve homogeneous deficits homogeneously.

Lemma 4.2. For % #v€(0,1) and f; € y' =" Hy19,-1, | € N—n there exists
F142y41 € Hiyoyqr such, that

DUijoyp = fi in R™™ and hn}J y' 720,112,410 =0 on R™\ {0}.
Yy—r

Proof. This time we use
7Rn+1

(QF(y,z) =y*P(x)| k,1eN and B elll) ¢ C'B, (0)NRM),

dense

to obtain a orthogonal basis E = {e}} for L12/1—27 (S%) consisting of D-harmonics
of the form

6’12 = AmLSiv Am(yvx) = Zyzlpkfﬂ(m)v DAm =0

and we have Dgn et = k(k-+n—2y)y'=*el. Then for homogeneous f, u of degree
A, A+ 1+ 2v solving

{Du =fe L% J(RYTY) in RTH
limy0y*~270,u=0 on R"
is, when writing u = Y a; ket , v 1 f = bjyle{, equivalent to solving
Zai,k(k(k +n—=27)— A +1+27)(A+n+1))el = ij,ze{
and the latter system is always solvable in case
k(k+n—2y)—(A+1+2y)(A+n+1)#0 foral k, n, AeN. (44)
As for proving the lemma there holds

deg(fi) =AX=m —n and deg(el) =k=m' forsome m, m' € N
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and plugging this into (44) we verify for 1 # v € (0,1)
m'(m' +n—2y)—(m—-—n+1+2y)(m+1)#0 forall n,m, m €N.

This shows homogeneous solvability, whereas regularity of the solution follows from
Proposition 3. O

Analogously to the case of the Poisson kernel we may solve (42) successively using
Lemma 4.2 and obtain

m
Ty =ne(C+ D Tiyayid) +Ym
l=—n

for m >0, where 7 is as in (23) and a weak solution

Dgym = =Dy (ﬁg(r 3, F1+27+l)) =y " hy in X

limy0y'"279,7m =0 on M
with h,, € C™%. As in the previous subsection a weak regularity statement is
sufficient for our purpose.
Proposition 3. Let h € y!=27C?***3%(X) and u € W;{Q_ZW(X) be a weak
solution of

Dyju=h in X
lim, o y'"270,u=0 on M.

Then w is of class C**8(X), provided H, = 0.

As in the previous subsection, putting these facts together before presenting the
proof of Proposition 3, we have the existence of I'y and can describe its asymptotics.

Corollary 2. Let % #~v € (0,1). Then T'y exists and we may expand in g-normal
Fermi-coordinates around & € M
2m—+3

Ty(2,€) € ne(z) (jﬁ’fm + > H1+2w+l(z)> + 2 (X)

l=—n

with Hy € (R \ {0}) being homogeneous of order 1 and g, is as in (41),
provided Hg = 0.

Proof of Proposition 3. As in the previous subsection we use the Moser iteration
argument. Indeed by exactly the same arguments as the ones used when proving
Proposition 2 we recover Holder regularity (35) and integrating the equation directly
we find the analogue of (36), namely

1

v y o ~
u(y, ) =uf (z) —/ ofi(o,z)do —/ 027_1/ 7172 f& (7, x)drdo
0 0 0
=ug () + uf (y, z) + u3 (y, v),
where f1, fo are given by (37). Let h € y'=27C*. Then (35) and (37) show
Via| <1—-2: f*e

(45)

In particular (45) implies
duly, x) = ug(z) + O(y),
so u§ € C*2* anyway by interior regularity and we may assume inductively

Vio| <1—-2-2m : 8§m6§u c 0%,
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whence according to (37)
V| <1-2-2(m+1) : 92mf* € CO
Then (45) implies via Taylor expansion
V| <1—2-2(m+1) : 07" g, 02" 20%u € COA

Thus we have proven V| a| <1-2—-2m : 8;7”8;‘11 € 0% for some A > 0. However,

since there are only even powers in the y-derivative, we only find u € C*=3* for
l € 2N. The proof is thereby complete. O

4.3. Green’s function for the fractional conformal Laplacian. In this short
subsection we study the Green’s function G of P;'. We derive its existence and
asymptotics as a consequence of the results of the previous subsections and formula
(16).
Corollary 3. Let 3 # v € (0,1). Then G) ezists and we may ezpand in
h-normal-coordinates around £ € M

2m—+3

Gh(x,f) Gng(x)< Inyy + Z Hl+2’y+l(x)> JrCQm,a(M)

|x‘n—2fy
l=—n

with Hy € C(R™\ {0}) being homogeneous of order 1, provided H, = 0.

To end this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. It follows directly from Corollary 1, Corollary 2, and Corollary
3. O

5. Locally flat conformal infinities of PE-manifolds. In this section we sharpen
the results of Section 4 in the case of Poincaré-Einstein manifold (X, g%) with
locally flat conformal infinity (M, [h]).

5.1. Fermi-coordinates in this particular case. By our assumptions we have
a geodesic defining function y splitting the metric

g=vy’9", g=dy* +h, near M and h=hy|um

and for every a € M a conformal factor as in (10), whose conformal metric
4

he = ui > h close to a admits an Euclidean coordinate system, h, = 6 on

Bla(a). As clarified in subsection 3.2 and recalling Remark 1, this gives rise to a

geodesic defining function y,, for which

9o =Ya9"s 9o = dys +hay, near M with hg =hay, |y and 6= halgha ).
(46)
the boundary (M, [h,]) is totally geodesic and the extension operator D, is
positive. As observed by Kim-Musso-Wei[21] in the case n > 3, c¢f. Lemma 43 in
[21], and for n =2 due to Remark 1 and the existence of isothermal coordinates
we have
Ga=0+0(yY) on B (a) (47)
in gg-normal Fermi-coordinates around afor some small ¢ > 0. Therefore the
previous results on the fundamental solutions in the case of an asymptotically
hyperbolic manifold with minimal conformal infinity of Section 4 are applicable. We
collect them in the following subsection.
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5.2. Fundamental solutions in this particular case. In this subsection we
sharpen the results of Section 4 in the case of a Poincaré-Einstein manifold (X, g™")
with locally flat conformal infinity (M, [h]).

To do that let us first recall that K, = Ky, (-,a), I'q =Ty, (-,a) and G, =
G, (+,a). From (47) we then find

Dy, K, € yH 2, 2C>®, D, T, €y "2 Hy, 2C™

for the lowest order deficits in (19) and (43). Then in view of Lemmas 4.1, 4.2 the
corresponding expansions given by Corollaries 1, 2, 3 are

2 2m+6
y m,c
Ka(z2) € ne(2) (pnﬁ |z|n+2y + 2 yQ’YHl—M(Z)) + yQ’yCz (X))
=0

2m—+4
In, m,a
La(z) € ne(z) <Z|nf27 + > Hl+2v(z)> + P (X)
1=0
g 2m+4
Ga(x) € ne(x) <x|:’727 + Z H[-‘,—Q’y(i‘)) + O,
1=0

Recalling (20) there holds yQ“VHl_Q.Y c 0™ for | >m and Hyys, C C™< for
I > m. We have therefore proven the following result.

Corollary 4. Let (X, g%) be a Poincaré-Einstein manifold with conformal infinity
(M,[h]) of dimension n=2 or n>3 and (M,[h]) is locally flat. If

1
575’}/6(0,1) and )\1(—Ag+)>s(n—3) fors:g_l,_f%

then the Poison kernel K, and the Green’s functions I'y and Gy, respectively for
D,U=0 in X
U=f on M
D,U=0 in X
—d limy oy~ 20,U =f on M
and

{P;L’u:f on M

are respectively of class y*YC* and C>% away from the singularity and admit
for every a € M locally in gq-normal Fermi-coordinates an expansion around a

2y
Kalz) pn’7|ziyni+27 +y* T H gy (2) + Y Hio2y (2) + 4 Hao24(2) + 5?7 C*(X)

Tu(2) € —22% 4 Hyo(2) + Hiso(2) + C2°(X)

el

In, «a
Ga(w) < |x|nj2”/ + HQV(x) + H1+2”Y('r) + 027 (M)’

where g, is as in (46) and Hy € C=(R7% \ {0}) are homogeneous of degree k.

Finally, we give the proof of Theorem 1.2.
Proof of Theorem 1.2. 1t is exactly the statement of Corollary 4. O



POISSON KERNEL AND GREEN’S FUNCTIONS OF THE ~-CONFORMAL LAPLACIAN 25

Acknowledgments. The authors worked on this project when they were visiting
the department of Mathematics of the University of Ulm in Germany. Parts of this
paper were written when the authors were visiting the Mathematical Institute of
Oberwolfach in Germany as “Research in Pairs” and the Institut des Hautes Etudes
Scientifiques in Paris. We are very grateful to all these institutions for their kind
hospitality.

REFERENCES

[1] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Monographs in
Mathematics, Springer-Verlag, Berlin 1998.

[2] X. Cabre and Y. Sire, Non-linear equations for the fractional laplacians I: Regularity, maximum
principles and Hamiltonian estimates, Annales de U'Institut Henri Poincare (C) Non Linear
Analysis, 31 (2014), 23-53.

[3] L. Caffarelli, J.-M. Roquejoffre and O. Savin , Nonlocal minimal surfaces, Comm. Pure and
Applied Mat., 63 (2010), 1111-1144.

[4] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm.
PDEs, 32 (2007), 1245-1260.

[5] L. A. Caffarelli and P. E. Souganidis, Convergence of nonlocal thresholds dynamics approx-
imations to front propagation, Archive for Rational Mechanics and Analysis, 195 (2010),
1-23.

(6] L. Caffarelli and E. Valdinoci, Regularity properties of nonlocal minimal surfaces via limiting
arguments, Advances in Mathematics, 248 (2013), 843-871.

[7] L. A. Caffarelli and A. Vasseur, Drift diffusion equations with fractional diffusion and the
quasi-geostrophic equation, Annals of Mathematics, 171 (2010), 1903-1930.

[8] S.-Y. A. Chang and M. del Mar Gonzalez, Fractional Laplacian in conformal geometry,
Advances in Mathematics, 226 (2011), 1410-1432.

[9] E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sc. Math, 136 (2012), 521-573.

[10] E. B. Fabes, C. E. Kening and R. P. Serapioni, The local regularity of solutions to degenerate
elliptic equations, Comm. PDES, 7 (1982), 77-116.

[11] C. Fefferman and C. R. Graham, Q-curvature and Poincaré metrics, Mathematical Research
Letters, 9 (2002), 139-151.

[12] D. Gilbar and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2%
edition, Springr-Verlag, 1983.

[13] V. Gol’dshtein and A. Ukhlov, Weighted Sobolev spaces and embedding theorems, Trans.
Amer. Math. Soc., 361 (2009), 3829-3850.

[14] M. del Mar Gonzalez, R. Mazzeo and Y. Sire, Singular solutions of fractional order Laplacians,
Journal of Geometric Analysis, 22 (2012), 845-863.

[15] M. del Mar Gonzalez and J. Qing, Fractional conformal Laplacians and fractional Yamabe
problems, Analysis and PDE, 6 (2013), 1535-1576.

[16] M. del Mar Gonzalez and M. Wang, Further results on the fractional Yamabe problem: The
umbilic case, J. Geom. Anal., 28 (2018), 22—60.

[17] C. R. Graham and M. Zworsky, Scattering matrix in conformal geometry, Invent Math., 152
(2003), 89-118.

[18] C. Guillarmou, Meromorphic properties of the resolvent on asymptotically hyperbolic manifolds,
Duke. Math. J., 129 (2005), 1-37.

[19] M. Giinther, Conformal normal coordinates, Ann. Global. Anal. Geom., 11 (1993), 173-184.

[20] M. S. Joshi and A. S4 Barreto, Inverse scattering on asymptotically hyperbolic manifolds,
Acta Math., 184 (2000), 41-86.

[21] S. Kim, M. Musso and J. Wei, Existence theorems of the fractional Yamabe problem, Anal.
PDE, 11 (2018), 75-113.

[22] J. M. Lee and T. H. Parker. The Yamabe problem, Bull. A.M.S, 17 (1987), 37-91.

[23] F. C. Marques, Existence results for the Yamabe problem on manifolds with boundary, Indiana
Univ. Math. J., (2005), 1599-1620.

[24] M. Mayer and C. B. Ndiaye, Barycenter technique and the Riemann mapping problem of
Cherrier-Escobar, J. Differential Geom., 107 (2017), 519-560.



26

[25]
[26]
27)
(28]
29]
(30]

(31]

MARTIN MAYER AND CHEIKH BIRAHIM NDIAYE

M. Mayer and C. B. Ndiaye, Fractional Yamabe problem on locally flat conformal infinities of
Poincaré-Einstein manifolds, preprint, 2012, arXiv:1701.05919.

R. Mazzeo, The Hodge cohomology of a conformally compact metric, J. Differential Geom.,
28 (1988), 309-339.

R. Mazzeo, Unique continuation at infinity and embedded eigenvalues for asymptotically
hyperbolic manifolds, Am. Journal. Math., 113 (1991), 25-45.

R. R. Mazzeo and R. B. Melroze, Meromorphic extension of the resolvant on complete spaces
with asymptotically constant negative curvature, J. Funct. Anal., 75 (1987), 260-310.

C. B. Ndiaye, Y. Sire and L. Sun, Uniformizations theorems: Between Yamabe and Paneitz,
Pacific J. Math., 314 (2021), 115-159.

J. Qing and D. Raske, On positive solutions to semilinear conformally invariant equations on
locally conformally flat manifolds, Int. Math. Res. Not., 20 (2006), 94-172.

R. Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J.
Differential Geom., 20 (1984), 479-495.

[32] E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton,

New Jersey, Princeton University Press.

[33] P. Zamboni, Holder continuity for solutions of linear degenerate elliptic equations under

minimal assumptions, Journal of Differential Equations, 182 (2002), 121-140.

Received for publication August 2021; early access July 2022.

E-mail address: mayer@mat.uniroma2.it
E-mail address: cheikh.ndiaye@howard.edu



