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1 Introduction

The modular operator A, and the associated extended modular Hamiltonian —log A, are
fundamental objects in the study of von Neumann algebras. They provide powerful tools
for working with spatial subregions of a quantum field theory [1-3]. Unfortunately explicit
expressions for modular Hamiltonians are hard to come by. For the Poincaré vacuum and a
division into half-spaces the modular Hamiltonian can be identified with a Lorentz genera-
tor [4], while for a CFT in its ground state and a division into spherical regions the modular
Hamiltonian can be identified with a linear combination of conformal generators [5]. A few
more examples are available in the literature [6]. But not much is explicitly known about
the modular Hamiltonian for a generic excited state.

In this paper we take a small step toward a more generic situation, by constructing
the modular Hamiltonian for a state in a CFT that is obtained by applying a weak unitary
perturbation to the vacuum. At ¢ = 0 we make a division into half-spaces and compute
the modular Hamiltonian to first order in the strength of the perturbation. The surprise



is that we find an endpoint contribution to the modular Hamiltonian, built from light-ray
moments of the perturbing operator and its descendants, that is sensitive to the details of
the perturbation at = = 0.

In more detail, consider a Lorentzian field theory and a state [¢)) = e~¥|0) created
from the vacuum by a unitary operator. We will consider more general perturbations
below, but for now suppose G acts along a one-dimensional spatial segment at t = 0. It
will be convenient to work in light-front coordinates 2% =t & x, so we will write G as

G:/a def(z)J™ (zt = 2,27 = —2,0) (1.1)
—b

Here f(z) is a real function and J™ (z+,2~,x) is a local operator with modular weight
n, meaning that under a Lorentz boost

JM (z) — ems M (esxt e, x)) (1.2)

We’ll only consider operators with integer n; for example T has n = 2. The limits on the
x integral ensure that the perturbation has support on a finite interval —b < x < a. For
our purposes it won’t matter whether f vanishes at the ends of the interval. We’ll work to
first order in the expansion parameter e.

At t = 0 we divide space into AU A, with A = {z > 0} and A = {x < 0}. We'll refer
to 2 = 0 as the endpoint." It would seem that since G is the integral over x of a local
operator it can be decomposed into

G:GA®1A+]IA®GA (1.3)
where "
Ga = / def(x)J™ (a2t = z,27 = —2,0) (1.4)
0
just acts on region A while
0
Gj;= / dxf(a:)J(”)(x+ =z, = —x,0) (1.5)
—b

just acts on region A. As we proceed we’ll see that the decomposition ( 1.3) is more subtle
than it appears. It can be used but must be treated with care. This seems to be related
to the fact that the Hilbert space of a field theory can’t be factored into a tensor product
HaQH A

We're interested in computing the first-order change in the modular Hamiltonian for
region A, denoted §H 4. For this we use the Sarosi-Ugajin formula [7] or the related expan-
sion developed in [8]. As shown in [9], for a perturbation of the form (1.3) this leads to?

i€ [ ds - G-
(SHA = 5 —00 m <(GA|s—i7r + GA|5) - (GA‘S-H'W + GA|3)) (16)

'If either @ = 0 or b = 0 then G just touches the endpoint. This will make the results ambiguous,
analogous to the ambiguity in defining fooo dz §(z) f(z). To avoid this we’ll assume throughout that a and
b are non-zero.

2A note of caution: in [9] G' was decomposed into a sum of tensor products of operators on A and A.
In the present work we don’t invoke such a decomposition. Instead we will only use (1.3), which is the
special case where one of the operators is the identity. This simplifies the calculation but slightly changes
the meaning of G4 and G ;.



Here O|s denotes vacuum modular flow, O|s = (A(O))iw/27T o (A(O))w/%, and O denotes
CPT conjugation. We present a path-integral derivation of this result in appendix A.
Our goal in the rest of this paper is to extract an explicit result for 6 H 4 from the rather
formal expression (1.6). The result for §H4 can be combined with an analogous result for
the complementary region to obtain the first-order change in the extended or total modular
Hamiltonian (5?[ =0Hs — 6Hj;. Asin [9] we find that 5?[ is a sum of commutator and
endpoint contributions.
5(}_} _ 5?Icommutator + 5I<}endpoint (17)

nd
The commutator contribution captures the naive expectation that H is related to the

nd
vacuum modular Hamiltonian H(®) by an infinitesimal unitary transformation.?

AN <~
5Hc0mmutat0r — —iG[G, H(O)] (18)

The endpoint contribution gives a correction to this result, arising from the fact that in
general the unitary transformation doesn’t factorize between A and A. Extending previous
results [9] we find that the endpoint contribution involves operators we will refer to as
light-ray moments of J(™ and its descendants. For planar surfaces the general result will
be given in (6.8)—(6.10), and for perturbations with positive modular weight on a curved
surface the general result will be given in (6.21). As a preview, for the special case of the
perturbation (1.1) that acts on a spatial segment at t = 0 we find (f*) = 9F f(x))

e The endpoint contribution vanishes for modular weights n = —1,0, 1. For an intuitive
explanation of this fact see appendix D of [9]: it requires a perturbation of modular
weight |n| > 2, such as the Ty and T__ components of the stress tensor, to move
degrees of freedom between A and A.

e For modular weights n = 2,3,4,... the endpoint contribution is a sum of light-ray
moments of J™ and its descendants on the z horizon.

I\n727k

4 endpoint = 1 (k)
§HPOt — *27‘(’6];)@]0 (0)

1=0
o0
X / dzt (z)Fal g™ (2,0, 0) (1.9)
—00
e For modular weights n = —2, —3, —4, ... the endpoint contribution is a sum of light-

ray moments of J(™ and its descendants on the z~ horizon.

[n|—2—k

N . In|-2  \k L 2 J _1\!
5Hendp01nt = 4 927€ Z ( kll) f(k’)(()) Z ( l'l) (‘n‘ — k-2 — 1)

k=0 ’ =0

x / de—(z=)Hal I (0,2, 0) (1.10)

3If the unitary transformation factorizes, U = Ua ® Uz so that |[¢) = (UA ® Ug) |0), then the modular
operator (formally given by A = pa ®pgl) is related to the vacuum modular operator A by A = UAO U,

>
For H = —log A this leads to (1.8).



Here |-] denotes the floor function. The results (1.9), (1.10) are exchanged by parity, as
we discuss in section 6.

Note that our previous calculations [9] were for perturbations that acted on a null
segment, and were incomplete in that they only detected operators corresponding to the
k = 0 term in these sums. In the present work we will treat general spacelike surfaces,
including a discussion of the null limit, and we will find the full set of light-ray moments
that appear in endpoint contributions. We should point out that in two dimensions general
stress tensor perturbations have been studied by Das and Ezhuthachan [10], and as noted
in [9] we recover their results for weak perturbations and divisions into half-spaces. For
other studies of modular Hamiltonians for excited states see [11-24]. We should also point
out that light-ray operators are well-known in the literature [25]. For example the average
null energy operator [15] is the zeroth moment of the stress tensor while higher moments
have been studied in [16, 26-29].

An outline of this paper is as follows. In section 2 we discuss preliminary points needed
to set up the calculation. In section 3 we discuss properties of correlators of G 4 and EJVA
that play a role in the calculation. In section 4 we obtain a general formula for correlators
of 0H 4 and in section 5 we extract an operator expression for § H 4 from these correlators.
Section 6 generalizes and extends the results and we conclude in section 7. We present
a path integral derivation of the Sarosi-Ugajin formula in appendix A and some explicit
CFT correlators in appendices B and C.

2 Preliminaries

Our goal is to use the Sarosi-Ugajin formula (1.6) to obtain an explicit expression for 0 H 4.
However we need to address a number of preliminary points before we can make use of (1.6).

In what follows it will be useful (and not difficult) to generalize the perturbation so
that it acts on a tilted space-like segment. We do this by introducing a tilt parameter 6
and setting £~ = —0zT as shown in figure 1. That is, we consider the perturbation

G = /C; dat f(at)JM™ (2T, 027, 0) (2.1)

In this formula note that =™ is just an integration variable used to parametrize the segment;
we are labeling points along the segment by the value of their 2™ coordinate. The purely
spatial perturbation (1.1) corresponds to setting = 1. Perturbations along the 2 horizon
can be studied by sending # — 0" while perturbations along the ™ horizon can be studied,
a bit more awkwardly, by sending 8 — co. We will consider these limits in section 6, where
we will also consider the generalization to curved surfaces.

Assuming the segment is spacelike, 0 < 6 < oo, it would appear we can decompose G
into operators that act on A and A as

G=Ga®1;+120G (2.2)
where
Ga :/ det f(at)J™ (@t —027,0) (2.3)
0
0
Gi= / dot f(at) T (2, 027", 0) (2.4)
—b



Figure 1. The perturbation acts on the spacelike segment shown in blue. As § — 0% the segment
approaches a piece of the ™ horizon.

One might worry this leaves the status of the endpoint at = = 0 (or equivalently at ™+ = 0)
ambiguous: does it belong to A or A? As we’ll see it’s possible to keep track of the endpoint
contribution in a consistent manner, by working inside correlation functions and paying
careful attention to singularities. We’ll never have to address the question of whether z =0
belongs to A or A.

In attempting to use the decomposition (2.2)—(2.4) with the Sarosi-Ugajin formula (1.6)
there are two practical concerns we face. First, the Sarosi-Ugajin formula involves an
integral over modular time, and there are potential divergences at early and late modular
times. Second, the formula involves complex modular flow, and we need a prescription for
making sense of that.

To deal with potential divergences in the integral over modular time we introduce a
cutoff and set

A - -
A= 5 [ e (Gl + Cal) — Gl +Gal))  29)
We will see that the endpoint contribution survives as a finite effect as the cutoff is removed,
A — oo. This limit will be studied in section 5 where it gets rephrased as studying an
equivalent limit § — 0.

To interpret complex modular flow we proceed as follows. Denote vacuum modular

flow by

72(0) 7(0)
J(n) ($)| _ ezH 0 s/27rJ(n) (x)esz 0 s/2m (26)

S

<~
Here H® is the vacuum modular Hamiltonian, related to a Lorentz boost generator by
<~
HO = 27K [3, 5]. By definition a field of modular weight n satisfies

J® (z)], = e J M (esxt e X)) (2.7)
We’ll also need the mirror or CPT conjugate operator?

J0)(z) = (=1)" T (=2t 27, x,) (2.8)

4We're defining parity to act by reflecting the first spatial coordinate.



The Séarosi-Ugajin formula involves complex modular flow, by modular time s 4+ iw. To
make sense of this define

Gl gy = [ dar fla)en = g0 —ge (34 0) (2.9)
0
Formally this is what one obtains by applying complex modular flow to (2.3). We also have
__ 0
GA}S = / d$+f(l,+)(_es)nJ(n)(_esx-F’ Ge_s:c+, O) (2‘10)
—b

Our prescription for defining complex modular flow is to work with the operators (2.9), (2.10)
inside correlators and analytically continue » : 0 — 7. An important fact is that, as we
will discuss in section 3, the combination which appears in the Sarosi-Ugajin formula
Gal,py + é}|s has correlators which are well-behaved at early and late modular times.

This will force us to work with the combination G4, + Z:}|S. We believe this is a man-
ifestation of the fact that the Hilbert space of the field theory cannot be tensor factored
into Ha @ H 5.

To decide what sort of correlators we should look at, note that when r = 0 both G A|s

and 5:;|S only involve operators inserted at
2t >0, z7<0, x, =0 (2.11)

This means they have well-defined correlators with a spectator operator J (n) (v oy ,y1)
inserted in the left Rindler wedge

yt <0, y >0 (2.12)

By inserting the spectator operator in this region we're placing it at spacelike separation
and ensuring that correlators with G A’s and @E!S are non-singular, at least for real values
of s.

We’ll make a stronger assumption, that to determine § H 4 it suffices to set y | = 0 and
insert the spectator operators at

yt <0, ¥y~ >0, y =0 (2.13)

To justify this we note that the spectator operator will not play much of a role in the calcu-
lations that follow, aside from giving us correlators that have a definite analytic structure
to work with. The spectator operator will be inserted then stripped off, and the results
only depend on the nature of the perturbation G. From the Sarosi-Ugajin formula we
expect that, in any sensible interpretation of complex modular flow, d H4 should be an
operator constructed from J(™ in the region (2.11). For an operator §H 4 of this nature,
it would seem spectator operators in the region (2.13) should be adequate as a probe for
determining 6 H 4.

A nice feature of setting y; = 0 is that for a given conformal dimension and modular
weight correlators become universal, determined by the constraints of 2D global conformal
invariance. So the only correlator we need to consider is

1
(x+ —yh)Atn(—a= +y7)A

<J(") (1:+,m_,0)J(") (yT,y7,0)) = (2.14)



This resembles a correlator of primary fields in a 2D CFT with h = A;r”, h = %.5 We've
distributed the minus signs so the correlator is well-defined in the region (2.11), (2.13).
More generally we could consider non-zero y |, in which case correlators of primaries are
no longer diagonal in modular weight. But this generalization leads to the same result for
0H 4 so it won’t be necessary for our purposes. We present some explicit calculations in
support of this claim in appendix C.

Finally the following property of light-ray operators [15, 16, 25-29] will play an impor-
tant role. These are operators of the form

LFIm) = /Oo det (P (@t 27 x))  for k=0,1,2,... (2.15)
—00

We'll refer to k as the moment of the light-ray operator. By a small extension of [25] it can
be shown that £¥[.J(")] annihilates the conformal vacuum both to the left and the right
provided k < A +n — 1.

LEITM0) =0 = (0|£FJ™]  fork<A+n—1 (2.16)

The argument runs as follows. Ref. [25] inserts £°[J(] on the far left (far right) in a
correlator with a string of local operators and shows that as a function of z* the integrand
is analytic and falls off as 1/(z+)2*™ in the lower (upper) half plane. So the z+ contour
can be closed and the integral vanishes, which means £°[J(™] annihilates the vacuum to
the left (right). Inserting a factor of (z+)* we see that the same argument goes through
and £F[J(™] annihilates the vacuum as in (2.16) provided k < A 4+ n — 1.

A small further extension is possible and will be relevant for us: if a light-ray moment of
a primary annihilates the vacuum then so does the light-ray moment of all its descendants.

AP, - P, ™0y =0=(0|LF[P,, --- P, J™]  fork<A+n—1 (2.17)

For insertions of the momentum operators P_ and P, this is just the statement that the
derivative of zero is zero. Insertions of P, are related to lower moments by integrating by
parts, but those lower moments already annihilate the vacuum.
As a simple example that illustrates these properties, consider the & moment of the
2-point function (2.14). With a Wightman ie prescription this is
) 33+)k

) IO = [ drt <

@) = [t
There is a branch cut from 7 = y* + ie to 27 = —oco + ie. In the lower half plane the
integrand is analytic and falls off like 1/(x)2+"~* Provided k < A +n — 1 we can close
the contour in the lower half plane and the integral vanishes. Acting with 0,- doesn’t

(2.18)

change this behavior, so we have
(LRI T ™ ()Y =0  fork<A+n—1withi=0,1,2,... (2.19)

We’ll make use of this vanishing property in section 5. Although we won’t need it, acting
with 0,+ improves the fall-off at large ™+, which in fact leads to a wider range

(LT TM () =0 fork<A+n+1—1withl=0,1,2,... (2.20)
5Although it’s simplest to think about primary fields, the correlator of a descendant with itself has

exactly the same form. So our results apply to descendants as well.



3 Correlators of G4 and é}

Here we record properties of correlators involving G 4 and @; that, although not partic-
ularly interesting in their own right, will be important in the next section. For explicit
calculations to illustrate these claims see appendix B.

Branch cuts. We’ve been careful to place our spectator operator in a region where the
correlator is well-defined at real modular time. Singularities can arise, however, when we
analytically continue to complex s. Depending on the situation it will be convenient to
work in terms of either z = e® or w = 1/z = e %. For example we have (recall that we're
defining complex modular flow by continuing r : 0 — 7 inside correlators)

) /dqﬂrf < (ei2x+7_9€1135:70)J(n)(y)> (3.1)

As far as the correlator on the right is concerned, the perturbation acts on a segment which

(Gal sy (W) = (

stretches from the origin to the point (e*a/w, —fwa/e*™) in the (x*,27) plane. As can

be seen in the figure, there is a singularity when e*a/w = yT and one end of the stretched

interval becomes null separated from the spectator operator.

The additional stretching as w — 0 makes part of the stretched interval timelike separated
from the spectator operator. So generically (3.1) has a branch cut which extends from

w = eTa/yt to w = 0. There is also a light-cone singularity when — ewﬁ =y ,s0 (3.1)
iz'r s
also has a branch cut that extends from w = —=- Y to w = —eTo0.

We also have

Gl gD = (=2)" [t s (0 (= owat o) a0 )

By similar reasoning this is singular when w = b/y™, with a branch cut that extends from
w = b/yT to w = 0. It is also singular when w = —%, with a branch cut that extends

from w = —% to w = —o0.

Late modular time. Now let’s consider the behavior at small w. Small w corresponds
to late modular time, s — -+oo, which stretches operators along the z™ horizon. It’s
important to note that (3.1) and (3.2) by themselves may diverge in this limit. In fact
both (3.1) and (3.2) behave ~ 1/w"~! as w — 0, meaning they diverge in this limit for
n > 2. However the Sarosi-Ugajin formula only involves the combination (3.1) + (3.2).



For generic 7 there is no cancellation and the sum also behaves ~ 1/w" ! as w — 0. But
upon setting r = 7 the sum can be represented by

P — 1 n a +
(Gloie+Cal )T W) = (=) [ e 1 (70 (=2 0wt ,0)10 ) ) (33
-b
Since both limits of integration are non-zero this is finite and in fact vanishes ~ w® as
w — 0, independent of the modular weight.

Early modular time. Finally we consider the behavior at large w or early modular time.
This is the limit s — —oo which stretches operators along the = horizon. The analysis
parallels the previous situation. At large w we find that (3.1) and (3.2) both behave
~ 1/w"*!, which means they diverge for n < —2. For generic r there is no cancellation
and the sum (3.1) + (3.2) also ~ 1/w™*! at large w. However upon setting r = 7 there is
a cancellation: the sum (3.3) is finite and in fact vanishes at large w. It falls off ~ 1/w?,
independent of the modular weight.

4 Correlators of 6 H 4

To represent dH4 we use the Sarosi-Ugajin formula [7] or the related expansion of [§],
which for a perturbation of the form (1.3) becomes

i€ [ ds — —
6HA - 5[@ m ((GA|sfi7r —|' GA|S) — (GA|s+i7r —|— GA|5)) (41)

In terms of w = e~* this is

s =i [ s (Gl + Gal) = Gl +Gal)) (42

We'’ve kept terms grouped in this way — despite what seems like an obvious cancellation
— since the grouped terms have well-behaved correlation functions as w — 0 and w — oc.
The need to keep operators grouped in this way is the manifestation inside correlators of
the underlying fact that the Hilbert space of a field theory can’t be factored into a tensor
product Ha @ H 3.

To make sense of (4.2) we take a step back and define

SHa =i | f (wdj"l) ((Gal, s, +Gal) = (Gal,y, +Gil,)) (43)

Our procedure will be to work inside a correlator and compute (JH4J™ (y)). We define
this by starting at spacelike separation where everything is well-defined and analytically
continuing r : 0 — 7. In (4.3) we’ve introduced a cutoff at early and late modular times,
analogous to A in (2.5), to deal with divergences as w — 0 and w — oo. Once we've
continued to r = 7 the divergences will cancel and we’ll be able to study what happens as
the cutoff is removed.

Now let’s consider the analytic continuation of the correlator (§H4.J™ (y)) from r =
0 — m. To make the discussion concrete we assume a,b > 0 so that the perturbation



straddles the endpoint. Then as we take r : 0 — 7 the first grouped term in (4.3) produces
cuts from e"a/y" to 0 and from —e "y~ /fa to —e oo that rotate clockwise and hit
the integration contour from above. The second grouped term in (4.3) produces cuts
from e”a/y" to 0 and from —e™y~ /fa to —e" oo that rotate counterclockwise and hit the
integration contour from below. All these contributions can be combined into a pair of
U-shaped contours that wrap around the cuts.%

w

e —<—

[ 5
Y -1 b _a Yy
0b yt+ yt fa

Thanks to the cutoff on the integral over modular time in (4.3) we are able to keep the
tips of the U-shaped contours slightly separated. So we’re left with

(§HAT™ (y)) = ie / (wciwl)2 (—i})n/:; da:*f(x+)<J(”)(— i,&wx+,0)J(")(y)>

o C
(4.4)
Although we derived this formula assuming a,b > 0 so that G straddles the endpoint, in
section 5 we’ll see that this result is valid for all non-zero values of a and b.

5 Extracting 6 H,4

Our next job is to extract H 4 from the correlator (4.4). There are three cases to consider:
where the perturbation just acts on A, where the perturbation just acts on A, and where
the perturbation straddles the endpoint. In the first two cases we already know the answer,
and in fact there is no need for perturbation theory: since the unitary transformation U
factorizes as in footnote 3 we have Hy = U AHSJ)UL. But as a warm-up exercise we
show how this emerges from (4.4) before turning to the more interesting case where the

perturbation straddles the endpoint and the unitary transformation does not factorize.

5.1 Perturbation acts on A

First let’s consider the case where a > —b > 0 so that the perturbation just acts on A. In
this case G ; vanishes and the Sarosi-Ugajin formula becomes

i€ [ ds
Hy=S[ % _ |
OHa 2 /-0 1+ coshs (GA‘S—” GA|5+”)
eTir\" ra . ettt Quwrt
Gal ., = ( —) [ dztrat)st )( o e ,0) (5.1)

SWe're assuming —yTy~ > 6a?, —yTy~ > 6b so the cuts are separated as shown. This keeps the
spectator operator spacelike separated from the perturbation (2.1).

~10 -



By following the steps in section 4 one sees that (4.4) also applies to this situation. The
only real difference in the calculation is that (Gal ., J ™) (y)) now has additional cuts.
+ir

There are cuts from w = e*"a/y™ to the origin and from w = e (—b)/y* to the origin.

There are also cuts from w = —e® "y~ /fa to —e™ oo and from w = —e*y~ /0(—b) to
—e®00. As 7 : 0 — 7 these cuts rotate and hit the integration contour from above in
the first term and from below in the second term. So we end up with a pair of U-shaped
contours that wrap around the cuts. This is correctly captured by (4.4) which has cuts in

the right places.

[w
#\ S
” O { -
-1 b _a y_oo_y
yT yt fa 6b

To extract dH 4 from (4.4) we proceed as follows. The correlator that appears in the
integrand of (4.4) is

(-2)" [ aat sty (- . fus, 0) 7)) (5.2)

A as w — 0 and vanishes

Since both limits of integration are non-zero this vanishes ~ w
~ 1/w® as w — 0o. So there is no problem closing the U-shaped contours in (4.4) into
contours that encircle the cuts. The integrand vanishes at infinity, so at the cost of a minus
sign instead of enclosing the cuts we can take the contour to enclose the pole at w = —1.

Picking up the residue of the pole and stripping off the spectator operator J (n) (y) we obtain

d 1\" a + + (n) .’L’+ +
SH = 2me — —— / dx™ f(z™)J — —, fwx™,0 (5.3)
dw | y—_1 w —b w
Recognizing that J™ is undergoing vacuum modular flow (2.6) with w = e™® we can
replace
d i e
()= — HO . A4
Setting w = —1 we obtain
a o
dH = z'e/ det f(zT)[HO, 7 (2%, -2, 0)] (5.5)
—b
or equivalently
nd
SHa =ie[H", G (5.6)

In this way we’ve recovered the expected result, that for a perturbation restricted to region

nd
A the change in the modular Hamiltonian is the commutator of H ©) with the perturbation.
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5.2 Perturbation acts on A

Next we consider the case —b < a < 0 where the perturbation just acts on A. In this case
G 4 vanishes and

EE‘S = (_;)n/_c; dat f(zT) g™ ( - i,@wxﬁO) (5.7)

Putting this in the Sérosi-Ugajin formula (1.6) we rather trivially have §H4 = 0. Alterna-
tively one can say that (4.4) also applies to this situation, but that now the cuts are to the
left of the origin.

Lw
% HOAAAAAAAMAAAANA A\ {
¥y -1 b _a
fa 0b yt yT
Since both limits of integration in (5.7) are non-zero we have
A

— —0
Gl I ()~ Y s 5.8
( A‘S W) {l/wA as w — 0o (5:8)

So there’s no problem closing the U-shaped contours and the integral vanishes since it
encloses no singularities. Again we get the expected result that 0 H4 = 0 for a perturbation
that only acts on A.

5.3 Perturbation straddles the endpoint

Finally we consider the case a, b > 0 where the perturbation straddles the endpoint. In
this case it’s useful to switch the order of integration in (4.4) and write (after stripping off
the spectator operator)

dH4 = ic /a doe™ f(zT)I(x™)
b

It = / (wi“’l)Q (-i)n ) ( _ i Ot o) (5.9)
o C

The claim, which we establish below by working inside correlators, is that for n > 2

+ e S EDF s
I(z")=0(=")C+ E o N (™) & (5.10)
k=0

Here ©(z%) is a step function, §*)(27) = 0¥ 5(2*) and the commutator and k** moment
endpoint contributions are

C = [I?(O),J(")(x+,—9m+,0)}

(=== v o
& =2mi Y. ( lf) (n—k—2l— 1)/ det (zT)FHaL g™ (2+,0,0)  (5.11)
1=0 : 0
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This means that for n > 2

0Hy = —Zf/ d* f(a*) [10) (*, 6+, 0), HO) (5.12)
0
21w & (=0)’ Ak Al 7)o
— — — _ + n
27rekz:%)k! FY(0) g T (n—k—2I 1)/0 det (z 7)ol g™ (21, 0,0)

Thus for n > 2, whenever the perturbation straddles the endpoint, the subregion modular
Hamiltonian picks up an endpoint contribution on the ™ horizon. We’ll see that for
n = —1,0,1 the endpoint contribution vanishes while for n < —2 there is an analogous
endpoint contribution on the £~ horizon.

In the remainder of this section we specialize to n > 0 and seek to establish (5.10).
We proceed as follows. Inserting (5.9) in a correlator with a spectator operator at

yT <0, y >0, y, =0 (5.13)

we have

dw 1\" xt

I(z)J™ (y)) = / — <—> J“”(— —.0 +,O)J(”) ty,0) (514

(I(zT) ™ (y)) w12\ w ( s w (y"y7,0))  (5.14)
D C

There is a light-cone singularity when w = —z /y* and the first argument of the two

operators is the same. Generically this produces a cut from w = —x*/y* to w = 0. There

is another light-cone singularity when w = y~ /0z" and the second argument of the two

operators is the same. Generically this produces a cut from w = y~ /02" to w = 400 (if

x> 0) or to w = —oo (if x* < 0). The situation for positive T is shown in the figure.
[w
x o) G
~1 at Y
T 0z T

Now let’s see how (5.14) depends on z . To simplify the following discussion it’s convenient
to place the ends of the D -shaped contour symmetrically at w = +id. The parameter
5 — 0T will serve to regulate the distributions appearing in (5.10). It’s an avatar of the
cutoff on modular time introduced in (2.5).

The correlator (2.14) leads to the explicit expression

Uy = [ (<) = (5.15)
Y :/c (w+1)2< w> (_ﬁ:_yg“ (—Qwzt +y)> "

Leaving aside the measure factor dw/(w + 1)2, for n > 0 the integrand decays at infinity,
with the behavior

1/w" if 2+ =0
~ (5.16)

1/w? if zt #£0
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<I(x+) I(y) > 204 A\ S1xHIE) > <I(x+) J(y) >
101 x+
-0.2 0.1 0.2
X+
-0.2 -0.1 Of 0.1 0.2
X+ -1
-0.3 -0.2 -0.1 0.1 0. 3
1
n=2, A=3 n=3, A=35 n=4, A=4

Figure 2. The imaginary part of (I(2)J™)(y)), defined in (5.15), as a function of 2+ for various
values of n and A. Left panel: n =2, A =3, § = 0.03. Middle panel: n =3, A = 3.5, 6 = 0.05.
Right panel: n =4, A =4, § =0.05. In all plots y* = —1.5, y~ = 1.2 and 8 = 0.

So there is no problem closing the < -shaped contour. But as w — 0 we have the behavior

1w ifazt =0
~ (5.17)

w? if zt #£0

As long as x"

is non-zero there is no problem closing the D -shaped contour. But when
2T = 0 there is a potential divergence and we need to be more careful. To gain intuition
about what to expect the correlator is plotted as a function of ™ in figure 2. One can
clearly see the appearance of singular behavior near + = 0. The singularity appears to
involve (—1)k6®) (z+) for k=0,...,n — 2.

To study I(x™) analytically we first consider the possibility that x is “large.” By this
we just mean that x is large compared to d, or more precisely that \%—ﬂ > |y*|, where &
characterizes the distance between the tips of the © . When 27T is large in this sense we
can neglect  in (5.15) near the tips of the © . Then the integrand vanishes ~ w® near
w = 0 and we can bring the ends of the D together to form a closed contour. If z+ < 0 the

two closed contours that result (from closing D and < ) can both be shrunk to a point and

<~
the integral vanishes, while if 2+ > 0 we pick up a commutator with H ©) as in section 5.1.
Thus as 6 — 0 we find that

large zt : I(z) = O(at) [HO, JM (2T, —027,0)] (5.18)

That is, large o gives the commutator contribution in (5.10).

We also need to consider the possibility that z* is “small,” meaning |f5—+| < lyT|. In
this case I(xz1) can diverge from the singular behavior of the integrand ~ 1/w" as w — 0.7
Note that the leading behavior as w — 0 is independent of 6. However there can be
subleading singularities, suppressed by powers of fwz™. To take these into account we

"This is the behavior when z+ = 0. More generally the integrand has this behavior when z+ — 0 at
least as fast as w.
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expand (5.14) in powers of § and write

(I(zT)J™ (y)) = i;(_9x+)l / (dw( 1>nl<al_J(n) <_3:;70, O)J(n)(y+7y_70)>

| 2
= w+ 1) w
D C
(5.19)
As we saw in figure 2, at small 1 we anticipate that I(z™) contains terms proportional
to 6(k) (z%) for k =0,...,n—2. To test this, and to determine the coefficients, we integrate

I(x*) against (z1)¥ over an interval —3 < 2+ < a. Here a and 3 are small, fixed positive
quantities that we will later send to zero. Although they should not be confused with a
and b, they enter in the calculation in the same way. So from the discussion in section 4
we expect that the correlator

[t )70 w) (520)

has two terms, one with a cut from —a/y* to the origin and the other with a cut from
B/y* to the origin. [See the figure above (4.4). Note that in the expansion (5.19) the other
two cuts recede to infinity.] To evaluate (5.20) it’s useful to switch the order of integration
and to make a change of variables 7 — —wax ™. These steps give

-8
S ) ()
=0
_ _2 (_l'e)l / (wcj,ful)Q < i‘))n_k_%_l
D
(= Yt a 0,07y 0) (5.21)

The two terms in (5.21) separately behave ~ w?+

as w — 0, so there is no obstacle to
closing the contour around each term separately. The first term has a cut from w = —a/y™
to the origin that’s enclosed by the contour while the second term has a cut from w = 3/y*

to the origin that’s outside the contour.® So only the first term survives and we’re left with

_Z( zv) 7{ (w+1)2 <_w> /a/wdf(x*)k“(@’_ﬂ )(@%,0,0) 7 (y*,y7,0))
=0 " -

cut

(5.23)

8 As an illustration of these properties, one of the relevant integrals is

/oo d;ﬁﬂ (5.22)

+ _ yt)A+n
(zF —y*)

a/w

This has a cut from w = —a/y" to the origin and (as can be seen by considering w — 07) falls off

~ TR g — 0.

~15 —



In (5.23) there’s a pole at w = —1 and for k + 2] > n — 1 a pole at infinity. Rather than
encircling the cut we can think of the contour as encircling the poles. Setting w = 1/z and
stripping off the spectator J( (y) we're left with

_Z(_z

=0 ' 2=0,—1

L ]{ dz (= k21 > dz* (2L T (2, 0,0) (5.24)
! (z+1)2 —az B -

As a, 8 — 0 this has a finite limit which gives us the coefficient of (_k—ll)ké(k)(ﬁ) in I(xt).
So we find that

I i S Aoy
small 7 : I(z") = Z Td (™) & (5.25)
- !

where the coefficient is

o (_g)! dz kol 0o .
gk:_;)(u) f e [Tt s @t 0,0 (5.20)

z=0,—1

Evaluating the contour integral we find (assuming n > 2, otherwise the integral vanishes)

£, :{zm z}: =) CO (n—k—20—1) [ da (a+) 0L J™) (27,0,0) k=0,1,...,n—2
otherwise
(5.27)
Thus small 7 gives the endpoint contribution to I(z*) in (5.10). As a contribution to
0H 4 it gives the second line of (5.12).

—H)! o0
(=6) (n—k—2l—1)/ dzt (zF)EHaL 7™ (2, 0,0)
0

n—2
- 1
5Hzndp01nt _ —271'62 : o f(k) (0) T
k=0 """ ’

(5.28)

6 Generalizations

The results we’'ve presented so far have several straightforward generalizations. In this
section we present results for the extended modular Hamiltonian and for negative modular
weights. We introduce dependence on the transverse coordinates, consider perturbations
on null planes, and discuss the extension of the results to perturbations on curved surfaces.

Extended modular Hamiltonian. We’ve obtained an expression for the change in the
subregion modular Hamiltonian d H 4. But analogous results hold for the complementary
region, and by combining them we can obtain the change in the extended modular Hamil-
tonian 6H = 6Hy — 6H 4.

To obtain §H ; we use the CPT transformation (2.8). Note that CPT takes ¥ — —z7,
so it exchanges A with A. This means we can apply CPT to our state, use (5.28) to obtain
0H 4 for the transformed state, then apply CPT again to obtain 0 H ; for the original state.

Applying CPT to |¢) = (1 — ieG)|0) gives a new state |¢)) = (1 + ieG)|0). Note the
change in sign, due to the fact that CPT is anti-unitary. We get d H 4 for the transformed
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state using (5.28) with G — —(N;, then apply CPT to the result to obtain 6H 5 for the
original state.” The change in the extended modular Hamiltonian can then be obtained

e
from 0H = 6H4 — 0H 5. Note that 6H 5 enters with a minus sign, which cancels the sign
change in the transformed state.

nd
The net result of this procedure is that § H is given by extending the range of integration
in (5.28) to cover the full 1 horizon. Thus for n > 2 we have

(=== (— 9)
!

“ ) i1
6Hendp01nt _ _27T€Z Hf(k) 0 n k— 2[— / d.%' k+lal J( )( +’0,0)
k=0 """

1=0
(6.2)
Negative modular weight. In section 5 we obtained the endpoint contribution dH 4
for positive n as a light-ray moment on the x™ horizon. It’s straightforward to see that
for negative n there’s an analogous contribution on the x~ horizon. The easiest way to
obtain it is to note that a parity transformation z — —z acts by exchanging 2™ =t 4+ x
with = = t — z and acts on the modular weight (the difference in the number of x
and x_ indices) by n — —n. Parity also exchanges A with A, so for modular weights
n = —2,—3,... there must be an endpoint contribution to 6 H 4, the change in the modular
Hamiltonian for the complement, on the x~ horizon.
To obtain an expression for 0H j, instead of using (2.1), it’s convenient to write the
perturbation in a hatted form where = is used to parametrize the segment.

G= / dz™ f(z7)J™ (=02, 27,0) (6.3)
By adapting (5.28) to this situation we can immediately write the endpoint contribution
forn=-2,-3,... as
4 - || — 2 LWJ( é)
SHPOM = —9me Z o f(k > (Jn|—k—21—1 / dz~ (z7)*al T (0,27, 0)

=0
(6.4)

For negative modular weights the perturbation is most naturally presented in the form (6.3).
But we can rewrite G in the form (2.1), where ™t is used to parametrize the segment, via
the dictionary

~ 1 A 1 T R A

i= f(:r):ef(—9> a=0b b=0a (6.5)

Then the endpoint contribution for negative modular weight becomes

In|—2—k
In|—2 (=5 ke
endpoint _ 1 (k) (_1) (‘n| —k—2]— 1)
GH 2me Z =170 lzg TGS
/ dz~ (z7)* L T (0,27, 0) (6.6)
9CPT exchanges the regions but also transforms the state, so it takes
5HA\7Z;) _>5HAW)> 6HA\1,/;) —>6HA|,1,> (61)
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To obtain the change in the extended modular Hamiltonian one simply extends the range

g
of integration to [ dz~ and introduces an overall sign due to the definition éH =
0Hy —60H 3.

In|—2 Un|7227kJ k+1
Hend oint __ 1 k (_1) (|n| — k=21 - 1)
OHEPOM = f2me 3 ®o) > TraEs
k=0 =0
x / de— ()18l J™(0, 2, 0) (6.7)

Parity makes the endpoint contribution for negative modular weight easy to obtain,
but one can also trace its origin in the calculation. In contrast to positive modular weight,
where the endpoint contribution arises from behavior at late modular time, the endpoint
contribution for negative modular weight arises from behavior at early modular time. When
n is negative and T = 0 there is a potential singularity at early modular time which can
obstruct closing the < -shaped contour in (5.15) at w = oo.

Transverse coordinates. Instead of restricting to a perturbation of the form (2.1), we
can introduce dependence on the transverse coordinates. If we perturb the vacuum by

G :/ dm+/dd_2:cl f(:v‘*',xL)J(")(aﬂ', —02" %) (6.8)
b

then to first order the endpoint contribution to the extended modular Hamiltonian simply
picks up an integral over the transverse coordinates. Denoting f*) (2%, x,) = 9% f(2T,x)
this means

¢ The endpoint contribution vanishes for modular weights n = —1,0, 1.

e For modular weights n = 2,3,4,... the endpoint contribution is a sum of light-ray
moments of J™ on the 2 horizon.

5Eendp0int ) dd—2 = 1 (k) 0 - J (_e)l E—9—1
= —2me xLI;)Hf (0,x7) ; 0 (n—k—-20—-1)
/ ot (2 )L T (2,0, %) (6.9)
e For modular weights n = —2, —3, —4, ... the endpoint contribution is a sum of light-
ray moments of J(™ on the z~ horizon.
[n|—2 ‘nl_fQ_RJ k1
pas ndpoint __ d—2 1 k (_1) (‘n‘ —k—20— 1)
dHePe —+27r6/d zLZE *)(0,x) Z PR
k=0 1=0
/ dx_(x_)kHBfFJ(”)(O,x_,xj_) (6.10)
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Perturbations on null planes. Finally we consider perturbations that act along null
planes. Let’s begin with the % horizon. To obtain a perturbation that acts along the
x horizon we can start with the spacelike perturbation (6.8) and send § — 0*. If the
modular weight is positive there is no problem sending § — 0+ in (6.9). Thus for the null
perturbation

G :/ daﬁ/dd—?u flat,x ) J™M (@, 0,x) withn>2 (6.11)
—b

the endpoint contribution is given by retaining just the [ = 0 terms in (6.9).

o . —n—k—1 >
5Hendp01nt _ —2W€/dd_2l‘L Z an(k)(O,XL)/ dl‘+(l‘+)kJ(n)(ZL‘+,OaXJ-)

(6.12)
But for negative modular weight the limit # — 0+ in (6.10) appears singular. It seems
the modular Hamiltonian for a null perturbation with negative modular weight is not
well-defined.
To gain intuition as to why this might be the case it’s helpful to boost to a frame
where the perturbation acts on a fixed-time surface. Consider the following perturbation,
defined to act on the slice t = 0.

Go :/ dO’/dd_Q.fUJ_ f(U,XJ_)Q%J(n)(\/éU,—\/éU,XJ_) (6.13)
-b

As follows from (1.2), under a boost with e = i@ this turns into the perturbation of
interest (6.8). But the form (6.13) makes the limit § — 0 easier to understand. For any
modular weight as 6§ — 0 the perturbation becomes localized at t = x = 0. If n is positive
the coefficient in front of the perturbation goes to zero and it’s reasonable to expect the
modular Hamiltonian to have a well-defined limit.!? But if n is negative the coefficient in
front of the perturbation diverges as  — 0 and one might expect the modular Hamiltonian
to diverge as well.!!

We can likewise study perturbations which act along the x~ horizon provided the
modular weight is negative. This corresponds to sending § — oo in 2.1, or better to
sending 6 — 0 in (6.3). For a null perturbation

a A
G= / dx™ /dd72(13J_ Fla™,x)J™0,27,x,) with n < —2 (6.14)
—b
the endpoint contribution to the extended modular Hamiltonian is a straightforward gen-

eralization of the (negative of the) [ = 0 terms in (6.4).

n|—2
> .
5Hendpomt — 27T€/dd_21‘J_ 2 :
k=0

k=1 . o0
Mf(k)((hxﬂ/ de= (z7)*J™ (0,27, % 1)

(6.15)

A4
0One might guess that 6 H would vanish as # — 0, on the grounds that in this limit Go — 0, but that
guess would be wrong.
"This guess does seem to be correct, or at least it’s borne out by the # — 0 divergences in (6.10).
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Perturbations on curved surfaces. It’s possible to generalize these results to pertur-
bations that act on a curved spacelike surface. For simplicity we introduce the perturbation
at x; = 0 and define the surface by setting = = g(z™) where g(z™) is a smooth function
that vanishes at #* = 0. Thus in place of (2.1) we consider the perturbation

G = / dat ()T (2, g(2), 0) (6.16)
b

The tilted segment we worked with previously corresponds to the choice g(x*) = —fz™T.
We’'ll discuss the subregion modular Hamiltonian §H4 for this perturbation, assuming
positive n. Other cases, such as negative modular weights and the extended modular
Hamiltonian, may be treated in a similar manner.

To evaluate the endpoint contribution for this perturbation, note that the expansion
which replaces (5.19) is

(@I () = 3 3 (gl )T ) (617)
=0
where
n—I
a1 w) = [ S (<) @ (= T0.0) 00 (618)

o C

As in section 5.3, one can probe for terms proportional to §*) (%) in I;(z*) by integrat-
ing (6.18) against (z)*. For n > 2 this leads to the endpoint contribution for the subregion
modular Hamiltonian

2 E g —k—1—1[ d*
d

6H2ndpoint ) Y Z Z i

2
k=0 1=0 at +=0
o0
x [ dat(zt)ol g™ (2, 0,0) (6.19)
0
Upon setting g(z") = —60z" and re-arranging the sums this agrees with (5.28). The

form (6.19) makes the structure of the endpoint contribution more transparent; we see
that in general it involves a sum over moments k and descendant levels [ bounded by
k+1 <n—2. But the form (5.28) is more explicit for the case of perturbations that act
on a planar surface.

It’s straightforward to extend this result to obtain the endpoint contribution to the
extended modular Hamiltonian for a general curved surface. We include dependence on
the transverse coordinates by introducing a function g(z™,x, ) that vanishes at 2= = 0.
Then for the perturbation

G :/ d:r+/dd_2:1:l flat,x0)JW @t glat,x1),x1) (6.20)
—b
the endpoint contribution for n > 2 is
o ) n—2n—2— k
gHnPORE = 27“52 Z k'l' /dd ’ [d Tk L flatx1)(g(zt,x1))!
/ dzt ()L T 2+, 0,x,) (6.21)
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The analogous result for negative modular weight can be obtained by exchanging 2+ «+ 2™,
replacing n with |n|, and making an overall change of sign.

7 Conclusions

We’ve seen that for small perturbations of the ground state the modular Hamiltonian for a
division into half-spaces {z < 0} U{x > 0} gets a non-trivial endpoint contribution, arising
whenever the perturbation can’t be factored into a tensor product of unitary operators on
A and A. We were able to capture the endpoint contribution by working inside correlation
functions, where the lack of tensor factorization manifests itself as potential divergences
at early and late modular times. With a cutoff on modular time in place the calculation
becomes well-defined, and when the cutoff is removed a finite endpoint contribution sur-
vives. In this sense the endpoint contribution can be regarded as an anomaly in tensor
factorization.

Extending our previous results [9] we found that the endpoint contribution to the
modular Hamiltonian involves light-ray moments of the form

cret gm) = / Y dat (Yol M (2T, 0,0) (7.1)

for k=0,...,n—2—1[. This can be viewed as a generalization of the fact that the average
null energy operator (the zeroth moment of the stress tensor)

LT, ] = / dzt Ty (27,0,0) (7.2)

appears in the modular Hamiltonian under shape deformations [15]; for the extension of
this result to higher orders see [22].

Moments of light-ray operators satisfy some remarkable properties. In particular they
annihilate the conformal vacuum for moments satisfying £k < A +n —1 [25, 29]. It’s worth
noting that up to £ = n — 2 this follows from the fact that these operators can appear in
the modular Hamiltonian. The modular Hamiltonian annihilates the state, which to first

order means

A nd e
(HO +§H) (1 —ieG)|0) = 0 (7.3)
or
<> <>
(—ieHOG +H)[0) =0 (7.4)
A d <>
Suppose the change in the modular Hamiltonian has the form 0H = —ie[G, H (0)] +

5?Iendp°int. Substituting this in (7.4) we see that 6?Iendp°im\0> =0.

In retrospect, in certain cases it’s clear that endpoint contributions must be present
whenever the perturbation doesn’t vanish in a neighborhood of z = 0. For example, con-
sider the vacuum state “excited” by applying a translation operator e*">. Since the vacuum
is invariant under a translation, the modular Hamiltonian (which is uniquely determined
by the state) must be invariant as well. But the lowest-order modular Hamiltonian is a

A xd
boost generator, H 0 = orK , and this does not commute with translations. So at first
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order in € an endpoint contribution must be present to cancel the commutator term and
make (5?{ = 0. Note that the same argument applies to the modular conjugation operator
J of Tomita - Takesaki theory, which at lowest order is identified with CPT: J must receive
endpoint contributions in perturbation theory.

Correlation functions of G with a spectator operator have a well-defined analytic struc-
ture, discussed in section 3. We made heavy use of this structure in obtaining the perturbed
modular Hamiltonian. But in addition to G having well-defined correlators, one may wish
to impose the condition that it produce a normalizeable perturbation of the vacuum state:
|| G0} || < oco. For a recent discussion of normalizeability see section 5 of [30]. The up-
shot is that the spacelike perturbations we have considered are normalizeable in some but
not all cases. For example a conserved current in 2-D, or a scalar primary of dimension
A< % in d spacetime dimensions, produces a normalizeable perturbation. Generically
however some smearing in the time direction is required for normalizeability. To under-
stand the implications of this we have begun exploring approaches for working with timelike
perturbations.

Perturbation theory for modular operators is a large subject we have only begun to
explore. Various generalizations of our results are possible. For example global confor-
mal transformations can be used to determine the endpoint contributions associated with
spherical regions in a CFT. It should be possible to extend the results to modular con-
jugation and to higher orders in perturbation theory. We expect endpoint contributions
to be present even in non-conformal theories provided they have a well-defined UV fixed
point. Finally note that we’ve adopted a particular method for calculating § H 4, based on
the Sarosi-Ugajin formula with a cutoff on modular time and a prescription for defining
complex modular flow. It would be interesting to understand how the endpoint contribu-
tion arises from different methods with different regulators. We hope to report on these
developments in the near future.
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A Path integral derivation of 0 H4

We present a Euclidean path integral derivation of the formula for dH4 given in (1.6),
which we interpreted in the bulk of the paper. For an operator derivation of the same
result see appendix B of [9]. The steps here are formal. They parallel the well-known
Euclidean argument, reviewed in section 5.2 of [3], that for the ground state the reduced

density matrix for the region A = {z > 0} is given by pff) = K,
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We start from the state 1)) = e~|0). If the unitary could be factored we would have
) = (7G4 @ e7i¢Ca) o) (A1)

This step isn’t valid in general, or at the very least requires a regulator. But we’ll get
sensible answers as long as we keep in mind that, as discussed below (2.10), the generators
must always appear in the combination G4 + G ;.

The state (A.1) is produced by a Euclidean path integral on the half-space 7 < 0, with
the operator e G4 ® e~*C4 inserted on the 7 = 0 slice.'? Likewise

(6] = (0] (O @ &€ (A.2)

is produced by a Euclidean path integral on the half-space 7 > 0 with operator insertions at
7 = 0. Sewing these path integrals together along the complementary region A = {z < 0}
and switching to angular evolution generated by K we obtain an expression for the reduced
density matrix of subregion A.

ei€Ga eteGa
pa=Tez(l)(wl) = o
e_“GA e—iGGA
_ e—ieG’Ae—wKe—ieé} €i€é;€_7rK€iEGA (Ag)

Note that formally this is an operator on the Hilbert space for region A. So by the
time we’ve evolved through an angle 7, rather than act with G 4, we act with the CPT
conjugate operator Eg. Intuitively this is because a Euclidean rotation by 7 produces a
CPT transformation, J™ (z*, 27 x,) — (=1)"J"™ (—z*, —z~,x,). The role of CPT can
be seen more concretely in the operator formalism used in appendix B of [9]. Note that
we've refrained from making an obvious cancellation in (A.3) because we want to work
with the combination G4 + G ;.
From (A.3) the first-order change in the reduced density matrix is

Spu = ic (GAp(X) N (p@)l/?ag(p(f))l/?) nwy (pff)GA + (p(f))maﬁ(p(f))m) (A4)

To compute H 4 we use the expansion of the log developed in [7, 8]. At first order this

gives
1 [ ds (0)—L—is (0)

- — = _ 2 27 0 _%4‘%
oHa= 2 —ool+coshs(pA ) 0pa(pa’) (A.5)

Expressing this in terms of complex modular flow we obtain (1.6).

1€ [ ds

=% ) Ticoshs ((GA|5_Z~W+@E|S) - (GA‘SJFZ*W*‘aAi‘S)) (A.6)

12We're performing a Euclidean calculation, with the operator G4 ® 1z + 14 ® Gz inserted at 7 = 0.
In Lorentzian signature this corresponds to a perturbation that acts at ¢ = 0. But this is adequate for
analyzing the tilted case (2.1), since the operators appearing in (2.3) and (2.4) can be evolved in time from
t = 0. Note that this evolution doesn’t mix A with A.

0H 4
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B CFT correlators

We present some explicit calculations that exhibit our claims about the behavior of cor-
relators. We’ll analyze the situation where a,b > 0 so that G straddles the endpoint and
return to mention the other cases at the end. Then with the correlator (2.14) we have

<GA|s:tirJ(n)(y)> = /a dw+f(x+) <eiir>n Iy A+i A—n
° (S e) T ()
— n B 0 _l n 1
@l I w) = [ ar i) () e e

These expressions have branch points when a singularity of the integrand collides with one
of the limits of integration. So (G Als+irJ™ (y)) has a cut that runs from w = e*"a/y* to
w = 0 and from w = —e*"y~ /(fa) to w = —e*" 0. Likewise <6'E‘SJ(”) (y)) has a cut from
w =b/y" to w =0 and from w = —y~ /() to w = —oo. These cuts were also discussed
in section 3.

Now let’s consider the behavior as w — 0. This behavior isn’t sensitive to the function
f(z™), so to capture it we set f(xT) = 1. Also to obtain the leading behavior at small w
we set § = 0. Then we have (here C' = —

! )
(A4n—1)(—yT)A+n=1(y—)A—"

n—1
(Gl o W),y = O ! 1 (B2)
As:l:ir Y 60=0 w (_eii:ra_;'_l)A—I—n—l ’
Yy

w

. n—1
R (e e

When r = 7 these results can be combined to obtain

1

- n—1
(Clsin + Tl )T Wy =0 () (( i 1

ﬁ + 1)At+n-1 (_ﬁ + 1)A+n-1
(B.4)
These results illustrate our claims about behavior at small w. For n > 2 both (B.2)

w

and (B.3) diverge ~ 1/w™! near w = 0. But the divergence cancels in the sum (B.4)

A pear w = 0.

which remains finite and in fact vanishes ~ w
The procedure for studying behavior at large w is very similar. In (B.1), instead of
setting # = 0, we would only retain the factors that do depend on #. Then it’s straight-
forward to perform the integrals explicitly and verify the claims about behavior at late
modular time made in section 3.
Finally let’s see what happens when G doesn’t straddle the endpoint. One possibility

is @ > —b > 0 where the perturbation only acts on A and the relevant operator is

etr\" et Quwat
GA!&wZ( ) /bdx+f(x+)J(")< — ,0> (B.5)

w
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Another possibility is —b < a < 0 where the perturbation only acts on A and the relevant
operator is

é:ﬂs = (—i})n /_ab dzt f(at)Jm™ < — i,@war,O) (B.6)

The behavior is the same in these two cases. Thanks to the non-zero limits of integration

A

these operators have correlators with a spectator operator J(™(y) that vanish ~ w® at

small w and fall off ~ 1/w? at large w.

C Correlators at non-zero y

In this appendix we consider certain analogs of the correlation functions studied in ap-
pendix B, but with the spectator operator inserted at non-zero y;. We will show that
— at least in the examples considered here — the behavior of correlators is qualitatively
similar to what we found in appendix B. This means the calculations of sections 4 and 5
would go through in this more general setting and would lead to the same result for 0 H 4.

As noted in section 2, at nonzero y | the 2-point functions are no longer diagonal in
modular weight. Furthermore we do not expect correlators to have universal behavior,
depending only on the modular weights of the operators involved; hence our notation will
indicate the specific spin components of the operators.

We will consider two examples. In both examples we take the perturbation G to be

G = /ab det f(xt) Iy (xt, —02T,0) (C.1)

i.e. the light-ray of the all-plus component of a spin-S primary operator J. In this section S
refers to the total number of indices of the current; note that our perturbation has modular
weight n = § > 0. Also we will be interested in the behavior of correlation functions at
small w and large w. In these limits the details of the function f(z™) do not matter, so we
will set f(zT) =1 from now on.

In our first example we take the spectator operator to be Jy...;(y) (the all-plus com-
ponent of the same primary field), while in our second example we take the spectator
operator to be the all-minus component J_.._(y). For both examples we use the 2-point
function [31]

(Js (21, €1) s (w2, €2)) =

. . S
Cs €1 * T12€2 3612) (C.2)

——— | €1 €62 —2

2 \A ( 2
(z15) T12
where Jg(x,€) = Jy o g€ € ... /S for some null polarization vector €, x12 = 21 — 2
and C'g is a normalization factor.

C.1 First example

If we set both polarization vectors in (C.2) to be 04 we obtain the 2-point function

Cs (=0t —y)*
(=2)5 [(0zF +y~)(zt —yt) + |y 2|25

(Tt (a7, —027,0) T4 1. (y)) = (C.3)
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Using this 2-point function, the correlators (Gal ., J1..+(y)) and <§2|SJ+...+(y)> are

N 25
e:tir S CS a (_9611)}.7;1 - y_>
<GA|SiiTJ+~~+(y)> = <> 5/ da™ : A+S
w ) BT gy (S ) oy 2]
— 1\% Ccs (O (Bwat —y)*°
@l Jvsto)) = (—3) s [, "

b [(owat ) (<5 -yt + ‘YJ_|2}A+S

(C.4)

As a function of w, these integrals produce branch points when a singularity of the integrand
collides with an upper or lower limit of integration. Thus

o (G|, J++(y)) has a branch cut from w = ag—; to w = 0.
. (@]SJ+...+(y)) has a branch cut from w = —bg—; to w = 0.

» (Gal,,;,J+-+(y)) has a branch cut from w = 63;‘;711;/; to w = 0.

. <52]SJ+...+(y)) has a branch cut from w = #ib to w = 0.
These cuts are qualitatively similar to the ones found in appendix B.

Small w behavior. To capture the small w behavior we can set § = 0. We then obtain

(e:l:i'r>51 (_y—)QS—I CS [ 1 B 1
w (A +5 - 1) (—Q)S (eii;ay— +

(Gl gt () =

Y
(C.5)
o 1 S—-1 (_y—)QS—l Cg 1 1
(G| Tt (y)) = <—w> A+S—1)(—2)5 [(y2)A+Sl - (ﬁy— N y2)A+571
(C.6)
When r = 7 these two correlators can be added to obtain (note the cancellation)
o 1\5-1 (_y—)QS—l Cs
((GA|8:|:7;71. + GA|S)J++(y)> - (_w) (A +S5— 1) (_2)5
1 1
X[ - A+S—1 A-&-S—l] (C.7)
(= +v?) (G +v?)

For S > 2 note that both (C.5) and (C.6) diverge ~ 1/w®~! as w — 0. But the divergence
cancels in the sum (C.7), which remains finite and in fact vanishes ~ w® as w — 0. This

is very similar to the behavior found in appendix B.
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Large w behavior. For large w the correlators can be approximated as

. 25
exir)® Cs [*, o (%% - yf)
<GA’s:tirJ+"'+(y)> - ( w ) (_2)5/0 dx (_GwzfyﬂL 2)A+S
.~ B 1\% Cg 0 . (9wx+ _ yf)QS
Cal T = () s [0 o rorisrs (C

These integrals can be evaluated in terms of hypergeometric functions.

exir\ 5 Cs 11
<GA|8:|:irJ+~~~+(y)> = () (_2)5 0 A+S)

w 2S+1)0 |y, |
] 25+1 + 0
x [ (61"“ + y) 2F1<A+S, 25 + 1,28 + 2, ﬁ (;”‘L + y>
1
yy”
—(y7)*ak <A+S, 25+1,25+2, 1 |2>] (C.9)
1
Gl =(-3) " Corms oy
yry”
X (y*)QSJrlgFl (A + 5,25 +1,25+ 2, y 2) (C.10)
1

+
—(Owb +y )Ry <A +5,25 +1,25 + 2, ’;/TP(Hwb + y))]

When r = 7 these correlators can be added to obtain (note the cancellation)

5 S+1
«GALﬁW+ChLLLW+@»__(_1> (_m;l; % ]A+$

w (25 +1) 0 |y, [X
+

X [ (—bwa + y_)QSJrl o Fy (A + 5,25 + 1,25 + 2, |5 B (—bwa + y_)>
L

+

— (Qwb +y ™) LR (A +5,25+1,25+2, ‘ Y E
yL

(Owb + y_)> ] (C.11)

To study the behavior at large w we use the following identity, which follows from a
¢ — 1/¢ transformation of the hypergeometric function.

res+2ra—-s—-1 1
(A +5) (=)t
25 +1 1 1
- Fil|A+S,A-S-1,A-S, -
a5 mrges (8 A7)
In all cases of interest A > S+1.'% Then the first term in (C.12), which falls off ~ 1/¢?5+1,

gives the leading behavior of the hypergeometric function at large ¢, while the second term
gives subleading behavior ~ 1/¢A+5,

oF1(A+5,25+1,25+2,() =

(C.12)

13The unitarity bound requires A > S + d — 2 and existence of a transverse direction requires d > 3.
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Using this result, the correlators (C.9) and (C.10) are seen to fall off ~ 1/w+! at large
w. As for the grouped correlator (C.11), at large w there is an exact cancellation of the
leading behaviors of the two hypergeometric functions. So it is the subleading behavior
(the second term in (C.12)) which determines the behavior at large w. We find that the
grouped correlator (C.11) falls off ~ 1/w® at large w. Again this is very similar to the
behavior found in appendix B.

C.2 Second example

We now choose the first polarization vector in (C.2) to be 04 and the second polarization
vector to be d_. We then have the 2-point function
Cs |y [*®

(Jpog (2, =027 ,0)J_.._(y)) = 25 (@ Ty — o) Ty FIATS (C.13)

Using this 2-point function, the correlators (Gal ., J—...—(y)) and <EE|SJ,...,(y)> are

oxir\ J Cs a det
Gl Tt = () S | _ —
w ) (=2) O (st +y) (S —yt) + Ly L]
— 1\% ¢ da™
@il T = (=3) sl [ 2 -
P (owat +y) (<5 —yt) + Iyl

(C.14)

Note that these correlators all vanish when y; = 0. This is as expected, since when
y1 = 0 the constraints of 2-dimensional conformal invariance require that correlators be
diagonal in modular weight. Furthermore these correlators have exactly the branch cuts
listed below (C.4). This is also as expected, since the cuts arise from light-cone singularities
of the underlying 2-point function.

Small w behavior. To capture the behavior at small w we can set § = 0. We then find

- c

okir S_1|yl|25 1 1
G J_ =-D — C.15
< A’sizr (y)> S( w ) T (eiizuay* +y2)A+571 (yQ)AJrSfl ( )
o 1 S—1 28 1 1
(@l =-Ds () 22 - (C.16)

— 2\A+S—1 by— A+S-1
Yy (¥?) ( -y y2)
When r = 7 these correlators can be added to obtain (note the cancellation)

(Gal sy + Gal )T ()

1\ 5! [y 1 1
=—Ds <_> - A+S—1 A+S5-1 (C.17)
w Yy (_% + y2> (by; + y2)
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For S > 2 note that both (C.15) and (C.16) diverge ~ 1/w~! as w — 0. But the
divergence cancels in the sum (C.17), which remains finite and in fact vanishes ~ w® as

w — 0. This is very similar to the behavior found in appendix B.

Large w behavior. At large w the correlators are approximately given by

N\ S+1
Dg etir |YJ_|2S 1 1
<GA|siir‘L“'*(y)> =~ < ) + A+S—1  (,2)\A+S5-1 (C.18)
0 w Yy I (_% + y2> (y ) |
— Dg 1)\ 5+1! |yl|25 r 1 1 i
(Gl () = -~ <—w> o AT~ T 1T (C.19)
When r = 7 these correlators can be added to obtain (note the cancellation)
(Gal e + Gal )T~ ()
_Ds (_1>S+1 [y ! _ L (C.20)
6 w yt  L(Qwayt +y2)A+5-1  (—Qwbyt + y2)A+5-1 .

We see that the correlators (C.18) and (C.19) both fall off ~ 1/w5*! at large w, while
the grouped correlator (C.20) falls off ~ 1/w™*25. The grouped correlator has a faster
fall-off than the 1/w® behavior found in appendix B. Fortunately faster decay still allows
the contour manipulations in section 5 to go through, so we would have obtained the same
result for dH 4 even if we used a spectator operator J_..._(y) inserted at non-zero y .
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