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ABSTRACT. We show the existence (and define) the mixed multiplicities of arbitrary graded fam-
ilies of ideals under mild assumptions. In particular, our methods and results are valid for the
case of arbitrary m-primary graded families. Furthermore, we provide a far-reaching “Volume =
Multiplicity formula” for the mixed multiplicities of graded families of ideals.

1. INTRODUCTION

The concept of mixed multiplicities of ideals is of remarkable importance in the areas of com-
mutative algebra and algebraic geometry, and its study seems to have been initiated by Bhat-
tacharya in [1]. These multiplicities have a successful history of interconnecting problems from
commutative algebra, with applications to the topics of Milnor numbers, mixed volumes, and in-
tegral dependence (see, e.g., [1, 12, 13, 18, 21, 22]). For comprehensive discussions on them, the
reader is referred to the survey [19] and to Chapter 17 of the book [13].

This concept can be naturally extended to graded families of ideals – it amounts to consider
graded families of ideals instead of just the powers of ideals. A graded family of ideals I= {In}n∈N
in a ring R is a sequence of ideals such that I0 = R and InIm ⊂ In+m for every n,m ∈ N. If in
addition the Rees algebra R(I) = ⊕n∈NInt

n ⊂ R[t] is Noetherian, then we say I is Noetherian.
When In ⊇ In+1 for every n ∈N, we say that I is a filtration. If (R,m) is local with maximal ideal
m, we say that I is m-primary when In is m-primary for each n> 1.

The study of mixed multiplicities of (not necessarily Noetherian) graded families was pioneered
by Cutkosky-Sarkar-Srinivasan [5] for the case of m-primary filtrations. Recently, in the previous
work [3], the authors of this paper defined mixed multiplicities for arbitrary graded families of
monomial ideals (that satisfy the mild condition of having a linear bound for the degree of the
generators of the ideals), and showed that the mixed volumes of arbitrary convex bodies can
be expressed in terms of the newly defined mixed multiplicities. The latter result provides an
important application of mixed multiplicities of graded families and gives some reinforcement on
the interest of studying this notion.

The goal of this paper is to show the existence (and define) the mixed multiplicities of arbitrary
graded families of ideals under mild assumptions. In the m-primary case, the conditions that we
assume are automatically satisfied, and so we obtain an extension of the main result in [5] (i.e.,
we drop the filtration condition). An additional important result of our work is that we show a
“Volume = Multiplicity formula” for mixed multiplicities of graded families. Below, we discuss
the main contributions of this paper.

1.1 – Mixed multiplicities of m-primary graded families of ideals. Let (R,m,k) be a Noetherian
local ring of dimension d. LetM be a finitely generated R-module and let I1, . . . ,Is be m-primary
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ideals. Then, for m=(m1, . . . ,ms)� 0 the function λ(M/Im1
1 · · ·I

ms
s M) coincides with a polyno-

mial inm1, . . . ,ms of total degree equal to dim(M). The homogeneous part in degree d= dim(R)
of this polynomial can be written as

(1) GM(I1,...,Is)(t1, . . . ,ts) :=
∑

d=(d1,...,ds)∈Ns, |d|=d

ed(M;I1, . . . ,Is)
d1! · · ·ds!

t
d1
1 · · ·t

ds
s .

The numbers ed(M;I1, . . . ,Is) are non-negative integers called the mixed multiplicities ofM with
respect to I1, . . . ,Is.

Motivated by (1), the existence of a similar polynomial for the case of graded families yields the
definition of mixed multiplicities. Let I(1) = {I(1)n}n∈N, . . ., I(s) = {I(s)n}n∈N be (not necessarily
Noetherian) m-primary graded families of ideals in R. The following theorem extends the main
result of [5] from m-primary filtrations to m-primary graded families.

Theorem A (Theorem 3.3, Corollary 3.5). Adopt the assumptions and notations above, and sup-
pose that dim(N(R̂)) < d, where N(R̂) denotes the nilradical of the m-adic completion R̂. Then,
there exists a homogeneous polynomial of total degree d and non-negative real coefficients, de-
noted by GM(I(1),...,I(s))(t1, . . . ,ts) ∈ R[t1, . . . ,ts], such that

GM(I(1),...,I(s))(m1, . . . ,ms) = lim
m→∞ λ(M/I(1)mm1 · · ·I(s)mmsM)

md
,

for every (m1, . . . ,ms) ∈ Ns. Moreover, for every (m1, . . . ,ms) ∈ Ns we have

lim
p→∞

GM(I(1)p,...,I(s)p)
(m1, . . . ,ms)

pd
= GM(I(1),...,I(s))(m1, . . . ,ms).

We can write the polynomial GM(I(1),...,I(s))(t1, . . . ,ts) from Theorem A as follows

GM(I(1),...,I(s))(t1, . . . ,ts) =
∑

d=(d1,...,ds)∈Ns, |d|=d

ed(M; I(1), . . . , I(s))
d1! · · ·ds!

t
d1
1 · · ·t

ds
s .

Then, for each d ∈Ns with |d|= d, one defines the real number ed(M; I(1), . . . , I(s))> 0 to be the
mixed multiplicity of M with respect to I(1), . . . , I(s) of type d (see Definition 3.4). An important
consequence of Theorem A is a “Volume = Multiplicity formula” for mixed multiplicities, that is,
we obtain the following equality

lim
p→∞ ed(M;I(1)p, . . . ,I(s)p)

pd
= ed(M; I(1), . . . , I(s))

for each d ∈ Ns with |d| = d (see Corollary 3.5). The latter result extends the “Volume = Mul-
tiplicity formula” known for the case of multiplicities (see [4, 6–8, 15, 16]) and it serves as the
main tool to provide simple proofs of important properties of these mixed multiplicities; the list
includes: additivity under short exact sequences (see Proposition 4.1), Associativity formula (see
Theorem 4.2), and Minkowski inequalities (see Theorem 4.3).

1.2 – Mixed multiplicities of arbitrary graded families of ideals. Assume now that R has positive
dimension. Let I,J1, . . . ,Jr be ideals in R such that I is m-primary and J1, . . . ,Jr have positive grade,
i.e., Ji contains non-zero divisors for each 16 i6 r. Then, for n0� 0 and n = (n1, . . . ,nr)� 0
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the function λ(In0J
n1
1 · · ·J

nr
r /I

n0+1J
n1
1 · · ·J

nr
r ) coincides with a polynomial of total degree d− 1

whose homogeneous part in degree d−1 can be written as∑
(d0,d)=(d0,d1,...,dr)∈Nr,d0+|d|=d−1

e(d0,d)(I | J1, . . . ,Jr)
d0!d1! · · ·dr!

t
d0
0 t

d1
1 · · ·t

dr
r .

Following standard techniques (see, e.g., [3, proof of Lemma 4.2]), one may show that for each

n0 ∈N and n= (n1, . . . ,nr)∈Nr the limit limm→∞ λ(J
mn1
1 ···Jmnrr /Imn0J

mn1
1 ···Jmnrr )

md
exists and coin-

cides with G(I;J1,...,Jr)(n0,n1, . . . ,nr), where G(I;J1,...,Jr)(t0,t1, . . . ,tr) is the following polynomial

(2) G(I;J1,...,Jr)(t0,t1, . . . ,tr) :=
∑

(d0,d)∈Nr+1,d0+|d|=d−1

e(d0,d)(I | J1, . . . ,Jr)
(d0 +1)!d1! · · ·dr!

t
d0+1
0 t

d1
1 · · ·t

dr
r .

The numbers e(d0,d)(I | J1, . . . ,Jr) are non-negative integers called the mixed multiplicities of
J1, . . . ,Jr with respect to I.

Now, the notion of mixed multiplicities for non m-primary graded families can be obtained
by showing the existence of a polynomial similar to the one in (2). Let J(1) = {J(1)n}n∈N, . . .,
J(r) = {J(r)n}n∈N be (not necessarily Noetherian) graded families of non-zero ideals, and let
I = {In}n∈N be a (not necessarily Noetherian) m-primary graded family of ideals. Moreover,
assume that for every n0 ∈ N and n = (n1, . . . ,nr) ∈ Nr the pair of graded families(

{Jmn}m∈N, {Imn0Jmn}m∈N

)
satisfies a certain linear growth condition (see Definition 2.2, Setup 3.7, Remark 2.3, and Re-
mark 3.8 for details).

Theorem B (Theorem 3.11, Corollary 3.13). Adopt the assumptions and notations above, and
suppose that R is analytically irreducible. Then, there exists a homogeneous polynomial of total
degree d and non-negative real coefficientsG(I;J(1),...,J(r))(t0,t1, . . . ,tr)∈R[t0,t1, . . . ,tr] such that

G(I;J(1),...,J(r))(n0,n1, . . . ,nr) = lim
m→∞ λ(J(1)mn1 · · ·J(r)mnr/Imn0J(1)mn1 · · ·J(r)mnr)

md
,

for every (n0,n1, . . . ,nr)∈Nr+1. Additionally, the polynomialG(I;J(1),...,J(r))(t0,t1, . . . ,tr) has no

term of the form etd1
1 · · ·t

dr
r with e 6= 0 and d1+ · · ·+dr=d. Moreover, for every (n0,n1, . . . ,nr)∈

Nr+1 we have

lim
p→∞

G(Ip;J(1)p,...,J(r)p)(n0,n1, . . . ,nr)

pd
= G(I;J(1),...,J(r))(n0,n1, . . . ,nr).

By Theorem B we can write G(I;J(1),...,J(r))(t0,t1, . . . ,tr) as

G(I;J(1),...,J(r))(t0,t1, . . . ,tr) =
∑

(d0,d)∈Nr+1,d0+|d|=d−1

e(d0,d)(I | J(1), . . . ,J(r))
(d0 +1)!d1! · · ·dr!

t
d0+1
0 t

d1
1 · · ·t

dr
r .

Then, for each (d0,d) ∈ Nr+1 with d0 + |d| = d− 1, one defines the real number e(d0,d)(I |
J(1), . . . ,J(r)) > 0 to be the mixed multiplicity of J(1), . . . ,J(r) with respect to I of type (d0,d)
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(see Definition 3.12). Again, Theorem B yields a “Volume = Multiplicity formula” for this case,
that is, we obtain the following equality

lim
p→∞

e(d0,d)(Ip | J(1)p, . . . ,J(r)p)
pd

= e(d0,d)(I | J(1), . . . ,J(r))

for each (d0,d) ∈ Nr+1 with d0 + |d|= d−1 (see Corollary 3.13).

1.3 – Some notations and organization of the paper. For a vector n = (n1, . . . ,nr) ∈Nr we denote
by |n| the sum of its entries. For vectors n = (n1 . . . ,nr) and m = (m1, . . . ,mr) in Nr we write
n>m if ni >mi for every 16 i6 r, we write n� 0 if ni� 0 for every 16 i6 r. The vectors
(0, . . . ,0) ∈ Nr and (1, . . . ,1) ∈ Nr are denoted by 0 and 1, respectively.

The basic outline of this paper is as follows. Section 2 is of technical nature and there we deal
with certain limits which are the core of our arguments. In Section 3 we prove Theorem A and
Theorem B. Finally, Section 4 is devoted to showing some properties of mixed multiplicities of
m-primary graded families of ideals.

2. LINEAR GROWTH

This technical section contains the core of our methods. In Theorem 2.9 below we show the
equality of certain limits and that result allows us to define mixed multiplicities of graded families
in the next section. Throughout this section the following setup is fixed.

Setup 2.1. Let (R,m,k) be a d-dimensional complete local domain. Let J = {Jn}n∈N and I =
{In}n∈N be (not necessarily Noetherian) graded families of non-zero ideals, such that Jn ⊇ In for
every n ∈ N. For every a ∈ Z>0, let Ja := {Ja,n}n∈N be the Noetherian graded family generated
by J1, . . . ,Ja, that is, for n > a one has Ja,n =

∑n−1
i=1 Ja,iJa,n−i. Likewise, define Ia := {Ia,n}n∈N.

The following definition includes a condition on graded families that is needed in the proof of
our main result.

Definition 2.2. Assume Setup 2.1. We say that the pair of graded families (J, I) has linear growth
if there exists c= c(J, I) ∈ N such that

Jn∩mcn = In∩mcn for every n ∈ N.

Remark 2.3. We note that the above condition is quite natural and that it holds in a variety of
interesting cases. For example, if I and J are m-primary, this condition is automatically satisfied
(see Remark 3.2 and Remark 3.8). Moreover, if I is Noetherian, then (J, I) has linear growth as
long as λ(Jn/In)<∞ for every n ∈ N (see Proposition 2.4).

For an ideal I, we denote by Isat := (I :R m
∞) the saturation of I. We also write Isat = {Isat

n }n∈N
and call it the saturation of I. The following states that the pair of a Noetherian filtration and its
saturation has linear growth.

Proposition 2.4 ([17, Theorem 3.4]). Assume Setup 2.1 and that I is Noetherian. Then (Isat, I) has
linear growth.

Proof. Set In = R for n < 0. Since the algebra R[It,t−1] =
⊕
n∈Z Int

n ⊂ R[t,t−1] is Noetherian,
the same proof of [17, Theorem 3.4] applies to show that there exists c∈N such that, for all n> 1,
there exists a primary decomposition of In whose m-primary component (if any) contains mcn.
Therefore, Isat

n ∩mcn ⊆ In∩mcn, and the result follows. �
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We now recall some notation from [14] (see also [6]). Let S⊂Nd+1 be a subsemigroup of Nd+1

and π : Rd+1→ R the projection onto the last coordinate. For any n ∈ N we define

Sn := S∩π−1(n), and n?U :=
{ n∑
i=1

ni | n1, . . . ,nn ∈U
}

for any subset U⊂ S of S. Let L= L(S) be the subspace of Rd+1 generated by S and M=M(S)
the rational half-space M(S) := L(S)∩π−1 (R>0). Let Con(S)⊂ L(S) be the closed convex cone
given as the closure of the set of all linear combinations

∑
iλini with ni ∈ S and λi > 0. Let

G(S) ⊂ L(S) be the group generated by S. The pair (S,M) is strongly admissible if S ⊂M,
Con(S) is strictly convex, and Con(S)∩∂M= {0}. For such a pair we define

ind(S,M) := [Z : π(G(S))] and ind(S,∂M) := [∂MZ :G(S)∩∂M] .

Moreover,

∆(S,M) := Con(S)∩π−1(ind(S,M))

is the Newton-Okounkov body of (S,M) and, if q = dim(∂M), Volq(∆(S,M)) is its integral
volume.

Let (J, I) be a pair of graded families with linear growth and let c = c(J, I) be as in Def-
inition 2.2. In [6] (see also [5, Lemma 4.2]) Cutkosky showed the existence of an excellent
regular local ring (S,mS,kS) of dimension d = dim(R) that birrationally dominates R, that is,
S is essentially of finite type over R and the two rings have the same quotient field Quot(R).
Given y = y1, . . . ,yd a generating set for mS, and b = (b1, . . . ,bd) rationally independent real
numbers with bi > 1 for every 1 6 i 6 d, he constructed a valuation v on Quot(R) by setting
v(yn) = n ·b = n1b1 + · · ·+ndbd for every n = (n1, . . . ,nd) ∈ Nd. Moreover, it is shown that v
dominates S, that is, mv∩S=mS, where (Vv,mv,kv) is the valuation ring of v; and that kv = kS.

For every 06 β ∈ R we define the following ideals of Vv:

Kβ := {f ∈ Quot(R) | v(f)> β}, and K+
β := {f ∈ Quot(R) | v(f)> β}.

We note that Kβ/K+
β
∼= kv = kS for every β ∈ Γν ⊂ R inside the valued group Γν, thus for any

R-ideal I one has

(3) dimk(Kβ∩ I/K+
β ∩ I) 6 dimk(Kβ/K

+
β) 6 [kS : k].

By [4, Lemma 4.3], there exists α ∈ Z>0 such that Kαn∩R⊆mn for every n ∈ N. Therefore, the
condition assumed in Definition 2.2 yields that

Kαcn∩ Jn = Kαcn∩ In, for every n ∈ N.

Thus, since Kαcn∩R is an m-primary ideal, for every n ∈ N one has

(4) λ(Jn/In) = λ(Jn/Kαcn∩ Jn)−λ(In/Kαcn∩ In).

For every t ∈ Z>0 we define:

Γ
(t)
J :=

{
(n,n) = (n1, . . . ,nd,n) ∈ Nd+1 | dimk

(
Kn·b∩ Jn/K+

n·b∩ Jn
)
> t and |n|6 αcn

}
,

Γ
(t)
I :=

{
(n,n) = (n1, . . . ,nd,n) ∈ Nd+1 | dimk

(
Kn·b∩ In/K+

n·b∩ In
)
> t and |n|6 αcn

}
;

(5)
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and for every a,t ∈ Z>0 we define:

Γ
(t)
Ja

:= {(n,n) = (n1, . . . ,nd,n) ∈ Nd+1 | dimk

(
Kn·b∩ Ja,n/K

+
n·b∩ Ja,n

)
> t and |n|6 αcn},

Γ
(t)
Ia

:=
{
(n,n) = (n1, . . . ,nd,n) ∈ Nd+1 | dimk

(
Kn·b∩ Ia,n/K

+
n·b∩ Ia,n

)
> t and |n|6 αcn

}
.

(6)

Let S be any of the sets defined in either (5) or (6). As noted in [6, Theorem 6.1], one can adapt
the proofs of [6, Lemma 4.4 and Lemma 4.5] to show S is a semigroup. Moreover, one has that

G(S) = Zd+1

and ifM= Rd×R>0 = π
−1(R>0), then (S,M) is strongly admissible with

(7) ind(S,M) = ind(S,∂M) = 1.

Set ∆(S) := ∆(S,M).
The following lemma is of fundamental importance for our main results (cf. [6, Theorem 6.1]).

Lemma 2.5. Assume the notations introduced in this section, in particular that (J, I) has linear
growth, then the following limit exists

lim
n→∞ λ(Jn/In)nd

,

and is equal to
[kS:k]∑
t=1

(
Vold

(
∆
(
Γ
(t)
J

))
−Vold

(
∆
(
Γ
(t)
I

)))
.

Additionally, we have the equalities

lim
a→∞Vold

(
∆
(
Γ
(t)
Ja

))
= Vold

(
∆
(
Γ
(t)
J

))
and lim

a→∞Vold
(
∆
(
Γ
(t)
Ia

))
= Vold

(
∆
(
Γ
(t)
I

))
for all t ∈ Z>0.

Proof. By (4) , and since bi > 1 for every 16 i6 d, we have the following equalities

λ(Jn/In) =
∑

06n·b6αcn

(
dimk

(
Kn·b∩ Jn/K+

n·b∩ Jn
)
−dimk

(
Kn·b∩ In/K+

n·b∩ In
))

=
∑

06|n|6αcn

(
dimk

(
Kn·b∩ Jn/K+

n·b∩ Jn
)
−dimk

(
Kn·b∩ In/K+

n·b∩ In
))

=

[kS:k]∑
t=1

(
#Γ (t)J,n − #Γ (t)I,n

)
,

where the last equality holds by (3). Thus, from [14, Corollary 1.16] and (7) we obtain

(8) lim
n→∞ λ(Jn/In)nd

=

[kS:k]∑
t=1

(
Vold

(
∆
(
Γ
(t)
J

))
−Vold

(
∆
(
Γ
(t)
I

)))
,

and so the first statement follows.
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Now, for every n,a,t ∈ Z>0 we have n ? Γ
(t)
J,a ⊆ Γ

(t)
Ja,na

and n ? Γ
(t)
I,a ⊆ Γ

(t)
Ia,na

. Thus, by [15,
Proposition 3.1] (see also [6, Theorem 3.3]) and [14, Corollary 1.16], for a fixed ε ∈ R>0, there
exists a0 ∈ N such that if a> a0 we have
(9)

Vold
(
∆
(
Γ
(t)
J

))
> Vold

(
∆
(
Γ
(t)
Ja

))
= lim
n→∞

#
[
Γ
(t)
Ja,na

]
(na)d

> lim
n→∞

#
[
n? Γ

(t)
J,a

]
(na)d

> Vold
(
∆
(
Γ
(t)
J

))
−ε,

(10)

Vold
(
∆
(
Γ
(t)
I

))
> Vold

(
∆
(
Γ
(t)
Ia

))
= lim
n→∞

#
[
Γ
(t)
Ia,na

]
(na)d

> lim
n→∞

#
[
n? Γ

(t)
I,a

]
(na)d

> Vold
(
∆
(
Γ
(t)
I

))
−ε

for every 16 t6 [kS : k]. Then the second statement follows from (9) and (10). �

We include the following observation for future reference.

Remark 2.6. Assume the notations introduced in this section. Proceeding similarly to (8), from
[14, Corollary 1.16] we obtain the following equality

lim
n→∞ λ(Jn/Kαcn∩ Jn)nd

=

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J

))
.

Our next goal is to prove Theorem 2.9, which is the main tool for our results in the next section.
For this theorem we need to introduce some prior notation.

Setup 2.7. We adopt Setup 2.1. Let J(1) = {J(1)n}n∈N, . . ., J(r) = {J(r)n}n∈N be graded families
of non-zero ideals, and let I(1) = {I(1)n}n∈N, . . ., I(s) = {I(s)n}n∈N be m-primary graded families
of ideals. For n = (n1, . . . ,nr) ∈ Nr, m = (m1, . . . ,ms) ∈ Ns, and p,a ∈ N we use the following
notation:

Jn := J(1)n1 · · ·J(r)nr , Im := I(1)m1 · · ·I(s)ms ,

(11) J(p)n := J(1)n1
p · · ·J(r)nrp , Ja(p)n := J(1)n1

a,p · · ·J(r)nra,p, Ja,n := J(1)a,n1 · · ·J(r)a,nr ,

I(p)m := I(1)m1
p · · ·I(s)msp , Ia(p)m := I(1)m1

a,p · · ·I(r)msa,p, Ia,m := I(1)a,m1 · · ·I(r)a,ms .
For m = (m1, . . . ,ms) ∈ Ns and n = (n1, . . . ,nr) ∈ Nr we define the pair of graded families

(Jm,n,Hm,n) :=
(
{Jmn}m∈N, {ImmJmn}m∈N

)
and

(J(p)m,n,H(p)m,n) :=
(
{J(p)mn}m∈N, {I(p)mmJ(p)mn}m∈N

)
for every p ∈ Z>0.

We further assume that each (Jm,n,Hm,n) has linear growth, and that if cm,n := c(Jm,n,Hm,n),
then c(J(p)m,n,H(p)m,n) = cm,np for every p.

We continue with the following lemma which is needed in the proof of Theorem 2.9. It provides
a further needed approximation result for the case of Noetherian filtrations, and it is the natural
extension of [3, Proposition 4.3].

Lemma 2.8. Assume Setup 2.7. Moreover, assume that J(i) and I(j) are all Noetherian for
16 i6 r and 16 j6 s. For every m = (m1, . . . ,ms) ∈ Ns and n = (n1, . . . ,nr) ∈ Nr we have

lim
p→∞Vold

(
∆
(
Γ
(t)
J(p)m,n

))
= Vold

(
∆
(
Γ
(t)
Jm,n

))
and



8 YAIRON CID-RUIZ AND JONATHAN MONTAÑO

lim
p→∞Vold

(
∆
(
Γ
(t)
H(p)m,n

))
= Vold

(
∆
(
Γ
(t)
Hm,n

))
for all t ∈ Z>0.

Proof. We fix m= (m1, . . . ,ms)∈Ns and n= (n1, . . . ,nr)∈Nr and consider the following graded
families:

(Am,n,Bm,n) :=
(
{J(p)n}p∈N, {I(p)mJ(p)n}p∈N

)
.

We note that c(Am,n,Bm,n) = cm,n, then

m?
[
Γ
(t)
Am,n

]
p
⊂
[
Γ
(t)
J(p)m,n

]
mp
⊂
[
Γ
(t)
Am,n

]
mp

and m?
[
Γ
(t)
Bm,n

]
p
⊂
[
Γ
(t)
H(p)m,n

]
mp
⊂
[
Γ
(t)
Bm,n

]
mp

.

for every m,p,t ∈ Z>0. Thus, by [15, Proposition 3.1] (see also [6, Theorem 3.3]) and [14,
Corollary 1.16], for a fixed ε ∈ R>0, there exists p0 ∈ N such that if p> p0 we have
(12)

Vold
(
∆
(
Γ
(t)
Am,n

))
> lim
m→∞

#
[
Γ
(t)
J(p)m,n

]
mp

mdpd
> lim
m→∞

#
[
m?

[
Γ
(t)
Am,n

]
p

]
mdpd

> Vold
(
∆
(
Γ
(t)
Am,n

))
−ε

and
(13)

Vold
(
∆
(
Γ
(t)
Bm,n

))
> lim
m→∞

#
[
Γ
(t)
H(p)m,n

]
mp

mdpd
> lim
m→∞

#
[
m?

[
Γ
(t)
Bm,n

]
p

]
mdpd

> Vold
(
∆
(
Γ
(t)
Bm,n

))
−ε

for every p,t ∈ Z>0. Then, from (12), (13), and [14, Corollary 1.16] it follows that

(14) lim
p→∞Vold

(
∆
(
Γ
(t)
J(p)m,n

))
= Vold

(
∆
(
Γ
(t)
Am,n

))
and

(15) lim
p→∞Vold

(
∆
(
Γ
(t)
H(p)m,n

))
= Vold

(
∆
(
Γ
(t)
Bm,n

))
.

By the Noetherian assumption, there exists q > 0 such that

(16) J(i)nq = J(i)nq and I(j)nq = I(j)nq for every n> 0,16 i6 r,16 j6 s

(see, e.g., [9, Lemma 13.10], [10, Theorem 2.1]). Therefore,

J(mq)n = Jmqn and I(mq)mJ(mq)n = ImqmJmqn

for allm> 0, and then [14, Corollary 1.16] implies

(17) Vold
(
∆
(
Γ
(t)
Jm,n

))
= lim
m→∞

#
[
Γ
(t)
Jm,n

]
mq

mdqd
= lim
m→∞

#
[
Γ
(t)
Am,n

]
mq

mdqd
= Vold

(
∆
(
Γ
(t)
Am,n

))
and

(18) Vold
(
∆
(
Γ
(t)
Hm,n

))
= lim
m→∞

#
[
Γ
(t)
Hm,n

]
mq

mdqd
= lim
m→∞

#
[
Γ
(t)
Bm,n

]
mq

mdqd
= Vold

(
∆
(
Γ
(t)
Bm,n

))
.

The result now follows by combining (14), (15), (17), and (18). �

We are now ready to present the main theorem of this section.
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Theorem 2.9. Assume Setup 2.7. For n = (n1, . . . ,nr) ∈ Nr and m = (m1, . . . ,ms) ∈ Ns we have
that the following limits exist and are equal

lim
p→∞ lim

m→∞ λ(J(p)
mn/I(p)mmJ(p)mn)

pdmd
= lim
m→∞ λ(Jmn/ImmJmn)

md
.

Proof. Fix a ∈ Z>0, and notice that I(i)a,n ⊂ I(i)n and J(j)a,n ⊂ J(j)n for all 16 i6 s, 16 j6 r
and n ∈ N. We fix m = (m1, . . . ,ms) ∈ Ns and n = (n1, . . . ,nr) ∈ Nr, and for simplicity of
notation, we set

(J,H) := (Jm,n,Hm,n), (J(p),H(p)) := (J(p)m,n,H(p)m,n), and c := c(J,H).

With this notation, by Lemma 2.5 it suffices to show

lim
p→∞

[kS:k]∑
t=1

(
Vold

(
∆
(
Γ
(t)
J(p)

))
−Vold

(
∆
(
Γ
(t)
H(p)

)))
=

[kS:k]∑
t=1

(
Vold

(
∆
(
Γ
(t)
J

))
−Vold

(
∆
(
Γ
(t)
H

)))
.

Let a ′ := a ·max{n1, . . . ,nr,m1, . . . ,ms}. Since Ja is generated by the ideals Jn,J2n, . . . ,Jan, we
get the inclusions Ja,m ⊆ Ja ′,mn ⊆ Jmn = Jm for all m ∈ N. So, by Remark 2.6 we obtain the
following

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
Ja

))
= lim
m→∞

λ
(

Ja,m
Kαcm∩Ja,m

)
md

6 lim
m→∞

λ
( Ja ′,mn
Kαcm∩Ja ′,mn

)
md

6

6 lim
m→∞

λ
(

Jm
Kαcm∩Jm

)
md

=

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J

))
.

(19)

Likewise, we also have Ha,m ⊆ Ia ′,mmJa ′,mn ⊆ ImmJmn =Hm for allm ∈ N and then

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
Ha

))
= lim
m→∞

λ
(

Ha,m
Kαcn ∩Ha,m

)
md

6 lim
m→∞

λ
( Ia ′,mmJa ′,mn
Kαcn∩Ia ′,mmJa ′,mn

)
md

6

6 lim
m→∞

λ
(

Hm
Kαcm∩Hm

)
md

=

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
H

))
.

(20)

Therefore, by (19) and (20) and by applying the second statement of Lemma 2.5, for a given ε > 0
there exists a := a(ε) ∈ Z>0 such that

(21)
[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J

))
> lim
m→∞

λ
( Ja ′,mn
Kαcm∩Ja ′,mn

)
md

>
[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J

))
−
ε

2
,

and,

(22)
[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
H

))
> lim
m→∞

λ
( Ia ′,mmJa ′,mn
Kαcn∩Ia ′,mmJa ′,mn

)
md

>
[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
H

))
−
ε

2
,

For every p ∈ Z>0 we have the inclusions

Ja ′(p)mn ⊆ J(p)m ⊆ Jpm and Ia ′(p)mmJa ′(p)mn ⊆H(p)m ⊆Hpm.
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Thus, as each I(i)a ′ and each J(j)a ′ is a Noetherian graded family, by Lemma 2.8 and Remark 2.6
there exists p0 := p0(a) such that if p> p0 we have

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J

))
>

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
J(p)

))
> lim
m→∞

λ
(

Ja ′(p)
mn

Kαcm∩Ja ′(p)mn

)
md

>

> lim
m→∞

λ
( Ja ′,mn
Kαcm∩Ja ′,mn

)
md

−
ε

2
,

(23)

and
[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
H

))
>

[kS:k]∑
t=1

Vold
(
∆
(
Γ
(t)
H(p)

))
> lim
m→∞

λ
(

Ia ′(p)
mmJa ′(p)

mn

Kαcn∩Ia ′(p)mmJa ′(p)mn

)
md

>

> lim
m→∞

λ
( Ia ′,mmJa ′,mn
Kαcn∩Ia ′,mmJa ′,mn

)
md

−
ε

2
.

(24)

The result now follows by combining (21), (22), (23), and (24). �

3. EXISTENCE OF MIXED MULTIPLICITIES OF GRADED FAMILIES

In this section, we use Theorem 2.9 to show the existence of mixed multiplicities of graded
families of ideals. We begin with the m-primary case.

3.1. The m-primary case. In this subsection, we use the following setup.

Setup 3.1. Let (R,m,k) be a Noetherian local ring of dimension d such that dim
(
N(R̂)

)
< d;

here N(R̂) denotes the nilradical of the m-adic completion R̂. Let M be a finitely generated R-
module. Let I(1) = {I(1)n}n∈N, . . ., I(s) = {I(s)n}n∈N be m-primary graded families of ideals.
For every p ∈ N and m = (m1, . . . ,ms) ∈ Ns we follow the same abbreviations from (11). The
sequence (I(1), . . . , I(s)) of graded families is simply denoted by I. For each p ∈ N, we denote by
GMI(p)(t1, . . . ,ts) the polynomial

GM(I(1)p,...,I(s)p)(t1, . . . ,ts)

corresponding with the ideals I(1)p, . . . ,I(s)p (see (1)).

Remark 3.2. We note that there exists c ∈ N such that mc ⊂ I(i)1 for every 1 6 i 6 s. Thus,
for every m = (m1, . . . ,ms) ∈ Ns, the assumptions of Setup 2.7 are satisfied if J(i)n = R for each
16 i6 r and n ∈ N.

The following result allows us to define the mixed multiplicities of m-primary graded families
of ideals.

Theorem 3.3. Assume Setup 3.1. Then, there exists a homogeneous polynomial of total degree d
and real coefficients GMI (t) =GM(I(1),...,I(s))(t1, . . . ,ts) ∈ R[t] = R[t1, . . . ,ts] such that

GMI (m) = lim
m→∞ λ(M/ImmM)

md

for every m = (m1, . . . ,ms) ∈ Ns. Moreover, for every m ∈ Ns we have

lim
p→∞

GMI(p)(m)

pd
=GMI (m).
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Proof. By passing to the m-adic completion R̂, we may assume R is a complete local ring. By
assumption, and by following the same proof of [5, Lemma 5.2] we may assume R is complete
and reduced. Let p1, . . . ,pu be the minimal primes of R and set Ri := R/pi for every 16 i6 u. In
[6, Lemma 5.4] the authors prove that for any m-primary graded family of ideals {Im}m∈N that is
a filtration, i.e., Im+1 ⊆ Im for everym ∈ N, we have

(25) lim
m→∞ λ(M/ImM)

md
=

u∑
i=1

lim
m→∞ λ(M⊗RRi/ImM⊗RRi)md

.

However, it is easy to see that the filtration condition is not necessary and that the result in (25)
is also valid for graded families. Thus, by using this fact first with Im = Imm and then with
Im = I(p)mm we may assume R is a complete domain. Under the latter assumption, in [6, Lemma
5.3] it is shown that

(26) lim
m→∞ λ(M/ImM)

md
= rankR(M)

(
lim
m→∞ λ(R/Im)md

)
for any m-primary filtration {Im}m∈N. Again, the result in (26) is also valid for graded families.
Hence, it suffices to show the result for M = R when R is a complete domain. The result now
follows by using Theorem 2.9 with J(i)n = R for each 16 i6 r and n ∈ N (see also Remark 3.2,
[5, Lemma 3.2, proof of Theorem 4.5]). �

We are now ready to define the mixed multiplicities of m-primary graded families of ideals.

Definition 3.4. Let GMI (t) be the polynomial in the conclusion of Theorem 3.3. Write

GMI (t) =
∑
|d|=d

ed(M; I(1), . . . , I(s))
d1! · · ·ds!

t
d1
1 · · ·t

ds
s .

We define the real number number ed(M; I(1), . . . , I(s)) to be the mixed multiplicity of M of type
d with respect to I(1), . . . , I(s).

As an immediate consequence of Theorem 3.3 we obtain the following “Volume = Multiplicity
formula” for mixed multiplicities of m-primary graded families of ideals.

Corollary 3.5. For every d ∈ Ns with |d|= d we have

lim
p→∞ ed(M;I(1)p, . . . ,I(s)p)

pd
= ed(M; I(1), . . . , I(s)).

In particular, the coefficients ofGMI (t) are non-negative, that is, ed(M; I(1), . . . , I(s))> 0 for every
d ∈ Ns with |d|= d.

In the case that the graded families I(1), . . . , I(s) are all the same, we obtain the following
corollary.

Corollary 3.6. Assume the graded families I(1), . . . , I(s) are all equal to L = {Ln}n∈N. Then for
every d ∈ Ns with |d|= d we have ed(M; I(1), . . . , I(s)) = ed(M;L).

Proof. It is easy to verify that for an m-primary ideal I one has ed(M;I, . . . ,I) = ed(M;I) for
every d ∈ Ns with |d|= d. The result now follows from Corollary 3.5. �
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3.2. The general case. The data below is set in place during this subsection.

Setup 3.7. Let (R,m,k) be an analytically irreducible ring of dimension d. Let J(1) = {J(1)n}n∈N,
. . ., J(r) = {J(r)n}n∈N be graded families of non-zero ideals, and let I = {In}n∈N be an m-primary
graded family of ideals. For every p ∈ N and n = (n1, . . . ,nr) ∈ Nr we follow the same abbrevi-
ations from (11). The sequence (J(1), . . . ,J(r)) of graded families is simply denoted by J. For
each natural number p ∈ N, we denote by G(I(p);J(p))(t0,t1, . . . ,tr) the polynomial

GM(Ip;J(1)p,...,J(r)p)(t0,t1, . . . ,tr)

corresponding with the ideals Ip,J(1)p, . . . ,J(r)p (see (2)). We further assume that for every natural
number n0 ∈ N and n = (n1, . . . ,nr) ∈ Nr the pair of graded families(

{Jmn}m∈N, {Imn0Jmn}m∈N

)
has linear growth, and that if c := c({Jmn}m∈N, {Imn0Jmn}m∈N), then

J(p)mn∩mcpm = Imn0
p J(p)mn∩mcpm for every p,m ∈ N.

Remark 3.8. We note that the assumptions in Setup 3.7 are natural in the context of this paper (see,
e.g., [6, Theorem 6.1]), and they are satisfied under mild assumptions on the ideals. For instance,
if we consider a positively graded ring over a field and assume that there is a linear bound on n
for the degrees of the generators of the (now) homogeneous ideals J(i)n (cf. [3, Lemma 3.9]).
The latter bound exists whenever R is a standard polynomial ring and there is a linear bound for
the Castelnuovo-Mumford regularities, for example, if {Jn}n∈N are the symbolic powers of ideals
of dimension at most two [2, Corollary 2.4], or initial ideals of ideals of dimension at most one
[11, Theorem 3.5].

From the previous remark we obtain the following explicit examples.

Example 3.9. Let X1, . . . ,Xr ⊆ Pdk be zero- or one-dimensional schemes and J1, . . . ,Jr their cor-
responding defining ideals in k[x0, . . . ,xd]. The families of symbolic powers J(i) = {J

(n)
i }n∈N for

16 i6 r, together with any m-primary graded family of homogeneous ideals I = {In}n∈N, satisfy
the assumptions of Setup 3.7.

Example 3.10. An example of particular interest is the following: given a sequence of convex
bodies K1, . . . ,Kr, we consider the graded families of monomial ideals J(1), . . . ,J(r) from [3,
Section 5] whose mixed multiplicities coincide with the mixed volumes of K1, . . . ,Kr (see [3,
Theorem 5.4]). These families, together with any m-primary graded family of homogeneous ideals
I = {In}n∈N, satisfy the assumptions of Setup 3.7.

The following result allows us to define the mixed multiplicities of graded families of ideals.

Theorem 3.11. Assume Setup 3.7. Then, there exists a homogeneous polynomial of total degree
d and real coefficients G(I;J)(t0, t) =G(I;J)(t0,t1, . . . ,tr) ∈ R[t] = R[t0,t1, . . . ,ts] such that

G(I;J)(n0,n) = lim
m→∞ λ(Jmn/Imn0Jmn)

md
,

for every n0 ∈N and n = (n1, . . . ,nr) ∈Nr. Additionally, the polynomial G(I;J)(t0, t) has no term
of the form et

d1
1 · · ·t

dr
r with e 6= 0 and d1 + · · ·+dr = d. Moreover, for every n0 and n ∈ Nr we

have

lim
p→∞

G(I(p);J(p))(n0,n)
pd

=G(I;J)(n0,n).
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Proof. By passing to the m-adic completion R̂, we may assume R is a complete local domain.
The result now follows by Theorem 2.9 and (2) (see also Remark 3.2, [5, Lemma 3.2, proof of
Theorem 4.5]). �

We are ready to define the mixed multiplicities of graded families of ideals.

Definition 3.12. Let G(I;J)(t0, t) be the polynomial in the conclusion of Theorem 3.11. Write

(27) G(I;J)(t0, t) =
∑

d0+|d|=d−1

e(d0,d)(I | J(1), . . . ,J(r))
(d0 +1)!d1! · · ·ds!

t
d0+1
0 t

d1
1 · · ·t

dr
r .

We define the real number e(d0,d)(I | J(1), . . . ,J(r)) to be the mixed multiplicity of J(1), . . . ,J(r)
of type (d0,d) with respect to I.

We also obtain the following version of the “Volume = Multiplicity formula”.

Corollary 3.13. For every d0 ∈ N and d ∈ Nr with d0 + |d|= d−1 we have

lim
p→∞

e(d0,d)(Ip | J(1)p, . . . ,J(r)p)
pd

= e(d0,d)(I | J(1), . . . ,J(r)).

In particular, the coefficients ofG(I;J)(t0, t) are non-negative, that is, e(d0,d)(I |J(1), . . . ,J(r))> 0
for every d0 ∈ N and d ∈ Nr with d0 + |d|= d−1.

We end this section with the following comparison of the two notions of mixed multiplicities
introduced in this section (cf. [20, Theorem 1.2]).

Corollary 3.14. Assume that J(1), . . . ,J(r) are m-primary graded families of ideals. Then, for
every d0 ∈ N and d ∈ Nr with d0 + |d|= d we have

(i) If d0 = 0, then e(d0,d)(R; I,J(1), . . . ,J(r)) = ed(R;J(1), . . . ,J(r)).
(ii) If d0 > 0, then e(d0,d)(R; I,J(1), . . . ,J(r)) = e(d0−1,d)(I | J(1), . . . ,J(r)).

In particular, e(d−1,0)(I | J(1), . . . ,J(r)) = ed(R; I).

Proof. The result follows from the following short exact sequence

0→ Jmn/Imn0Jmn→ R/Imn0Jmn→ R/Jmn→ 0

for every n0,m ∈ N and n ∈ Nr. �

4. PROPERTIES OF MIXED MULTIPLICITIES OF m-PRIMARY GRADED FAMILIES

In this short section we demonstrate how Theorem 3.3 and Corollary 3.5 can be used to show
that the mixed multiplicities of graded families inherit many important properties from mixed
multiplicities of ideals. Throughout this section we assume Setup 3.1.

We begin with the additivity under short exact sequences (cf. [13, Lemma 17.4.4], [5, Proposi-
tion 6.7]).

Proposition 4.1. Assume Setup 3.1. Let 0→M ′→M→M ′′→ 0 be a short exact sequence of
finitely generated R-modules. Then for every d ∈ Ns with |d|= d we have

ed(M; I(1), . . . , I(s)) = ed(M
′; I(1), . . . , I(s))+ed(M

′′; I(1), . . . , I(s)).

Proof. The result follows by [13, Lemma 17.4.4] and Corollary 3.5. �
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We continue with the associativity formula (cf. [13, Theorem 17.4.8], [5, Theorem 6.8]). In the
following statement, for a graded family I = {In}n∈N, and a prime ideal p ∈ Spec(R), we denote
by I(R/p) the graded family of R/p-ideals I(R/p) = {In(R/p)}n∈N.

Theorem 4.2. Assume Setup 3.1. Let M be a finitely generated R-module. Then for every d ∈ Ns

with |d|= d we have

ed(M; I(1), . . . , I(s)) =
∑
p

λRp(Mp)ed
(
R/p; I(1)(R/p), . . . , I(s)(R/p)

)
,

where the sum runs over the minimal primes p of R such that dim(R/p) = d.

Proof. We note that for a minimal prime p of R we have dim
(
N(R̂/p)

)
< d (see [5, Theorem

6.8]). The result now follows by [13, Theorem 17.4.8] and Corollary 3.5. �

We also obtain Minkowski inequalities for mixed multiplicities of graded families (cf. [13,
Theorem 17.7.2, Corollary 17.7.3], [5, Theorem 6.3]). In the following statement for a graded
families I = {In}n∈N and J = {Jn}n∈N we denote by IJ the graded family IJ = {InJn}n∈N.

Theorem 4.3. Assume Setup 3.1 and that R has positive dimension. Then,
(i) e(i,d−i)(M; I(1), I(2))2 6 e(i+1,d−i−1)(M; I(1), I(2))e(i−1,d−i+1)(M; I(1), I(2)) for 1 6 i 6
d−1.

(ii) e(i,d−i)(M; I(1), I(2))e(d−i,i)(M; I(1), I(2))6 ed(M; I(1))ed(M; I(2)) for 06 i6 d.
(iii) e(i,d−i)(M; I(1), I(2))d 6 ed(M; I(1))d−ied(M; I(2))i for 06 i6 d.

(iv) ed(M; I(1)I(2))
1
d 6 ed(M; I(1))

1
d +ed(M; I(2))

1
d for 06 i6 d.

Proof. The result follows by [13, Theorem 17.7.2, Corollary 17.7.3] and Corollary 3.5. �
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