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Abstract—Generalized beamspace modulation (GBM)
unleashes a higher multiplexing gain via fewer radio-frequency
chains, making it an attractive uplink transmission solution
to hybrid mmWave massive multiple-input multiple-output
systems. Leaping from its wideband form, namely, wideband
GBM (WGBM), a further enhanced version termed precoded
WGBM (P-WGBM) will be studied, striving for performance
improvement by actively involving the digital precoder.
Unfortunately, the seemingly “straightforward” extension proves
to be challenging because of the precoding constraint and
computation complexity. To overcome these obstacles, this letter
has carefully formulated an optimization problem, aiming to
find an optimal precoder that retains GBM’s multiplexing merit.
By exploiting the beamspace properties, we arrive at an efficient
technique to achieve near-optimal precoding. Whist keeping all
major advantages of WGBM, simulations show that P-WGBM
can achieve a remarkable coding gain over WGBM at a small
complexity cost.

Index Terms—Index modulation, mmWave, hybrid massive
MIMO, generalized beamspace modulation, precoding.

I. INTRODUCTION

AS NUMEROUS emerging applications put forward more
stringent requirements for data rate and latency, com-

munication towards the mmWave band is becoming the new
mainstream [1]–[3]. Relative to the sub-6GHz counterpart,
mmWave has considerably shorter wavelength and higher sen-
sitivity to propagation environments [4]. These two prominent
features render the combination of mmWave and massive
multiple-input multiple-out (MIMO) not only necessary but
also feasible. To save in power consumption and hardware
expenditure, mmWave massive MIMO (m-MIMO) typically
adopts a hybrid (digital/analog) structure [5].
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Compared with digital m-MIMO, the hybrid structure falls
short in multiplexing capability. This soft spot will be aggra-
vated in uplink transmission, where the terminal typically has
only a single radio-frequency (RF) chain. Over the past years,
this issue has not been well addressed until the introduction
of GBM [6], resorting to which the multiplexing gain will be
dictated by the channel itself. Breaking away from the clas-
sic framework, GBM draws the idea of spatial modulation
(SM) [7] by applying index modulation in beamspace. This
domain is in fact a natural outcome through exploiting the
unique system and channel properties under hybrid mmWave
m-MIMO. Specifically, the constellation symbols of GBM will
be up-converted by RF chains and used for activating the
selected beams, As for the zero elements, whose location con-
vey the index bits [8], will be transmitted via RF switches. As
such, more data streams can be sent by fewer RF chains as SM
does [9], [10]. Recently, GBM has been successfully tailored
for frequency-selective channels thanks to a novel orthogonal
frequency-division multiplexing (OFDM) symbol-based mech-
anism [11]. The resulting WGBM inherits GBM’s superiority
in both multiplexing and error performance.

Note that WGBM fixes the digital precoder as an iden-
tity matrix. Motivated by the advantage of applying precoding
in index modulation [12], [13], one would expect a positive
yield to WGBM as well by activating the digital precoder.
This one-step extension, however, is easier said than done
for several reasons. First, the digital precoder is found to be
a diagonal matrix to retain the multiplexing capability, and
such a restriction significantly lowers the design flexibility.
Secondly, WGBM adopts a symbol-based modulating mode,
therefore digital precoding needs to jointly evaluate all sub-
carriers. In light of these restrictions, we carefully formulate
an optimization problem, seeking for a precoder minimizing
the asymptotic pair-wise error probability (APEP). Although
a closed-form APEP can be readily derived, the analytical
intractability arising from the special modulation mechanism
hinders any further process. To bypass the formidable expo-
nential complexity in APEP computation, we carry out a
two-step simplification by utilizing the beamspace correlation
and sparsity in the frequency domain. As a result, we arrive
at an efficient way of quantifying APEP. By demonstrating
the asymptotic convexity of the alternative APEP, we end up
with a near-optimal precoder via the projected gradient-descent
algorithm. Owing to careful treatment, P-WGBM retains
all significant advantages possessed by WGBM. Simulations
show that PWGBM can achieve a notable coding gain over
WGBM at slightly increased cost.
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Fig. 1. The schematic of P-WGBM for wideband hybrid mmWave m-MIMO.

Notations: a, a, A represent a scalar, a vector and a
matrix, respectively. aa:b = [a [a], . . . ,a [b]]T . Aa:b,c:d is
a sub-matrix of A by slicing from the a-th to the b-th
row and from the c-th to the d-th column. {Ak}Kk=1 =

[AT
1 ,AT

2 , . . . ,AT
K ]T . AT and AH represent the trans-

pose and Hermitian transpose of A, respectively. FK is
the K-point fast Fourier Transform (FFT) matrix. Q(x ) =

1√
2π

∫∞
x e−

μ2

2 dμ is the Gaussian Q-function. ‖ · ‖F is the
Frobenius norm. ⊗ and � denote Kronecker product and
Hadamard product, respectively. diag is the operation of
generating a diagonal matrix. U and CN represent the uni-
form distribution and circular complex Gaussian distribution,
respectively.

II. SYSTEM DESCRIPTION AND PROBLEM FORMULATION

In this section, we first introduce the system model
for P-WGBM. After a quick review of the newly
proposed WGBM, we then start formulating the precoding
optimization problem for P-WGBM that promises a better
error performance.

A. A Recap of WGBM

We consider an uplink hybrid mmWave massive MIMO
system with the schematic shown in Fig. 1. The base station
(BS) and the mobile station (MS) deploy Nb- and Nm -
dimensional lens-antenna arrays playing a role of spatial FFT
per the array dimension.

At each of K subcarriers, the MS transmits sk to the BS.
In the context of WGBM, the mapping rule follows other
representative index modulations, including SM and GBM.
Specifically, sk is an Ns -dimensional vector containing NRF
(NRF ≤ Ns << min{Nb ,Nm}) symbols chosen from a
normalized M-ary phase shift keying/quadrature amplitude
modulation (PSK/QAM) constellation [11]. The remaining
Ns − NRF elements are filled with zeros with their indices
randomly selected. As a result, ∀k , sk conveys

η = NRF log2M + �log2 CNRF
Ns

� bits. (1)

Before going to RF domain, sk is initially precoded by
Pk ∈ CNs×Ns . Stacking all precoded sk ’s gives rise to a
KNs -dimensional vector

x = Ps, (2)

where P = diag(P1, . . . ,PK ) and s = {sk}Kk=1. With
NRF RF chains available, the K-point inverse IFFT output
must maintain the same sparse structure as sk . Thanks to pre-
FFT on x, the Ns -dimensional symbol sampled at the k-th

time instant is exactly NRF -sparse. The index mapping can
be interpreted as activating NRF out of Ns beams.

Let U t and U r respectively represent the analog precoder
and combiner, whose column stands for an FFT basis. Define
H k to be the channel at subcarrier-k, then the sub-beamspace
channel can be written as

H k = UH
r H kU t . (3)

After channel propagation and OFDM demodulation, the
received signal can be represented as

y = Λ(FK ⊗ INs
)

︸ ︷︷ ︸
Λ

x + n , (4)

where Λ = diag(H 1, . . . ,HK ), and n ∼ CN (0,N0IKNs
)

is the white Gaussian noise vector. With the established I-O
relationship, the analog parts, i.e., U t and U r , shared by all
subcarriers are determined as ones minimizing the following
mean square error [14]:

E

{∥
∥
∥
∥Λ

H
(
ΛΛ

H
+N0NsIKNs

)−1
y − x

∥
∥
∥
∥

2

F

}

. (5)

B. From WGBM to P-WGBM

Recall that the digital precoder Pk is a fixed identity matrix
in WGBM. If relaxing this configuration, one could anticipate
a performance gain. To enable the transmission of Ns streams
via NRF chains and RF switches. P-WGBM confines Pk to
be a diagonal matrix such that the Ns -dimensional IFFT out-
put remains NRF -sparse. Without causing ambiguity, the rest
manuscript will not highlight “digital” in precoding design.

As Pk is a diagonal matrix, the precoding design boils
down to finding an optimal KNs -dimension vector. Let Pe(p)
stand for the corresponding error rate, which is commonly
quantified as APEP. Then we can formulate the following
optimization problem to guide the precoding design.

[P. 1: Original APEP-minimized precoding optimization]

argmin
p

Pe(p)

s .t .
∥
∥
∥p(k−1)Ns+1:kNs

∥
∥
∥
2

F
≤ Ns , ∀k ∈ [1,K ].

The constraint ensures that the transmit power in P-WGBM
remains equal to WGBM.
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III. OPTIMAL PRECODED WGBM (P-WGBM)

Based on P. 1, we start with revealing its analytical
intractability. We carry out a two-step simplification by tact-
fully exploiting the beamspace properties. Hence, a near-
optimal precoder can be secured efficiently.

A. Problem Transformation

The top priority in dealing with P. 1 is of course to find
a tractable alternative of Pe(p). Denote S as the set contain-
ing all possible s’s defined in Eq. (2), and assume that the
maximum-likelihood (ML) detection is adopted by the BS.
Then the APEP for P-WGBM can be written as follows:

Pe(p) =
1

Kη2Kη

∑

s∈S

∑

ŝ �=s

Pr (s → ŝ)e(s, ŝ)

=
1

Kη2Kη

∑

s∈S

∑

ŝ �=s

Q

⎛

⎝

√
d(s, ŝ)

2N0

⎞

⎠e(s, ŝ), (6)

where d(s, ŝ) = ‖ΛP(s − ŝ)‖2, K is the subcarrier num-
ber, and η is the information bits per subcarrier. e(s, ŝ) =∑K

k=1 e(sk , ŝk ) denotes the sum of bit-type Hamming dis-
tance, with e(sk , ŝk ) calculated similar to [6] and [7].

Taking a closer look at Eq. (6), we discover its calculation
involves 22Kη−1 items, while only K22η−1 items are required
in precoded SM [15]. Such a vast disparity arises from their
different modulation mechanisms. That is, P-WGBM is asso-
ciated with the entire OFDM symbol while precoded SM is
associated with one subcarrier. As the subcarrier number K
would be in the hundreds in mmWave systems, the primitive
APEP is barely useful, forcing us to find a tractable alter-
native. Fortunately, the following two conclusions provide us
with such an opportunity.

Proposition 1: Λ
2
= Λ

H
Λ is a sparse matrix whose domi-

nant energy is captured by the sub-matrices along its diagonal
line.

Proof: Let f i be the i-th row of FK , then

Λ
2
= (FH

K ⊗ INs
)ΛH

Λ(FK ⊗ INs
)

=

⎡
⎢⎢⎢⎢⎣

f 1 ⊗ INs

f 2 ⊗ INs

...

f K ⊗ INs

⎤
⎥⎥⎥⎥⎦

H⎡
⎢⎢⎣
H

H
1 H 1

. . .

H
H
KHK

⎤
⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

f 1 ⊗ INs

f 2 ⊗ INs

...

f K ⊗ INs

⎤
⎥⎥⎥⎥⎦

=

K∑
k=1

(f H
k f k )⊗H

H
k H k (7)

Defining ω = ej
2π
K , we have

Λ
2
m,n =

[
Λ
2
]

(m−1)Ns+1:mNs ,(n−1)Ns+1:nNs

=
K∑

k=1

ω(n−m)·(k−1)H
H
k H k , m �= n. (8)

∀k , H
H
k H k is demonstrated to be asymptotically equal as

antennas approach infinity [16]. Since 1
K

∑K
k=1 ω

n·(k−1) = 0

if k �= 0, Λ
2
m,n is proved to be close to a zero matrix.

Following the derivation above, we can instantly get another
useful result to simplify APEP.

Lemma 1: The sub-matrices Λ
2
k ,k ’s on the diagonal line of

Λ
2

are exactly the same.
Proof: We have already arrived at Λ

2
=

∑K
i=1(f

H
i f i ) ⊗

(ΛH
i Λi ). Since matrix f Hi f i has an all-one diagonal line, the

sub-matrices on the diagonal line of Λ
2

can be represented by

Λ
2
k ,k =

[
Λ
2
]
(k−1)Ns+1:kNs ,(k−1)Ns+1:kNs

=

K∑
i=1

H
H
i H i . (9)

As revealed by Proposition 1 that Λ
2

is near block-diagonal,
the computation of Euclidean distance between two OFDM
symbols can be transformed into per subcarrier. Therefore, the
original APEP given in Eq. (6) can be approximated as

1

K 2η2η

K∑

k=1

∑

sk∈G

∑

ŝk �=sk

Q

⎛

⎝

√
d(sk , ŝk )

2N0

⎞

⎠e(sk , ŝk ), (10)

where G represents the ensemble of sk , being common to all
subcarriers; d(sk , ŝk ) = pH

k Λ
H
k ,kΛk ,k � [(sk − ŝk )(sk −

ŝk )
H ]Tpk . This step of approximation reduces the number

of summations from 2ηK (2ηK − 1) to K2η(2η − 1).
Recall that lemma 1 points out all subcarriers share the

same Λ
2
k ,k . Also, they have a shared error pattern set. Hence,

their behavior in terms of the error performance is the same,
leading to p1 = . . . = pK = p . Using this property, we are
able to absorb the summation over k on the outermost layer
of Eq. (10), giving rise to a more compact form as follows:

1

Kη2η

∑

s i∈G

∑

s j �=si

Q

⎛

⎝

√
pHD i ,jp

2N0

⎞

⎠e
(
s i , s j

)
, (11)

where D i ,j = Λ
H
i ,iΛi ,i � [(s i −s j )(s i −s j )

H ]T . As a result,
APEP can be computed by summing up only 2η(2η−1) items,
even fewer than that required in precoded SM.

We replace Pe(p) with Eq. (11) and further define

q = [Re(p)T , Im(p)T ]T ∈ R
2Ns×1, (12a)

Ri ,j =

[
Re(D i ,j ) −Im(D i ,j )
Im(D i ,j ) Re(D i ,j )

]

, (12b)

then similar to [10], we rewrite the optimization problem from
complex domain into its equivalent real-valued form as

[P. 2: Simplified APEP-minimized precoding optimization]

argmin
q

P̃e(q) =
1

Kη2η

∑
s i∈G

∑
s j �=s i

Q

⎛
⎝
√

qTRi,j q

2N0

⎞
⎠e

(
si , sj

)

s.t . ‖q‖2 ≤ Ns .

B. Problem Solving

Our ultimate goal is to solve P. 2, whose global optimum
is generally not achievable. However, we will show that the
obtained solution can be sufficiently close to the optimum if
the signal-to-noise ratio (SNR) is high enough. In fact, this

Authorized licensed use limited to: University of Minnesota. Downloaded on July 29,2022 at 20:49:15 UTC from IEEE Xplore.  Restrictions apply. 



GAO et al.: BER-MINIMIZING P-WGBM FOR HYBRID mmWAVE MASSIVE MIMO 281

SNR range is also within our interest because index modu-
lation is well-known to show an advantage over conventional
modulations in that SNR range.

Under the high-SNR assumption, the objective function of
P.2 can be tightly approximated as

P̃e(q) ≈ P̃e,h (q)

=
1

Kη2η

∑
s i∈G

∑
s j �=s i

Q

⎛
⎝
√

qTRi,j q

2N0

⎞
⎠e

(
si , sj

)
I(si , sj ) (13)

where I(s i , s j ) is a binary indicator function taking on 1 if s j
and s i differ in only one element. Once I(s i , s j ) = 1, D i ,j =

Λ
H
i ,iΛi ,i � [(s i −s j )(s i −s j )

H ]T contains a single non-zero
element on its diagonal line. Then one can verify that altering
the sign of an arbitrary element of q does not change P̃e,h .
In consequence, minimizing P̃e,h over ‖q‖2 ≤ Ns equates to
minimizing over S = {q |‖q‖2 ≤ Ns , q 
 0}.

Proposition 2: P̃e,h (q) is asymptotically convex w.r.t. q
over S at high SNR.

Proof: The heart of demonstration lies in proving the con-
vexity of Q-term. Let Ri ,j = Ri ,j +R

T
i ,j . Taking the second

derivative of the Q-term w.r.t. q results in

∂2Q

∂2q
∝ e

− qTRi,j q

4N0

(
qTRi,j q

2N0

)− 1
2
(
Ri,j qq

TRi,j

4N0
−Ri,j

+

(
qTRi,j q

2N0

)−1
Ri,j qq

TRi,j

4N0

)
∝ Ri,j qq

TRi,j − o(SNR−1)Ri,j

Note that if I(s i , s j ) = 1, Ri ,j is rank-deficient, so
Ri ,j qq

TRi ,j � 0. The Hessian matrix is positive semi-
definite, leading to the convexity (not strict convexity) of
P̃e,h (q).

Thanks to the asymptotic convexity of Pe,h (q), we can get
a near-optimal solution to P. 2, denoted as q , at high SNR
via a simple projected gradient algorithm. Accordingly, the
precoder can be determined as

Pk = diag
(
q1:Ns

)
+ jdiag

(
qNs+1:2Ns

)
, ∀k . (14)

IV. SIMULATIONS

In this section, numerical simulations will be carried out
to test the bit error ratio (BER) performance of P-WGBM.
The well-known geometrical channel model [17] is adopted,
with the tap-d channel (d < Nc) and the corresponding k-th
subcarrier channel represented as

H[d ] =

√
NbNm

Np

Np∑

l=1

αlp(dTs − τl )ar (φl )a
H
t (θl ) (15a)

H k =

Nc−1∑

d=0

H[d ]e−j 2πk
K

d . (15b)

Specifically, p(·) is the raised-cosine filter with roll-
off factor β = 0.8 and Nc is the maximum tap.
The uniform linear arrays with half-wavelength spac-
ing are employed at the transceivers, so ar (φ) =
1√
Nr

[1, ejπ sinφ, . . . , ej (Nr−1)π sinφ]T . Other system and
channel related parameters are listed in Table I. The SNR is

TABLE I
SYSTEM AND CHANNEL PARAMETERS FOR SIMULATION

Fig. 2. Normalized power map of Λ
2

.

defined as Eb/n0 = NRF /(ηN0). All BER curves are the
average of 10000 independent channel realizations, each with
a block of 2000 symbols.

Recall that the success of APEP simplification counts on
the unique structure of Λ

2
. Actually, one can interpret Λ

2
as

the autocorrelation of sub-beamspace channels. To gain more
intuition, we visualize this matrix in a power map by averag-
ing 10000 realizations. As seen from Fig. 2, all sub-matrices
along the diagonal line are exactly the same, amassing the
majority of channel power. In contrast, the off-diagonal sub-
matrices are suppressed to a very low level. The result implies
that all subcarriers have a similar behavior regarding the error
performance, so they share a common digital precoder.

In Fig. 3, we present BER performance for P-WGBM and
WGBM under {NRF = 1,Ns = 2,BPSK}. Since ML detec-
tion is infeasible due to prohibitive complexity, we henceforth
adopt near-ML detector proposed in [18] for both schemes. In
brief, by leaving more effective candidates, whose number is
denoted as m, the achieved performance is closer to the ML
detector at the expense of higher complexity. Fig. 3 illustrates
that the BER curve does not decline anymore as m comes to
4, so we can treat the corresponding BER as the near-ML one.
As modest-to-high SNR, P-WGBM gains over 0.5dB advan-
tage over WGBM when η = 2 bits/s/Hz. If lifting η up
to 6 bits/s/Hz by setting {NRF = 1,Ns = 4, 16-PSK}, the
coding gain is up to 2dB at high SNR as reflected in Fig. 4.

More configurations have been tested but are not presented
here for space limitation. In general, we find that a large Ns

and a high modulation order typically lead to a high coding
gain. This is because in this case the beam quality exhibits a

Authorized licensed use limited to: University of Minnesota. Downloaded on July 29,2022 at 20:49:15 UTC from IEEE Xplore.  Restrictions apply. 



282 IEEE WIRELESS COMMUNICATIONS LETTERS, VOL. 11, NO. 2, FEBRUARY 2022

Fig. 3. BER comparison using the near-ML detector with NRF = 1,
Ns = 2, and BPSK: η = 2 bits/Hz/s.

Fig. 4. BER comparison between P-WGBM and WGBM under NRF = 1,
Ns = 4, and 16-PSK: η = 6 bits/Hz/s.

higher degree of discrimination, hence digital precoding can
help compensate for the weak beams and reduce their adver-
sary effects on the error performance. From the hardware
perspective, WGBM and P-WGBM have equal complexity
because no additional component is needed. From the compu-
tation perspective, P-WGBM requires digital precoding whose
complexity primarily relies on computing D i ,j and updating
gradient descent, each needing the number of flops in the order
of o(KN 2

s ) and o(NiteN
2
s ). The beam selection and detector

complexity are o(K 3N 3
s ) for both WGBM and P-WGBM.

Although the latter is a bit more complicated, it shares the
same cubic-order complexity concerning the subcarrier and
stream number. Plus, the resulting nearly 1dB coding gain
consolidates that such complexity cost is rather worthwhile.

V. CONCLUSION

This letter proposed a new index modulation termed
P-WGBM for wideband hybrid mmWave m-MIMO.
P-WGBM evolves from WGBM by actively involving
the digital precoder. Starting with determining a feasible
precoding set, an optimization problem has been formulated,
seeking the optimal precoder that retains multiplexing merit.

To circumvent analytical intractability, we then devised a
two-step simplification by exploiting the beamspace proper-
ties. Instead of resorting to complex processing, the resulting
near-optimal precoder was efficiently obtained via projected
gradient-descent algorithm. Simulations verified that a slightly
increased complexity could yield more than 1dB coding gain
over WGBM.
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