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Abstract
Given a fixed product of non-isogenous abelian varieties at least one of which is
general, we show how to construct complete families of indecomposable abelian vari-
eties whose very general fiber is isogenous to the given product and whose connected
monodromy group is a product of symplectic groups or is a unitary group. As a con-
sequence, we show how to realize any product of symplectic groups of total rank g
as the connected monodromy group of a complete family of g′-dimensional abelian
varieties for any g′ ≥ g. These methods also yield a construction of a new Kodaira
fibration with fiber genus 4.

Mathematics Subject Classification 14D05 · 14D07 · 14C30 · 11G15 · 14H10

1 Introduction

If C is a smooth algebraic curve, then its Jacobian J (C) is indecomposable as a
principally polarized abelian variety, meaning that J (C) cannot be written as the
product of smaller-dimensional principally polarized abelian varieties. However, if C̃
is another smooth algebraic curve equipped with a finite map C̃ → C , then although
J (C̃) must also be indecomposable, the Jacobian J (C̃) is not simple as an abelian
variety because J (C̃) is isogenous to a product of smaller-dimensional principally
polarized abelian varieties, one of which is J (C).

In this paper, we investigate the phenomenon of indecomposable yet non-simple
abelian varieties in families in the context of studying monodromy. For any family
f : A → B of complex abelian varieties, where B is an algebraic variety and Ab is a
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very general fiber, the connectedmonodromy group T (A ) is the connected component
of the identity of theQ-Zariski closure of the image of the monodromy representation
� : π1(B) → GL(H1(Ab,Q)). Our interest is thus in studying complete families of
indecomposable non-simple abelian varieties with specified monodromy. We prove:

Theorem 1.1 Consider any fixed product of pairwise non-isogenous abelian varieties
Ac,1×· · ·× Ac,r × Av,1×· · ·× Av,s such that each Av, j is general in the moduli space
Agv, j and all gv, j ≥ 2. Then for any positive integer d ≤ min j gv, j − 1, there exist
infinitely many complete families f : A → B of maximal variation of g-dimensional
principally polarized abelian varieties with the properties:

(1) The base B is a smooth projective variety of dimension d
(2) Every fiber of f is indecomposable.
(3) If A is a very general fiber of f , then A is isogenous to the product

Ac,1 × · · · × Ac,r × Av,1 × · · · × Av,s .

(4) The connected monodromy group of f : A → B is

T (A ) =
s∏

j=1

SpQ(Vv, j ),

where Vv, j = H1(Av, j ,Q) for each 1 ≤ j ≤ s.

The families f : A → B being of “maximal variation” means simply that the
resulting moduli map B → Ag is generically finite. For the general definition of the
variation of a family see [28].

One motivation for this result comes from the study of the possible fundamental
groups of a smooth projective variety, or relatedly, the possible monodromy repre-
sentations of a family of smooth projective varieties. Simpson shows in [26] that any
representation of the fundamental group of a smooth projective variety into a reductive
group can be deformed to one coming from a variation of Hodge structures. Recently,
Arapura has shown [2, Sect. 2] that if f : X → Y is a smooth projective morphism
of smooth projective varieties with fiber F and ρ is the corresponding monodromy
representation, then for every choice of normal subgroup N of π1(F) and character
χ of the quotient, the representation ρ gives rise to a representation ρN ,χ which is
the monodromy representation of a polarizable variation of Q-Hodge structures of
type {(−1, 0), (0,−1)} over some Ỹ such that there is a surjective generically finite
morphism of smooth varieties p : Ỹ → Y .

Using the equivalence between polarizable Q-Hodge structures of type
{(−1, 0), (0,−1)} and complex abelian varieties up to isogeny, it is thus natural to
consider monodromy representations arising from families of abelian varieties and ask
what groups can arise as their connected monodromy groups. With this motivation in
mind, Theorem 1.1 yields the following consequence:
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Corollary 1.2 For any positive integer d ≤ mini gi − 1, where gi ≥ 2 for all i , and
any g′ ≥ ∑s

i=1 gi , the group

T =
s∏

j=1

Sp(2gi ,Q)

arises as the connected monodromy group of a d-dimensional family of maximal
variation of indecomposable g′-dimensional abelian varieties over a smooth projective
base.

1.1 Kodaira fibrations

The motivation for focusing on families whose fibers are indecomposable non-simple
abelian varieties in all of the above results comes from questions about themonodromy
of Kodaira fibrations. Note that by repeated use of the Lefschetz hyperplane theorem,
any group which is the fundamental group of a smooth projective variety is in fact the
fundamental group of an algebraic surface (and in fact of a surface of general type).

Kodaira fibrations are a particular class of algebraic surface of general type given by
a non-isotrivial fibration f : S → B to a smooth algebraic curve B such that all fibers
F of f are smooth algebraic curves. The fundamental group of such a surface S is then
determined by the induced exact sequence 1 → π1(F) → π1(S) → π1(B) → 1.
This extension is in turn determined by the induced homomorphism � : π1(B) →
Mod(F) ⊂ O(π1(F)) into the mapping class group of F (using that the genus g of
F is at least 3 [18] and so the center Z(π1(F)) is trivial [13] together with the fact
that extensions with outer action � are parametrized by H2(π1(B), Z(π1(Fb))) [8,
Corollary 6.8]). So it is natural to try to understand the possible connectedmonodromy
groups of the resulting � : π1(B) → GL(H1(F,Q)) in the context of the broader
question of understanding the fundamental groups of smooth projective varieties.

Unfortunately there are few known constructions of Kodaira fibrations and in gen-
eral their monodromy representations are poorly understood. The first examples of
such surfaces discovered by Kodaira [20], Atiyah [3], and Hirzebruch [17] as well
as subsequent constructions by Kas [18], Riera [25], Gonzalez-Diez–Harvey [14],
Zaal [29], Bryan–Donagi [5], Cattanese–Rollenske [10], and Lee–Lönne–Rollenske
[21] all rely on taking a suitable ramified cover of a product C1 × C2 of curves. In
such constructions, the fiber F is a ramified cover of one of the two curves in the
product, say C1. Hence although the Jacobian J (F) is indecomposable since F is
smooth, we know that J (F) is non-simple in the sense that J (F) is isogenous to a
product of abelian varieties, one of which is J (C1). Thus understanding the behavior
of monodromy representations of complete families of indecomposable non-simple
abelian varieties over a curve has the potential to shed some light on the question of
monodromy of Kodaira fibrations.

In fact, because the Torelli locus in genus g = 3 and g = 4 is of low codimension
in Ag , the construction techniques developed in the proof of Theorem 1.1 lead to a
reproof (Corollary 8.1) of a construction given in [12] of a Kodaira fibration of fiber
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genus 3 with connected monodromy group Sp(4) as well as a new construction of a
Kodaira fibration with fiber genus 4:

Corollary 8.2 For any choice of elliptic curve E, there exist infinitely many Kodaira
fibrations f : S → B with fiber genus 4 such that a very general fiber F decomposes
as H1(F,Q) = H1(E,Q) ⊕ W and the connected monodromy group of f : S → B
is SpQ(W ) ∼= Sp(6,Q).

This provides a new addition to the limited collection of Kodaira fibrations where
something about the monodromy representation is understood.

1.2 Ideas from the proof of Theorem 1.1

The main tool used to prove Theorem 1.1 is the language of Shimura varieties and
Hecke correspondences, which we introduce in Sects. 2 and 3 . Essentially, any ele-
ment α ∈ Sp(2g,Q) defines a correspondence, called a Hecke correspondence and
also denoted α, on the moduli space Ag . The main idea is to show that if α is suffi-
ciently general in Sp(2g,Q), then the image under this α of the Shimura variety Z
parametrizing principally polarized abelian varieties with the desired decomposition
intersects the decomposable locus Adec

g in high codimension (see Corollary 5.6).
In fact, in order to work with a fine moduli space we will need to impose a level

structure and consider the analogous Shimura variety Z sitting insideAg[n] for some
n ≥ 3, whereAg[n] denotes themoduli space of principally polarized abelian varieties
with fixed level n structure. More precisely, Corollary 5.6 shows that if α is general,
then αZ ∩ Adec

g [n] ⊂ Amdec
g [n], where Amdec

g [n] is the locus of principally polarized
abelian varieties with two isogenous simple factors.

We produce the families of abelian varieties with the desired properties by taking
complete intersections of ample divisors on the Satake–Baily–Borel compactification
Z∗ of Z . Since both the boundary Z∗\Z of Z∗ and the intersection Z ∩ Amdec

g [n]
occur in high codimension, such a complete intersection X will have the property that
αX ∩ Adec

g [n] = ∅ (see Proposition 6.2).
Computing the connected monodromy group of the corresponding family A of

abelian varieties follows from a result of André [1, Theorem 1] which says that the
connected monodromy group of a variation of Hodge structures over a connected
algebraic variety is a normal subgroup of the derived subgroup of the Mumford-Tate
group of a very general fiber. Since a very general fiber of A is by construction
isogenous to a very general point of Y (and hence they have isomorphic Q-Hodge
structures), one can use the properties of the Shimura varietyZ to compute the derived
Mumford-Tate group of this fiber. In the cases we consider, we then show that the
connected monodromy group is in fact equal to this derived Mumford-Tate group.

1.3 Other connectedmonodromy groups

The strategy of the proof of Theorem 1.1 can also be used to produce complete families
of indecomposable abelian varieties whose connected monodromy groups are other
algebraic groups, not only products of symplectic groups. The particular combina-
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torics involved to compute the codimension of the boundary of Satake–Baily–Borel
compactification of Z as well as the codimension of the locus αZ ∩ Adec

g [n] vary
depending on the desired properties of the general fiber of the family.

As an illustration of how the techniques of Theorem 1.1 can be used to produce
complete families of indecomposable abelian varieties with other kinds of connected
monodromy groups, we prove a result similar to Theorem 1.1 in Theorem 9.2 in the
case of the connected monodromy group being a unitary group. Rather than prove a
full analogue of Theorem 1.1, we simplify the theorem statement and proof by only
considering the case when the fixed part Ac,1 × · · · × Ac,r of the family consist of
pairwise non-isogenous elliptic curves without CM and the varying part consists of
a single simple abelian variety with endomorphisms by a fixed imaginary quadratic
field L .

In fact, a much more general version of Theorem 9.2 which would be more directly
analogous to Theorem 1.1 should be true, however the dimension-counting com-
binatorics become more involved and the issues involving the computation of the
Mumford-Tate group become more subtle when multiple imaginary quadratic fields
are involved.

The precise language of abelian varieties with endomorphisms by an imaginary
quadratic fieldwill be introduced in Sects. 2 and 9 , where wewill introduce themoduli
space ZL(p, q)[n] of p + q-dimensional principally polarized abelian varieties with
level structure n that have endomorphisms by the imaginary quadratic field L via a
fixed action determined by positive integers (p, q).

Rather than state here the precise Q-group arising as the connected monodromy
group of the families we produce, we can summarize Theorem 9.2 as:

Theorem 1.3 Fix pairwise non-isogenous elliptic curves E1, . . . , Er without CM as
well as an imaginary quadratic field L, a choice of positive integers p, q such that
p+q ≥ 4, and an abelian variety Z which is general in the moduli spaceZL(p, q)[n].
Then for any positive integer

d ≤ min(2p, p + q − 2, 2q) − 1

there exist infinitely many complete families f : A → S of maximal variation of
abelian varieties of dimension g = p + q + r with the properties:

(1) The base S is a smooth projective variety of dimension d
(2) Every fiber of f is indecomposable.
(3) If A is a very general fiber of f , then A is isogenous to the product E1×· · ·×Er×Z ,

where EndQ(Z) = L with prescribed action determined by (p, q)

(4) Letting V = H1(Z ,Q), the connected monodromy group of A is a Q-form of
SU (p, q).

In analogy with Corollary 1.2 above, we deduce Corollary 9.3, which we summa-
rized here as:

Corollary 1.4 For any positive integers p, q, and g′ such that 5 ≤ p+q +1 ≤ g′ and
any positive integer d ≤ min(2p, p + q − 2, 2q) − 1, there is a Q form of the group
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SU (p, q) which arises as the connected monodromy group of a d-dimensional com-
plete family of maximal variation of g′-dimensional indecomposable abelian varieties
over a smooth algebraic variety.

1.4 Organization

The organization of the paper is as follows. In Sect. 2 we introduce the Satake–Baily–
Borel compactification of a Shimura variety and the principal examples of Shimura
varieties and their Satake–Baily–Borel compactifications that will be of use to us.
Section 3 then considers the decomposable locusAdec

g [n] as well as the locusAmdec
g [n]

of abelian varieties with two isogenous simple factors and calculates the dimension
of intersection of these loci with the Shimura varieties of interest.

Then in Sect. 4, we introduce the language of Hecke correspondences and their
relationship with isogenies of abelian varieties. In particular, we prove in Lemma 4.2
that an abelian variety A whose endomorphism algebra is a product of fields which
are either Q or an imaginary quadratic field has the property that if A is isogenous to
another abelian variety B, then there is a Hecke correspondence α such that αA = B.
Section 5 then shows that wemay determine which elements of Sp(2g,Q) send points
ofAdec

g [n]\Amdec
g [n] toAdec

g [n] by determiningwhich such elements send a product of
elliptic curves toAdec

g [n]. We then prove in Lemma 5.5 that the elements of Sp(2g,Q)

with this property form a proper subvariety and thus (Corollary 5.6) a general element
α of Sp(2g,Q) has the property αY ∩ Adec

g [n] ⊂ Amdec
g [n].

Section 6 introduces Mumford-Tate groups and Proposition 6.2 determines con-
ditions under which one may produce a complete family of abelian varieties whose
connected monodromy group is determined by the Mumford-Tate group of the gen-
eral element of the family. The proofs of Theorem 1.1 and Corollary 1.2 then occur
in Sect. 7. Section 8 discusses the applications to Kodaira fibrations and in particular
the new construction (Corollary 8.2) of a Kodaira fibration of fiber genus 4.

Lastly Sect. 9 discusses constructions of families with other connected monodromy
groups, in particular focusing on the example of a unitary connectedmonodromygroup
in the case that the varying part of the family consists of a single abelian variety with
endomorphisms by an imaginary quadratic field.

2 Shimura varieties and the Satake–Baily–Borel compactification

Recall that a (connected) Shimura variety Z is the quotient of a Hermitian symmetric
domain X+ by a congruence subgroup � of some reductive algebraic group G defined
over Q such that G(R) acts on X+ by conjugation.

The Satake–Baily–Borel compactification (�\X+)∗ of �\X+, first constructed in
[4], has the structure of a projective algebraic variety and the property that the boundary
consists of finitely many explicitly described Shimura varieties attached to particular
subgroups of G.

The principal examples of Shimura varieties that will be of interest to us in this
paper are the following:
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Example 2.1 The moduli space Ag = Sp(2g,Z)\Hg of principally polarized abelian
varieties (A, λ) of dimension g, where Hg denotes the Siegel upper half-space of
degree g, is a connected Shimura variety of dimension 1

2g(g + 1). Since this Ag is
only a coarse moduli space, in order to work with a fine moduli space we will need to
impose a level structure and consider, for some fixed n ≥ 3 the Shimura variety

Ag[n] = ker(Sp(2g,Z) → Sp(2g,Z/nZ))\Hg.

This Shimura variety Ag[n] is the moduli space of principally polarized abelian vari-
eties with this fixed level structure n ≥ 3. The Satake–Baily–Borel compactification
Ag[n]∗ of Ag[n] has the property that its boundary is the union of strata

⋃

1≤i≤g−1

Ai [n].

In particular, the boundary Ag[n]∗\Ag[n] has codimension in Ag[n]∗

1

2
g(g + 1) − 1

2
(g − 1)(g) = g.

Example 2.2 Let L be an imaginary quadratic field such that L ↪→ EndQ(A) for some
simple abelian variety A of dimension g. Letσ, σ : L ↪→ C denote the two embeddings
of L into C. Let V = H1(A,Q) and consider the action of L ⊗Q C on VC:=V ⊗Q C.

Then VC decomposes as a sum VC(σ ) ⊕ VC(σ ), where VC(σ ) = {v ∈ VC | � · v =
σ(�)v ∀ � ∈ L} and similarly for VC(σ ). Letting p = dim VC(σ ) and q = dim VC(σ ),
we then have p + q = g.

For such fixed positive integers p, q such that p + q = g, consider the Hermitian
symmetric domain

D(p, q) = {z ∈ Mp,q(C) | 1 − zt z is positive Hermitian}.

Then for a given imaginary quadratic field L the Shimura variety

ZL(p, q)[n] = ker(SU ((p, q),OL ) → SU ((p, q),OL/nOL))\D(p, q)

parametrizes g-dimensional principally polarized abelian varieties Awith leveln struc-
ture such that L ↪→ EndQ(A) with given action described by the integers (p, q). This
Shimura variety ZL(p, q)[n] has dimension pq.

The strata of the boundaryof theSatake–Baily–Borel compactificationZL (p, q)[n]∗
are of the formZL(p−r , q−r)[n] for r > 0. Hence the codimension of the boundary
ZL(p, q)[n]∗\ZL(p, q)[n] in ZL(p, q)[n]∗ is at least

pq − (p − 1)(q − 1) = (p + q) − 1 = g − 1.
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3 The decomposable locus of abelian varieties

Fix an n ≥ 3 and let Ag[n] be the fine moduli space of principally polarized abelian
varieties (A, λ) with level structure n. Let Adec

g [n] denote the decomposable locus of
Ag[n], meaning that

Adec
g [n] = {(A, λ) ∈ Ag[n] | (A, λ) = (A1, λ1)

×(A2, λ2) st Ai ∈ Agi [n], gi < g for i = 1, 2}.

In the above as well as throughout the paper we use the notation∼ to mean “isogenous
to”.

We will also want to consider the locus of non-simple abelian varieties that have
two isogenous factors. We denote this locus

Amdec
g [n] = {A ∈ Ag[n] | A ∼

k∏

i=1

Ani
i and ni ≥ 2 for some 1 ≤ i ≤ k}.

The purpose of this section is to collect a number of combinatorial computations
describing the dimension of intersection ofAmdec

g [n] with the sub-loci ofAdec
g [n] that

will be of interest to us in what follows.

3.1 The locusAmdec
g [n] and productsAg1[n] × · · · × Agr[n]

Lemma 3.1 Consider a product of moduli spaces in Ag[n]

Z = Ag1 [n] × · · · × Agr [n],

where 2 ≤ g1 ≤ · · · ≤ gr and
∑r

i=1 gi = g. Then Z ∩ Amdec
g [n] has codimension

2g1 − 2 in Z .

Proof We will write points of Z as products A1 × · · · × Ar of abelian varieties where
by assumption Ak ∈ Agk [n] for all 1 ≤ k ≤ r . For i �= j define

Bi, j,d = {A1 × · · · × Ar ∈ Z | ∃Z ∈ Ad [n] st
Ai ∼ Z × A′

i , A j ∼ Z × A′
j for some A′

i ∈ Agi−d [n], A′
j ∈ Ag j−d [n]}.

Similarly define

Bi,i,d = {A1 × · · · × Ar ∈ Z | ∃Z ∈ Ad [n] st Ai ∼ Z2 × A′
i for some A′

i ∈ Agi−2d [n]}.

Then observe that

Z ∩ Amdec
g [n] =

⋃

i, j,d

Bi, j,d . (1)
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Note that if i �= j we have

dimBi, j,d = dimZ − dimAgi [n] − dimAg j [n] + dimAgi−d [n]
+ dimAd [n] + dimAg j−d [n]

= dimZ − gi (gi + 1)

2
− g j (g j + 1)

2

+ (gi − d)(gi − d + 1)

2
+ d(d + 1)

2
+ (g j − d)(g j − d + 1)

2

= dimZ − 1

2
d(2gi + 2g j + 1 − 3d)

Hence when i �= j , since d ≤ gi , g j and gi , g j ≥ 2, the component Bi, j,d of Z is of
minimal codimensionwhend = 1. In this case, the componentBi, j,1 is of codimension
gi + g j − 1 in Z . It follows that a component Bi, j,d of Z ∩ Amdec

g [n] with minimal
codimension in Z is the component B1,2,1, which has codimension g1 + g2 − 1.

In the case i = j , we have

dimBi,i,d = dimZ − dimAgi [n] + dimAgi−2d [n] + dimAd [n]
= dimZ − gi (gi + 1)

2
+ (gi − 2d)(gi − 2d + 1)

2
+ d(d + 1)

2

= dimZ − 1

2
d(4gi + 1 − 5d)

Hence when i = j , since 2d ≤ gi the component Bi, j,d of Z is of minimal codi-
mension when d = 1. In this case Bi,i,1 is of codimension 2gi − 2. It follows that
a component of the form Bi,i,d of Z ∩ Amdec

g [n] with minimal codimension in Z is
the component B1,1,1, which has codimension 2g1 − 2. Note that the assumption that
2 ≤ g1 ensures that B1,1,1 �= ∅.

Since 2g1 − 2 < g1 + g2 − 1, it follows from (1) that B1,1,1 is a component of
Z ∩ Amdec

g [n] of minimal codimension in Z and so Z ∩ Amdec
g [n] has codimension

2g1 − 2 in Z . ��
Lemma 3.2 Fix a product P = Ac,1 × · · · × Ac,r of simple pairwise non-isogenous
abelian varieties such that each Ac,i ∈ Agc,i [n] and 1 ≤ gc,1 ≤ · · · ≤ gc,r . Consider
a subvariety of Ag[n] of the form

Y = {P} × Agv,1 [n] × · · · × Agv,s [n],

where gv,1 ≤ · · · ≤ gv,r . Then Y ∩ Amdec
g [n] has codimension in Y given by

min

(
2gv,1 − 2,

1

2
gc,1(2gv,1 + 1 − gc,1),

1

2
gc,r (2gv,1 + 1 − gc,r )

)
.

Proof We may consider Y as the product {P} ×Z , where Z is the product of moduli
spaces introduced in Lemma 3.1. Write points of Y as products P × A1 × · · ·× Ar of
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abelian varieties where by assumption Ak ∈ Agv,k [n] for all 1 ≤ k ≤ s. Then define

Ci = {P × A1 × · · · × Ar ∈ Y | Ai ∼ Ac, j × A′
i for some

1 ≤ j ≤ r and A′
i ∈ Agv,i−gc, j [n]}.

Then observe that

Y ∩ Amdec
g [n] = ({P} × (Z ∩ Amdec

g [n])) ∪
⋃

i

Ci . (2)

Note that

dim Ci = dimY − dimAgv,i [n] + dimAgv,i−gc, j [n]
= dimY − gv,i (gv,i + 1)

2
+ (gv,i − gc, j )(gv,i − gc, j + 1)

2

= dimY − 1

2
gc, j (2gv,i + 1 − gc, j )

Hence the component Ci of Z is of minimal codimension when gv,i is minimal and
gc, j is either minimal or maximal. Hence

⋃
i Ci has codimension in Y given by

1

2
min(gc,1(2gv,1 + 1 − gc,1), gc,r (2gv,1 + 1 − gc,r )).

The result then follows from the decomposition in (2) together with Lemma 3.1. ��

3.2 The locusAmdec
g [n] andZL(p, q)[n]

For the purpose of our results in Sect. 9, we collect here some results on the intersection
ofAmdec

g [n] with Shimura varieties of the formZL(p, q)[n] for some fixed imaginary
quadratic field L and positive integers p and q.

Lemma 3.3 Consider the moduli space ZL(p, q)[n] ⊂ Ag[n] for some fixed imagi-
nary quadratic field L and positive integers p and q. Then ZL(p, q)[n] ∩ Amdec

g [n]
has codimension min(2p, p + q − 2, 2q) in ZL(p, q)[n].
Proof Suppose P is a point of ZL(p, q)[n] ∩ Amdec

g [n]. Then P ∼ Z2 × P ′ such
that Z2 ∈ ZL(k, �)[n] and P ′ ∈ ZL(p − k, q − �)[n] for some non-negative integers
k, � ≥ 0 such that k + � ≥ 2 is even.

If L ↪→ EndQ(Z), then both k and � are even and the locus of such points in
ZL(p, q)[n] ∩ Amdec

g [n] has dimension

dimZL(k/2, �/2)[n] + dimZL(p − k, q − �)[n] = pq − p� − kq + 5

4
k�.

This value is maximal when k + � = 2 in which case the maximal value is pq −
max(2p, 2q).
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If L does not embed in EndQ(Z), then k = � and the locus of points has dimension

dimAk[n] × dimZL(p − k, q − k)[n] = pq − 1

2
k

(
p + q − 3

2
k − 1

2

)
.

This value is maximal when k = 1 in which case its value is pq − (p + q − 2).
It follows that the codimension of ZL(p, q)[n] ∩ Amdec

g [n] in ZL(p, q)[n] is
min(2p, p + q − 2, 2q). ��
Lemma 3.4 Fix a product P = E1 × · · · × Er of pairwise non-isogenous elliptic
curves without CM. Consider a subvariety of Ag[n] of the form

Y = {P} × ZL(p, q)[n]

for some fixed imaginary quadratic field L and positive integers p, q. Then Y ∩
Amdec

g [n] has codimension min(2p, p + q − 2, 2q) in Y .

Proof Let Q ∈ Y ∩ Amdec
g [n]. Then Q ∼ Z2 × Q′ for some abelian varieties

Z , Q′. Since the Ei are chosen to be pairwise non-isogenous, it follows that Z2 is
not isogenous to a subset of the Ei . Moreover, if Z is isogenous to some subset of
the Ei , then Z × Q′ must be isogenous to an element of ZL(p, q)[n]. But since
none of the Ei have CM and none are mutually isogenous, this can only happen if
Z ×Q′ is isogenous to an element ofZL(p, q)[n]∩Amdec

g [n]. In other words, writing
Q = P × R where R ∈ ZL(p, q)[n], in this situation we have R ∼ Z ×Q′ and hence
R ∈ ZL(p, q)[n] ∩Amdec

g [n]. In the case that Z is not isogenous to a subset of the Ei ,
then Z has a simple factor Z ′ such that Z ′2 is isogenous to an element ofZL(p, q)[n].
Hence once again, writing Q = P × R, we have that Z ′2 is a simple factor of R and
so R ∈ ZL(p, q)[n] ∩ Amdec

g [n].
Therefore, the codimension ofY∩Amdec

g [n] inY is in fact given by the codimension
ofZL(p, q)[n]∩Amdec

g [n] inZL(p, q)[n], t ByLemma3.3, this locus has codimension
min(2p, p + q − 2, 2q). ��

4 Hecke correspondances and polarized isogenies

Definition 4.1 Let Z = �\X+ be a connected Shimura variety. Recall from Sect. 2
that this means � is a congruence subgroup of some reductive Q-algebraic group G
such that G(R) acts on X+ by conjugation. The Hecke correspondence associated to
an element a ∈ G(Q) consists of the diagram

�\X+ �a\X+ �\X+q qa

where

• �a = � ∩ a−1�a
• q(�ax) = �x
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• qa(�ax) = �ax

In the above diagram, both q and qa are finite morphisms of degree [� : �a].
If Z ′ is a closed irreducible subvariety of Z , any irreducible component of qa(q−1Z)

is called a Hecke translate of Z ′, which we denote by aZ ′.

Suppose that f : A → B is an isogeny between principally polarized abelian
varieties (A, λ) and (B, μ). Then the pullback f ∗μ is a polarization on A. We say
that f is a polarized isogeny if there exists an n ∈ Z such that f ∗μ = nλ. For a more
thorough treatment of the distinction between isogenies and polarized isogenies see
[24].

A point Q ∈ Ag[n] is a Hecke translate of another point P ∈ Ag[n] if and only if
P and Q are related by a polarized isogeny. However the set of polarized isogenies
between P and Q can be significantly smaller than the set of isogenies between them.
For instance, in [24, Proposition 3.1], Orr shows that the isogeny class of an abelian
surface with multiplication by a totally real quadratic field contains infinitely many
distinct polarized isogeny classes.

The goal of this section is to establish conditions in Lemma 4.2 under whichwemay
conclude that two isogenous abelian varieties are related by a Hecke correspondence.
Before doing so, we will establish a bit of notation for abelian varieties and their
isogenies.

Recall that if (A, λ) ∈ Ag[n], the polarization λ is the class of an ample line bundle
in NS(A) and that ν induces an isogeny φν : A → A∨ of X to its dual abelian variety
A∨. Let us denote

EndQ(A):=End(A) ⊗Z Q.

Then ν induces an involution, called the Rosati involution, on EndQ(A) given by

EndQ(A) → EndQ(A)

f �→ φ−1
λ ◦ f̂ ◦ φλ,

where φ−1
λ ∈ HomQ(A∨, A) and f̂ is the element of EndQ(A∨) induced by f [6, p.

114].
LetEnds A (respectivelyEnds

Q
A) denote the subset ofEnd A (respectivelyEndQ X )

of endomorphisms of A invariant under the Rosati involution with respect to λ on
EndQ A. Then there is isomorphism of groups

δ : NS(A) → Ends A (3)

given by the restriction to NS(A) of the map NSQ(A) → Ends
Q
A defined by λ′ �→

φ−1
λ φλ′ [6, Proposition 5.2.1].
Lastly, recall that any polarized abelian variety is isogenous to a product of simple

polarized abelian varieties and that this decomposition is unique up to isogeny [6,
Theorem 4.3.1]. Hence for any A ∈ Ag[n] we may write
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Complete families of indecomposable non-simple... 267

A ∼
k∏

i=1

Ani
i ,

where the Ai are simple non-isogenous abelian varieties and the ni , dim Ai , and
EndQ(Ani

i ) are all uniquely determined. We call the Ai the simple factors of A
(although these are determined only up to isogeny).

Lemma 4.2 For (A, λ) ∈ Ag[n], consider the decomposition A ∼ ∏k
i=1 A

ni
i of A into

simple non-isogenous abelian varieties. Suppose each ni = 1 and EndQ(Ai ) is either
Q or an imaginary quadratic field. Then every isogeny class of (A, λ) is a polarized
isogeny class and hence if (A, λ) ∼ (B, μ) for some (B, μ) ∈ Ag[n], then there is an
element α ∈ Sp(2g,Q) such that α(A, λ) = (B, μ).

Proof Under the hypotheses of the Lemma, we have that L = EndQ(A) decomposes
as a product L = ∏k

i=1 Li , where each Li is eitherQ or an imaginary quadratic field.
In particular the subset of L fixed by the Rosati involution is Ls = ∏k

i=1Q. It follows
that the map δ defined in Eq. (3) above yields an isomorphism of groups NS(A) ∼= Zk .

Suppose (B, μ) ∈ Ag[n] is isogenous to (A, λ) and let f : A → B be an isogeny.
Then f ∗μ is a polarization of A and so may be viewed as a tuple of integers

∏k
i=1 ni .

Precomposing the isogeny f with the necessary elements of End Ai , we may scale as
needed to ensure that all of the integers ni are equal. This new isogeny f ′ : A → B is
thus a polarized isogeny. ��

5 The subset 0 ⊂ Sp(2g,Q) andAdec
g [n]

Let us fix a Shimura varietyZ = Ag1 [n]×· · ·×Agr [n] inAg[n], where∑r
i=1 gi = g.

Themain result of this sectionwill beCorollary 5.6,which shows that ifα ∈ Sp(2g,Q)

is general, more precisely if α lies outside of some codimension 2 subvariety of
Sp(2g,Q), then αZ ∩Adec

g [n] ⊂ Amdec
g [n]. The above codimension 2 subvariety will

be defined in terms of elements of Sp(2g,Q) which send a fixed product of elliptic
curves into the decomposable locus Adec

g [n].
Let P denote the set of proper partitions of the set {1, . . . , g}. For each λ ∈

P , we may write λ in terms of its components as λ = (λ1, . . . , λs). The term
“proper” then just excludes the partition (1 · · · g):=({1}, . . . , {g}). For any partition
λ = (λ1, . . . , λs) in P , let �i (λ) denote the length of the component λi . Hence for any
λ ∈ P we have

∑s
i=1 �i (λ) = g.

Then define for any λ ∈ P the set

Adec
g,λ[n] = {A = A1 × · · · × As ∈ Adec

g [n] | dim Ai = �i (λ) ∀1 ≤ i ≤ s}.

Note that

Adec
g [n] =

⋃

λ∈P
Adec

g,λ[n].
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Let λZ be the partition corresponding to the Shimura varietyZ , so that �i (λZ ) = gi
and

Z = Adec
g,λZ [n].

Observe that if δ ∈ P is a refinement of the partition λZ , then the Shimura varietyZ
contains Adec

g,δ [n] but also contains many other irreducible subvarieties isomorphic to

Adec
g,δ [n]. Each of these subvarieties is itself a Shimura variety parametrizing principally

polarized abelian varieties with a fixed decomposition. For instance consider the case
g = 3 and λZ = (1, 23), so thatZ = A1[n]×A2[n]. If δ = (1, 2, 3), thenZ contains
Adec

3,δ [n] = A1[n] × A1[n] × A1[n] parametrizing threefolds which decompose as a
product of elliptic curves E1 × E2 × E3, but also contains many other irreducible
subvarieties isomorphic to Adec

3,δ [n] whose points are abelian threefolds of the form
E1 × S, where S is an indecomposable abelian surface isogenous to a product of
elliptic curves E2 × E3.

In the lemma below, we wish to understand when a Hecke translate of such a
subvariety isomorphic to Adec

g,δ [n] is contained in the decomposable locus Adec
g [n].

Lemma 5.1 Let δ = (δ1, . . . , δt ) ∈ P and letYδ
∼= Adec

g,δ [n] be a Shimura variety such
that each point of Yδ is isogenous to a point in Adec

g,δ [n]. Suppose P ∈ Yδ satisfies

P ∼ A1 ×· · ·× At ∈ Adec
g,δ [n] with each Ai ∈ A�i (δ) simple. If α ∈ Sp(2g,Q) is such

that αP ∈ Adec
g,λ[n] for some partition λ ∈ P , then αYδ ⊂ Adec

g,λ[n]

Proof By the definition of Yδ , we know Yδ
∼= ∏t

i=1A�i (δ)[n]. Recall from Sect. 2
that each A�i (δ)[n] is the quotient ker(Sp(2�i (δ),Z) → Sp(2�i (δ),Z/nZ))\H�i (δ).
Each of the Siegel upper half-spaces H�i (δ) is the Hermitian symmetric space
Sp(2�i (δ),R)/U (�i (δ)) and thus, in particular, is equipped with a transitive action
by Sp(2�i (δ),R). Hence both Yδ and its Hecke translate αYδ are equipped with a
transitive action by the group

∏t
i=1 Sp(2�i (δ),R).

Thus let Q ∈ Yδ and consider αQ ∈ αYδ . Then via the above transitive action on
αYδ , there exists an element M ∈ ∏t

i=1 Sp(2�i (δ),R) such that MαP = αQ.
However, we also know that αP ∈ Adec

g,λ[n]. This Adec
g,λ[n] is isomorphic

to
∏s

j=1A� j (λ)[n] and thus is equipped with a transitive action by the group∏s
j=1 Sp(2� j (λ),R).

Moreover, observe that since P ∼ A1 × · · · × At ∈ Adec
g,δ [n] with each

Ai ∈ A�i (δ) simple and αP ∈ Adec
g,λ[n], it follows that the partition δ is a

refinement of the partition λ and that this refinement induces a natural embedding∏t
i=1 Sp(2�i (δ),R) ↪→ ∏s

j=1 Sp(2� j (λ),R) compatible with the respective group

actions on αYδ andAdec
g,λ[n]. Thus, via this embedding, it follows that M is an element

of
∏s

j=1 Sp(2� j (λ),R) acting on Adec
g,λ[n] = ∏s

j=1 Sp(2� j (λ),R)/
∏s

j=1U (� j (λ)).

Then since αP ∈ Adec
g,λ[n], it follows that MαP = αQ is an element of Adec

g,λ[n]. We

have thus shown that indeed αYδ ⊂ Adec
g,λ[n].

��
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Now let us fix a product of pairwise non-isogenous elliptic curves in Ag[n]

P0 = E1 × · · · × Eg.

In particular, point P0 of Ag[n] is a point of the Shimura variety Z . Consider the
subset of Sp(2g,Q) given by

� = {α ∈ Sp(2g,Q) | αP0 ∈ Adec
g [n]}.

For any partition λ ∈ P , define a subset of � by

�λ = {α ∈ � | αP0 ∈ Adec
g,λ[n]}.

It then follows that

� =
⋃

λ∈P
�λ.

Recall that for any g ≥ 1, the Siegel upper half-space Hg is equipped with a
transitive action by Sp(2g,R) such that the stabilizer of a point is U (g,R), so that
Hg = Sp(2g,R)/U (g,R).

Lemma 5.2 For any partition λ = (λ1, . . . , λs) in P , there is an isomorphism

�λ
∼=

(
s∏

i=1

Sp(2�i (λ),Q)

)
·U (g,Q).

Proof Observe that for the point P0 = E1 × · · · × Eg , if α ∈ ∏s
i=1 Sp(2�i (λ),Q),

then αP0 ∈ Adec
g,λ[n]. Hence for any α ∈ ∏s

i=1 Sp(2�i ,Q) and u ∈ U (g,Q), the point

αuP0 = αP0 lies in Adec
g,λ[n]. It follows that there is an embedding

f :
(

s∏

i=1

Sp(2�i (λ),Q)

)
·U (g,Q) → �λ

given by the product of the natural embeddings
∏s

i=1 Sp(2�i (λ),Q) ↪→ Sp(2g,Q)

and U (g,Q) ↪→ Sp(2g,Q). To see that f is surjective, note that by Lemma 4.2
together with the fact that all simple factors of P0 have dimension 1, for any α′ ∈ �λ

there exists an α ∈ ∏s
i=1 Sp(2�i (λ),Q) such that αP0 = α′P0. Hence α−1α′ lies in

the stabilizer of the period point of P0. Since α−1 and α′ are both in Sp(2g,Q), it
follows that α−1α′ ∈ U (g,Q). Namely, there exists u ∈ U (g,Q) such that α′ = αu
and thus α′ ∈ (∏s

i=1 Sp(2�i (λ),Q)
) ·U (g,Q).

��
Lemma 5.3 Consider a point R = A1 × · · · × Ar in Z − Amdec

g [n], where each

Ai ∈ Agi [n]. If α ∈ Sp(2g,Q) is such that αR ∈ Adec
g,δ [n] for some δ ∈ P , then

α ∈ �δ · ∏r
i=1 Sp(2�i (λZ ),Q).
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Proof For each Ai in the decomposition R = A1 × · · · × Ar we may write Ai ∼∏mi
j=1 Yi, j , where all of the Yi, j are simple and pairwise non-isogenous. Let gi, j =

dim Yi, j and let Y ⊂ Z be the Shimura variety through R parametrizing abelian
varieties isogenous to a product

∏
i, j Y

′
i, j , where dim Y ′

i, j = gi, j for all i and j .

Since R /∈ Amdec
g [n], the point P0 is isogenous to a point ofY . Hence by Lemma 4.2

there exists an element β ∈ ∏r
i=1 Sp(2�i (λZ ),Q) such that βP0 ∈ Y . Then since

αR ∈ Adec
g,δ [n], Lemma 5.1 implies that αβP0 ∈ Adec

g,δ [n]. Hence αβ ∈ �δ . It follows
that α ∈ �δ · ∏r

i=1 Sp(2�i (λZ ),Q). ��
Remark 5.4 Note that the proof of Lemma 5.3 crucially uses the assumption that
R /∈ Amdec

g [n] to conclude that P0 is isogenous to a point of Y . For instance, suppose
that R was isogenous to a product Eu × E2

v for some elliptic curves Eu and Ev . Then
although the point R lies on a Shimura variety isomorphic to A1[n] × A1[n] whose
points P all have the form P ∼ Ex × E2

y with Ex and Ey elliptic curves, there is not
necessarily a Shimura variety passing through R whose general point is isogenous to a
product of the form Ex × Ey × Ez where Ex , Ey , and Ez are pairwise non-isogenous
elliptic curves.

Lemma 5.3 implies that if α ∈ Sp(2g,Q) is not contained in any �δ ·∏r
i=1 Sp(2�i (λZ ),Q) for δ ∈ P , then αZ ∩ Adec

g [n] ⊂ Amdec
g [n]. Moreover, we

have already established in Lemma 3.1 that Z ∩Amdec
g [n] has high codimension in Z

and hence that the same is true of αZ ∩ Amdec
g [n] in αZ .

Thus it remains to verify that such α ∈ Sp(2g,Q) exist. To show this we will
compute the Q-dimension of

� ·
r∏

i=1

Sp(2�i (λZ ),Q) =
⋃

δ∈P
�δ ·

r∏

i=1

Sp(2�i (λZ ),Q)

as a subvariety of Sp(2g,Q).

Lemma 5.5 For the partitions δ ∈ P we have

max
δ∈P

dimQ

(
�δ ·

r∏

i=1

Sp(2�i (λZ ),Q)

)
= 2g2 + g − 2.

Proof We proceed by induction on g ≥ 2. If g = 2, then δ = λZ = (1, 1). Hence
�δ · ∏r

i=1 Sp(2�i (λZ ),Q) = (SL(2,Q) × SL(2,Q)) · U (2,Q), has Q-dimension
3 + 3 + 4 − 2 = 8, which is indeed equal to 2 · 22 + 2 − 2.

Now consider partitions λZ = (λ1, . . . , λr ) and δ = (δ1, . . . , δt ) of the set
{1, . . . , g}. Observe that λZ is obtained from a partition λ′

Z of the set {1, . . . , g − 1}
by adjoining the element g to the component of λ′

Z in the j-th position, for some
1 ≤ j ≤ r . Similarly δ is obtained from a partition δ′ of the set {1, . . . , g − 1} by
adjoining the element g to the component of δ′ in the k-th position, for some 1 ≤ k ≤ t
(where we may have �r (λ

′
Z ) = 0 or �t (δ

′) = 0).
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Note that for any m ≥ 1, we have dimQ Sp(2(m + 1),Q) − dimQ Sp(2m,Q) =
4m + 3 and dimQU (m + 1,Q) − dimQU (m,Q) = 2m + 1. Hence

dimQ

(
r∏

i=1

Sp(2�i (λZ ),Q)

)
= dimQ

(
r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)
+ 4� j (λ

′
Z ) + 3 (4)

and it follows from Lemma 5.2 that

dimQ �δ = dimQ

(
t∏

i=1

Sp(2�i (δ),Q)

)
+ dimQU (g,Q) − dimQ

(
t∏

i=1

U (�i (δ),Q)

)

= dimQ

(
t∏

i=1

Sp(2�i (δ
′),Q)

)
+ 4�k(δ

′) + 3 + g2

− dimQ

(
t∏

i=1

U (�i (δ
′),Q)

)
− 2�k(δ

′) − 1

= dimQ

(
t∏

i=1

Sp(2�i (δ
′),Q)

)
+ (g − 1)2

− dimQ

(
t∏

i=1

U (�i (δ
′),Q)

)
+ 2�k(δ

′) + 2g + 1

= dimQ �δ′ + 2�k(δ
′) + 2g + 1. (5)

Now let Djk denote the set of elements of {1, . . . , g−1} occurring in both the j-th
position of λ′

Z and the k-th position of δ′. Let d jk be the cardinality of the set Djk .
Then since the element g is added to both the j-th position of λ′

Z and the k-th position
of δ′ when forming λZ and δ, we obtain

dimQ

(
�δ ∩

r∏

i=1

Sp(2�i (λZ ),Q)

)

=
(
dimQ

(
t∏

i=1

Sp(2�i (δ
′),Q) ∩

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)
+ 4d jk + 3

)

+
(
dimQ

r∏

i=1

U (�i (λ
′
Z ,Q) + 2� j (λ

′
Z ) + 1

)

−
(
dimQ

(
t∏

i=1

U (�i (δ
′),Q) ∩

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)
+ 2d jk + 1

)

= dimQ

(
�δ′ ∩

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)
+ 2d jk + 2� j (λ

′
Z ) + 3 (6)
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Combining (4), (5), and (6), it follows that

dimQ

(
�δ ·

r∏

i=1

Sp(2�i (λZ ),Q)

)
= dimQ �δ′ + 2�k(δ

′) + 2g + 1

+ dimQ

(
r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)
+ 4� j (λ

′
Z ) + 3

− dimQ

(
�δ′ ∩

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)

+ 2d jk + 2� j (λ
′
Z ) + 3

= dimQ

(
�δ′ ·

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)

+ 2(g + � j (λ
′
Z ) + �k(δ

′) − d jk) + 1

By the pigeonhole principle, the maximum value across all δ ∈ P that � j (λ
′
Z ) +

�k(δ
′) − d jk attains is g − 1. Thus by induction we obtain

max
δ∈P

dimQ

(
�δ ·

r∏

i=1

Sp(2�i (λZ ),Q)

)
= max

δ∈P
dimQ

(
�δ′ ·

r∏

i=1

Sp(2�i (λ
′
Z ),Q)

)

+ 2(g + g − 1) + 1

= 2(g − 1)2 + (g − 1) − 2 + 4g − 1

= 2g2 + g − 2.

��

In particular, we obtain as a consequence

Corollary 5.6 Fix a Shimura variety Z = Ag1 [n] × · · · × Agr [n] in Ag[n], where∑r
i=1 gi = g. Then for any general α ∈ Sp(2g,Q) we have

αZ ∩ Adec
g [n] ⊂ Amdec

g [n].

Proof Let R ∈ Z such that αR ∈ Adec
g [n]. If R is not contained in Amdec

g [n], then by
Lemma 5.3we haveα ∈ � ·∏r

i=1 Sp(2�i (λZ ),Q). However since dimQ Sp(2g,Q) =
2g2+g, it follows fromLemma5.5 that�·∏r

i=1 Sp(2�i (λZ ),Q) is a proper subvariety
of Sp(2g,Q) of codimension at least 2, which contradicts the assumption that α is
general. Therefore, we must have R ∈ Amdec

g [n] and so αR ∈ Amdec
g [n]. ��
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6 TheMumford-Tate group and connectedmonodromy

A Z- (respectivelyQ-) Hodge structure V is an abelian group (respectively aQ-vector
space) such that VC:=V ⊗Z C (respectively VC:=V ⊗Q C) comes equipped with a
decomposition VC = ⊕p,qV p,q such that V

q,p = V p,q . This bigrading determines
and is determined by a homomorphism

h : C∗ → GL(VR)

given by h(λ)v = ∑
p,q λqλ

p
v p,q .

TheMumford-Tate group MT (V ) ⊂ GL(V ) of either aZ- orQ-Hodge structure V
is the smallest Q-algebraic subgroup of GL(V ) whose real points contain the image
of C∗ under the homomorphism h. It is sometimes more convenient to work with
the special Mumford-Tate group SMT (V ) (also known as the Hodge group Hg(V ))
which is the identity component of SL(V ) ∩ MT (V ). In other words SMT (V ) is the
smallest Q-algebraic subgroup of SL(V ) containing the real points of the image of
the unit circle U (1). For more on Mumford-Tate groups see for instance [22].

Recall that the derived group DG of an algebraic group G over a field k is the
intersection of the normal algebraic subgroups N ofG such thatG/N is commutative.
In what follows, we will consider the derived group DMT (V ) of the Mumford-Tate
group of a Hodge structure V .

Given a variation of polarizable Z- (respectively Q-) Hodge structures V over a
connected algebraic variety B, every fiberVb is aZ- (respectivelyQ-) Hodge structure
and thus has a Mumford-Tate group MT (Vb). Moreover, for b ∈ B very general
consider the monodromy representation

� : π1(B, b) → GL(Vb ⊗ Q).

Definition 6.1 The connected monodromy group T (V) of V is the connected compo-
nent of the identity of the Q-Zariski closure of the image of �. In other words T is
the smallest Q-algebraic subgroup of GL(Vb) containing the image of �.

Note that there is an equivalence of categories between the category of complex
abelian varieties and the category of polarizable torsion-free Z-Hodge structures of
type (−1, 0), (0,−1), meaning that V satisfies VC ∼= V 1,0⊕V 0,1. This equivalence is
given by the functor sending a complex abelian variety A to H1(A,Z) (See for instance
[22, Sect. 2.1]). This equivalence then extends via A �→ H1(A,Q) to an equivalence
of categories between the category of complex abelian varieties up to isogeny and the
category of polarizable Q-Hodge structures of type (−1, ), (0,−1). Hence suppose
f : A → B is a family of complex abelian varieties on the connected algebraic variety
B and consider the variation of Q-Hodge structures V given by Vb = H1(Ab,Q) for
every b ∈ B, where Ab = f −1(b). We will then refer to the connected monodromy
T (A ) of the family A to mean the connected monodromy T (V) of the variation of
Hodge structures V.

Since the connected monodromy group only depends on the Q-structure of the
underlying variation of Hodge structures, for the purposes of computing connected
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monodromy we will only concern ourselves with Q-variations of Hodge structures.
However the above equivalences of categories are helpful in thinking about the dis-
tinction between a complex abelian variety being decomposable (meaning that its
corresponding Z-Hodge structure decomposes) and being non-simple (meaning that
its corresponding Q-Hodge structure decomposes).

Now for any variation ofQ-Hodge structuresV on a connected algebraic variety B,
the Theorem of the Fixed Part (see [11, Theorem 4.1.1]) implies that the monodromy-
invariant classes V�

b on a single fiber are restrictions of classes on the total space and
thus these classes arise from a sub-variation of Hodge structures V� on B. Since the
category of polarizable variations of Q-Hodge structures on a compactifiable base is
semisimple, we then obtain a decomposition

V = V� ⊕ Vvar,

where Vvar denotes the variation ofQ-Hodge structures on B giving Vb/V
�
b on every

b ∈ B. Since the base B of the variation V is a connected algebraic variety, the
theorem of André [1, Theorem 1] then implies that, for b ∈ B very general, the
connected monodromy group T (V) satisfies

T (V) � DMT ((Vvar)b), (7)

where DMT ((Vvar)b) denotes the derived group of the fiber at b of the Q-variation
of Hodge structures Vvar. From this we obtain:

Proposition 6.2 Let Z be a subvariety of Ag[n] and let Y ⊂ Z be a subvariety of
codimension at least d ≥ 2. Let V be the variation of Z-Hodge structures on Z
given by Vz = H1(Az,Z), where Az denotes the principally polarized abelian variety
determined by z ∈ Z .

If the boundary Z∗\Z of a compactification Z∗ of Z has codimension at least d in
Z∗, then any general complete intersection of ample divisors on Z∗ yields a (d − 1)-
dimensional smooth compact subvariety S of Z\Y such that, for s ∈ S very general,
the connected monodromy group of the universal family of S is a normal subgroup of
DMT ((Vvar)s).

Proof Since the boundaryZ∗\Z ofZ∗ has codimension at least d inZ∗, it follows that
a (d − 1)-dimensional subvariety S of Z∗ obtained as a general complete intersection
of ample divisors will avoid Z∗\Z and thus lie entirely in Z . Moreover, since Y ⊂ Z
has codimension at least d in Z , we also have Y ∩ S = ∅. Thus indeed such an S is a
(d − 1)-dimensional compact subvariety of Z\Y .

Consider the universal family f : A → S of abelian varieties over S ⊂ Ag[n].
Let W = V|S denote the induced variation of Z-Hodge structures on S given by
s �→ H1(As,Z). Leting � denote the monodromy representation attached to W at a
very general point s ∈ S, we haveW = W� ⊕Wvar and, by the theorem of André [1,
Theorem 1] stated above in (7), the connected monodromy group T (A ) is a normal
subgroup of DMT ((Wvar)s).

However, by construction, since the point s is very general in S and S is obtained
as a general complete intersection in Z , we have that s is also very general in Z .
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Moreover if � is the monodromy representation of the variation of V at the point s,
the Theorem of the Fixed Part (see [11, Theorem 4.1.1]) implies that V�|S = W�

and Vvar|S = Wvar. Therefore DMT ((Wvar)s) = DMT ((Vvar)s) and so T (A ) is a
normal subgroup of DMT ((Vvar)s). ��

7 Complete families of abelian varieties with fixed decomposition
type

With the tools described in Sects. 2–6 in place, we are now ready to present the proof
of Theorem 1.1, which we restate here for convenience.

Theorem 7.1 Consider any fixed product of pairwise non-isogenous abelian varieties
Ac,1×· · ·× Ac,r × Av,1×· · ·× Av,s such that each Av, j is general in the moduli space
Agv, j and all gv, j ≥ 2. Then for any positive integer d ≤ min j gv, j − 1, there exist
infinitely many complete families f : A → B of maximal variation of g-dimensional
principally polarized abelian varieties with the properties:

(1) The base B is a smooth projective variety of dimension d
(2) Every fiber of f is indecomposable.
(3) If A is a very general fiber of f , then A is isogenous to the product

Ac,1 × · · · × Ac,r × Av,1 × · · · × Av,s .

(4) The connected monodromy group of f : A → B is

T (A ) =
s∏

j=1

SpQ(Vv, j ),

where Vv, j = H1(Av, j ,Q) for each 1 ≤ j ≤ s.

Proof Let us suppose without loss of generality that gc,1 ≤ · · · ≤ gc,r and gv,1 ≤
· · · ≤ gv,s . For some fixed n ≥ 3, consider the product of moduli spaces

Z = Agc,1 [n] × · · · × Agc,r [n] × Agv,1 [n] × · · · × Agv,s [n].

Let α be any general element of Sp(2g,Q). Then by Corollary 5.6, we have

αZ ∩ Adec
g [n] ⊂ Amdec

g [n]. (8)

Fixing a level n structure on the chosen abelian varieties Ac,1×· · ·× Ac,r , consider
the subvariety of Z given by

Y = {Ac,1} × · · · × {Ac,r } × Agv,1 [n] × · · · × Agv,s [n].

It then follows from (8) that

αY ∩ Adec
g [n] ⊂ Amdec

g [n].
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Hence if P ∈ Y satisfiesαP ∈ Adec
g [n], thenαP ∈ Amdec

g [n] and so P ∈ Amdec
g [n].

Moreover, it follows from Lemma 3.2, that the subvariety Y ∩ Amdec
g [n] of Y has

codimension in Y

min

(
2gv,1 − 2,

1

2
gc,1(2gv,1 + 1 − gc,1),

1

2
gc,r (2gv,1 + 1 − gc,r )

)
. (9)

Note that for any1 ≤ j ≤ s and any indeterminate integer x , the value 1
2 x(2gv, j+1−x)

achieves its minimum when x = 1 or x = 2gv, j in which case this minimum value is
gv, j . Since gv, j ≥ 2 and so we also know 2gv, j − 2 ≥ gv, j , It follows that the value
of the expression in (9) is at least gv,1.

Moreover, recall from Example 2.1 that for any h ≥ 1 the Satake–Baily–Borel
compactification Ah[n]∗ of Ah[n] has boundary Ah[n]∗\Ah[n] of codimension h
in Ah[n]∗. Therefore, the boundary of the Satake–Baily–Borel compactification
Agv,1 [n]∗ × · · · × Agv,s [n]∗ of Agv,1 [n] × · · · × Agv,s [n] has codimension gv,1 in
Agv,1 [n]∗ × · · · × Agv,s [n]∗. Therefore, letting

Y∗ = {Ac,1} × · · · × {Ac,r } × Agv,1 [n]∗ × · · · × Agv,s [n]∗,

it follows that Y∗ is a compactification of Y such that Y∗\Y has codimension gv,1 in
Y∗.

Thus by Proposition 6.2, we have that for any d ≤ gv,1 − 1, a general complete
intersection of ample divisors on Y∗ yields a d-dimensional smooth projective subva-
riety X of Y\(Y ∩Amdec

g [n]). Moreover since the abelian varieties Av j are chosen to
be general inAgv, j [n] (after imposing some level n structure) such a general complete
intersection can be chosen to have very general fiber

Ac,1 × · · · × Ac,r × Av,1 × · · · × Av,s .

Therefore we have produced a d-dimensional smooth projective variety X such that
a very general fiber A of αX satisfies A ∼ Ac,1 × · · · × Ac,r × Av,1 × · · · × Av,s and
such that for any general α ∈ Sp(2g,Q) we have αX ∩Adec

g [n] = ∅. After a possible
base change, this αX yields a familyA → B ofmaximal variation of indecomposable
g-dimensional abelian varieties. It just remains to compute the connected monodromy
group T (A ) of this family.

Since isogenous abelian varieties have isomorphic rational cohomology, Proposi-
tion 6.2 implies that the connected monodromy group T (A ) is a normal subgroup
of

DMT

⎛

⎝
s⊕

j=1

Vv, j

⎞

⎠ ,

where Vv, j = H1(Av, j ,Q).
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Since each Av, j is general inAgv, j [n] and so in particular EndQ(Av, j ) = Q for all
j , we have (see [23, Theorem 3.2], [16])

DMT

⎛

⎝
s⊕

j=1

Vv, j

⎞

⎠ =
s∏

j=1

DMT (Vv, j ).

Moreover, since each Av, j is general in Agv, j [n], it follows that DMT (Vv, j ) =
SpQ(Vv, j ) for every 1 ≤ j ≤ s (see for instance [6, Prop. 17.4.2]). Hence

DMT

⎛

⎝
s⊕

j=1

Vv, j

⎞

⎠ =
s∏

j=1

SpQ(Vv, j ).

However by construction of X as a general complete intersection in Y∗, we know
that the monodromy representation of π1(X) acts non-trivially on all the Vv, j for
1 ≤ j ≤ s. Since each SpQ(Vv, j ) is simple as a Q-algebraic group, it follows that

T (A ) =
s∏

j=1

SpQ(Vv, j ).

��
As discussed in Sect. 1 one of the motivations for the above theorem comes from

the question of trying to understand groups arising as connected monodromy groups
of fibered projective varieties in the vein of for instance [2]. The above theorem thus
yields the following immediate consequence:

Corollary 7.2 For any positive integer d ≤ mini gi − 1, where gi ≥ 2 for all i , and
any g′ ≥ ∑s

i=1 gi , the group

T =
s∏

j=1

Sp(2gi ,Q)

arises as the connected monodromy group of a d-dimensional family of maximal
variation of indecomposable g′-dimensional abelian varieties over a smooth projective
base.

8 Applications to Kodaira fibrations

As also discussed in Sect. 1, another motivation for the above results comes from
trying to understand Kodaira fibrations and their possible monodromy groups. Recall
from Sect. 1.1 that a Kodaira fibration is a non-isotrivial fibration f : S → B of a
smooth projective surface to a smooth algebraic curve B such that all fibers F of f are
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smooth algebraic curves. Applying Theorem 1.1 in the case g = 3 recovers a result
originally obtained in [12]:

Corollary 8.1 For any choice of elliptic curve E, there exist infinitely many Kodaira
fibrations f : S → B with fiber genus 3 such that the cohomology of a very general
fiber F decomposes as H1(F,Q) = H1(E,Q) ⊕ W and the connected monodromy
group of S is SpQ(W ) ∼= Sp(4,Q).

Proof Let g = 3, hc = 1, and hv = 2, with λc = (1) and λv = (12). By choosing
Ac,1 = E and letting d = 1, Theorem 1.1 yields a 1-dimensional family of indecom-
posable abelian threefolds over a smooth algebraic curveC with the givenmonodromy
group and whose fibers have the given cohomology decomposition. To show that this
curve C actually parametrizes a family of curves, note first of all that all indecom-
posable abelian threefolds lie in the image of Torelli map M3[n] → A3[n]. The
slight subtlety arises from the fact that this map is ramified exactly at the hyperelliptic
locus, which has codimension 1 inM3[n] and is affine. Since our complete curve C is
obtained as a general complete intersection, althoughC will not avoid the hyperelliptic
locus, we can ensure that C intersects the hyperelliptic locus at finitely many general
points P1, . . . , Pk . Hence we do have a family of curves over C − {P1, . . . , Pk}. As
described for instance in [9, Sect. 1.2.1], taking a double cover π : C ′ → C branched
over a set of points that includes P1, . . . , Pk yields a family of genus 3 curves with
the desired property over the whole base C ′, since the Kuranishi family of the each
of the curves determined by the Pi has a map to M3[n] which is a double covering
ramified over the hyperelliptic locus. ��

Additionally, although it doesn’t follow directly, we may use the ideas of the proof
of Theorem 1.1 to produce the following new construction of Kodaira fibrations with
known connected monodromy group.

Corollary 8.2 For any choice of elliptic curve E, there exist infinitely many Kodaira
fibrations f : S → B with fiber genus 4 such that the cohomology of a very general
fiber F decomposes as H1(F,Q) = H1(E,Q) ⊕ W and the connected monodromy
group of S is SpQ(W ) ∼= Sp(6,Q).

Proof Let g = 4, hc = 1, and hv = 3, with λc = (1) and λv = (123). Consider, as in
the proof of Theorem 1.1, the subvarieties of A4[n]

Z = A1[n] × A3[n]
Y = {E} × A3[n].

Weknow fromLemma 3.2, that the subvarietyY∩Amdec
g [n] ofY has codimension 3 in

Y . We know by Corollary 5.6 that for α ∈ Sp(8,Q) general, we have αZ ∩Adec
g [n] ⊂

Amdec
g [n] and hence αY ∩Adec

g [n] ⊂ Amdec
g [n]. Thus αY ∩Adec

g [n] has codimension
at least 3 in αY .

Additionally, we know that the Torelli locus T4 of A4[n], meaning the locus of
Jacobians of curves, has codimension 1 inA4[n]. Hence the subvarietyW = αY ∩T4
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has codimension at most 1 in αY . Moreoever since αY ∩Adec
g [n] has codimension at

least 3 in αY , it follows that W ∩ Adec
g [n] has codimension at least 2 inW .

Now consider the compactification Y∗ = {E} × A3[n]∗ obtained by taking the
Satake–Baily–Borel compactification of A3[n]. Since the boundary A3[n]∗\A3[n]
has codimension 3 in A3[n]∗ (see Example 2.1), it follows that the boundary Y∗\Y
has codimension 3 in Y∗. Hence lettingW∗ be the compactification ofW induced by
the compactification Y∗, we have that the boundaryW∗\W has codimension at least
2 inW∗.

Applying Proposition 6.2 to W and its subvariety W ∩ Adec
g [n] we then obtain a

smooth algebraic curve C obtained as a general complete intersection such that C
parametrizes a family of indecomposable abelian fourfolds whose very general fiber
has cohomology with the given decomposition. Moreover, since for a general abelian
threefold A ∈ A3[n] with W = H1(A,Q), we have DMT (W ) = SpQ(W ) [6, Prop
17.4.2], which is simple as aQ-algebraic group, Proposition 6.2 also implies that this
family has connected monodromy group SpQ(W ) ∼= Sp(6,Q).

As in the proof of Corollary 8.1, it remains to argue that this curve C actually
parametrizes a complete family of curves. Identically to the proof in that case, since the
TorellimapM4[n] → A4[n] is an immersion away from the hyperelliptic locusH4[n]
which is affine and of codimension 2 in M4[n], we may ensure that if this complete
curve C , obtained as a general complete intersection, intersects H4[n], it intersects it
in finitely many general points. Then after taking a double cover C ′ → C branched
over a set containing these points, we can ensure that C ′ really does parametrize a
family of curves with the desired properties.

��

9 Other connectedmonodromy groups

We remark here that the methods of Theorem 1.1 enable the construction of complete
families of indecomposable abelian varieties with other kinds of connected mon-
odromy groups. If V is the subvariety of Ag[n] parametrizing abelian varieties with
the desired decomposition and Hodge-theoretic data, then V has a Baily-Borel com-
pactification V∗. Hence as long as the codimensions of both V ∩ Amdec

g [n] in V and
the boundary V∗\V in V∗ are at least 2, one can produce via Proposition 6.2 complete
families of the desired type as complete intersections on V .

As an illustration of the above in practice, we detail below the construction of
a complete family of indecomposable abelian varieties where the connected mon-
odromy group is a unitary group due to the fact that the general fiber of the family has
endomorphisms by a fixed imaginary quadratic field.

9.1 Imaginary quadratic multiplication and theMumford-Tate group

For a fixed imaginary quadratic field L and positive integers p, q, recall the notation
ZL(p, q) introduced in Example 2.2 to denoting the pq-dimensional Shimura vari-
ety in Ap+q [n] parametrizing (p + q)-dimensional abelian varieties A with level n
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structure such that L ↪→ EndQ(A) via the prescribed action given by the integers
(p, q).

Let V = H1(A,Q) for A a general point of ZL(p, q). Let DV ∼= Mp+q(Lop)

denote the centralizer of L in EndQ(V ), let − denote the involution on DV induced
by complex conjugation on L . Then define

U (DV ,− ):={d ∈ D∗
V | d = d−1}

SU (DV ,− ):= ker
(
NormDV /Q : U (DV ,− ) → Gm,Q

)
.

The groups U (DV ,− ) and SU (DV ,− ) are Q-forms of the groups U (p, q) and
SU (p, q) respectively (see for instance [19]).

Lemma 9.1 For a fixed imaginary quadratic field L and positive integers p, q, let
A be a general point of the Shimura variety ZL(p, q) and V = H1(A,Q). Then
DMT (V ) = SU (DV ,− ).

Proof The argument here is inspired by similar arguments in [27, p. 4110] and [15,
Proposition VI. A.5]. The endomorphism algebra of any Q-Hodge structure W is
always the commutant of the Mumford-Tate group MT (W ) in EndQ(W ). Since
Mumford-Tate groups are connected, it follows that M :=MT (V ) is contained in the
connected component H of the centralizer of L in Sp(V ). Under the given hypotheses,
we have H = U (DV ,− ).

Now note that since M is the Mumford-Tate group of a general point of ZL(p, q),
the group M is determined solely by the data of the polarized Q-Hodge structure
V = H1(A,Q) together with the embedding L ↪→ EndQ(A) via the choice of (p, q)

and the connected component ZL(p, q). However by construction H(Q) preserves
V = H1(A,Q) together with its action by L and so, because H is connected, the
group H(Q) also preserves ZL(p, q). Hence, since H is a connected group over the
perfect field Q, we have that H(Q) normalizes the group M [7, Corollary 18.3]. So,
since M ⊂ H , it follows that M is in fact a normal subgroup of H = U (DV ,− ).

Since the group SU (DV ,− ) ⊂ U (DV ,− ) is Q-simple, we thus have an inclusion
of normal subgroups

SU (DV ,− ) � M �U (DV ,− ).

However the derived subgroup DU (DV ,− ) of the group U (DV ,− ) is exactly the
group SU (DV ,− ). Therefore we must have DM = SU (DV ,− ). ��
Theorem 9.2 Fix pairwise non-isogenous elliptic curves E1, . . . , Er without CM as
well as an imaginary quadratic field L, a choice of positive integers p, q such that
p+q ≥ 4, and an abelian variety Z which is general in the moduli spaceZL(p, q)[n].
Then for any positive integer

d ≤ min(2p, p + q − 2, 2q) − 1

there exist infinitely many complete families f : A → S of maximal variation of
abelian varieties of dimension g = p + q + r with the properties:
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(1) The base S is a smooth projective variety of dimension d
(2) Every fiber of f is indecomposable.
(3) If A is a very general fiber of f , then A is isogenous to the product E1×· · ·×Er×Z ,

where EndQ(Z) = L with prescribed action determined by (p, q)

(4) Letting V = H1(Z ,Q), the connected monodromy group of A is SU (DV ,− ).

Proof Consider the locus in Ag[n] given by

Y = {E1} × · · · × {Er } × ZL(p, q).

Let α be any general element of Sp(2g,Q). Then it follows from Corollary 5.6 that
αY ∩ Adec

g [n] ⊂ Amdec
g [n]. It follows from Lemma 3.4 that Y ∩ Amdec

g [n] has codi-
mension min(2p, p + q − 2, 2q) in Y .

Additionally, as discussed in Example 2.2, the Satake–Baily–Borel compactifica-
tion ZL(p, q)∗ of ZL(p, q) has boundary of codimension at least p + q − 1. Thus

Y∗ = {E1} × · · · × {Er } × ZL(p, q)∗

is a compactification ofY such thatY∗\Y has codimension at least at least p+q−1 in
Y∗. Hence by Proposition 6.2, it follows that for any d ≤ min(2p, p+q−2, 2q)−1 a
general complete intersection of ample divisors on Y∗ yields a d-dimensional smooth
compact subvariety X ofY\(Y∩Amdec

g [n]). Moreover we can ensure that this general
complete intersection X has the property that a very general fiber A of the universal
family U of X will be of the form A ∼ E1 × · · · × Er × Z , for Z the given general
point of ZL(p, q).

By Proposition 6.2, the connected monodromy group T (U ) is then a normal
subgroup of DMT (V ), where V = H1(Z ,Q). Since by Lemma 9.1, we have
DMT (V ) = SU (DV ,− ) and SU (DV ,− ) is a Q-simple group, it follows that
T (U ) = SU (DV ,− ).

Therefore for any general element α of Sp(2g,Q), we have that αX is a d-
dimensional smooth algebraic subvariety of αY such that αX ∩ Adec

g [n] = ∅. So
indeed after possible base change, this αX yields a complete family of indecompos-
able g-dimensional abelian varieties with the desired properties. ��

Once again, in the direction of understanding groups arising as connected mon-
odromy groups of fibered projective varieties, the above theorem thus yields the
following immediate consequence:

Corollary 9.3 Let L be a fixed imaginary quadratic field. For any positive inte-
gers p, q, and g′ such that 5 ≤ p + q + 1 ≤ g′ and any positive integer
d ≤ min(2p, p + q − 2, 2q) − 1, the group SU (DV ,− ), where V ∼= H1(A,Q)

for some simple abelian variety A ∈ ZL(p, q), arises as the connected monodromy
group of a d-dimensional complete family of maximal variation of g′-dimensional
indecomposable abelian varieties over a smooth algebraic variety.

Proof Let m = g′ − (p + q). Note that by assumption m ≥ 1. Hence let fix pairwise
non-isogenous elliptic curves E1, . . . , Em without CM. The result then follows from
Theorem 9.2. ��
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