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Abstract

Diffusive shock acceleration at collisionless shocks remains the most likely process for accelerating particles in a
variety of astrophysical sources. While the standard prediction for strong shocks is that the spectrum of accelerated
particles is universal, f (p)∝ p−4, numerous phenomena affect this simple conclusion. In general, the nonlinear
dynamical reaction of accelerated particles leads to a concave spectrum, steeper than p−4 at momenta below a few
tens of GeV c−1 and harder than the standard prediction at high energies. However, the nonlinear effects become
important in the presence of magnetic field amplification, which in turn leads to higher values of the maximum
momentum pmax. It was recently discovered that the self-generated perturbations that enhance particle scattering,
when advected downstream, move in the same direction as the background plasma, so that the effective
compression factor at the shock decreases and the spectrum becomes steeper. We investigate the implications of
the excitation of the non-resonant streaming instability on these spectral deformations, the dependence of the
spectral steepening on the shock velocity, and the role played by the injection momentum.

Unified Astronomy Thesaurus concepts: Supernova remnants (1667); Galactic cosmic rays (567)

1. Introduction

Particles repeatedly crossing a collisionless shock front are
accelerated to non-thermal energies, as first discussed by
Axford et al. (1977), Krymskii (1977), Bell (1978), and
Blandford & Ostriker (1978), a mechanism that became known
as diffusive shock acceleration (DSA). This mechanism is
thought to play a crucial role in the acceleration of Galactic
cosmic rays (CRs) when applied to supernova remnant (SNR)
shocks (Blandford & Ostriker 1978), star cluster shocks (Seo
et al. 2018; Morlino et al. 2021), and many other astrophysical
sources where shocks are produced (see, e.g., Blasi 2013, 2019;
Caprioli 2015; Gabici et al. 2019, for reviews on the topic).

DSA has attracted a lot of attention mainly because of its
simplicity and its weak dependence on the poorly known
microphysics (e.g., scattering properties of the particles). For
instance, a shock with Mach number M in a medium with
adiabatic index γg is expected to produce a spectrum of
accelerated particles
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where R is the shock compression ratio, independent of the
diffusion coefficient. The latter enters the description of the
acceleration process by determining the particle confinement
time, which in turn fixes the maximum achievable energy. In
the limit of strong shocks (M? 1) and for γg= 5/3, R→ 4 and
the spectrum becomes the well known f (p)∝ p−4.

This basic (test-particle) version of the theory of DSA is not
suitable for the description of the rich phenomenology of CRs

in the Galaxy: first, the p−4 spectrum is energy-divergent when
extended to infinite maximum momenta and, even more
important, for a given value of the maximum momentum
pmax, it is possible that the total energy budget may become
comparable with (or even exceed) vs

2r , the total ram pressure
from which energy can be tapped (ρ and vs are the density of
gas upstream of the shock and the shock speed). Clearly this
conclusion is unphysical in that it would violate energy
conservation. By itself this is sufficient motivation to build a
theory that includes the dynamical reaction of accelerated
particles on the system (see, e.g., O’C. Drury 1983; Jones et al.
2001; Malkov & Drury 2001; Blasi 2013, for reviews).
Inclusion of this effect leads to an exacerbation of the

energetic problem, in that the spectrum becomes even harder
than p−4 at high energies. However a nonlinear theory should
account for this issue by providing mechanisms of self-
regulation that inhibit too high efficiencies to be achieved. In
other words, when the system becomes too efficient, the
acceleration process should switch off.
The second nonlinear effect that is necessary for the theory

to confront observations is the self-generation of magnetic
perturbations due to the excitation of streaming instability
upstream. In the absence of this effect, the maximum energy of
accelerated particles is too low to be of astrophysical interest
(Bell 1978; Lagage & Cesarsky 1983). In particular, many
authors have discussed the excitation of the non-resonant
streaming instability (Bell 2004), as the chief mechanism for
magnetic field amplification at SNR shocks (Vink 2012), which
in turn may help reach very high energies (Bell et al. 2013;
Schure & Bell 2013, 2014; Cardillo et al. 2015; Cristofari et al.
2020; Cristofari 2021) .
One of the major challenges that the theory of DSA faces is

that of producing spectra of accelerated particles that are
substantially steeper than p−4, required by both gamma-ray
observations of individual SNRs (Ackermann et al. 2016;
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H. E. S. S. Collaboration et al. 2018; Caprioli 2011) and by the
standard theory of CR transport in the Galaxy (Evoli et al.
2019). For shocks with speed 3000 km s−1 propagating in
partially ionized media the spectrum of accelerated particles
may be steeper than p−4 due to the neutral return flux, first
discussed by Blasi et al. (2012). This phenomenon was shown
to shape the gamma-ray spectrum of the Tycho SNR (Morlino
& Blasi 2016), but it cannot be the general solution to the
problem of the steep spectra.

Plasma simulations have been used to investigate particle
acceleration and generation of magnetic field at strong shocks,
especially hybrid ones with fluid electrons and kinetic ions
(e.g., Caprioli & Spitkovsky 2014a, 2014b and references
therein). Unprecedentedly long hybrid simulations (Haggerty &
Caprioli 2020) showed that magnetic field perturbations,
amplified upstream by the Bell instability and compressed at
the shock downstream move in the same direction as the
plasma, with a velocity close to the Alfvén speed vA calculated
in the amplified magnetic field, v B 4A 2 2d pr= . While linear
Alfvén waves are expected to be transmitted/reflected at the
shock (e.g., Scholer and Belcher 1971; Caprioli et al.
2008, 2009, and references therein), upstream nonlinear
magnetic fluctuations travel with the upstream speed and
overshoot when crossing the shock, retaining a net motion
downstream, even if they are rapidly slowed down to the
typical speed of magnetic fluctuations, i.e., the local Alfvén
speed.

The drift of magnetic perturbations is due to the fact that the
accelerated particles move under the action of advection and
diffusion. The former is not the velocity of the background
plasma (as is often assumed) but rather the speed of the
scattering centers. This is usually small enough compared with
the plasma speed that the difference is inconsequential.
However, as was already pointed out by Bell (1978), if it
happens that the velocity of the scattering centers (either
upstream or downstream) becomes an appreciable fraction of
the plasma speed, the spectrum of accelerated particles may be
heavily affected, by becoming either steeper or harder
depending on the direction of the motion of scattering centers.
For the modes generated by Bell instability, which are crucial
for particle acceleration, the downstream velocity of the
perturbations can become an appreciable fraction of the fluid
velocity downstream, as discussed by Caprioli et al. (2020), in
the direction of having waves moving away from the shock.
This causes the accelerated particles to drift away from the
shock faster than in the standard situation.

This phenomenon leads to the creation of a postcursor,
where an interesting phenomenology for the CR spectra
unfolds, as discussed in Caprioli et al. (2020). In particular,
the effective compression factor felt by the accelerated particles
becomes R≈ u1/(u2+ vA), substantially smaller than u1/u2,
thereby implying steeper spectra of accelerated particles. This
effect is prominent for fast shocks, in that vA can become an
appreciable fraction of the downstream plasma speed u2 when
the magnetic field is strongly amplified (Caprioli et al. 2020).
This effect was also recently discussed for a variety of
astrophysical contexts by Diesing & Caprioli (2022), in the
context of a semi-analytical approach to nonlinear DSA.

In the present work we investigate the spectral steepening
resulting from the excitation of the non-resonant instability and
the formation of a postcursor. In particular we study the
dependence of this effect on the efficiency of particle

acceleration at SNR shocks and on the injection momentum.
The latter becomes an important parameter of the problem if
the magnetic field amplification is strong enough to make the
spectra steeper than p−5, at which point the energetic of
accelerated particles becomes dominated by very low-energy
particles. We compare our predictions with observations in a
selection of SNRs for which reliable measurements of the
magnetic field and of the shock velocity exist.
The paper is organized as follows: in Section 2 we discuss

the physics of the postcursor and the recipes for magnetic field
amplification. In Section 3 we illustrate the implications of the
postcursor in terms of spectral slope and maximum energy of
accelerated particles, and level of magnetization at the shock.
In Section 4 we summarize the advances implied by the
discovery of the postcursor physics and the caveats to be kept
in mind, as well as the problems still left open.

2. The Spectrum of Accelerated Particles

In this section we describe in detail the effect of the magnetic
field amplification on the spectrum of accelerated particles at
the shock.
In the test-particle limit (Axford et al. 1977; Krymskii 1977;

Bell 1978; Blandford & Ostriker 1978), the shock compression
ratio R is derived by imposing mass, momentum, and energy
conservation at the shock surface. The spectrum of accelerated
particles is universal and is a power law with slope q= 3R/
(R− 1) (Equation (1)), independent of the details of particle
scattering in the shock region. The slope of the spectrum is
shaped by two physical quantities, the energy gain per cycle of
a particle crossing the shock on both sides, p p u u

c

4

3
1 2D - ,

and the return probability from the downstream region,
P 1 4u

c
2- . In the limit of a strong shock, M? 1, the

spectrum tends to its asymptotic p−4 shape.
This universality may be broken by several effects, both at

the test-particle level and at the nonlinear level. At the test-
particle level, if the scattering centers move with respect to the
plasma, as is the case for Alfvén waves, the compression factor
relevant for particle acceleration becomes (u1± vA,1)/
(u2± vA,2), where the index indicates whether the quantity is
calculated upstream (1) or downstream (2). The± sign
identifies whether the waves move in the same direction (+)
or in the opposite direction (−) with respect to the plasma
(Bell 1978). This effect leads to harder or softer spectra of
accelerated particles, depending on the relative motion of the
waves and the plasma. If the Alfvén speed is calculated with
respect to the background magnetic field, typically this spectral
deformation is very weak, unless the shock itself is weak,
namely M∼ a few.
At nonlinear level, as mentioned above, the test-particle

prediction is changed by both the dynamical action of the CRs
(see Malkov & Drury 2001 for a review) and by magnetic field
amplification induced by accelerated particles (Caprioli et al.
2020; Haggerty & Caprioli 2020). This latter effect is due to the
fact that the magnetic perturbations generated by the CR
themselves upstream of the shock, once advected downstream,
move in the same direction as the plasma, at roughly the Alfvén
speed in the amplified field (Haggerty & Caprioli 2020), which
in turn can be an appreciable fraction of the plasma speed. In
these conditions the spectrum of accelerated particles becomes
steeper than predicted based on the test-particle theory
(Caprioli et al. 2020).

2
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In the following, we quantify the importance of this effect
while retaining a simple semi-analytical description of the
phenomenon. We work under the assumption that at the shock,
the differential spectrum of particles accelerated through DSA
remains a power law f (p)∝ p−α, thereby neglecting the
curvature that may arise if there is a strong precursor and
particles of different p feel different compression ratios. Note
that this does not necessarily imply the CR backreaction to be
negligible: the postcursor is a nonlinear feature that should
apply to CRs of any momentum. Following Haggerty &
Caprioli (2020) and Caprioli et al. (2020) we retain information
about the nonlinear shock modification by introducing a total
plasma compression factor Rtot≡ u0/u2, that in the presence of
CRs is larger than 4 (here u0 is the plasma speed at upstream
infinity). We also introduce Rsub≡ u1/u2 as the compression
factor between immediately upstream and downstream of the
shock; for small to moderate acceleration efficiencies, we can
assume Rsub≈ 4.

If the CR spectrum is taken as ( )( )f p A p

mc
=

a-
, the

normalization constant A is computed by imposing that at the
shock, a fraction ξCR of the ram pressure is converted into CRs,
which leads to

( )
( ) ( )A
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where we posed x= p/mpc.
As discussed by Caprioli et al. (2020), the slope of the

spectrum is determined by the downstream Alfvén speed,
v R B 4A,2 tot 2d pr= , where we assume that the magnetic field
upstream is amplified through the excitation of the non-
resonant Bell instability (Bell 2004). The latter statement
requires some additional comments, reflecting the discussion in
Cristofari et al. (2021): the magnetic field upstream that is
usually adopted to calculate the maximum energy is the one at
upstream infinity, as produced by the escaping particles. This is
because the current inducing the instability is that of escaping
particles far upstream of the shock. If, in first approximation,
the spectrum is close to p−4, then one can estimate the magnetic
energy density as

( ) ( )B v

c

v

4
3
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while the corresponding downstream magnetic field after
compression of the perpendicular components at the shock is

( ) ( )B
R

B
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3
. 42
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2
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+

On the other hand, the current immediately upstream of the
shock can be larger in that all particles contribute to the CR
current in that region. If this is the case, then the magnetic field
B1 can be written as (Cristofari et al. 2020, 2021)
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and the downstream field is
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For α= 4 one recovers the fact that the amplified field is
independent of the value of pinj, a fact that remains
approximately true also for α 4, unless α approaches the
critical value of 5, for which the energy density in the form of
accelerated particles becomes dominated by the particles close
to the injection momentum. Notice that in our approach we try
to retain as much as possible a trace of the nonlinear effects
involved in the acceleration process, and in general pinj is a
multiple of the thermal momentum of the plasma particles
downstream of the shock, p mk T2th B 2= . The temperature T2
can be inferred from momentum conservation and reads

( )T
mv

k R R
1

1
, 72

sh
2

B tot tot
B CRx x» - - -⎜ ⎟

⎛
⎝

⎞
⎠

which illustrates how for a shock that accelerates particles
efficiently the temperature of the downstream gas drops to
lower values. Following the parameterization of Blasi et al.
(2005), which remains a good scaling even if CRs are injected
into DSA via specular reflection rather than thermal leakage
(see Caprioli et al. 2015), we assume that pinj= χpth, with
χ= 2−10.
When the shock becomes efficient in accelerating CRs, pth

decreases, thereby increasing the CR current and, in turn, the
downstream magnetic field. The net result is that the down-
stream Alfvén speed becomes larger, which eventually leads to
steeper CR spectra, which is the effect that we are after.
For the calculation of the total compression factor Rtot we

follow the approach of Haggerty & Caprioli (2020; see their
Appendix B1), where mass, momentum, and energy conserva-
tion equations were solved together. Since, when spectra are
very steep, non-relativistic CRs may carry a sizable fraction of
the total pressure, we retain the general expression for the CR
adiabatic index as

( )
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dx x x
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γCR→ 4/3 when CRs are fully relativistic.
This leads to a fourth-order algebraic equation for Rtot. As

discussed in much of the literature on nonlinear theory of
DSA (e.g., Berezhko & Ellison 1999; Blasi 2002), this
procedure may be tricky because it requires the knowledge of
the escape flux, which in turn requires the solution of the
transport equation for accelerated particles (Diesing &
Caprioli 2021). However, for the cases of interest here, the
spectrum becomes sufficiently steeper than p−4 that the escape
flux can be neglected and the expressions derived above are
good approximations to the exact ones.
The compression factor relevant for accelerated particles

(namely the compression factor of the velocities of the
scattering centers) is

( )R
v

f v
, 9v

R v

sh

A,2
sh

tot A

»
+

where the numerical factor f 1vA
 has been introduced to

account for the fact that the bulk drift velocity of scattering
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centers might be a fraction of vA,2, if some of the waves move
in the opposite direction to the plasma. This factor is a priori set
to 1 unless mentioned otherwise.

The system of equations returning Rtot, R, α= 3R/(R− 1)
can be solved with an iterative procedure for a given value of
the CR acceleration efficiency ξCR and injection momentum χ,
and for given shock parameters (shock velocity, Mach
number).

As we show below, the spectral steepening due to magnetic
field amplification depends rather strongly on the prescriptions
adopted for the magnetic field downstream. In order to illustrate
this effect, we consider two situations:

1. Case A, in which the magnetic field is produced only far
upstream by escaping particles with momentum close to
pmax (Equations (3) and (4));

2. Case B, in which the magnetic field is amplified by the
anisotropy (current) of the CRs diffusing in the precursor
(Equations (5) and 6)).

These two prescriptions are meant to bracket our ignorance of
the actual total level of magnetic field amplification (see
Cristofari et al. 2021 for an extended discussion): Case A
represents a lower limit on the amount of turbulence produced,
while Case B also accounts for the current in CRs at any
momentum, and in fact it depends explicitly on pinj and α.

The spectral slope of the accelerated particles, α, and the
corresponding compression factors, R and Rtot, are shown in
Figures 1 and 2 respectively, for χ= 5 and different values of
the acceleration efficiency between 1% and 15%, typical of
SNRs as sources of the bulk of Galactic CRs. The orange
dotted curves in Figure 1 illustrate the results in Case A for the
magnetic field, while the blue solid curves refer to Case B. All
curves in Figure 2 refer to Case B, where the strongest
modifications are expected (as also visible in Figure 1).

The spectral steepening caused by the formation of the
postcursor shows the expected trend with shock velocity:
increasing the shock speed the strength of the CR-induced
magnetic field gets larger and as a consequence the waves’
velocity downstream becomes larger and the spectrum
correspondingly steeper. The effect is much more prominent
in Case B than in Case A.

In both cases, for the fiducial values of the parameters
adopted here, the spectrum of accelerated particles remains
harder than p−5, so that the role of pinj is never of
overwhelming importance (we will comment later on this
point). In Case B, for very large shock velocity and high CR
acceleration efficiency, this conclusion may eventually become
invalid, but these situations appear of rather limited physical
interest. On the other hand, spectra close to p−5 are in fact
retrieved for the so-called radio supernovae, a finding
consistent with observations (see, e.g., Chevalier & Fransson
2006; Soderberg et al. 2010; Kamble et al. 2016).
A quick inspection of Figure 2 reveals that, although the

overall spectrum becomes steeper for higher shock speed,
reflecting a lower compression ratio of the scattering centers R,
the total compression factor Rtot remains larger than 4 and in
fact increases for larger shock speeds and for high CR
acceleration efficiencies. Gas compression ratios of order 6–7
have been reported in X-ray observations of single SNRs (e.g.,
Warren et al. 2005; Cassam-Chenaï et al. 2008).
Moreover, the fact that the spectrum of accelerated particles

becomes appreciably steeper than p−4 as a consequence of the
formation of a postcursor provides support to the idea that the
magnetic field immediately upstream of the shock should be
estimated using Equation (5) (Case B), leading to a somewhat
larger estimate for this field compared with the standard
expression based on Bell instability. It is however important to
understand that the two are compatible with each other: the Bell
recipe refers to the magnetic field at upstream infinity, where
only escaping particles can reach, while Equation (5) applies to
the magnetic field immediately upstream, generated through the
same process by all CRs with p> pinj. While bearing in mind
that the actual saturation may depend also on complex wave
−wave interactions (e.g., direct and inverse cascades), damp-
ing, and turbulent amplification in the self-generated density
fluctuations (e.g., Reville & Bell 2012; Caprioli & Spitkovsky
2013), in the rest of this paper we will adopt Case B as our
reference scenario.

3. Impact of Microphysics on Spectral Slope,
Magnetization, and CR Maximum Energy

The nonlinear effects that ensue from efficient DSA on one
hand foster particle acceleration to high energies, but on the

Figure 1. Spectral slope α as a function of shock velocity vsh. From thin to
thick lines, the cosmic ray (CR) efficiency ξCR varies from 1% to 15%, and
pinj = χpth with χ = 5. Orange dotted lines correspond to Case A, while blue
solid lines correspond to Case B.

Figure 2. Compression factors R (<4) and Rtot (�4) for the Case A (blue solid
lines) and Case B (orange dotted lines) as a function of the shock velocity vsh.
From thin to thick lines, the CR efficiency varies ξCR from 1% to 15%, always
with χ = 5.
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other hand make it a mechanism that is strongly dependent upon
phenomena occurring on small scales, which are hard to access
observationally. In this sense, the spectral steepening discussed
above relies on physical intuition and the results of numerical
simulations (Caprioli et al. 2020; Haggerty & Caprioli 2020). In
this section we describe the dependence of the main outcomes of
DSA (CR spectral slope, maximum CR energy, magnetic field
amplification) on the less known parameters of the theory.

3.1. CR Spectral Slope

For selected cases, the theoretical framework described above
returns meaningful results: for a Tycho-like SNR, where the
shock velocity is∼5000 km s−1 and an acceleration efficiency of
∼10% is required, one would expect a spectrum with a slope
∼4.3, based on Figure 1, which compares well with the slope
inferred from a multi-wavelength analysis (e.g., Morlino &
Caprioli 2012; Slane et al. 2014). For fast shocks associated with
the so-called radio supernovae (Chevalier & Fransson 2006;
Soderberg et al. 2010; Kamble et al. 2016), observations require
a spectral slope close to 5, in good agreement with our
prediction (see Figure 1 for shock velocity 3× 104 km s−1 and
ξcr∼ 5%). These findings are consistent with those recently put
forward by Diesing & Caprioli (2022), who used a different
prescription for the saturation of the magnetic field, which is
similar to Case B but without accounting for the possible
dependence on α. In general, we can see that varying the CR
acceleration efficiency between a few and 15% does not have a
large impact on the predicted spectral slope; for Tycho-like
parameters, for instance, we find 4.1α 4.3, a variation of
5% only when changing ξcr by a factor of 5. We have also tried
changing χ between 2 and 10, and results do not change
appreciably, with 4 α 4.4 for Tycho. In this respect, it is
worth noticing that: (1) varying χ between 2 and 10 corresponds
to varying the fraction of injected CRs by several orders of
magnitude, since we are moving on the exponential tail of the
Maxwellian (e.g., Blasi et al. 2005); (2) in a kinetic approach, χ
and ξcr are not independent, and an increase in the former
implies a decrease of the latter (e.g., Diesing & Caprioli 2021);
(3) particle-in-cell simulations suggest that the most likely values
of χ are in the range 3–4 (Caprioli & Spitkovsky 2014a; Caprioli
et al. 2015; Park et al. 2015).

3.2. Shock Magnetization

In Figure 3 we show the level of magnetization of the
downstream plasma for SNR shocks moving with different
velocities as reported by Vink (2012). The curves show the
results of our calculations for the self-generated shock
magnetization for different values of the CR acceleration
efficiency, as indicated in the legend. One can immediately see
that the standard B vs

2 3µ scaling, typical of the saturation of
the non-resonant instability (Bell 2004), is modified by the
presence of the postcursor. In general, the data points seem to
be better described when the postcursor physics is considered
and the acceleration efficiency is around 5%–10%. For shock
velocities 2000 km s−1 the resonant instability becomes
dominant and the magnetic field downstream becomes
appreciably smaller, although the trend of B2 with the shock
speed becomes milder. Also in this case data points are in good
agreement with CR acceleration efficiencies between 3% and
15%, with the curves in Figure 3 that tend to become
asymptotically close for increasingly larger efficiencies.

3.3. CR Maximum Momentum

For fast SNR shocks, the maximum energy can be estimated
by requiring that the growth rate γmax associated to wavelength
kmax reaches saturation after a few (say, ≈5) e-folds (Bell et al.
2013; Schure & Bell 2013; Cardillo et al. 2015; Cristofari et al.
2020):

( ) ( )dt t 5. 10
t

0
maxò g¢ ¢ »

This leads to a maximum momentum of protons that generally
depends on α and reads

( ) ( )
( )

p

mc

er

mc c

v

I

3
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4

3
, 11max

3
sh

2
CR sh

2pr x
a a

=
-

a-
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⎝

⎞
⎠

where rsh is the SNR shock radius. In the case of a remnant
from a typical thermonuclear supernova explosion (type Ia
supernova), expanding in a uniform interstellar medium, the
temporal evolution of the shock radius and velocity are well
described by self-similar solutions (Chevalier 1982; Tang &
Chevalier 2017). The corresponding estimated value of pmax is
shown in Figure 4.
Figure 4 shows how the spectral steepening induced by the

postcursor leads to a drastic suppression of the current of
escaping CRs at early times (large shock velocity), so that pmax

is reduced and in fact increases with time instead of decreasing,
at least for the first few hundred years of evolution of the SNR.
As expected, the effect is more prominent when the accelera-
tion efficiency is higher.
When the postcursor is neglected (see, for instance,

Cristofari et al. 2020), ( )p tmax generally decreases with time:
the highest maximum energy is reached at very early times,
when however the mass processed by the shock is small. The
actual position of the high-energy cut-off in the overall CR
spectrum released by an SNR is hence due to a trade-off
between achieving a large pmax and processing large amount of
mass. Interestingly, during the entire evolution of our fiducial
type Ia SNR, pmax remains below 50 TeV, rather at odds with
the results of current gamma-ray observations and a factor of a
few smaller than what expected in type Ia SNRs for a p−4 CR
spectrum (e.g., Bell et al. 2011; Cristofari et al. 2021). This
finding highlights how the current understanding of the
generation of magnetic turbulence in the shock precursors

Figure 3. Downstream magnetization as a function of shock velocity vsh. The
black dotted–dashed lines correspond to the values of α calculated for CR
efficiency ξCR between 1% and 15%.
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(Equations (3) and (5)) may be incomplete, especially when
steep spectra are involved.

Below we consider the dependence of the spectral steepening
on two microphysical parameters of our problem, namely the
CR injection momentum, and the fraction of the downstream
Alfvén speed that enters the transport equation.

Changing the injection momentum does not drastically
change the conclusions illustrated above about pmax, as shown
in Figure 5, where pinj is scaled as a function of the shock
velocity vsh (see, e.g., Caprioli & Spitkovsky 2014a; Caprioli
et al. 2015), rather than of the post-shock thermal speed.
Increasing the value of pinj reduces the CR current immediately
upstream of the shock, and hence the magnetic field at the same
location. The compressed magnetic field is also lower, which
results in a lessened spectral steepening, a larger current in the
form of escaping protons, and hence a larger value of the
maximum momentum. However, since α remains appreciably
smaller than 5, the changes in pmax induced by a change of pinj
are negligible.

When spectra are steeper than p−4, most of the magnetic
field amplification occurs in the precursor rather than because
of escaping particles, and that field, while contributing to the

postcursor physics, does not help achieve larger values of pmax.
Eventually, the effect on the total CR spectrum released by an
SNR is a global steepening at p pmax and a suppression by a
factor of a few in the expected value of pmax. At p> pmax, the
effect of the postcursor is only to affect the extent to which the
spectrum departs from an exponential, since that part is
contributed by early times when the shock velocity is larger,
the instantaneous spectrum is expected to be steeper, and small
amounts of mass are processed (lower normalization of the
spectrum of escaping particles), as discussed by Cristofari et al.
(2021).
In any case, the steep spectra observed in radio supernovae

and in young SNRs worsen, rather than alleviate, the problem
of achieving multi-PeV energies in most SNRs.

3.4. Parameterizing the Postcursor Strength

The simulations by Haggerty & Caprioli (2020) and Caprioli
et al. (2020) suggested that the relative drift between CRs and
thermal plasma in the postcursor is of order of the local Alfvén
speed, but pinpointing its exact value for arbitrary shock
velocities is challenging. We parameterize our ignorance by
varying the parameter fvA

, as shown in Figure 6, where a CR
acceleration efficiency ξCR= 5% was adopted. In the top panel
we show the spectral slope as a function of shock velocity and

Figure 4. Temporal evolution of the maximum energy of accelerated particles
for a supernova remnant (SNR) from a typical type Ia supernova expanding in a
uniform interstellar medium (ISM) of density n = 1 cm−3. The CR efficiency
varies from 1% to 15% (thin to thick).

Figure 5. From thin to thick lines, pinj varies from 1 to 5 times vsh/c. The CR
efficiency is ξCR = 5%. Time evolution of the maximum momentum of
accelerated particles for a type Ia SNR expanding in uniform ISM of density
n = 1 cm−3.

Figure 6. From thin to thick lines, f 0.2, 0.4, 0.6, 0.8vA = , and 1. Top panel:
spectral slope α vs. shock velocity vsh. Bottom panel: time evolution of the
maximum energy of accelerated particles for an SNR from a typical type Ia
supernova expanding in uniform ISM of density n = 1 cm−3. The CR
efficiency is ξCR = 5%, and pinj is taken as in Equation (7).
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in the bottom panel the maximum momentum as a function of
time. The spectral steepening due to the postcursor is strongly
reduced when fvA

is reduced even by a small amount; as a direct
consequence, pmax correspondingly increases. In the limit
f 0vA

 , the standard results are recovered and pmax becomes
again a monotonically decreasing function of time.

4. Conclusions

The test-particle theory of DSA has well defined predictions
that appear to be independent of the poorly known micro-
physical aspects that characterize the transport of particles in
the shock region. In the context of test-particle theory, the
spectrum of accelerated particles is a pure power law with a
slope solely determined by the shock Mach number, f (p)∝ p−4

for any strong shock.
The simplicity of the predictions of DSA in the test-particle

assumptions is lost when the nonlinear effects are included;
such effects are the very reason why the theory is interesting in
the first place, in that in their absence the maximum energy is
too small to be of astrophysical interest. Nevertheless, the
theory develops several inconsistencies due to the energy-
divergent spectrum predicted in the context of the test-particle
approach.

These nonlinearities manifest themselves in several different
ways. First, the dynamical action of accelerated particles due to
pressure gradients in the CR distribution upstream leads to
departures from a power law (e.g., Malkov & Drury 2001). The
second, and perhaps most important, nonlinear aspect of DSA
is in the self-generation of magnetic perturbations due to the
same accelerated particles (Bell 1978, 2004; Lagage &
Cesarsky 1983; Amato & Blasi 2006, 2009). This phenomenon
is thought to be responsible for the substantial increase in the
maximum momentum achievable by CRs, due to the more
effective confinement in the shock region. The non-resonant
instability (Bell 2004), is especially important in this sense
because of its large growth rate and saturation to fields much
larger than the initial one. The magnetic field produced through
the excitation of this instability is compatible with the
observation of thin X-ray non-thermal filaments in virtually
all young SNRs (e.g., Völk et al. 2005; Vink 2012).

The apparent success of this theoretical development is
balanced by the failure of the theory in explaining the spectral
shape of the accelerated particles, as inferred from radio
observations (e.g., Chevalier & Fransson 2006), gamma-ray
observations (e.g., Caprioli 2011), and from measurements of
the energy dependence of the secondary/primary ratios in CRs
(e.g., Evoli et al. 2019); while the theory would require spectra
generally harder than p−4, observations lead to spectra
f (p)∝ p−(4.2−4.3) or even f (p)∝ p−5 for very fast shocks in
radio supernovae.

The recent hybrid simulations by Haggerty & Caprioli
(2020) and Caprioli et al. (2020) showed that the magnetic
perturbations excited by CRs upstream of the shock, once
advected across the shock in the downstream region, move with
a speed ∼vA with respect to the background plasma. When the
field is sufficiently amplified, vA can become an appreciable
fraction of u2 and this results in a reduced effective shock
compression ratio and a corresponding substantial spectral
steepening. These effects, which manifest themselves via the
formation of a shock postcursor, are investigated in this paper.
In particular, we investigate how poorly constrained micro-
physical ingredients (development and saturation of the

amplified magnetic field, minimum CR momentum, and exact
drift speed of CRs with respect to the thermal plasma in the
postcursor) may impact macroscopical observables such as the
CR slope, the post-shock magnetization, and the expected CR
maximum momentum.
In Figures 1 and 2 we show that, for a reasonable range of

CR acceleration efficiencies and CR injection momenta, the
postcursor steepening is very prominent when the shock is very
fast (vsh of tens of thousands of km s−1) and it can lead to
spectra of accelerated particles close to p−5, while generally
producing spectra slightly steeper than p−4 for historical SNRs
(also see Diesing & Caprioli 2021).
The strength of the postcursor effect on the spectrum is,

however, sensitive to the value of the magnetic field
immediately upstream of the shock, and it turns out to be
much milder when only the standard Bell field at upstream
infinity is accounted for. If, on the other hand, one estimates the
additional field generated on small spatial scales immediately
upstream due to the local CR current, following Cristofari et al.
(2021), the effect becomes much more prominent. We
compared the magnetization of the downstream region versus
observations of SNRs with different shock velocity
(Vink 2012), and we found good agreement for acceleration
efficiency of few to ten percent. Additional effects that may
change the actual level of magnetization (either extra
amplification due to fluid instabilities or damping mechanisms)
are discussed in Cristofari et al. (2021).
Very importantly, the spectral steepening causes a reduction

of the current in the form of escaping particles, the ones most
responsible for the determination of pmax. Hence the maximum
momentum decreases to 50 TeV, a factor of a few lower than
what expected for a p−4 spectrum, and potentially at odds with
gamma-ray observations of SNRs. In general, steep CR spectra
can produce strong precursor currents and hence high levels of
shock magnetization, but hardly produce turbulence far
upstream, which is necessary to achieve large pmax values.
The tension between the observed CR knee and the maximum
energy produced by different classes of SNRs (e.g., Bell et al.
2011; Cardillo et al. 2015; Cristofari et al. 2020), is only
exacerbated when CR spectra are as steep as inferred from
multi-wavelength observations of the same objects.
Another effect that we discuss here is associated with the

dependence of the postcursor phenomenology on the details of
the reflection and absorption of magnetic perturbations at the
shock: as discussed by Haggerty & Caprioli (2020), the
velocity of these perturbations in the downstream region is of
the order of the Alfvén speed in the amplified field, but a leap
of faith is required to extrapolate the results of kinetic
simulations to shocks with much larger Mach numbers, as
those pertaining to SNRs. In general, the effective speed of the
magnetic irregularities in the postcursor will be a fraction of the
Alfvén speed, so we investigated this effect by parameterizing
the velocity as f vv AA

, where f 1vA
 . In the limit f 0vA

 , the
effects of the postcursor disappear.
The magnitude of the spectral steepening and the value of

pmax are quite sensitive to the value of fvA
. Changing fvA

from 1
to 0.4 changes the slope at, say, vsh= 104 km s−1 from ∼4.4 to
∼4.05 and the maximum energy at the beginning of the Sedov–
Taylor phase from ∼15 to ∼50 TeV.
We have showed how uncertain aspects of the microphysics

of particle acceleration at shocks, namely the saturation of CR-
driven instabilities and the actual drift of magnetic fluctuations
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and CRs with respect to the thermal plasma in the postcursor,
may have profound phenomenological implications. Generally,
nonlinear effects spoil the apparent simplicity of DSA as
developed in the test-particle regime, with the spectral slope
becoming a function of the self-generated magnetic field and its
topology.

While numerical simulations help in identifying the most
important aspects of the problem and the main physical
mechanisms that may be at work, this may not always be
sufficient, especially when the outcome requires integration
upon extended periods of time of an SNR evolution, during
which different conditions may be present. On the other hand,
some observables, such as the gamma-ray emission from the
shock region, are most sensitive to the conditions at the time of
acceleration. In this case, the effects of the postcursor may be
easier to identify and to study in more detail.

D.C. was partially supported by NASA (grants
80NSSC18K1218 and 80NSSC18K1726) and NSF (grants
AST-1909778 and PHY-2010240). P.C. acknowledges funding
from the European Union’s Horizon 2020 research and
innovation programme under the Marie Skłodowska-Curie
grant agreement No. 945298 ParisRegionFP.

ORCID iDs

Pierre Cristofari https://orcid.org/0000-0002-0786-7307
Pasquale Blasi https://orcid.org/0000-0003-2480-599X
Damiano Caprioli https://orcid.org/0000-0003-0939-8775

References

Ackermann, M., Ajello, M., Atwood, W. B., et al. 2016, ApJS, 222, 5
Amato, E., & Blasi, P. 2006, MNRAS, 371, 1251
Amato, E., & Blasi, P. 2009, MNRAS, 392, 1591
Axford, W. I., Leer, E., & Skadron, G. 1977, Proc. ICRC, 11, 132
Bell, A. R. 1978, MNRAS, 182, 443
Bell, A. R. 2004, MNRAS, 353, 550
Bell, A. R., Schure, K. M., & Reville, B. 2011, MNRAS, 418, 1208
Bell, A. R., Schure, K. M., Reville, B., & Giacinti, G. 2013, MNRAS, 431, 415
Berezhko, E. G., & Ellison, D. C. 1999, ApJ, 526, 385
Blandford, R. D., & Ostriker, J. P. 1978, ApJL, 221, L29
Blasi, P. 2002, APh, 16, 429
Blasi, P. 2013, A&ARv, 21, 70
Blasi, P. 2019, Rivista del Nuovo Cimento, 12, 549
Blasi, P., Gabici, S., & Vannoni, G. 2005, MNRAS, 361, 907

Blasi, P., Morlino, G., Bandiera, R., Amato, E., & Caprioli, D. 2012, ApJ,
755, 121

Caprioli, D. 2011, JCAP, 5, 26
Caprioli, D. 2015, Proc. ICRC, 34, 8
Caprioli, D., Blasi, P., Amato, E., & Vietri, M. 2008, ApJL, 679, L139
Caprioli, D., Blasi, P., Amato, E., & Vietri, M. 2008, MNRAS, 395, 895
Caprioli, D., Haggerty, C. C., & Blasi, P. 2020, ApJ, 905, 2
Caprioli, D., Pop, A., & Spitkovsky, A. 2015, ApJL, 798, 28
Caprioli, D., & Spitkovsky, A. 2013, ApJL, 765, L20
Caprioli, D., & Spitkovsky, A. 2014a, ApJ, 794, 46
Caprioli, D., & Spitkovsky, A. 2014b, ApJ, 794, 47
Cardillo, M., Amato, E., & Blasi, P. 2015, APh, 69, 1
Cassam-Chenaï, G., Hughes, J. P., Reynoso, E. M., Badenes, C., & Moffett, D.

2008, ApJ, 680, 1180
Chevalier, R. A. 1982, ApJ, 258, 790
Chevalier, R. A., & Fransson, C. 2006, ApJ, 651, 381
Cristofari, P. 2021, Univ, 7, 324
Cristofari, P., Blasi, P., & Amato, E. 2020, APh, 123, 102492
Cristofari, P., Blasi, P., & Caprioli, D. 2021, A&A, 650, A62
Diesing, R., & Caprioli, D. 2022, in 37th International Cosmic Ray Conf.

(Trieste: SISSA), 29
Diesing, R., & Caprioli, D. 2021, ApJ, 922, 1
Evoli, C., Aloisio, R., & Blasi, P. 2019, PhRvD, 99, 103023
Gabici, S., Evoli, C., Gaggero, D., et al. 2019, IJMPD, 28, 1930022
Haggerty, C. C., & Caprioli, D. 2020, ApJ, 905, 1
H. E. S. S. Collaboration, Abdalla, H., Abramowski, A., et al. 2018, A&A,

612, A8
Jones, F. C., Lukasiak, A., Ptuskin, V., & Webber, W. 2001, ApJ,

547, 264
Kamble, A., Margutti, R., Soderberg, A. M., et al. 2016, ApJ, 818, 111
Krymskii, G. F. 1977, DoSSR, 234, 1306
Lagage, P. O., & Cesarsky, C. J. 1983, A&A, 125, 249
Malkov, M. A., & Drury, L. O. 2001, RPPh, 64, 429
Morlino, G., & Blasi, P. 2016, A&A, 589, A7
Morlino, G., Blasi, P., Peretti, E., & Cristofari, P. 2021, MNRAS, 504,

6096
Morlino, G., & Caprioli, D. 2012, A&A, 538, A81
O’C Drury, L. 1983, RPPh, 46, 973
Park, J., Caprioli, D., & Spitkovsky, A. 2015, PhRvL, 114, 085003
Reville, B., & Bell, A. R. 2012, MNRAS, 419, 2433
Scholer, M., & Belcher, J. W. 1971, SoPh, 16, 472
Schure, K. M., & Bell, A. R. 2013, MNRAS, 435, 1174
Schure, K. M., & Bell, A. R. 2014, MNRAS, 437, 2802
Seo, J., Kang, H., & Ryu, D. 2018, JKAS, 51, 37
Slane, P., Lee, S.-H., Ellison, D. C., et al. 2014, ApJ, 783, 33
Soderberg, A. M., Brunthaler, A., Nakar, E., Chevalier, R. A., &

Bietenholz, M. F. 2010, ApJ, 725, 922
Tang, X., & Chevalier, R. A. 2017, MNRAS, 465, 3793
Vink, J. 2012, A&ARv, 20, 49
Völk, H. J., Berezhko, E. G., & Ksenofontov, L. T. 2005, A&A, 433, 229
Warren, J. S., et al. 2005, ApJ, 634, 376

8

The Astrophysical Journal, 930:28 (8pp), 2022 May 1 Cristofari, Blasi, & Caprioli

https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0002-0786-7307
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-2480-599X
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://orcid.org/0000-0003-0939-8775
https://doi.org/10.3847/0067-0049/222/1/5
https://ui.adsabs.harvard.edu/abs/2016ApJS..222....5A/abstract
https://doi.org/10.1111/j.1365-2966.2006.10739.x
https://ui.adsabs.harvard.edu/abs/2006MNRAS.371.1251A/abstract
https://doi.org/10.1111/j.1365-2966.2008.14200.x
https://ui.adsabs.harvard.edu/abs/2009MNRAS.392.1591A/abstract
https://ui.adsabs.harvard.edu/abs/1977ICRC...11..132A/abstract
https://doi.org/10.1093/mnras/182.3.443
https://ui.adsabs.harvard.edu/abs/1978MNRAS.182..443B/abstract
https://doi.org/10.1111/j.1365-2966.2004.08097.x
https://ui.adsabs.harvard.edu/abs/2004MNRAS.353..550B/abstract
https://doi.org/10.1111/j.1365-2966.2011.19571.x
https://ui.adsabs.harvard.edu/abs/2011MNRAS.418.1208B/abstract
https://doi.org/10.1093/mnras/stt179
https://ui.adsabs.harvard.edu/abs/2013MNRAS.431..415B/abstract
https://doi.org/10.1086/307993
https://ui.adsabs.harvard.edu/abs/1999ApJ...526..385B/abstract
https://doi.org/10.1086/182658
https://ui.adsabs.harvard.edu/abs/1978ApJ...221L..29B/abstract
https://doi.org/10.1016/S0927-6505(01)00127-X
https://ui.adsabs.harvard.edu/abs/2002APh....16..429B/abstract
https://doi.org/10.1007/s00159-013-0070-7
https://ui.adsabs.harvard.edu/abs/2013A&ARv..21...70B/abstract
https://ui.adsabs.harvard.edu/abs/2019NCimR..42..549B/abstract
https://doi.org/10.1111/j.1365-2966.2005.09227.x
https://ui.adsabs.harvard.edu/abs/2005MNRAS.361..907B/abstract
https://doi.org/10.1088/0004-637X/755/2/121
https://ui.adsabs.harvard.edu/abs/2012ApJ...755..121B/abstract
https://ui.adsabs.harvard.edu/abs/2012ApJ...755..121B/abstract
https://doi.org/10.1088/1475-7516/2011/05/026
https://ui.adsabs.harvard.edu/abs/2011JCAP...05..026C/abstract
https://ui.adsabs.harvard.edu/abs/2015ICRC...34....8C/abstract
https://doi.org/10.1086/589505
https://ui.adsabs.harvard.edu/abs/2008ApJ...679L.139C/abstract
https://doi.org/10.1111/j.1365-2966.2009.14570.x
https://ui.adsabs.harvard.edu/abs/2009MNRAS.395..895C/abstract
https://doi.org/10.3847/1538-4357/abbe05
https://ui.adsabs.harvard.edu/abs/2020ApJ...905....2C/abstract
https://doi.org/10.1088/2041-8205/798/2/L28
https://ui.adsabs.harvard.edu/abs/2015ApJ...798L..28C/abstract
https://doi.org/10.1088/2041-8205/765/1/L20
https://ui.adsabs.harvard.edu/abs/2013ApJ...765L..20C/abstract
https://doi.org/10.1088/0004-637X/794/1/46
https://ui.adsabs.harvard.edu/abs/2014ApJ...794...46C/abstract
https://doi.org/10.1088/0004-637X/794/1/47
https://ui.adsabs.harvard.edu/abs/2014ApJ...794...47C/abstract
https://doi.org/10.1016/j.astropartphys.2015.03.002
https://ui.adsabs.harvard.edu/abs/2015APh....69....1C/abstract
https://doi.org/10.1086/588015
https://ui.adsabs.harvard.edu/abs/2008ApJ...680.1180C/abstract
https://doi.org/10.1086/160126
https://ui.adsabs.harvard.edu/abs/1982ApJ...258..790C/abstract
https://doi.org/10.1086/507606
https://ui.adsabs.harvard.edu/abs/2006ApJ...651..381C/abstract
https://doi.org/10.3390/universe7090324
https://ui.adsabs.harvard.edu/abs/2021Univ....7..324C/abstract
https://doi.org/10.1016/j.astropartphys.2020.102492
https://ui.adsabs.harvard.edu/abs/2020APh...12302492C/abstract
https://doi.org/10.1051/0004-6361/202140448
https://ui.adsabs.harvard.edu/abs/2021A&A...650A..62C/abstract
https://ui.adsabs.harvard.edu/abs/2022icrc.confE..29D/abstract
https://doi.org/10.3847/1538-4357/ac22fe
https://ui.adsabs.harvard.edu/abs/2021ApJ...922....1D/abstract
https://doi.org/10.1103/PhysRevD.99.103023
https://ui.adsabs.harvard.edu/abs/2019PhRvD..99j3023E/abstract
https://doi.org/10.1142/S0218271819300222
https://ui.adsabs.harvard.edu/abs/2019IJMPD..2830022G/abstract
https://doi.org/10.3847/1538-4357/abbe06
https://ui.adsabs.harvard.edu/abs/2020ApJ...905....1H/abstract
https://doi.org/10.1051/0004-6361/201730737
https://ui.adsabs.harvard.edu/abs/2018A&A...612A...8H/abstract
https://ui.adsabs.harvard.edu/abs/2018A&A...612A...8H/abstract
https://doi.org/10.1086/318358
https://ui.adsabs.harvard.edu/abs/2001ApJ...547..264J/abstract
https://ui.adsabs.harvard.edu/abs/2001ApJ...547..264J/abstract
https://doi.org/10.3847/0004-637X/818/2/111
https://ui.adsabs.harvard.edu/abs/2016ApJ...818..111K/abstract
https://ui.adsabs.harvard.edu/abs/1977DoSSR.234.1306K/abstract
https://ui.adsabs.harvard.edu/abs/1983A&A...125..249L/abstract
https://doi.org/10.1088/0034-4885/64/4/201
https://ui.adsabs.harvard.edu/abs/2001RPPh...64..429M/abstract
https://doi.org/10.1051/0004-6361/201527761
https://ui.adsabs.harvard.edu/abs/2016A&A...589A...7M/abstract
https://doi.org/10.1093/mnras/stab690
https://ui.adsabs.harvard.edu/abs/2021MNRAS.504.6096M/abstract
https://ui.adsabs.harvard.edu/abs/2021MNRAS.504.6096M/abstract
https://doi.org/10.1051/0004-6361/201117855
https://ui.adsabs.harvard.edu/abs/2012A&A...538A..81M/abstract
https://ui.adsabs.harvard.edu/abs/1983RPPh...46..973O/abstract
https://doi.org/10.1103/PhysRevLett.114.085003
https://ui.adsabs.harvard.edu/abs/2015PhRvL.114h5003P/abstract
https://doi.org/10.1111/j.1365-2966.2011.19892.x
https://ui.adsabs.harvard.edu/abs/2012MNRAS.419.2433R/abstract
https://ui.adsabs.harvard.edu/abs/1971SoPh...16..472S/abstract
https://doi.org/10.1093/mnras/stt1371
https://ui.adsabs.harvard.edu/abs/2013MNRAS.435.1174S/abstract
https://doi.org/10.1093/mnras/stt2089
https://ui.adsabs.harvard.edu/abs/2014MNRAS.437.2802S/abstract
https://doi.org/10.5303/JKAS.2018.51.2.37
https://ui.adsabs.harvard.edu/abs/2018JKAS...51...37S/abstract
https://doi.org/10.1088/0004-637X/783/1/33
https://ui.adsabs.harvard.edu/abs/2014ApJ...783...33S/abstract
https://doi.org/10.1088/0004-637X/725/1/922
https://ui.adsabs.harvard.edu/abs/2010ApJ...725..922S/abstract
https://doi.org/10.1093/mnras/stw2978
https://ui.adsabs.harvard.edu/abs/2017MNRAS.465.3793T/abstract
https://doi.org/10.1007/s00159-011-0049-1
https://ui.adsabs.harvard.edu/abs/2012A&ARv..20...49V/abstract
https://doi.org/10.1051/0004-6361:20042015
https://ui.adsabs.harvard.edu/abs/2005A&A...433..229V/abstract
https://doi.org/10.1086/496941
https://ui.adsabs.harvard.edu/abs/2005ApJ...634..376W/abstract

	1. Introduction
	2. The Spectrum of Accelerated Particles
	3. Impact of Microphysics on Spectral Slope, Magnetization, and CR Maximum Energy
	3.1. CR Spectral Slope
	3.2. Shock Magnetization
	3.3. CR Maximum Momentum
	3.4. Parameterizing the Postcursor Strength

	4. Conclusions
	References

