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The spacetime surrounding compact objects such as neutron stars and black holes provides an excellent
place to study gravity in the strong, nonlinear, dynamical regime. Here, the effects of strong curvature can
leave their imprint on observables which we may use to study gravity. Recently, NICER provided a mass
and radius measurement of an isolated neutron star using x-rays, while LIGO/Virgo measured the tidal
deformability of neutron stars through gravitational waves. These measurements can be used to test the
relation between the tidal deformability and compactness of neutron stars that are known to be universal in
general relativity. Here, we take (shift-symmetric) scalar-Gauss-Bonnet gravity (motivated by a low-energy
effective theory of a string theory) as an example and study whether one can apply the NICER and LIGO/
Virgo measurements to the universal relation to test the theory. To do so, this paper is mostly devoted on
theoretically constructing tidally deformed neutron star solutions in this theory perturbatively and calculate
the tidal deformability for the first time. We find that the relation between the tidal deformability and
compactness remains to be mostly universal for a fixed dimensionless coupling constant of the theory
though the relation is different from the one in general relativity. We also present a universal relation
between the tidal deformability of one neutron star and the compactness for another neutron star that can be
directly applied to observations by LIGO/Virgo and NICER. For the equations of state considered in this
paper, it is still inconclusive whether one can place a meaningful bounds on scalar Gauss-Bonnet gravity
with the new universal relations. However, we found a new bound from the mass measurement of the pulsar

J0740 + 6620 that is comparable to other existing bounds from black hole observations.

DOI: 10.1103/PhysRevD.104.124052

I. INTRODUCTION

Neutron stars (NSs) represent some of the densest
objects in the universe, second only to black holes. The
densities of these stars can reach several times nuclear
saturation density (p = 2.8 x 10'* g/cm?) which is greater
than any density measurable in a laboratory [1]. This
immense density coincides with masses on the order of
1.5 M and radii around 12-15 km [2]. The exact proper-
ties of a NS can be found given a specific equation of state
(EoS) which determines the relationship between the
pressure and density within the star. Observations of
NSs’ mass and radius could allow scientists to understand
the inner workings of these EoSs better and allow for a
more fundamental understanding of nuclear physics.

One way scientists have sought to explore the inner
workings of NSs has been with the Neutron star Interior
Composition ExploreR (NICER). This instrument aims to
provide inferences of the mass and radius of NSs (whose
relation depends sensitively on the underlying EoS) to
accuracies never before achieved with other optical tele-
scopes [3,4], through the use of monitoring the x-ray hotspots
on arotating NS. The results obtained via PSR JO030 + 0451
[5,6] placed stringent bounds on the valid EoS [7-10].
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Another way of probing the internal structure of NSs is
to use gravitational-wave observations, as done by the
LIGO/Virgo Collaboration (LVC). Through the binary NS
merger event GW170817, LVC measured the (dimension-
less) tidal deformability parameter (A), which measures the
susceptibility of a NS to be deformed by an external tidal
field [11,12]. The larger A is, the easier a star will deform.
Observations of the event GW 170817 have placed limits on
the tidal parameter for a 1.4 Mg NS to be A 4 = 190750
[13]. Once again, this observation has led to stringent
bounds on the EoS (see e.g., [12-24]), including joint
bounds between x-ray and gravitational waves [25-28].

Due to their large compactness and strong gravitational
field strength, NSs are ideal sources to probe not only
nuclear physics but also gravity [29,30]. Thus far, all
measurements of NS properties have agreed with those
predicted by general relativity (GR) for a number of EoSs.
However, GR itself has problems elsewhere. It has been
shown that given a field-theoretical approach, GR is non-
renormalizable which may lead to problems in the ultra-
violet regime. The predictions of quantum gravity theories
in the low energy limit often show that GR should be
modified by additional fields and higher-order curvature
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scalar terms [31]. This hints at the possibility that GR as
currently understood is incomplete and may be modified at
specific energy levels not yet studied in detail, such as those
in the strong gravity regime.

One alternative theory of gravity which has drawn
interest from physicists is Einstein-dilaton-Gauss-Bonnet
(EdGB) gravity, in which a scalar field (dilaton) is coupled
exponentially to the metric. This theory shows up in the
low-energy limit of heterotic string theory [32,33], and has
been shown to agree with GR in the weak field regime [34].
With this in mind, the next step would then be to examine
EdGB in the strong field regime. Work has already been
completed on studying this theory for both BHs [35-40]
and NSs [41-45]. These studies have managed to place
some limits on the theory, but improvements are necessary
as new ways of probing the strong field are undertaken. In
this paper, we consider scalar-Gauss-Bonnet (sGB) gravity
that generalizes the form of the coupling of the scalar field
to the metric and includes EdGB gravity as an example. As
a simplification to this theory, we make the assumption that
our deviation from GR is small and we may decouple the
theory by linearly coupling our scalar field to the Gauss-
Bonnet parameter [46].

One difficulty in using NSs to test gravity is the
degeneracy between uncertainties in nuclear physics and
gravitational physics. For example, one can in principle use
the relation between the NS mass and radius to probe gravity,
though one needs to know the correct EoS beforehand. One
way to overcome this is to use certain universal relations that
are insensitive to the underlying EoSs [47-50]. For example,
universal relations exist between the NS moment of inertia
(I), the tidal Love number (Love), and the spin-induced
quadrupole moment Q [47,48]. The 1-Q relation has been
studied in EAGB gravity in [42,51].

In this paper, we aim to probe sGB gravity by applying
universal relations to the NS measurement by NICER and
LVC. A similar analysis has been carried out in [52] to
probe dynamical Chern-Simons gravity [53]. The authors
in [52] converted the NICER’s measurement of the NS
compactness to the moment of inertia by using the universal
relation between these two quantities assuming GR is the
correct theory of gravity. The authors then used the tidal
deformability measurement by LVC and the I-Love uni-
versal relations to probe the theory. In this paper, we focus
on a different universal relation, namely the one between
the tidal deformability and compactness (Love-C relation)
[54]. Since these quantities are the ones that are directly
measured through x-ray and gravitational waves, we do not
need to apply an additional universal relation to convert the
measurement of one quantity from another.

In order to develop these relationships in sGB gravity, a
significant portion of this paper is devoted to computing the
NS tidal deformability by constructing tidally deformed NS
solutions in sGB by following a similar procedure to one
typically performed in GR.

The tidal deformability is defined as the ratio between
the quadrupolar deformation of a body (Q;;) and an exterior
quadrupolar tidal field (£;;) [11,55]. This may be computed
via an asymptotic expansion of the external metric about a
distance much larger than the radius of the star, which
allows one to denote the Q;; and &;; as relating to the

coefficients to the O(1/r}) and O(r?) terms respectively.
For sGB, we compute these quantities assuming that the
tidal field and the sGB corrections are small, and solving
the field equations perturbatively in terms of both a tidal
parameter € and the sGB parameter « that characterizes the
coupling between the scalar field and the metric. Once we
have tidal deformability calculations in hand, we compare
these theoretical predictions with various NS observations
to constrain sGB gravity.

We find the following main results. Figure 1 presents the
mass-radius relation (for isolated, nontidally deformed
NSs) in GR and in sGB. Here, ¢ is a new coupling constant
in sGB gravity where we make a dimensionless by the mass
and radius of a neutron star [we define this quantity
properly in Eq. (6)]. Notice that the maximum mass
decreases in sGB gravity as was first found in [44]. In
the figure, we have chosen the dimensionless coupling
constant that can marginally support a 2.01 Mg NS, which
is the lower mass bound for JO740 + 6620 [56,57]. We also
assume the correction to the Shapiro delay used to infer the
mass in [56,57] is not corrected by the sGB corrections.
This assumption is based on the results of previous work
[44], where it was found that perturbations to the metric of a
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FIG. 1. The mass-radius curves in GR (solid) and in sGB
(dashed) with the maximum value of { for each EoS allowed to
support a 2.01 Mg NS, which corresponds to lower mass bound
for JO740 + 6620 in [56,57,59,60] for a selection of EoS. We
terminate the curves at the maximum mass of the NS for the
corresponding {. The yellow box is representative of mass and
radius bounds inferred for J0740 + 6620 with 1-¢ errors [60].
The two black dots with error bars correspond to 1-c bounds
placed on the radius of NSs with masses 1.4 M and 2.08 M
from a recent NICER analysis by combining measurements of
neutron stars through x-ray, radio and gravitational waves [60].
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TABLE L

Astrophysical bounds on (linearly coupled) sGB gravity. We show bounds from a LMXB, binary black

holes (BBHs) and NSs. For BBH, the bounds come from gravitational wave observations and we show bounds using
events during O1-02 runs and O1-03 runs separately. The one in brackets come from GW 190814 assuming that it
is a BBH, which has some uncertainty and the bound becomes much weaker if it is a NS-BH binary. For NS, we
present the bound from the NS maximum mass. The one from the universal relation between the tidal deformability
and compactness (A—C) is still inconclusive and needs a further study.

LMXB BBH NS (this work)
01-02 01-03 Max mass A-C
Va [km] 1.9 [61] 5.6 [62], 1.85 [63], 4.3 [64] 1.7 [65], 4.5 [58], (0.4) [58] 1.29

NS occur at O(M’ /r7) where M is the stellar mass while r
is the distance from the star. Thus, we expect the influence
on the Shapiro delay from sGB corrections to be highly
suppressed. Based on this, we can place bounds on sGB
gravity that is EoS dependent. Choosing the stiffest EoS
(MS1 and MS1b), we found a bound on the dimensionful
coupling constant /a < 1.29 km, which provides the most
conservative bound out of the EoS considered in this paper.
This new bound is comparable to other existing bounds
from BH observations summarized in Table I, and in fact is
the strongest if we do not account for the bound from
GW190814 [58] whose secondary object is uncertain.
Regarding tidally deformed NSs, we first derive sGB
correction to the dimensionless tidal deformability A
[Eq. (55)]. The correction arises from two parts, one on
the dimensionful tidal deformability and another on the
stellar mass used to normalize the tidal deformability.
These corrections both enter at quadratic order in the
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FIG. 2. Relation between the tidal deformability and compact-
ness of neutron stars with various EoSs. GR solutions are presented
as solid grey lines, while sGB solutions with the dimensionless
coupling constant of = 0.5 are given as colored lines. The dashed
lines correspond to the continuation of the sGB solution following
Ay < 0.5AgRr, where we take the small coupling approximation
to no longer be valid. The yellow box corresponds to bounds placed
on a 1.4 My NS with the A measurement from GW170817 by
LIGO/Virgo (A4 = 1901’13298) [13] and the compactness one from
NICER (C, 4 = 0.15950053) [52].

sGB coupling constant . We next find that in general,
the universal relations between A and C remain relatively
EoS insensitive, though the EoS variation increases slightly
from the GR case (see Fig. 2). The deviation from GR in the
universal relation increases for NSs with larger compact-
nesses, as the stellar curvature gets larger and the sGB
correction becomes larger. Unfortunately, this deviation
is small and not detectable by current measurement
standards for NSs with ~1.4 M, from GW170817 and
JO030 + 0451.

So far, studies on testing GR through multimessenger
observations via universal relations [47,48,52] have
focused on combining measurements of two different
quantities for the same NS mass (e.g., 1.4 My) as the
universal relations were constructed as a sequence of a
single NS. To go beyond this, we study the relation between
A and C for NSs with different masses. To be more specific,
we compared the A of a 1.4 Mg NS to the C of a2.08 M
NS. We find that such a relation is EoS universal to a
fractional variation of ~10% and while this test seems
useful, this examination failed to provide any meaningful
bounds on the theory in question. We believe that more EoS
may be needed to further investigate this approach.

The structure of the paper is as follows: In Sec. II we
explain the details of sGB theory. Section III presents our
derivation of the sGB correction to the tidal deformability
parameter. Section IV will discuss the implications of these
calculations for various EoSs and how they relate to the
results from NICER and LIGO. In Sec. V we discuss the
results of our analysis and compare what we find with
observations. Throughout this paper, we will make use of
the metric signature (—, +, +, +) as presented in [66] and
units ¢ = G = 1.

II. SCALAR-GAUSS-BONNET GRAVITY

In this section, we will detail the decomposition of sGB
from EAGB, the action of the theory, and the field equations
we will use throughout this paper.

A. Action

We begin with the basics of sGB gravity as explained in
[31]. The action for sGB is

124052-3



ALEXANDER SAFFER and KENT YAGI

PHYS. REV. D 104, 124052 (2021)

5= [ V73[R = 39,090 + ar@)6+ 20(0) | .
(1)

where k= (167)7!, ¢ is a canonical scalar field with
potential U(¢p), f(¢) is a functional coupling of the
scalar field to the metric with coupling strength a (that
has a unit of length squared in the ¢ = G =1 unit and
when ¢ is dimensionless), and G is the Gauss-Bonnet
constant defined as

G=R>-4R,R" 4+ R, R, (2)

There are a number of forms the functional, f(¢), can take
(see [67-72]). For example, f(¢) = 77 for a constant y
corresponds to Einstein-dilaton Gauss-Bonnet gravity that
arises as a low-energy limit of a string theory [73].

In this paper, we choose to work in the so called
decoupling limit of the theory [31] with a massless dilaton
such that U(p) = 0. From this, our functional is Taylor
expanded about an asymptotic value of ¢ at infinity that we
take to be 0' in the form

f(@) = £(0)+£,0)p +O(¢?). (3)

The first term in Eq. (3) contributes no information to the
dynamics of the problem. This is due to the fact that G is a
topological constant and thus when the first term is
considered, it yields a boundary term in the action which
does not contribute to the dynamics of the problem. The
second term in Eq. (3) will be used to convert our full action
to decoupled dynamical Gauss-Bonnet gravity or shift-
symmetric sGB gravity (which we refer simply to sGB
gravity in this paper). The final action of sGB gravity that
we consider in this paper is

1
S = / V=9 |:K'R - Evﬂ(pvﬂgo + apG|d*x. (4)

Note that the theory becomes invariant under the trans-
formation ¢ — ¢ + ¢ [39,74,75], where ¢ is a constant.
This is an example of shift-symmetric Horndeski gravity
[76]. In Eq. (4), we have absorbed the constant f ,(0) into
the coupling parameter a.

The coupling parameter has been constrained to be y/a <
O(1) km from black hole observations through x-rays [61]
and gravitational waves [58,62—65] (see Table I). Both low-
mass x-ray binary (LMXB) and gravitational wave sources
were used to probe the existence of scalar dipole radiation,
that is present in sGB gravity, through the measurement of
the orbital decay rate. Thus, one can probe sGB gravity

'As we explain later, a linearly coupled sGB has shift-
symmetry and thus the asymptotic value of the scalar field is
irrelevant.

with dynamical spacetime through these systems (as
opposed to static spacetimes from the maximum mass of
neutron stars found in this paper) and the length scale being
probed is roughly the size of BHs (though the bounds
depend also on how accurately one can measure the orbital
decay rate).

Given that we are neglecting curvature interactions
higher than cubic order in the action, we treat the
theory in Eq. (4) as an effective theory and work in the
small coupling approximation. Namely, we assume { < 1,
where ( is the dimensionless coupling constant given
by [44,77,78]

l6za®  16ma® M}

(5)

where L = 4/ RS /M, characterizes the curvature length of

a NS with M, and R, representing the stellar mass and
radius in GR. For the duration of this work, we scale this
quantity by the compactness such that

¢ 167a?
{=—g=—7, (6)
c§ M

which is another dimensionless coupling parameter used
widely in the literature. We aim to construct tidally
deformed NS solutions in linearly coupled sGB gravity
under the small coupling approximation valid to O({)
or O(a?).

B. Field equations

The field equations may be found by varying the action
with respect to our dynamical fields, the metric ¢* and ¢.
This leads to

a |
Gﬂl/ = _;,C;w + 2_K' (T/,w + Tl(fl/>’ (7&)
¢ = —ag, (7b)

where G, is the typical Einstein tensor, IC,, is given by

K. = —=2RV,V,0 +2(g,,R - 2R,,)0gp
+ 8RJ,<”V7’VD)(p - 4gWR7’5V7V5g0
+ 4R 5V7V5(p, (8)

Hyv

the energy-momentum tensor for the scalar field is

1 )
TZ]IJ = vﬂ(pvu(p - Eg;wvy(pv/(p’ (9)

and we define [J =V, V¥, We will assume that the matter
we are dealing with inside of the NS can be described as a
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perfect fluid, and so define the matter stress tensor in
Eq. (7a) as

Tw = (p + p)u'u’ + pg”, (10)

with pressure p, energy density p, and four-velocity of the
fluid «*. This four-velocity is also forced to obey the
contraint that this fluid is timelike such that u,u* = —1.
Equation (10) satisfies the conservation V"T}j}, =0.

III. CONSTRUCTING TIDALLY DEFORMED
NEUTRON STARS

In this section, we explain in detail how to construct
tidally deformed neutron star solutions. We begin by
reviewing the ansatz for the metric, matter and scalar field.
We next derive tidal perturbation equations in GR, present
the asymptotic behavior of the solutions and extend this
formulation to sGB gravity. We finally describe how to
compute the tidal Love number and tidal deformability for
neutron stars. A flowchart for the order of methods solved
in this section can be found in Fig. 3.

A. Metric, matter and scalar field decomposition

We begin by explaining the metric ansatz for tidal
perturbation in sGB gravity. First, the background, static,
spherically symmetric line element is given by

ds? = —e"di? + e?Vdr? + r2dQ?, (11)

where dQ? = d6? + sin” Od¢?*. We next choose to decom-
pose our metric terms as a series involving order-by-order
perturbations. There are two perturbations to consider. For
the first, denoted as €, we use an order keeping parameter to
represent the tidal deformability. For our second perturba-
tion, we make use of a to represent our sGB perturbation
paramater as shown in Eq. (4). We may therefore write our
metric as a perturbation series to O(e, a?).> Assuming small
deviations from GR (i.e., ¢ < 1 and a < L?), we may
expand the metric given in Eq. (11) using z(r) = 7oo(r) +
€710(r) Yo (0, ) + P10y (r) + €715 (r) Y2, (0, ) (With
similar forms for the other metric functions). Here Y/,
are spherical harmonics and we fix the angular dependence
to the [ = 2 spherical harmonics since we are interested in
quadrupolar tidal deformations. For example, the (z,¢)
component of the metric is given by

2
Gy = —€* = _eToo+€TloY2m+f1‘702+wzflzYzm
Too pET10Y 1y, e’ Y
= —e OOe 10 Zme OZe 124 2m

= —e™[1 + €719Y 5, (0. P)][1 + 2’7
x [1 + ea*t15Y,(0,9)] + O(e*, a*).  (12)

*Reference [79] showed that the leading order correction to the
metric in sGB is of O(a?).

Following this, the metric ansatz is given by

ds?=—e" )1+ et19(r)Y 2 (0.)][1 + 2705 (r)]
X [1+€a®t15(r)Ys,,(0,¢)]dr?
+ 01 46610(F) Yo (0.0)][1 + 2005 (r)]
x[1+ed’c15(r) Yo (0.¢)]dr?
+r7(14+€K oY, +€a’K 5 Y5,)dQ* +O(e o)
=—e™[l+et10Ys, + 1oy +€a* (15 +71702) V2, ] 1
+e70[14-€010Y 5 + P00, + €% (0124 610002) V2] dr?
+r2(1+€eK gY o, +ea’K 5 Y5,)dQ2> + O(e2,a°).
(13)
Notice that there is no K, as it can be gauged away [44].
We will also only consider the axisymmetric (m = 0)

modes, which allow us to write the explicit form of the
angular dependence as®

Ym_%V%%m%m—u. (14)

In addition to the background functions 7, (r) and 6, (r) at
different orders, we introduce a new metric term K ,;,(r) to
include radial dependence in the angular component of the
tidal perturbations. The first index on radial functions
counts the order of tidal perturbation e while the second
index counts the order of a.

We will also expand our scalar field and matter compo-
nents in terms of ¢ and a as well*

@ = poo + agg; + eapy; + O(e, a?), (15a)
P = Poo +€pio+ &’ poy + €a’ppy + Ole,a’),  (15b)
P = poo + €p1o + py + €a’py + O(e, ). (15c¢)

The purpose of this expansion will be clear as we progress
through the derivation.

B. General relativity

We now derive tidal perturbation equations in GR. For
our analysis of GR, we will restrict ourselves to the metric
under the assumption o = 0:

dSéR = —6700(1 + €7,'10Y2m)d[2 + 8”00(1 + €U]0Y2m)dr2
+ 72 (1 + €K (Y, )dQ>. (16)

3This choice is just for simplicity as the tidal deformability is
known to be independent of m [11].

“The O(a) components of the pressure and density do not
contribute to the field equations [44].
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Equation (16) is the same metric as in [11] (see also [80,81]
for relativistic formulation of tidal perturbations in GR), so
we will take the same approach to resolving the metric
components.

1. Background at O(e°,a")

At O(e°), we recover the standard Tolman-
Oppenheimer-Volkoff (TOV) equations. The (¢,7) and
(r,r) components of Eq. (7a) yield

—— = dapyr?,

P (17a)

dTOO N 2(47[[7007'3 + mo)
ar =P

r

: (17b)

where we have introduced the mass function

emom = <1 —%) (18)

r

Additionally, conservation of the matter stress tensor
V, T = 0 gives

dPoo (Poo + poo) (4mpoor? + my) (19)
-~ )

dr (1 —2m)

We numerically construct the interior solution as follows.
At the center of the star, we may Taylor expand our
functions (my, 790, pog) about r =0 and choose some
initial small r, as our starting point. Here, we choose
some initial density and find the corresponding pressure
through the EoS we are using. This gives us our initial
conditions for the differential equations we need to solve.
We choose to terminate the integration of Egs. (17a) and
(19) when the pressure decreases by a factor of 107! from
the initial pressure determination; this is the radius we call
Ry. We next choose a trial central value for 7y, and solve
Eq. (17b) to construct a trial solution for 7y, The EoSs we
use throughout this paper are AP3 [82], AP4 [82], ENG
[83], DBHF [84], G4 [85], MPa [86], MPA1 [87], MS1 and
MS1b [88], SLy [82], WFF1 [89], and WFF2 [89].

For the exterior of the star, we may solve the above
equations assuming pg = poo = 0. We determine the
metric components to be

oM
oS = —In (1 - TO> (20a)
oM
8 = In (1 -~ TO> (20b)

where M|, is the total mass of the star enclosed in stellar
radius R, and can be found via boundary matching with

the interior solutions of the star; My = mgy(R,). This also
determines the exterior solution for 7y, which can be used
to obtain the correct interior solution for 7, by shifting the
trial interior solution by a constant. The latter is determined
through the matching of the interior and exterior solutions
for 7 at the surface.

2. Tidal perturbation at O(e',a)

At O(e), we are able to solve for the metric components
(or their derivatives) through manipulation of the field
equation components. Subtracting the (¢, ¢») component of
Eq. (7a) from the (6, 0) component gives us the relation

010 = —T10- (21)

Additionally, the (r,0) component provides the relation

dKlO dTOO d’l’]o
= — - . 22
dr < ar )77 ar (22)

Conservation of the matter-stress energy tensor also yields
two relations:

Sm
Pio = T an (Poo + Poo)T10- (23a)
\Sar r—2my dpoo
— . (23b
P10 A <471p00r3 + m) < dr )Tlo (23b)

Equations (21), (22), and (23) allow us to rewrite the field
equations in terms of only a single metric component 7.
Considering only axisymmetric solutions, we may take the
difference between the (z,¢) and (r,r) field equations to
obtain [11]

d’ 2 2m
d7;0 + |: + ”00< r20

dT]O
dr

+4zr(poo — Poo))]

6 d
- [_2 e%0 — Qe <5P00 +9poo + (Poo + Poo) Poo)
r dpoo

+ <‘fo’> 2]710 =0. (24)

The interior solution to Eq. (24) can be found by forcing
regularity at the center of the star, which yields the initial
condition

Tio(r) ~ apr® + O(r*). (25)
where a is an integration constant. The exterior solution

for Eq. (24) is solved by assuming pyy = poo = 0 and
solving accordingly. The resulting solution takes the form
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2 oM
SR L L) ESY
MO r 2 7"—2M0

_ MO(MO - r)(ZM(Z) + 6M0r - 3}’2)
r*(2M, — r)?

+ 3¢, (MLO>2<1 —Z—Aj‘)> (26)

where ¢; and ¢, are integration constants which can be
solved for at the boundary of the star in terms of the interior
initial condition a,. Taking the limit of this expression as
r — oo gives us the series

8 My\3 1
5 (r — oo)z§c1<70> +O<ﬁ>

+ 3¢, (MLO)2 +O(r), (27)

which has a direct correlation to the external quadruoplar
field (O(r?)) and the body’s quadrupole moment
©(1/r)).

We will later need K to find the tidal perturbations in
sGB gravity. This quantity can be found by looking soley at
the (r,r) field equation of Eq. (7a) at O(e!, a®). Making
use of the GR solutions presented in Sec. III B 1, as well as
Egs. (21)-(23) we may simplify the (r, r) equation to solve
for Ko and find it to be:

mg dTlO
KIO = )

1
— 4r(2mn — 3, V)220
2r(r—2m0){ r(2mo = 1) (pooﬂr + 4 ) dr

m? 3r /2 1
_32[—1—g+ (Ipoor3 +ZP0073 _1_6r)m0

T b3 1
+r? <7T2P<2)o"4 —gpoor2 —grzﬂoo +E):|TIO}'

(28)

The corresponding interior and exterior solutions may be
found with the appropriate substitutions.

C. Scalar-Gauss-Bonnet corrections: Background

Let us next extend the GR formulation reviewed in
the previous subsection to sGB gravity. The isolated NS
solutions for the sGB metric corrections were previously
derived in [44]. The scalar field is generated at O(a), which
sources the metric correction at O(a?). We here state
relevant results from that work.

1. Scalar field at O(e,a")

We begin with the expansion of the scalar field as
presented in Eq. (15a). Recall that due to shift symmetry,
we may shift our scalar field by ¢ — ¢ — ¢, to obtain
@ ~ O(a). This gives us Eq. (7) as a pure function of a.

Therefore, all curvature terms will be constructed with the
results found in Sec. III B. The field equations for the scalar
field leads to the differential equation

gy, _ 2[mg = r 4 221 (poo = Poo)] depoy
dr? r(r—2myg) dr
n 1287713 (myg —15— 27poor?)poo — 48m3 (29)
r(r—2myg)

For the interior solution, we solve numerically the above
equation with the solutions to all background terms
obtained at GR order. The initial conditions for our
integration are found as in GR by taking a Taylor expansion
of Eq. (29) about r = 0 and assigning some small initial
radius ry < Ry. This allows us to obtain the interior
solution up to a constant that corresponds to a homo-
geneous solution to Eq. (29) and can be found by matching
the interior solution to the exterior solution (described
below) at the stellar surface.

The exterior solution may be found by the limit py; — O,
Poo — 0, and my — M. Such exterior scalar field may be
solved analytically and found to be

c, M\ 1 oM,
S B (5 el 0 PR Y )
bor 2M0n< r>+M(2)n< r

2/ 1 1 4M,
+; ﬁo—'—;—’—? + C,. (30)

Requiring a vanishing scalar field at spatial infinity allows
us to set C, = 0. Expanding Eq. (30) as r — oo, we find

C, M,C, 4M3C 1
o= -2 —— - °1+0<—). (31)

r r 37 r

In this limit, we find that C; represents a scalar monopole
charge for the NS (normalized by a). However, it has been
shown that such a charge does not exist for NS in sGB
theory [46]. Therefore, we are justified in setting C; =0
here and express our exterior scalar field as

1 WM\ 2/ 1 1 4M,
o= n (1-220) 42 (424200 (m
ol M3n< r>+r<M0+r+3r2) (32)

2. Metric at O(e*,a?)

With our scalar field in hand, we may move onto the
metric terms. We may see that Eq. (7a) is of O(a?), and thus
all background terms refer to solutions already found. The
interior solutions can be solved for numerically, but we
must take care in some instances. First, we must define the
perturbation to the density pg,. If we allow the total density
to be written as pyy + a?pg, = p(poo + a*pg2) where p(p)
is a functional representing our equation of state, we may
Taylor expand about small a to recover our perturbation
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dpoo\ (dpoo\ ! Poo + @ poy decreases by a factor of 107! from the initial

P02 = Po2 <7> <7> ' (33) pressure. We choose the initial condition by assuming the

EoS is unaffected by the sGB correction. That is, we set

Next, we find a modified TOV equation p02(ro) = poa(rg) = 0. Once an initial density is chosen, we
find a corresponding initial pressure via the EoS, and

dp 1 (Poo + o) (r = 2my) dryy continue the integration from there. The new radius is given
dr — 2r(r—2my) "APoo T PO EM0) g, by R = Ry + a*R, with pyy(R) + @® ppa(R) = 0, which can
o be solved order by order to yield Ry, = —pg,(Ro)/ pgo(Ro)-

—8(po2 + Po2) <P007T r+ T)] ) (34) With this in mind, we may solve for the interior solution of

the NS numerically using the equations presented in [44]
which can be solved for simultaneously with the metric along with Eq. (34). The equations. for the metric functions
components [Eq. (35a)] to find a new boundary to the star. (702. 602 can be solved for by looking at the (7, 7) and (r, r)

We define a new boundary R, where the total pressure ~ components of the field equations at O(e, a?),
J

do 1 dpor \? 5m} 3 do
d;O"Z - = 2me) [4ﬂr8(r —2my) <—d:1> + 5127r* <TO - (ﬂpoor3 + 27pgor + 1 r) mg + ﬂp00r4> (—d;("n
—|—87rp00002r9 —+ 32768ﬂ3p00p00m0r6 + 877.',021"9 =+ 163847t2m(2)p00r3 - 0027'7 - 6144ﬂm8:| s (353)
dzp, 1 dopor \? m dgo,
dr — r3(r_2m0) [47tr4(r—2m0) (W +5127T ﬂpoo}"s +Z (r—3m0) 7
+ 87poosoar + 87par + 0'02r3] ) (35b)

Externally, the metric components may be solved for analytically as

" 2M0 -1 _ 7M0 2M0
ngt = (1 —T> M04 |:—247[<1 _§T> In (1 —T

M, My . M} 1607\ M} 352 M3 5122 Mj 12807 M§
— 20 (487 — G4m0 — 48r 0 4 (€, — ) R0 2D =0 (36
r<” T TR\ T ) TS AT s AT e (362)

2M\ ! M 2M
P <1 ——°> Mg* <—°> [—8ﬂln <1 ——°>
r r r
M, M, 64rn M? M} 256z M 5888z M3
—— {16z +167—+ (== C,1" | = + 327 2 - 21, 36b
r<ﬂ+ﬂr+<3 mr>r2+ ﬂr3 5 7 309 (36b)
where C,, is an integration constant and we have already . 2 ﬁ
ensured that the limit for the metric perturbations as r — oo M =My +a 2’ (38)
vanishes. We also note that in the limit of » — oo, the full
metric component at O(e°, a?) becomes which presents our metric in the limit » — oo as the familiar

gy = —(1 —2M/r). Note that upon observation of the NS

mass, the measured value will be M.
2M, + a*C,, 1 Similar to the GR case in Sec. III B 1, we determine the
G =~ <1 - —> o (ﬁ) (37) integration constants via matching the interior and exterior
solutions at the background surface R, (contribution from
the correction to the radius enters at higher order). We first
From Eq. (37), we see that the term we call C,, is a  make the assumption that the EoS itself is unaffected by the
correction to the mass. We may therefore allow us to  sGB parameter at the center of the star. Therefore our initial
redefine our mass in terms of the M, from the GR  conditions will remain identical to the GR conditions at
contribution as well as the correction from sGB gravity as  r = r( (i.e., poa(r9) = po2(ry) = 0). We may then solve the
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interior equations in Egs. (33) and (35a). We then match the
o, interior with that in the exterior in Eq. (36a) at R, to
determine C,,. 7o, is determined by first choosing a trial
initial condition and solve Eq. (35b) in the interior region.
We add to this a constant (corresponding to a homogeneous
solution) and determine it by matching the solution to the
exterior one in Eq. (36a) at the surface.

D. Scalar-Gauss-Bonnet corrections:
Tidal perturbation

The final step of our calculation is to solve for the tidal
perturbation to the scalar field and metric functions in sGB
|

gravity. We begin with the scalar field and make use of
Eq. (7a) and the results of Sec. III B to find our solution.
Recall that the metric only contains corrections at O(e, a®)
and O(e, @?). Since ¢ ~ O(a), we will only need the GR
contributions to the metric in the scalar field equa-
tion. Therefore, our correction to the scalar field will be
O(e,a). The metric will be corrected at O(e,a?) as
previously shown.

1. Scalar field at O(ea)
At O(e, a), the field equation for ¢, is given by

JZQDH 1 dTOO dGOO 2 dg011 66‘600 - 1 2r dKlO 4T10 dzTOO 2J2T10
Pl ol Gl Bl Besrsatt al SUiew B B P20 [ el Rarw Rty
dr 2\ dr dr r| dr r 2r 3 dr 3 dr 3 dr
_EdfooaﬂKw+ _dew_gT droo 2+ rdK10+21 ddoo_ﬂdKlo_éd‘flo dryp
3r dr dr? 3dr 3'")\ dr dr ) ar 3 dr 3 dr ) dr
drgd d> d? d?
+—;10 —:;OO:| e % | 167”([(]0 + %) dT(Z)O + 8r dT;O - 2}’3’[]0 d(pQOI
r dr r r r
710\ (d700 )2 dzy 710\ d6o0 5 dpgy dzy
Kjp+—22) (=2 1270 8r( Ky + 22 ) 20 37, L 247 | 220
+8r< 10+2>(dr> +[ "ar 8r< 1°+2) ar 0y, 10 gy

dgo, dz doy

+<r37107 — 47"7 - 24’[10)

For solving Eq. (39) in the interior of the star, we follow
a procedure laid out in [77] for dynamical Chern-Simons
gravity. First, we solve Eq. (39) with arbitrary initial
conditions such that ¢(r) and ¢'(r) are regular at the
center of the star. This will give us a particular solution

@™, Next, we solve Eq. (39) assuming the source vanishes.
Again, with arbitrary initial conditions that ensure regu-
larity at the center of the star, we recover a homogeneous
solution @™, Our full interior solution for the scalar field

may then be written

int __

of = ol + Craiy™, (40)
where C}, is a constant to be matched at the boundary of the
star with the exterior solution, which we will solve for now.

Given the complication of Eq. (39), instead of finding the
exterior solution analytically, we make the ansatz that
the scalar field is given by a polynomial series through

the Taylor expansion about r = co as
S
k=0

We can solve for each coefficient order by order in r using
Eq. (41) with Eq. (39) and find only two unknown
constants, ¢, and ¢s. Following [90,91] in the case of

ext __

P11 = (41)

o 252 (r

d
+ I'L,l‘o + 27510) (39)

dgo,
dr d dr |’

scalar-tensor theories and Chern-Simons gravity, we set the
scalar tidal field to vanish. Namely, we require the scalar
field to be finite at r — oo, which leads us to ¢y = 0.
Therefore, we find our exterior solution to be approxi-
mately

o= 24¢y 24;;2 (/;_3 _ 128c2Mg4— 3Myehs
Myr r r r
16 (128c,M} —3M3eps
(B
4 (504c, M} —16000c, M3 +375M s
+ﬁ< - )
8 (812¢,M}—16000c, M3 +375M s
o5 ; )
8 (50276c,M§—784000c,M§+ 18375M3¢hs
2625 ( r’ )

(42)

where we have kept up to O(1/r%) which we found ensures
that our series for ¢{}' converges.

We may now match Egs. (40) and (42) (and also their
first derivatives) at the stellar boundary, R,. This method
allows us to find the solutions for the interior and exterior
numerically, and we are left with constants C}, and ¢s5. Due
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to the construction of the interior solution, the arbitrariness
of the initial conditions is absorbed into the constant term in
front of the homogeneous solution. Therefore, as long as
we ensure regularity at the center of the star, the exterior
solution will remain independent of the interior conditions
chosen.

2. Metric at O(e.a?)

We finally study the tidal, sGB correction to the metric at
O(e, a*). We may solve for the metric equations as well as
the density and pressure perturbations via the field equa-
tions in Eq. (7a) and conservation identities. Keeping both
sides of the equation to O(e, @*) we mimic the approach
from Sec. III B. Similar to the GR case, conservation of the
matter stress energy tensor yields the relations similar to
Eq. (23) for the new perturbations (p, p1»):
|

d2
O1p = —T]p + 32716_”"0{2710( 6001> + 2¢, (

dr?

VY1
P2 = —W{(Poz + P02)710 + (Poo + Poo)T12)- (43a)
1 r dTOZ
R — o) 2202
P12 R — [2(1710 + p10)(r —2mg) dr
V5n [4 d
+22 {—(”— 2my) <710&
T |r dr
dpo, dpoo  dpoo
+T]0 dr +T|2< dr —|— dr . (43]3)

Subtracting the (¢, ¢) component from the (6, 0) compo-
nent provides one relation between two metric components,
while the (r,0) component provides another:

dzTOO + @ 2
dr? Y1 dr

dgo, do dry doy dgo,
0 - — — ) = — 44
+[< dr )010 (P11< dr dr 0 ar dr ) |’ (44a)
dK, 1 _ dK o\ dgo dey, dzy dr dgo,
— — J6dnew | (r(4 o8, VK0 (e
dr 2r2{6 e [<r< ) Tar e ) T T 7)) Tar
r dzy dgo, drgy  rdryy tptop
—32r| L (715 — 612) 2% oy T SALIE . 44b
r[32 (712 = on2) 7 2w =) = F a0 S 6, 16 (44b)

Armed with these relations, we may express the field equations (¢, 7) — (r, r) in terms of the metric component 7, and
previously solved quantities. This results in the differential equations

2
d T12 dle

+ B‘r— + CTT12 = S‘L" (45)

dr? dr

where the coefficients B, and C, are given by

4z (poo — poo) + 2(r — my)

B, =

C, =

r(r—2myg)

: (46)

B 47tr3p00 +mg \dr

Let us now discuss the source term S, in Eq. (45). The
full expression is rather lengthy, which we provide in a
supplementary Mathematica notebook [92]. However, we
found that the tidal Love number from the solution to
Eq. (45) with the full source expression suffers from some
ambiguity that we discuss in Sec. IIIE2. To overcome
this, we consider working within a post-Minkowskian
(or post-Newtonian) approximation, where we assume
m < r and expand the differential equation about m = 0.

dnr? <dpoo> _4mg + (104zpgor + 4071 pog = 12r)mg + 647> pgyr® = 36apoor* = 20mrpyy + 61°

r2(r —2mg)? ’

(47)

|
The leading, O(m°) corresponds to the Newtonian con-
tribution, while higher order terms correspond to post-
Newtonian contributions. We found that the ambiguity is
absent if we only keep the source term at O(m°), which is
given by

2
) 2rty0r dpoo dpoa
SO = _ “ome (22| (48
mg [602<dr) mo(dr ﬂ e
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Thus, we only work to this order in the source and compute
the Love number. In the Appendix A, we show that O(m°)
indeed gives us the dominant contribution to the source
term by solving Eq. (45) with the full source term and
comparing it with the case with the leading source term
in Eq. (48).

We solve for 7y, similar to Eq. (40) by solving the
homogeneous and particular parts of Eq. (45) separately
ensuring that the metric function is regular at the center of
the star. The full interior solution will take the form

int __ part homo
T =T T DypTs™, (49)

where D), is a constant which must be matched to the
exterior solution at the boundary of the star R,. For the
exterior solution, we again make use of a polynomial series
ansatz

5 = Zrkrz‘k, (50)
=0

valid to O(r~) to ensure our result converges to a solution,
and determine each coefficient order by order in r. For
example, the exterior solution for the leading order source
term at O(m") is

1 3M, 50M?
ext __ 2 M. - 0 0
Ty = Tor” + oTol + 75 <r3 + _r4 + 7,3
N 110M3 N 100M7  208M3  1568M (51)
7r° 357 38 117

E. Love number and tidal deformability

We are now ready to define and explain how to compute
the tidal Love number and deformability, and some
ambiguity associated to it.

1. Definition
The tidal deformability A is defined as [11]

Qi = —4&;, (52)

where £;; is the quadrupolar external tidal field while Q;; is
the tidally induced quadrupole moment of a neutron star.
The former (latter) can be read off from the £ =2 part
of the r> (r~3) piece in the asymptotic behavior of the
metric function 7 at infinity. It is convenient to study the
dimensionless tidal deformability:

A

(53)

This quantity is related to the tidal Love number or the second
apsidal constant as k, = (3/2)AC>, where C = M/R is the

stellar compactness. In GR, A is computed from the
integration constants ¢, (related to the quadrupole moment)
and c, (related to the external tidal field) in Eq. (27) as [11]

8C1
=— 54
0 45C2 ( )
How does Eq. (54) change in sGB gravity? There are two
main corrections: (i) ¢; in Eq. (54) and (ii) M in Eq. (53).

The former is corrected to ¢; + a’dc; with dc; = <2575,

5

M3

while the latter is corrected to M, + a>M, where M, = %
from Eq. (38). ¢, is uncorrected since we have set the sSGB
correction to the tidal field to zero (which corresponds to
absorbing the tidal field correction to the GR contribution).
Putting these together, we find the dimensionless tidal

deformability in sGB gravity as

A:

45C2

8(6’1 + a25C1) (
0

M -5
1+a?22) . 55
—i—aM) (55)

2. Ambiguity in Love

We now comment on the potential ambiguity in the
definition of the Love number or tidal deformability [93]5
in sGB gravity. To compute the Love number, we extract
the tidal field strength from the coefficient of the growing
mode (whose leading order is 7?) in the asymptotic
behavior of 7, while we determine the quadrupole moment
from the coefficient of the decaying mode (whose leading
order is 7~3). However, there is no unique way to separate
these two modes a priori.

Let us study the asymptotic behavior of 7|5 in GR in
Eq. (27) as an example. Here c; (c,) is the coefficient of
the decaying (growing) mode. If we now shift ¢; as ¢; =
71 + ¢,7, for constants y; and 7; and absorb terms propor-
tional to c¢,7; to the growing mode, the coefficient of the
decaying mode now changes to y;. Namely, one can always
absorb a part of the decaying mode to the growing mode
and this is why there is no unique split of the growing and
decaying modes unless we specify how to do so. One way
to alleviate this issue is to perform an analytical continu-
ation in the number of spacetime dimensions d. This
method is discussed in [93,95] and shows that by applying
this technique in GR, one may obtain separate solutions
for the growing and decaying modes, corresponding
to ¢, and ¢; in our notation.

A practically simpler method of identifying the growing/
decaying modes was proposed in [931.° The prescription
given there was to find the constant ¢; such that the
growing mode only contains finite number of terms when
expanded about r = oo. This is indeed the case in the

>See [94] for another type of ambiguity in the Love number.
®See [96] for an alternative prescription.

124052-11



ALEXANDER SAFFER and KENT YAGI

PHYS. REV. D 104, 124052 (2021)

FIG. 3.

Flowchart illustrating the method order used in this paper. Relevant sections for specific O(e™, @) solutions are included. The

colored boxes indicate which aspects of the calculations are being considered as deviations from the unperturbed GR solution: tidal
perturbations are shown in green, while sGB corrections are shown in blue. The overlap of the areas represents the new work in

this paper.

solution for 7, in GR in Eq. (26), where the growing mode
only contains terms of O(r?) and O(r). The prescription
has been shown to work when computing the Love number
for slowly rotating compact objects in GR (up to quadratic
order in spin for black holes and first order in spin for
stars) [93].

We here apply this prescription to sGB gravity to see
whether the ambiguity exists in the calculation of the Love
number. We begin by considering 7, at O(m") in the post-
Minkowskian expansion. The exterior solution is given in
Eq. (51). Notice that the growing mode only contains terms
proportional to O(r) and O(r?) (similar to the GR case).
This means that the growing mode only contains a finite
number of terms and thus we expect one can uniquely
identify the growing and decaying modes to compute the
Love number. We found that this is no longer the case with
higher order post-Minkowskian expansion and thus we
focus on the leading post-Minkowskian result to avoid the
ambiguity in the definition of the Love number.

IV. ASTROPHYSICAL COMPARISON RESULTS

In this section, we will present the results of some
astrophysical studies in order to place potential bounds on
the sGB correction terms. Ideally, one should reanalyze the
data collected by LIGO/Virgo, NICER, and radio tele-
scopes with the sGB waveform templates, pulse profiles,
and timing residuals to estimate the mass, radius, etc., if one
wants to use these quantities to test sGB gravity. However,
the estimate of these under the GR assumption can be a
good approximation for the following reason. In sGB
gravity, NSs do not carry scalar charges at O(a) which
suppresses the scalar dipole radiation from a NS binary.
Moreover, the exterior spacetime of a nonrotating NS is
almost identical to the Schwarzschild metric in GR with the
difference entering at O(M]/r") [44]. These suggest that
the sGB correction to the gravitational waveform, pulse
profile, and Shapiro time delay may enter at high order. For
simplicity, we use the GR estimates of the NS quantities in
this paper and leave a more detailed analysis for future
work. In Appendix B, we focus on the tidal deformability
measurement with gravitational wave observations and
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FIG. 4. Similar to Fig. 1 but with { = 0.5.

compare the leading tidal effect in GR with the sGB
contribution to justify our choice.

Figure 4 shows the mass-radius relations for GR and
sGB with { = 0.5 in a number of EoS. Notice that the
maximum mass for each EoS in sGB gravity is smaller than
the GR one, which was first found in [44]. Comparing this
with a measurement of ~2 M, pulsars [56,59,60,97], one
can constrain sGB gravity for each EoS.” For example,
while a NS governed by the SLy EoS is valid in GR in
terms of its maximum mass, sSGB gravity with a { = 0.5 is
ruled out from observations. Figure 1 shows a similar mass-
radius relation but with the maximum value of { allowed for
each EoS to support a NS with 2.01 M, the lowest bound
on the maximum observed NS mass provided in [56,57].
Observe that, in general, the bounds are stronger for softer
EoS. For all the EoS considered in this paper, the most
conservative bound on sGB gravity comes from the stiffest
EoS, MS1, which gives the bound \/5 < 1.29 km,8 which
is comparable to other existing bounds mentioned in

"See Ref. [41] for a similar analysis on constraining Einstein-
dilaton Gauss-Bonnet gravity from the investigation of the NS
maximum mass using an APR EoS.

$This bound comes from ¢ < 1.78, which satisfies the small
coupling approximation of { < 1 in Eq. (5).
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FIG. 5. Mass-compactness relations in GR (solid) and in sGB

gravity with { = 0.5 (dashed) for various EoS. We also include
the mass and compactness estimates with 1-¢ errors for two NSs,
J0740 + 6620 (yellow box) [56,60] and JO030 + 0451 (green
box) [6], as well as recent compactness bounds for a 1.4 Mg NS
(black dot with 90% credible error bars) inferred from NICER
data [52].

Sec. IT A. If we assume that the radius bounds at 1.4 M
and 2.08 My in [60] hold also in sGB gravity, MSI is
inconsistent with such measurements and the conservative
bounds should come from MPA1 out of all the EoS that
we consider here, which gives /a < 0.993 km. A better
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understanding of the EoS is necessary to place limits on {
based on mass measurements alone.

NICER has measured not only the radius but also the
compactness of NSs. Figure 5 shows the relation between
the mass and compactness in GR and sGB with { = 0.5,
together with constraints from the two pulsars observed by
NICER. It would be difficult to use the measurement of
JO030 + 0451 to constrain sGB gravity as the deviation
from GR only becomes noticeable when the NS mass or
compactness becomes relatively large. We have a better
prospect of constraining the theory with J0740 + 6620,
though the bound will depend on the choice of EoS, similar
to the mass-radius case.

One may find bounds on the theory that are less sensitive
to EoS through universal relations. Here, we focus on the
relation between the dimensionless tidal deformability A
and compactness C that is known to be universal in GR
[49,54]. Figure 6 shows the A—C relation in GR and sGB
gravity with various values of {. Observe that the relation is
still universal in sGB gravity for a fixed { when the sGB
correction to A is smaller than the GR value by 50%
(beyond this, the small coupling approximation may be
invalid). Notice also that A in sGB gravity is smaller than
that in GR for a fixed C and the deviation from GR
becomes larger as the compactness (and thus the stellar
curvature) increases. To check our numerical calculation,

: — , e
F N ]
F % ]
r¢=1.0 (¥ 1
.4:..1....1........|\‘..........

E e ¢ & ?
- \J 4
N 1\ -
F&=2.0 Y 1
.é:..|....|....|.H..|....|....|....
0.1000.1250.1500.1750.2000.225 0.2500.275 0.300
Cc

FIG. 6. A-—C relation in GR (grey band) and sGB gravity with various ¢ values (colored). We find that the universality tends to hold,
however there is no noticeable limits which can be placed on ¢ via the 90%-credible tidal deformability measurement of GW170817 [13]
and the 1-6 compactness measurement of J0030 + 0451 [52], both at 1.4 My (yellow box). The dashed lines correspond to the
continuation of the sGB solution following Agg < 0.5Aggr, Where we take the small coupling approximation to no longer be valid.
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FIG.7. Left: relation between A at 1.4 Mg and C at 2.08 M, in GR (dots) and in sGB gravity with { = 0.1 (+) with various EoS. We
also show the fit for the relation in GR (black) and sGB gravity (red) given in Eq. (56). Notice the strong correlation between the two
observables. The shaded region (yellow) shows the 90% credible measurement of A with GW170817 and 1-6 measurement of C with
JO740 4 6620. Right: similar to the left panel but for { = 0.2. Some of the soft EoS do not have a sGB correspondence because their
maximum mass is below 2.08 M, which changes the behavior of the sGB fit with respect to the GR one from the left panel. Given that
both GR and sGB relations are marginally consistent with the gravitational wave and x-ray measurements, we cannot find any
meaningful bounds on sGB gravity using this relation yet, which may change if we include more EoS or if we have more accurate

measurements with future observations.

we present in Appendix C an analytic derivation of the A—C
relation to leading order in the post-Minkowskian approxi-
mation for constant density stars. We find a qualitatively
similar behavior as for the realistic EoS case (that the sGB
effect makes the tidal deformability lower and the deviation
from GR increases as one increases the compactness).

To apply this universal relation to the measurement of A
and C obtained from different system (e.g. GW170817 for
the former and JOO30 + 0451 for the latter), one needs to
first convert the measurement of A and C at the same mass.
The LIGO/Virgo Collaboration has derived a bound on A
for a NS with a mass of 1.4 M. The compactness bound
from JOO30 + 0451 for the same mass has been obtained in
[52]. We show these measurement errors of NSs at 1.4 M
as yellow boxes in Fig. 6. For all { values considered in
the figure, both the GR and sGB relations go through the
error box, which suggests that it would be difficult to
constrain sGB gravity with observations of GW170817 and
JO030 + 0451. This is because the stellar curvature of NSs
with 1.4 M, is not large enough and a potential sGB effect
is too small to be probed with a combination of observa-
tions of these astrophysical systems.

We can investigate the possibility of using universal
relations in an alternate way by making use of the A and C
relations for different masses. We choose 1.4 M, for the
tidal deformability measured from GW170817 [13] and
2.08 M for the compactness inferred from J0740-6620
[59,60]. Figure 7 presents the relation between such
quantities in GR and sGB gravity with two different
choices of £, for various EoS. Notice that there is a strong
correlation between Ay 4y, and Cpgg y,, similar to the
A—C relation for the same NS masses in Fig. 6. We also
show fits to the relation in each theory given by

log Ayqmy = a0+ a1Caos M, (56)
with the coefficients given in Table II. The EoS variation in
the Ay 4 y,—Ca.08 M, relation is ~10%.

Let us now discuss whether one can place bounds on
sGB gravity through the A measurement of GW170817
and the C measurement of J0740 + 6620 using the
A1.4 m,—Ca08 m,, relation. We show the measurement errors
from these observations as a yellow box in Fig. 7. First,
notice that the theoretical prediction in GR is only margin-
ally consistent with the error box, which is due to a slight
tension in these measurements that GW170817 prefers
softer EoS while J0740 + 6620 prefers stiffer EoS. Second,
notice that the relations in sGB gravity are also consistent
with the measurements. As we increase £, there is less
number of EoS that can support a 2.08,, NS and it
becomes more difficult to draw a robust conclusion from
the universal relation with only the EoS considered in this
paper. Additionally, it is difficult to determine whether the
scatter seen with the points in Fig. 7 is dominated by the
EoS-variation in the relation or the difference in gravita-
tional theories. Thus, one needs to carry out a more detailed
analysis with a significant increase in the number of EoS to
see whether one can place a meaningful bound on sGB
gravity from this new type of universal relations for NSs

TABLE 1II. Fitting coefficients in Eq. (56) for the
A4 m,~Ca08 m, relation in Fig. 7.

GR sGB ({ =0.1) sGB ({ =0.2)
a 11.702 11.363 12.307
a —21.593 —20.087 —24.319
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with different masses. Such a relation may provide a new
way of combining different NS observations in the multi-
messenger astronomy era to probe strong-field gravity.

V. CONCLUSION AND DISCUSSION

In this work, we combined different NS observations to
probe sGB gravity where a quadratic curvature term is
present in the action. In particular, we derived a correction
to the tidal deformability in this theory for the first time.
Our method made use of a perturbative scheme in terms
of both small tidal deformation and small sGB coupling
constant. Furthermore, keeping only the leading post-
Minkowskian part in the source term of the field equation
at linear order in tidal deformation and quadratic order in
the sGB coupling, we were able to avoid ambiguities in
defining a Love number by allowing for a separation of the
growing and decaying modes which is not apparent in the
full solution.

We found the following main results. For NSs without
tidal deformation, we found that the maximum mass of a
NS decreases as one increases the sGB coupling constant.
This allowed us to set an upper bound on the theory that is
EoS dependent. Taking the stiffest EoS considered in this
paper that gives us the most conservative bound, we derived
a bound that is comparable to other existing bounds from
BH observations. For tidally deformed NSs, we found
that the sGB correction to the dimensionless tidal para-
meter A increases as one increases the NS compactness C.
Moreover, the relation between A and C has been known to
be EoS-insensitive in GR, and such universality is pre-
served in sGB gravity for a fixed dimensionless coupling
constant ¢, though the relation itself deviates from GR,
especially at large C. We next applied this universal relation
to astrophysical observations by LIGO/Virgo and NICER.
We found that from the tidal deformability and compact-
ness measurement of a NS at 1.4 M, it is difficult to
constrain the theory via the universal relation as the
deviation from GR is too small. We also compared the
A and C relation for different mass systems (for
GW170817 and JO740 + 6620). Through this avenue we
found that, at the current moment, no significant bounds
can be placed on the theory. However, we find this method
to be useful and worth consideration in the future as more
data and observations become available.

We end by providing several avenues for future work.
First, it is important to study in more detail the ambiguity in
the Love number in sGB gravity. One can apply analytic
continuation and see if one can unique identify the tidally
induced quadrupole moment from the asymptotic behavior
of the metric. Second, ideally, one should reanalyze the data
obtained by LIGO/Virgo and NICER with the sGB wave-
form template and pulse profile to estimate A and C without
assuming GR. Third, we need to refine the relation between
A and C for different mass systems presented in this paper
by studying broader classes of EoS. Lastly, it would be

useful to construct a parameterized fit for the Love-C
relation that includes the sGB one as an example, which is
similar to what has been done in [52] for the I-Love relation
with dynamical Chern-Simons gravity.
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APPENDIX A: CONVERGENCE TEST

Since our approach for identifying the Love number is
based on an expansion in the mass terms, we need to check
if we are keeping enough terms in the source term in
Eq. (45) to show that our solution is converging. To achieve
this, we solve Eq. (45) with the full source term and
compute the tidal deformability assuming that the 1/73
part of 7, in its asymptotic behavior contains purely the
quadrupole moment contribution. That is, we do not
consider our full result to be contaminated by the ambiguity
discussed in Sec. III E 2. Figure 8 shows our results of this
check, where we compare the tidal deformability of the
leading post-Minkowskian source and the full source in
Eq. (45). We see that the leading order solution and the
solution presented with the full source term are sufficiently
close. This justifies that the leading post-Minkowskian
contribution in the source is indeed the dominant term and
provides support to our post-Minkowskian analysis that
evades the ambiguity in the Love calculation.

T S
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==+ Sly - Full

103 -
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c
FIG. 8. A check of the validity of our post-Minkowskian

expansion at O(e,a?). We present the Love-C relation with
the leading post-Minkowskian source term at O(M°) and the full
one in Eq. (45). Notice that the former has little deviation from
the latter. Here, we use { = 1.0 for the sGB term.

124052-15



ALEXANDER SAFFER and KENT YAGI

PHYS. REV. D 104, 124052 (2021)

APPENDIX B: ESTIMATE OF SYSTEMATIC
ERRORS TO TIDAL DEFORMABILITY
MEASUREMENT

It is important for us to check to ensure that the
systematic errors on measurements of NS observable due
to the GR assumption are negligible when using them to
test sGB gravity. Given that the main focus of this paper is
on the tidal deformability, we will focus on this observable
in this Appendix and compare the sGB correction to the
leading tidal effect in the gravitational waveform from a
binary neutron star inspiral.

There are two types of corrections to the waveform,
(i) dissipative (gravitational wave luminosity) and
(i1) conservative (Kepler’s law). Since the scalar charges
are zero for NSs in sGB gravity, the former correction
vanishes to the post-Newtonian (PN) order’ that has been
computed to date [98,99] (partially up to 3PN in our PN
counting). On the other hand, Ref. [100] showed that when
the Kepler’s law is corrected as

m 1 m,\ P
Q2 ="l1+-Ap(—) |,
()]

where A and p are some parameters characterizing the non-
GR effect, the correction to the gravitational wave phase in
the frequency domain is given by

(B1)

5 2p>-2p-3
5anon—GR = T35

-2p/5,2p=5
RS,
32 (4-p)(5-2p)

(B2)

where 1 = m;m,/m? is the symmetric mass ratio while
u = (zMf)'/3 for the chirp mass M = m,*/3. For sGB
gravity, A = (128/3){ and p = 6 [44], so

190
0¥ = —7§ﬂ_12/5u7- (B3)
In particular, for an equal-mass binary, this becomes
760
¥ = —7C(ﬂm,f)7/3. (B4)

Given that the GR leading term is proportional to
(mm,f)™/3, the above correction is a 6PN effect.

Let us next compare the above with the leading tidal
effect in the GR waveform that enters at 5PN order
[48,101]. For an equal-mass binary, it is given by

117

Wiga = — 6—4/\(”

mrf)5/3- (BS)

°A term is said to be of order nPN if it is of v* = (zm, f)*"/3
relative to the leading where v is the relative velocity of the binary
constituents while m, = m| + m, is the total mass and f is the
gravitational wave frequency.
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FIG. 9. Comparison of the variation of the phase perturbation
stemming from the leading tidal effect at SPN order in GR
(Eq. (BS), blue) and the correction from sGB gravity (Eq. (B4),
orange) for a binary system of two 1.4 M NSs constructed with
the MPA1 EoS. { = 0.63 is the largest correction availible for
MPAL as seen in Fig. 1. Notice the sGB correction is much
smaller than the GR tidal contribution and is thus negligible.

Figure 9 compares Egs. (B4) and (B5) as a function of the
gravitational wave frequency for a selected mass, EoS and
. Notice that the sGB correction is always suppressed (at
least by three orders of magnitude) than the GR tidal effect.
This is because the former enters at higher PN order and the
latter is enhanced by A which is ~895 for the example
system in Fig. 9. This suggests that the sGB correction can
only affect the measurement of the tidal deformability by
~0.1% at most and thus negligible.

APPENDIX C: CONSTANT DENSITY STAR

In this section, we present an analytic result for the sGB
correction to the Love number and tidal deformability.
In order to have the calculations analytically tractable, we
focus on constant density (or incompressible) stars and
work in the Newtonian limit. This amounts to keeping only
the leading, nonvanishing contribution within the post-
Minkowskian approximation (expansion in small m/r or
M/R) at each order in O(¢", ™). In this Appendix, we set
Poo = P 1n the interior region.

1. Metric at O(e".a’)

Let us first study the GR background. By taking the
Newtonian limit of Egs. (17a)-(19), we find

d
d—": = dnp.r?, (Cla)
dTOO 2m
—_— =, Clb
dr r? (Clb)
2
ooy = ﬂ R (CIC)
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dpoy _ pem
—_ = R Cld
dr P2 ( )

in the interior region. The above equations can easily be
solved as

: 4

mt = 3Pe r, (C2a)
int 4 2 2

To0 = gﬂﬂc(r —3Rp). (C2b)
int 2 2.2

Poo = Pc T 3mpere. (C2c)

3

In the exterior region, one can set p. = 0 and pgy =0 to
yield

M
m* =My, g =-2-". (C3)
r
The integration constant in Eq. (C2b) has been determined
by matching the interior and exterior solutions at the
surface r = R,,.

2. Metric at O(e!.a?)

Next, we look at the tidal perturbation for constant
density stars in GR following [80]. First, the Newtonian
limit of Eq. (24) is given by [11]

dZ int 2d int 6 3 d . )
B (5 280

2 pordr

while K|, = —1( to leading order. When finding solutions
in the interior and exterior regions up to integration
constants, we can set the last term in the above equation
to 0, since the dp./dr term will only contribute to the
boundary condition which will cause a discontinuity at the
surface (we will deal with this below). Then, we find

i = ayr?, (C5a)
8 [My)\3 r\?
o = =3 (TO> + 3¢y <Vo) , (C5b)

for the interior (regular at the center) and exterior solutions,
respectively. Notice that these solutions are equivalent to
Egs. (25) and (27) but removing “+O(r")”.

We next discuss the boundary conditions at the surface.
Notice that this equation contains a derivative of the
density. Since the density is discontinuous at the boundary,
we must be careful when matching the interior and exterior
solutions. Namely, if we redefine our density as

Poo = ﬂc@(Ro - r), (C6)

with a Heaviside function ®, we see that this last term does
affect the final result at the boundary of the star. This leads
to a singular term and we have two new equations to solve
for at the boundary:

75 (Ro) = 755 (Ro), (C7a)
Rodedj| 5 _ Rodriy| (C7b)
A drly T A dr

We use Egs. (C5a) and (C5b) and solve the above boundary
conditions for ¢; and ¢, to yield

3R} 2M3
Cq :S—W)ao, (&) :?ao. (Cg)
From this, we find the Love number &, to be a constant
ky = 0.75 [102], or equivalently Ay = 1/(2C3) [48], where
Cy is the compactness of the star.

3. Scalar field at O(e’.a')

We now turn our attention to the background scalar field.
In the Newtonian limit for constant density stars, the field
equation is given by
d? 2d 2567%p.>
§0201 il Po1 _ TP , (C9)

dr r dr 3

in the interior while the source term on the right hand side is
absent in the exterior. Solving this equation in the interior
and exterior regions with regularity at the center and
infinity, we find

. 1287 .
o = Tp%r3 + (pé,), (C10a)
4M2
T —70. (C10b)

Here we have set the constant term in the exterior region to
0. The integration constant (pé? in the interior solution can
be determined through the matching of the two solutions at
the boundary, though it does not affect the calculations
below as the scalar field only enters through its derivatives

in the field equations.

4. Metric at O(e’.a?)

We now comment on the sGB metric and matter
corrections at the background level. First we set p, = 0.
This is because p, is a free parameter for constant density
stars and we simply use p,. as the value of the full central
density for constant density stars in sGB gravity. Then, we
find that the source terms for the differential equations for
To2, 0gp and p, enter at O(M)3, O(M)3, and O(M)*,
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respectively in terms of the post-Minkowskian order
counting. This means that the solutions enter at the same
orders, which only give higher order corrections to the tidal
Love numbers. Thus, we can safely ignore the contribution
at O(e°, @?) in the following analysis.

5. Scalar field at O(e',a')

We not look at the tidal perturbation to the scalar field.
Keeping only the leading source term within the post-
Minkowskian analysis, the field equation in the interior
region is given by

¢y | 2dpy, 6
a? " rar A% = Sou: (C1)
with
144c,
syt = =g (€12)
for the interior and exterior sources, respectively.

Compared to Eq. (C9), the third term on the left-hand side
in Eq. (C11) is due to the fact that we are looking at the
quadrupolar tidal perturbation. The above equation can be
solved under the boundary condition of regularity at the
center and infinity to yield

246‘2
Mol" ’

(c) 2 ¢s
Pt =)y P = Pl

(C13)

The integration constants can be determined from the
boundary condition at the surface. Similar to the case at
O(e',a"), there is a term proportional to dp./dr in
Eq. (C11) that becomes singular at the surface and
contributes to the boundary condition as

‘/"flf(Ro) = ¢71'(Ro), (Cl4a)
d int d ext
P _ earymagp, = L0 (C14b)
dr R, dr Ry

Using these, we find the solution for ¢;; as

ggim _ 208610M0 2
25K

ext 1600M0(18R2 - 57'2)
’ e 2573 '
(C15)

6. Metric at O(e'.a?)

The final step is the solution at O(e, @?). Following the
methodology laid out in Sec. I D, one can derive an
equation for 7j,. The interior and exterior equations are
given by

10—
104 |
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FIG. 10. A-C relation for constant density stars in GR (solid)
and sGB gravity with { = 1 (dashed) in the Newtonian limit.

int int
% %%— <% %Lz)’f) it = 163847 aopctzir
(Cl6a)
>y 2dey 6 ot
arr rdr P27
= %;ﬁl (576M2R3aor® + T5SM3R3agr® + 52M3anr®
+1240M3R3e; — 225R3e,r). (C16b)

respectively. We solve the above equations with regularity
at the center and infinity to find

= gr, e
ot 53248zaM3 73 _3072maoMj
T 75R3r r 5rf
491527za%R%M(2) . 31744na%R8M3 (1)
257 55r

with integration constants rgcz) and 73, which are determined

from the boundary condition at the surface. Taking into
account singular contribution from dp./dr in Eq. (C16a),
the boundary condition is given by

i3(Ry) = 753 (Ro).  (Cl8a)
dri s
i v 16384 . 18b
dr |y, R((16384x aopc+3112) ar |y, (C18b)

From these, we find the integration constants to be

8990727a,M>
T(1C2> = _#, (C19a)
825RS
389127a,M>
7y = -2 Mo (C19b)
1R,
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With our metric now fully solved for (to our leading
nontrivial Newtonian order), we may continue with the
procedure presented in Sec. IIIE. These lead us to have
modifications to the Love number of the form

33040
by =7—-—1 Ci¢. (C20a)

1 6080

=————-Cy. C20b

Figure 10 shows the results for the modification to the
A — C relation for a constant density star to leading
Newtonian order. Notice that the qualitative feature is
similar to that for realistic NSs in Fig. 6.
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