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A B S T R A C T
The increase in the generation capacity of the variable photovoltaic units introduces new chal-
lenges to the operation of the unbalanced three-phase distribution networks. In this paper, a
two-stage optimization problem is formulated to identify the feasible dispatch margins of pho-
tovoltaic generation considering the distribution network operation constraints. The proposed
problem is solved using the column-and-constraint generation approach. The distribution net-
work constraints are formulated as second-order cone constraints. The uncertainty in the fore-
casted demand and maximum photovoltaic generation as well as the unbalanced operation of
the distribution network is considered in the proposed approach. The dispatch margins of pho-
tovoltaic generation are quantified considering the worst-case realization of demand in the dis-
tribution network. The impacts of energy storage and the ramping limits of the dispatchable
generation resources on the dispatch margins of photovoltaic generation are addressed in this
network. The dispatch margins of photovoltaic generation are quantified in the modified IEEE
13-bus system. It is shown that enforcing the ramping rates for the dispatchable units will in-
crease the lower dispatch margins of photovoltaic generation, and leveraging energy storage
increases the difference between the lower and upper photovoltaic dispatch margins.

1. Introduction
Driven by regulatory policies, renewable portfolio standards, and federal tax credits, the capacity of solar power

generation is increasing in the transmission and distribution sectors [1]. Solar power generation, the fastest growing
technology among other renewable energy resources in the distribution networks, is expected to increase to 8.3 trillion
kWh by 2050 worldwide as the manufacturing costs decrease. Such generation capacity will represent 70% of the total
renewable generation and serves up to 16% of the electric demand worldwide [2].

Recent studies were focused on various approaches to enhance the capacity of solar photovoltaic (PV) generation
in transmission and distribution networks [3, 4, 5]. In [3] the hosting capacity of rooftop PV generation is quantified
using Monte Carlo simulation. The impacts of the number of PV installations and their power factors, the loading of
the feeders and the conductor characteristics on the PV hosting capacity were investigated. A voltage profile design
algorithm is proposed in [4] to handle the variation of the demand profile and improve the hosting capacity of the PV
generation in the distribution feeders. In [5] a mixed-integer nonlinear programming (MINLP) problem is formulated
to maximize the PV hosting capacity by controlling the voltage regulators, PV inverters, capacitor banks as well as
controllable branch switches. The power flow problem is solved using the OpenDSS simulator and the formulated
MINLP problem is solved using genetic algorithm. In [6] a Nomogram-based approach is proposed to quantify the
hosting capacity of low voltage distribution systems and determine the connection criteria for PV generation units.
The energy storage operation set points are determined to tackle the overvoltage challenges in the distribution network
with high penetration of PV generation in [7]. The PV hosting capacity is increased in [8] by providing voltage droop
control in active transformers. A Monte Carlo-based framework is proposed in [9] to quantify the hosting capacity of
PV generation in distribution feeder and the sensitivity of PV hosting capacity to the circuit characteristics is evaluated.

The expansion planning of static VAR compensators was proposed as a two-stage stochastic programming problem
in [10] to increase the installed capacity of PV generation in distribution networks. Here, the Benders decomposition
technique was used to solve the formulated problem. An integrated generation and transmission expansion planning
framework is proposed in [11] to maximize the large-scale solar PV penetration and minimize the investment on the
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Nomenclature

Parameters
𝒑𝑙 Vector of binary parameters representing the

availability of phases in a distribution branch
𝒓𝑙 Resistance matrix of a distribution branch
𝒙𝑙 Inductive reactance matrix of a distribution

branch
Γ𝜑𝑡 The budget of uncertainty for real and reactive

power
𝐀𝐃 Bus-demand incidence matrix
𝐀𝐄 Bus-energy storage incidence matrix
𝐀𝐆 Bus-distributed generation incidence matrix
𝐀𝐈 Bus-branch incidence matrix for buses at the re-

ceiving end of the branches
𝐀𝐋 Bus-branch incidence matrix
𝐀𝐍 Bus-feeder incidence matrix
𝐀𝐕 Bus-photovoltaic incidence matrix
𝐁𝐅 Bus-branch incidence matrix for buses at the

sending end of the branches
𝐁𝐍 Feeder-bus incidence matrix
𝐋𝐍 Feeder-branch incidence matrix
𝐈𝑙 Vector of square of current magnitude’s upper

limits
𝐕𝑏,𝐕𝑏 Vector of square of voltage magnitude’s lower

and upper limits

𝑃 𝜑
𝑑,𝑡, 𝑃

𝜑

𝑑,𝑡 Lower and upper bounds of uncertain real power
demand

𝑄𝜑
𝑑,𝑡

,𝑄
𝜑

𝑑,𝑡 Lower and upper bounds of uncertain reactive
power demand

𝐶0,𝜑
𝑒 The initial energy of an energy storage unit

𝑃 𝜑,𝑚𝑎𝑥
(.) Real power capacity of a unit

𝑃 𝜑,𝑓
𝑑,𝑡 Forecasted real power demand

𝑃 𝜑,𝑓 ,𝑚
𝑣,𝑡 Forecasted maximum PV generation
𝑃 𝜑,𝑚𝑎𝑥
𝑣 Capacity of a PV generation unit
𝑃𝐹𝑛 Power factor at distribution feeder
𝑄𝜑,𝑚𝑎𝑥

(.) Reactive power capacity of a unit

𝑄𝜑,𝑓
𝑑,𝑡 Forecasted reactive power demand

𝑆𝜑,𝑚𝑎𝑥
(.) Maximum apparent power of a unit

𝑆𝐿𝜑,𝑚𝑎𝑥𝑙 Apparent power capacity of a distribution branch
Sets and Indecies
 Set of buses
 Set of scenarios
𝑏 Index of bus
𝑑 Index of demand
𝑒 Index of energy storage
𝑖 Index of distributed generation
𝑙 Index of distribution branch
𝑚 Index of scenario
𝑛 Index of distribution feeder
𝑣 Index of PV generation
Variables
𝐈𝑚𝑙,𝑡 Vector of square of current magnitudes
𝐔𝑚
𝑏,𝑡 Vector of square of voltage magnitudes

𝜇 Dual variable
𝜌(.),𝜑,𝑚𝑑,𝑡 Auxiliary binary variable representing the worst-

case realization of demand
𝜎𝜑,𝑚𝑣,𝑡 Auxiliary binary variables representing the worst-

case realization of PV generation
𝑙𝜑𝑣,𝑡 Risk-based lower margin of PV dispatch
𝑢̃𝜑𝑣,𝑡 Risk-base upper margin of PV dispatch
𝐶𝜑,𝑚
𝑒,𝑡 Available energy in the energy storage unit

𝑙𝜑,𝑚𝑣,𝑡 Lower margin of PV dispatch in scenario 𝑚
𝑃 𝜑,𝑚
(.),𝑡 Real power output of a unit

𝑄𝜑,𝑚
(.),𝑡 The reactive power output of a unit

𝑠(.),𝜑,𝑚𝑏,𝑡 Slack variables

𝑢𝜑,𝑚𝑣,𝑡 Upper margin of PV dispatch in scenario 𝑚
𝑃𝐿𝜑,𝑚𝑙,𝑡 Real power flow in a distribution branch

𝑄𝐿𝜑,𝑚𝑙,𝑡 Reactive power flow in a distribution branch

𝑆𝐿𝜑,𝑚𝑙,𝑡 Apparent power flow in a distribution branch

dispatchable generation units and transmission lines. The formulated problem is solved using a decomposition tech-
nique. In [12] voltage regulators and reactive power resources are managed to maximize the hosting capacity of PV
generation in the distribution network. The proposed management scheme captures the uncertainties associated with
EVs in the network. A multi-objective volt/VAR control approach was presented in [13] in which a scenario-based
stochastic operation scheme was used to minimize energy loss, voltage deviation, as well as total emission and energy
costs. The uncertainty of renewable energy resources including solar PV generation was captured in [14] by formulat-
ing a two-stage robust optimization problem for the expansion planning of distributed generation (DG) in microgrids.
The objective was to minimize the operation cost of microgrids considering the revenue for providing services to the
demand entities.
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The variability and uncertainty in PV generation introduce significant operation challenges including unacceptable
voltage fluctuations, thermal limit violation of the distribution cables, reverse power flow, fault current measurement
errors, and protection malfunctions [15]. If not addressed properly, such challenges would jeopardize the stability,
reliability, and security of the distribution networks. Curtailing PV generation is considered as a practical solution to
partially resolve these issues [16]; however, this solution will reduce the penetration level of PV generation and the
corresponding economic and environmental benefits. Effective operation strategies such as coordinating the opera-
tion of renewable energy resources with dispatchable distributed generation technologies would improve the economic
and sustainability of the distribution network operation and mitigate the adverse effects of variable and volatile PV
generation in these networks [17]. A two-stage optimization model was proposed in [18], to determine the real and
reactive power dispatch of controllable PV generation resources with PV power output uncertainties. A stochastic
optimal voltage control strategy that captures the demand and PV generation uncertainties was proposed in [19]. A
chance-constrained optimization problem was formulated to address the risk of overvoltage and voltage regulator run-
away conditions in the distribution networks.

As renewable energy resources with uncertain generation patterns impose operation challenges, quantifying the ex-
tent to which such generation resources could be accommodated in power networks is crucial for the security and
reliability of these systems. Dispatchable generation resources are coordinated with such variable and uncertain re-
sources to ensure the real-time balance between the generation and demand. Therefore, the adequacy of dispatchable
resources plays an important role to ensure the security of the distribution networks while mitigating renewable energy
curtailments. Furthermore, determining the dispatch margins of renewable energy resources in distribution networks
could be used to avoid over-investment in these resources and maximize their benefits by exploiting their installed ca-
pacity. Do-not-exceed limits for the renewable generation in power networks were quantified in [20, 21, 22]. In [20], a
robust optimization problem was formulated and solved using three approaches to quantify the do-not-exceed limits for
renewable generation in the bulk power network. In [21] a data-driven approach was proposed to maximize the contri-
bution of renewable resources in the bulk power network by leveraging their do-not-exceed limits. The do-not-exceed
limits are determined considering the optimal base point of the dispatchable generation units given the forecasted
renewable generation. In [22] multi-period do-not-exceed limits for variable generation resources were determined
considering the corrective control actions to enforce the power network constraints. While earlier research addressed
the dispatch limits for renewable resources, the challenges corresponding to the integration of such variable resources
in distribution networks including the unbalanced operation of the networks, the uncertainty in demand, and the risk
associated with exceeding these limits require further investigation. In the authors’ earlier works [23, 24], the dispatch-
ability limits of PV generation in the unbalanced distribution network are quantified using a linear approximation of
the power flow in the distribution network considering the uncertainties associated with the interconnection of electric
vehicles. Furthermore, the impacts of ramp rates and energy storage on the PV dispatch margins in a distribution
network with limited utility grid resources were not investigated. The contributions of this paper are as follows:

• A framework to determine the dispatch margins for PV resources in the unbalanced distribution network is
proposed by formulating a mixed-integer second-order cone programming (MISOCP) problem which is solved
as a two-stage problem using the column-and-constraint generation technique.

• The uncertainty in the forecasted maximum PV solar generation is captured by introducing scenarios and the
uncertainty in demand is characterized by uncertainty sets.

• The impact of energy storage facilities, as well as the ramping limits of dispatchable generation resources on the
PV dispatch margins in the distribution network are investigated.

The rest of the paper is organized as follows, Section 2 presents the formulated problem to determine the PV dispatch
margins in the unbalanced distribution networks; Section 3 proposes the solution methodology; Section 4 presents the
numerical analysis to show the effectiveness of the proposed formulation and solution approach, and Section 5 presents
the conclusion.

2. Problem Formulation
Determining the PV dispatch margins could be considered as finding the largest uncertainty set for which a robust

optimization problem could be solved to determine the feasible operation decisions in the distribution network. This
problem is formulated as an optimization problem in which the objective is to maximize the PV generation range such
M. Ramin Feizi et al.: Preprint submitted to Elsevier Page 3 of 15
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that the distribution feeder and other dispatchable generation resources could accommodate the PV generation without
violating the network constraints. Here, such limits are determined considering the unbalanced generation and demand
in the distribution network and the unbalanced distribution network topology. The problem formulation is shown in
(1)-(32).
The objective function is shown in (1) where the objective is to expand the feasibility region for PV dispatch by max-
imizing the distance between the lower and upper margins while ensuring the existence of PV dispatch within these
margins. Here, once 𝑉 𝜑,𝑚

𝑣,𝑡 = 0, the PV dispatch is within the upper and lower margins, and otherwise, the PV output
will be outside of the dispatch margins. Therefore, minimizing 𝑉 𝜑,𝑚

𝑣,𝑡 would accommodate the PV output between the
upper and lower margins. The second term in the minimization problem is the normalized difference between the
upper and lower dispatch margins of PV. The worst-case realizations of PV generation and demand are determined
using the formulated max-min problem in which the slack variables that represent the mismatches in real and reactive
power are minimized in (1).
The distribution network constraints are given in (2)-(9). The nodal real and reactive power balances are enforced
in (2) and (3), respectively. Here, 𝑃𝐿𝜑,𝑚𝑙,𝑡 ∈ 𝑷𝑳𝑚𝑙,𝑡, 𝑃 𝜑,𝑚𝑖,𝑡 ∈ 𝑷𝑮𝑚

𝑖,𝑡, 𝑃 𝜑,𝑚𝑣,𝑡 ∈ 𝑷𝑽 𝑚
𝑣,𝑡, 𝑃 𝜑,𝑚𝑒,𝑡 ∈ 𝑷𝑬𝑚

𝑒,𝑡, 𝑃 𝜑,𝑚𝑛,𝑡 ∈ 𝑷𝑵𝑚
𝑛,𝑡,

and 𝑃 𝜑,𝑚𝑑,𝑡 ∈ 𝑷𝑫𝑚
𝑑,𝑡. Similar variables are defined for the reactive power generation and demand in the network i.e.

𝑄𝐿𝜑,𝑚𝑙,𝑡 ∈ 𝑸𝑳𝑚𝑙,𝑡, 𝑄𝜑,𝑚𝑖,𝑡 ∈ 𝑸𝑮𝑚
𝑖,𝑡, 𝑄𝜑,𝑚𝑣,𝑡 ∈ 𝑸𝑽 𝑚

𝑣,𝑡, 𝑄𝜑,𝑚𝑒,𝑡 ∈ 𝑸𝑬𝑚
𝑒,𝑡, 𝑄𝜑,𝑚𝑛,𝑡 ∈ 𝑸𝑵𝑚

𝑛,𝑡, and 𝑄𝜑,𝑚𝑑,𝑡 ∈ 𝑸𝑫𝑚
𝑑,𝑡. The power flow

in distribution branch is formulated by (4), (5). Here, 𝑹̃𝑙 and 𝑿̃𝑙 are the resistance and inductive reactance matrices
of the unbalanced branch 𝑙 that are determined using the formulation presented in [25]. The big-M method is used
to relax the power flow constraint once the certain phases on a distribution branch do not exist and 𝑝𝜑𝑙 ∈ 𝐩𝑙. The
relationship between the real and reactive power at the sending end of each branch is presented as (6) using a quadratic
constraint which is further reformulated as a second-order cone constraint [26, 27]. Similar constraint is presented in
(7) to enforce the real and reactive power capacity of the distribution feeder. The branch currents and nodal voltages
are limited by (8) and (9) respectively.
The operation constraints of feeder, DG, PV generation, and energy storage system (ESS), are given in (10)-(20). The
real power from the feeder is restricted by (10) and the reactive power supplied by the distribution feeder is constrained
by (11)-(12) considering the acceptable power factor at the feeder. The dispatched real power of a DG unit is limited
by the minimum and maximum real power capacity of the unit as enforced by (13). A similar constraint is considered
for the reactive power dispatch of the unit. The power ramp for dispatchable DG units is enforced by (14). Moreover,
the PV output is limited by the forecasted generation as shown in (15). The reactive power output of a PV unit is within
the upper and lower acceptable limits as shown in (16). Similar constraints are considered for the real and reactive
power dispatch of the ESS. The available energy in the ESS is calculated using (17) where the stored energy is within
the minimum and maximum limits as enforced by (18) [28]. The available energy in the ESS at the beginning and end
of the simulation period is enforced to be the same as shown in (19) and (20).
The rest of the constraints are given in (21)-(32). The lower dispatch margin is lower than the upper margin as shown
in (21) and the upper margin is limited by the maximum PV capacity as shown in (22). As enforced by (23)-(24), if
𝑉 𝜑,𝑚
𝑣,𝑡 = 1, the lower and upper dispatch margins are zero. The worst-case realization of the uncertain PV generation

within the polyhedral uncertainty set is determined by (25) [29]. The slack variables are positive as enforced by (26).
Considering the worst-case realization of the demand would impose new constraints (27)-(32) to the problem. Here,
the uncertainty in demand is captured by a polyhedral set and therefore, the real and reactive demand is represented
by (27) and (28) respectively. The auxiliary binary variables used to enforce the uncertain real and reactive demands
are mutually exclusive as shown in (29) and (30). The conservativeness of the solution is determined by the budget
of uncertainty. Here, the budget of uncertainty is considered for the real and reactive demands using (31) and (32)
respectively. As Γ𝜑𝑡 increases in (31), and (32) the budget of uncertainty will increase and the solution will be more
conservative.

𝑚𝑖𝑛
𝑢𝜑,𝑚𝑣,𝑡 ,𝑙

𝜑,𝑚
𝑣,𝑡 ,𝑉

𝜑,𝑚
𝑣,𝑡

∑

𝑣,𝜑,𝑚,𝑡

[

𝑉 𝜑,𝑚
𝑣,𝑡 − (𝑢𝜑,𝑚𝑣,𝑡 − 𝑙𝜑,𝑚𝑣,𝑡 )∕𝑃

𝜑,𝑚𝑎𝑥
𝑣

]

+ 𝑚𝑎𝑥
𝜎𝜑,𝑚𝑣,𝑡 ,𝜌

(.),𝜑,𝑚
𝑑,𝑡

𝑚𝑖𝑛
𝑠(.)(.)

∑

𝑏,𝜑,𝑚,𝑡

(

𝑠1,𝜑,𝑚𝑏,𝑡 + 𝑠2,𝜑,𝑚𝑏,𝑡 + 𝑠3,𝜑,𝑚𝑏,𝑡 + 𝑠4,𝜑,𝑚𝑏,𝑡

)

(1)
s.t.

𝐀𝐋 ⋅ 𝐏𝐋𝑚𝑙,𝑡 −𝐀𝐈 ⋅ 𝐈𝑚𝑙,𝑡 ⋅ 𝐑̃𝑙 +𝐀𝐆 ⋅ 𝐏𝐆𝑚
𝑖,𝑡 +𝐀𝐕 ⋅ 𝐏𝐕𝑚𝑣,𝑡 +𝐀𝐄 ⋅ 𝐏𝐄𝑚𝑒,𝑡 +𝐀𝐍 ⋅ 𝐏𝐍𝑚𝑛,𝑡 + 𝑠

1,𝜑,𝑚
𝑏,𝑡 − 𝑠2,𝜑,𝑚𝑏,𝑡 = 𝐀𝐃 ⋅ 𝐏𝐃𝑚𝑑,𝑡

(2)
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𝐀𝐋 ⋅𝐐𝐋𝑚𝑙,𝑡 −𝐀𝐈 ⋅ 𝐈𝑚𝑙,𝑡 ⋅ 𝐗̃𝑙 +𝐀𝐆 ⋅𝐐𝐆𝑚
𝑖,𝑡 +𝐀𝐕 ⋅𝐐𝐕𝑚𝑣,𝑡 +𝐀𝐄 ⋅𝐐𝐄𝑚𝑒,𝑡 +𝐀𝐍 ⋅𝐐𝐍𝑚𝑛,𝑡 + 𝑠

3,𝜑,𝑚
𝑏,𝑡 − 𝑠4,𝜑,𝑚𝑏,𝑡 = 𝐀𝐃 ⋅𝐐𝐃𝑚𝑑,𝑡

(3)
𝐀𝐋⊤ ⋅ 𝐔𝑚𝑏,𝑡 + 2(𝐑̃𝑙 ⋅ 𝐏𝐋𝑚𝑙,𝑡 + 𝐗̃𝑙 ⋅𝐐𝐋𝑚𝑙,𝑡) + (𝐑̃2

𝑙 + 𝐗̃2
𝑙 ) ⋅ 𝐈

𝑚
𝑙,𝑡 ≤𝑀 ⋅ (1 − 𝐩𝑙) (4)

𝐀𝐋⊤ ⋅ 𝐔𝑚𝑏,𝑡 + 2(𝐑̃𝑙 ⋅ 𝐏𝐋𝑚𝑙,𝑡 + 𝐗̃𝑙 ⋅𝐐𝐋𝑚𝑙,𝑡) + (𝐑̃2
𝑙 + 𝐗̃2

𝑙 ) ⋅ 𝐈
𝑚
𝑙,𝑡 ≥ −𝑀 ⋅ (1 − 𝐩𝑙) (5)

(𝐏𝐋𝑚𝑙,𝑡)
2 + (𝐐𝐋𝑚𝑙,𝑡)

2 ≤ (𝐁𝐅 ⋅ 𝐔𝑚𝑏,𝑡) ⋅ 𝐈
𝑚
𝑙,𝑡 (6)

(𝐏𝐍𝑚𝑛,𝑡)
2 + (𝐐𝐍𝑚𝑛,𝑡)

2 ≤ (𝐁𝐍 ⋅ 𝐔𝑚𝑏,𝑡) ⋅ (𝐋𝐍 ⋅ 𝐈𝑚𝑙,𝑡) (7)
𝐈𝑚𝑙,𝑡 ≤ 𝐈𝑙 (8)
𝐕𝑏 ≤ 𝐔𝑚𝑏,𝑡 ≤ 𝐕𝑏 (9)
𝑃 𝜑,𝑚𝑖𝑛𝑛 ≤ 𝑃 𝜑,𝑚𝑛,𝑡 ≤ 𝑃 𝜑,𝑚𝑎𝑥𝑛 (10)
𝑄𝜑,𝑚𝑛,𝑡 ≤ 𝑡𝑎𝑛

(

cos−1 𝑃𝐹 𝑛
)

⋅ 𝑃 𝜑,𝑚𝑛,𝑡 (11)
𝑄𝜑,𝑚𝑛,𝑡 ≥ −𝑡𝑎𝑛

(

cos−1 𝑃𝐹 𝑛
)

⋅ 𝑃 𝜑,𝑚𝑛,𝑡 (12)
𝑃 𝜑,𝑚𝑖𝑛𝑖 ≤ 𝑃 𝜑,𝑚𝑖,𝑡 ≤ 𝑃 𝜑,𝑚𝑎𝑥𝑖 (13)
−𝑅𝑖 ≤ 𝑃 𝜑,𝑚𝑖,𝑡 − 𝑃 𝜑,𝑚𝑖,𝑡−1 ≤ 𝑅𝑖 (14)
0 ≤ 𝑃 𝜑,𝑚𝑣,𝑡 ≤ 𝑃 𝜑,𝑓 ,𝑚𝑣,𝑡 (15)
−𝑄𝜑,𝑚𝑎𝑥𝑣 ≤ 𝑄𝜑,𝑚𝑣,𝑡 ≤ 𝑄𝜑,𝑚𝑎𝑥𝑣 (16)
𝐶𝜑,𝑚𝑒,𝑡 = 𝐶𝜑,𝑚𝑒,𝑡−1 − 𝑃

𝜑,𝑚
𝑒,𝑡 (17)

𝐶𝜑,𝑚𝑖𝑛𝑒 ≤ 𝐶𝜑,𝑚𝑒,𝑡 ≤ 𝐶𝜑,𝑚𝑎𝑥𝑒 (18)
𝐶𝜑,𝑚𝑒,0 = 𝐶𝜑,𝑚𝑒,24 (19)
𝐶𝜑,𝑚𝑒,0 = 𝐶0,𝜑,𝑚

𝑒 (20)
0 ≤ 𝑙𝜑,𝑚𝑣,𝑡 ≤ 𝑢𝜑,𝑚𝑣,𝑡 (21)
𝑢𝜑,𝑚𝑣,𝑡 ≤ 𝑃 𝜑,𝑚𝑎𝑥𝑣 (22)
(

𝑃 𝜑,𝑚𝑎𝑥𝑣 − 𝑃 𝜑,𝑓 ,𝑚𝑣,𝑡

)

.𝑉 𝜑,𝑚
𝑣,𝑡 − 𝑙𝜑,𝑚𝑣,𝑡 ≥ −𝑃 𝜑,𝑓 ,𝑚𝑣,𝑡 (23)

𝑃 𝜑,𝑓 ,𝑚𝑣,𝑡 ⋅ 𝑉 𝜑,𝑚
𝑣,𝑡 + 𝑢𝜑,𝑚𝑣,𝑡 ≤ 𝑃 𝜑,𝑓 ,𝑚𝑣,𝑡 (24)

𝑃 𝜑,𝑚𝑣,𝑡 = 𝑙𝜑,𝑚𝑣,𝑡 +
(

𝑢𝜑,𝑚𝑣,𝑡 − 𝑙𝜑,𝑚𝑣,𝑡
)

.𝜎𝜑,𝑚𝑣,𝑡 (25)
𝑠1,𝜑,𝑚𝑏,𝑡 , 𝑠2,𝜑,𝑚𝑏,𝑡 , 𝑠3,𝜑,𝑚𝑏,𝑡 , 𝑠4,𝜑,𝑚𝑏,𝑡 ≥ 0 (26)
𝑃 𝜑,𝑚𝑑,𝑡 = 𝑃 𝜑𝑑,𝑡 ⋅ 𝜌

1𝑝,𝜑,𝑚
𝑑,𝑡 + 𝑃 𝜑,𝑓𝑑,𝑡 ⋅ 𝜌2𝑝,𝜑,𝑚𝑑,𝑡 + 𝑃

𝜑
𝑑,𝑡 ⋅ 𝜌

3𝑝,𝜑,𝑚
𝑑,𝑡 (27)

𝑄𝜑,𝑚𝑑,𝑡 = 𝑄𝜑
𝑑,𝑡

⋅ 𝜌1𝑞,𝜑,𝑚𝑑,𝑡 +𝑄𝜑,𝑓𝑑,𝑡 ⋅ 𝜌2𝑞,𝜑,𝑚𝑑,𝑡 +𝑄
𝜑
𝑑,𝑡 ⋅ 𝜌

3𝑞,𝜑,𝑚
𝑑,𝑡 (28)

𝜌1𝑝,𝜑,𝑚𝑑,𝑡 + 𝜌2𝑝,𝜑,𝑚𝑑,𝑡 + 𝜌3𝑝,𝜑,𝑚𝑑,𝑡 = 1 (29)
𝜌1𝑞,𝜑,𝑚𝑑,𝑡 + 𝜌2𝑞,𝜑,𝑚𝑑,𝑡 + 𝜌3𝑞,𝜑,𝑚𝑑,𝑡 = 1 (30)
∑

𝑑
(𝜌1𝑝,𝜑,𝑚𝑑,𝑡 + 𝜌3𝑝,𝜑,𝑚𝑑,𝑡 ) ≤ Γ𝜑𝑡 (31)

∑

𝑑
(𝜌1𝑞,𝜑,𝑚𝑑,𝑡 + 𝜌3𝑞,𝜑,𝑚𝑑,𝑡 ) ≤ Γ𝜑𝑡 (32)
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3. Solution Methodology
The compact form of the problem formulation is presented in (33)-(38) as follows:

min
𝒙

𝒄⊤𝒙 + max
𝝃

min
𝒚

𝒃⊤𝒚 (33)

s.t.
𝑨𝒙 ≤ 𝒅 (34)
𝑭𝒙 +𝑸𝒚 + (𝑫 ⋅ 𝒙)⊤𝝃 +𝑴𝝃 = 𝒉 (35)
𝑬𝒚 ≤ 𝒈 (36)
‖𝑮𝒚‖2 ≤ 𝒎⊤𝒚 (37)
𝑳𝝃 ≤ 𝒘 (38)

The problem is reformulated as a two-stage robust optimization problem, where 𝒙 is the vector of first-stage decision
variables i.e.

[

𝑙𝜑,𝑚𝑣,𝑡 , 𝑢
𝜑,𝑚
𝑣,𝑡 , 𝑉

𝜑,𝑚
𝑣,𝑡

]

and 𝒚 is the vector of second-stage recourse decision variables i.e. 𝑃 𝜑,𝑚𝑣,𝑡 , 𝑃 𝜑,𝑚𝑒,𝑡 , 𝑃 𝜑,𝑚𝑛,𝑡 ,
𝑃 𝜑,𝑚𝑖,𝑡 , 𝑄𝜑,𝑚𝑣,𝑡 , 𝑄𝜑,𝑚𝑛,𝑡 , 𝑄𝜑,𝑚𝑖,𝑡 , 𝑃𝐿𝜑,𝑚𝑙,𝑡 , 𝑄𝐿𝜑,𝑚𝑙,𝑡 and 𝑠(.),𝜑,𝑚𝑏,𝑡 as well as the voltage magnitude on the buses (𝑼𝑚

𝑏,𝑡). Here, 𝝃 is a
vector representing the uncertain variables where 𝜌(.),𝜑,𝑚𝑑,𝑡 ∈ 𝝃 and 𝜎𝜑,𝑚𝑣,𝑡 ∈ 𝝃. The constraint (34) represents (21)-(24);
constraint (35) represents the set of constraints (2)-(3), (25), (27) and (28). Constraint (37) represents constraints (6)-
(7). Constraints (38), represents constraints (29)-(32). The rest of the constraints are represented by constraint (36).

The proposed solution approach is based on the column-and-constraint generation algorithm presented in [30]. The
flowchart of the proposed solution methodology is shown in Fig. 1. As shown in this figure, in the master problem
(first stage), the upper and lower margins of PV generation are determined by maximizing the difference between
the upper and lower margins, using the normalized term (𝑢𝜑,𝑚𝑣,𝑡 − 𝑙𝜑,𝑚𝑣,𝑡 )∕𝑃

𝜑,𝑚𝑎𝑥
𝑣 in the objective function. By solving

the subproblem at the second stage, the operation decisions considering the worst-case realization of the uncertain
variables are determined. The solution procedure is presented in the following steps.
1) Step 1 – Initialize the iteration count at 𝑘 = 0 and the convergence threshold at 𝜀1 ≤ 10−3. Set the 𝐿𝐵 = −∞ and
𝑈𝐵 = ∞.
2) Step 2 – Solve the master problem with the objective function shown in (39) and the constraints (40)-(44). Determine
the solution for 𝑙𝜑,𝑚𝑣,𝑡 , 𝑢𝜑,𝑚𝑣,𝑡 , 𝑉 𝜑,𝑚

𝑣,𝑡 by fixing the solution obtained from the subproblem (e.g. 𝜉∗). The upper and lower
margins of the PV generation determined in the master problem (𝒙∗) are passed to the subproblem.

min
𝒙

𝒄⊤𝒙 + 𝜂 (39)
s.t.

𝑨𝒙 ≤ 𝒅 (40)

𝜂 ≥ 𝒃⊤𝒚𝑙; ∀𝑙 ≤ 𝑘 (41)

𝑭𝒙 +𝑸𝒚𝑙 + (𝑫 ⋅ 𝒙)⊤𝝃∗ +𝑴𝝃∗ = 𝒉; ∀𝑙 ≤ 𝑘 (42)

𝑬𝒚𝑙 ≤ 𝒈; ∀𝑙 ≤ 𝑘 (43)
‖

‖

‖

𝑮𝒚𝑙‖‖
‖2

≤ 𝒎⊤𝒚𝑙; ∀𝑙 ≤ 𝑘 (44)

Update the 𝐿𝐵 using (45):
𝐿𝐵 = 𝒄⊤𝒙∗ + 𝜂̂𝑘+1 (45)
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3) Step 3 –Solve the subproblem with the objective function in (46) and constraints (47)-(50).

max
𝝃

min
𝒚

𝒃⊤𝒚 (46)
s.t. 𝑸𝒚 = 𝒉 − (𝑫 ⋅ 𝒙∗)⊤𝝃 −𝑴𝝃 − 𝑭𝒙∗ ∶ 𝝁1 (47)

𝑬𝒚 ≤ 𝒈 ∶ 𝝁2 (48)
‖𝑮𝒚‖2 ≤ 𝒎⊤𝒚 ∶ 𝝁3,𝝁4 (49)
𝑳𝝃 ≤ 𝒘 (50)

Here, the subproblem (46)-(50) is reformulated as (51)-(55) using the duality theory.
𝜓(𝒚) = 𝑚𝑎𝑥

𝝃

[

𝒉 − (𝑫 ⋅ 𝒙∗)⊤𝝃 −𝑴𝝃 − 𝑭𝒙∗
]⊤ 𝝁1 + 𝒈⊤𝝁2 (51)

s.t. 𝑸⊤𝝁1 + 𝑬⊤𝝁2 ≤ 𝒃 (52)
‖

‖

𝝁3
‖

‖2 ≤ 𝝁4 (53)
𝑳𝝃 ≤ 𝒘 (54)
𝝁2 ≤ 0, 𝝁1 𝑓𝑟𝑒𝑒 (55)

The nonlinear term 𝝁1𝝃 in (51) is linearized using McCormick envelopes. Considering 𝝊 = 𝝁1𝝃, the nonlinear term 𝝊
is linearized by (56)-(59) [31].

𝝊 ≥ 𝝁
1
𝝃 + 𝝁1𝝃 − 𝝁

1
𝝃 (56)

𝝊 ≥ 𝝁1𝝃 + 𝝁1𝝃 − 𝝁1𝝃 (57)
𝝊 ≤ 𝝁1𝝃 + 𝝁1𝝃 − 𝝁1𝝃 (58)
𝝊 ≤ 𝝁1𝝃 + 𝝁

1
𝝃 − 𝝁

1
𝝃 (59)

Update the upper bound of the solution using (60) and go to Step 4.
𝑈𝐵 = 𝑚𝑖𝑛{𝑈𝐵, 𝒄⊤𝒙∗(𝑘+1) + 𝜓(𝒚∗(𝑘+1))} (60)

4) Step 4 – Check if 𝑈𝐵 − 𝐿𝐵 ≤ 𝜀1. If this condition is satisfied, terminate the procedure; otherwise, go to Step 5.
5) Step 5 – Generate the columns and constraints by creating additional decision variables and adding constraint (41)-
(44). Set 𝑘 = 𝑘 + 1 and go to Step 2.

4. Numerical Results
In this section, the modified IEEE-13 bus system is considered as a test case. The simulations are performed on a

PC with Intel 3.4 GHz Core i5 processor and 8 GB memory, using MOSEK solver. The diagram of the modified IEEE
13-bus system is shown in Fig. 2 and the characteristics of dispatchable DG and PV units are shown in Tables 1 and
2 respectively. All DG units except DG4 are three-phase units. DG4 is a single-phase unit installed on phase C. The
total peak real power demand on phases A, B, and C are 1175 kW, 1039 kW, and 1252 kW respectively. The total peak
reactive power demand on phases A, B, and C are 616 kVAr, 665 kVAr, and 771 kVAr respectively. Fig. 3 shows the
demand profile and the total PV generation in the operation horizon. The forecasted PV generation is determined based
on the solar radiation for location ID 883549 on 8/9/2017 from [32]. The approximated feeder capacity is 2800 kW
with the least acceptable power factor of 0.82. The dispatch margins of PV generation in the three-phase unbalanced
system are evaluated in Cases 1-3 and the impacts of ramping limits of DG units and ESS on the dispatch margins of
PV generation are evaluated in Case 4.
Case 1 – PV dispatch margins with forecasted maximum PV generation and demand.
Case 2 – PV dispatch margins with forecasted maximum PV generation and worst-case realization of demand.
Case 3 – PV dispatch margins with uncertain maximum PV generation and uncertain demand.
Case 4 - Operation in island mode with the loss of the main feeder
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Figure 1: The proposed solution algorithm

Figure 2: The modified IEEE 13-bus distribution network.

4.1. Case1 – PV dispatch margins with forecasted maximum PV generation and demand
In this case, the demand and maximum PV generation follow the respective forecasted profiles. The dispatch margins

of PV generation on phase C are shown in Fig. 4. Here, the lower dispatch margin of PV generation on phase C is
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Table 1
Dispatchable DG Units’ Characteristics

DG Bus 𝑃 𝑚𝑖𝑛 𝑃 𝑚𝑎𝑥 𝑄𝑚𝑖𝑛 𝑄𝑚𝑎𝑥

1 4 0 200 -100 100
2 6 0 200 -100 100
3 13 0 250 -120 120
4 7 0 40 -20 20

Table 2
PV Generation Units’ Characteristics

PV Bus 𝑃 𝑚𝑖𝑛 𝑃 𝑚𝑎𝑥 𝑄𝑚𝑖𝑛 𝑄𝑚𝑎𝑥

1 13 0 200 -100 100
2 10 0 200 -100 100
3 9 0 200 -100 100
4 4 0 100 -50 50

Figure 3: Daily profile of demand and maximum PV generation.

increased from 11.018 𝑘𝑊 at hour 8, to 23.585 𝑘𝑊 and 73.917 𝑘𝑊 at hours 9 and 10 respectively. Similarly, the
lower dispatch margin of PV generation is increased from 36.182 𝑘𝑊 at hour 15, to 48.752 𝑘𝑊 at hours 16 and 17.
At hour 10, the demand on phase C is 1252 𝑘𝑊 , and the total output of the feeder and DG units is 1229.094 𝑘𝑊 . The
power loss at this hour is 51.094 𝑘𝑊 and therefore, the total power loss and demand at this hour is 1303.094 𝑘𝑊 .
Decreasing the dispatch of PV generation will result in the increase in the dispatch of DG units and the main feeder;
however, the total dispatch of DG units and the main feeder cannot exceed 1229.094 𝑘𝑊 as they reach their maximum
power capacities. Therefore, the lower PV dispatch margin at hour 10 on phase C is 73.917 𝑘𝑊 . Similarly, at hour
11, the demand on phase C is 1226.9 𝑘𝑊 and the total output power of the feeder and DG units is 1230.848 𝑘𝑊 . At
this hour the power loss is 52.640 𝑘𝑊 and therefore, the total power loss and demand reaches 1279.6 𝑘𝑊 . The lower
dispatch margin of PV generation on phase C at this hour is 48.752 𝑘𝑊 . In this case, the lower dispatch margins on
phase B are zero at all hours.
4.2. Case 2 – PV dispatch margins with forecasted maximum PV generation and worst-case

realization of demand
In this case, the uncertainty set for demand is within 0.95 and 1.05 of the forecasted values. The upper and lower

margins for PV generations were determined considering the worst-case realization of demand within the uncertainty
set. The budget of uncertainty is defined as the portion of demand entities that have the flexibility to variate within
the uncertainty set. If the budget of uncertainty is 0%, the demand equals the forecasted value. When the budget of
uncertainty is increased to 100%, the demand on all phases at all buses could vary between the possible minimum and
maximum values represented by the uncertainty set. The PV dispatch margins on phase C considering the forecasted
demand as well as the worst-case realization of the demand are shown in Fig. 4. In Fig. 4, it is shown that when the

M. Ramin Feizi et al.: Preprint submitted to Elsevier Page 9 of 15



Photovoltaic Dispatch Margin in Unbalanced Distribution System

budget of uncertainty is 100%, the lower PV dispatch margin increases. In Fig. 4, with 100% budget of uncertainty, at
hour 10, the demand in the distribution network is 1306.10 𝑘𝑊 , the power loss is 12.173 𝑘𝑊 and the outputs of the
feeder and DG are at their maximum and their total output reaches 1189.99 kW. Therefore, at this hour, the rest of the
demand is supplied by the PV units, and the lower margin of PV dispatch increases to 128.282 𝑘𝑊 .
The upper margins for PV generation in Case 1 and Case 2 are the same. In Case 2, the lower margins at hours 17
and 18 are 101.907 𝑘𝑊 and 89.008 𝑘𝑊 respectively. At hour 18, the difference between the lower and upper margins
reaches 4.043 𝑘𝑊 as the PV generation decreases and the demand reaches 1266.917 𝑘𝑊 .
In this case, the maximum PV generation is the same for all phases; however, the demand on phase C is larger than
that on the other two phases; therefore, the lower PV dispatch margin on phase C is higher than that on the other
phases. Here, the PV generation on phase C is dispatched to serve the demand if the power capacities of the feeder and
distributed generation are not adequate to serve the demand on this phase. The dispatch margins for PV generation
units on phase C are shown in Fig. 5. As shown in this figure, at hour 10, both the minimum and maximum dispatch
margin for PV2 and PV3 are 58.538 𝑘𝑊 , which indicates that at this hour, the generation unit of PV3 has to be fully
dispatched to serve the demand.
The uncertainty in demand will increase the lower PV dispatch margin. Fig. 6 shows the difference between the upper
and lower margins of the total PV generation as the budget of uncertainty varies from 0% to 100%. As shown in Fig.
6, as the budget of uncertainty increases, the difference between the upper and lower dispatch margins will decrease.
With a 100% budget of uncertainty, at hour 13, the total real demand of 3376.645 𝑘𝑊 and the total loss of 120.484 𝑘𝑊
are supplied by the main distribution feeder, DG units and PV generation units. The main distribution feeder and DG
units supply 3300.989 𝑘𝑊 and the PV generation units serve 196.14 𝑘𝑊 .

Figure 4: The total dispatch margins on phase C with forecasted demand (Case 1) and the worst-case realization of
demand with 100% budget uncertainty (Case 2).

Figure 5: The dispatch margins of PV generation units on phase C (Case 2)

M. Ramin Feizi et al.: Preprint submitted to Elsevier Page 10 of 15



Photovoltaic Dispatch Margin in Unbalanced Distribution System

(a)

(b)
Figure 6: The difference between the upper and lower PV dispatch margins for different budgets of uncertainty in demand
(a) total hourly difference (b) total day-ahead difference.

4.3. Case 3 – PV dispatch margins with uncertain maximum PV generation and demand
Here, the Gaussian probability distribution function is used to represent the forecast errors in the maximum PV

generation and demand, and Monte-Carlo simulation is used to generate 100 scenarios. The mean of the probability
distribution function is the forecasted values in Cases 1 and 2, and the standard deviation is 0.025 of the mean values.
The total upper and lower PV dispatch margins on phase C in 5 scenarios and the expected upper and lower dispatch
margins are shown in Fig. 7. In Fig. 8, the expected upper and lower PV dispatch margins are compared with those
procured in Case 1. As shown in this figure, the lower PV dispatch margin, in this case, is higher than that in Case 1.
Here, the lower and upper dispatch margins (i.e., 𝑢̃𝜑𝑣,𝑡 and 𝑙𝜑𝑣,𝑡), are determined in a way that the risk of violating these
margins are constrained as shown in (61) and (62). Fig. 7 shows the upper and lower margins for which the probability
of exceeding these margins does not exceed 10%. Here, the upper and lower dispatch margins are determined so that
such limits do not violate in more than 10% of scenarios. Fig. 8 shows the procured risk-based upper and lower
dispatch margins (i.e. 𝑢̃𝜑𝑣,𝑡 and 𝑙𝜑𝑣,𝑡) compared to those procured in Case 1, and the expected lower and upper dispatch
margins for 100 scenarios in this case. Table 3, shows the total lower and upper dispatch limits of PV generation
once the probability of exceeding such limits is increased from 5% to 50%. As shown in this table, as the probability
of violating the upper and lower bounds increases, the risk-based upper margin decreases while the risk-based lower
margin increases.
Once the uncertainty in demand is represented by polyhedral sets with 100% budget of uncertainty, the expected upper
and lower dispatch margins for phases A, B, and C are shown in Fig. 9. Here, the total expected upper dispatch margins
on all phases are 1956.4 𝑘𝑊 ℎ which is equal to the expected upper dispatch margin of PV generation with scenario-
based demand. Furthermore, similar to the case with scenario-based demand, the total expected lower dispatch margin
on phase B is zero, as the demand on phase B can be supplied by the feeder and DGs. The total expected lower dispatch
margins on phases A and C are 558.59 𝑘𝑊 ℎ and 891.77 𝑘𝑊 ℎ, respectively. These margins are higher than the total
expected lower dispatch margins with scenario-based demand on these phases, i.e. 125.85 𝑘𝑊 ℎ for phase A, and
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Figure 7: The total PV dispatch margins on phase C in five scenarios S1-S5, the expected PV dispatch margins, and the
risk-based upper and lower dispatch margins for 𝜀 = 0.1 in Case 3

Figure 8: The expected upper and lower PV dispatch margins in Case 1 and Case 3 and the risk-based upper and lower
dispatch margins with 𝜀 = 0.1

Table 3
The total risk-based lower and upper dispatch margins of PV generation units on phase C in 24 hours

𝜀 Total Lower Dispatch
Margin (kWh)

Total Upper Dispatch
Margin (kWh)

0.05 17.47 2034.65
0.1 52.42 2028.16
0.2 113.22 2001.94
0.3 200.52 1987.62
0.4 237.54 1972.41
0.5 307.19 1956.04

362.17 𝑘𝑊 ℎ for phase C.

ℙ
[

𝑢̂𝜑,𝑚𝑣,𝑡 ≤ 𝑢̃𝜑𝑣,𝑡
]

≥ 1 − 𝜀 (61)
ℙ
[

𝑙𝜑,𝑚𝑣,𝑡 ≥ 𝑙𝜑𝑣,𝑡
]

≥ 1 − 𝜀 (62)

4.4. Case 4 – Operation in island mode with the loss of the main feeder
In this case, the main feeder is disconnected and the distribution network is supplied by the DG and PV generation

units. The characteristics of the DG units are shown in Table 4. As shown in Fig. 10a, at hour 10, the peak demand on
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Figure 9: The expected dispatch margins of PV generation units on phases A, B and C with uncertain PV generation and
worst-case realization of demand

Table 4
Characteristics of dispatchable DG units in the islanded mode operation
of the IEEE-13 bus system.

DG Bus
Ramp Rate
(kW/hr)

𝑃 𝑚𝑎𝑥

(kW)
𝑄𝑚𝑖𝑛

(kVar)
𝑄𝑚𝑎𝑥

(kVar)

1 4 225 1010 -505 505
2 6 225 1010 -505 505
3 13 240 1260 -700 700
4 7 15 60 -30 30

Table 5
Characteristics of ESS in the island mode operation of the IEEE-13 bus
system.

ESS Bus 𝑃 𝑚𝑎𝑥 𝑄𝑚𝑎𝑥 𝐸𝑚𝑖𝑛 𝐸𝑚𝑎𝑥

1 4 200 120 0 200
2 10 200 120 0 200

phase A is 1175 𝑘𝑊 and the power loss is 47.551 𝑘𝑊 . The total generation of DG units is 1137.562 𝑘𝑊 .Therefore,
the rest of the demand is served by the PV generation and the lower PV dispatch margin is 1175+47.551−1137.562 =
84.989 𝑘𝑊 . Similarly, in Fig. 10b, on phase C, the total demand is 1252 𝑘𝑊 and the power loss is 44.025 𝑘𝑊 and
the total generation of DG units is 1195.02 𝑘𝑊 , therefore the rest of the demand i.e. 1252 + 44.025 − 1195.02 =
101.658 𝑘𝑊 is supplied by the PV generation and the lower PV dispatch margin is 101.658 𝑘𝑊 . Furthermore, Fig.
10 demonstrates the effect of ramp rates on the PV dispatch margins. As shown in Fig. 10a, when ramp rates are not
considered, the lower PV dispatch margins on phase A at hours 12, 16, are 0 𝑘𝑊 . By considering the ramp rates for
DG units as shown in Table 4, the lower PV dispatch margins at hours 12, and 16 are increased to 26.199 𝑘𝑊 , and
61.481 𝑘𝑊 respectively. Furthermore, the impact of ESSs on the PV dispatch margins are shown in Fig. 10. The
characteristics of ESSs considered, in this case, are shown in Table 5. As shown in Fig. 10a, the lower PV dispatch
margin on phase A is dramatically reduced after installing the ESSs. Here, the lower PV dispatch margins are decreased
from 84.989 𝑘𝑊 , and 101.658 𝑘𝑊 at hour 10, to 0.340 𝑘𝑊 and 26.221 𝑘𝑊 on phases A, and C respectively.
Considering the ramp rates for DG units will decrease the difference between the lower and upper PV dispatch margins.
In the day-ahead operation horizon, the total difference between the upper and lower PV dispatch margins in the island
operation mode of the distribution network ignoring the ramp rates of DG units are 1580.35 𝑘𝑊 ℎ, 1951.877 𝑘𝑊 ℎ,
and 1580.35 𝑘𝑊 ℎ on phases A, B, and C, respectively. Once ramp rates are considered, such values are reduced to
1478.23 𝑘𝑊 ℎ, 1951.877 𝑘𝑊 ℎ, and 1336.185 𝑘𝑊 ℎ for phases A, B, and C, respectively. Furthermore, utilizing the
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(a)

(b)
Figure 10: The lower PV dispatch margin on (a) phase A and (b) phase C for isolated distribution network considering
the ramp rate for DG units and energy storage.

ESSs will increase the difference between the upper and lower PV dispatch margins. Here, integrating ESS with ramp
rates of DG units will increase the total difference between the upper and lower dispatch margins in the day-ahead
operation horizon to 1725.421 𝑘𝑊 ℎ, 1951.887 𝑘𝑊 ℎ and 1754.519 𝑘𝑊 ℎ on phases A, B, and C, respectively.

5. Conclusion
In this paper, the upper and lower PV dispatch margins in unbalanced three-phase distribution systems are deter-

mined to ensure the security of the distribution network. A two-stage optimization problem is formulated and a solution
approach is proposed to solve this problem. The modified IEEE 13-bus system is used to evaluate the effectiveness of
the proposed formulation and solution methodology. It is shown that the worst-case realization of demand will increase
the lower PV dispatch margins and decreases the difference between the lower and upper PV dispatch margins. Fur-
thermore, increasing the budget of uncertainty for demand will decrease the difference between the lower and upper PV
dispatch margins. The uncertainty in maximum PV generation and demand is considered using scenarios. Compared
to the scenario-based models that address the uncertainty in demand, it is shown that the lower PV dispatch margins
are higher once the worst-case realization of demand is considered. Furthermore, the risk associated with violating
the upper and lower dispatch margins is considered. The impacts of the ramp rates of DG units and the installation
of ESSs on the PV dispatch margins are investigated. It is shown that imposing the ramp rates for the DG units will
increase the lower PV dispatch margins and leveraging ESSs increases the difference between the lower and upper PV
dispatch margins and decreases the lower PV dispatch margins.
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