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Abstract: This paper proposes a new approach for incorporating the positive attributes of the small-strain shear wave velocity (VS), stress-
based simplified procedure and the cyclic strain procedure into penetration test, stress-based simplified liquefaction triggering models, with the
objective of more fully accounting for the influence of intrinsic soil properties and soil state variables on liquefaction triggering. Current sim-
plified liquefaction procedures are limited in their ability to capture the effects of intrinsic properties (grain size, mineralogy, grain shape, etc.)
and the state properties (stress state, void ratio, fabric, etc.). To overcome these limitations, a new mechanistically based Kγ factor is proposed
that can be incorporated in penetration test, stress-based simplified liquefaction triggering models in place of the currently used Kσ factor.
However, Kγ is conceptually very different from Kσ. While most Kσ relationships have largely been empirically based and relate to the soil’s
cyclic resistance to liquefaction, Kγ is more mechanistically based and relates to the loading imposed on the soil. Specifically, Kγ is based on
equating the shear strain induced in a given soil at given initial stress state and subjected to a given shear stress to the induced shear strain when
the soil is confined at a reference initial stress state, all else being equal. Analyses show that Kγ is able to capture the liquefaction triggering
behavior in both lab and field data in a wide range of soils and stress states. Numerically, Kγ and Kσ are similar for young, normally con-
solidated sandy soils when the factor of safety (FS) against liquefaction triggering is close to one, but may differ significantly for other scenarios
and/or conditions. This has important implications for probabilistic-based analyses which consider a range of shaking intensities imposed on the
soil, not just the case where FS ¼ 1. DOI: 10.1061/(ASCE)GT.1943-5606.0002823. © 2022 American Society of Civil Engineers.

Introduction

Liquefaction triggering is the result of the contractive tendencies
in sandy soils when shaken, resulting in the progressive to rapid
breakdown of the soil skeleton and the consequential transfer of
the overburden stress from the soil skeleton to the pore fluid. This
leads to an increase in excess pore water pressure and a reduction
in soil stiffness and strength. The semiempirical, stress-based
simplified procedure was originally proposed independently by
Whitman (1971), and Seed and Idriss (1971), and is the most
commonly used approach for evaluating liquefaction triggering
worldwide. The procedure has continually evolved and has been
updated as a result of the compilation of additional field case
histories and trends identified in laboratory and numerical paramet-
ric studies (e.g., Tokimatsu and Yoshimi 1983; Seed 1983; Cetin
et al. 2000, 2004; Boulanger 2003; Moss et al. 2003; Idriss and
Boulanger 2008; Boulanger and Idriss 2014; Cetin and Bilge 2015;
Lasley et al. 2016, 2017; Green et al. 2014, 2019, 2020; Wood
et al. 2017; Ulmer et al. 2022; among many others). Additionally,
variants of the procedure have been proposed wherein the soil’s
cyclic resistance to liquefaction, quantified in terms of Cyclic
Resistance Ratio (CRR), is correlated to normalized Standard

Penetration Test (SPT) blow count (N1;60cs) (e.g., Cetin et al. 2000,
2004), normalized Cone Penetration Test (CPT) tip resistance
(qc1Ncs) (e.g., Moss et al. 2003), or normalized small-strain shear
wave velocity (VS1) (e.g., Kayen et al. 2013), among other normal-
ized in-situ test measurements. Whitman (1971) and Seed (1976,
1979) recognized the significance of intrinsic soil properties and
soil state variables on liquefaction triggering. In this context, in-
trinsic soil properties include the mineralogy, size, shape, surface
characteristics, and gradation of the soil particles, and soil state
variables include particle arrangement and packing (i.e., fabric and
relative density), cementation, and stress state (e.g., Salgado et al.
1997; Mitchell and Soga 2005). Whitman (1971) and Seed (1976,
1979) assumed that penetration resistance is similarly influenced by
these factors as CRR is, such that correlations between normalized
penetration resistance and CRR sufficiently account for the influ-
ence of intrinsic soil properties and soil state variables on liquefac-
tion triggering. However, this has been shown not to be completely
the case.

Subsequent studies have shown that small-strain shear wave
velocity (VS) is also a function of many of the intrinsic soil proper-
ties and soil state variables that influence liquefaction triggering
(e.g., Dobry et al. 1981; Tokimatsu et al. 1986; Tokimatsu and
Uchida 1990), although the sensitivity of VS to some of these
properties or variables has been questioned (e.g., Verdugo 2016).
Nevertheless, several stress-based correlations have been devel-
oped relating normalized VS (i.e., VS1) to CRR (e.g., Stokoe et al.
1988; Andrus et al. 2004; Kayen et al. 2013), similar to the corre-
lations relating normalized penetration resistance (e.g., N1;60cs or
qc1Ncs) to CRR.

Despite the popularity of the stress-based procedures, multiple
studies have shown that excess pore water pressure develop-
ment better correlates to cyclic shear strain than to cyclic stress
(e.g., Martin et al. 1975; Dobry et al. 1982; Byrne 1991). The rea-
son for this is that the relative movement of soil particles during
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shear, which is necessary for breaking down the soil skeleton and
the generation of excess pore water pressures, relates to the induced
strain, regardless of amplitude of the stress applied to the soil.
In this vein, Dobry et al. (1982) proposed the cyclic strain pro-
cedure as an alternative to stress-based approaches to evaluate
liquefaction triggering. Although this procedure generally received
a positive reception by liquefaction researchers because it largely
circumvents the need to account for intrinsic soil properties and soil
state variables on liquefaction triggering, the procedure has never
been widely embraced by practice. Nevertheless, the Dobry et al.
(1982) strain-based procedure highlights the role of soil shear stiff-
ness (e.g., VS) in evaluating liquefaction triggering when loading
is quantified in terms of shear stress, τ , because VS (or the corre-
sponding small-strain shear modulus, Gmax) is the link to the in-
duced strain (e.g., Dobry and Abdoun 2015a).

Proposed herein is an approach that better accounts for the in-
fluence of intrinsic soil properties and soil state variables on both
the loading and the soil’s cyclic resistance to liquefaction by incor-
porating VS into stress-based penetration-resistance triggering
models, in line with similar proposals by Hayati and Andrus
(2009), Robertson (2015), and Jefferies and Been (2016). This is
done through a newly-proposed, more mechanistically-based Kγ

factor, which would replace the Kσ factor in future-developed
stress-based simplified models. Kγ is based on equating the shear
strain induced in a given soil at given initial stress state and sub-
jected to a given shear stress to that induced when the soil is con-
fined at a reference initial stress state, all else being equal. Central
to the Kγ factor is the inter-relationship among the influence of
effective confining stress on the contractive/dilative tendencies of
the soil and the soil stiffness, the amplitude of imposed shear stress
and the soil stiffness on the induced shear strain, and the amplitude
of the induced shear strain and the contractive/dilative tendencies of
the soil on the excess pore water pressure generation. Kγ is con-
ceptually very different from most Kσ relationships, which have
been largely empirically based and relate the ability of a given soil
confined at a given stress state to resist liquefaction triggering to
that of the same soil confined at a reference stress state. Because Kγ

relates to the influence of the intrinsic soil properties and soil state
variables on the applied loading, penetration resistance can still
be used as an index for the influence of these factors on the soil’s
ability to resist liquefaction.

In the following, summaries of relevant studies are presented
on liquefaction triggering, where loading is quantified in terms of

either shear stress or shear strain. Based on the findings from these
studies, the conceptual basis for Kγ is then presented. This is fol-
lowed by direct validation, and broader implications and corollary
validation of the Kγ-concept. It is the validation from multiple
perspectives that provides the strong credence of the Kγ-concept,
because if the validation from any one perspective does not hold,
the overall Kγ-concept does not hold. The conceptual differences
between Kγ versus Kσ are then discussed, the Kγ relationship is
compared and contrasted to select Kσ relationships, and scenarios
where the Kγ versus Kσ can lead to different predictions are
discussed.

Influence of Intrinsic Soil Properties and Soil State
Variables on Liquefaction Triggering

Stress-Based Studies

Several studies have examined the influence of soil fabric on lique-
faction resistance. Two of the earliest studies were by Mulilis et al.
(1975, 1977) who examined the influence of sample preparation
methods on liquefaction resistance of soil. Mulilis et al. (1975,
1977) present the results from stress-controlled cyclic triaxial tests
performed on samples of Monterey sand prepared using 11 differ-
ent techniques. All the samples were prepared to a relative density
(Dr) of 50% and confined at initial isotropic effective stress (σ 0o) of
55.2 kPa. Because the samples were prepared using different tech-
niques, they inherently had different particle arrangements and,
thus, different fabrics. However, the intrinsic properties of the soil
used and all other soil state variables were held the same. The re-
sults are shown in Fig. 1 and highlight the significant influence of
fabric on a soil’s cyclic resistance to liquefaction, where liquefac-
tion was defined as pore water pressure equaling the initial effective
confining stress or axial strains reaching �2.5%, which occurred at
approximately the same number of cycles.

A similar study was performed by Tokimatsu and Uchida (1990)
who prepared samples of Niigata sand using three different ap-
proaches: air pluviation (PA), air pluviation, and then subjected to
a small-strain seismic history (SH), and air pluviation and then sub-
jected to an overconsolidation history (OC). However, in addition
to varying the sample preparation technique, Tokimatsu and Uchida
(1990) also varied the Dr of the samples, but the intrinsic soil prop-
erties of the soil used and all other soil state variables of the samples
were held constant. The Dr of the samples ranged from 48% to

Fig. 1. Cyclic resistance to liquefaction for Monterey No. 0 Sand,Dr ¼ 50%, σ 0o ≈ 55 kPa with samples prepared using several different techniques:
(a) vibratory compaction procedures; and (b) compaction procedures. (Adapted from Mulilis et al. 1977.)
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100%, and the samples were confined at an initial isotropic ef-
fective stress of 98 kPa (∼1 atm). The samples were subjected to
stress-controlled cyclic triaxial loading, with liquefaction triggering
defined as the occurrence of a double-amplitude axial strain of 5%.
As shown in Fig. 2(a), the relationship between cyclic resistance to
liquefaction and Dr is dependent on the method used to prepare
the samples. However, in addition to Dr, Tokimatsu and Uchida
(1990) also measured the stiffness of the samples. And, as shown
in Fig. 2(b), there is a very strong correlation between the cyclic
resistance to liquefaction and Gmax of the sand that is independent
of sample preparation technique.

As significant as the correlation shown in Fig. 2(b) is, and it
is significant, the correlation between the cyclic resistance to
liquefaction of a soil and the soil’s stiffness is strongly dependent
on the intrinsic properties of the soil (e.g., Verdugo 2016). This is

illustrated in Fig. 3, which shows the correlation between the cyclic
resistance to liquefaction and small-strain stiffness of the soil for
different sands and silts. Fig. 3(a) shows cyclic triaxial test data
for Niigata and Toyoura sands prepared using the same three tech-
niques used by Tokimatsu and Uchida (1990): PA, SH, and OC
(Tokimatsu et al. 1986). While there is a very strong correlation
between Gmax and cyclic resistance to liquefaction, regardless of
the sample preparation technique used, the correlations are unique
for each sand due to differences in the intrinsic properties of the
sands. Similar trends are shown in Fig. 3(b) for cyclic triaxial test
data for two different nonplastic Providence, Rhode Island, silts
(Baxter et al. 2008). In this case, the stiffnesses of the silts are quan-
tified in terms of VS and liquefaction was defined as pore water
pressure equaling the initial effective confining stress. [Note: VS
and Gmax are both metrics of shear stiffness and are related through

Fig. 2. Influence of sample preparation technique on cyclic resistance to liquefaction of Niigata sand, σ 0o ¼ 98 kPa, when samples are characterized
in terms of (a) Dr; and (b) Gmax. (Data from Tokimatsu and Uchida 1990.)

Fig. 3. Correlation between cyclic resistance to liquefaction and small-strain stiffness of soil: (a) Niigata and Toyoura sands with soil stiffness
quantified in terms of Gmax for samples prepared using three different techniques, σ 0o ¼ 98 kPa (data from Tokimatsu et al. 1986); and (b) two
nonplastic Providence, Rhode Island, silts for undisturbed block samples and reconstituted samples prepared using the modified moist tamping
method using two different initial degrees of saturation with soil stiffness quantified in terms of VS, σ 0o ¼ 100 kPa (data from Baxter et al. 2008).
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the mass density (ρt) of the soil: Gmax ¼ ρt · V2
S.] The silt samples

were either carved from block samples or reconstituted using a
Modified Moist Tamping (MMT) technique proposed by Bradshaw
and Baxter (2007) using two different initial degrees of satura-
tion (S). As shown in this figure, while there is a strong correlation
between the cyclic resistance to liquefaction and VS for a given silt
that is independent of the sample preparation method, the correla-
tion is unique for each silt due to differences the intrinsic properties
of the silts.

These trends are not altogether surprising because VS and Gmax

are functions of the soil’s void ratio (e) (e.g., Hardin and Richart
1963; Richart et al. 1970), not a function of the soil’s Dr per se
(Alarcon-Guzman et al. 1989). However, the contractive/dilative
tendencies of a soil at intermediate strains, which controls liquefac-
tion response of the soil at a given initial stress state, is more in-
fluenced by Dr than it is by void ratio (e.g., Seed 1979; Polito and
Martin 2003). While Dr and void ratio for a given soil are directly
related, one can have different soils that have the same void ratio
and initial stress state, and hence have approximately the same
Gmax or VS, but that have vastly different Dr, and thus, have vastly
different cyclic resistances to liquefaction. In short, both Dr and
Gmax (or VS) are influential parameters on liquefaction triggering,
and as discussed subsequently in this paper, this fact is integral to
the proposed Kγ factor.

The initial stress state of a soil also has significant influence on
the cyclic resistance to liquefaction of the soil. Seed and Lee (1966)
is one of the earliest laboratory studies to systematically examine
this. Towards this end, they applied the same cyclic shear stress,
τ (¼ σd=2, where σd is the deviatoric stress in triaxial loading),
to three sets of Sacramento River sand samples prepared using the
same technique and to the same Dr, but confined at different initial
isotropic effective confining stresses, σ 0o: 50, 75, and 100 kPa
(or 0.5, 0.75, and 1.0 atm). They found that the higher the σ 0o, the
greater was the number of stress cycles required to trigger lique-
faction, where liquefaction was defined both in terms of excess
pore water pressures and deformations. They state that this trend
was of special interest because it seemingly contradicted what was
expected based on critical state theory (i.e., soil having a given Dr

becomes more contractive as effective confining stress increases
and thus, expectedly, less resistant to liquefaction triggering).
However, in their follow-up study, Lee and Seed (1967) empirically
observed the resistance to liquefaction increased approximately
linearly with σ 0o, implying that τ should be normalized by σ 0o

(Seed and Peacock 1971; Finn et al. 1971), where again, liquefac-
tion was defined both in terms of excess pore water pressures and
deformations. τ=σ 0o is now widely referred to as Cyclic Stress Ratio
(CSR), and the CSR required to trigger liquefaction in a specified
number of cycles (e.g., 15 cycles) is now widely referred to as
Cyclic Resistance Ratio (CRR). Expressing the cyclic resistance to
liquefaction of the soil in terms of τ=σ 0o likely seemed natural be-
cause a similar normalization had long been used to express the
monotonic undrained shear strength of saturated clays, but for very
different reasons (e.g., Green and Marcuson 2014).

Additional laboratory studies (e.g., Seed et al. 1973) showed,
however, that the increase in cyclic resistance to liquefaction did
not exactly linearly increase with increasing σ 0o, resulting in the
introduction of an additional normalization factor, Kσ, which Seed
(1983) defined as

Kσ ¼
CSRσ 0o

CSRσ 0o¼1 atm

�
or ¼ CSRσ 0vo

CSRσ 0vo¼1 atm

�
ð1Þ

where CSRσ 0o and CSRσ 0o¼1 atm ¼ CSR required to trigger liquefac-
tion in a given number of cycles (e.g., 15) in similar samples con-
fined at an initial effective stress of σ 0o and at ∼100 kPa (1 atm),
respectively. Also, while CSRσ 0o and CSRσ 0o¼1 atm are appropriate
for representing the loading imposed on isotropically consolidated
cyclic triaxial samples, CSRσ 0vo and CSRσ 0vo¼1 atm are used to re-
present the loading imposed on soil in-situ where σ 0vo is the initial
vertical effective stress acting on the soil at a given depth. The slight
deviation from linearity in the cyclic resistance to liquefaction is
shown in Fig. 4(a) and the corresponding range of Kσ values are
shown in Fig. 4(b). [Note that the K2;max values listed in Fig. 4(a)
for the different sands relate to Gmax of the soil, and their relevance
will become apparent subsequently in this paper.]

Multiple subsequent laboratory studies have been performed
to determine Kσ for various soils, often in support of the seismic
design and/or analysis of large earthen dams. Fig. 5 is a plot of Kσ
values compiled from literature, and as may be observed from this
figure, the scatter in the Kσ values is very large.

Strain-Based Studies

Early studies showed that volumetric strain in a given soil subjected
to a given number of loading cycles under drained conditions
almost uniquely correlates to the amplitude of the applied cyclic

Fig. 4. (a) Cyclic shear stress, τ , to trigger liquefaction in 10 cycles of cyclic triaxial loading in different sands versus σ 0o; and (b) Kσ relationship
based on data from (a), among other data. (Adapted from Seed 1983.)
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shear strain, γ, rather than the applied τ (or CSR) (e.g., Silver and
Seed 1971). The corollary of this finding is that the excess pore
pressure ratio (ru: ru ¼ Δu=σ 0vo, whereΔu is the excess pore water
pressure) in a given saturated soil subjected to cyclic loading under
undrained conditions almost uniquely correlates to the amplitude of
the applied γ, rather than the applied τ (or CSR) (e.g., Martin et al.
1975). In line with these findings, Dobry et al. (1982) proposed a
strain-based approach for evaluating liquefaction triggering as an
alternative to the stress-based approach. The procedure entails
quantifying the amplitude of the ground shaking in terms of γ and
the duration of the shaking in terms of number of equivalent strain
cycles (neqγ) and correlating these to ru, where ru ≈ 1 signifies
liquefaction triggering.

As shown in Fig. 6, one very attractive attribute of quantifying
loading in terms of γ and neqγ is that their relationship to ru is

relatively independent of the intrinsic properties of the soil and
soil state variables. In this figure, ru is shown as a function of γ
and neqγ ¼ 10 for different soil samples having a range of intrinsic
soil properties and soil state variables. And, while there is some
scatter in the data, the correlation is very strong. However, as de-
tailed in Rodriguez-Arriaga and Green (2018) and Green and
Rodriguez-Arriaga (2019), the shortfall of the procedure is cor-
relating γ and neqγ to earthquake ground motions parameters.
In contrast to correlating τ (or CSR) and number of equivalent
stress cycles (neqτ ) to the amplitude and duration of earthquake
ground motions, respectively, which can be done within a total
stress framework, correlations with γ and neqγ need to be done
within an effective stress framework. The difference between the
two frameworks is that influence of excess pore water pressure
generation on soil response needs to be explicitly accounted for
in an effective stress framework but does not within a total stress
framework. [Note: The differences in the frameworks is the same
for quantifying the monotonic shear strength of a soil as it is for
quantifying the cyclic resistance to liquefaction, e.g., Green and
Marcuson (2014).]

Cyclic shear stress, τ (or CSR) is related to the peak horizontal
ground acceleration (amax) of the ground motions within a total
stress framework using Newton’s second law (e.g., Whitman 1971;
Seed and Idriss 1971) in conjunction with a phenomenological
factor rd that accounts for the non-rigid response of the profile
(e.g., Seed and Idriss 1971; Lasley et al. 2016). However, to relate
τ to γ, the nonlinear response of the soil to cyclic loading, to
include the softening of the soil due to decreases in effective
confining stress resulting from the excess pore water pressure
generation as shaking progresses, needs to be accounted for.
Accounting for these effects is extremely complex and inherently
needs to be performed within an effective stress framework. The
need for total stress versus effective stress frameworks also applies
to computing number of equivalent stress cycles and number of
equivalent strain cycles, neqτ , versus neqγ . In short, when the load-
ing is quantified in terms of τ (or CSR) and neqτ , the excess pore
water response of the soil and its influence on soil stiffness are
not known; however, it is not necessary to know either of these

Fig. 5. Kσ data compiled from literature. (Data from Seed and Harder 1989; Pillai and Byrne 1994.)

Fig. 6. Excess pore water pressure ratio, ru, for different sands having
Dr of 60% after 10 cycles of strain-controlled triaxial loading. (Data
from Dobry et al. 1982.)
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because the cyclic resistance to liquefaction of the soil is quantified
in terms of τ (or CRR) as a function of neqτ . This is not the case
when the loading and cyclic resistance to liquefaction is quantified
in terms of γ and neqγ . Aside from the issues related to implemen-
tation of the Dobry et al. (1982) strain-based procedure for evalu-
ating liquefaction triggering, the correlation between γ and neqγ to
ru is very significant and is integral to the proposed Kγ factor,
as discussed next.

Conceptual Basis for the K γ Factor

The findings from Dobry et al. (1982) that there is a unique rela-
tionship between γ and neqγ , and excess pore water pressure gen-
eration for a wide range of soils can be used to explain the trends
observed by Seed and Lee (1966) and Seed (1983) on the influence
of initial stress state on liquefaction triggering. Conceptually this is
shown in Fig. 7 using τ -γ curves modeled by the shear modulus
reduction curve relationship proposed by Ishibashi and Zhang
(1993) [IZ93] for cohesionless soil (i.e., Plasticity Index, PI, equal
to zero). The IZ93 curves correlate the ratio of the secant shear
modulus, G, and Gmax as a function of γ (i.e., G=Gmax versus γ),
and the τ -γ curves can be obtained from the IZ93 modulus reduc-
tion curves if Gmax of the soil is known: τ ¼ Gmax · ðG=GmaxÞ · γ.
The IZ93 curves are empirically based, derived from numerous

tests performed on multiple soils having a range of intrinsic soil
properties and soil state variables.

Fig. 7(a) shows that when a given amplitude τ is imposed on
similar soil samples confined at different effective stresses, the
shear strain induced in the sample confined at the higher confining
stress (e.g., ∼500 kPa or 5 atm) is much less than that induced in
the sample confined at ∼100 kPa (1 atm) (i.e., γσ < γ1). As a result,
the sample confined at the higher confining stress would require
more cycles of loading to liquefy (i.e., an apparent higher resistance
to liquefaction, despite having higher contractive tendencies at
larger strains commensurate with critical state), which is consistent
with observations made by Seed and Lee (1966). However, when
the amplitude of the load quantified in terms of CSR is imposed on
the two samples [Fig. 7(b)], the shear strain induced in the sample
confined at the higher confining stress (e.g., ∼500 kPa or 5 atm)
is slightly greater than that induced in the sample confined at
∼100 kPa (1 atm) (i.e., γσ > γ1). As a result, the sample confined
at the higher confining stress would require slightly fewer cycles of
loading to liquefy (e.g., Seed et al. 1973; Seed 1983). Hence, the
additional need to normalize CSR byKσ is so that when the loading
is quantified in terms of CSR=Kσ, γσ ≈ γ1, and thus, both samples
liquefy in approximately the same number of cycles [Fig. 7(c)].

As may be noted, only the first quarter cycle of loading is shown
in Fig. 7. This is because, if during the first quarter cycle of loading,
the induced shear strain is the same in the two samples confined at

Fig. 7. Shear stress–shear strain (τ -γ) response of soil for various conditions: (a) soil having same density, but confined at different σ 0vo and subjected
to cyclic loading of amplitude τ ; (b) same conditions as described in (a) but the amplitude of the cyclic loading is quantified in terms of
CSR (i.e., τ=σ 0vo); and (c) same conditions as described in (a and b) but the amplitude of the cyclic loading is quantified in terms of CSR=Kσ

(or CSR=Kγ).
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different σ 0vo and loaded to different CSRs (all else being equal),
then the incremental increase in excess pore water pressure ratio
will be the same (Fig. 6) and the resulting degradation of the soil
stiffness will be the same (Martin et al. 1975; Byrne 1991). As a
result, during subsequent load increments, the induced strains in the
two samples will again be the same, the incremental increase excess
pore water pressure ratio will be the same, and thus the degradation
in stiffness of the samples will again be the same. This trend pro-
gresses with each load increment until liquefaction is triggered, re-
gardless of how liquefaction is defined. This progression differs
from the Dobry et al. (1982) strain-based procedure where the deg-
radation in soil stiffness due to excess pore water pressure gener-
ation needs to be known for each load increment in order to relate
the applied τ (or CSR) to the induced γ, which requires an effective
stress framework for the analysis (Rodriguez-Arriaga and Green
2018; Green and Rodriguez-Arriaga 2019).

The concept of normalizing τ by σ 0vo and the further normali-
zation by Kσ such that the resulting γ induced in a soil confined at
the reference condition of σ 0vo ≈ 100 kPa (1 atm) is equal to that
induced in the same soil confined at σ 0vo forms the basis for the
proposed Kγ factor. Note: To distinguish the proposed approach
from past, largely empirically based approaches, hence forth, the
“Kσ values” computed by equating induced shear strains per the
approach proposed herein are referred to as Kγ [i.e., computed per
Fig. 7(c)], while Kσ is reserved for values computed per Eq. (1)
from cyclic laboratory test data.

A flow chart on how Kγ is computed in presented in Fig. 8,
which entails an iterative approach for determining shear strain in-
duced in a soil initially confined to a vertical effective stress of σ 0vo,
a lateral effective stress of Ko · σ 0vo, and subject to a loading τ
(¼CSR · σ 0vo), where Ko is the at-rest lateral earth pressure coef-
ficient. The iteration is performed using a modulus reduction curve
(e.g., Ishibashi and Zhang 1993) scaled to the Gmax of the soil and
the initial mean effective confining stress, σ 0mo; the iterative process
is similar to the procedure incorporated in equivalent linear site re-
sponse software. Once the induced shear strain, γ, is determined,
Kγ is computed as the ratio of the CSR imposed on the soil in its
actual initial conditions and the CSR required to induce the same
γ in the soil if it were confined at a vertical effective stress of
σ 0v ≈ 100 kPa (1 atm) and a lateral effective stress of Ko · σ 0v
(i.e., CSR1): Kγ ¼ CSR=CSR1. The modulus reduction curve
scaled to Gmax1 and σ 0mo corresponding to σ 0v ≈ 100 kPa (1 atm) is
used to determine shear stress (τ1) corresponding to the induced γ,
and CSR1 ¼ τ1=Pa, where Pa is the atmospheric pressure in the
same units as τ1. [Note: Gmax1 is Gmax normalized to σ 0o ≈ 100 kPa
(1 atm).] Conceptually, this is the same approach illustrated in
Fig. 7(c) and is used to compute the Kγ values subsequently.

Alternative to using the approach shown in Fig. 8, approximate
values of Kγ can be computed using the equations detailed in the
Supplemental Materials. These equations were derived such that
they yield similar Kγ values to those obtained following the flow
chart in Fig. 8, but without the need to iterate using the modulus
reduction curves. Also, as may be noted in Fig. 8 and the approxi-
mate equations presented in the Supplemental Materials, Kγ is
limited to a maximum value of 1.3, where this upper limit is based
on judgement, similar to the limit imposed on Kσ by Youd et al.
(2001), i.e., Kσ ≤ 1, and by Idriss and Boulanger (2008), i.e., Kσ ≤
1.1. Higher values of Kγ may be used once tests are preformed
to validate the proposed approach for very low confining stresses
(i.e., confining stresses that result in Kγ > 1.3).

The concept of equating the induced γ to compute Kγ in
two samples is explored further in the next section using several
laboratory test datasets from literature.

Validation of the K γ Concept

Direct Validation

The data in Fig. 4(a) from Seed (1983) are analyzed where Kγ
is determined following the approach illustrated in Figs. 7(c) and 8
[i.e., determining the value of Kγ such that the when CSR=Kγ and
CSR are imposed on the same soil confined at σ 0vo and σ 0vo ≈
100 kPa (1 atm), respectively, the resulting strains are equal]. To
this end, the IZ93 shear modulus reduction curve relationship for
cohesionless soil is again used to model the τ–γ behavior of the
soil. In order to compute τ versus γ, Gmax of the soil is needed
[i.e., τ ¼ Gmax · ðG=GmaxÞ · γ], and it can be calculated directly

Fig. 8. Flow chart for computing Kγ using modulus reduction curves.
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from the Seed (1983) data in Fig. 4(a) using the K2;max values (Seed
and Idriss 1970)

Gmax ¼ 22.36 · Pa1 · K2;max ·

ffiffiffiffiffiffiffiffi
σ 0mo

Pa2

s
ð2Þ

where Pa1 and Pa2 = atmospheric pressure in the same units as Gmax
and σ 0mo, respectively; and as can be surmised from Eq. (2),
K2;max is simply Gmax normalized for mean effective confining
stress. Values ofKγ computed using the flow chart in Fig. 8 are com-
pared to the laboratory-determined Kσ values, and the agreement is
excellent (Fig. 9).

To further assess the validity of the Kγ-concept, cyclic triaxial
test data for several sands presented in Tokimatsu and Uchida
(1990) are analyzed, to include those previously shown in Fig. 2,
where the samples were characterized in terms of Gmax, as well
as Dr, and the tests were performed at different σ 0o. Much more
data are provided in Tokimatsu and Uchida (1990) for Niigata
and Toyoura sands than the other sands they tested, and thus, only
Niigata and Toyoura sands are analyzed herein. Unfortunately, even

for Niigata and Toyoura sands, data for only a few tests are pre-
sented for conditions where σ 0o is other than 100 kPa (∼1 atm),
precluding an accurate determination of Kσ directly from the labo-
ratory test data. However, Kγ values can be computed for each
individual test per the approach illustrated in Figs. 7(c) and 8,
and plots of CSR versus Gmax1 and CSR=Kγ versus Gmax1 are com-
pared to see if the normalization of CSR by Kγ results in the data
plotting in what can be described as a “narrower band.” The results
are shown in Figs. 10(a and b) for the Niigata and Toyoura sands,
respectively. Although there is scatter in the data and only a limited
number of tests were performed for σ 0o ≠ 100 kPa, the normaliza-
tion of CSR by Kγ does result in the data plotting in a narrower
band for both sands (i.e., the filled circles and filled triangles are
more in line with the open squares than the open circles and open
triangles are).

Interestingly, Tokimatsu and Uchida (1990) noted that the data
plotted in a slightly narrower band when CSR was plotted as func-
tion of Gmax1� , instead of CSR versus Gmax1; Gmax1� is defined as

Gmax1� ¼ Gmax ·

�
Pa

σ 0mo

�
m

ð3Þ

where Pa = atmospheric pressure in the same units as σ 0mo; and
Gmax and Gmax1� have the same units; and m is 2/3, instead of
the standard value of 1/2 used to compute Gmax1 (e.g., Hardin and
Richart 1963; Richart et al. 1970). Tokimatsu and Uchida (1990,
p. 37) state: “The possible cause of this unexpected result is the
effects of confining pressure on the stress ratio causing liquefac-
tion,” but they did not pursue the issue further. Their observation
is, in fact, the “other side of the coin” to normalizing CSR by Kγ
determined per Figs. 7(c) and 8. The IZ93 curves were used to com-
pute test-specific m values for the Niigata and Toyoura sand data
such that γσ ¼ γ1 for each test. The resulting m values varied from
0.505 to 0.605 for the Niigata sand tests and from 0.543 to 0.651 for
the Toyoura sand tests, not too different from the value of m ¼ 2=3
determined by simple visual observation by Tokimatsu and Uchida
(1990).

A similar exercise to that presented in the preceding paragraph
for the Niigata and Toyoura sands was performed using the cyclic
triaxial data for silty fine sand presented in Wang et al. (2006),
wherein the samples were characterized using VS. Although not
shown due to space limitations, the resulting trends are identical

Fig. 9.Kσ values computed from laboratory data from Seed (1983) and
per the approach illustrated in Figs. 7(c) and 8 (i.e., Kγ). [Note that data
for other soils are presented in Seed 1983, but these other soils were not
tested for σ 0o ≈ 100 kPa (1 atm), which is needed to compute Kσ per
Eq. (1); thus, these additional data are not included herein.]

Fig. 10. Stress-controlled cyclic triaxial test data for Niigata and Toyoura sands: (a) Niigata sand—CSR versusGmax1 and CSR=Kγ versusGmax1; and
(b) Toyoura sand—CSR versus Gmax1 and CSR=Kγ versus Gmax1. Of significance in these plots is that the filled circles and triangles are more in line
with the open squares than the open circles and triangles are. (Data from Tokimatsu and Uchida 1990.)
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to those presented above for the Niigata and Toyoura sands, further
validating the Kγ-concept.

Influence of Lateral Effective Confining Stress (cr )
Using the K γ-Concept

In the preceding section, the influence of the initial vertical ef-
fective confining stress on liquefaction triggering is analyzed.
However, the concept of normalizing CSR such that the γ induced
in a soil confined under a given set of conditions should be equal to
the γ induced in the same soil confined under a reference set of
conditions is more general than applying just to soils confined
under different values of σ 0vo (i.e., Kσ). Several studies have inves-
tigated the influence of lateral earth pressure on liquefaction trig-
gering, particularly with a focus on relating cyclic triaxial test
results where the samples are isotropically consolidated to aniso-
tropically consolidated conditions. These studies include Finn et al.
(1971) [Fea71], Castro (1975) [C75], and Ishihara et al. (1977)
[Iea77], among others. The factor accounting for isotropic versus
anisotropic consolidation has been designated as cr

CSRss ¼ cr · CSRtx ð4Þ
where CSRss = the CSR required to trigger liquefaction in a given
soil anisotropically consolidated under at-rest conditions in a given
number of cycles of cyclic simple shear or torsional shear loading;
and CSRtx = the CSR required to trigger liquefaction in an isotropi-
cally consolidated sample of the same soil in the same number of
cycles in a cyclic triaxial apparatus. Proposed relationships for cr
include

cr ¼
1þ Ko

2
ðFinn et al: 1971Þ ð5aÞ

cr ¼
2 · ð1þ KoÞ

3
ffiffiffi
3

p ðCastro 1975Þ ð5bÞ

cr ¼
1þ 2 · Ko

3
ðIshihara et al: 1977Þ ð5cÞ

Plots of the cr relationships are shown in Fig. 11 for a range
of Dr, where the at-rest lateral earth pressure coefficient (Ko) is
estimated as

Ko ¼ 1 − sinðϕ 0Þ ð6aÞ
where ϕ 0 = angle of internal friction, which is estimated as

ϕ 0 ¼ 25þ 0.18 · Drð%Þ ð6bÞ

Also shown in Fig. 11 are the cr values computed by equating
the induced shear strains in the isotropically and anisotropically
consolidated soils, for CSR ¼ 0.1, 0.3, and 0.6. The τ -γ curves
were modeled using IZ93 and Gmax was computed using the rela-
tionship proposed by Richart et al. (1970) for “round-grained”
sands:

Gmax ¼ 686 · Pa1
ð2.17 − eÞ2

1þ e

�
σ 0mo

Pa2

�
0.5

ð7Þ

where e = void ratio; Gmax and Pa1 have the same units; and
σ 0mo and Pa2 have the same units. To relate void ratio to Dr, the
minimum and maximum void ratios for Ottawa sand were used
(i.e., emax ¼ 0.8 and emin ¼ 0.5), where Ottawa sand was used in
the development of the cr relationships proposed by Finn et al.
(1971) and Castro (1975). As may be observed from Fig. 11,
the cr relationship computed by equating induced shear strains
have approximately the same sensitivity to Dr as the other rela-
tionships and covers the same range as the other proposed
relationships.

To assess the efficacy of the different cr relationships, triaxial
cyclic torsional shear test data from Ishihara et al. (1977) are an-
alyzed. The data are for Fuji River sand, which is a uniform fine
sand having emax ¼ 1.03 and emin ¼ 0.48. All samples tested had a
Dr ≈ 55%, σ 0vo ¼ 98.1 kPa (∼1 atm), and Ko ¼ 0.5, 1.0, or 1.5,
and liquefaction was defined as excess pore water pressure equal-
ing σ 0vo (i.e., ru ¼ 1.0). The test results are shown in Fig. 12(a), and
the cyclic resistance to liquefaction of the soil increases as lateral
stress increases. This is expected because σ 0mo increases as lateral
stress increases, and the small-strain shear modulus (Gmax) of the
soil is proportional to the square root of σ 0mo (e.g., Hardin and
Richart 1963; Richart et al. 1970). This is also consistent within the
Kγ-concept. As Gmax increases due to an increase in lateral effec-
tive stress, the induced strain would decrease for a given CSR, thus
increasing the apparent cyclic resistance to liquefaction.

To allow a comparison, the CSR applied to the samples is nor-
malized by cr values computed per Eqs. (5) and (6), and the results
plotted in Figs. 12(b–d). As may be observed from these plots, all
the cr relationships result in the data plotting in a narrower band,
and it is difficult to state which cr relationship is superior to the
others. cr is also computed by equating the strains induced in a
sample having Ko ≠ 1 and Ko ¼ 1. Towards this end, Gmax of the
soil is estimated using the following relationship (Hardin and
Richart 1963) and the τ -γ response of the soil is modeled using
IZ93 curves

Gmax ¼ 485 · Pa1
ð2.17 − eÞ2

1þ e

�
σ 0mo

Pa2

�
0.5

ð8Þ

where Gmax and Pa1 have the same units; and σ 0mo and Pa2 have the
same units. As may be noted, Eq. (8) is a slight deviation of Eq. (7),
with the deviation based on a relationship relating Dr and VS used
by Yi (2010) to analyze Fuji River sand laboratory data. The triaxial
cyclic torsional shear test data were then normalized by the com-
puted cr values using the Kγ-concept, and the results are shown in
Fig. 12(e). Using the Kγ-concept yields comparable results to pub-
lished cr values, which provides further credence to the approach
and illustrates its broader significance over Kσ.

Fig. 11. cr values computed using Eqs. (5) and (6).
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Discussion

K γ versus K σ

Although the proposed Kγ factor should be used in place of Kσ in
the development of future simplified stress-based triggering frame-
works, Kσ and Kγ are conceptually very different. Where most pre-
viously proposed Kσ relationships have largely been empirically
based and only account for the influence of σ 0vo on a soil’s cyclic

resistance to liquefaction, Kγ is more mechanically based and
accounts for the influence of a broader range of intrinsic soil prop-
erties and soil stress states on liquefaction triggering (e.g., the
influence of σ 0vo, lateral stress, and soil fabric, among others).
Underlying these additional accoutrements of Kγ is that Kγ is a
function of the soil stiffness (Gmax or VS) and relates to the loading
imposed on the soil, not the cyclic resistance of the soil. From a
pragmatic perspective Kγ and Kσ are numerically similar for
young, normally Ko-consolidated soils when the factor of safety

Fig. 12. (a) Stress-controlled triaxial cyclic torsional shear test data for Fuji River sand, Dr ¼ 55% and Ko ¼ 0.5, 1.0, and 1.5 (data from Ishihara
et al. 1977); (b) same data as shown in (a) normalized using cr relationship proposed by Finn et al. (1971), Eq. (5a); (c) same data as shown
in (a) normalized using cr relationship proposed by Castro (1975), Eq. (5b); (d) same data as shown in (a) normalized using cr relationship
proposed by Ishihara et al. (1977), Eq. (5c); and (e) same data as shown in (a) normalized using cr computed using the approach illustrated in
Figs. 7(c) and 8.
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(FS) against liquefaction is equal to one (i.e., CSR ¼ CRR). Some
of the differences between Kγ and Kσ are illustrated in the follow-
ing using data from the detailed and in depth study performed on
Duncan Dam in British Columbia, Canada (Pillai and Byrne 1994).

The Pillai and Byrne (1994) study entailed the performance of
isotropically consolidated cyclic triaxial tests and cyclic simple
shear tests performed on undisturbed samples obtained by frozen
sampling of the foundation soils of Duncan Dam. The samples
were confined at σ 0o and σ 0vo up to 1,200 kPa (∼12 atm), corre-
sponding to different depths of interest below the dam. The normal-
ized SPT blow counts (N1;60cs) of the in-situ deposit corresponding
to these depths are listed in Table 1. Liquefaction was considered to
have been initiated when the sample experienced 2.5% and 4.0%
single amplitude strain in the cyclic triaxial and cyclic simple shear
tests, respectively. The Kσ values for the stresses considered are
also listed in Table 1 and are plotted in Fig. 13(a). To compute Kγ ,
Gmax for the samples had to be estimated. To this end, VS was esti-
mated from N1;60cs using slightly modified version of the equation
proposed by Ulmer et al. (2020), Eq. (9). The modification was
made by calibrating the VS-N1;60cs correlation such that the pro-
posed approach for computing Kγ yielded a similar value to the
laboratory determined value for Kσ at σ 0vo ¼ 600 kPa (∼6 atm),
although the Kσ value for any σ 0vo could have been used. Again,
this modification was slight and results in VS values that are well
within the range of values predicted using N1;60cs via other pub-
lished correlations (e.g., Wair et al. 2012)

Vs ¼ 61.89 · ðN1;60csÞ0.4 ·
�
σ 0mo

Pa

�
0.25

ð9Þ

where VS is in m=s; N1;60cs is in blows=30 cm; and σ 0mo and Pa are
in the same units. Gmax and VS were related assuming ρt ¼
2 kg=m3, based on the characteristics of the soil. As may be
observed from Fig. 13(a), there is exceptionally good agreement

between the Kσ laboratory values and the Kγ values, with the larg-
est errors being for the highest confining stresses, σ 0vo ¼ 1,000 and
1,200 kPa (∼10 and ∼12 atm, respectively), albeit relatively small
errors. This comparison serves to give further credence to the
Kγ-concept, even though VS for the samples is estimated and not
measured directly. [Note: The Kσ data plotted in Fig. 13(a) are also
included in Fig. 5. Accordingly, the comparison of these Kσ values
and the computed Kγ values plotted in Fig. 13(a) should be viewed
from the perspective of the large scatter in Kσ shown in Fig. 5.]

The dependency of Kγ on CSR is in contrast to the laboratory
data-based Kσ relationships that inherently assume CSR ¼ CRR
(i.e., FS against liquefaction triggering is equal to one). The sig-
nificance of this can be seen in Fig. 13(b) wherein the Kγ values
corresponding to specific CSR and N1;60cs values are plotted; these
are the same Kγ values that are plotted in Fig. 13(a). However, in
addition to the Kγ values for specific depths, Kγ curves are com-
puted and plotted for these same CSR and N1;60cs values for a range
of overburden pressures. Specific to the Kγ values for Duncan
Dam, the N1;60cs increases with each depth, but the CSR values
corresponding to a FS ¼ 1 are the same (i.e., CSR ¼ 0.12) (Pillai
and Byrne 1994). However, if we consider, for example, N1;60cs ¼
18.5 blws=30 cm, which is the value of N1;60cs at σ 0vo ¼ 1,200 kPa
(∼12 atm), and CSR ¼ 0.1 and 0.4 (i.e., FS > 1 and FS < 1, re-
spectively), the Kγ curves are very different. The reason for this is
that the strain induced in the soil is a function of the imposed CSR
and that the contractive/dilative tendencies of the soil varies signifi-
cantly as a function of strain up to critical state.

The FS were computed for CSR ¼ 0.1 and 0.4 for a range of
σ 0vo for two conditions. First, the FS were computed using Kγ val-
ues corresponding to FS ¼ 1, which is consistent to computing the
FS using laboratory derived Kσ values (i.e., FSKσ). Second, the
FS were computed using Kγ values that corresponded to the “ac-
tual” FS, per the proposed use of the Kγ relationship (i.e., FSKγ).
Curves of the ratios of these computed FS are shown in Fig. 14

Table 1. Data from Duncan Dam study

σ 0vo (kPa) [atm]

100 [1] 200 [2] 300 [3] 400 [4] 600 [6] 800 [8] 1,000 [10] 1,200 [12]

N1;60cs (blws=30 cm) 10 11 12.4 13.2 14.5 15.7 17.3 18.5
CRR 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12
Kσ 1.0 0.92 0.80 0.75 0.70 0.67 0.57 0.54
Kγ 1.0 0.87 0.80 0.76 0.70 0.66 0.63 0.61

Source: Data from Pillai and Byrne (1994).

Fig. 13. (a)Kσ values based on laboratory data for undisturbed samples from the foundation sands from Duncan Dam andKγ values corresponding to
specific depths (σ 0vo and N1;60cs) (data from Pillai and Byrne 1994); and (b) Kγ computed for N1;60cs ¼ 18.5 blws=30 cm but varying CSR.
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(i.e., FSKσ=FSKγ versus σ 0vo). As may be observed in this figure,
the FS ratio for CSR ¼ 0.4 ranges considerably more than when
CSR ¼ 0.1; this is because the CRR for the soil, 0.12, is closer to
0.1 than it is to 0.4. Accordingly, Kσ values computed per Eq. (1)
using laboratory data may or may not be appropriate for the lique-
faction triggering analyses for the project they were developed for,
depending on the values of the CSR corresponding to the design
earthquake ground motions for the project versus those correspond-
ing to a FS ¼ 1. This is particularly an issue when full probabilistic
liquefaction hazard analyses are performed. In such cases a range of
earthquake scenarios are considered (e.g., Green et al. 2020) and
the range of seismic demand considered can differ considerably
from the soil’s resistance to liquefaction. In the case of Duncan
Dam, if the design earthquake motions result in in-situ CSR values
greater than 0.12, then the CSR=Kσ values used to analyze the dam
were likely too high for conditions when σ 0vo > 100 kPa (∼1 atm).
For example, for σ 0vo ¼ 1,200 kPa (∼12 atm), the ratio of the FS
computed using Kσ (i.e., the FS computed using Kγ corresponding
to FS ¼ 1) to the FS computed using Kγ (i.e., FS computed using
Kγ corresponding to the “actual” FS) is only ∼67% when CSR ¼
0.4. This could potentially lead to unnecessary and costly remedia-
tion of the foundation soils at large depths. In contrast, for denser
soils (i.e., soils having a higher resistance to liquefaction trigger-
ing), the FS computed using Kσ may be overpredicted if the CSR
for the design earthquake is considerably less than the CRR of
the soil.

Comparison with Select K σ Relationships

In an effort to explain the large scatter in Kσ data (e.g., Fig. 5),
additional state variables such as Dr of the samples (e.g., Vaid
and Sivathayalan 1996; Hynes and Olsen 1999), overconsolidation
ratio (OCR) (e.g., Ishihara et al. 1978; Manmatharajan and
Sivathayalan 2011; Montgomery et al. 2014), the State Parameter
(ψ) (Jefferies and Been 2016), and the Relative State Parameter (ξR)
(Boulanger 2003) have been considered. ξR is analogous to ψ (Been
and Jefferies 1985) and is defined as the difference in Dr of the
soil of interest and the corresponding Dr at critical state (Dr;cs)
for the same σ 0mo, where Dr;cs is estimated using the relationship
proposed by Bolton (1986). However, both ψ and ξR are indices for
the dilative/contractive tendencies of the soil at strains commensu-
rate with critical state (i.e., large strains). In contrast, liquefaction
triggering involves strains that are much smaller than those asso-
ciated with critical state deformation (e.g., shear strains, γ, less than
∼4% versus ∼20% to reach critical state) and the contractive/
dilative tendencies of soil varies significantly as a function of
strain, up to critical state. This variation in the contractive/dilative

tendencies as a function of strain is clearly illustrated in the curves
shown in Figs. 7(b and c) (i.e., the vertical distance between the
curves), where the curves shown in these figures are based on em-
pirical regression of actual soil data (Ishibashi and Zhang 1993).
Also, the difference in the strains relevant to liquefaction triggering
versus critical state is essentially the issue identified by Seed and
Lee (1966) when they found that the higher the σ 0o, the greater the
number of stress cycles required to trigger liquefaction, all others
factors being equal. They noted that this trend is opposite of what
they expected based on critical state theory, not considering that
the dilative/contractive tendencies of the soil varied as a function
of strain. As a result, ξR does not adequately characterize the
contractive/dilative tendencies of soil for the amplitude of the
strains involved in liquefaction triggering, which will vary depend-
ing on the soil stiffness and the amplitude of the applied loading;
the same holds for ψ. This is clearly illustrated in Fig. 1, in which
all the liquefaction resistance curves shown are for samples that
have the same ξR and ψ, but the cyclic resistance to liquefaction
varies widely depending on sample preparation method (i.e., the
stiffness of the samples is dependent on the preparation method,
and thus different strains are induced in the differently prepared
samples when the same CSR is applied). The proposed Kγ param-
eter inherently accounts for this variation in the contractive/dilative
tendencies of soil via its dependency on soil stiffness (e.g., VS) and
the applied CSR, which in combination with the τ -γ response char-
acteristics of the soil, results in an induced shear strain in the soil.

Many of the concepts underlyingKγ are similar to those used by
Dobry and Abdoun (2015b) in developing their Kσ relationship.
However, Dobry and Abdoun (2015b) developed their relationships
for FS ¼ 1, and also inherently assume that VS is an accurate index
for the cyclic resistance of soil to liquefaction (Dobry and Abdoun
2015a), independent of the soil’s intrinsic properties (e.g., Fig. 3).
In contrast, Kγ does not rely on any assumptions regarding the
cyclic resistance to liquefaction, and the soil stiffness is used to
relate the imposed τ (or CSR) to the induced γ. Because Kγ applies
to the loading, it complements the use of penetration resistance as
an index that accounts for the influence of intrinsic soil properties
and soil state variables on the soil’s cyclic resistance to liquefaction,
CRR (e.g., Whitman 1971; Seed 1976, 1979).

Cetin and Bilge (2015) proposed an approach to account for
simultaneous influence of initial effective confining stress, static
stress bias, and shear stress reversal on the liquefaction resistance
of soil that is also based on equating shear strains induced in a soil
at a given stress state to the same soil at a reference stress state.
Although the merit of accounting for the inter-relationship of
the influence of these factors on liquefaction triggering is certainly
intriguing, the focus herein is on their proposed relationship for
accounting for the influence of initial effective confining stress
on liquefaction triggering, absent of static stress bias and with full
shear stress reversal. In the development of their procedure, Cetin
and Bilge (2015) develop contours of constant induced shear strain
in CSR-neqτ space for different initial effective confining stresses
for a soil having a givenDr. These curves are analogous laboratory-
based liquefaction curves where liquefaction triggering is defined
using a γ criterion, as opposed to an ru criterion (e.g., Ulmer et al.
2022). However, some of the curves developed by Cetin and Bilge
are for γ that are considerably less than values commonly used to
define liquefaction triggering in laboratory tests, and thus, are not
“triggering” curves per se. From these contours, Cetin and Bilge
develop Kσ curves corresponding to constant levels of γ per
Eq. (1). Although the resulting Kσ curves proposed by Cetin and
Bilge (2015) are based on equating shear strains induced in a soil at
a given stress state to the same soil at a reference stress state, they
are conceptually different from the Kγ-concept proposed herein.

Fig. 14. Ratios of the computed FS for CSR ¼ 0.1 and 0.4 using Kγ

corresponding to FS ¼ 1 to the FS for these CSRs using Kγ corre-
sponding to the “actual” FS for these CSRs.
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First, the underlying mechanics of their approach differs from that
proposed herein (e.g., Cetin and Bilge inherently employs an effec-
tive stress framework, not a total stress framework in defining shear
strain). Also, the laboratory test based contours of constant induced
γ in CRR-neqτ space developed by Cetin and Bilge (2015) are in-
herently a function of the soil fabric and intrinsic soil properties,
and it is uncertain whether this influence normalizes out in the com-
putation of Kσ. Finally, it is uncertain what FS the Cetin and Bilge
Kσ curves correspond to, where traditionally developed Kσ curves
correspond to FS ¼ 1 and the proposed Kγ relationship corre-
sponds to the FS being evaluated in-situ.

A comparison of the proposed Kγ relationship (i.e., Fig. 8)
and Kσ relationships proposed by NCEER (1997) [NCEER97],
Boulanger (2003) [B03], Dobry and Abdoun (2015b) [DA15], and
Cetin and Bilge (2015) [CB15] is presented in Fig. 15. Both the
NCEER97 and B03 relationships are functions of the Dr (or pen-
etration resistance of the soil), while the CB15 relationship is a
function of both Dr and γ. Finally, the DA15 relationship is a func-
tion of γ and Ko, although Dobry and Abdoun (2015b) state that
Ko has limited influence on their Kσ. Conceptually, the proposed
Kγ relationship is most similar to the to DA15’s Kσ relationship.
However, unlike the DA15’s Kσ relationship, a range for γ is not
assumed a priori in the Kγ relationship but, rather, is determined
from the VS of the soil and the imposed CSR, with the IZ93 modu-
lus reduction curves being used to represent the τ -γ response of the

soil. Additionally, the Kγ considered in this paper is for normally
consolidated soils, where Ko decreases with increasing density or
penetration resistance [e.g., Eq. (6): Jaky 1944], not the opposite as
assumed by Dobry and Abdoun (2015a). To allow a consistent
comparison of the Kγ and Kσ relationships, consistent values of
Dr, VS, and qc1Ncs were estimated using the relationship proposed
by Idriss and Boulanger (2008) and Ulmer et al. (2020). As may be
observed from Fig. 15, for a given penetration resistance the Kγ
curves tend to be higher than the NCEER97, DA15, and CB15
Kσ relationships for σ 0vo > ∼100 kPa (1 atm), with this trend being
more pronounced as CSR increases. In comparison with the B03
Kσ relationship, for a given penetration resistance Kγ tends to be
lower for smaller values of CSR and higher for larger values of
CSR for σ 0vo > ∼100 kPa (1 atm). This comparison highlights
the significance of CSR on Kγ , which, as stated previously, is of
particular relevance when full probabilistic liquefaction hazard
analyses are performed in which a range of earthquake scenarios
are considered (e.g., Green et al. 2020).

Final Miscellaneous Comments

Modulus Reduction Curves
As may be noted, the Ishibashi and Zhang (1993) modulus reduc-
tion curves are used in all the preceding analyses and discussions.
The reason for this is that the functional form of the IZ93 equations

Fig. 15. Comparison of Kγ with the Kσ curves by NCEER 1997 [NCEER], Boulanger 2003 [B03], Dobry and Abdoun (2015b) [DA15], and Cetin
and Bilge (2015) [CB15] for: (a) qc1Ncs ¼ 57 atm (VS1 ¼ 122 m=s and Dr ¼ 33%); (b) qc1Ncs ¼ 105 atm (VS1 ¼ 164 m=s and Dr ¼ 57%); and
(c) qc1Ncs ¼ 152 atm (VS1 ¼ 197 m=s and Dr ¼ 74%). The DA15 relationship is shown for γ ¼ 0.03% to 0.3% and Ko ¼ 0.5 to 1.0, although Ko

has limited influence on the curves.
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captures well the τ -γ response of the soil across all strains of
interest. This is not the case for other commonly used modulus re-
duction curves that use a hyperbolic function as their base equation
(e.g., Darendeli 2001; Menq 2003), where the application of large-
strain strength correction factors commonly need to be applied
(e.g., Yee et al. 2013). While the simple functional form of the
modulus reduction curves used by Darendeli (2001) and Menq
(2003), for example, may have advantages for use in site response
analyses, which is their primary intended use, the authors found
that the hyperbolic equation does not match well with labora-
tory liquefaction data. Alternative to empirical modulus reduction
curves, advanced constitutive models could also be used to model
the τ -γ response of the soil. However, as with the hyperbolic-based
equations, constitutive models tend to work well over strain ranges
specifically targeted in the calibration of the models based on their
intended use and do not necessarily work well across the range
of strains of interest to this study. As a result, the authors recom-
mend the use of the IZ93 modulus reduction curves for computa-
tion of Kγ .

Overconsolidated Soils, Aged Soils, and Improved Sites
Other conditions where theKγ-concept can resolve errors introduced
by use of laboratory determined Kσ values is for over-consolidation
sandy soils, aged sandy soils, and sandy soils remediated in a way
that the in-situ lateral stresses are increased. However, these scenar-
ios are not covered in this paper because of length restrictions and
because overconsolidation sandy soils and improved sandy soil de-
posits require additional analysis to account for the influence of in-
creased lateral stress on measured penetration resistance, in addition
to how the increased lateral stress influences the Kγ factor used to
normalize CSR. Full coverage of these topics will be presented in
subsequent paper(s).

Use of Kγ with Current Triggering Models
As stated previously, Kγ should be used in place of Kσ in future-
developed simplified stress-based triggering frameworks. However,
Kγ should not be used in place of Kσ within existing simplified
liquefaction evaluation procedures to assess liquefaction potential.
This is because the CRR curves for existing triggering procedures
are inherently based onKσ relationships used in the development of
thoseCRR curves. As a result, theKγ relationships proposed herein
can be used to analyze liquefaction case histories to develop new
cyclic resistance ratio curves and/or to quantify the differences in
Kσ versus Kγ to assess bias in Kσ relationships proposed by others,
etc. Currently, a stress-based CPT simplified triggering model is
being developed by the lead author and collaborators using the
Kγ relationship proposed herein.

Conclusions

Intrinsic soil properties and soil state variables have long been
known to influence liquefaction triggering. While variants of the
stress-based procedure (i.e., penetration resistance and small-strain
shear wave velocity, VS, stress-based procedures) and the cyclic
strain procedure have attractive attributes, each also has detractions.
Proposed herein is an approach for incorporating the benefits of the
VS stress-based procedure and the cyclic strain procedure into the
penetration test stress-based procedures, thus more properly and
more mechanistically accounting for the influence of intrinsic soil
properties and soil state variables on liquefaction triggering. This is
achieved by normalizing cyclic stress ratio (CSR) by the Kγ factor.
The proposed normalization factor, Kγ , should be used in place
of Kσ. However, most previously proposed Kσ relationships were
largely empirically-based Kσ, only accounted for the influence of

the initial vertical effective stress (σ 0vo) on liquefaction triggering,
and/or inherently assume that the CSR is equal to the cyclic resis-
tance ratio (CRR) (i.e., the factor of safety, FS, against liquefaction
triggering is equal to one). In contrast, Kγ is more mechanically
based and accounts for the influence of σ 0vo, Ko, and soil fabric,
and applies to all FS.

The underlying concept of the Kγ normalization factor is that
when CSR is normalized by Kγ, the γ induced in a sample having
the reference set of initial conditions [i.e., σ 0vo ≈ 100 kPa (1 atm),
lateral effective stress of a normally consolidated soil, and fabric
consistent with a young soil deposit) should be the same as that,
that would be induced in a similar sample having the actual initial
conditions (i.e., σ 0vo, lateral effective stress, and soil fabric). The
reason for this is that the relative movement of soil particles, which
is requisite for breaking down the soil skeleton, generating excess
pore water pressures, and triggering liquefaction, relates to the
induced γ. However, the normalization of CSR by Kγ differs from
the cyclic strain approach because it is couched in a total stress
framework. The cyclic strain approach is inherently couched in an
effective stress framework and, thus, carries with it the difficulties
in relating the amplitude and duration of the shear strain loading
parameters to earthquake ground motions.

The concept of equating the induced γ in a soil for a given set of
initial reference conditions to that induced in the same soil for the
actual set of initial conditions, inherently implies that Kγ is a func-
tion of the induced γ. This further distinguishes the Kγ normaliza-
tion factor from the Kσ relationship proposed by Boulanger (2003)
that correlates Kσ to the Relative State Parameter (ξR), where ξR is
an index for the dilative/contractive tendencies of the soil at strains
commensurate with critical state. Liquefaction triggering involves
strains that are much smaller than those associated with critical
state deformation, and the contractive/dilative tendencies of soil
varies significantly as a function of strain, up to critical state. The
proposed Kγ parameter inherently accounts for the variation of
the contractive/dilative tendencies of soil by being a function of the
applied CSR, which in combination with the τ -γ response charac-
teristics of the soil, results in an induced γ in the soil. The τ -γ
response characteristics of the soil is generically modeled herein,
with good success, using the empirically based Ishibashi and Zhang
(1993) [IZ93] modulus degradation curves.

The proposed Kγ factor should be used in place of Kσ in future-
developed simplified triggering models. The Kγ relationship pro-
posed herein are not intended to be used in conjunction with
existing simplified liquefaction evaluation procedures to assess
liquefaction potential. This is because the CRR curves for existing
triggering procedures are inherently based on Kσ relationships used
in the development of those CRR curves. As a result, the Kγ rela-
tionships proposed in this paper can be used to analyze liquefaction
case histories to develop new cyclic resistance ratio curves and/or
to quantify the differences in Kσ versus Kγ to assess bias in Kσ
relationships proposed by others, etc.
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