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Very large mass ratio binary black hole systems are of interest both as a clean limit of the
two-body problem in general relativity, as well as for their importance as sources of low-frequency
gravitational waves. At lowest order, the smaller body moves along a geodesic of the larger black
hole’s spacetime. Accurate models of such systems require post-geodesic corrections to this motion.
Post-geodesic effects that drive the small body away from the geodesic include the gravitational self
force, which incorporates the backreaction of gravitational-wave emission, and the spin-curvature
force, which arises from coupling of the small body’s spin to the black hole’s spacetime curvature. In
this paper, we describe a method for precisely computing bound orbits of spinning bodies about black
holes. Our analysis builds off of pioneering work by Witzany which demonstrated how to describe
the motion of a spinning body to linear order in the small body’s spin. Exploiting the fact that in
the large mass-ratio limit spinning-body orbits are close to geodesics (in a sense that can be made
precise) and using closed-form results due to van de Meent describing precession of the small body’s
spin along black hole orbits, we develop a frequency-domain formulation of the motion which can be
solved very precisely. We examine a range of orbits with this formulation, focusing in this paper on
orbits which are eccentric and nearly equatorial (i.e., the orbit’s motion is O(S) out of the equatorial
plane), but for which the small body’s spin is arbitrarily oriented. We discuss generic orbits with
general small-body spin orientation in a companion paper. We characterize the behavior of these
orbits, contrasting them with geodesics, and show how the small body’s spin shifts the frequencies
Q, and Qg which affect orbital motion. These frequency shifts change accumulated phases which are
direct gravitational-wave observables, illustrating the importance of precisely characterizing these
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quantities for gravitational-wave observations.

I. INTRODUCTION AND MOTIVATION
A. Extreme mass ratio inspirals of spinning bodies

Extreme mass-ratio inspirals (EMRIs) are stellar-mass
compact objects (of mass p) which orbit a massive black
hole (mass M) and inspiral due to the backreaction of
gravitational-wave (GW) emission. They are predicted
to be a key source of low-frequency gravitational waves,
which will be targeted by the planned space-based Laser
Interferometer Space Antenna (LISA) [1, 2]. The mass
ratios of EMRI systems are small; ¢ = /M lies in the
range 1077-10~%. This means that the smaller object
makes O(1/g) ~ 10%-107 orbits during inspiral. By
matching phase with theoretical model waveforms (“tem-
plates”) over those many thousands or millions of orbits,
it is expected that EMRI GWs will make possible very
precise measurements. Some of the science goals of EMRI
measurements are to precisely determine the properties
of the EMRI’s black hole and its inspiraling companion
[3], to probe that black hole’s astrophysical environment
[4H7], and to robustly test the Kerr nature of the black
hole spacetime [8H12].

An EMRI’s mass ratio means that these systems can
be treated perturbatively. This facilitates developing use-
ful theoretical models, since models of the system can
be developed using techniques from black hole perturba-
tion theory — we treat the binary as general relativity’s
exact Kerr solution [13], and add a perturbation which
describes the smaller body. In addition to accurately de-
scribing systems with extreme mass ratios, applications

of perturbation theory play a role in helping to under-
stand intermediate mass ratio and even comparable mass
binaries [14H18]. Especially as the ground-based detec-
tors uncover systems with very unequal mass components
[19} 20], there is great interest and potential in combin-
ing perturbation theory with numerical relativity [21] and
analytic strong-field approaches [22H27].

At zeroth order in the mass ratio ¢, the small body
travels along a geodesic of the background spacetime of
the massive black hole with four-momentum p®, obeying

Dp®

e 0, (1.1)
where D/dr is the covariant derivative computed along
the orbit and 7 is proper time. When finite mass ratio
and finite size effects are taken into account, the right-
hand side of Eq. is replaced by a force f®. An
example of such a force is the gravitational self force,
which describes the small body’s interaction with its own
spacetime curvature [28434]. The self force encodes the
backreaction which drives GW-driven inspiral, as well as
conservative effects that shift orbital properties relative
to the geodesic.

In this paper, we examine the force that arises due
to the coupling of the background curvature with the
spin of the small body, the spin-curvature force fg. The
equation governing the small body’s motion becomes

Dp* 1 A
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dr I 2 Aol (1.2)
This is one of the Mathisson-Papapetrou equations, and
will be discussed in detail in Section [II, Here R*, ),




is the Riemann curvature tensor of the background
spacetime, and u” is the 4-velocity associated with the
smaller’s orbital motion. The tensor S*? describes the
spin of the orbiting body. If that body is a Kerr black
hole, S*? o spu? where s is a dimensionless spin param-
eter with s < 1. The spin-curvature force thus affects
the orbiting body’s motion at next-to-leading-order in
mass ratio, just like many important self force effects
1311, 33}, 35].

B. Past work

A great deal of work, both numerical and analytic,
has gone into developing models for the dynamics of and
gravitational waves produced by systems containing spin-
ning members. Two limiting approaches have been used
extensively for analytic modeling of such systems: the
post-Newtonian PN approximation, formally good when
members of the binary are widely separated and orbital
speeds are small compared to light, and the extreme
mass-ratio limit described in Sec. [[Al The effective-one-
body (EOB) framework synthesizes elements from post-
Newtonian, extreme-mass-ratio, and numerical relativity
results in order to construct a useful prescription for mod-
eling inspirals across a wide parameter space. The dy-
namics of comparable mass binaries with spinning com-
ponents has been explored in many post-Newtonian stud-
ies [36H42]; complementary to this, binaries with spinning
members have been investigated extensively in numeri-
cal relativity simulations [43H48]. Considerable work has
also been undertaken to develop EOB models that in-
clude spin and quantify their reliability [24H27, 49H51]; a
comparison of spinning effective one body Hamiltonians
can be found in Ref. [52].

In addition, studies of the relativistic three-body prob-
lem correspond to the spinning two-body problem in cer-
tain regimes. For example, in hierarchical triple systems,
there can be a correspondence between the orbital an-
gular momentum of the so-called “inner” binary (a two-
body system which itself orbits a massive black hole) and
the spin of a test body. This correspondence holds if
the separation of the inner binary is much smaller than
the curvature scale associated with the black hole about
which the inner binary orbits [53].

A number of studies have examined the motion of spin-
ning bodies orbiting black holes. Many of these studies
have focused either on numerical treatment of the Pa-
papetrou equations (for example, Refs. [54456]), or on
constrained orbital geometries such as nearly circular or
nearly equatorial orbits. For example, Ref. [57] finds ana-
lytic expressions for the radial, meridional, and spin pre-
cession frequencies, including terms quadratic in spin for
the limit of nearly circular, nearly equatorial orbits (see
in particular Sec. IV B of [57]).

Treating the system to first order in the small body’s
spin has astrophysical relevance in the context of EM-
RIs. A scheme of this type was outlined in Ref. [568] and

elucidated further in Refs. [59][60]. Spinning-body orbits
have been computed to first order in spin using similar
frameworks in Refs. [61H63]. A useful effective potential
approach presented in Refs. [64H66] describes equatorial
orbits when the spin of the small body is aligned with
the orbit. This method has been employed to compute
corrections to orbital frequencies and explore resonance
effects for equatorial orbits [67H69]. Corrections to the in-
nermost stable circular orbit (ISCO) location of spinning-
body motion have also been calculated [T0H75].

Another thread to this research is the use of a canon-
ical Hamiltonian framework to describe the motion of
a spinning body [76]. An explicit Hamiltonian for the
Newton-Wigner supplementary condition was presented
to linear order in spin in Ref. [77], and later extended
to quadratic order by Vines et al. [78]. This canon-
ical Hamiltonian picture provides the basis for certain
spinning EOB models |79, [80]. Witzany et al. presented
an overview of Hamiltonians for several commonly used
spin supplementary conditions, including the Tulczyjew-
Dixon condition, in Ref. [81]. A Hamilton-Jacobi formu-
lation of spinning-body motion, which exploits the sep-
arability of parallel transport in order to determine the
turning points analytically, is also known and can be used
to compute corrections to the orbital frequencies [82]. A
covariant Hamiltonian formalism has also been used to
describe spinning-body motion [83] [84]. This approach
is used in Ref. [85] to describe circular orbits of spin-
ning bodies in Kerr without truncating higher order spin
terms, as well as to study non-planar bound orbits in a
Schwarzschild background.

Post-Newtonian analyses long ago indicated that spin-
ning binaries exhibit chaotic dynamics [86H88]. The in-
tegrability of eccentric, spinning back hole binaries up to
second post-Newtonian order was demonstrated in Ref.
[41], with action angle variables presented explicitly in
Ref. [42]. In the extreme mass ratio limit, numerical
studies in both Schwarzschild [89] and Kerr [90} 91] back-
grounds found evidence for chaotic motion. However, the
linear-in-spin Hamilton-Jacobi analysis of Witzany [82]
found that the equations of motion “almost” separate —
the librational motion in the radial and polar directions
is coupled only by the way in which the libration region
varies over an orbit. As such, Witzany shows that the
equations of motion are amenable to computing impor-
tant quantities such as frequencies associated with the
orbits of spinning bodies. This analysis indicates that
terms beyond linear in spin are necessary in order for
orbits to exhibit chaos. Indeed, numerical studies have
show that prolonged resonances leading to chaotic mo-
tion can be attributed to terms that are second order in
spin [92].

Non-integrability and the possibility of chaotic dynam-
ics in the orbits of spinning bodies has received partic-
ular attention due to the implications of this for gravi-
tational wave detection [93]. However, even if the mo-
tion remains perfectly predictable, it is crucial to under-
stand and quantify the effect a small body’s spin has on



the dynamics of black hole orbits and the gravitational
waves produced in spinning-body EMRI systems. The
measurability of the secondary spin and its influence on
EMRI parameter estimation has been assessed in previ-
ous studies [94H97]. Quasi-circular equatorial orbits with
the spin of the small body aligned with the orbit provide
a useful limit that has been studied extensively, and is
often used to verify new methods for calculating gravi-
tational wave fluxes [98HI02]. Gravitational-wave fluxes
from equatorial orbits with aligned spin [65, [103] and
quasi-circular orbits with misaligned spin [104] have also
been well studied. Warburton and collaborators investi-
gated the gravitational wave emission of a spinning body
with misaligned spin orbiting a non-rotating black hole
in Ref. [105]. The impact of different spin supplementary
conditions on gravitational wave fluxes has been explored
for both Schwarzschild [106] and Kerr [107] black holes.
Finally, as we were completing this analysis, Mathews et
al. presented a detailed examination of the impact of a
spinning secondary on the self force [108], focused on the
simplest case (Schwarzschild background, spin parallel to
orbit, circular configuration).

C. This work: Synopsis of our formulation

In this work, we examine orbits under the influence
of the spin-curvature force f§. Because our focus is on
extreme mass-ratio systems, we truncate all spin effects
at leading order in the small body’s spin. Under the as-
sumption that the small body is itself a Kerr black hole
(an astrophysically plausible assumption for EMRI sys-
tems), the small body’s spin has a magnitude that scales
with its mass squared. Terms beyond linear in spin thus
scale very steeply with the system’s mass ratio. At this
order, a closed-form description of the spin precession is
known [L7], amounting to parallel transport of a vector
along a Kerr geodesic. With the precessional dynamics of
the small body’s spin in hand, we can straightforwardly
compute the spin-curvature force. From this, we find the
spinning-body trajectory [r(t), 0(t), ¢(t)] consistent with
the spin-curvature force by solving Eq. .

Following Ref. [17], we characterize the small body’s
spin using a set of quantities {S1,5% 5%} which repre-
sent the components of its spin vector projected onto
three legs of a tetrad used in the closed-form analysis
of its precession (see Sec. [IID). (A fourth component
SO, corresponding to the remaining leg of the tetrad, is
constrained to be zero by the spin supplementary con-
dition discussed in Sec. @) We write its magnitude

S =, /S‘Z| + 5%, where S| = 5% describes the component

normal to the orbital plane, and S; = 1/(S1)2 + (52)2
describes its magnitude within this plane. If S, # 0,
then components of the spin vector oscillate in the or-
bital plane with a frequency {2, describing a precession
of the spin vector along its orbit; this frequency is de-
scribed in more detail in Sec. and computed in Ref.

[17]. At leading order in spin, the quantities S and S
(and thus S) are constants of motion along the spinning
body’s orbit.

Because we consider the small body’s spin to be a
small parameter, the spinning-body orbits we examine
are “close to” geodesic orbits (in a sense made more pre-
cise later). We begin our discussion of spinning-body
orbits by examining how we parameterize bound Kerr
geodesics. The radial motion of bound geodesics is typi-
cally described using a semi-latus rectum p and an eccen-
tricity e, such that the orbit oscillates between apoastron
at 11 = pM/(1 — e) and periastron at ro = pM/(1 + e).
The polar angle 6 of a bound orbit oscillates such that
—sin] < cosf < sinl. Using these bounds, we write
these motions

pM

_ 1.3
1+ecosx, (13)

7= cosf = sin I cos g -

Here and throughout this paper, we use a “hat” accent
(e.g. 7) to denote a quantity which is evaluated on a
geodesic. The definitions introduce the angles x,
and Xg, which are generalizations of “true anomaly” an-
gles often used in discussions of orbits in Newtonian grav-
ity. The libration range of the geodesics does not change
over an orbit, so that p, e and I are all constants of
motion. Geodesics can be equivalently characterized by
another set of constants of motion: F, L, and @, which
denote a geodesic’s energy, axial angular momentum and
Carter constant respectively. These quantities are dis-
cussed in more detail in Sec. [1l

Spinning-body orbits cannot in general be parameter-
ized in the same way as geodesics using Eq. . For the
“nearly equatorial” cases that we consider in this paper,
we find the following parameterization robustly describes
these orbits:

pM T
=———  0=—-+4+g.
" 14 ecosx, 2+ o

(1.4)
This radial motion has turning points at r = pM/(1+e),
exactly as for geodesic orbits. However, the anomaly an-
gle x, is not the same as the anomaly angle X, which
describes geodesic motion. We elaborate on the differ-
ence between these angles in Sec. V]| The polar angle de-
viates from the equatorial plane by §dg, a quantity with
an amplitude O(S] ) which oscillates at harmonics of the
frequency Q. If S| = 0, so that the small body’s spin is
aligned or anti-aligned with the orbital angular momen-
tum, then 09g = 0. Aligned and anti-aligned orbits can
be purely equatorial.

For generic orbits, we find that the libration regions in
both r and 6 must be modified to include oscillations at
precession frequency €2;. We defer the details of how this
is handled to our companion analysis, Ref. [109], which
examines generic orbits of spinning bodies with generic
spin-orbit configuration.



D. Organization of this paper

In the remainder of this paper, we present our method
for precisely computing bound orbits of spinning bodies
orbiting black holes. We begin by outlining characteris-
tics of geodesics around a Kerr black hole in Sec. We
discuss the constants of motion, 4-velocities, and turning
points associated with bound Kerr geodesics in and
[TB! In[[TC, we present a frequency-domain description
of motion in a Kerr spacetime that is particularly useful
in our examination of spinning-body orbits. In Sec. |LL]
we move on to the equations of motion for a body when
its spin couples to spacetime curvature. We focus on the
leading order in spin limit that has the most relevance to
the astrophysical systems we are studying in Sec. [ILC|
In this limit, the spin vector is parallel transported along
the worldline. Given this, we discuss parallel transport
along Kerr geodesics in some detail in Sec.

We begin our detailed study of bound spinning-body
motion by examining several simple cases. In Sec. [[V]
we examine orbits which are circular and either equato-
rial or nearly equatorial, for which we can obtain closed
form analytic solutions. This simple case allows us to
establish the general principles of the framework we use
throughout the paper, as well as to compare with pre-
viously known results. We present the circular, nearly
equatorial case in detail and for general black hole spin.
In Sec. [V} we extend these circular cases by expanding
in eccentricity in order to study slightly eccentric, nearly
equatorial orbits. For general Kerr, we develop closed-
form solutions to first order in eccentricity. We also
present these solutions to second order in eccentricity for
the Schwarzschild limit.

Finally, in Sec. [VI, we use a frequency-domain treat-
ment to compute orbits with arbitrary eccentricity and
with the small body’s spin arbitrarily oriented. The
frequency-domain expansion allows us to examine orbits
with arbitrary eccentricity, provided we include enough
harmonics in our expansion. We calculate how the spin-
curvature coupling shifts the orbital frequencies €2, and
Q, from their geodesic expectations (using the fact that
the parameterization for nearly equatorial spinning-body
orbits is very similar to the parameterization of equato-
rial geodesic orbits), as well as how the coupling shifts
the constants of motion £, LS and Q.

Section [VII] concludes with a summary of our results,
and an outline of plans for future work that uses the or-
bits of spinning bodies. We also briefly remark on results
we present in our companion paper [109], which describes
how to extend this framework to model fully generic or-
bits (i.e., orbits of arbitrary eccentricity and inclination)
with generic orientation of the small body’s spin.

II. KERR GEODESICS

Because we describe orbits of spinning bodies as per-
turbations of the orbits of non-spinning bodies, we be-

gin by briefly reviewing the properties of Kerr geodesics.
This content has been discussed at great length elsewhere
[L10HI19]; here we provide a brief synopsis in order for
the paper to be self-contained, and to introduce impor-
tant notation and conventions.

A. Kerr metric and constants of motion

The metric for a Kerr black hole with mass M and
spin parameter a in Boyer-Lindquist coordinates ¢, r, 6,
¢ [120] reads

2r b)) AMar sin? 6
2 _ _ar 2, X 2
ds® = (1 E) dt +Adr — s dtde
(r2 + a2)2 —a?Asin®6
by

+ X dbo? + sin? 0 d¢?, (2.1)

where

A=r?—2Mr+a®, Y =72 +a’cos?0. (2.2)
(Here and throughout we use geometrized units, with
G=1=¢)

Four constants of motion characterize Kerr geodesics.
The first is the rest mass p of the orbiting body. It
is determined by requiring p* = pa® (where p* is the
geodesic’s 4-momentum, and 4% its 4-velocity; recall we
use the hat accent to denote quantities defined along
geodesics) and by requiring the norm of the 4-velocity to
be —1. The Kerr metric is independent of the coor-
dinates t and ¢, implying that the spacetime possesses
two Killing vectors & and {7, corresponding to time
translation and axial symmetries respectively. These
Killing vectors yield two more constants of the motion,
the energy per unit mass £ and axial angular momentum
per unit mass L,:

E =&, =~ (2.3)

L, =0, =1, . (2.4)
Note that we have normalized these quantities by the
mass p of the orbiting body.

The Kerr metric also admits an anti-symmetric Killing-
Yano tensor [121], given by [104]
ee,) +r(enes —éer) ., (2.5)

_ 2120
Fuy = acost (eltey - 2y €

where
e, = -\/g,o,o, —asin29\/§] , (2.6)
e, = -0, \/i,o,o , (2.7)
& = {0,0, vy, 0} , (2.8)
o - :—afj%e,&oa (r? +;;) sin@] 29




This tensor has the defining property

V Fap +VgFay=0. (2.10)
Let us define the vector
LY = F*i,, . (2.11)

We will call this the orbital angular momentum 4-vector,
since it has the dimensions of orbital angular momentum
(per unit mass of the orbiting body), and reduces to the
orbital angular momentum in the Schwarzschild limit.
Notice that in Refs. [82] and [122], this vector is de-
fined with the index contracted on the second index of
F# . Because of the Killing-Yano tensor’s antisymmetry,
this results in an overall sign difference. With the defi-
nition , equatorial orbits have £? oc —L,. This is
a sensible correspondence, since (by right-hand rule) one
expects the angular momentum of a prograde equatorial
orbit (for which L, > 0) to point opposite to the direc-
tion of increasing polar angle #. We have found that this
sign swap is needed to establish correspondence between
our results and important examples of past literature. In
particular, past work which examined equatorial orbits
of bodies with spin aligned with the large black hole’s
spin and with the orbital angular momentum typically
designate the small body’s spin as pointing along the
“z direction.” This correspondence requires the “z direc-
tion” (i.e., parallel to the large black hole’s spin) to point
in the direction of decreasing 6 at the equatorial plane.
From the antisymmetry of F*¥ we see that

Lra, =0. (2.12)

Further, using Eq. (2.10), it is straightforward to show
that £# is parallel-transported along geodesics:

DLP

e AB
= =ua*V,L 0.

(2.13)

It is also not hard to show that the square of this vector

K =LFrL, (2.14)

is conserved, i.e. that

DK .
2 =40V K =0.

= (2.15)

Carter [123] first demonstrated the existence of a fourth
conserved constant for Kerr geodesic motion. This con-
stant arises from a Killing tensor K,,, which can be
thought of as the “square” of F,,,

K. =FuF" . (2.16)
The corresponding constant
K = K, pu®u” (2.17)

is identical to the K defined in 1) and is usually
called the “Carter constant.” For many analyses, it is
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particularly convenient to combine K , E, and L, into a
related conserved quantity @ given by

Q=K — (L. —a)’

= p2 4+ a®cos® 0 (1 —E2> +cot20 L2 .

(2.18)

(2.19)

Confusingly, Q is also often called the Carter constant;
we will use both K and @ from time to time in our anal-
ysis. The constant @ is particularly useful for discussing
geodesics, so we focus on this version of the Carter con-
stant in the remainder of this section.

B. 4-velocities, turning points, and
parameterization

Carter first showed that the existence of these con-
served quantities permits the geodesic equations to be
separated in Boyer-Lindquist coordinates [123]. These
separated equations are given by

2 <Zi) i = [E(7? + a?) — aL,)?

— AP+ (L. —aF)? + Q)

= R(7), (2:20)
i\’
2 (d) =Q —cot? L% — a® cos® 6(1 — E?)
-
= 0(0), (2.21)
(ZS _ 9 . (72 + a? _ _ agﬁz
EE csc“ 0L, + aF A
= o(#,0), (2.22)
n 52 | 232 .
E;l—t - F (" Za ) — a%sin® 9)
T
. 72 + a?
+al, (1 N )
= T(#,0) (2.23)

Because these are evaluated strictly along geodesic orbits,
we parameterize them using the coordinates (7, é, ngS, t) of
such an orbit. Equations - are parameter-
ized using proper time 7 along the orbit. As written,
these equations are not completely separated: the factor
Y = #2 4 a2 cos? § couples the radial and polar motions.
By introducing a new time parameter A, commonly called
“Mino time” and defined by dA = dr/% [124], the radial
and polar equations of motion decouple, yielding

(ju) ~ R, (;;i) —0().

do di

= d(7,0 -~ =
d)\ (T))7 d)\

T(#,0) .



Mino-time A is a very convenient parameterization for
describing the strong-field dynamics of Kerr black hole
orbits. By using df/d), it is not difficult to convert from
A to Boyer-Lindquist time ¢, which naturally describes
quantities as measured by a distant observer.

To understand the turning points of bound geodesics
and the parameterization that we use, begin by carefully
examining the functions R(#) and ©(f). For bound or-
bits, R(7) can be written

R(F) =

(1= E?)(ry — ) (7 — 1) (F — r3)(F —rs) , (2.25)

where the roots are ordered such that ry < r3 < 7y <
7 < r1. The roots r; and 7y are turning points of the
motion. Likewise, ©(0) can be written

~ a?

0(0) = —; (1 - EQ) ( — cos? é) (z_ — cos? é) ,
sin? 0
(2.26)
where we have introduced 2 = cos26. These roots are
ordered such that 0 < z_ < 1 < zy; turning points of
the motion occur where 2 = z_. This occurs when 6 = 6_
and 0 = 7 — 6_, defined by cos?6_ = z_.
Bound geodesics are thus confined to a torus, bounded
in radius by ro <7 < r; and in polar angle by §_ <6 <

(m — 6_). We can build these bounds into the orbiting
body’s motion by defining
) pM
= 2.27
" T 1¥ ecos Xr (2.27)
cosf = sin I cos X - (2.28)

The angles X, and Yy are relativistic generalizations of
the “true anomaly” angles often used in Newtonian or-
bital dynamics; these angles increase monotonically over
an orbit. The parameters p and e are the orbit’s semi-
latus rectum and eccentricity, respectively; in the Newto-
nian limit, they correspond to the equivalent parameters
which define a Keplerian ellipse. By inspection, one can
see that

pM pM
ro = .
2 1+e

(2.29)

The angle I defines the inclination of the orbit; it is re-
lated to the angle 6_ according to

I=m/2—sgn(L.)0_ (2.30)
This angle automatically encodes a notion of prograde
(L, > 0, I < 90°) and retrograde (L, < 0, I > 90°)
orbits. Equatorial orbits (§— = 90°) have I = 0° (pro-
grade) or I = 180° (retrograde).

Up to initial conditions, an orbit can be specified by
either the set of constants of the motion (F, L., Q)
or the quantities (p, e, I) which determine the orbit’s
geometry (being careful to choose values which do not
go inside the “last stable orbit,” the locus of parameter

space inside which bound orbits are unstable and rapidly
plunge into the black hole; see [125] for discussion). In
this analysis, we use (p, e, I), and then use expressions
given in Refs. [116] [122] (see also App. A of Ref. [126])

to determine F, L., and Q. Once these parameters are
known, we can use closed-form expressions for the solu-
tions to the geodesic equations , formulated
in terms of elliptic functions [116]. We also use solutions
for bound geodesic trajectories as functions of Mino-time,
7(A) and £(X), using the simplified form given by van de
Meent [122]. Formulae for computing geodesic trajecto-
ries are implemented in the KerrGeodesics Mathematica
package of the Black Hole Perturbation Toolkit (hereafter
“the Toolkit”) [127].

C. Frequency-domain description of geodesic
motion

Bound Kerr geodesics are triperiodic, with three fre-
quencies describing their radial, polar, and azimuthal mo-
tions. Denote by A,, Ay, and Ay the radial, polar, and
axial Mino-time periods (i.e., the interval of Mino time it
takes for the orbit to move from r1 to ro back to ri; the
interval to move from 6_ to mw—6_ back to #_; and the in-
terval to move through 27 radians of axial angle). Denote
by T, T@, and T¢ the corresponding frequencies, with
T, = 2r/A,. First derived in this form in Ref. [112], we
used closed-form expressions for these quantities given in
Ref. [116], and coded into the KerrGeodesics package of
the Toolkit [127].

From these Mino-time expressions, we can find their
Boyer-Lindquist coordinate-time analogues using a factor
I" which is the orbit-averaged factor relating an interval
of Mino-time A to an element of coordinate time ¢. Let
T, be the coordinate time orbital period for motion in
coordinate z, and let , = 27/T, be the corresponding
frequency. Then,

o2 , Tr,gﬂg = f‘A,-ﬁ@ . (231)

Expressions for T' (and thus for 0,9 4) are also provided
in Ref. [116] and encoded in the KerrGeodesics package
of the Toolkit [127]

The Mino-time frequencies are particularly useful for
our purposes because they make possible Fourier ex-
pansions of functions evaluated along Kerr orbits. Let

f=f {72()\), 9(A)] be a function of #(A) and §()). As

shown in Ref. [112], we can write

oo o R R
Z Z fkne—i(krﬁnn)x’

k=—oc0 n=—00

(2.32)

where the Fourier coefficient fj, is given by



The component foo represents the orbit-average of the

function f[F(\),6(N\)]. It’s worth noting that the quanti-
ties T, and T are orbit averages of the functions ®(#, )

and T(7,0) defined in Eq. 1}

. 1 A phe )
to=—— [ [T aion.00minan . 23
ATAO 0 0
. 1 Al .
po L / / Tl (), 8(0)]dA dhg . (2.35)
ATAB 0 0

We will use a variant of these definitions to compute T4
and I' along orbits of spinning bodies.

IIT. THE MOTION OF A SPINNING BODY

Strictly speaking, geodesics describe only the motion of
zero-mass point particles. Any mass deforms the space-
time, pushing its trajectory away from the geodesic; any
structure beyond a point can couple to spacetime curva-
ture, also pushing its trajectory away from the geodesic.
The leading example of such structure is the body’s spin.
We now consider the orbital motion of a pointlike body
endowed with spin angular momentum.

A. Spin-curvature coupling

A small spinning body moving in a curved spacetime
precesses as it moves along its trajectory, and couples to
the curvature of the background spacetime. The equa-
tions governing this precession and motion are known as
the Mathisson-Papapetrou equations [1284131], and are
given by

Dp“ 1 N
= —-RY \ou”" 5" ) 1
dr 2R et S (3 )
DS
57_ = p*u® — pPu” . (3.2)

In these equations, the operator D/dr denotes a covari-
ant derivative along the small body’s worldline, R* , o
is the Riemann curvature of the spacetime in which the
small body orbits, S*? is the small body’s spin tensor
(about which we say more below), p® is the small body’s
4-momentum, and v” = dz” /dr is its 4-velocity. In gen-
eral, a spinning body’s 4-momentum and 4-velocity are
not parallel to each other, but are related by
o« o« DS
Including additional structure on the small body leads to
more complicated equations of motion. For example, the

Ae pho o
/ / I[P, 000)| o0 T 2 g,
0 0

(2.33)

(

small body’s quadrupole moment couples to the gradient
of curvature [132H134] and introduces additional torque
terms [135]. The Mathisson-Papapetrou equations repre-
sent the “pole-dipole” approximation, in which the small
body is treated as a monopolar point mass supplemented
with a dipolar spin.

For each spacetime Killing vector £ there is constant
of motion along the spinning body’s worldline given by

1
C = pal® — isaﬂvﬁga . (3.4)

Using this, one finds that the conserved energy and axial
angular momentum per unit mass for a spinning body
moving in a Kerr spacetime are given by

1
ES = —U¢ =+ Eaggmsaﬁ, (35)

L5 =y — 0390057, (3.6)
2p

There is no Carter constant for a spinning body, though

(as we discuss below) there is a generalization of the

Carter constant which is conserved to linear order in the

small body’s spin.

B. Spin supplementary conditions

Equations (3.1) and (3.2)) do not completely specify the
evolution of all degrees of freedom in the orbit of a spin-

ning body; we must impose an additional constraint in
order to close the system of equations. This constraint is
called the Spin Supplementary Condition (SSC), and can
be regarded as fixing internal degrees of freedom associ-
ated with the extended structure of the small body. In
the non-relativistic limit, the center of mass can be identi-
fied as the natural place for the worldline to pass through
the extended body. However, the center of mass is ob-
server dependent in relativistic dynamics. The role of the
SSC is thus to select one of the infinite choices of world-
lines passing through the small body. Since there is in
general no natural choice for the worldline, the SSC is in-
trinsically arbitrary. Excellent discussion of the physical
meaning of the SSC can be found in Ref. [136]; compar-
isons of different SSCs and investigation of their equiva-
lence can be found in Refs. [137H141].

An SSC commonly used in studies of gravitational
wave sources is due to Tulczyjew [142], and is given by

PaSP =0. (3.7)

Using (3.7), we find the relationship between the four-
velocity and the four-momentum ([3.3)) is now given by

M (g 25
12 4p? + Raﬁfy(;So‘BS'y‘s ’

(3.8)



where
K=V =pap® , (3.9)
M = —pu® . (3.10)

These relationships tell us that p® = pu® + O(S?), and
=M+ O(S5?), a result we will exploit shortly.

The spin tensor is antisymmetric, which facilitates
defining the spin vector [138§]

1
St = ——e" pp, 57,

o (3.11)

where

€aprys = \/jg[aﬁ’yé]

and where /—g is the metric determinant, reducing to
Ysinf for Kerr, and [afv4] is the totally antisymmet-
ric symbol. By combining these results, one can show
that the magnitude of the spin is another constant of the
motion, given by

(3.12)

1
5% =58, = 5SaﬂSO‘B . (3.13)

C. Leading order in small body’s spin

The magnitude S of the small body’s spin can be de-
fined using a dimensionless spin parameter s:

S =su?. (3.14)
If the small body is itself a Kerr black hole, then 0 <
s < 1, which tells us that S < u?. Linear-in-spin effects
are thus effectively quadratic in the system’s mass ratio,
affecting a system’s dynamics at the same formal order
as important self force effects [31], 33} [35]. The next order
in spin scales with the fourth power of the system’s mass
ratio, practically negligible at extreme mass ratios. A
linear-in-spin analysis is thus formally interesting as well
as of astrophysical relevance. As such, we focus on the
linear-in-spin limit, neglecting terms in all of our equa-
tions that are O(S?) or higher.

In this limit, the Matthisson-Papapetrou equations
- and the Tulczyjew SSC take a partic-
ularly useful form. Revisiting various relations in Secs.
and [[IIB but dropping all terms beyond linear in
S, the Tulczyjew SSC becomes

p* = pu® . (3.15)
The orbit’s 4-velocity and 4-momentum are parallel at
this order. With this, the Mathisson-Papapetrou equa-
tions can be written

Du® 1 A\
= ——R" \,u"S"7 ) 1
dr 2,UR Ao’ S (3 6)
DS
CA— (3.17)
dr

The second of these equations tells us that the spin tensor
is parallel transported along the worldline at this order.

Linearizing in S, Eq. (3.11)) becomes

1
SH = fie“”agaysaﬁ , (3.18)

or equivalently,

SoP = e*Prrg .S, . (3.19)

Using these linear-in-spin forms, the SSC (3.7) becomes

1o S =0, (3.20)

or

e S* =0 (3.21)

Equation helps us understand the meaning of the
SSC, at least in a linear-in-spin analysis: it tells us that in
a freely-falling frame that moves with the geodesic whose
4-velocity is 4%, the small body’s spin is purely spatial.

Combining Egs. (3.17) and (3.19), we find

DSH
=0
dr ’

(3.22)

so the spin vector is also parallel transported along the
worldline at this order.

D. Parallel transport in Kerr

Since the small body’s spin vector is parallel trans-
ported along its orbit, as described by Eq. , let
us examine such parallel transport in detail. Past work
[143] showed how to build a solution describing this trans-
port using a frequency-domain expansion, demonstrat-
ing that an additional frequency emerges which charac-
terizes the timescale associated with the spin’s preces-
sion. Van de Meent [122] has since then produced an
elegant closed-form tetrad-based solution for describing
the parallel transport of vectors along Kerr geodesics,
following methods first developed Marck [144H146]; see
also work by Bini and collaborators, which explores and
clarifies the geometrical properties of Marck’s procedure
[132] [147] [148], as well as Mashoon and collaborators
[61, [149]. Following Ref. [122], we summarize the proce-
dure for constructing this tetrad and describe how to use
it to describe a spinning body moving along its orbit.

We write the tetrad {egq (), €1a(N), E20(A), €30 (A)}.
Take its first leg, egn (M), to be the geodesic’s 4-velocity;
take its last leg, esn(A), to be the (normalized) orbital
angular momentum 4-vector defined in Eq. (2.11). Our
tetrad so far consists of the vectors

e3a(/\) = ! ﬁa(/\) )

Vi

eoa(A) = U (N),

(3.23)



where £, ()) is the orbital angular momentum 4-vector
along the geodesic with 4-velocity 44 (A). By the proper-
ties of (), £%(\), and K, these tetrad legs are orthog-
onal to each other and parallel transported along @ (\).
We then construct €1,(A) and €2,(A) by choosing two
vectors which lie in the plane orthogonal to eg,(A) and
esa(N); see Ref. [122], Eqgs. (50) and (51), for explicit
formulas.

The resulting tetrad is in general not parallel trans-
ported. However, by defining

e1a(A) = cosp(A) E10(N) + sin,(A) E24 ()
€20 (A) = —sin,(A) €10(A) + cos P, (N) €20 (N)

and requiring that the precession phase ¢, () satisfies

dﬂﬁp:\/g<(r2—|—6}2)E—aLz Le—al—2A)E

(3.24)
(3.25)

dX K +r2? K — a222

(3.26)
we obtain a tetrad {epq (), €16(N), €20(A), €34 (A)} that
is parallel transported along the geodesic [122] [144] [145].

Van de Meent further finds a closed form solution to Eq.

of the form
Up(A) = T+ (o) + 0(To) (3.27)

where T, (denoted Y, in Ref. [122]) is the frequency
(conjugate to Mino-time) describing the precession of
this tetrad along the orbit; the functions @/JT(TT)\) and
¥o(Ty)) are phases associated with the orbit’s radial and
polar motions. We define the Mino-time precession pe-
riod as Ag = 27/7s.

This solution makes setting the spin of the small body
easy: We write the small body’s spin vector

SQ = SOeOQ()\) + Slela()\) + S262a(>\) + Sgega()\) s
(3.28)
where {59 S!,62 53} are all constants with the di-
mension of angular momentum. The requirement that
%S, = 0 means that S° = 0 for all configurations. A
component S° = S| denotes a component of the small
body’s spin parallel or antiparallel to the orbital angular
momentum, normal to the orbital plane; S' and S? define
components perpendicular to the orbital angular momen-
tum, in the orbital plane. A spin vector with S* = 52 =0
does not precess, and so its motion has no frequency com-
ponents at harmonics of the spin-precession frequency
Y,. By contrast, when S' or S? are non-zero, the small
body’s spin precesses over an orbit, and harmonics of the
frequency Y appear in a frequency-domain description
of the small body’s orbit.
Code for computing these tetrad legs is implemented as
part of the KerrGeodesics package in the Toolkit [127].

E. Spin deviation from geodesic trajectory

As argued in Sec. [[TIC, our focus is on computing or-
bits to linear order in the small body’s spin. For the con-
figurations that we study, the spin is a small parameter,

and these trajectories can be regarded as perturbative
deviations from bound Kerr geodesics. We discuss the
nature of an orbit’s “spin shift” in detail later as we an-
alyze specific orbit and spin configurations. In general,
the small body’s trajectory can be written in the form

2%(\) = 2%(N) + 622 (N) (3.29)

where 2%(\) is the coordinate-space trajectory of an ap-
propriately chosen geodesic, and dxg(\) is the O(S5) shift
due to the spin. Similarly, we write the small body’s 4-
velocity

u® =a% 4+ ug, (3.30)
where 4 solves the geodesic equation, and u% = O(S).

One important point to note is that #*(\) will in gen-
eral have different periods than z*(\): the periods A, g 4
which characterize bound orbits of spinning bodies dif-
fer from the geodesic periods A, g 4 by O(S). As such,
a naive definition of dz¢ necessarily contain unbounded,
secularly growing terms. Such terms ruin the perturba-
tive expansion that we use.

As such, we do not use the explicit form Eq. di-
rectly when we compute spinning-body orbits in Secs.
[V] and [VI. We instead characterize these orbits using
amplitude-phase variables. Doing so, the frequency shift
is incorporated into the parameterization; see Eq.
or and nearby text. Once we have solved for the fre-
quency shift and phase variables, we can then compute
0xg. These quantities are particularly useful for find-
ing the concomitant “spin shifts” to constants of motion,
which we describe below. In Appendix [A] we provide
the explicit form of ¢ in terms of variables that we use
in this work, as well as further discussion of the secular
terms.

As the orbit evolves, we must preserve the norm of its
4-velocity. Using Eq. , demanding that t“u, = —1,
and enforcing u“u, = —1 yields the constraint

WuS + daul = 0. (3.31)

Writing u, = gaﬁuﬁ , and noting that g.g is evaluated
along the spinning-body orbits for which r = 7+ drg and
0 = 6+ 6Vg, the spin-corrected covariant 4-velocity has
the form

u§ = gapul + 0750, gapi” + 00595 g0pi” . (3.32)

This allows us to write constraint (3.31)) entirely in terms
of the contravariant spin-correction to the 4-velocity, viz.,

angaaug—&—érs&gagu uﬁ—i—éﬁsagg(wu i? =0. (3.33)

We use this constraint throughout our analysis. We also
define the leading order in spin corrections to the energy
SES and axial angular momentum 6L° due to the spin

usmgand.
ES = E+6E%,
L9 =1,+6L5.

(3.34)
(3.35)



As mentioned in Sec. an analogue to the Carter
constant is preserved at linear order in spin. Normalizing
by the orbiting body’s rest mass squared, it is given by
[135]

K% = Kopu®u® +6C%, (3.36)

where

2
0CS = ==t SP7 (F¥ oV Fup — Fu'VuFpe) - (3.37)

I
We define the first order in spin correction to K by

KS =K +6K%, (3.38)
where K is the Carter constant along the geodesic whose
4-velocity is 4%, and dK* is O(S). Combining Egs.
(3.29), (3.30) and (3.36) with the definition (3.38) and
truncating at linear order in S, we find

0K = 2K 0pi®ud + 6750, K 4007 + 0050 Kopi ™’
+C% . (3.39)

The first line of Eq. includes two terms which
are due to the shift of the small body’s orbit that we
find when examining spinning-body orbits. Applying Eq.
(2.18)), we then find the first-order shift in Q:
6Q% = 6K° —2(L. — aE)(6LS —adES) . (3.40)
For nearly equatorial orbits with polar motion defined
by 6 = 7/2 + §Js in Eq. (1.4), 695 and 60s may be
used interchangeably (which we do throughout this pa-
per). However, in general, dg corresponds only to the
corrections to the libration region of the polar motion,
while §05 denotes the entire spin-perturbation associated
with 6, as defined in Eq. @ . This distinction becomes
important in our companion study [109],

F. General characteristics of spinning-body orbits

In the remainder of this paper, we examine several ex-
amples of the orbits of spinning bodies about Kerr black
holes. Before exploring these specific cases in detail, we
briefly lay out and summarize general characteristics of
the orbits that we find.

Consider first an orbit that would be equatorial if the
orbiting body were non-spinning. If this body’s spin is
normal to the equatorial plane (i.e., parallel or antiparal-
lel to both the orbital angular momentum and the large
black hole’s spin), then its orbit is quite simple. Just
as in the geodesic case, we can use the parameterization
r = pM/(1 + ecosx,). The radial turning points are
fixed for the duration of the orbit at pM/(1 £ e), and
the orbit’s dynamics maps onto a true anomaly angle x,.
This true anomaly differs from the true anomaly that
describes geodesics, x..; details of this difference are pre-
sented in Sec. The orbit’s radial frequency is shifted
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compared to the geodesic by an amount O(S); we write
the radial frequency Y, = T, + Y5. This case is dis-
cussed in quantitative detail in Secs. and [VTA] with
the special case of circular equatorial orbits presented in

Sec. [V A

Consider next such an orbit but with the spin mis-
aligned with respect to the orbital plane. This misalign-
ment introduces O(S) oscillations centered about the
equatorial plane: The polar motion acquires a correction
05 whose Fourier expansion is at harmonics of the spin
frequency Y, and the radial frequency Y, = T, + Y.
The radial motion, however, remains exactly as it was
in the spin-aligned case. We discuss this case in detail
in Secs. VB and an explicit analytic solution for
circular, nearly equatorial motion is calculated in Sec.

VDl

We focus on these equatorial and nearly equatorial
cases in this paper. For orbits that are not “nearly equa-
torial”, the parameterization becomes rather more com-
plicated. In particular, the “geodesic-like” parameteri-
zation of the nearly equatorial case must be modified,
adding a spin-induced contribution to the orbit’s libra-
tion region in both the radial and polar motions. This
holds even if the spin-vector is aligned with the orbital
angular momentum. We discuss these more complicated
cases in a companion paper [109].

IV. SPINNING-BODY ORBITS I:
CIRCULAR, NEARLY EQUATORIAL ORBITS

We begin our study of spinning-body orbits by examin-
ing several simple cases for which we can find closed-form,
fully analytic solutions. These cases allow us to introduce
the main principles we use to describe and parameterize
our solutions, and provide limiting examples which can
be compared against other results in the literature. We
begin with the simplest possible orbit: a circular orbit
of radius r, confined to the equatorial plane (I = 0° or
I =180°).

Many of the results we find are derived in Ref. [104],
which focuses on circular orbits of spinning bodies, as well
as elsewhere in the literature. The results we present in
Sec. [V A can also be obtained using the effective poten-
tial derived in Ref. [65] (see also Refs. [64] and [66]). To
facilitate the comparison to this literature, we discuss the
method of Ref. [65] in detail in Appendix [B.

A. Aligned spin

Start with the small body spin parallel or antiparallel
to the orbit: we set the spin components S' = §2 = 0,
and set S3 = sHyQ, with —1 < s < 1. The small body’s
spin is parallel to the orbit if s; > 0, and antiparallel if



s < 0. The geodesic integrals of motion are

I e 0
E= v a4 (4.1)
V1 —30v2 £+ 2qv3
152
[ y s ek (4.2)
V1=302 £ 2q0%
Q=0. (4.3)

We have introduced v = /M /r (equivalently r = M /v?)
and ¢ = a/M. Where there is a choice, the upper sign
is for prograde orbits (I = 0°) and the lower is for ret-
rograde (I = 180°). The small body’s background 4-

velocity is given by i, = (fEA7(), 0, ﬁz)

The small body’s spin 4-vector is given by

So = s|p’esa = (0,0, Frs u?,0) . (4.4)

This result comes from the fact that for an equatorial
circular orbit [122],

L,—aE
€30 = 0,0,—TM,O
|L, — aF]

= (0,0,Fr,0) . (4.5)

If the orbit is prograde and s > 0, or the orbit is ret-
rograde and s < 0, then the small body’s spin points
in the direction of decreasing 6; vice versa if s| and the
orbit have the opposite signs and orientations.

Let us examine (3.16) for this case. Using Eq. (3.30),
J

5 204/1 — 302 £+ 2qv3(1 —
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we start by expanding the covariant derivative:

D [0
% = (@ +ul) Vs (0% + u2)
di®  d
= ;77_ + % + T, 0707 + 205, 0P ul, + O(S?)
d
;S +ore g by (4.6)

Here, I'“ g, is the Christoffel connection for the Kerr ge-
ometry evaluated along the orbit. In going from the sec-
ond line to the third line, we used the fact that 4 solves
the geodesic equation, and we linearized in S. We also
used the fact that, for this orbit, the spinning body re-
mains confined to the equatorial plane § = /2 at radius
r. For the misaligned case we consider next, the orbit
oscillates in the polar direction, and there is a correction
term that involves JsI'® 3.

Requiring the spinning body’s orbit to be circular and
equatorial means that

u =ul =0. (4.7)

Further, the requirement that ugt, = 0 tells us that
Ji
2. (4.8)

ub, =
Ug =

The only unique component we must determine is thus
ug Note that we must have duz/dT = 0. If we observe
the system in a frame that co-rotates with the orbit, it
appears static; the symmetries of the spin-curvature cou-
pling in this case do not mtroduce any dynamics.
Comblnlng Eqgs. and (| with ulg = u% =0=
du?, 5 /dr, we find the equatlon Wthh governs the spin cor-
rection to the small body’s orbital velocity is given by

1
20" g 0P = —ERTWWSM ; (4.9)

all other components of this equation vanish. Expanding
the right-hand and left-hand sides of (4.9, we find

202 4+ q2v4)u(§

T i
A" g 07Uy = F 22 £ g0 ) (4.10)
1 3smv”(1F qu)(1 — 202 + ¢%o?)
—— R\’ 8N = ) 4.11
ou A M2 1— 302 + 2q0° (4.11)

Using this to evaluate Eq. (4.9) yields

¢ 35 v8 (1 F qu)(1 — 20% £ qv?)
u =
ST EOME T (1= 302 £ 2q09)3/2

(4.12)

Using Eq. (4.8), this in turn yields a simple result for uf.
An observationally important aspect of this solution is

(

its influence on the system’s orbital frequency. Using

¢ 0® ¢
u u u
Qp=—=—"1"5

! (4.13)
ut at + uk

expanding in S, using Q¢ = 4%/4t, and finally defining
Qy = Qg + 0824, we find the correction to the frequency



due to the spin-curvature force:

¢ t
A ug  ug
80 = Qp (11‘75 - ﬂg) ) (4.14)
For circular and equatorial orbits,
0 v
=t 4.1
¢ M(1 + qu3) (4.15)

J

s (1F qu)(1F4¢° + 3¢°0")
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Combining these various results, we find the shift to the
axial frequency:

_ ﬂﬂ (1F qu) o6

_ ~ 41
FoOM M (1 £ q0)? (4.16)

59

This agrees exactly with Eq. (4.26) in Ref. [104].
The orbiting body’s energy, axial angular momentum,
and Carter constant are also shifted. Combining Eqgs.

(3:5), (3.6), (3-34), and (3.35) with the results in this
section and using Eqs. (3.39)) and (3.40]), we find

SES = -1 — g 4.17
oM (1-302+2q0%)32 (4.17)
g s (2 — 13v% 4+ 18v1) £ 3¢(3 — T0?)v® + 2¢%(1 + 202)v° £ ¢3(3 — Tv?)v™ + 3¢*0!0
0L, = +£—— , (4.18)
2 (1 — 302 £ 2qv3)3/2
21 2 1 4 2 21 2 2 4_241_4 2 3,7 4,.8
5KS:5|W( 3v? + 18v*) F 2qu( Tv* + 28v*) — ¢*v* (17 — 45v°) F 6¢°v" — 3¢*v , (4.19)
v(1 — 302 £ 2qv3)?
5Q° = F2s) ua . (4.20)
[
These expressions for the conserved quantities 6 E° and small body’s spin becomes
SL2 match exactly with Egs. (B9) and (B10) derived us- )
ing the alternative approach outlined in Appendix [Bl It S = 1 (5L cos ps €10 + 51 SN Ps €24 + 5] €30) . (4.21)

is interesting that there is a non-zero 6Q° even though
there is no change to the polar motion of the small body
in this case. We note that Witzany has provided a modi-
fied definition of §Q° (see text near Eq. (48) of Ref. [82])
such that it is zero for cases in which there is no polar mo-
tion; we are likely to adopt this definition in future work.
In any case, our result agrees with that reported in Ref.
[104], after translating the somewhat different notation.

B. Misaligned spin

Now consider the small body’s spin misaligned from
the orbit. The background 4-velocity and integrals of
motion are identical to those used in Sec. [[VA, but the

J

1
éla = <O7 707
V1 — 202 + g2v?
- 1 — 202 + g2t
€90 = | V4| ————
2 1 — 3v2 4 2quv3’

For circular and equatorial orbits, the precession phase

0,0,Fr(1+ qv*)

We have broken the spin into a component parallel to
the orbit (out of the orbital plane) with magnitude s,
and into components normal to the orbit (in the orbital
plane) with magnitude s;. The angle ¢s describes the
orientation of the spin components normal to the orbit.

Setting s = ,/s% + sﬁ, we require 0 < s < 1.
Using (3.24) and (3.25), Eq. (4.21]) can be rewritten

S, = pu? [SL (cos((bs + )14 + sin(¢s + ¢p)é2a)

N slega} 7 (4.22)

where 1, is the precession phase, which grows with time.
The tetrad leg ez, is the same as in Sec.[[VA. Continuing
to use the parameterization ¢ = a/M, v = \/M/r, the
tetrad legs €1, and és, are given by

0) , (4.23)

1722 2,4
ke +q”> (4.24)

1 — 302 £ 2qu?

(

1, can be written as functions of Mino-time A, proper



time 7, or Boyer-Lindquist time t:
Yp = T = weT = Qst (4.25)
with
Ty =VrM = M/v, ws =/ M/r3 =v3/M ,
VI3 L 2°

(14 qu3)

(4.26)

Qs = ws

This limiting form for Yy was found in Ref. [143], and is
confirmed by the general expression derived in Ref. [122)].
The factor ¥ which converts from Mino-time frequencies
to proper-time frequencies takes the constant value r? for
circular and equatorial orbits; likewise, the factor

1+ q03
v/ 1 — 302 4+ 2qv3
which converts between Mino-time frequencies and

coordinate-time quantities is constant for circular and
equatorial orbits.

=12

(4.27)
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To proceed, we again examine Eq. and use Eq.
(L4), ie., 0 = 7/2+ 69, with 0¥s = O(S). Expanding
the covariant derivative yields a slightly different result
as compared to what we found in the aligned case:

= — 4+ —= + FO‘B,Y’&BQPY + (519589Fa57ﬁﬁﬂ7

+ 2T g, 4P ul + O(S?)
d [0
= % + 5950 gy 007 + 20 5 iPul . (4.28)

The misaligned spin causes the small body to oscillate
about the equatorial plane by §¢s. This shifts the con-
nection term at O(S5), leading to the term in 9pI'*3,,.

Expanding the covariant derivatives and Riemann
components of Eq. (3.16) for this case, making use of

Eq. (4.28) we find

35 v”(1F qu)(1 — 20° + ¢%v?)

du n 20(1 — 202 + ¢?v) /1 — 302 £ 2qu3

dr 1—2v2 £ qvd
% 20°(1 — 202 £ qv3)

uf = (4.29)

M? 1 —3v2 £+ 2¢qv3 ’

T:O,

+ u
dr M2(1— 202 + ¢2v4) /1 — 302 £ 2qv3 s

for the equations governing u' and u‘g Notice that these
equations do not couple to the precessing orbit’s polar
motion. Notice also that since 4" = 4’ = 0, Eq.
holds for the misaligned case, and we do not need a sep-
arate equation governing uts

We require the orbit to remain circular, so we put ug =
0 = duf/dr. This allows us to immediately solve Eq.
(14.29):

35 v8 (1 F qu)(1 — 20% £ qv3)

2M2 (1 — 302 £ 2qu3)3/2 (4:31)

ut ==

Since this does not vary with time, Eq. (4.30) is also sat-
J

d?09s  v® (1F4qv® +3¢%v*) .,

35 v (1F qu)\/1 — 202 + ¢2v*

(4.30)

(

isfied. Equation is identical to the result we found
in the spin-aligned case, Eq. (4.12). Our solution for u is
likewise identical to its aligned counterpart. From this it
follows that Eq. describes the change to the orbital
frequency in this case as well.

The polar motion for this misaligned case requires
more attention. As stated above, we put § = 7/2 + §dg,
where d1s denotes the spin-induced polar motion about
the equatorial plane. Because @¢ = 0, we put u? = ug =
dé¥s/dr. The polar component of Eq. thus be-

comes

dr? M2 (1—32+2q%)  °

cos(¢s + vp) (4.32)

1— 3v2 £ 2¢qv3

The coefficient of §¢g on the left-hand side of Eq. (4.32)) is the square of the polar proper-time frequency for circular
equatorial geodesic orbits, which we denote wy. The solution to Eq. (4.32) has the form

0s = A(T) sin(weT) + B(T) cos(wpT) ,

where

(4.33)

v3 |1 F 4quvd + 3¢t
wy = —
"7 M\ 1-302E2q08

(4.34)



and where A(7) and B(7) are given by
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} . (4.35)

A(r) = 1 — 3sipu V(1 F qu) 1—202 4+ ¢%v? [sin(¢s + (ws — wp)T) n sin(¢s + (ws + we)T)
T 2M? T 302 £ 2g08 \| 1T 4qud + 3¢%0 ws — W ws + wo
6 1 1 —2v2 2,,4 < o - )
B(r) = 3+ 3sip  vO(1F qu) 02+ q¢*v [005(¢s + (ws —wp)7)  cos(¢s + (ws + wp)7)

1 F 4quv3 + 3¢2v*

2M? | /1 — 302 £ 203

The constants ¢; and ¢o must be determined by matching
to the initial conditions §s|,—o and u%|,—o. The preces-
sion of the small body’s spin as it orbits the black hole
causes the orbital plane to likewise precess. Note that the
frequency combination ws —wy never passes through zero
anywhere over the domain of allowed orbits. As such,
the functions A(7) and B(7) defined in Egs. and
are well behaved everywhere.

The changes to the integrals of motion we find are iden-
tical to those in the aligned case, Eqs. — . The
fact that the changes 6E¥ and LY are identical is con-
sistent with other patterns that this analysis uncovered.
However, the fact that 6Q° is identical — in particular,
that 6Q° is insensitive to s, — is somewhat surpris-
ing, since the small body does in fact move in the polar
direction when the spin and orbit are misaligned. The
precession of the smaller body’s spin nonetheless keeps
the orbit equatorial on average, which appears to be suf-
ficient for ) to take its equatorial value. This again is
consistent with results found in Ref. [104].

V. SPINNING-BODY ORBITS II:
SLIGHTLY ECCENTRIC, NEARLY
EQUATORIAL ORBITS

Slightly eccentric equatorial orbits are simple enough
that, by expanding in both eccentricity e and spin s, we
can develop and present mostly closed-form results for
this case. In our discussion below, we show leading-order
results, O(e,s), for orbits of bodies with general spin
orientation in the Kerr spacetime. We go to higher order,
O(e?, s) for Schwarzschild only, confining ourselves to the
case of small body spin aligned with the orbit. Though
no issue of principle prevents us from developing a more
generic analysis at higher order, the formulas describing
Kerr orbits become cumbersome as we go to higher order
in e. As we will see below, our leading-order analysis is
sufficient for us to understand the impact of misaligned
spin on spinning-body orbital dynamics.

The results in the aligned spin section, Sec. [V.C, can
be obtained using an alternative method we describe in
Appendix [B. This method is discussed in Refs. [64-66],
and involves using conserved quantities £, LY, u? and
52 to develop an effective potential for the radial motion.

} . (4.36)

Ws — Wo ws + we

A. General principles

In this section and in what follows, we switch from
using proper time 7 to Mino time A for our parameter-
ization of these orbits. This switch is not necessary for
equatorial or nearly equatorial orbits, but will be neces-
sary for the generic cases that we study in a companion
paper. Using this parameterization now allows us to set
up the calculation in this framework, and to examine the
form of the solutions which emerge in this relatively sim-
ple limit.

The governing equation for the orbits is Eq. ,
which we repeat here and use to define the spin-curvature
force f§:

Du® 1
= ——RY)\u"S* = f3/u. 5.1
=g e ST = fE . (51)
Expanding the covariant derivative, this becomes
du® o« B o
— Tt = f§/u, (5.2)

where I'“g, is the Christoffel connection for the Kerr
spacetime, evaluated along the orbit.

Let us define
_ dx®

= Yu®;

UOL
d\ ’

(5.3)

this follows from u® = dz®/dr, as well as the definition
of Mino-time: d/d\ = ¥d/dr. From (5.3)), it follows that

du _1dUe U ds
d\ X dA Y2 dX
Next multiply (5.2) by 2. Doing so and using Eq.

(5.4), we put the equation which governs spinning-body
orbits into the form

(5.4)

au®  U*dx
— 4T UPUY =22 .
Note that in general,
dx
ﬁ:2rUT—2a200895in9U0. (5.6)

For the equatorial and nearly equatorial orbits which
are our focus in this section, the second term in (5.6)
is O(S?), which we neglect. The factor (1/%)d%/d\ in

Eq. (5.5) becomes 2U" /r.



For misaligned orbits, the orbiting body oscillates
about the equatorial plane, just as we discussed for the
circular misaligned case in Sec. Setting the polar
angle to 0 = /2 4 d¥g, with 09 = O(S), the connec-
tion term in Eq. becomes

T, U0 = (D) gy UUY

+ 005 (00T ) gy ) UPU . (5.7)

Notice that it is the geodesic 4-velocity UP that appears
in the term with the derivative of the connection. Be-
cause 09g is itself O(S), contributions from the non-
geodesic parts of U” enter this term at O(S?) or higher.

J

aut 20" [(r® = 3Mr? +a?(r — M))U" + aM(3r? + a®)U?] B 3s”u(ﬁz —aB)M(r? + a2)U"
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Let us write the small body’s spin in the form
Sa = ,u2 |:SJ_ (COS(¢S + wp)éla + Sin(¢s + wp)é2a)

+ S|€3a:| , (5.8)

= (sl/fat, 51 oy, :Fs”/fr, sJ_u20¢) . (5.9)
Both the precession phase 1, and the tetrad elements
€1 and ey, are more complicated than they were in the
circular limit; we defer discussion of their detailed forms
until they are needed later in our analysis. The form
is a useful rewriting of ; the components oy ;. ¢
can be read out of €1, and és,.

With everything in place, it is now not difficult to eval-
uate all the terms appearing in Eq. and write out
the equations governing the small body’s 4-velocity U“.
First, we write out the equations for U™, U* and U?.

Nl
d\ r2A r2A ’ (5.10)
dUr A [M(Ut _ aU¢)2 _ ,,,3(U¢)2] (27“2 —3Myr — a2)(Ur)2 B SSH,U(LZ — CLE)M [la(’l“2 + CLQ) — CLLZ:| (5 11)
d\ + ri B rA o r2 ’ ’
dU®  2U" [aMU" + (r® — 2M7r? — a®M)U?]  3asyu(L. — aE)MU" 5 1o
a T’ A = A ' (5.12)

No term involving §9g enters these equations at O(S5).

Indeed, note that the equations for Uf, U", and U? are

completely independent of U? at this order. We can therefore solve U*™? independently from our solution for U°.
It is worth remarking that Eqs. (5.10) and (5.12) turn out to simplify further by converting them to equations

for u; and ug. Doing so using by converting from Ub? to ub?, lowering an index, and then using u; = —E+ uy,
up = L, —|—u§, where u§¢ = O(S), we find

duf _ _3syu(ls — aB)MU" (5.13)
d\ r4
du 3 ﬁz —aB)MU"
dug _ 3asyu(L; — ak) (5.14)
d\ rd
Solving Egs. (5.13) and ([5.14) is equivalent to solving (5.10) and ([5.12]), respectively.
Finally, the equation we find for U? is
dU?  20*rE? — 4a3rEL, + (r — 2M)r3L2 + a2(2r3 B2 + 2rL2 — (U7)?)
0dg
d\ r2A
L. —aB)M - . . .
= 351 7~3Aa ) <ot(r2 +a®)U" + o, {E(r2+a2) faLz] A+O’¢CLUT) , (5.15)

(

Notice that dU?/d\ only couples to s, and dU*™?/d\
only couple to s. Notice further that we have not yet
introduced an expansion in eccentricity. This means that
for all nearly equatorial orbits, the small body’s motion
in the equatorial plane is totally decoupled from its out-
of-plane dynamics.

For equatorial and nearly equatorial orbits, we take the
small body to move on a trajectory whose radial motion
is given by

pM

r=—
1+ ecosx,

(5.16)



We introduce here the orbit’s the semi-latus rectum p
and eccentricity e, as well as the radial true anomaly ;..
This anomaly can be written

Xr = Wy + 0Xr , (5.17)
where w, is the radial mean anomaly. The difference
between the radial mean and true anomalies, dy;., is an
oscillatory function whose mean value is zero. In the
Mino-time parameterization, w, = T, A.

As discussed in Sec. |II} the parameterization is
used extensively in studies of geodesic motion. As we
will show, it works perfectly for nearly equatorial orbits
of spinning bodies as well. This form does not work so
well for generic orbits of spinning bodies; for general orbit
inclination, we need to allow the radial libration region
to oscillate as the orbit precesses. This case is discussed
in the companion analysis, Ref. [109].

We now solve for the orbit by introducing simultane-
ous expansions in the small body’s spin and the orbit’s
eccentricity e. By requiring that Egs. - hold
order by order, we construct a full solution for the orbit of
the small body’s motion to that order in our expansion.

B. Leading order in eccentricity

We begin by considering Kerr orbits at O(e, s). In this
limit, it suffices to put x, = w, = T, A = ('fr + Tf)/\.
[Although there is a linear-in-eccentricity correction to
Xr, its impact on the small body’s motion enters at
O(e*).]

To first order in e, the radial motion of the small body
is thus given by

r=pM (1 —ecosw,) = pM {1 — g (e + ef“"r)}
(5.18)
The second form proves to be particularly useful for our
purposes.
Our goal is to compute how the spin-curvature interac-
tion affects all of the important parameters of our system.
Just as in our study of circular and equatorial orbits, we

assume that the constants of the motion take the form
X% =X +6X° (with X € [E, L., K,Q]), and that

T, =7T,+713, (5.19)
YTo="Tys+ T3, (5.20)
r=7+19. (5.21)
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First consider just the leading-order geodesic motion.
The integrals of motion are

1— 202 £ qv?

+
v/ 1 — 302 +2qv3

. M [1F 2qu3 + vt 9
L=+ 2L 7L L o), 5.23
v\ 1—302 £ 2qu3 +0(e) (5.23)

Q=0. (5.24)

As before, ¢ = a/M, but now we have v = /1/p. We
also have

E 0(e?), (5.22)

. M |1 — 602 4 8qu3 — 3¢2vt 9
T, = — O(e?), (5.25
v \/ 1 — 302 £ 2qv3 +0(e?) (5.25)
) M 1 )
Yo= T3zt 2g0 79 (5.26)
. M?(1 4+ qv3
I = U)o (5.27)

viy/1 — 302 & 2quv3

Let us first consider the components which describe the
in-plane orbital motion, U*™®. We write these compo-
nents

U' =Uj+sje (U™ + UL e™r) 5.28)
U® =0 + s|e (Ufleiwr + Ufleﬂ'“’r) ) (5.29)
r __ dr _ ZepM ¥ S W, —iw,.
U—a—— 5 (Tr—i—TT)(e e ).
(5.30)

In our assumed form of U", we used the fact that for
small eccentricity equatorial orbits, dw,/d\ = T, + Y5,

We next insert Eqgs. (5.28)), (5.29), and (5.30) into Eqs.
5.10), (5.11)), and (5.12)), also enforcing the constraint
3.31) in order to solve to each order in s and e. This
exercise yields




17

S 0.3 I
oo | 17 ! | s
og ! / log
S|k 0.25( | S|
)
1.10 i / 176
0.66 02 i 1.32
0.22 !
© 015) | 088
-0.22
_0.66 o1 ," 2'44
-1.10 : ! ~0.44
-154 Py
-1.98 0.05 l { 132
6 8

p

FIG. 1. Example of the spin contribution Y to the radial Mino-time frequency Y. Left panel shows T2 to leading order in e
as a function of semi-latus rectum p and spin parameter a for prograde orbits (I = 0°); see Eq. lb Right panel shows 17
to second-order in e for Schwarzschild black hole orbits (a = 0) as a function of p and e. In both cases, the last stable orbit is

indicated by the black dashed line.

Ut = M?(1 4 qv®) 3s i\ Mu(1F qu)(1F2qv° + ¢*v?) (5.31)
07 4 /1= 302 £ 2q0° 2 (1 — 3v2 & 2qu3)3/2 ’ '
3si\  gMvt(1F qu)?(1 F 2qv® + ¢*v?)
B < 2 ) (1—202+ g2v*)(1 — 302 £ 2qu3)3/2 (5.32)
M 1 3su\ v2(1F qu)(1 — 202 £ qv®)
Ug =+—,/ — 5.33
0 v\ 1— 302 +2qu3 ( 2 (1—3v2+2qu3)3/2 ' (5.33)
351 qv® (1 — 202 £ qv?)
vty =, = (= 5.34
-1 ( 2 ) (1—20v2 + ¢2v4)(1 — 3v2 £ 2qu3)3/2’ (5:34)
s _ <35|,u> v2(1 F qu) (1 — 202 F qv3(5 — 14v?) + 5vtg?(1 — 40?) £ 7q3v7) (5.35)
" 2 (1 — 302 £ 2qv3)3/2,/1 — 602 £ 8qu® — 3¢2v* . '

Eq. (5.35) matches with the expression Eq. (B31) derived using the exact-in-e approach discussed in Appendix
The integrals of the motion for these orbits are identical to those what we found in the circular case, Eqs. (4.17) —

1} but with v = y/1/p.
Turn now to the out-of-plane motion. To make progress here, we first must more completely describe the tetrad

elements. They take the form
1o = €y +eély (5.36)
(5.37)

5 50 51
€2q = €5, T €€, .

The terms &, and &), are exactly as defined in Eqs. (4.23) and (4.24), but with v = \/1/p rather than v = \/M/r.

The eccentricity corrections are given by

2 2 3 2 2,,2 2 3
a1 ve 1 =302+ 2qu3 .. . v*(1 — ¢%v?) 5 [1—=3v2£2qu3 . .
€la = (—M WTT S Wy, (1 — o2 T q2’U4)3/2 COS Wy, 0, qu WTT S wy- y (538)

1 — 302 4 2qu® 3(1 o 1 — 302 4 2qu?
&, = (v S ov =AY v (L F qv) Y, sinw,, 0, pM (1 F quv®) ﬁcoswr> . (5.39)

O T T 002 — g2ot)3r

We used dw,./d\ = Y, rather than duw, /dN=T", = T, + Tf because these tetrad elements are used to build the spin

vector S,; any contribution from Y% is at O(S?).

we first note that because U? = 0
o _ Edéﬁg _ ddvs (5.40)

To complete our description of the out-of-plane motion,
U =xu’ = =
B dr  dx




and so

v’ d*s0s
dx

(5.41)

Using this in Eq. (5.15)), along with Eqgs. (5.22), (5.23)),
and 1) for F, L., and U", and finally using Egs. 1'
and (5.39) to work out the components o, 0., and oy

F&(\) =3s,uM|F

v(1 F qu) [1 — 2%+ ¢%vt +e (1 — 02 F 2903 + 2q2v4) cos wr]
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yields
A6y
725 + Y2695 = FA(N) (5.42)
where
M 17T 4qv + 3¢%v*
Yo = U\/ 1 — 302 £+ 2qv3 ’ (5-43)

is the Mino-time polar frequency for nearly equatorial
circular orbits, and where the forcing term is given by

For notational convenience, we have introduced

(1 F qu)/1 — 202 + ¢%v?
= 5.45
W=FTTT A 3z x2q0) (5.45)

1 1— 2 2 3 224
OAQZZFU( :qu)( v :F CI'U + q’U) (546)

(1 — 302 £ 2qv3) /1 — 202 + 20t

For eccentric equatorial orbits, the precession phase takes
the form

Yp =T A+, (5.47)

(1 — 302 4+ 2qv3) /1 — 202 + ¢%vt

= 3s uM (o + e cos wy.) cos(gs + )

cos(¢s + Pp)

(5.44)

where

M
T, =Mp+0(e) = —+ O(e?) (5.48)
and where 1), is a contribution to the precession phase
that varies along the orbit’s radial motion. Van de Meent
[122] provides a general expression for v,; for small ec-
centricity, this expression reduces to

" 2ev?(1 F qv)? 1— 302 £2¢v3 .

= — sin w,
(1 =202 4 ¢%v*) | 1 — 602 + 8qu3 — 3¢?v*

(5.49)

= ew(q,v) sinw, .

Note that ¥, o ev?, and so by definition ¥, is a small
quantity in the small eccentricity limit. This allows us to
usefully expand cos(¢s + 1p):

cos(¢ps + 1) = cos(¢s + T\ + ewsinw,)
= cos(¢s + T A) cos(ew sinw,.) — sin(¢s + T, A) sin(ew sin w;.)

~ cos(¢s + TsA) — ewsinw, sin(¢s + LsA) .

(5.50)

Combining Egs. (5.44) and (5.50), and then linearizing in e yields

Fo(\) = 3SL,U,M{011 cos(ps + TsA) +e |:O[2 cos wy cos(¢s + TsA) — agw sinw, sin(¢ps + TS/\)} } .

(5.51)

As in Sec. we use variation of constants to solve Eq. (5.42)), yielding

s = A(X) cos(ToA) + B(A) sin(ToN) ,

(5.52)
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(5.53)

(5.54)

where
AQ) = 1 — 3uMs, {4041 cos(A(Ys —Tp))  4daicos(A(To+Ts)) | 2e(az —arw) cos(/\(—Tg + 71, —7y))
8Ty Ts— Ty Yo+ T, Yo+ 7T, -7,
n 2e(ag + a1w) cos()\A(JI‘g +7T,.+ 7)) B 2e(ay — ) cosg/\(Tg +7T,.-171,))
Yo+ 7T, + 7T, To+ 7T, —Ts
2e(ag + ayw) cos(A(Tg + T, + Ty))
- To+ T, +7, } ’
BOV = o + 3uMs, {40[1 sin(A(Ts — Ty)) N 4o sin(A(To + 1)) n 2e(as — ayw) sin()\A(—Tg +71,.—17Ty))
8Ty Ts— Ty Ty + T Yo+ 7T, -7,
n 2e(as + a1w) sin()\A(—Tg + 71, +7Ty)) N 2e(as — 1) sing)\(Tg +71,.—71y))
Y+ T+ T, Yo+ 71, -7,
n 2¢e(ag + ayw) sin(A(Ty + T, + Ts))]
To+ 7T, +7s

We have put ¢s = 0 here for simplicity. Notice that
the total radial frequency T, appears inside the sine and
cosine functions, but the geodesic radial frequency T,
appears outside these functions in these solutions. This
is because A(A) and B(A) are used to build the O(S)
out of plane precessional motion of the small body, and
T, =7, + O(S). Using T, instead of T, outside of the
sines and cosines would affect the solution at O(S?), and
we neglect terms at this order.

It is important to note that the combination T, 4+ T, —
Ty can pass through zero. For example, when a = 0, this

occurs for orbits that have v = 1/(2v/3 — 3)/3, for which

p =~ 6.464; for a = M, this occurs for orbits that have

(1/2)(£1/v/3 + 1/1/3 +2/+/3, for which p ~ 1.238

(prograde) and p ~ 9.690 (retrograde). The general case
smoothly connects these limiting forms as a function of a.
At least naively, Eq. appears to be poorly behaved
at such “resonant” orbits, with certain terms diverging
as this combination of frequencies passes through zero.
It is not difficult to show, however, that the combination
oz + ayw passes through zero at exactly the same orbits
for which T, + T, = Ty. Such resonances thus have no
dynamical impact on the system. This is consistent with
recent work [82] [92] which shows that spinning body or-
bits are integrable at leading order in the smaller body’s
spin.

v

Equations (5.52)), (5.53) and (5.54]) show that the out-

of-plane motion of the small body depends on s , is un-
coupled from the in-plane motion, and is periodic, with
structure at harmonics of the precession frequency Yg,
the radial frequency Y,, and the polar frequency Ty. As
we consider more general configurations, we expect qual-
itatively similar behavior. We thus design our algorithm
for describing the small body’s orbital motion in the gen-
eral case in order to capture such behavior.

C. Next order in eccentricity

As our final “simple” case, we examine equatorial and
eccentric orbits to second order in eccentricity. To keep
the expressions relatively simple, we do this only for
orbits of Schwarzschild black holes, and only examine
the spin-aligned case. As we saw for the equatorial and
nearly equatorial orbits discussed in the previous section,
non-aligned small body spin decouples from all compo-
nents of the body’s orbit except the out-of-plane motion
component U? which is itself decoupled from the aligned
spin and from all other components of the orbital motion.
Focusing on the Schwarzschild limit of aligned spin orbits
will be sufficient for us to develop a strategy for solving
for this motion to high precision for more generic cases.

The two most important changes versus our previous
analyses are that it will turn out we need to know many
quantities describing geodesics to fourth order in e in or-
der to compute corrections to the orbits of spinning bod-
ies; and, we need a more complete accounting for the
difference between the true anomaly y, and the mean
anomaly w, = T,A. The need to go to fourth order in
e may be somewhat surprising. The reason is that the
radial velocity introduces a factor e; certain terms in the
analysis which scale with U"U,. or U"U? have their order
in eccentricity “boosted” by a factor of e?.

To describe the true anomaly, we generalize a func-
tional form that is well known from studies of Keplerian
orbits, writing

Xr = Wr + [6 (511 + 5?1) +e3 (531 + 55,91)] sin w,
+ €2 ([322 + 552) sin 2w, + € (533 + 5393) sin 3w,
= w, + 0%, + x5 . (5.55)
The quantity &y, stands for all the oscillatory geodesic
terms (i.e., the terms with f,;) that take us from the
mean anomaly to the true anomaly. The quantity dy?

stands for the equivalent terms which arise from spin-
curvature coupling (the terms with 5% ).



Other quantities we need are the integrals of the mo-
tion and the radial frequency:

1 — 202 n e2v? (1 — 4v?)?
V1 — 302 2 (1—202)(1 - 30v2)3/2
etvt (1 —4v2)%(3 — 8v?)

E:

8 (1 —20v2)3(1 — 3v2)5/2" (5.56)
A 1 e2v? 1
L.=M
ﬁ(vl — 302 + 2 (1—30v2)3/2
3etv?t 1
+ 5 (- 3?}2)5/2> , (5.57)

A 1—60v2 €202 (1—902)(2 —9v?)
T, = Myp( 4/
ﬁ’( =302 ' 4 (1 —302)32(1 6023

3etv? [8 — 2502 (1 — 3v?)(8 — 49v? + 147v?)]
64 (1 — 302)5/2(1 — 602)7/2 '

(5.58)

The true anomaly 7 coupled with the form r =
p/(1 4+ ecosx,), suffices to fully describe the radial mo-
tion. Turn next to the small body’s motion in ¢ and ¢.
We parameterize this motion using the 4-velocity com-
ponents

u=—FE+u?,

up =L +uj . (5.59)

Raising the index and multiplying by ¥ = 2, these com-
ponents can be easily converted to the forms U»?. We
assume that the spin corrections to these 4-velocity com-

J

20

ponents take the form

n=-—3

(5.60)

We generically find that ufw)m x el”l. We find that we

don’t have enough information to pin down these com-

ponents for |n| > 3; presumably we need to describe the
geodesic motion to higher order in order to do this.

We solve for the various unknown quantities we have
introduced by enforcing Eqgs. - and the con-
straint (3.31]), and then gathering terms in spin and ec-
centricity. Terms at order (s))? are geodesic, and can be
used to find the coefficients which make d,., defined in

Ea. (59)

’02

Pu=-1—¢3- (5.61)
U4

L 62

a2 SA =609 (5.62)
1906

S G T (56%)
’UG

A 64

Pas 48(1 — 6v2)3 . (5:64)

Turn now to various aspects of the solution at order
s|- First, we find the following coefficients which define

5x 3

_ SIH 3 (1—20%)

ul = —s ﬁi(l — 20%) e
e N R RN T

3ev® cos wy

50 (2 = 50° — 160" + 480°)
(1—20v2)(1—30v2)5/2 )’
v [2 = 2507 + 1260 + 2340° + 6(1 — 3v?)%(1 — Tv?) cos 2w, |

By =5V T 6 (5.65)
o -2, (5.66)
7 2 4
P = 1Sélj\u4v (12 5—252‘5)6(11 - 6?}22& : , (5.67)
By = 186“;2 1)(71(1_;521};) . (5.68)
We next find the terms which define ug and uy:
(5.69)

5 1722
ussw<3v (1 - 20%)

EOMO\ 2 (1-302)32 7 (1-30v2)1/2 4

e3v® cosw, [4 — 24v? — 81v* + 4590° + (4 — 84v? + 513v* — 8910°) cos 2w, |

(1— 602)(1 — 3v2)5/2

8 (1— 6v2)2(1 — 302)3/2

) . (5.70)

Finally, we compute the shift to the radial frequency due to spin-curvature coupling:

TS _ 3S”/L Uz(l - 2112)

e?v? (4 — 10602 + 9850v* — 427505 4 892818 — 7452v10)

T2 ((1 —302)3/2\/T — 602 12

(1— 202)(1 — 302)5/2(1 — 602)5/2

) . (5.71)

Neglecting the terms in €2, this is consistent with the result we found previously, Eq. (5.35) in the limit ¢ — 0. In
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addition, Eq. agrees exactly with the Y% in Eq. @ obtained using the approach presented in Ref. [65]; see
Appendix [B for details of this comparison.

Several other important quantities can be derived from what we computed here. Two that are particularly important
are the axial frequency Y4, and the quantity I" which converts from Mino-time frequencies and periods to coordinate-
time frequencies and periods. As discussed in Sec. @7 the axial frequency Y is the orbit average of U?:

1 27
= — ?(w,)dw, . 72
©= 9 | U?(wy)dw, (5.72)
Using U? = Zg¢¢u¢, we find
M e?v? 3?1 — 202 spe?0® (2 — 5v? — 160t + 4809)
T, = 4 —_— S - : ik (5.73)
oI — 302 2(1 — 302) 2 1-3v 4 (1 —202)(1 — 302)
Likewise, I' is found by orbit averaging U? = YXgttu,:
_ M? e? (3 — 38v* 4 148v* — 1860°)
Cot1— 302 2 (1— 1102 + 36v* — 3606)
CBsp0® 1 sye’v® (4 — 4307 4+ 1600 — 18608 — 1440 + 216010) (5.74)
2 (1—30v2) 4 (1 —202)(1 — 302)2(1 — 6v2)2 ' '

With these quantities in hand, it is straightforward to compute Q, 4 = T, 4/I'. Finally, the shifts to the conserved
integrals due to the spin-curvature interaction become.

5 2
|| v (4 — 15v%)
oS = —— I ____ (12— .

2M (1 — 302)3/2 “o1-302) )" (5:75)

sip(2 — 130" +180Y) /- et! (17 — 9602 + 1440*)
2(1 — 3v2)3/2 2 (1—2v2)2(1 —3v2)(2 — 9v?)

SLS = (5.76)

All of these quantities agree with Egs. (B16) and (B17) which were obtained using the exact-in-eccentricity approach
outlined in Appendix [B.

VI. SPINNING-BODY ORBITS III: FREQUENCY-DOMAIN TREATMENT

We now consider nearly equatorial orbits with arbitrary eccentricity, using a frequency-domain treatment of the
spinning body’s motion. As described in Sec. the spin of the small body introduces the precession frequency
T, into the analysis. The small body also shifts the orbital frequencies by an amount O(S) which we denote Y2 and
Tg . Functions evaluated on a spinning body’s orbit can thus be written as a Mino-time Fourier expansion in terms

of frequencies T, = T, + Y5, Ty = Ty + Y5 and T,:

1 o]

FO\) = Z Z fjnke—ijTSAe—m(”fr+Yf))\e—ik(Te+T§))\. (6.1)

j=—1lnk=—occ

The Fourier coefficient f;, is given by

1 Ar pAho pAs B s o
fimk = A / / / £ (s Mgy Ag) €9 Tsre gin(Trt DA ik (To+TT)N0 g\ g\ d), |, (6.2)
ridgids Jo 0 0

where Ay g s = 2m/Y, ¢ . By writing all relevant quantities as expansions of this form, we can compute the properties
of spinning-body orbits to arbitrary precision, and develop a natural way of computing the frequency shifts T3
and Y5. As written, Eq. is appropriate for generic spinning-body orbits. In this analysis, we examine orbits
of arbitrary eccentricity that are equatorial or nearly equatorial; the generic case is developed and presented in a
companion analysis [109].

(

A. Aligned spin in this case is exactly as in Sec. but we now allow

We first consider eccentric orbits with the spin of the
small body aligned with the orbit. The orbit’s geometry



for arbitrary eccentricity. In this case, only radial os-
cillations are present in the motion, so all orbits can be
described using expansions of the form

FO) = D7 faem TN,

n—=—oo

(6.3)

To evaluate these expressions, we truncate the Fourier
expansion at a finite value nyax. In Fig. |2 we examine
the convergence of important properties of the orbit as we
increase Nyax. Lhese residuals are computed by compar-
ing our frequency-domain expansion for these quantities
with an alternate method which is exact in eccentricity,
but only applies to the spin-aligned case. This method,
which is based on that described by Saijo et al. (Ref. [65])
is described in detail in Appendix[Bl Our results indicate
that we can accurately handle large eccentricities (up to
at least e ~ 0.8) by increasing nmayx, though larger e re-
quires larger values of nyax in order in order to meet a
prescribed level of truncation error.

As described in Sec. we parameterize the radial
motion as

pM

= 6.4
" 14 ecosy, (64)

This form guarantees that the motion is constrained to

the interval p/(1 +e) <r <p/(1l—e). Asin Eq. (5.17),
we write the true anomaly Y, in Eq. (6.4) as

Xr = Wy + 0Xr , (6.5)

where w, is the mean anomaly and §y, is an oscillating
contribution to x,. The oscillating contribution in turn
has a piece associated with geodesic motion, §y,, and

another piece that arises from spin-curvature coupling
ox; = 0(8),
OXr = 0Xr + 5X§ : (66)

The mean anomaly also has geodesic and spin-curvature
contributions:
wy = (YT + Tf) A, (6.7)

where Y is the O(S)-correction to the radial Mino-time
frequency. It is useful to write the true anomaly angles
5%, and dx? as Fourier expansion

oo
~ —inw,eA
E 5Xr,ne e )

50 = (6.8)
o |
= Z SXp et (6.9)

1 Note that if the function we are Fourier expanding already has a
subscript, we use a comma to denote the specific Fourier mode.
For example, X 1 is the n = 1 harmonic of function §x;.
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FIG. 2. Plot of residuals versus nmax with s = s for ufo (or-

ange), u3 o (blue), Y (red). These residuals are computed by
comparing our frequency-domain expansion to results found
using an approach which, for the spin-aligned case, is exact
in eccentricity; see Ref. [65] and Appendixfor detailed dis-
cussion. Top panel shows e = 0.3; middle is e = 0.5; and
bottom is e = 0.7. In all cases, the large black hole has spin
parameter a = 0.9M, and the orbit has p = 10 and I = 0°.

We set Xf,o = 0; this amounts to a choice of initial
true anomaly. Note that the geodesic Fourier coeffi-
cients dxrn are known, as described in Sec. Observe,
however, that w, includes the frequency correction Y2,
meaning that w, + dx,, with dy, given by Eq. , is
not the same as the true anomaly for the corresponding
geodesic orbit with the same radial turning points. We
treat the non-oscillating part of the spinning body’s true
anomaly as almost identical to the non-oscillating part of
the true anomaly belonging to the geodesic with the same
turning points, differing only by an appropriate shift to
the orbit’s frequency. This cures a pathology associated
with the fact that the rate at which the mean anomaly



accumulates for geodesic orbits differs at O(S) from the
rate at which it accumulates for spinning-body orbits.
This issue is described in more detail in Appendix [A]
As in Eq. (5.59), we define the O(S)-corrections to the
temporal and axial components of the 4-velocity by
— P4 P S
ug = tuy,  uy=L.+ug, (6.10)
where u; and ug can also be written as Fourier expan-
sions,

oo
uf: Z uine_i"er, (6.11)
n=-—oo
o0
ug = Z ug’ne*i”w"')‘. (6.12)
n=—oo

We divide both u and ug into a piece that is constant,
and a piece that oscillates:

S
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We can solve for the oscillating pieces using the t- and
¢~ components of Eq. (3.16). Combining the axial and
temporal components yields two equations of the form

dug B du;g

— — 14
o - Res oy (6.14)

where R4 and R; are functions of known geodesic quanti-
ties. For the equatorial and nearly equatorial cases, Eqs.
are equivalent to Eqgs. (5.13) — (5.14)), and we can
read out the functions R4 and R; from there. The equa-
tions in allow us to immediately solve for du; and
(5u§. The constants ufo and ug,o are determined by the
system’s initial conditions; as described below, we solve
for these quantities along with with the other unknowns,

wl = ugy +ouy (N, uf =ufg+oui(N) . (6.13) 5 and Y.

J

To make further progress, we insert Eqs. (6.4) and (6.10) into Eq. (3.16)) and linearize in spin. By gathering in

terms of unknown quantities, the radial component of Eq. (3.16) has the form

d?ox? désx?
Xr G, Xr

Fr dA? X

+HOX; + T Y] + Toudo + Taug o+ T = 0. (6.15)
In this equation, we have gathered all the terms and functional behavior which are known (i.e., they depend on the
behavior of the geodesic with p and e) into the functions F,., G,., H,, Z1,, T2, I3 and J. The explicit expressions
for these functions in the Schwarzschild spacetime can be found in Appendix For Kerr, the expressions become
rather unwieldy. We include a Mathematica notebook in the supplementary material which computes the expressions
for a # 0. Note that we solved for duy and 5ug when we solve 1} these functions are incorporated into J.

We also use u®u, = —1 linearized in spin [i.e., Eq. }, as an additional constraint. This yields an equation of
the form

dsx;
dA
where K, M,, Ni,, Na, N3 and P are again all functiond?| of known quantities, and are listed in Appendix for

Schwarzschild (with the Kerr versions included in supplemental material). The solutions for du; and 5u2 are here
incorporated into the function P.

Kr

+ MoxE + N Y2+ Nouly + Nsul o +P =0, (6.16)

(

To solve for the unknown aspects of the spinning
body’s orbit, we write F,., G, H,, T, Lo, I3, T, K.,
M., Nip, No, N3 and P as Fourier expansions of the
form shown in Eq. . We insert these expansions,
along with E, into Egs. and . Eval-
uating Egs. (6.15) and in the frequency domain,
we turn this differential equation into a system of linear

equations which can be expressed in the form

M-v+ec=0, (6.17)

where M is a matrix whose entries are related to the
Fourier expansions of several of the functions appearing
in Eqgs. and , and where c is a column vector
whose entries are related to the Fourier expansion of the
functions K and P. The entries of the column vector v
are the problem’s various unknown quantities, such as
the spin-induced shift in the radial frequency Y5. As an
illustration of this equation’s form, we have written out

2 The functions F., Gr, etc. follow a mostly alphabetic sequence;
however, we skip the letter £ in our scheme to avoid confusion
with the angular momentum 4-vector defined in Eq. (2.11).

the explicit form of M, v, and ¢ in Appendix for
Nmax = 1. Note that this value of ny .y is far too small
to achieve numerical convergence, and is used only for
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FIG. 3. Example of radial motion for an aligned, spinning body in an equatorial orbit of a Kerr black hole (a = 0.9M). Left
panel shows r versus A for a geodesic (black dashed) and for a spinning-body orbit (blue solid). These orbits share radial turmng
points, corresponding to semi-latus rectum p = 10M, eccentricity e = 0.5. Top right panel shows the splnmng body’s —uy (red),

03910 5P /(211) (orange), and 6E° (blue) versus . Bottom right panel shows the spinning body’s u3 (red),

—9896a5" | (21)

(orange), 6L% (blue) versus A. Notice that the shifts in the integrals of motion E and L, are constants, even though the terms
which contribute to them oscillate. (The oscillations in the terms which contribute to L2 are so small they can barely be seen
on this plot.) In all cases, the Fourier expansions have been taken to nmax = 8; for the left panel, we have used us/M = 0.5.

illustrative purposes. The matrix equation is ungainly
when written out for realistic values of nyay, though it
poses no difficulties for numerical analysis. We then solve
this system of linear equations for the unknown variables
ox2, T2, uf o and ufy. This yields a complete solution
for the motion of the spinning body to first order in spin.

When the small body’s spin is aligned with the orbit,
an alternative method based on Ref. [65] allows us to
calculate Y2 exactly as a function of eccentricity; this
method is described in detail in Appendix [B. Figure [2
shows how Y3, u? 4,0 and utS o converge to the exact result
as we increase the value of Nmax. For higher eccentric-
ities, we need to include more harmonics (use a larger
value of npmax) in order for the solution to converge to
the same level of accuracy as the lower eccentricity orbit.
For example, for an eccentricity of e = 0.7 (bottom panel
of Fig.|2|) we need nyax = 20 to obtain the same discrep-
ancy between the exact and frequency-domain result as
for e = 0.3 (top panel of Fig. [2)) with np.x = 9.

An example of an aligned spinning body’s equatorial
orbit is shown in the left panel of Fig.[3] The geodesic or-
bit with the same radial turning points is overplotted for
comparison. Notice the two ways in which the spinning
body’s radial motion differs from that of the geodesic.
First, the radial frequency is shifted by Y. This effect
can be very clearly seen in Fig. Second, the shape of
the orbit is modified due to the impact of the oscillatory
term in the true anomaly dx?. This effect is quite a bit
smaller, and is not obvious in the figure for this choice of
parameters.

In the right panel of Fig. [3| we show uf and ug, as
well as corrections to the spinning body’s energy §E°
and axial angular momentum §L? [using Eqs. and
(3.35)]. As expected, the oscillations dggsa S™? /(21) and
0591aS“? /(2p) precisely cancel oscillations in duj and

du3; upon summing, §E° and §L7 are indeed constant.
The values for the spinning body’s energy and axial an-
gular momentum match those obtained using the alter-
native approach described in Appendix B} see App.
in particular.

B. Misaligned spin

We now consider eccentric, nearly equatorial orbits,
allowing the spin of the small body to have arbitrary
orientation. As we saw in Secs. [VA, [VC and [VTA]
if the spin of the small body is aligned with the orbit,
the motion remains in the equatorial plane. However, if
the spin of the test body is misaligned, the spin vector
precesses, as described in Secs. [VB| and [VB. The spin
precession introduces the frequency Y into the motion.
Orbital quantities can then be described using expansions
of the form

1 o)
.. e s
_ § § fjnefz]'rs)\efzn(T,.JrTr))\ .

j=—1ln=—oc0

(6.18)

The spin precession induces out-of-plane motion,
which we describe by introducing the new variable §dg,
as in Secs. and [VB! The orbit can therefore be pa-
rameterized by

pM

pr— a].
1+ ecos (wy + 0%, +06x2) (6.19)
0= g + 60 . (6.20)

The spin contribution to the radial anomaly angle, §x?,
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consists of purely radial oscillations,
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FIG. 4. Plot of residuals versus nmax for a nearly equatorial 1 0
orbit of a misaligned spinning body. The body’s spin in this 50q — 50 q . o~ INWr g—igws
. s = S.jn€ e . 6.22
case has s = 0.5s, s1 = v/3s/2. We show residuals for u? j;l n;m n ( )
(orange), u3 o (blue), Y7 (red). To compute these residuals,
we use the fact that the equations for this case are identical
to the equations for the spin-aligned case, but substituting
s for the small body’s spin s. Because of this, the exact-
in-eccentricity solution (described in Ref. [65] and Appendix
that describes aligned orbits can be used to compute the
quantities which describe the radial part of misaligned spin-
ning body’s orbit, provided we use only the parallel compo-
nent s) all of the relevant expressions. As in Fig. |2} top panel
shows e = 0.3, middle shows e = 0.5, and bottom is e = 0.7.
In all cases, the large black hole has spin parameter a = 0.9M,
and the orbit has p = 10 and I = 0°. We have introduced w. — Y.\
s — S/t

J

As in Sec. we write the axial and temporal components of the 4-velocity in the form Eq. (6.13) and use Eq.
6.14) to find duy and Suy. We insert Egs. 06.19D7 46.20[) and 46.1()[) into Eq. 1) and linearize in spin. Similarly to
Sec. [VIA, the radial component of Eq. (3.16) has the form

d26yS doys dsv
d;g’” d’;T + Gy d/\s + 10X 4+ HodVs + L1, Y3 + Touy g + Tsub g+ T =0, (6.23)

where F., G., Gy, H,, Hy, 1, I, I3 and J are all functions of known quantities. For nearly equatorial orbits,

Fr + G
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FIG. 5. Example of the motion of a nearly equatorial prograde (I = 0°) orbit for a non-aligned spinning test body around a
Kerr black hole with a = 0.9M. Top left panel shows r versus A for a geodesic (black dashed) and a spinning test body (blue
solid) orbit. These orbits share radial turning points, corresponding to p = 3M, e = 0.3. Note that, in the left two panels,
we have used an unphysically high spin pus/M = 1 in order make the spin-curvature effects clearly visible. Also note that for
making this plot, the spinning-body orbit has been shifted slightly: its radial frequency Y, = T, + Y5 has been replaced with
Y,. This is done so that in the plot the geodesic and the spinning-body orbit pass through their radial turning points at the
same times, which helps to illustrate differences in their motion between each turning point. Bottom left panel shows cos
versus A for a geodesic (black dashed) and the spinning-body (blue solid) orbit. Top right shows —uf (red), dsgiaS™?/(2u)
(orange), and 6E° (blue), as well as §x; (black), all versus . Finally, the bottom right panel shows u3 (red), —9596a.5*" /(2u)
(orange), and §LZ (blue), as well as §9s (black), all versus A. Notice that the spin-induced shifts to the integrals of motion F
and L, are constants, although each such term has contributions that oscillate. In making these plots, we have used s = —0.5s,
¢s = 0 and Nmax = 5. In the two left panels, we have used ps/M = 1.

Gy = Hy = 0. This is not the case for generic orbit geometry, which we discuss in a companion paper [L09]; we
include these functions in Eq. in order to lay out the structure we need for the generic case.

When the small body’s spin is misaligned with the orbit, the body’s motion takes it out of the equatorial plane.
This requires us to include the #-component of Eq. in our analysis. We linearize this equation in spin, yielding

d?69 déx?s dov
Qs TS dir + 8o+ T8X; + Todbs + U YT+ Upuo + Usugy +V =0 (6.24)

In (6.24), the functions Qy, S, Sg, Tr, Ty, U1, Us, Us and V all depend on known quantities. For nearly equatorial
orbits, S, = Sy = T, = U1, = Us = U3 = 0. This is not the case for the more generic orbits which we discuss in a

companion paper [109]. As in our discussion of the spin-aligned case, we use u®u, = —1 to obtain a linear-in-spin

constraint which we write

dsx? déd
o diir + Ky d)\s + MpOXy + Mydds + Nip X7+ Noufy + Naul g +P =0 (6.25)

Here, K., Ky, M., My, N1,, N2, N3 and P are again all functions of known quantities. For nearly equatorial orbits,
Ly = My = 0. We list the Schwarzschild limit of all these functions in App. and include Kerr versions in our

supplementary material.

(

We can now write ]:7‘7 g’m gﬁu HT7 Hl% Il'm I27 I?n j7 Qﬂa Sra 8197 7;’7 7:97 ulra u27 Z/{g, Va K:'r‘? ’C197 M'm Mﬁa



Nir, No, N3 and P as Fourier expansions of the form

given in Eq. (6.18). We insert these expansions, along
with Egs. (6.21) and , into Egs. , and
(6.25)). This turns these differential equations in linear
algebraic ones; as in our discussion of aligned orbits in
Sec. [VTA] we gather terms into matrix form, and then
solve for the for the unknown variables dx?, 6dg, Y2,
ufo and “i,O' Further details about the matrix system
corresponding to Eq. are provided in Appendix
and the explicit solution given for ny.x = 1.

As discussed in Secs. and [VB] when the small
body’s spin is misaligned from the orbit, qualitatively
distinct behaviour arises due to the spin’s precession. For
the nearly equatorial case, non-trivial polar motion ddg
emerges, varying with the spin precession frequency Y.
Note, though, that in the expansion we do not in-
clude harmonics at frequency Yy. Such harmonics can
in principle be present, as we saw in Eqs. , ,
and . In the present analysis, we have only con-
sidered initial conditions such that the amplitude of the
Ty harmonics are suppressed. In our companion study
[109], we examine motion with d¢g governed by the com-
pletely general form (6.1). The motion in this case has
harmonics of all three frequencies are present.

In the left panel of Fig. |5, we show r and 6 for a small
body with misaligned spin; an equatorial geodesic with
the same radial turning points is overplotted for compar-
ison. The form of §x2 and §¥s for this orbit is shown
in the right panels of Fig.[5] As in Sec. [VIA] there are
two main ways in which the radial motion of the spinning
body differs from that of the geodesic with the same turn-
ing points: the radial frequency is shifted, and the shape
of the orbit is modified by §x. We have actually hid-
den the first effect by shifting the spinning-body orbit’s
radial frequency — the solid curve in Fig. isAa spinning-
body orbit with the radial frequency Y, = T, + T2 re-
placed with Y,. This allows us to more clearly show the
impact of the shifted radial anomaly oscillation 6> —
notice that the shifted geodesic sometimes moves faster,
and sometimes slower, than the spinning-body orbit with
which it is plotted. The frequency shift T3 is exactly the
same as for the equivalent aligned case except with s
replaced by s. The harmonic content of cos€ is more
complicated, exhibiting a beat between Y, and T,. We
also plot u; and ug alongside the corrections to the spin-

ning body’s energy 6 E° and orbital angular momentum
SL? in the right panels of Fig.

Figure [2| displays the convergence of an orbit with
aligned spin, while Figure 4| shows the convergence of
an orbit with misaligned spin, where both orbits have
the same radial turning points. We call the discrep-
ancy between the exact result and our value for a certain
Nmax the “residuals”. These residuals are normalized by
the exact value of the quantity we are computing, so
the values for Y2, ugo and ug,o are directly comparable.
AS npax increases, the residuals decrease and approach
closer to the true value, as expected. The convergence
trend is identical for both the aligned and misaligned
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cases, except for the highest value of ny,.x for each of the
different eccentricities. At this point, the working preci-
sion of the calculation is insufficient and the computation
breaks down due to rounding error.

VII. SUMMARY AND FUTURE WORK

In this work, we have studied equatorial and nearly
equatorial orbits of spinning bodies around black holes
in detail. Such orbits reduce to equatorial ones when the
orbiting body is non-spinning. When the spin is aligned
with the orbit, the motion is confined to the equatorial
plane. When the spin vector is misaligned, it precesses
with Mino-time frequency Y, and the motion acquires
a polar oscillation és whose magnitude is O(S). The
solution in this case appears to diverge on “resonances,”
orbits for which the radial and spin frequencies combine
to be commensurate with the polar oscillation frequency:
T, +YTs = Ty. In fact, the amplitude of the driving
force vanishes at such frequencies, and the system is well
behaved, in keeping with past work which demonstrated
that nothing “interesting” happens during spin-orbit res-
onances at least when considering the motion to leading
order in spin [82, 92]. Sections [[V and [V] presented an-
alytic descriptions of nearly equatorial orbits that are
circular and slightly eccentric respectively. In Sec. [VI,
we introduced a frequency-domain description of nearly
equatorial orbits with arbitrary eccentricity.

In a companion paper, we use this frequency-domain
approach to describe completely fully generic orbits —
orbits that are both inclined and eccentric, with the small
body’s spin arbitrarily oriented [109]. It is worth re-
marking that, for the nearly equatorial orbits we con-
sider here, spinning-body orbits share the same radial
turning points as some equatorial geodesic orbit. For the
nearly equatorial case, this “reference geodesic” which
shares the orbit’s turning points serves as a particularly
convenient point of comparison in analyzing the spin-
ning body’s orbit. This analysis becomes more compli-
cated in the generic case, for which neither the polar
nor the radial libration ranges coincide in general with
those of a geodesic. We can nonetheless define a “ref-
erence geodesic” whose turning points coincide with the
spinning body’s orbit in an orbit-averaged sense; details
are given in Ref. [I09]. We use this framework to com-
pute corrections arising from the small body’s spin to
the orbital frequencies T, and YTy for generic orbits in
Ref. [109]. In addition, we present a detailed compari-
son between our approach and the methods presented in
Ref. [82] for the case of equatorial, spin-aligned orbits in
Appendix B of the companion paper [109].

Results in Ref. [143] suggest that the behavior near res-
onance of terms which are quadratic in spin plays a criti-
cal role in the emergence of chaotic motion via the KAM
theorem. This is supported by Ref. [92] which contains a
detailed numerical study of the growth of resonances and
chaos for spinning-body motion in a Schwarzschild space-



time. By using the techniques discussed here to provide
a very accurate formulation of the linear-in-spin aspect
of spinning-body orbits, we plan to extend work in Ref.
[143] by investigating the behaviour of the quadratic in
spin terms in the frequency domain. We hope this may
clarify the precise manner in which nonlinear terms in the
spinning-body equations of motion push such orbits from
integrable to chaotic behavior in a Kerr background.

Another avenue for future work is to incorporate sec-
ondary spin into gravitational waveform models. An os-
culating geodesic integrator |150, [151] can be used to
generate spinning-body worldlines. Any perturbed sys-
tem of the form Dp®/dr = 0f* can be described using
an osculating geodesic framework, so long as J f¢ is suf-
ficiently small. In the EMRI limit we are interested in,
both the spin-curvature force f§ and the self-force ef-
fects are small, so it should be possible to fold both into
a forcing term and build a spinning-body inspiral. Such a
framework has been developed for Schwarzschild orbits,
and is presented in Ref. [105]; we hope to use a simi-
lar approach to model completely generic spinning-body
Kerr inspirals. Ultimately, one hopes to build a fully self
consistent self-force driven inpiral, and it is encouraging
that the first steps have been taken in this direction [108§].
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Appendix A: Explicit expression for the radial shift
of a spinning body’s orbit

In this paper, we seek periodic solutions to the linear-
in-spin Mathisson-Pappaptrou equations. As outlined in
Sec.[VI, we characterize the radial coordinate of spinning-
body orbits using the parameterization

_ pM
1+ ecos(w, + 6x-(wy) +6x5)

r(A) (A1)
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where
5% (wy) = fj §Xrme ™m0 (A2)
oxs = i Sx5 e (A3)
and where 7
wy = (Tr + THA. (A4)

The quantities written with hat accents, :i'r and dx.., are
computed using geodesic quantities — Y,. is the Mino-
time radial frequency for the geodesic with semi-latus
rectum p and eccentricity e, and ¥, describes the oscil-
lating contribution to the true anomaly for that geodesic.
The quantities 6x> and Y2 are both O(S).

Although 0y, is computed using geodesic quantities,
notice that as implemented in this formula we include
O(S) terms in it via the mean anomaly angle w,. The
Fourier coefficients dx,, are identical to those for a
geodesic orbit, but the angle w, in the exponent of Eq.
includes an O(S)-term associated with the impact
of the small body’s spin on the orbit, Y. This takes into
account the fact that the spinning-body orbit’s frequen-
cies are shifted by T% from those of the geodesic which
shares its radial turning points.

Our goal in this Appendix is examine how the spin-
ning body’s orbit is shifted from the trajectory of the
geodesic which shares the same turning points. To ex-
pedite this comparison, in this Appendix we write the
function 0, with an argument of either w; or w,, where
w, = T, A. When we use dx,(w,), this is the function
which parameterizes in part the true anomaly of a spin-
ning body’s orbit. This function’s form is given explicitly
by Eq. ; it oscillates in phase with the radial motion
r(A) of the spinning body. On the other hand, §x, (i, ) is
the function that appears in the parameterization
of the geodesic orbit. It is identical to the form in Eq.
except with w, — w,. It oscillates in phase with
the radial motion #(A) of the geodesic orbit.

As discussed in Sec. [[ITE] we can define the differ-
ence between the spinning body’s orbit and that of the
geodesic which shares its turning points as follows:

ors(\) =r(\) —7(N\), (A5)

where 7(\) describes the radial motion of a spinning
body’s orbit, and 7#(\) describes the radial motion of the
geodesic which shares its radial turning points. Note that
drs(A) = O(9).

We expect drg(\) to contain secularly growing terms
due to the difference in frequencies between the geodesic
and the spinning body’s motion. For the parameteriza-
tion defined in Eq. (A1), the explicit expressions for ()
and drg(A) are:

_ pM
1+ ecos (b, + 6%, (1))

F(A) (A6)



and
TIXN(1—iY, ndXrne ™) + 6x3

(14 e cos (W, + 6% (10r)))°
x sin (W, + o (W) .

ors(A) =pMe

(A7)

The secular growth of drg apparent in Eq. is a
somewhat troublesome mathematical artefact of the fact
that we are comparing two integrable systems that have
slightly different frequencies. This is troublesome be-
cause we would like to think of the spinning body’s orbit
as “close to” the geodesic which shares its turning points.
Though this describes the behavior of drg for small A,
this quantity evolves such that it eventually cannot be
regarded as a perturbation.

To address this, we compare the two solutions in such
a way that we avoid secularly growing terms, following a
Poincare-Lindstedt-type approach. We begin by shifting
the frequency of the geodesic solution so that it matches
the frequency of the spinning-body orbit. Let us define

pM
1+ ecos (wy + 0xr(wy))

Tshife(A) = (A8)
This is just Eq. (A6), but with the geodesic mean

anomal . = T\ replaced by the mean anomaly
w, = (T, + T2)X. We then define

SO = 7(\) — Fenire(A)

where again () describes the radial motion of a spin-
ning body’s orbit. We introduce the superscript label
“shift” to distinguish this quantity from that introduced
in Eq. ., noting that its frequency is shifted from the

geodesic frequency. Using Eqgs. ) and (A8), we find

6X§(w7') sin [w, + 0Xr (wr)] .
(1 + ecos [w, + 5%, (w,)])*

(A9)

ST (\) = pMe (A10)

The quantity 67t (\)
stead periodic at the radial period A, = 27/ (TT + Tf)

We can use Fourier expansions quite naturally to de-
scribe (57"5}““()\) which is advantageous for the frequency-
domain approach we use in this paper.

does not grow secularly, but is in-

Appendix B: Comparison with Saijo et al., 1998:

Aligned spin, equatorial orbits

Considerable work has been done previously on equa-
torial orbits with aligned spin. Almost all such work uses
the equations of motion describing a spinning body con-
fined to the equatorial plane that were derived by Saijo
et al. [65]. Saijo et al. use the conserved quantities E,
L%, 8% = 5*S, and —pu? = p®p,, in order to derive these
equations; their full derivation is in Ref. [65] (see also
Refs. [66] and [64] for similar related discussion). We
present the equations for Kerr spacetime below in Egs.

@D - @5

29

The radial component of Eq. (3.1, taking the limit of
a body confined to an equatorial orbit with aligned spin,
can be written

dr
YsAs— = /R, B1
dr (B1)

R,=P2—A (EQ +[L5 = (a+ S“/J,)E's]z) ., (B2)
Ps = [(T2 +a®) + as)p (1 + Af)] ES
< S'“M) LS (B3)

Jr
( 3|u2M> | (B4)

2
“‘LL2M7” [LE — (a+ syu)E7]
3

S

Ag=1- (B5)

We begin our discussion with the Schwarzschild limit,
for which we find particularly compact and convenient
expressions.

1. Schwarzschild spacetime

Linearizing in the small body’s spin, Eq. reduces
to a simple form, as presented in Appendix B.3 of Ref.
[71]. We reproduce the result here in our notation, noting
that our parameter s is dimensionless, and so differs
from the correspond spin parameter used in Ref. [71] by
a factor of u:

(j) — (BS)? - (V™)

EL (1 - 3M) +0(S%),  (B6)

r

where VI is the usual effective potential for the
Schwarzschild metric, but using the angular momentum
for a spinning-body orbit:

(VS)? = (1 2M> (1+ (LS)Z) . (B7)

r
Equation (B6) is Eq. (B14) of Ref. [71

notation and linearizing in spin.

], adapted to our

a. Clircular equatorial orbits

To find the energy and angular momentum correspond-
ing for a body in circular orbit with its spin aligned with
the orbit, begin by requiring dr/dr = 0. This yields a



quadratic equation for £ whose solution to linear order
in s is

e L. 3M
(B%)? = (V&™) = sy (1 - T)
= V;i;:hw,spin ) (BS)

Further requiring 8VC§fChW’Spin /Or = 0 yields the solutions

_ 3/2
ES = _r—2M _ e <M> , (B9)
w/T(T—?)M) 2r r—3M
LS = rvM . s|p (r —2M)(2r — 9M) (B10)
r—3M 2 \/r(r—3M)3/2

These expressions match exactly with Eq. and
in the limit a = 0; these expressions can also be
foun in Eq. (B17) and (B18) of Ref. [71]. Similarly, the
expressions in Eqgs. (54) and (55) of Ref. [66] reduce to
in the first order in spin limit.

b. Eccentric equatorial orbits

Next we consider eccentric equatorial orbits. We begin
again with Eq. (B6), but now multiply by ¥? = r%, using
d/d\ = ¥ d/dr to change into an expression for (dr/d))*:

dr\?

(d)\) =rH(E5)? —r(r —2M) (r* + (Lf)Q)
+ 2s”urEA’ﬁz (r —3M) + O(S?)
= RSMW(r) (B11)

With this formulation of Eq. , we can straightfor-
wardly compute Y2, §E¥ and JL° and compare with
results we obtain elsewhere in this work. X

We begin by substituting £ = E + 0FE°, LS = L, +
SLY, with §E® and 6L2 both O(S), into Eq. (B11) and
expand to first order in spin, yielding

R?Chw(r) — RSChW<’r‘) + 6R§chw(r> 4 0(52) , (Bl?)
where
RSChW(r) = T4E — 7’(7’ - 2M)(7"2 + -Z—/z) )

SRSM™Y (r) = 2r [s”u(r —3M)EL, 4+ r*ESE®

(B13)

(- 2M)ﬁZ§Lf] . (B14)

Using dr/dX = 0 at the turning points r = pM/(1 + e)
yields the well-known results

. (p—2)%2 —4e2 . pM
=z gy PM (Bis
p(p—3—e?) Vp—3-¢2 (1)

3 Note that Eq. (B18) in Ref. [T1] contains a typographical error
in the denominator; the » — 2mgo should be r — 3msa.
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describing these orbit integrals for Schwarzschild
geodesics. Requiring that » = pM/(1 + e) remaining
turning points for the spinning bodies orbit, we require
SREMY = ( at these points as well. This yields

s Sip (1=e?)?
OB = M 2p(p— 3 —e2)3/2” (B16)
2p — 9 — 3¢ —2)2 — 42

2p1/2(p — 3 — €2)3/2
These expressions are identical to those in Eqgs. (46) of
Ref. [69] with r, = pM/(1 —e) and r, = pM/(1 +e).

Next, we use Eq. (3) in Ref. [116] to calculate A,, but
using R3MY () as defined in Eq. (B11):

Tmax dr

A =2 - — (B18)
Tmin V REChW<r)
with
M M
T'min = L sy Tmax = P . (Blg)
1+e 1—e

Using the parameterization of radial motion defined by

Eq. (5.16), we turn equation (B18) into an integral over

Xrt

T 1 dr
A, = 2/ ——dx,, B20
0 VRS (x) dxr (220
where
pM dr  peM sinx, (B21)

"= 1+ecosx, dx, 1l4ecosy,

Noting that A, = A, + A2, we break this integral into
geodesic and O(S) pieces:

R i 1 dr
A, = 2/ ", B22
0 /RSChW(XT) er ( )
4 (5RS°hW(X ) dr
AS = — —s5 AWy, . B2
" ./0 RS (x,)3/2 d, (B23)

The definitions Y, = 27 /A, and Y, = T, + 17 yielding
. 27 s

S
T, =2 s _ A
A, A2

(B24)

This allows us to at last evaluate Y2 as a simple quadra-
ture:

21 [T SRSMY(r) dr
S s
== == gy, B25
r Ag o RSChW(’I’>3/2 dX’I" X ( )
which we write explicitly as
rs _ 2Tk
" Azr2
T (e2—3—2 DV —2)2 — de?
/ (e# =3 —2ecos xr)\/(p—2) e dx. . (B26)
0 pvVp—3—e2(p—6—2ecosx,)3?

Equations (B16), (B17) and (B26) expanded to second-
order in eccentricity, yield expressions that match Egs.

(5.75), (5.76) and (5.71]).
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2. Kerr spacetime where
R¥e (1) = [E(r® + a®) — aL.)> — Alr? + (L, — aF)? ,
We now consider Eq. (B1) to leading order in spin, but (r) = L& ) ] [ ( (])3%9)
for general Kerr parameter a:
and where

dr)* _ [ES(r2 + a®) — aLS]?
()

- T2 nkd 2 712
= [2 —2aEL, +a’E }

SR = 2{(15 M
~ A[r? + (L5 — aES)?) ‘ " "

[IA/E—%LEA'I:Z—I—CFEAQ} -‘r—SHuT'EA' [[A/Z(T'—?)M)-l-?)aMEA}

+ 2as)uM " tar [QM (EaLS n ﬁ25E5> — aBSES (r + 2M)
+ 25y urE | L.(r — 3M) + 3MaE| + O(S? . A

SIHT [ (r ) “ } (%) tr [chSLS(r —2M) — EaEsr?’] } . (B30)
= R¥err(y) . (B27)

Note that RX(r) is given by Eq. with Q — 0.
Expressions for E and L. which are exact in eccentricity
are given in Egs. (A.1) and (A.2) of Ref. [122].

As in the Schwarzschild analysis, we solve for §E° and
SLY by requiring §RX™ = 0 at r = pM/(1 +¢). This
yields closed-form expressions for 6 £ (p, e) and 5L (p, e)
analogous to Eqs. and which apply for gen-
eral a, but are quite lengthy and cumbersome. We refer
the reader to Eqs. (81) and (83) of Ref. [69] for expres-
sions for £ and L? to first order in small body spin de-
rived by Mukherjee et al., as well as to Egs. (38) and (39)

a. Clrcular equatorial orbits

To compute the energy and axial angular momentum
of a spinning body in an aligned circular Kerr orbit, we
need to find £ and LY such that REK®™(r) = 0 and
ORXe(r)/Or = 0. This gives expressions that match

Egs. (4.17) and (4.18). Hackmann et al. also have expres-

sions for £ and LY that are exact in spin for general a;

compare Eqgs. (48) and (49) of Ref. [66]. Piovano et al.
likewise provide £ and L? in slightly different notation;
compare Egs. (59) and (60) of Ref. [101].

of Ref. [103] for exact-in-S expressions for E° and LY de-
rived by Skoupy et al. Both Skoupy et al. and Mukherjee
et al. write their expressions in terms of r, = pM /(1 —e)

and r, = pM/(1 +e). To first order in e, the results for
SES and §LY reduce to Eqs. (4.17) — (4.18), but with
v=+/1/p.

We evaluate T using a formulation analogous to what
was done in Sec. replacing the Schwarzschild function
RS () with REe™(r):

21 [T SREe(r) dr
TS ="2 | oy, . B31
T A%/O RKerr(r)B/Q dX’I‘ X ( )

b. Eccentric equatorial orbits

As in our Schwarzschild analysis, we insert ES=E+
SES, LY = L, + 0L into Eq. (B27) and expand to first
order in spin, yielding

Expanded to first order in eccentricity, this reproduces

REer (1) = REe™ () 4 SRE™ (1) 4 O(S?) Eq. (5.35).

(B28)

J

Appendix C: Explicit frequency-domain expressions
1. Coefficient functions

In Sec. [VTA, we examine spinning-body motion in the equatorial plane using a frequency-domain expansion. We
linearize the radial component of the first Matthisson-Papapetrou equation (3.16)) in small-body spin and re-express

it in terms of quantities which are unknown (i.e., dxy, 15, uyy and u3 ;) and Fourier coefficients of functions along

geodesics (i.e., Fr, G, Hy, I1,, Lo, I3 and J). This yields Eq. .

We also linearize the constraint u®u, = —1 in small-body spin, writing down the corresponding equation
in terms of the same set of unknowns as well as coefficients K., M,, Ni,, Na, N3 and P that likewise arise from
known geodesics. We follow a similar procedure in Sec. [VIB|to compute the nearly equatorial motion of a precessing
spinning body. In this case, we also linearize the #-component of Eq. in small-body spin, obtaining Eq. .
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In the nearly equatorial limit, the only non-zero coefficients in this equation are Qy, Ty and V.
In this Appendix, we provide explicit expressions for the Schwarzschild case of the various functions which we then
expand in the Fourier domain. These expressions for the functions appearing in Eq. (6.15) are given by:

ep (5;2;@) n T) (e(cos(2%r) +3) — 2(p — 2) cos %)

epsin Xy
By e R = 1
]-'r(>\) (1 —+ e cos )ACT)Q ) gr()\) (1 + ecos )27")2(26 oS )A(T —p+ 2) ) (C )
ep LIS 72 ( 2 2
A= -2 r|2L —3)—(p—2
Held) 4(ecos xr +1)3(p — 2 — 2ecos x,)? { X [ (=3 - (r—2))

+ 12 (e2(15 — 6p) — 2(p — 2)%) + 4E*(p — 3)p2} e [2 Sin(24,) (ﬁi (26 417 —8p+12)
— T2 (7> + (p— 2)p) + 6E2p2> +e (e (202 = 72) sin(4%,) + sin(3%,) (2(2p — 3)¥2 — 4L2(p - 3)))]

— 25%.(\) sin .- (5)220\) + QTT) [62(6 cos(3X,) + (6 — 4p) cos(2%,)) + e (15e® + 2(p — 2)p) cos X

—2(2(4p—9)+ (p— 2)2)} +20%0 (M) (e(cos(2x,) — 3) —2cos X ) (p — 2 — 2e cos f(r)z} , (C2)
1oy - 2EWsing,) | PEN+D (53000 + 1) (e(cos(28,) +3) = 2(p — 2) cos 1) -
YT ecos Xy + 1)2 (ecos Xr +1)2(2ecos xr —p+2) '
2Ep3 - 2p

T(\) = — T\ =1f, (4——2 ) 4
2(V) (ecos X, +1)2(p — 2 —2ecos Xy) 3(V) < ecosXT—i—l) (C4)
70 = 3EL.Sy(1+ ecosxy,) _ 2Ep3ous (\) B 2ﬁz5u§(>\)(p —2—2ecos Xr) (C5)

B P (I1+ecosxr)?(p—2—2ecosXr,) (14 ecosxy) ’

where we have defined

E1(N\) = —i Z né)%r’ne_i”TM , and Es(N) = 27, Z n25)2,«’ne_i”:rr>‘ . (C6)

Here E1(A) and Z2()\) are functions that depend on the Fourier coefficients of geodesic radial true anomaly dy,.. We
also write down the expressions for the functions which appear in Eq. (6.16]) explicitly, again limiting ourselves here
to the Schwarzschild limit:

2¢2 sin” X, ((5)2;()\) + YT)
- p(p— 2 —2ecosx;)

< 5 {sin Xr (4i§ (*(p—3)—(p—2)7) — 5e2pT? + 4E2p3>

(C7)

- 2p%(p — 2 — 2ecos Xr)

+e [e (sin(SXT) (4ﬁ§(p -3) - p'ff) —2el? sin(4)zr)) — 2sin(2x,) ([g (2¢> +p* —8p+12) — (p— 2)p’f3)]
~ 2epdt s (B840 +2T) (eleos28) + 3) — 20 - 2 cos ) (©3)

262(21(A) + 1) (33N + T, ) sin? %, opE

r(A) = = , AN)=—F7——, C9
Mir(Y) p(p — 2 — 2ecos {r) Na(A) p— 2 — 2ecos Xy (C9)
2L.(1 r)? 2pE5uS (A 2L.6uS(\) (1 + e cos ¥ 2
Ny = 2ol g py = 2E0R ) 2Eedus ) AN (C10)
p? p— 2 — 2ecos Xy P2

In the nearly equatorial limit, the only non-zero functions which appear in Eq. (6.24) are

QN =1, Ty(\)=L2, (C11)
3L.(1+ ecos Xr) (STE’(p —2—2ecos Xr) + eSe(Tr + 6% (N)) sin Xr)

V(A = . (C12)

p(p—2— 2¢cos %)
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In the Supplemental Material accompanying this paper, we include a Mathematica notebook which computes these
expressions for general Kerr (i.e., for a # 0) [152)].

2. Matrix System

As discussed in Sec. [VTA] our procedure to solve for the spinning body’s orbit in the frequency domain involves
writing the functions F,., G., H,, T, L2, I3 J, K., M, N1, Na, N3 and P as Fourier expansions of the form

Mmax

F =Y faem T (C13)

N=—Nmax

We similarly express the unknown function 3 (\) as a Fourier expansion,

Mmax

EN = > aSe T (C14)

N=—Nmax

aiming to solve for its Fourier coefficients dx? .

To do so, we insert expansions ((C13) and (C14) into Egs. (6.15) and (6.16)). This yields a system of linear equations
in the frequency-domain which allows us to solve for the unknown variables 6y>, T3, “g,o and ufo. This system of

equations can be written
M-v+c=0. (C15)

To get a sense of the character of this system of equations, for the choice nyax = 1, the matrix M and vectors v
and c are given explicitly by

- r,oig - igr,O’i:r —Hro R 0 Tirn Ip1 I3
—Fr o1 Y2 —iGr Ty —Hp 1 — r,ff% +iGraTr +Hey Lo Ioo  Ispo
M — 0‘ ) —Fr0X2419G oY +Hro Tir—1 Io—1 Zs—1 ’ (C16)
Mo — Z’CT,OTC 0 R N1 Nogo Nsg
M, 1 =i 1T, M1 +iKa Y Mo Naog Nipo
0 Mo +ilCr 0Ty Nip—1 No—1 N3 4
5X§1 v
(;XS’_l \70
v = T:f , and ¢ = I (C17)
S Py
£ n
uf o P

Note that M is not a square matrix; the system is slightly overconstrained. We use the PseudoInverse Mathematica
function to find the values of 6)(,%, JXf,—p Tf, Uf,o» uio that satisfy the system of the equations to within a certain
tolerance. (We strongly emphasize that ny,.x = 1 is too small to accurate describe spinning-body orbits in almost all
cases; this is merely used to illustrate the character of this system of linear equations.)

In the case of a nearly equatorial orbit, the polar and radial equations decouple such that we can solve Eq.
above independently of the equation for the #-motion. The #-equation has only three non-zero coefficients in
the nearly equatorial limit, Eqs. - . We insert the values for Qy and Ty and write V as a Fourier expansion
of the form

1 Nmax N
FO) =" > fine TN (C18)
j=—1n=—nmax
We also write §g as a Fourier expansion,
1 Nmax g o
s\ =D Y g ue T AT IA (C19)

j:* 1 n=—nNmax
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We take ny,a.x = 1 again, obtaining the following solution for Fourier coefficients of dg:

V_o1,-1
L2 (T, +7.,)2
0,—1
00s,—1,-1 7272
5195,0,—1 - it
L2—(Y,—-7,)?
0Us,1,—1 o
095,10 fz-r?
00s00 | =— 0 . (C20)
V1.0
Us,1,0 2
6793,71,1 _1,15
6195’,0,1 i’ii(’i‘v'fprs)2
Vo1
51957171 Iz—12
1.1
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