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Precisely computing bound orbits of spinning bodies around black holes
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In this paper, we continue our study of the motion of spinning test bodies orbiting Kerr black holes.
Non-spinning test bodies follow geodesics of the spacetime in which they move. A test body’s spin
couples to the curvature of that spacetime, introducing a “spin-curvature force” which pushes the
body’s worldline away from a geodesic trajectory. The spin-curvature force is an important example
of a post-geodesic effect which must be modeled carefully in order to accurately characterize the
motion of bodies orbiting black holes. One motivation for this work is to understand how to include
such effects in models of gravitational waves produced from the inspiral of stellar mass bodies into
massive black holes. In this paper’s predecessor, we describe a technique for computing bound orbits
of spinning bodies around black holes with a frequency-domain description which can be solved very
precisely. In that paper, we present an overview of our methods, as well as present results for orbits
which are eccentric and nearly equatorial (i.e., the orbit’s motion is no more than O(S) out of
the equatorial plane). In this paper, we apply this formulation to the fully generic case — orbits
which are inclined and eccentric, with the small body’s spin arbitrarily oriented. We compute the
trajectories which such orbits follow, and compute how the small body’s spin affects important

quantities such as the observable orbital frequencies €2, {2y and Q.

I. INTRODUCTION
A. Spinning-body motion around black holes

The orbital motion of a spinning test body in a black
hole spacetime represents a clean limit of the relativis-
tic two-body problem. It also is of astrophysical signifi-
cance as a model for extreme mass-ratio inspirals (EM-
RIs). Astrophysical EMRIs consist of stellar-mass com-
pact objects (of mass u) orbiting a massive black hole
(mass M). Such systems are expected to inspiral over
their lifetime due to the backreaction of the gravitational
waves (GWs) they emit. If the large black hole is in the
mass range 10° Mg < M < 107 Mg, EMRI waves are ex-
pected to radiate in the sensitive frequency band of the
planned low-frequency space-based Laser Interferometer
Space Antenna (LISA) [1, 2]. Measurements of EMRI
GWs are expected to make possible precision measure-
ments of the properties of the larger black hole [3] and of
the EMRI’s astrophysical environment [4-7].

Enabling such precise measurements will require ob-
servers to use accurate waveform models which can match
phase with astrophysical signals over the inspiral, both
to integrate EMRI signals out of detector noise as well as
to facilitate characterizing their sources. Thanks to their
small mass ratio, ¢ = u/M ~ 10771074, it is natural
to use perturbation theory to model EMRIs. A natural
place to begin such models is using Kerr geodesics [8] to
describe the motion of the smaller body at zeroth order
in . We then introduce corrections which encode the
nature of “post-geodesic” physics that affects the smaller
body’s motion. A body travelling on a Kerr geodesic
obeys the equation of motion

(6%
D™ _ (1.1)
dr

where p® is the four-momentum of the body, D/dr is the

covariant derivative computed along the orbit, and 7 is
the body’s own proper time. Post-geodesic effects lead
to an additional force on the right-hand side of Eq. (1.1).
In this paper and in our accompanying companion anal-
ysis [9], we study the force that arises when the spin of
the small body couples to background spacetime curva-
ture. The equation describing the small body’s motion
becomes

Dp*
dr

fs (1.2)

which is one of the Mathisson-Papapetrou equations. We
discuss the precise form of the spin-curvature force f§
and the Mathisson-Papapetrou equations in Sec. II B; see
also Sec. IIT A of Ref. [9] for further details.

This work is a continuation of Ref. [9], which lays out
the general framework that we use but presents results
only for equatorial or nearly equatorial orbits (“nearly
equatorial” meaning they would be equatorial if the small
body were not spinning, but can oscillate by O(S) out
of the equatorial plane due to spin precession effects).
In this paper, we present results for orbits of spinning
bodies around black holes with completely generic orbital
configurations and spin orientations. For a discussion of
related past work, see Sec. IB in Ref. [9].

B. Synopsis of our frequency-domain description

We use a frequency-domain framework to compute the
orbits of spinning bodies. Bound Kerr geodesics natu-
rally lend themselves to this type of treatment as they
are characterized by the three coordinate-time frequen-
cies Q,, 0y and g4 related to radial, polar, and ax-
ial motions respectively. This triperiodicity allows for
a frequency-domain description of functions which are



computed along Kerr orbits:

FlP(t),0(t)) = Z Frme it g=ikQot

kn

(1.3)

where fi,, are Fourier expansion coefficients. Notice that
the function f we use to illustrate this expansion depends
on the orbit’s radial coordinate r and polar coordinate
f. This is common for many relevant functions in our
analysis; because the Kerr spacetime is axisymmetric, the
coordinate ¢ often does not enter the analysis. Notice
also we write certain quantities in (1.3) using a “hat”
accent, e.g. 7(t) or Q). Throughout this paper, we use
this accent to denote a quantity which corresponds to a
geodesic orbit. A slight modification to the formulation
(1.3) allows us to characterize the properties of spinning-
body orbits, as was observed in Ref. [10]. We describe
our frequency-domain formulation in detail in Sec. IV A.

The spin of the small body injects additional harmonic
structure into the orbit — spin precession introduces a
new frequency [11], which we label Q. In addition, the
spin of the small body changes the orbital frequencies.
Let us denote the changes relative to an appropriately
defined geodesic by Q and QGS . Quantities expanded
along a spinning body’s orbit, such as the spin-curvature
force f§, can be written as a Fourier expansion in terms

of frequencies 2, = Q, + Q3 Q= Qo + Qg, and Qg:
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(1.4)
Here S* is a 4-vector which describes the spin of the small
body. Note that the radial and polar indices n and k£ both
range from —oo to oco; the spin harmonic index j only
varies over the range j € [—1,0,1]. As with the geodesic
expansion (1.3), the frequency-domain expansion (1.4)
provides useful machinery for characterizing properties
associated with spinning-body orbits.

We find it convenient to associate each spinning-body
orbit with a “reference” geodesic. We thus begin by dis-
cussing the parameterization we use for geodesic orbits.
Up to initial conditions, a geodesic is characterized by its
semi-latus rectum p, its eccentricity e and an inclination
angle I. In terms of these parameters, a geodesic’s radial
and polar motion are parameterized by

pM

P=—
1+ ecosx,

cosf = sin I cos g , (1.5)

where the angles x, and xg are relativistic versions of
“true anomaly” angles used in Keplerian orbital dynam-
ics. Notice that the radial motion oscillates between pe-
riapsis at pM/(1 4+ e) and apoapsis at pM/(1 — e); the
polar motion oscillates such that —sin I < cos# < sin[.

Spinning-body orbits have a more ornate structure
than geodesics, and in most cases cannot be parameter-
ized in exactly this manner. An exception is the limit of
equatorial orbits in which the small body’s spin is aligned
with the normal to the orbital plane. In that case, we set

I =0° or 180°, and we find we can parameterize the or-
bit such that it has the same turning points pM /(1 + e)
as a geodesic orbit. Note that the motion between turn-
ing points differs, however, thanks to the spin-curvature
force; see detailed discussion in Secs. V and VI of [9],
especially discussion near Eqgs. (5.16), (5.54), and (6.4).

If the small body’s spin is misaligned with the orbit,
or the orbit is inclined with respect to the equatorial
plane, the libration region varies along the orbit. These
variations couple the radial, polar, and spin precessional
motions, complicating the equations of motion, and pre-
venting them from fully separating. Despite the compli-
cations of the libration region’s variation, we can con-
strain the “purely radial” motion — the aspects of the
motion which only have harmonics in €2, — to lie between
pM/(1 + e) and pM/(1 — e). We can likewise constrain
the “purely polar” motion, which only has harmonics in
Qg, to lie between —sinl and sin/. In this sense, we
parameterize the spinning-body orbits with respect to
a reference geodesic which has radial and polar turning
points precisely at pM/(1+e) and +sinI. We then com-
pute shifts to important properties of the orbit relative to
this reference geodesic. For example, for spinning-body
orbits confined entirely to the equatorial plane, we com-
pute shifts to the orbital frequencies relative to geodesic
orbits with the same radial turning points; this case is
discussed in detail in our companion paper [9]. In this
paper, we further elucidate how reference geodesics are
characterized briefly in Sec. IIT A, and in much greater
detail in Sec. IV A 2. In Appendix A, we discuss different
definitions of reference geodesics (i.e., geodesics “close
to” a corresponding spinning-body orbit) that have been
used in the literature.

C. Organization of this paper

We begin by summarizing the key concepts and nota-
tion which underlie our description of spinning-body mo-
tion in Sec. II. We provide a concise review of bound Kerr
geodesics in Sec. II A and we discuss how spin-curvature
coupling modifies the equations of motion (relative to a
geodesic reference) for a spinning test body in Sec. II B.
In Sec. IIT A, we describe spinning-body orbits qualita-
tively. This description is then made quantitative as we
outline the small-spin perturbative approach (Secs. III B)
and computational framework (Sec. III C) that we use to
calculate the orbits.

In Sec. IV, we use a frequency-domain treatment to
compute generic orbits, which are both inclined and ec-
centric, and for which the small body’s spin is arbi-
trarily oriented. We outline the general principles of
the frequency-domain description in Sec. IV A. In Secs.
IVB1 and IV B 2, we focus specifically on spinning-body
orbits that are “nearly circular,” with aligned spins dis-
cussed in Sec. IVB1 and misaligned spins discussed in
Sec. IV B 2. Nearly circular orbits have an associated ref-
erence geodesic that is circular; the orbits have a Boyer-



Lindquist coordinate radius that is constant modulo a
small variation of O(S). In Sec. IVB 3, we consider the
fully generic case, with both arbitrary eccentricities and
inclinations. We conclude in Sec. V by summarizing our
results and outlining plans for related future research. In
Appendix B, we compare our results with an alternative
method for computing these frequency shifts presented
in Ref. [12].

As in our companion paper, quite a few of the func-
tions which enter into this analysis are extremely lengthy.
Both because this makes them difficult to read and be-
cause the likelihood of introducing errors when typeset-
ting them is high, we provide the explicit formulas for
these expressions using a Mathematica notebook included
with this paper’s Supplementary Material [13], rather
than writing the expressions out in the paper.

Throughout this paper, we work in geometrized units
withG=1,c=1.

II. THE MOTION OF A SPINNING BODY

In this analysis, we formulate the motion of a spinning
body in terms of a nearby “reference” geodesic orbit. In
order to introduce important notation and to keep this
manuscript self contained, we begin in Sec. Il A with a
brief synopsis of Kerr geodesic spacetime. For a more
detailed discussion of these geodesics, see Sec. II of the
companion paper to this work, Ref. [9], as well as numer-
ous other articles [14-23]. We then summarize the key
concepts and equations governing spinning-body orbits
in Sec. II B, with a particular focus on how one describes
the parallel transport of an orbiting body’s spin angular
momentum in Sec. IIC.

A. Kerr geodesics

The metric for the Kerr spacetime in Boyer-Lindquist
coordinates is [24]

or b)) AMarsin® 6

2 _ (12 2y g =
ds ( 2) dt —l—Adr S dt do
(r2 + a2)2 — a2Asin?0

Y d6?
+ + 5

sin? 0 d¢?, (2.1)

where M is the mass and a is the spin parameter a of the
black hole and

A=7r2—2Mr+a?, Y =r>+a’cos?f. (2.2

The Kerr geometry possesses two Killing vectors & and
&e; these Killing vectors yield two constants of motion
given by
E=—tlu, =~ (2.3)
i/z = 53:“;1 =g , (2.4)

where we have normalized these quantities by the mass
w of the small body. As mentioned in the Introduction,
throughout this paper a quantity with a hat accent, such
as E, means that it corresponds to a geodesic orbit.

The Kerr spacetime admits an anti-symmetric Killing-
Yano tensor which is given by [25, 26]

Fuv = acost (e,e) —ene,) +r(ees —ees) , (2.5)

where

&) = -\/g,o,o, asin29\/§] , (2.6)
e, = _0, \/i,o,o , (2.7)
& = :_0,0, VT, 0} : (2.8)
& - :_a\s,/i%970,07 (r? +\j;) sin@] . 29)

The Kerr metric also admits a Killing tensor K, which
can be thought of as the “square” of F,,:

K;u/ = fpafya . (210)

The existence of the Killing tensor allows us to define a
fourth conserved constant for Kerr geodesic motion [27]
(in addition to the orbiting body’s rest mass u, its energy
E, and its axial angular momentum ﬁz):

K = Kqogu*a” .

(2.11)

This quantity is called the Carter constant. A related
conserved quantity @, also called the Carter constant, is
defined by

(2.12)

The geodesic equations for the Kerr metric separate in
Boyer-Lindquist coordinates as first shown by Carter [27],



yielding
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Introducing a time parameter A, called “Mino time”, such
that d\ = dr/%, allows the radial and polar equations
of motion to decouple entirely [28]. Equations (2.13) —
(2.16) become

N 2 A\ 2

(%) -ro). (jﬁ) —000).
dp . 4 i
o o(7,0) , — =T(#,0) .

= (2.17)

Note that the Kerr geodesic equations can be solved in
closed form when they are parameterized using Mino
time. The explicit form of these solutions in terms of
elliptic functions can be found in Refs. [11] and [20].
The bounds of Kerr geodesics are defined by a torus
with radius ranging between 1 < 7 < 75 and polar angle

J

The quantities T(z, and I are defined as the orbit averages
of the functions ®(7,0) and T(7,0) in Eq. (2.17), where
foo is the orbit-average of the function f[F()),H(N)].
The quantity I' is used to convert between the Boyer-
Lindquist coordinate-time frequencies 2, ¢, and Mino-
time frequencies Yrﬁﬁ, via

. T,0
Qrop = TT¢ :

See Sec. IT C of Ref. [9] for further detail on the frequency-

(2.24)

B(A)] RN T g,
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between 6 < § < (m —60_). We find it convenient to
define turning points r; and 79 in terms of semi-latus
rectum p and eccentricity e, according to

pM pM

e e 2T e

(2.18)

and #_ can be expressed in terms of inclination angle I
where
I'=n/2—sgn(L,)0_ . (2.19)

We can then write # and @ in terms of these bounds,
yielding

M
T (2.20)
1+ ecosy,
cosf = sin I cos X . (2.21)

The angles x, and yp are relativistic generalizations of
the “true anomaly” angles found in the Keplerian ver-
sions of these expressions.

As mentioned in Sec. IB, bound Kerr geodesics are
triperiodic [14, 16, 20]. It is convenient to define these
frequencies, associated with radial, polar and axial mo-
tions, with respect to Mino-time. We define A, Ag, and
A4 as the radial, polar, and axial Mino-time periods; re-
lated to each of these periods is a Mino-time frequency
T,04 =21/Ar g4 Because much of our calculation de-
pends on frequency-domain descriptions of geodesic mo-
tion, Mino-time frequencies are particularly important.
As shown in Ref. [16], Fourier expansions of functions

f=f {f‘()\), é(A)} evaluated along Kerr orbits can be

written

f= i i fknefi(k'fm»n'fr))\

k=—o00 n=—o0

(2.22)

where the Fourier coefficient fy, is straightforwardly
computed using

(2.23)

(

domain description of geodesic motion. In this article,
Sec. IV A4 provides a prescription for computing the
coordinate-time analogues of Mino-time frequencies as-
sociated with spinning-body orbits.



B. Spin-curvature coupling

The motion of a spinning body is governed by the
Mathisson-Papapetrou equations [29-32]

Dp* 1

= —§Ra ol SN (2.25)
Dses N
=P u? — pPu (2.26)

where S is the spin tensor and the 4-momentum p* is
given by

o o DS«
P = g = Uy = (2.27)
To close the system of equations (2.25) — (2.26), we need
an additional constraint known as the spin supplemen-
tary condition (SSC). A commonly used SSC is the Tul-
czyjew SSC,

PaS?? =0, (2.28)

which we employ throughout this analysis [33]. We define
the spin vector in terms of the spin tensor through [34]

1
S = — e 5p, 57

o (2.29)

where

€aBys = \/jg[aﬁfyé‘] 5

/=g is the metric determinant, and [a/374] is the totally
antisymmetric symbol.

One can define two conserved quantities associated
with these equations: the energy and axial angular mo-
mentum per unit mass. These are given by

(2.30)

1
ES = —uy + ﬂ<’9Bgtms*“5, (2.31)

1
Lf = Up — —agngo‘ﬁ. (232)
2
respectively. The magnitude of the spin vector S is an-
other constant of motion, given by

1
5% = 88, = 5saﬁsaﬁ : (2.33)
The magnitude S can then be defined in terms of a di-

mensionless spin parameter s,

S =su®. (2.34)
If the smaller body is itself a Kerr black hole, then
0 < s < 1. In addition, p*p, = —u? is constant along
the worldline of the orbiting body to linear order in S.
Finally, an analogue of the Carter constant is conserved
at linear order in S and is given by [35]

K% = Kopu®u® 4 6C% (2.35)

where
2
6C% = —ZatSP7 (FY oV Fup — Fu' Vi Foo) -

. (2.36)

Using the Tulczyjew SSC in Eq. (2.28), we can deduce
that p® = pu®+0(S?). Examining the motion to leading
order in the small body’s spin, we therefore have

p* = pu® (2.37)

i.e., 4-velocity and 4-momentum are parallel at this order.
Accordingly, Egs. (2.25) — (2.26) now become

Du“ 1 N
- - - vAo v 7 ) 2.
. 2,uR Ao’ S (2.38)
DS
=0, 2.39
dr ( )

to leading order in small-body spin. Once we have lin-
earized in spin, we can write the small body’s 4-velocity
as

[0 ~Q [0

u® =a%* + ug , (2.40)

where 4% solves the geodesic equation. As first noted
in Sec. IB, the hat accent denotes quantities that are
evaluated along a geodesic with 4-velocity 4%; ug then
denotes the O(S) correction to the 4-velocity. Equation
(2.29) becomes

1
S = _ieﬂ”aﬁaysaﬁ , (2.41)

once we have linearized in S. Equivalently, we can write

S4B = e*Prry, S, . (2.42)

C. Parallel transport in Kerr

When we combine Egs. (2.39) and (2.42), we obtain

DSH
5 =0, (2.43)
dr

which means that the spin vector is parallel transported
at this order. Parallel transport of a vector in the Kerr
spacetime has a closed form solution presented in Ref.
[11] which builds on the tetrad formulation introduced by
Marck [36-38]. Following Ref. [11], we outline the pro-
cedure for constructing tetrad legs {eopn, €1, €24, €3a }-
First, we observe that, by definition, 4" is parallel-
transported along a geodesic worldline. We let epq = U
be the first leg of the tetrad. Next, we define the vector

Lr=Fma, (2.44)

which we call the orbital angular momentum 4-vector.
This vector is also parallel transported in Kerr, so we

define s, = Lo(M)/V K as the fourth leg of the tetrad.



It’s worth noting that other sources (e.g., [11, 12]) de-
fine £¥ with the contraction on the other index of F*¥.
Because of the antisymmetry of the Killing-Yano ten-
sor, this introduces an overall minus sign. As discussed
in our companion paper [9], this sign flip insures that
the angular momentum has the right components in the
equatorial limit (in particular, that £ oc —L.). We have
found that this convention is needed for our results to
agree with past post-Newtonian results.

We next define é1, and é5, by constructing two vectors
which lie in the plane orthogonal to ey, and ez, ; explicit
expressions for é1, and és, are given in Egs. (50) and
(51) of Ref. [11]. We let

ela = COSPp(A) €1q + sinp(A) €24
€20 = —sinp(A) €1a + cos Yp(A) €24 ,

where we define ¢, () such that

by _ Vi ((r2+a2)E—aﬁz +aﬁz —a(l —22)E> .

dA K + 72 K — 222
(2.47)
By construction, we have now obtained tetrad legs
{ep, €1, €2, e3} that are orthogonal, normalized and paral-
lel transported along geodesics [11, 36, 37]. As mentioned
above, a closed form solution of Eq. (2.47) is presented
in Ref. [11] with the form

7/111()‘) =T A+ ¢T(TTA) + %(Tg)\) )

where Y is the Mino-time frequency of the precession of
this tetrad along the geodesic. We let A, = 27/ be the
Mino-time precession period. The KerrGeodesics pack-
age of the Black Hole Perturbation Toolkit [39] includes
code for computing these tetrad legs and Y.

In general, the spin vector of the small body can be
written

Sy = Soeoa(/\) + Slem(/\) + 5262a(>\) + Sge3a()\) s

(2.49)
where {S°, 51,52 53} are all constants. The Tulczyjew
SSC in Eq. (2.28) requires that S® = 0. The compo-
nent S3 = s| describes components of the small body’s
spin aligned or antialigned with the orbital angular mo-
mentum; S! and S? are components in the orbital plane,
perpendicular to the direction of orbital angular momen-
tum. Using the dimensionless spin parameter 0 < s <1
defined in Eq. (2.34), we can write S, as

(2.48)

So = p?(s51 o8¢y €10 + 51 SN €30 + 5 €30) . (2.50)

where s =, /s% + sﬁ, and ¢, describes the orientation of

the spin components in the orbital plane. In terms of €1,
and és,, we have

Se = p” {SL (COS(¢S + ¥p)€ia + sin(ds + ¢p)§2a)

+ S||€3a] . (2.51)

The small body’s spin precesses only when either S' or
52 are non-zero and hence s; # 0. In this case, the
frequency-domain description of S, includes harmonics
of the spin-precession frequency Y. If s; = 0, the spin
vector does not precess.

III. GENERIC SPINNING-BODY ORBITS:
GENERAL PRINCIPLES

We begin our discussion of spinning-body motion by
presenting a qualitative overview of their orbits and the
parameterizations used to describe them (Sec. IITA). In
Sec. IIIB, we then discuss spin-induced deviations to
geodesic trajectories and orbital quantities. In Sec. III C,
we present the mathematical framework we use to com-
pute spinning-body orbits.

A. Characteristics of spinning-body orbits

Spinning-body orbits generally tend to be qualitatively
distinct from geodesic orbits. The most obvious differ-
ence is the introduction of harmonics at frequency Y,
which appear when s; # 0 due to the precession of the
spin vector. However, even when s; = 0 so that there is
no spin precession, the libration range can vary over the
course of the orbit due to harmonics of both Y, and Y.
Unlike the geodesic orbits given in Egs. (2.17), the radial
and polar motions of a spinning body do not fully sepa-
rate thanks to their coupling via the variations in orbit’s
libration region. Instead, the radial turning points are
functions of # and 1, while the polar turning points are
functions of r and ,; see Ref. [12] for explicit analytic
expressions for turning point corrections.

Because bound geodesics have turning points that are
fixed for the duration of the orbit, we cannot in general
find a geodesic with the same turning points as a given
spinning-body orbit. We find, however, that aspects of
the motion which are totally described by harmonics of
the radial frequency €2, do in fact have fixed radial turn-
ing points; we call this the “purely radial” portion of the
orbit. Likewise, aspects of the motion which are totally
described by harmonics of the polar frequency 2y have
fixed polar turning points; we call this the “purely polar”
orbital motion. With this in mind, we define the refer-
ence geodesic as the geodesic that has the same radial
turning points as the purely radial part of the spinning-
body orbit, and that has the same polar turning points as
the purely polar part of that orbit. Aspects of the motion
which cannot be written as purely radial or purely polar
describe variations in the orbit’s turning points, and are
incorporated into functions which combine the radial, po-
lar, and precessional frequencies. Section IV A 2 expands
on this idea, providing computational detail; see also Ap-
pendix A for discussion of alternative mappings between
geodesic and spinning-body orbits used in the literature.

The simplest case is an equatorial orbit with aligned



spin, so that s; = 0. In this case, an orbit’s radial and
polar motion can be parameterized as

po M, T (3.1)
1+ ecosx, 2

This constrains the radial motion to the interval p/(1 +
e) <r <p/(1l—e), exactly as for geodesic motion. Note,
however, that the true anomaly angle .. for the spinning-
body orbit is not the same as the geodesic true anomaly
Xr: there is a shift in the radial frequency from T, to
Y, =T, + 7T as well as a shift to an oscillating contri-
bution to this angle.

For misaligned spin, with s; # 0, the spin vector pre-
cesses and truly equatorial orbits do not exist. However,
we can find “nearly equatorial” orbits which oscillate
O(S) out of the equatorial plane. For the nearly equa-
torial orbits, we can still parameterize the radial motion
in the same way as a geodesic, but there are adjustments
to the polar libration range due to the spin precession.
The turning points of the polar motion then depend on
the spin precession phase 1),. We write nearly equatorial
orbits in the form

pM 0=" 1 60,

= 3.2
" 1+ ecosx, 2 (3.2)

where the angle §g describes the O(S) librations in po-
lar angle. We investigate these orbits in detail in our
companion paper [9].

Spinning-body orbits which are inclined with respect
to the equatorial plane cannot be parameterized in the
same way as geodesics even when s; = 0. Inclined or-
bits with aligned spin (i.e., with s; = 0) that are O(S)
away from circular — “nearly circular” orbits — can be
parameterized using

r=pM + 02, (3.3)
cosf =sinlcosyg . (3.4)

The polar motion in this parameterization is the same as
that for an inclined geodesic orbit (bearing in mind that
the true anomaly angle xy differs from the true anomaly
Xo that describes a geodesic), but the radial motion in-
cludes a function §2zg which accounts for oscillations in
the radial libration region due to spin-curvature coupling.
This form is discussed in detail in Section IV B 1.

For nearly circular orbits with misaligned spin, the ra-
dial turning points depends on both 6 and 1),; the polar
turning points depend on r and ,. The orbits in this
case are described by

r=pM + des ,
cosf =sin I cosxg + dxs .

(3.5)
(3.6)
The function d xg accounts for variations in the cos @ li-

bration region. This parameterization can be written as
a variation in polar angle:

Oxg = —5195\/1 —sin® I cos? xg . (3.7)

This relationship is most useful for nearly equatorial or-
bits which have sin I = 0, for which d g = —dvg. Circu-
lar, inclined orbits with misaligned spin are discussed in
detail in Sec. IV B2.

Finally, in the fully generic case when the orbit is ec-
centric and inclined with arbitrarily oriented spin, the
parameterization we use has the form

pM

r=——~-4+
1+ ecosy,

dzs , (3.8)
cos =sin I cosxg + dzs .

This case is discussed in detail in Sec. IV B 3.

B. Perturbative framework for the motion of
spinning bodies

In Eq. (2.34), we defined a dimensionless spin parame-
ter s which satisfies 0 < s < 1 if the small body is itself a
Kerr black hole. The magnitude of the small body’s spin
is then S < 2, and so linear-in-spin effects are quadratic
in the system’s mass ratio. In what follows, we neglect
terms in our equations that are O(S?) or higher, as such
terms are negligible for the extreme mass ratio systems
we are interested in. Our approach thus hinges on the
use of perturbation theory in the mass ratio.

With a linear-in-spin analysis in mind, it is possible to
write the small body’s trajectory as

x¥(N) = T%(N) + dxg(N) . (3.10)
Here, £*(\) is the trajectory of a geodesic, and dz%(\) is
the O(S5)-deviation from the geodesic trajectory due to
the spin of the small body. Similarly, as defined in Eq.
(2.40), we can write
u® =a% 4+ ug . (3.11)
Observe, however, that the periodic motions which con-
tribute to £%(\) in general have different periods than
the ones which contribute to z*(\). Using Eq. (3.10),
we therefore expect dx§ to contain secular terms which
grow without bound. This means that dz%(\) as de-
fined in Eq. (3.10) cannot easily be characterized using a
frequency-domain description

For this reason, we do not directly use the form Eq.
(3.10) when we evaluate spinning-body orbits in Sec.
IV. We instead parameterize spinning-body orbits us-
ing amplitude-phase variables, where the frequency shift
is incorporated into the parameterization; see Eqgs. (4.7)
— (4.8) and surrounding text. These variables are ei-
ther periodic or constant and do not contain secularly
growing terms; they can be described using Fourier ex-
pansions as outlined in Sec. IVA. Once we have solved
for the frequency shifts and other unknowns, it is then
possible to compute radial and polar spin corrections drg
and d60g, whose explicit forms in terms of the amplitude-
phase variables are given by Eqs. (4.25) and (4.26).



One of our goals is to compute corrections relative to
geodesic motion of important quantities associated with
the orbit. Such quantities include the constants of mo-
tion, which we write in the form

X% =X +6x9, (3.12)
where X € [E, L., K,Q]. Here X is the quantity associ-
ated with the reference geodesic and 6X° is the correc-
tion required when we include the spin of the orbiting
body. Explicitly, the leading-order-in-spin corrections to
the energy 6F° and axial angular momentum 62 are
defined by

ES=E+6E°, L5 =1, +6L°. (3.13)
where E and LY are given by Egs. (2.31) and (2.32).
Similarly, the first order in spin correction to K is defined
by

K% = K +6K% | (3.14)

where

SK S = 2K 0pti®ul + 0750, K 4007 + 00599 Kop ™’
+6C5 . (3.15)

and where 6C° is given by Eq. (2.36). Finally, using Eq.
(2.12), we can obtain the first-order shift in Q:
6Q°% = 0K —2(L. — aE)(6LS —adE®) .  (3.16)
The spin of the small body also introduces corrections
to the fundamental frequencies of the orbit, which we
write in the form
T, =T, +Y5, I'=0+1%, (3.17)
where x € [r,0,¢]. As discussed in Sec. IIC, the spin
of the small body also introduces the spin-precession
frequency Y into the motion, meaning that orbits of
spinning bodies can generally be described using Mino-
time Fourier expansions with harmonics of frequencies
T, + 72, Yo+ Y5 and Y. This frequency-domain ap-
proach is what we will use in Sec. IV to compute prop-
erties of spinning-body orbits.

C. Computing spinning-body orbits

We now outline the explicit mathematical framework
we use to compute the modification to the small body’s
trajectory arising from the spin-curvature interaction.
Eq. (2.38) is the governing equation for the spinning-
body orbits discussed in this work. We repeat this equa-
tion below:

Du® 1

_ T pa vV QAo — fa
dr - 2,UR V)\o'us —fS’//J’

(3.18)

We define the right-hand side of this equation to be the
spin-curvature force f§. When we expand the covariant
derivative, we have

du®

A ot = f3/u,

= (3.19)

where I'“g, is the Christoffel connection for the Kerr
spacetime. We find it convenient to perform all our cal-
culations in Mino-time, so we define

dx®

Us =22 — yy@ ,

a
where the 4-velocity is u® = dz®/dr and Mino-time is
defined by d/dX = ¥d/dr. Now that we have defined U
by Eq. (3.20), we multiply Eq. (3.19) by 2, yielding

(3.20)

dU
+1II% = F& 21
d)\ S/:u7 (3 )
where
U*dy
a _— V2 ra a — « Brry
F§=S2fg, I =~ AT, U007 . (3.22)

Consider Eq. (3.21) component by component. We start
with the axial and temporal components of the 4-velocity.
Begin by writing u; and ug as
_ L S _ 7T S
u=—FE+uy, uy=L,+ug, (3.23)

where uf, » = O(S). Combining the axial and temporal
components of Eq. (2.38) yields two equations of the form

% =R ﬁ =R
dA )N b
where R4 and R are functions of known geodesic quan-
tities. For the case of nearly equatorial orbits, these func-
tions are given in Eqs. (5.13) and (5.14) of our compan-
ion paper [9]; for the general case, they are among the
functions which we include in the supplementary Math-
ematica notebook which accompanies this paper. Using
Egs. (3.24), we can then solve for uy and ug

Turn next to the radial and polar components of Eq.
(3.21), which we write

(3.24)

d?r ” -
d20
ozt m’ = S . (3.26)

We solve Eqs. (3.25) and (3.26) by linearizing in spin
and expanding in the frequency domain. In addition,
we preserve the norm of the 4-velocity along the orbit,
requiring that

(3.27)

u U, = —1.

We linearize Eq. (3.27) in spin, and expand in the fre-
quency domain. Our full frequency-domain treatment of
spinning-body orbits is discussed in detail in Sec. IV.



IV. GENERIC SPINNING-BODY ORBITS:
FREQUENCY-DOMAIN TREATMENT

We now compute spinning-body orbits which have ar-
bitrary eccentricity and inclination, using a frequency-
domain treatment of the spinning body’s motion. In our
companion paper, Ref. [9], we described equatorial and
nearly equatorial spinning-body orbits in detail. In that
work, we used essentially the same frequency-domain
techniques to study equatorial (aligned spin) and nearly
equatorial (misaligned spin) orbits with arbitrary eccen-
tricity. We now extend this technique to encompass or-
bits that have any orbital inclination, not only those that
are within polar angles O(S) of the equatorial plane.

A. Frequency-domain description

Writing quantities defined on a spinning body’s orbit
in expansions of the form

1 e’}
_ —i(j Y s4+nTr+kTo)A
— § E finke i(j n 0)

j=—1ln,k=—o0

(4.1)

allows us to compute orbits to a high level of precision.
The Fourier coefficient f;, is defined by

it = AAeA/ /A/ T 20 20)

x U TeAsAnTrArtkYodo) ) dNgd), . (4.2)

The techniques we describe below allow us to precisely
compute a spinning body’s orbital frequencies T, and Yy
for fully generic orbits. As discussed and defined in Eq.
(3.17), we treat these frequencies as “spin shifted” rela-
tive to the the radial and polar frequencies of a reference
geodesic, writing Y, = =71, + T and Ty = Yo + TS

1. Generalities

We first examine the ¢ and ¢ components of the 4-
velocity. The frequency-domain expansion allows us to
solve the axial and temporal components of Eq. (2.38),

which we write explicitly in the form shown in Egs.

(3.24). To do this, we expand u; and ug asl:

1 o]

_ § : E S —i(jTs+nT+kYTo)A

- ut,jnke ( ) ) (43)
= k oo

1 [e'e)
S S —1(4 Y T, T
uf =3 D7 uf e T ATTARTON (g
= n

j=—1lnk=—oc0

1 Note that if the function we are Fourier expanding already has a
subscript, we use a comma to denote the specific Fourier mode.
For example, ufl 0.—1 is the j =1, n = 0, k = —1 harmonic of

function uf

We split u7 into a constant ufo plus an oscillatory con-
tribution duy(\):

uf = uio + 6uP (N) . (4.5)
We divide uf in the same way:
ug = uj o+ oui () (4.6)

Using Egs. (3.24), we can immediately solve for dus and
Sus.

¢

We also use a frequency-domain description to solve
the radial and polar Egs. (3.25) — (3.26). As described
in Sec. IIT A, generic orbits can be parameterized by

pM

=——+96 4.7
1—|—ecosx,,jL o (47)

cos =sinl cosyg + dxs . (4.8)

We break the radial true anomaly x, in Eq. (4.7) into
a mean anomaly w, = Y, A and oscillating contributions
dxr; we break up the the polar true anomaly Y in Eq.
(4.8) similarly, using wg = ToA:
Xr =Wy +IXr, Xo=ws~+Xp - (4.9)

The mean anomalies have geodesic and spin-curvature
pieces,

we= (Tr+ )N, wy = (To+T5) A, (410)
where YT? is the contribution to the radial Mino-time
frequency arising from spin-curvature coupling, and Tg
is the analogous contribution to the polar Mino-time
frequency. The oscillating contributions likewise have
one piece that arises from geodesic motion dx, and an-
other associated with spin-curvature coupling 5)(5 , Where
x € [r,0]:
(4.11)

Sxr = 0% (wr) + x5 . Sxo = X (wp) + 0X5 -

In Eq. (4.11), the Fourier coefficients of dx,(w,) and
dxo(wg) are identical to those used to describe the

anomaly angle of a geodesic orbit with parameters p, e
and I in Egs. (2.20) and (2.21):

xr(wy) Z SXpme” (4.12)
dxo(we) Z 0X0,k€ —tkwy (4.13)
k=—oc0

Note, however, that the phases w, and wy are not the
same as those for the geodesic orbit with corresponding
values of (p, e, I), due to the presence of Y and Y5 in Eq.
(4.10). The spin-corrections to the fundamental frequen-
cies are built into our parameterization of spinning-body
orbits. We explicitly include the w, and wy arguments
in Eq. (4.11) to emphasize this.



2.  Reference geodesics

As we have discussed, we cannot in general constrain
the radial or polar motion of spinning body orbits to lie
between two fixed turning points as we can for bound
geodesics. However, we can constrain the purely radial
motion (aspects of the motion that only involve harmon-
ics of T,) and the purely polar motion (with only har-
monics in Ty) to lie within the radial and polar turning
points of a given geodesic orbit. In our approach, we pa-
rameterize an orbit by selecting a geodesic with parame-
ters (p, e, I), as well as an initial spin-vector orientation.
The purely radial motion of the spinning body’s motion is
then confined to the region pM/(1+¢e) <r < pM/(1—e),
and its purely polar is confined to —sin I < cosf < sin[.
We call the geodesic with parameters (p, e, I) in this pic-
ture the “reference geodesic.” We briefly introduced this
concept in Sec. IITA. Note that there are alternative
mappings between geodesics and spinning bodies that
have been used in the literature; see Appendix A for fur-
ther discussion.

We write 6y and 5X§ as Fourier expansions,

oS =) oxTe (4.14)
(5ng = Z 6Xg’ke_ik“’9. (4.15)
k=—o00

Note that because §x? and 5)(3 both have average val-
ues of zero (they represent oscillatory contributions to
the x7 and yj, we set 5x§70 =0 and 5X(§,o = 0). Notice
that the expansion for §x? in Eq. (4.14) consists purely
harmonics at the radial frequency; §x3 in Eq. (4.15) like-
wise consists purely of harmonics at the polar frequency.
In this way, we have constrained the purely radial motion
to the interval p/(1+e¢) < r < p/(1—e) and purely polar
motion to the interval —sin7 < cosf < sin 1.

The remaining dynamics, consisting of motion that is
neither purely radial nor purely polar, describes how the
libration regions varies, and is mapped onto the quan-
tities d2g and dxg. We expand these quantities using
generic Fourier expansions of the form shown in Eq. (4.1):

1
6% _ Z i 6%’,jnke—i(jws+nwr+kwg) ,

j=—1nk=—0o

1 o)
Sws = Y. Gwgjope Uvetmwethue) g q7)

j=—1n,k=—o0

(4.16)

where w, = T A. Notice that harmonics of all three
frequencies — radial, polar, and spin precession — are
present in these expansions. When we evaluate Eq.
(4.16), we require that k& and j cannot both be zero; oth-
erwise, that contribution would represent a purely radial
dynamic, which we have constrained to be in the anomaly
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angle x,. Likewise, when we evaluate Eq. (4.17), we re-
quire that n and j cannot both be zero, since the purely
polar dynamics is entirely contained in xy.

In summary, the anomaly angles 6y> and 5)(3 con-
trol the shape of the orbit while keeping the turning
points unchanged relative to the reference geodesic orbit,
whereas d2g and dxg affect the position of the turning
points and introduce spin precession effects into the dy-
namics. In the nearly equatorial case (I = 0), we find
dxs = —d0g; in the nearly circular case (e = 0), we have
5@5 = 57”3.

8. Deviation of a spinning body’s orbit from its reference
geodesic

Once we expand the anomaly variables x, and xy as
discussed in Sec. IV A1, a generic orbit’s radial and po-
lar motion as described by Egs. (4.7) and (4.8) can be
written in the form

pM
) = g
r(d) 1+ ecos(w, + X, (w,) + 6x3) o
(4.18)
cos O(N) = sin(I) cos(wp + 09 (wp) + Ox5) + %5 .
(4.19)

Here, 6%, (w,), 0x2 and dzg are given by Eqs. (4.12),
(4.14) and (4.16); the analogous quantities for the polar
motion dXg(wp), dx3, and dxg are given by Eqgs. (4.13),
(4.15) and (4.17). Notice that the functions §y.,(w,) and
dx0(wg) have as their arguments w, and wy, whose forms
are given in Eq. (4.10). These functions are exactly the
oscillating contributions to the anomaly angles that one
computes for geodesic orbits, but with their frequencies
shifted to remain phase-locked with spinning-body orbits.
For geodesics, their arguments would be w, = T, A and
Wy = Yo

In Sec. IIIB, we defined the deviation from the
geodesic trajectory induced by the spin of the small body
by writing *(X) as

dzS(A) = x%(N\) — (N, (4.20)

where £%(\) is a geodesic orbit. Using the reference
geodesic in this equation, # and 0 are given by

pM

FA) = 4.21
) 1+ ecos (W, + 0% (0y)) (4.21)
cos O(\) = sin T cos (g + 6xe(1g)) - (4.22)
Here we use the purely geodesic forms
6>A<T(wr) = Z 6)2r,ne_ian)\ 5 (423)
n=—oo
OXo(ig) = Y SRoxe N (4.24)

k=—o0



Combining the definition (4.20) with our solutions for the
spinning body’s motion, Eqgs. (4.18) and (4.19), and for
the reference geodesic, Eqgs. (4.21) and (4.22), we find
TIXN(L—iY, noxrne ) + 62 (wy)

[1+ e cos (W, + 0X, (10,))]”
X sin (W, + o (w,)) + d2s ,

ors(A) = epM
(4.25)

30s5(N) = TIA (1 — i k5>207k6_ikw9> +6xg (wo)
o
0%

~ sin Isin (g + 6xe(i0g))

(4.26)

Notice that both drg(\) and 05 () show secular growth.
This is because of the difference in frequencies between
the geodesic £%(A) and spinning-body z®(\) orbits. The
presence of these secularly growing terms means that, as
defined, drg(A) and 05 (\) cannot easily be studied using
a frequency-domain treatment.

To address this, consider a slightly modified version of
this definition:

— G (A) -

This deviation is defined versus a frequency-shifted for-
mulation of the geodesic motion:

_ pM
1+ ecos (wy + 6%, (w,))
cos éshift()\) = sin I cos (wg + dxp(ws)) .

02 snite (A) = 2%(A) (4.27)

Tsnife (A)

. (4.28)

(4.29)

Equations (4.28) and (4.29) describe a trajectory that is
identical to the reference geodesic, but with all periodic
features oscillating at the frequency associated with the
spinning body’s orbit. The deviation from this shifted
geodesic is given by

Sx2 (wy) sin [w,. + 6%, (wy)]

or shi A) = epM ! 5% ’
S, hft( ) P (1—|—6COS [w’r +5)A(r(w7‘)])2
(4.30)
s
(59 shift = 5 6 o '
site = X (Wo) = e 2o (9
(4.31)

We discuss a variant of Eq. (4.30) which does not include
the libration shift dzs in Appendix A of our compan-
ion paper [9]. These modified offsets from the reference
geodesic do not exhibit any secular growth, and can be
nicely described using this paper’s frequency-domain ex-
pansions.

4. Coordinate-time quantities

We can use our spinning-body solutions for ug to com-
pute the Mino-time ¢-frequency Ty, using

TS = Ugﬂooo , (4.32)
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where

. 1 Ar pAo  pAs .
U = — Ug dA.dgdXs 5 (4.33
$,000 A AgA, /0 /0 /0 S 0 ( )

we remind the reader that U? = d¢/d)\. Similarly, we
can calculate the spin-correction to I' which denotes the
average rate of accumulation of coordinate-time ¢ per unit
Mino-time using

r = Ug,ooo J (4.34)

where

. 1 Ar pAo A .
=T A A . (4.

Once we have the correction to I', we can convert any of
the Mino-time frequencies into coordinate-time frequen-
cies. Observing that
A Ty + T3
G+ Q= 2Tk

ST (4.36)

for k € (r,0, ¢), we see that shifts to the coordinate-time
frequencies are given by

Qszék(jff—FA)
Y. T

(4.37)

to linear order in the small body’s spin.

B. Results
1. Nearly circular orbits: Aligned spin

We now discuss spinning-body orbits that are O(S)
away from being circular — nearly circular orbits. We
outline how we compute the first-order in spin contri-
bution to the polar Mino-time frequency Y; using a
frequency-domain description for the motion.

We consider a circular inclined reference geodesic, with
the spin vector of the small body aligned with the orbit.
In this case, orbits can be described using expansions of
the form

F = Y fuem e

k=—o00

(4.38)

In order to evaluate these expressions, we truncate the
Fourier expansion at a finite value; for the expansion
above, we truncate the series at ky.x. By truncating this
Fourier expansion at an appropriately large kp.x, we can
compute orbits with an arbitrarily high inclination.

As described in Sec. IIT A, we use a parameterization
to describe the motion in # which resembles the form
typically used to describe geodesic orbits, as in Eq. (2.21).
In addition to this, we must account for the fact that
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FIG. 1. Example of the motion of a nearly circular orbit for an aligned spinning test body around a Kerr black hole with
a = 0.9M. Top left panel shows r versus A for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial
reference geodesic is circular, with p = 10, e = 0. Bottom left panel shows cos @ versus A for a geodesic (black dashed) and a
spinning test body (blue solid) orbit. These orbits share polar turning points, corresponding to I = 30°. Note that, in the left
two panels, we have used an unphysically high spin us/M = 10% in order make the spin-curvature effects clearly visible. Also
note that the spinning-body orbit has been shifted slightly: its polar frequency Ty = To+ T35 has been replaced with YTo. This
is done so that the geodesic and the spinning-body orbit pass through their polar turning points at the same times, which helps
to illustrate differences in their motion between each turning point. Top right shows —uy (red), dsg:aS™? /21 (orange), 6 E°
(blue) as well as §2s (black), all versus A. Finally, the bottom right panel shows u3 (red), —9sgsaS*” /21 (orange), SLZ (blue)
as well as 5)(5 (black), all versus A. Notice that the spin-induced shifts to the integrals of motion E and L. are constants,
although each such term has contributions that oscillate. In making these plots, we have used s = s and Kkmax = 6.

the spin of the test body induces oscillations about pM,

the radius of the circular reference geodesic. We thus
parameterize the orbit as

r=pM + 2, (4.39)

cos = sin I cos (wp + 0X9(wp) + 5)(5) . (4.40)

The functions 5)(5 and d zg are described by purely polar
oscillations in this case:

= Y Bt ()
k=—oc0

Sos = Y daogpe*00 (4.42)
k=—o00

J

We insert Eqgs. (4.39), (4.40) and (3.23) into (3.25) — (3.26) and linearize in spin. The first-order-in-spin piece of
Eq. (3.25) becomes

ddeg

Fo

A% eg

doxg

d\?

+g¢ A\ +g9

dX

+ M2 + Hodxs + Tio Yy + Toudy + Tsul o+ T =0,

(4.43)

where F,, G,, Go, H,, Ho, Z19, I, I3 and J are all functions of known quantities evaluated on geodesics. We now
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consider the first-order-in-spin piece of Eq. (3.26), which becomes

o5 dd dd
0 2 +8,75 45, X9 + T s + Todxs + Ui 1§ +Usuy +Usul g +V =0, (4.44)
where Qp, S,, Sy, T, To, Urg, Us, Uz and V are all functions of known quantities on geodesics. Third, we use the
constraint u®u, = —1 to obtain a linearized equation of the form
dd doxs
K, djs + Ko d’i‘" + M,bdes + Modxg +NigY§ + Noufy + Naul g +P =0, (4.45)

where K,, Kg, M,, Mg, Nig, Na, N5 and P are again all functions? of known quantities on geodesics.

We write the functions F,, G,, Go, H,, He, Z10, Lo, I3,
T, Qo, So, So, Toy Toy Ure, Us, Us, V, K, Ko, M, Ma,
Nig, Na, N3 and P as Fourier expansions of the form
(4.38). The explicit forms for many of these expressions
in the limiting case of nearly equatorial Schwarzschild or-
bits (@ = 0) can be found in Appendix C of Ref. [9]. For
the general case, we provide expressions using the Math-
ematica notebook in this paper’s Supplemental Material
[13]. Some of the general expressions are very lengthy
(hundreds of terms long) and could likely be simplified
with some effort; we present them in a companion Math-
ematica notebook for convenience and completeness.

We insert these expansions along with (4.41) and (4.42)
into (4.43), (4.44) and (4.45). We then solve for the un-
known variables ¢ zg, 5)(*3, Tg uy and ug

In the left-hand panels of Fig. 1, we show r and 6 for a
circular, inclined, spin-aligned orbit; r and 6 for the cor-
responding reference geodesic orbit are overplotted. The
period associated with the spinning-body orbit’s polar
motion is shifted so that it remains phase-locked with
the geodesic orbit. The right-hand panels of Fig. 1 show
§2s and dy; for the spinning-body orbit. We also plot
uy and ug alongside the spin contributions to the orbit’s

energy and axial angular momentum, § £ and §L%. No-
tice that the spinning-body orbit we obtain is not cir-
cular; this can be seen in the top left panel of Fig. 1,
where the effect is exaggerated so that the oscillations in
r are clearly visible. In our companion paper Ref. [9],
we perturbed about an equatorial reference geodesic and
obtained a spinning-body orbit that did not lie in the
equatorial plane; here we perturb about a circular ref-
erence geodesic, yielding a corresponding spinning-body
orbit that is not circular. In contrast to the behavior we
saw in Ref. [9], we cannot attribute this behavior only
to spin precession, since we see this effect even when the
spin vector is aligned.

In Fig. 2, we see how Ty, Uto and u¢0 converge to
their true values in the case of nearly circular, inclined
orbits. We define “residuals” here to mean the dlfference
between the value of the quantity computed at successive
kmax’s, rather than a direct comparison with an exact
value (as they were defined in Ref. [9]). As expected, the
residuals generally decrease as kmax increases. However,

(

the pattern of convergence isn’t strictly monotonic; the
residuals tend to tick upwards for odd values of Ky ax.

2. Nearly circular orbits: Misaligned spin

We now consider nearly circular inclined orbits with
the spin of the test body misaligned from the orbit (i.e.,
circular orbits s; # 0). Taking into account the effect of
spin precession, many orbital quantities can be described
using frequency-domain expansions of the form

— i i fjkefi(jwerkwe) .

j=—1lk=—0c0

(4.46)
As described in Sec. IIT A, the parameterization of the
orbit in this case has the form

T :pM"‘(SZSa
cos ) = sin I cos (wp + 6Xg(we) + 0X5 ) + 625 -

(4.47)
(4.48)

Compared to the parameterization in Sec. IVB 1, there
is a new term 0 g which adjusts the polar turning points
relative to the reference geodesic. The libration varia-
tions d zs and § g depend on both Ty and T, while 5)(3
only has oscillations at harmonics of Yy:

o
§ 6Xg¢ke_1kw9 ,

oxg = (4.49)
k=—o00
1 oo ) )
Jos =Y Y Gogpewotive (4.50)
j=—1k=—00
1 oo ) )
Swg = Y Oxggpe Fwotiva) (4.51)

j=—1k=—00

where, in the last line, j cannot equal zero. We then
follow the same procedure as described for nearly circu-
lar inclined orbits with aligned spin to convert the time-
domain expressions into a linear algebraic system in the
frequency domain, but now including the term § xg in the
equations.



T T

o
o

5 (e=0)
ufo (e=0)

u(ﬁjﬂ (e=0)

N
9
B

1077

Residuals

10—10

-13
10 I=10°

2 3 4 5 6

T T T T T

TS (e=0)
ufo (e=0)

u(ﬁjﬂ (e=0)

0.01
1074

10°°

Residuals

1078

-10
10 I=20°

10712 ‘ ‘ . . .
2 3 4 5 6

T T T T T

! 75 (e =0)
ufo (e=0)

u(ﬁjﬂ (e=0)

0.01

Residuals
N N
s 3

& IS

-
9
0o

I=30°

1010 . . . . .
2 3 4 5 6

k max

FIG. 2. Plot of residuals versus kmax for a nearly circular
(e = 0) orbit of an aligned (s s) spinning body. We
plot T@q , uf, 05 Ui,o using red circular, orange square and blue
triangular markers respectively. To compute these residuals,
we evaluate the change between subsequent values of kmax
for each of the quantities plotted. Top panel shows I = 10°;
middle shows I = 20°; and bottom shows I = 30°. In all
cases, the large black hole has spin parameter a = 0.9M, and
the orbit has p = 10.
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We insert equations (4.47), (4.48) and (3.23) into (3.25) — (3.26) and linearize in spin. Eq. (3.25) can be written

d?8 25 ddeg

do xg

dév s
+ G X

Fe A d\

+gzd +g%d

dA\?

A

+ H 025 + Hodxs + Hadxs +Tig Yy

+Touiy + Tsuf o+ T =0, (4.52)

where F,, G,, Gg, G, Hos Ho, Ha, L1, Lo, I3 and J are all functions of known quantities evaluated on geodesics.

2 The functions F,, G,, etc. follow a mostly alphabetic sequence;

however, we skip the letter £ in our scheme to avoid confusion
with the angular momentum 4-vector defined in Eq. (2.44).
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FIG. 3. Example of the motion of a nearly circular orbit for a non-aligned spinning test body around a Kerr black hole with
a = 0.5M. Top left panel shows r versus A for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial
reference geodesic is circular, with p = 10, e = 0. Bottom left panel shows cos @ versus A for a geodesic (black dashed) and a
spinning test body (blue solid) orbit. The polar reference geodesic has I = 15°. Note that, in the two left panels, we have used
an unphysically high spin pus/M = 0.5 in order make the spin-curvature effects clearly visible. Also note that for making this
plot, the spinning-body orbit has been shifted slightly: its polar frequency Yy = To + T35 has been replaced with Ty. This is
done so that in the plot the geodesic and the spinning-body orbit pass through their polar turning points at the same times,
which helps to illustrate differences in their motion between each turning point. Middle column shows §es, 6)(5 and 0xg, all
versus A and all drawn with black solid lines. Top right panel shows —u? (red), 039t S“? /2p (orange), E° (blue), all versus
A. Middle right panel shows ui (red), —039paS*? /21 (orange), LS (blue), all versus . Finally, bottom right panel shows
(Kuvutu”) g (red), 6C° (orange), K (blue), all versus A. Notice that the spin-induced shifts to the integrals of motion E, L.
and K are constants, although each such term has contributions that oscillate. In making these plots, we have used s = s/2,

51 =+/35/2, ¢s = 7/2 and kmax = 3.

Similarly, we can write Eq. (3.26) in the form

d?6x; d%5 xg dé zg déxs dé xg
x S So—=L + S, ) oxg + Txo
Qo5 T Qg TS +So— = + 8=+ Todes + Todxg + Tud s
UG +Usuf g+ Usu o +V =0, (4.53)

where Qg, Q., S,, So, Sx, Ts, To, Tx, Urg, Us, Us and V are all functions of known quantities evaluated on geodesics.
We again also use u®u, = —1, yielding

ddzg déx dd zs

+ M, 525 + Modxg + Mudxs + NigY§ + Nouf g + Nsul g+ P =0, (4.54)

where K,, Ky, K., M,, My, M, Nig, Na, N3 and P are again all functions of known quantities evaluated on
geodesics.

(

We describe F,, G,, Go, G, H,, Ho, H., T1o, Lo, I3, T, a misaligned nearly circular spinning-body orbit, with
Qy, Qu, Su, So, Sy Ty T, Ty Urg, U, Us, V, K, Ko, the circular inclined reference geodesic overplotted for
K.y Mo, Mg, M, N1g, No, N3 and P using Fourier ex-  reference. As in Fig. 1, the spinning-body orbit’s polar
pansions of the form (4.46). We provide the full expres- frequency is shifted so that it remains phase-locked with
sions for these functions in the Mathematica notebook  the geodesic orbit. The form of §zg, dx; and §xg for
in the Supplemental Material accompanying this article this orbit are shown in the right panels of Fig. 3. As in
[13]. We insert these expansions along with (4.49), (4.50)  Fig. 1, we plot u; and ug as well as the corrections to
and (4.51), into (4.52), (4.53) and (4.54). We then solve  the spinning body’s orbital energy 6 ES and axial angular
for the unknown variables d2s, dx3, x5, Ty, v and uf.  momentum 6LS in the right panels of Fig. 3.
In the left-hand panels of Fig. 3, we show r and 6 for



In the bottom right panel of Fig. 3, we show the spin-
correction to the Carter constant K. We plot the first-
order in spin correction to the term K,,u*u” and the
quantity 6C° which is defined in (2.36), giving us the
overall first-order correction to K denoted §K°. For
equatorial reference geodesics, 6Q° has the simple form
2as, as was discussed in our companion article Ref. [9].
In this case, when the orbit is inclined and the spin vector
is precessing, we find that the first-order in spin correc-
tion to K, u*u" is no longer constant. The oscillations in
this quantity precisely cancel oscillations in 6C*, yielding
constant values for K and 6Q°.

8.  Generic orbits

We finally examine generic orbits of spinning test bod-
ies. We use the following Fourier expansion

oo 1
FO) = D7 D7 fyawe Uretmeehe) - (4.55)

n,k=—o0 j=—1

for the various quantities we must evaluate. To evaluate
these expressions, we truncate the Fourier expansion at a
finite value; for the expansion above, we truncate the ra-
dial series at nmax and the polar series at kpax. By trun-
cating this Fourier expansion at an appropriately large
Nmax and kmax, we can compute orbits with an arbitrar-
ily high eccentricity and inclination.

In general, the radial and polar motions are coupled
and consequently orbits of spinning bodies have radial
and polar turning points that vary over the course of
the orbit. This means that positions of the radial turn-
ing points depend on 6 and likewise the polar turning
points depend on the radial position of the body, as ex-
plicitly shown in Ref. [12]. In addition, the turning points
depend on the precession phase v, defined in equation
(2.48). Therefore, as in Eqgs. (4.7) — (4.8), we include the
terms dzg and dxg in our parameterization to capture
the modification to the libration range, yielding

_ pM
1+ ecos (wy + X (w,) + 5x5)
cos 0 = sin I cos (wg + 6Xg(wp) + 05 ) + dxs . (4.57)

r + 625, (4.56)

As described in Sec. IV A 2, the true anomaly angles x>
and 5)(*3 contained inside the arguments of the cosines in
Egs. (4.56) and (4.57) consist of purely radial and purely
polar oscillations respectively:

5yS = Z S5 e (4.58)
= |

oxg = Z 6Xg,ke_lkw9. (4.59)
k=—o0

Motion that is not purely radial or purely polar is sub-
sumed into the functions §zg and § xg. These quantities
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FIG. 4. Plot of residuals versus kmax for a generic (e = 0.1)
orbit of an aligned (s = s) spinning body. We plot 15,
uio, u;c;’o using red circular, orange square and blue triangular
markers respectively. As in Fig. 2, we compute the residuals
by evaluating the change between subsequent values of kmax
for each of the quantities plotted. Top panel shows I = 10°;
middle shows I = 20°; and bottom shows I = 30°. In all
cases, Nmax = kmax, the large black hole has spin parameter
a = 0.9M, and the orbit has p = 10.

are written as Fourier expansions of the form (4.55). For
the radial libration variation,

1 00
Gos =3 > Oug e rthwotivg (4 60)

j=—1n,k=—o0

where k and j cannot both be zero; for the polar libration
variation,

1 o)
Sas =D > Gus jure orthwotivg g 61)

j=—1n,k=—oc0

where n and j cannot both be zero.
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FIG. 5. Example of generic orbit motion for an aligned spinning test body around a Kerr black hole with a = 0.9M. Top left
panel shows r versus A for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial reference geodesic
has p = 4, e = 0.3. Note that, in the two left panels, we have used an unphysically high spin us/M = 10 in order make
the spin-curvature effects clearly visible. Also note that the spinning-body orbit has been shifted slightly: its radial frequency
Y, = T, + TS has been replaced with T, and its polar frequency Ty = Ty + T5 has been replaced with Yy. This is done
so that in the plot the geodesic and the spinning-body orbit remain phase-locked, which helps to illustrate differences in their
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motion between each turning point. Bottom left panel shows cos @ versus A for a geodesic (black dashed) and a spinning test

body (blue solid) orbit. The polar reference geodesic has I = 15°. Again, note that for making this plot, the spinning-body
orbit has been shifted slightly: its polar frequency Yy = Ty + Y5 has been replaced with Ty for the same reason described

above. The right column shows §x3, d2g, x5 and s, all versus A and all drawn using black solid lines. In making these

plots, we have used s = s and Nmax = kmax = 3.
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FIG. 6. Example of the spin contributions T3 and Tj to the radial and polar Mino-time frequencies T, and Yy, as well as
spin contributions Q7 and QF to the radial and polar coordinate-time frequencies Q, and Qy. Top left panel shows Y3 versus
p with e = 0.5 and I = 0° for different values of a. Bottom left panel shows Y5 versus p with e = 0 and I = 30° for different
values of a. Top right panel shows QF (black dashed) and Qi (blue solid) versus p with a = 0.9M, e = 0.5 and I = 0°. Bottom
right panel shows Qf (black dashed) and Q3 (blue solid) versus p with @ = 0.8M, e = 0 and I = 30°. In making these plots,

we have used Nmax = Kmax =
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FIG. 7. Example of the spin contributions T2 and T3 to
the radial and polar Mino-time frequencies Y, and Yy. Top
panel shows Y7 versus p with e = 0.1 for I = 0° (red), I = 15°
(orange), I = 30° (yellow) and I = 40° (blue). Bottom panel
shows Y5 versus p with I = 15° for e = 0 (red), e = 0.1
(orange), e = 0.2 (yellow) and e = 0.3 (blue). In making
these plots, we have used a = 0.9M and s = s.

We insert equations (4.56), (4.57) and (3.23) into (3.25) — (3.26) and linearize in spin. The radial equation (3.25)
now has the form
d*5x 7

Frope T

d?8 2s déxs d§xg dd xs
d)\2 d\ d\ d\
FHodx5 + Hadxs + Lo Y5 + Tig Y5 + Toudy + Tsud g+ T = 0.

dd zg
+g@ d\ +99

+G, +G. + H.0x5 +H,d2s

(4.62)

As we have seen in earlier expressions, the quantities F,., F,, G, G,, Go, G, Hr, Ho, Ho, H o, Lir, Thg, Lo, I3 and J

are all functions of known quantities evaluated on geodesics. Eq. (3.26) becomes

d*5x;
d\?

d?5 xg déx3 db2g dsxs db g
d\2 T S d\ T S d\
+7796Xg + Txa% + UITTTS + u]QTGS + L[guf,o + Z/[gui’o +V =0 ,

o)

+ Q.

+ S, + Sp

+ To0x5 + Todes
(4.63)

where Qy, Q., Sr, S,, So, Sx, Try Tsy To, Txy Urr, U1, Us, Us and V are all functions of known quantities evaluated
on geodesics. We also use u“u, = —1 to obtain

dsx;
d\

ddzs
d\

doxg
d\

ds
dfs + M6XS + M,S2g + Mdys + M, xs

+NLYE 4+ Nip X)) +N2Uf:0 +N3Ug70 +P=0,

K, +KC,

+ Ko + K.

(4.64)

where K., K,, Ko, K., My, M,, Mg, M., Ni,, Nig, No, N3 and P are again all known functions evaluated on
geodesics.

(

We describe F., F,, G, G., Go, G, Hr, Ho, Hoy Hoay L1r,
Il(% IQ; 1.37 \77 QG, Q%v Sra S?/; 893 S%a 7;7 7—27 7-97 T%v
ul'r; ul@; u2> UBa Va IC’M Icza K@» IC%’ MT) M@ MO, M%a
Nir, Nig, No, N3, and P using Fourier expansions of the

form (4.55). We provide full expressions for these func-
tions in the Mathematica notebook in the Supplemental
Material for this paper [13]. We insert these expansions
along with (4.58), (4.59), (4.60) and (4.61) into (4.62),



(4.63) and (4.64). We then solve for the unknown vari-
ables §x=, d2s, 0x5, dxs, Y7, T35, uf and ug This
frequency-domain approach therefore naturally allows us
to compute the first-order-in-spin corrections to the or-
bital frequencies T2 and T;,? for totally generic orbits of
spinning particles.

In Fig. 4, we see how Ty converges to its true val-
ues as Nmax and knax increase for a reference geodesic
that is both inclined and eccentric. In Sec. IVB1, the
convergence of Ty for nearly circular (e = 0) orbits is
plotted in Fig. 2. At all inclinations, at ngmax = 2, the
residuals are smaller for the e = 0 reference orbit than
for the slightly eccentric e = 0.1 reference orbit. For
the smallest inclination I = 10° (top panel), this differ-
ence holds for all ny,.y; the quantities corresponding to
a reference geodesic that is both eccentric and inclined
(Fig. 4) all converge slower than those corresponding to
a reference geodesic that is nearly circular and inclined
(Fig. 2). However, as the inclination is increased, the dif-
ference in the rate of convergence between the eccentric
and circular cases decreases. At the highest inclination,
I = 30°, they converge at roughly the same rate.

Fig. 5 shows an example of r and 6 for a generic
spinning-body orbit, in addition to the functions 6y,
6)(5, d2s and dxg which go into constructing the orbit’s
r and 6. In the two left-hand panels of Fig. 5, the ref-
erence geodesic orbit associated with this spinning-body
orbit is overplotted with a dotted black curve; both the
radial and polar frequencies associated with the spinning-
body orbit are shifted so that it remains phase-locked
with the geodesic reference orbit. In addition, us/M has
been chosen to have an unphysically large value of 10 in
order to clearly show the effect of spin-curvature coupling
on the shape of the orbit.

Figure 6 shows how Y varies with p for nearly equato-
rial eccentric orbits, and likewise how Tg varies with p for
nearly circular inclined orbits. Notice that the spin cor-
rections to the polar Mino-time frequencies Yj (bottom
left panel) have a different dependence on p compared to
the radial Mino-time frequencies Y (top left panel). For
all spins, we see that the radial correction Y% increases
rapidly near the last stable orbit (LSO). For small values
of a, the behavior of Tg is similar, increasing as orbits
approach the LSO, albeit with a shallower slope. How-
ever, for large a (a > 0.8M), a different trend emerges.
For a = 0.85M and a = 0.87M the curve flattens, with
a slight uptick as it approaches the LSO; for a = 0.89M
and a = 0.9M, the curve reaches a maximum and begins
to trend downwards very close to the LSO, as can be seen
in the bottom left panel of Fig. 6. The dependence of the
frequency corrections on a is fairly similar for both Y%
and T*g : In both cases, at fixed p, the frequency correc-
tion is larger for the smaller value of a. Fig. 6 displays
coordinate-time frequency corrections €2, 29 and € for
an equatorial orbit (top right panel) and an inclined orbit
(bottom right panel).

Fig. 7 shows how the corrections to the radial T3 and
polar Tg Mino-time frequencies vary with p, e and I
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when the reference geodesic is both inclined and eccen-
tric. In Fig. 7, we see similar trends to those in Fig. 6. In
the bottom panel of Fig. 7, Tg increases with decreasing
p until it reaches a maximum and then begins to decrease
as p approaches the LSO. Increasing the eccentricity of
the orbit shifts the maximum Y3 to a higher value. In
the top panel of Fig. 7, T increases with decreasing p.
Increasing the inclination angle of the orbit leads to a
more rapid increase in Y3 as p approaches the LSO.

V. SUMMARY AND FUTURE WORK

In this paper, we present a frequency-domain approach
for precisely computing the orbits of spinning bodies.
This extends the work presented in our companion paper
[9] by considering completely generic orbits with arbitrar-
ily oriented spin, going beyond the equatorial and nearly
equatorial orbits discussed previously. In Sec. ITI, we out-
line our perturbative approach to studying spinning-body
dynamics both qualitatively and quantitatively, and in
Sec. IV A, we describe how we compute spinning-body
orbits in the frequency-domain. In Sec. IV B, we discuss
the results we obtain using frequency-domain methods;
in particular, we compute the corrections to the radial
Y9 and polar T‘g frequencies due to the spin of the or-
biting body.

There are several future avenues we plan to explore re-
lated to this work. First, we aim to study the role played
by nonlinear-in-spin terms near resonance in pushing the
spinning-body dynamics from integrable to chaotic via
the KAM theorem; this would extend the preliminary
investigation in Ref. [10]. Second, we are working on in-
corporating secondary spin into gravitational waveform
models using an osculating geodesic scheme [40, 41]. For
example, this method has already been applied to pro-
duce spinning-body inspirals for a Schwarzschild back-
ground in Ref. [42]. Our goal is to build a framework for
completely generic adiabatic inspirals of spinning bodies.

In addition, we aim to systematically explore and
present the orbital frequencies obtained in this work.
First, we want to explicitly demonstrate that the fre-
quencies obtained in Ref. [12] are entirely equivalent to
those presented in this work. We explicitly show the
equivalence of the two approaches for the equatorial spin-
aligned case in App. B and we intend to extend this com-
parison to include frequencies associated with completely
generic orbits. Second, we plan to compare with Post-
Newtonian results based on the analysis in Refs. [43] and
[44] as another validity check of our results. A catalog of
these frequencies and how they vary with the parameters
describing orbits and the small body’s spin orientation is
likely to be of use as waveform models for large mass ratio
systems are developed and incorporated in gravitational-
wave measurement pipelines.
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Appendix A: Reference geodesics

There are different mappings that can be constructed
from the triplet of constants (p, e, I) defining a geodesic
(i.e., the “reference” geodesic) to a particular spinning-
body orbit. The choice of reference geodesic we use in
this article is discussed in Sec. IV A 2. In brief, we find
spinning-body orbits for which the “purely radial” and
“purely polar” components of the motion have the same
turning points as the reference geodesic; see Sec. IV A 2
for mathematical details. However, there are other phys-
ically equivalent mappings which can be used instead and
may be particularly useful in certain circumstances. We
outline three approaches that have appeared in the liter-
ature below.

1. Reference geodesic has the same turning points
as the spinning-body orbit

The definition of reference geodesic we use in this work
is most similar to that used by Mukherjee et al. in Ref.
[45] and Skoupy et al. in Ref. [46]. In Refs. [45] and [46],
they study eccentric equatorial orbits where the spin is
aligned, and in this case the reference geodesic has the
same radial turning points as the spinning-body orbit un-
der consideration. In our approach, we generalize this for
generic orbital configurations and misaligned small-body
spin: The purely radial and purely polar parts of the
spinning-body motion are constrained to have the same
libration range as the corresponding reference geodesic.
Complementary to this, there are additional corrections
to the libration range due to motion that is not purely
radial, or purely polar (see Sec. IVA2). For example,
if the reference geodesic is equatorial, the correspond-
ing spinning-body orbit is not equatorial except in the
aligned spin case. Instead, it lies O(S) out of the equa-
torial plane. An example of a reference geodesic with the
same radial turning points as the corresponding spinning-
body orbit is shown in Fig. 8(a).

2. Reference geodesic has the same initial
conditions as the spinning-body orbit

In the analyses by Bini et al., the reference geodesic is
defined as the geodesic that has the same initial condi-
tions as the corresponding spinning-body orbit [47, 48].
Work by Mashoon et al. takes a similar approach [49].
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For example, in Ref. [47], analytic expressions for a
spinning-body orbit with the same initial position and
4-velocity as a circular equatorial reference geodesic is
obtained; this calculation can represent a scenario where
spin-curvature force is “turned on” at a certain point
along a geodesic orbit and subsequent spinning-body mo-
tion is computed. An example of a reference geodesic
with the same initial conditions as the corresponding
spinning-body orbit is presented in Fig. 8(b).

3. Reference geodesic has the same constants of
motion as the spinning-body orbit

In the analysis by Witzany in Ref. [12], the “fidu-
cial” geodesic is taken to be the geodesic with the
same constants of motion as the spinning-body orbit,
modulo a —2assgn(L, — akF) correction to the defini-
tion of the Carter constant K. The inclusion of the
—2assgn(L, — aF) term in the choice of fiducial map-
ping ensures that the formulae for the turning point cor-
rections presented in Eq. (48) of Ref. [12] are finite for
motion in the equatorial plane. The turning point spin-
corrections corresponding to those constants of motion
are then computed and used to parameterize the orbital
motion. An example of a reference geodesic with the
same constants of motion as the corresponding spinning-
body orbit is presented in Fig. 8(c). See App. B for a
detailed discussion of the approach in Ref. [12] and an
explicit comparison with our formulation for the case of
equatorial, aligned-spin orbits in a Schwarzschild back-
ground.

Appendix B: Comparison with Witzany, 2019

In Ref. [12], Witzany outlines an approach for obtain-
ing the equations of motion for spinning bodies to first-
order in spin using the Hamilton-Jacobi equation. This
approach yields the equations of motion Egs. 46(a) — (c)
in Ref. [12] which we reproduce here:

dr

o 12 _ o ok zCD

N :EA\/w,. eores., xS, (B1)
do ~

O i\/wéz — eopepernsP, (B2)

2 N F s N
%:\/E (r +L})E aLZ+aLZ Aa(l 22)E ,
d\ K + 7’2 K — a222
(B3)

where the tetrad eg. is the parallel transported tetrad
given by Egs. (2.45) — (2.46) in Sec. IIC. Here B, C
and D are labels for the tetrad legs. Note that v, in Eq.
(B3) is denoted ¢ in Ref. [12]; Eq. (B3) is identical to
Eq. (2.47). The expressions for §¢p are underneath Eq.
(33) in Ref. [12]. From Egs. (B1) — (B3), we can find
the turning points of the equations of motion using the
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FIG. 8. Example of radial motion for an aligned, spinning
body in an equatorial orbit around a non-rotating black hole
(a = 0). All panels show r versus X for a spinning body (blue)
and corresponding reference geodesic (black, dashed) orbit.
Radial turning points, corresponding to p = 8.13721, e =
0.525726, of the spinning body’s orbit are shown by the solid
red lines. Different choices of reference geodesic for the same
spinning-body orbit are shown in (a), (b) and (c). Top. (a)
The spinning-body orbit and reference geodesic have the same
turning points. Middle. (b) The spinning-body orbit and
reference geodesic have the same initial conditions. Bottom.
(¢) The spinning-body orbit and reference geodesic have the
same constants of motion. In making these plots, we have
used s = s and ps/M = 0.05.

condition that the 4-velocities vanish:

1\2 K CD __
(wy) —eoyelyeprs =0,

(B4)
where y = r, 0. Using condition (B4), Witzany derives
analytical expressions for the corrections to the turning
points due to the small body’s spin. These expressions
can be found in Egs. 48(a) — (f) of Ref. [12] and apply
for fully generic orbits in the first order in .S limit.

1. Description of the two approaches

The framework used in Ref. [12] is an alternative
method for calculating spinning-body orbital frequencies
T, and Ty. In an approach analogous to that used by
Carter in Ref. [27], Witzany uses the Hamilton-Jacobi
equation to obtain expressions for dr/d\ and df/d),
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yielding Egs. (B1) — (B3). The Mino-time frequencies
T, and Yy are then calculated by integrating these ve-
locities with respect to angle-type coordinates; this pro-
cedure is in turn analogous to that used in Refs. [16, 20]
to compute geodesic Mino-time frequencies. The ap-
proach we use in this article is to solve the Mathisson-
Papapetrou equations (2.38) — (2.39) directly in the
frequency-domain. We introduce a frequency correction
explicitly into our parameterization and solve for it as
one of the unknowns in a linear-algebraic system.

The orbital motion of the spinning body is parame-
terized differently in the two descriptions. In Ref. [12],
analytic expressions for the corrections to the turning
points are obtained using the aforementioned Eqgs. (B1)
— (B2). The spinning body’s motion is then parameter-
ized in terms of these analytic expressions for the turning
points. In our analysis, we do not have explicit expres-
sions for turning point corrections built into our parame-
terization. Instead, we divide the corrections to the mo-
tion of the spinning body into two categories: We include
corrections which do not alter the libration range relative
to the reference geodesic (6x2, dx5), as well as correc-
tions which do modify the libration range (d2s, d%g).

In summary, in Ref. [12], the constants of motion
(E, L., K) associated with a certain geodesic (called the
“fiducial geodesic”, as discussed in App. A 3) are selected,
and the turning point corrections for the corresponding
spinning-body orbit with the same constants of motion
are computed (modulo a —2as|sgn(L; —aF) adjustment
to K), whereupon the frequency corrections can be ob-
tained. Contrastingly, in our framework, we begin by
choosing the turning points (p, e, I) for a particular ref-
erence geodesic. We then compute the spinning-body
orbit which has purely radial and purely polar motion
constrained to match the turning points of the refer-
ence geodesic. The concomitant frequency corrections
and constants of motion for that orbit can then be com-
puted. We show below that our method is consistent with
Ref. [12] for orbits in the equatorial plane with aligned
small body spin®; we leave a detailed comparison of the
frequency corrections for fully generic orbits for future
work.

2. Numerical comparison of the two approaches

We compare between the method described in this pa-
per and that presented in Ref. [12] by evaluating the ex-
pressions for the radial turning point corrections. For
equatorial orbits of a small body with aligned spin and

3 As mentioned in Ref. [12], Witzany conducted a similar consis-
tency check using the effective potential given by Tod et al. [50]
and Hackmann et al. [51].



a =0, Egs. 48(a) — (f) in Ref. [12] become:
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where Jr is the radial turning point correction evaluated
at the fiducial geodesic turning points, which are denoted
rg¢. This reduces to a simple expression for §r:

ESLE(r —2M)(r — 3M)

O = ST = 20 = r(BS)2(r — 300

(B8)

T=Tgt

Note that E° and LY here are the energy and angu-
lar momentum of the spinning-body orbit. As discussed
in App. A3, the fiducial geodesic is the geodesic orbit
that has the same energy and angular momentum as the
spinning-body orbit we are considering, i.e., Enq = ES
and L,pq = LY. Eq. (B8) is evaluated at the turning
points of the fiducial geodesic, 741 and 742, and gives the
correction to these turning points d7(rg1) and dr(rgwm)
due to the spin of the small body.

a. Procedure for computing turning points

As discussed in Appendix A, the approach in Ref. [12]
is to consider a fiducial geodesic which has the same con-
stants of motion as the spinning-body orbit; this fiducial
geodesic has turning points given by 741 and rge. The
turning point corrections are then computed using Egs.
48(a) — (f) in Ref. [12].

1. We begin with the constants of motion for a
spinning-body orbit with semi-latus rectum p and
eccentricity e. The energy E° and angular momen-
tum L7 corresponding to this choice of p and e are
given by

ES=E+6E°, L5=1L,+6L%, (B9)

where expressions for E, L., §ES and SLY are given
by Egs. (B15), (B16) and (B17) of Ref. [9]. We
reproduce these equations below:
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2. By using Eﬁd = ES and .i/z’ﬁd = Lf and invert-
ing equations (B10), we can find expressions for
the semi-latus rectum pgq and eccentricity egq of a
geodesic orbit, given £ and L?. Notice that these
are not that same as semi-latus rectum and eccen-
tricity of the spinning-body orbit — they are the
semi-latus rectum and eccentricity corresponding
to a geodesic orbit that has the same energy E°
and angular momentum L? as the spinning-body
orbit we are considering.

3. Then, the fiducial turning points can be found, us-
ing:

paaM
1+ efq

(B13)

y  Tgt2 =

4. Next, we evaluate Eq. (B8) to find dr at each of
these fiducial turning points: 07(rg1) is the correc-
tion to the fiducial apastron and dr(rg2) is the cor-
rection to the fiducial periastron. We add these cor-
rections to find the spin-correction turning points:

Tst1 = Tg1 + 07(Tge1) , Ttz =Tz +07(rg2) . (B14)

5. We can convert these turning points rg1 and 744

into semi-latus rectum p and eccentricty e of the

spinning-body orbit using;:
2rstlrst2

pM = 2
Tst1 + Tst2

Tst1 — T'st2

. (B15)
Tst1 + Tst2

b.  Numerical example

We follow the procedure outlined in Sec. B2a with
a specific numerical example. For this example case, we
already know the turning points of the radial motion and
we verify that the turning points computed using Eq.
(B8) are consistent. Consider a spinning-body orbit with
small-body spin ps = 0.001M, semi-latus rectum pM =
7TM and eccentricity e = 0.4.

1. From Eq. (B9), this orbit has ES = 0.951965 and
L =3.57273M.

2. Using Eﬁd = E° and ZALZVHd = Lf and inverting
equations (B10), we find that pgq = 7.05356 and
efa = 0.394709.

3. Next, we find the fiducial turning points 74 and
rqi2 using Eqgs. (B13); they are rg; = 11.6532M
and 7441 = 5.05737M.

4. Then, we find that or(rg;) = 0.0135323M and

0r(rgi2) = —0.0517264M. The spinning-body
turning points are rg; = 11.6667M and rg e =
5.00564 M.

5. The spinning-body p and e are found using Eq.
(B15): p = 7.00553 and e = 0.399527. We have
recovered the expected p and e for this orbit.
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