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1 Introduction

One of the most striking observations in the study of quantum gravity is that certain
simple gravitational theories — primarily those in a low number of space-time dimensions
— appear to be described not by a single quantum theory, but rather by an ensemble
average of many theories. This phenomenon was initially described for Jackiw-Teitelboim
gravity in AdSe, which is dual to a random matrix theory [1]. This is a prototypical
example of an AdSy/CFT; duality. In order to understand higher dimensional versions
of this phenomenon, one would like to understand ensembles of random conformal field
theories which are dual to putative theories of gravity in Anti-de Sitter space. At first sight,
constructing a random conformal field theory seems quite difficult, as it would involve an
ensemble average over the space of conformal field theories, a space which is itself quite
poorly understood. For this reason, recent work in this direction [2, 3] has focused on CFTs
with enhanced symmetry algebras where the space of CFTs can be understood precisely
(related works in this direction include [4-8]).

The natural starting point is perhaps the simplest possible family of two dimensional
CFTs: unitary, compact CFTs with U(1)? x U(1)” current algebra and central charge
c = D. These are simply theories of D free compact bosons, and the data which defines



such a theory is an even, self-dual lattice of signature (D, D). The moduli space of such
theories is the homogeneous space [9, 10]

Mp = O(D, D,Z)\O(D, D)/O(D) x O(D). (1.1)

This space has finite volume, and a unique homogeneous metric which can be used to define
a probability distribution on the associated space of CFTs. The work of [2, 3] argued that
this ensemble average is dual to an exotic three dimensional theory of gravity in AdSs
dubbed “U(1) gravity”. This theory of gravity includes as its perturbative degrees of
freedom a U(1)?P Chern-Simons theory describing the gauge dynamics dual to the U(1)2P
global symmetry in the boundary. The non-perturbative structure of the theory is defined
by a sum over geometries in the bulk. Together these ingredients were shown to reproduce
the ensemble average of the genus g partition function, which was computed using the
Siegel-Weil formula in terms of a real analytic Eisenstein series [11-13].

The genus g partition function, however, is not the most general observable of the
theory. The theory contains global U(1) charges, so one can in addition consider “flavored”
partition functions which include fugacities that couple to these global U(1) charges. For
example, on the torus one can consider the flavored partition function

_ 1 _c _ ; _c 00 7 B - I 71
Z(T,T, Zi’zé) = Tr |:e27rZT(L0 24)6 27r1(L0 24)@27”2L‘]O@ 27’I’ZZRJO:| ’ (12)

which depends on both the conformal structure parameter 7 as well as a D-component
vector (zi,z;@) of chemical potentials. Geometrically, these chemical potentials can be
interpreted as background Wilson lines which couple to the global U(1) charges (Q7, Q') of
a state. At higher genus, one can consider more general flavored partition functions which
include Wilson lines wrapping arbitrary cycles in the boundary surface.

The natural question is then: is there a version of the Siegel-Weil formula which allows
one to compute the ensemble average of these more general observables? And second —
and perhaps more importantly — does the result yield some insights into the structure
of the theory and its gravity dual beyond the higher genus partition functions considered
in [2]? The answer to the first question is, in fact, not difficult. The observation begins
with the fact (that we will explain in much more detail below) that the counting function
for primaries, ©(zr, zr, 7, T), obeys a version of the heat equation:

P_Llye, P__Llge (1.3)

or  4mi “F o7 4 °R
This equation follows from the fact that the stress tensor of a free boson theory is Sugawara,
and hence a composite operator quadratic in the U(1) currents; this relates variations with
respect to the conformal structure to variations with respect to the U(1) gauge potentials.
By averaging this equation over Narain moduli space we will completely determine the
ensemble average of the flavored partition function, a novel (and somewhat less commonly
studied) version of the Siegel-Weil formula.

Equation (1.3) hints as well towards an answer to our second question, as it allows
us to trade conformal structure dependence for dependence on the fugacities. At the level



of the torus partition function this is not particularly interesting, as it simply reflects the
fact that the dimensions and spins of primary operators are uniquely given by their U(1)
charges

A=Q-Q+Q-Q, Jj=Q-Q-Q-Q. (1.4)
The situation at higher genus is considerably more interesting since the dependence of the
higher genus partition function on conformal structure encodes not just the dimensions
and spins of primary states but also the operator product expansion coefficients. In a free
CFT, however, the OPE coefficients are completely determined by charge conservation

CQ17Q2,Q3 X 5(Q1 + Q2+ QS) . (1.5)

Thus one might expect that all of the data of a higher genus partition function can be
completely packaged into information about the corresponding conserved charges. Indeed,
we will see that this is the case by writing down a higher genus version of the heat equa-
tion (1.3). An interesting feature of this result is that it is possible to go to the boundary
of moduli space where a higher genus surface degenerates into a disjoint union of tori. The
result is that all of the data contained in a genus g partition function can be repackaged
into the data of the ¢ moment of the (flavored) torus partition function:

(Z(m1,21)2(72, 22) -+ Z(7, 29)) 4 (Zy(T)) - (1.6)

The averages of these quantities are given by appropriate Eisenstein series, just as in the
unflavored case. In a sense, therefore, this perspective allows us to completely dispense with
the higher genus partition functions and consider only statistical properties of the torus
partition function.! An additional interesting feature of our result is that it allows us to
easily compute explicit expressions for the averaged density of states (p(A, j, Q7)) and the
two point function (p(Aq, j1, Q1)p(A1,j1,Q7)); it turns out that by including dependence
on charge, one finds expressions which are considerably simpler than those which have
previously appeared in the literature.

Turning to the holographic interpretation, we show that the statement [2, 3] that the
averaged partition function can be naturally reproduced in terms of U(1)” x U(1)? Chern-
Simons theory generalizes to the flavored case. The chemical potentials appearing in the
flavored partition function map to a choice of boundary conditions in the Chern-Simons
theory, in a manner which enforces the proper behavior under modular transformations.

This paper is structured as follows. In section 2 we begin with a few remarks on
the Narain moduli space and define the averaging procedure for partition functions. The
flavored partition function on the torus is evaluated in section 3 using a generalization
of the Laplace equation, as well as via a heat equation. The analysis for the partition
function is generalized to higher genus in section 4. Section 5 reproduces the flavored
partition function from U(1)” x U(1)” Chern-Simons theory in AdSs.

IThis may provide an interesting perspective on the analogy between sphere packing and the modular
bootstrap described in [14, 15]. The natural question following [15] is: what is the sphere packing analogue
of the conformal bootstrap constraints which go beyond torus modular invariance, such as higher genus
modular symmetry or the crossing symmetry of local correlation functions? Our considerations suggest the
following answer: modular properties of higher moments of the theta series appearing in the sphere packing
problem.



2 Flavored partition functions of Narain CFTs

In this section we recall aspects of free CFTs in two dimensions, with emphasis on their
symmetries and moduli spaces.

We consider the theory of D real compact bosons X!, I = 1,2,...D, and its associ-
ated U(1)P x U(1)P current algebra. Current algebra primaries are given by the vertex

operators2
V, = el Xp+ilp-Xr (2.1)

The momentum vectors [ = (I£,1%) live in a lattice ', which has a signature (D, D) inner
product:
lOlElL‘lL—lR'lR. (2.2)

The choice of lattice I' labels different possible CFTs, i.e. different compactifications of
the free bosons. This choice is constrained by modular invariance of the torus partition
function. First, invariance under 7 — 7+ 1 (i.e. the quantization of spin) implies that I"
is even, i.e. that the vectors (I,1L) obey l ol € 2Z. Second, invariance under 7 — —1/7
implies that I is self-dual, i.e. that I'* = I', where the dual lattice I'* consists of all vectors
with integer o product with all elements of I'. An even, self-dual lattice of signature (D, D)
is known as a Narain lattice.
The eigenvalues of the Virasoro generators (Lo, Lg) are

1 ~ 1 -

L0=§z%+N, L0:§Z%+N, (2.3)
where N, N € 7Z are the integer valued oscillator levels. The (unflavored) partition func-
tion is 1

ZF(T) _ eim'l%fiﬂ'?l% ) (24)

D &

Here the prefactor counts the oscillator states, i.e. the descendants under the U(1)? xU(1)P
current algebra, and the lattice sum counts primaries. The partition function is modular
invariant, in the sense that

ab
cd

ar+b
> € SL(2,Z), ~T= e (2.5)

Zr(y7) = Zr(r), 7= (

Given a Narain lattice I', one can always apply an O(D, D) rotation A to produce
another Narain lattice I'y = AT, with A € O(D, D). In fact, it is not hard to show that
any Narain lattice may be obtained by some O(D, D) rotation of a fixed reference lattice
[y. However, not all such O(D, D) rotations yield distinct CFTs. First, an O(D) x O(D) €
O(D, D) rotation will act as a symmetry of a particular theory, since its effect can be undone
by a compensating O(D) x O(D) field redefinition of the fields (X, Xgr). The result is
that the spectrum of vertex operators and their OPE coefficients will be unchanged by such
a rotation. Second, a subgroup of O(D, D) will leave the lattice I" itself invariant. This
subgroup is just O(D, D,Z), as can be seen by taking our reference lattice I'y to be the

2In string theory language we are setting o = 2.



integer lattice in RP>P. The result is that the moduli space of inequivalent Narain theories
is the coset
Mp =0(D,D,7Z)\O(D,D)/O(D) x O(D). (2.6)

This moduli space has dimension D?.
This space of free theories can also be described more explicitly as o-models, with
action

1
S = 4— /dQU (\/ggaﬁijaaXlagXJ + GaBBljaaXlaﬁXJ> . (27)
T

Here the boson fields have been scaled to have integer periodicities: X! = X! + 27m/!,
m! € 7Z, so the choice of theory has been packaged into the target space metric G and B-
field Bry. These are constant symmetric and antisymmetric matrices, respectively, which
can be combined into a D x D matrix

Er;=Grs+ Biy- (2.8)

One can think of F as a coordinate on the moduli space Mp.
To understand the Narain moduli space in this language, we introduce the O(D, D)
element g that acts on the matrix F as

g:FE — gE = (aE+b)(cE+d)™, (2.9)

ab T OI
g <Cd>, g Jg=1J, <IO> (2.10)

is an element of O(D, D). Any matrix E is invariant under some O(D) x O(D) subgroup

where

of O(D, D). This can be seen by first noting that £ = I is invariant under the action of

a0 Ob T T
= = :I. 2-11
i=(50). (00) wa=im 211

The corresponding statement for general E is obtained by conjugating by the action

matrices of the form

of O(D, D).
To write the spectrum, we introduce the matrix
G — BG™'B BG™!
M = ( B o1 ) . (2.12)

This is convenient because the O(D, D) rotations act equivariantly on M, in the sense that
g: M — gMgT. (2.13)

Since in the o-model formulation the fields have integer periodicities, the primary states

1

of the theory can be labelled by a vector of integers (m',ny). In terms of these, the spin

Lo — Lo and dimension Lo+ Lg of a given primary state is

1
3 —1%=2mln;, B+15=2"MZ, Z= (m ) . (2.14)
ny



The T-duality group O(D, D, Z) is given by those g for which the entries of g7 Z are integer.
In this case the action (2.13) is the usual Buscher rule for the T-duality transformation of
the target space metric and B-field.

It is important to note that the moduli space Mp defined above is a homogeneous
space which has a unique Riemannian metric which is invariant under an O(D, D) isometry
group (generated, in terms of the coset structure, by left multiplication). This coincides
with the usual “Zamolodchikov” metric on the CFT moduli space, and is the natural one
to use when considering averages over this space of theories. In particular, we average over
moduli space by integrating:

1
0= Yottty fup, © (2.15)

where dy is the associated invariant measure. We have divided by the volume of Mp in
order to properly normalize this measure as a probability distribution. It is important to
note that, although O(D, D) has infinite volume, the moduli space Mp has finite volume
when D > 1. This is due to the fact that we have quotiented by the action of the T-duality
group; without such a quotient, an interpretation of du as a normalizable probability
measure would be impossible.

We wish to study the flavored partition function, which is obtained by introducing a
set of 2D chemical potentials z = (21, 2%) that couple to the U(1)? x U(1)” charges of a
state. These charges are just the individual components of the lattice vector [ = (li, lz{z),
so the flavored partition function is

ZF(T P Z em‘rl%7i7r?l%+27rizL-lLf27rizR-lR ) (216)

|2D
lel’
We note that only the lattice sum has been modified; the prefactor remains the same,
because the action of the U(1) current algebra will not change the charge of a state.
There is one important distinction, which is that the potentials z are not invariant
under the O(D) x O(D) rotations described above. The reason is easy to understand.
Given a point in moduli space corresponding to a choice of E there is an equivalence class
of lattices related by O(D) x O(D) rotations, all corresponding to the same CFT. However,
in a given CFT there are many possible choices of basis for the U(1)? x U(1)? symmetry
algebra, which are related precisely by these O(D) x O(D) transformations. When we
introduce potentials z we have implicitly made a choice of basis. So the flavored partition
function should be viewed as a function on the space of Narain lattices O(D, D, Z)\O(D, D)
rather than on the moduli space of CFTs (2.6). This will be important when we consider
the average of flavored quantities, because we must now integrate over this larger moduli
space. In particular, we will consider averages of the form

()= 1 /
~ Vol(O(D, D,Z)\O(D, D)) Jo(p,n,2)\0(D,D)

() dn (2.17)

For quantities which are O(D) x O(D) invariant (such as unflavored partition functions)
this reduces to the average over Mp described above. But this procedure can now be
applied to flavored quantities as well.



3 Siegel-Weil formula for flavored partition functions: torus case

In this section we will compute the average of flavored CFT partition functions on the torus.
We will do so by showing that it satisfies a set of differential equations, combined with
knowledge of its behavior at the boundary of moduli space. We will begin with a review
of the unflavored case, before describing two differential equations — both a “Laplace
equation” and a “heat equation” — obeyed in the flavored case. This latter equation in
particular will allow us to easily reduce the computation of the averaged flavored partition
function to the unflavored case.

3.1 The flavorless Siegel-Weil formula

We begin by describing the Laplace equation obeyed by the partition function, which
was used by [2] to derive the Siegel-Weil formula in the unflavored case. We will present
a streamlined derivation of this equation in a form which can be easily adapted to the
flavored case.

We start by writing the partition function as

1
Zp(r) = W@F(T)’ Or(r) = ZQ(Z,T) (3.1)
n ler
where
Q(lﬂ') = e’L’TFTl%*iW?l% _ eiTrTl(l%fl%)efwm(l%#»l%) ) (32)

with 7 = 71 +i79, T = 71 — iT2. We have separated out the theta function ©p(7) which
counts primary states. We denote the Laplacian acting on the modular parameter 7 as

0?2 0?2 0?2
=22 D) = a2 . :
An 72 (8712 + 873) 72 oToT (3.3)

It is then straightforward to check that
AuQ(l,7) = —4r*73131%Q(1, 7). (3.4)

We now consider the Laplacian A4 acting on the moduli space of Narain lattices.
While we could write this operator in terms of the (Gry, Bry) target space fields, it is
simpler to think of this Laplacian as an operator on the O(D, D) group manifold. Since
Q(l,7) is invariant under O(D) x O(D) rotations, these two versions of the Laplacian
will be proportional to one another. We start by defining O(D, D) as the linear trans-
formations which preserve the quadratic form napY4Y? where A,B = 1,2,...,2D and
nap = diag(1”, —17). Writing the O(D, D) generators as

0 0
AB _ _BCy A AC~ B
T =Y e =Y gy (3:5)
the quadratic Casimir is
J? = nacnppJABICP . (3.6)



We now use the fact that the charge vector [ = (I£,1}) transforms as a (contravariant)
vector under the O(D, D) rotations. In particular, we can assemble these charges into an
O(D, D) vector Y as:

=yl L=yPt 1=12..D. (3.7)

Since the quadratic Casimir is proportional to the Laplacian, this provides an explicit
expression for the Laplacian as a differential operator.
Explicitly, when acting on functions of the charge vector the quadratic Casimir takes

the form
J* = LiLh + RIR, + 21T (3.8)
with B ) B ) ) B
b=t — 1/ — RLi=1h— -}, Ti=1_" +1}—. (3.9)
o] ol o~ ol aif oIl

Since the l%, g are annihilated by L5 and R{,, and [3 —l% is annihilated by all the generators,

we have
J2Q(, ) = ™ ULh) o |omf e At | (3.10)
An elementary computation yields
2
inT1 (12 —1%) ol pl [ —wro (12 +1%) _ 2 9 i irTl? —inTl2
e LT RI2TTye LR =8 l4’r2 - +DT28T2 e R
= _8 |:A . DT28:| eiTl‘Tl%*iﬁ?l?{ (3 11)
" 019 ’ '
We will normalize our Laplacian as
1
Ay = —§J2 (3.12)
to match [2], so that our result reads
0
We will rewrite this as
A +s(s — 1) = And (2Q(, 7)) =0, s=D/2. (3.14)

We can now sum this over I' to conclude that the theta function obeys the same differential
equation:
D/2
[Ag +5(s = 1) = Ap (7500 (7)) = 0. (3.15)

In this expression A is now the Laplacian on the space of Narain lattices I'. We note that,

since |n(7) ]*QD

and 7'2D /% have the same modular transformation properties, TQD / 2@p(7) is
modular invariant

We now integrate this equation over the moduli space Mp to obtain an equation for
the object

H(r) =% 0r(r)) . (3.16)



The crucial observation is that, since AyOp(7) is a total derivative on Mp, its integral
vanishes.> The result is that H(7) is a modular invariant eigenfunction of the Laplacian
on the upper half plane:

[Ay+s(s—1)]H(t)=0. (3.17)

One solution to this equation is the Eisenstein series?

Eps(r) = 2 >
(e,d)=1

1
m : (3.18)
We can now argue that in fact H = E(7). One way to do so is to note that, since
we are considering modular invariant functions, we can effectively view this as a Laplace
equation on the fundamental domain #H/SL(2,7Z) which has finite volume. Compactifying
the fundamental domain by adding the point at infinity (7 = ic0), we can use the uniqueness
of solutions to the Laplace equation with negative eigenvalue. One only has to check that
H(7) and Ep/s(7) have the same behavior as 7 — oo. Putting this together gives the
Siegel-Weil formula for the torus partition function:

7'2D/2 1
V4 = = _— 1
)= e 2 frrap 19

3.2 Flavored Laplace equation

We now extend this to the flavored partition function, which we write as

1
———0r(7,2), Or(r,z2)= P, z,71), 3.20
‘77(7—)’2[) F( ) F( ) IZE; ( ) ( )

where again the function Or(7, z) counts the contribution of primary states, and

ZF(T, Z) =

P(l, 2, 7_) — e’iﬂ'Tl%—iﬁ?l%-ﬁ-Qﬂ'izL-lL—?WizR'lR . (321)

The flavored partition function is not modular invariant, but instead transforms covari-
antly as

7 ar+b ar+b 21 #h
"\ervrderrd ertd cer+d

icmz  dcmay

ct+d cT+d

= exp Zr(r, 7, 2E, 2h) . (3.22)

We will begin by deriving a version of the Laplace equation. In our derivation of
the Laplace equation above, we used the fact that the charge vector | = (If,14) could

3To argue that this one must in addition show that the surface terms arising on the boundary of Mp
vanish. It is easy to see that this occurs when D > 2 by considering the explicit behavior of the lattice
sum; see [2] for details.

/2 is itself an eigenfunction of Ay

4To see that this is an eigenfunction of the Laplacian we note that 7'2D
with the correct eigenvalue. The Eisenstein series is the sum of this eigenfunction over the modular group,
E(r)= Z'ye SL(2.2)/2 'yTQD / 2, which gives a modular invariant eigenfunction with the same eigenvalue. Here
the subgroup Z is the set of matrices ({7 ) which leave 7, invariant. The coset SL(2,Z)/Z can then labelled
by pairs of coprime integers (c,d) which make up the lower row of an SL(2,Z) matrix, giving the form of

the Eisenstein series given in equation (3.18).



be packaged into a vector under O(D, D) transformations. The chemical potentials z =
(21, 25) can also be assembled into a vector under O(D, D), since the inner product z, -
lp —zg-lr is O(D, D) invariant. It is then useful to introduce extended O(/l_?,\D) generators
that act on both the charge vector [ and the chemical potential z,

=ty g + kg~
L “L “L
) = thoey ~ o + hry — shoor
T = liai{z - léa?g +z 68]2 + ZRaa (3.23)
The quadratic Casimir on O(/Dﬁ)) will again take the form
J? = L5 L% + RYRL + 2TiT! (3.24)

where the hat indicates that this quadratic Casimir is now understood as a differential
operator on functions of both [ and z.

We now follow the same logic as in our derivation of equation (3.14). Since the gener-
ators (3.23) all annihilate the O(/Dj)) invariant combination zy, -l — zr - [g which appears
in our expression for P(l,z,7) the computation reduces to the one described earlier, and
we find

(A +s(s=1) = Aud] (2P 27)) =0, s=DJ2, (3.25)
where again A M= —%j 2. As before, we can sum over the lattice I" to see that:
A9+ (s = 1) = Au (7 *0r(7,2)) = 0. (3.26)

We note that the Laplacian A M appearing here is an O(/Dﬁ)) Laplacian which now acts on
both the space of Narain lattices I' as well on the vector z = (zi, zé) of chemical potentials.®
However, in the averaging procedure to be discussed momentarily it is important to note
that we average Narain lattices I' while holding fixed the chemical potentials z. Note that
for fixed z # 0, the O(D) x O(D) rotations of the lattice lead to inequivalent partition
functions (3.20) and (3.21).

We now wish to integrate this equation over the space of Narain lattices I' to obtain
an equation for

Gz, 1) = 2400 (1,1, 2)). (3.27)

It is important to remember that — as described in section 2 — the average (-) should be
understood as an integral over all O(D, D) rotations of a given reference lattice (keeping z
fixed) rather than just O(D, D)/O(D) x O(D). This implies that the integrated expression

For the flavored partition function, the sigma model (2.7) will have additional target space gauge
fields (A%, A) coupled to the left/right-moving U(1) currents. In principle, A can be expressed as a
differential operator acting on the target space fields (Gry, By, A%, AT), but we have not worked out the
explicit expression since it will not be needed.

~10 -



G(z,7) will only depend on the potentials through the O(D) x O(D) invariant combinations
22 and 2%.

Many of the terms in A M= —%JA 2 give vanishing contributions to the integral. The
collection of terms not involving z is just the Laplacian Ajq on O(D, D) and so integrates
to zero for D > 2, as before. Next we have the cross terms involving both [ and z. Here
we note that any term which involves one of the combinations (3.9) is a total derivative
on the integration space and so will vanish upon integration when D > 2.5 That leaves
the terms which involve z alone. Since we are not integrating over z space, these terms
can be pulled outside the integral. We noted above that the integrated expression G(z, )
depends on z only via the O(D) x O(D) invariant combinations 27 and z%. It is therefore
annihilated by the z-dependent part of L! ; and R! ;- Therefore, all that survives from J?
is the purely z-dependent contribution from 2T}T} . The result is that

0

1 0 0 0

Zh o2f
This is the version of the Laplace equation which is obeyed by the average of the flavored
partition function.

One obvious solution to this equation can be obtained by generalizing the Eisenstein
series (3.18) in order to accommodate the more general modular transformation rule (3.22):

622 622
—iw(”_fd—c_rfd>
e
Glzr)=7" 3 5
(et leT + d]

(3.29)

This is a solution to the equation with the correct transformation properties (3.22). We
will argue below that this is indeed the correct answer for the average of the flavored
partition function. However, we note that equation (3.28) has many other solutions as
well; for example, we can multiply it by any function of 27 — 2%. We will therefore give
an alternative argument based on the “heat equation” obeyed by the flavored partition
function. This will also confirm the validity of (3.29).

3.3 Heat equation

The starting observation for our derivation is that equation (2.3) implies that the conformal
weights Ly and Lo are determined by the charge vector [ = (I1,1L). This implies that
the (7,7) dependence of the flavored partition function is be determined its z = (21, 2})
dependence. In particular, we note that

P(l > 7_) = eiWTl%—’i7r?12R+27riZL~lL—27rizR~lR (330)
obeys
0 1 0 1
Ep(lasz) = TMV%P(LZ?T)v %P(lasz) = _TMV%P(Z’ Z)T)v (331)

5We can always choose coordinates (at least locally) so that a given such generator is a translation gener-
ator Jp in some direction 6. Alternatively, if T is a generator of a group G, the statement fG DgT*f(g) =0
follows from the invariance of the Haar measure Dg.
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with
9?2 9 9?2

Vi=——r, Vi=—7"r.
L aziazL ’ R 82{382}[;{

(3.32)
Summing over lattice points, we conclude that ©p(7, z) will obey the same equation.

This heat equation is obeyed by the partition function for every CFT in the Narain
ensemble. We can therefore integrate over Narain lattices, and conclude that

Y(zp, 2R, 7,T) = (Op(7, 2)) (3.33)

obeys the same equation. We note that, as in the previous section, the integration over
O(D, D) implies that the only dependence on potentials is through the O(D) x O(D)
invariants zy, = 1/21{215 and zp = z{zz{%. Writing the Laplace operators Vi g in spherical
coordinates and discarding the angular parts, the heat equation becomes

or  dmi

or  4mi

2 . 2 _
Y 1 [ay D 18Y]’ Y 1 [ay D 18Y]_ (3.34)

82’% 2L aZL 3212% ZR 8ZR
These heat equations can be used to fix Y (zr, 2, 7,7). First, from the unflavored
analysis we know that

1

Y(ZLZO,ZRZO,T,?): Z m

(e,d)=1

(3.35)

From its definition, we know that it is possible to make the power series expansion Y (z,7) =

2m 2n

mon=0 Ymn(7,T)27"25". The heat equation then provides a set of recursive relations

among the coefficients in this series expansion. This is easiest to implement by writing

2 2
cz cz
—iT L. ___&
ct+d cT+d
(&

ler +d|P

Y(ZL,ZR,T,?) = Z + AY(ZL,ZR,T, ?) . (336)

(e,d)=1

The first term on the right hand side obeys the heat equations, so AY must as well. It will
therefore obey the heat equations and admit the expansion Y (z, 7) =357 ,—g AY;n (7, 7) 27" 23"
with AYp o = 0. It is simple to see that the heat equation implies recursion relations that
force all of AY,,,, = 0. We conclude
C22 C22
—im (cTi‘d - chd)
e

ler + d|P

Y(zp, 2R, 7,T) = Z (3.37)

(c,d)=1

We saw in the previous section that this also obeys the flavored Laplace equation, as it
should. The above object is often called the non-holomorphic Jacobi-Eisenstein series; to
our knowledge, holomorphic versions of this quantity were first considered in [16].
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3.4 Average density of states

Our conclusion is that the average flavored partition function is

2 2
1 e
Z2(r,2)) = —— . 3.38
) = e 2 e (3:35)

We wish to extract from this formula the averaged density of states p(j, A, Q, Q7), as a
function of the spin j = (Lo — Lg) € Z, dimension A = Ly + Lo and charges Q, QT of
a state. As our partition function depends only on the O(D) x O(D) invariants 27 and
2%, the resulting density of states is a function only of the total charges Q@ = /Q'Q! and

Q = /QIQT in the left- and right-moving sectors, respectively. As we are interested only

|=2P in what follows.

in the density of primary states, we will omit the prefactor |n(7)

We begin by noting that the term in the sum with (¢,d) = (0, 1) simply describes the
contribution of the ground state. We will therefore concentrate on the terms in the sum
with ¢ > 0. To extract the average density of states, we will first perform the Fourier
transform which takes us from a sector of fixed chemical potentials (z1,2%) to a sector of

fixed charges (Q!, Q'), where the contribution to the partition function is:

2 2
cz cz
—T L — R
ct+d cTt+d
(&

ler +d|P

Z(,Q1,Q") = / defdofy 22D |3 (3.39)

(e,d)=1

The usual unflavored torus partition function can be obtained by integrating this expression

with measure dQ?dQ". Now, the integrals over (zi, z{%) are straightforward D-dimensional

Gaussian integrals. These cancel out the factor of |cr 4+ d|” in the denominator to give:

Z(T, QI, QI) _ e—wTQ(Q2+Q2) Z c—Deﬂi(Q2_Q2)(7—1+d/C) ] (340)
(c,d)=1

We now let d = d* + nc and replace the sum over d with a sum over n € Z and a sum over
the integers 0 < d* < ¢ which are coprime to ¢. The sum over n is:

3 emin(@Q=Q%) _ o <j - %(Q2 — QQ)) , (3.41)

nezZ JEZ

which gives

Z(r,Q. Q") = e—nm(Q%Q?) 5 < R RN >€27rij7-1 - oD ( e27rijd*/c> '
(r.Q",Q") ]% i-5@ =% 2 dZ

(3.42)
We recognize A = %(Q2 +Q?) and j = %(Q2 — @?) as the dimension and spin of a primary
state, as expected. The quantity in the parenthesis is known as Ramanujan’s sum, and is
usually denoted:

ce(j) = Z e~ 2md’/e. (3.43)
d*
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The sum over ¢ in the expression (3.42) can be computed, and the result is a factor we

will call: )
o) . 'O'D:l J , if ] ?é 0
5(j, D) = ce(y) _ ) P=1¢(D) (3.44)
— D ¢(D-1) ifi=0
c=1 ¢(D) > g .
We can now take the inverse Laplace transform in the 7 variable to extract the density of
states:
) ~ . 1 = 1 =
pUAQLQN = h(GD) 5 (8- 5@+ @)) (- 5@ -@)) . Ba)

This is our final formula for the averaged density of states. As anticipated, it depends only
on the total charges @ and @, and these total charges are related to dimension and spin
in the usual way.

To understand this formula, it is useful to compare this to the expression the total
density of states in the averaged Narain theory. To do so, we simply integrate this over
the space of charges (Q, Q') to give the total density of states:

p.8) = vl D) [ dQ"aQ's (8- 5@+ Q") )5 (i -

5@ -@)

= k(j,D) (A% — j2D/2=1 (3.46)

The second line involves a Jacobian factor as well as the volumes of D-dimensional spheres
in charge space of radius Q = A +j and Q = /A — j, respectively. This expression
matches the averaged density of states in the Narain theory derived in [3].

In retrospect, we could have derived our expressions for the average flavored partition
function using a somewhat different logic. In particular, we could have started with the
observation that the average density of states p(j, A, @, Q') must be a function only of

Q =+/QIQT and Q = /QIQ!, and that these are completely determined by that dimension
and spin using the usual formulas A = %(Q2 +@Q?) and j = %(Q2 — @Q?). Equation (3.45)
is then the only possible form of the density of states which is consistent with the known
expression for the total density of states appearing in [3].”

3.5 The 7 — 0 limit

We have emphasized the use of the heat equation in fixing the form of flavored partition
functions. In familiar physical systems in which a heat equation arises one is usually
interested in solutions with specified boundary conditions at some initial time. In our
context 7 plays the role of time. As a choice of initial time we here consider the case
7 — 0, at which the flavored partition function takes a distributional form which can be
computed fairly explicitly. Our point in this section simply is to note that the partition
function at generic 7 can be recovered from this singular limit by using the heat equation.

"Indeed, our derivation based on the heat equation in the previous subsection — as it is similarly a
simple consequence of A = %(Q2 +Q* and j = %(Q2 — @Q?) — could be considered a different version of
this argument.
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We focus on the factor in the partition function counting primaries,
. cz2 322
- ( cr+d  cr+d

(&
Yp= > — - (3.47)
(et ler + d|

We consider the d = 0 term first. For odd D, we can express this term as a derivative of
the Dirac delta function as follows

fwi(£7i> fwi<£fi>
O AL PN,
YD,odd - ’T|D = D1 (azzazz) 2 |7_’
7—0 1 D-1 D=1 _
T ey [02)770(2)] [(02) 77 6(2)] (3.48)
On the other hand, for even D this is
771'7;(275) 77Ti(£7i)
(d 0) T T _ 1 ) D-2¢ T T
YD even |7-|D = 7_{_D_2|7_|(8228z2) 2 |T’
70 1 D-2 D=2 _ _

For the terms with d # 0, we have the following sum over co-primes

_ ( cz? _ cz2 )
y (d#0) pe | \eTHd T 350
b N Z ler + d|P ' (3.50)
(e,d)=1

Here the prime indicates that we consider terms with d # 0. Next, we can write ¢ as j+ kd,
with j =0,--- ,d — 1 with the co-prime condition (j,d) = 1. Setting 7 = 0, we get

d—1 .
(d;éo 52 J 2 22\ 4-D
Yo Z Z exp [ mik(2? — Z )} z_: exp [—md(z —Z )} d—". (3.51)
d=1k=—c 7=0
(J:d)=1
The sum over k above gives the Dirac comb, III(z) = >2° ___ d(x — a), while the sum over

j is the Ramanujan sum

22_Z2 o 22_22 B
YyFO = m( 5 ) ch< 5 )dD. (3.52)

d=1

Performing the sum over d yields the result

y (40 b1 (22522) (EQ 2 22>
o = = 111 : (3.53)
TEE) ) 2

where, o,(s) is the divisor function and ((p) is the Riemann-zeta function. Hence, the

primary counting partition function at 7 — 0 is

05+ (ffz L <_> |

1
Yolr=o = ‘B,

where, m = (D mod 2).
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A natural question is: why does the contribution to the partition function localize to
the points where z2 — 22 is an even integer? This can be understood by considering the
unaveraged D = 1 theory, where a similar phenomenon happens. The primary counting

partition function at 7 — 0 is

YVl(R)Lﬁo = Tr[yJOgjo] — Ze2niz(%+“’2—R)e—2mg(%_wTR)
n,w

_ 2mi(z—Z2) %% 27ri(z—&-2)M _ Z — 2) (W)
Xn:e Ry e > =1 ( e .

w

(3.55)

We see that the partition function localises to the points where

z2—Z (z+2)R

Z, ———€Z. 3.56
7 €L —5 € (3.56)

Combining the above two conditions gives the weaker condition

2 _ 32

: . Sy (3.57)

which is independent of R and is the same condition enforced by the Dirac comb appearing
in (3.54).

4 Higher genus

The results of the previous section can be generalized in a reasonably straightforward way
to the partition function on higher genus surfaces. In particular, we will show that a
flavored version of the genus g partition function obeys analogs of the Laplace and heat
equations described above. This will lead to a similar formula for the average flavored
partition function.

The partition function of a Narain CFT on a Riemann surface ¥ of genus g is

1

Z =——0 4.1
g,F(T) (I)(T) F(T)7 ( )

where the Siegel-Narain theta function is
01"(7’) — Z eiﬁTﬁlili*iﬂFijl}é-l% . (42)

l'el’

The prefactor ®(7) comes from the integral over oscillator modes, and can be expressed
in terms of the one-loop determinant of the scalar Laplacian on 3. This contribution is
independent of the Narain lattice I, so will not be important in what follows.® The period
matrix 7;; is a complex, symmetric g x g matrix with positive imaginary part; i.e. 7;; lives
in the Siegel upper half-space H,. Not every such matrix is actually the period matrix of
some Riemann surface, but (4.1) is well defined regardless.

8<I)(7') does, however, depend on the central charge and is necessary in order to obtain the correct
behavior under Weyl transformations.
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The flavored partition function is now obtained by introducing a set of chemical po-
tentials z = (2£,,2%,) with i = 1...g and I = 1...D. These measure the charges that
propagate around the various cycles in the Riemann surface, and can be understood as
holonomies for background U(1)” Wilson lines. The flavored partition function is

1
Zg7]"(7', Z) = %91"(7, Z) N (43)
with ‘ _
01“(7— Z) — Z eiﬂ"rijli'le_iﬂ'Fijl%'lk‘i‘QﬂizLi'li_QWiZRi'l% ) (44)
liel’

In this expression and in what follows we have not written the I indices explicitly. We note
that, as the U(1)? descendants are uncharged, the prefactor ®(7) is exactly the same as
in the unflavored case.
The higher genus modular transformations act on the period matrix 7 and potential
z as
r—=yr=(Cr+D) (At +B), zp—7v2.r=(CT+D) 2R, (4.5)

where v = (A B) € Sp(2¢,Z). The salient point is that C' and D are matrices which act
on the ¢ = 1...g¢ indices, but not on the I = 1...D flavor indices; therefore much of the
analysis of M p in the previous section will apply in the higher genus case as well. The
theta function transforms as

O(vy1,vz) = exp [m’zLC (CT + D_l) 2z, — mizgC (CT + D_l) zR} 0(r,2) . (4.6)

4.1 Laplace equations

We begin, as in the genus one case, with the unflavored partition function. The theta
function is a sum over the lattice I' of

Q,(1,7) = el L~ Tl (4.7)

As before, our goal is to write an equation relating the Laplacians on Narain moduli space
and the Siegel upper half-space.

We start by writing the Siegel Laplacian. Decomposing 7;; into its real and imaginary
parts as 7;; = x;j + 1¥;j, the metric on Siegel upper half-space is

ds® =y Ty (dyirdy; + digda;) . (4.8)

Here 3% denotes the inverse of Yij, 1.e yikykj = (5; It is important to note that the line
element (4.8) should be expressed in terms of unconstrained variables, which we take to be
(xij,yi;) with @ < j. With this in mind, the Laplacian is

1 PO PN
AHg = —ﬁgABaA (ﬁgABaB) = _yikyjl(axijaxkl + yijaykl)’ (4'9)

where (5% =11+ 5@’)% and éyij =11+ 5@)%. In (4.9) the index sums each run
from 1 to g, but Ay, should be expressed in terms of the unconstrained variables.
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We wish to act with the Ay, on Qy(l,7), which we now write as
Q) = eims ity ~Tinth) =m0 1 ) (410)
A slight inconvenience is the presence of hatted derivatives in A, . However, these can
be dispensed with by the following observation. We are instructed to express Qq(l,7) in
terms of the unconstrained quantities (:Uij,yij) with ¢ < 7 and then act with the hatted

derivatives (éw” , éyij). It is simple to verify that this gives the same result as if we think of
all (z45,v:;) as being independent, act with ordinary derivatives (%, &), and then at
the end impose (2j; = xij,y;i = ¥ij). This statement relies on the form Qg4(l,7) and does
not hold for all functions. We conclude that when acting on Qg4(l,7) we can write

a0 0 o 0
A = —yiry; + 4.11
s = YKL <3$z‘j Oz Oyij 3ykl> (4.11)
and view (xj;,y;i) as independent of (x5, ;) until the end of the computation.
This simplification in hand, we can now proceed as we did for g = 1. Defining
T}zi (zg 0 + 14 0 > (4.12)
p oyl ol
the same logic as for g = 1 leads to
72Qy(,7) = LYottt
= [327r2yijykzli 1}l - U — 87Dy, (li 1+l lﬁ)} Qg(l,7).  (4.13)
We also have the differential operator relations
D e e »
Yii Ykl — Qg(lvT) = -7 yljykl(lL : lL)(lR ' lR)Qg(la T) ) ( 1 )
37’1']{ 87']'1
9 i .77 i 77
yz‘j%Qg(laT) = —myii (L, - I, + 1k - IR) - (4.15)
So that equation (4.13) can be rewritten as
T2Qq(l,7) = 32y@-~ykl—a —+8Dyl~i Qu(1,7) . (4.16)
I P Oy 0T 1 POy | T

We can write the Laplacians of the Narain moduli space and the genus-g Riemann surface as

1 o 0
Ap=—=J% Ay, = 4y - 4.1
M 8J ;o Ay, Yiglki g 5 (4.17)

The action of these on Q4(l,7) are related in the following manner

0
Ay, —Dyz‘j@—AM Qq(l,7) =0. (4.18)
i
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We now use
gs(2s —g—1)
2

This relation is straightforward to derive by using the relations

Ay, (dety)® = — (det y)® . (4.19)

3 kl __

N . 1 o
Dy dety =y7, Dy ™ = S (v’ + 4"y, (4.20)

—5(
which follow from the definitions.
We also have

Ay, ((det y)°Qq(l, 7)) = [Agy, (det y)*] Qq(l, 7) + (det y)* [Agy, Qq(l, 7)] + cross term,

(4.21)
where the cross term is
— 29 Ykl (éylk (det y)s) ((%J.ZQQ(Z, T)) = —2s(det y)syjlang(l, 7). (4.22)
Yjt
This finally gives
0, = B+ ZEZIZ D (et Q,1.m) = 0. (1.23)

which is the result quoted in [2].

Summing over lattice points, we see that the theta function itself obeys the same
differential equation. As in the genus one case, we can sum equation (4.23) over Sp(2g,7Z)
images to obtain an Eisenstein series which is a modular invariant eigenfunction of the
Laplacian with the same eigenvalue. We will write this Eisenstein series as

1
| |det(CT + D)[*s”

Y(21, =0,2r =0,7,7) = (det y)® Z (4.24)

(C,D)=

where the notation “(C, D) = 1”7 means that the matrices C, D together form the lower
row of an Sp(2g,Z) matrix; of course when g = 1 this reduces to the usual condition that
C and D are coprime integers.’

It is now straightforward to generalize this to the flavored case, since the M p structure
more or less comes along for the ride. For example, acting on functions of (I,z) the
generators of the O(D, D) currents now take the form

0 0 J 0

J
TJ - ZZL ' alJz R mjz + 2L 87{% + 2R - @ (4.25)

The argument follows that given above, resulting in the final equation for the averaged
partition function,

1(, o 9 9 9 .
AH+S(3_1) ( i]La ] +z Rla T ) (Ziiazl +Z}£7‘8zl>‘| (dety) <@F(’T, Z)) =0.
Ri Li

(4.26)

9As in the g = 1 case, this should be regarded not as a sum over Sp(2g, Z) but rather a sum over a coset
Sp(2g,7Z)/P where the subgroup P just consists of all transformations which leave dety invariant.
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4.2 Heat equation and the Siegel-Weil formula at higher genus

The most natural solution to the differential equation (4.26) is the Eisenstein series!®

7Z'TI'(ZL(CT+D)_ICZL)+i7r(ZR(CT+D)_ICZR)

(Or(r,2)) = ‘ . (4.27)
: (C%)::l |det(C'T + D)|P

To demonstrate that this is indeed the correct solution, we will utilize a heat equation as
in the g = 1 case. In particular, writing

Or(r, z) = Z P(l,z,7), (4.28)
ltel
with _ .
Pl 2,7) = il t il 2t 1y iz (4.20)

an identical argument as described at g = 1 gives

(8 N )P(z,z,T):o:< 9 .1 8Z>P(z,z,7). (4.30)

0Tij a HOZZL . 02% OTij @8%z . Ozg%

As before, this reflects the fact that the stress tensor is Sugawara. Summing over lattice
points and integrating over Narain lattices, we find that Op(7, z) and (fp(7, z)) both obey
the differential equation (4.30) as well.

As at genus one, this provides a relationship between the 7 and z dependence of the
partition function which can be used to prove (4.27). The important point is that one can
start with the solution at z = 0 (where (4.27) was proven in [2]), and then expand the
heat equation order by order in z to develop recursive relations relating different orders in
this expansion. It is straightforward to check that (4.27) is the unique solution to these
recursion relations which obeys the correct boundary condition at z = 0.

There is, however, one important distinction between this case and the simple g = 1
case considered earlier. The integral over O(D, D) implies that the resulting expressions for
(Or (T, z)) will be invariant under the O(D) x O(D) symmetries which rotate the chemical
potential vectors zii and ZIIDLZ-; these rotations act on the I = 1...D indices, but not on
the i = 1...¢g index. The result is that the averaged partition function will be a function
only of the invariants zi . zi and z}é . z}%. When g = 1 this includes only the lengths of the
chemical potential vectors, which we denoted 27 and z%z. At g > 1, however, there are now
new invariants which appear with ¢ # j. Loosely speaking, this reflects the fact that when
the genus ¢ partition function is constructed as a sum over states (corresponding to some
channel decomposition of the genus g surface), charge will flow between different channels.

4.3 A genus 2 example

In order to illustrate the utility of (4.27), let us consider in more detail the genus 2 case.!!
Here the period matrix 7;; = (74} %) is two dimensional, and the averaged partition

OThere is an abuse of notation in (4.27): the D in (C7 + D) is the lower right block of the Sp(2g,Z)
matrix, while D in the exponent is the number of bosons.

1YWe are especially grateful to S. Collier for discussions related to the computations appearing in this
subsection.
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function will depend as well on the inner products of the charge vectors 22 = z{ 21, 22 = 2121

and 21 - 22 = 2{ 2} in both the left and right moving sectors. Of particular interest is the
pinching limit 735 — 0, where the genus two surfaces factorizes into disjoint union of two
tori. We note that, generically, the partition function of this pinched Riemann surface does
not contain all of the data of our CFT. In the Narain case, however, as long as one keeps
z1 - z2 non-zero, it is possible to completely reconstruct the genus two partition function
in terms of the factorized torus correlators; by using the heat equation one can determine
the dependence on 7115. This holds at higher genus as well, and means that if one wishes
one can completely disregard the genus ¢ partition functions and instead just work with
the expectation values (Z(71,21) ... Z(7g, 2z4)) of a product of flavored partition functions;
all of the dependence of the genus g partition function on the moduli 7;; with 7 # j can be
reconstructed from the factorized limit by considering the dependence on z; - z;.

To understand this in more detail, we can consider the averaged genus 2 partition
function Z(7,Q", Q") in a sector of fixed charge, rather than fixed potential, which is
given by the Fourier transform:

< ( Q’LI QZ[ /ngleI 27i( 2} QII+Z”Q”)<@[‘(T, Z)> ’ (431)
where
<@ ( )) Z e—ifr(zL(C’T-l-D)’lCzL)-i—ifr(zR(C?-i—D)’lCzR) ( )
r\7,2)) = . 4.32
L [det(CT + D)=

We will focus on the contribution of the primary states so will drop the prefactor @ We

will also consider the case where this genus two partition function factorizes into a product

71 0
0 7

2,(CT+D) 10z = 21 [(CT + D)~ C’] 2 in (4.27) involve both a sum over I = 1,...,D
and a sum over ¢,7 = 1,2. In order to keep the notation simple, in expressions such as th1s

of genus 1 surfaces, so that 719 = 0 (i.e. 7 = ( )) We note that expressions such as

we will suppress indices whenever possible as long as it is clear from context how they are
contracted.
This partition function is related to the correlation function of the density of states:

(Z(r,Q". Q") = /dA1A2<P(j17A1,QU,QH) (2, Do, Q2 Q) g g gy gy

Ji.g2 "
(4.33)

2miTi - In order to extract the correlation function one needs to perform two

where ¢; = ¢
inverse Laplace transforms to extract the dependence on Ay and As, as well as pick out
the appropriate phases which indicate the dependence on j; and js.

It is possible to unpack the sum over coprime matrices (C, D) following [17]. This
technique is applied extensively in [18], so we will only summarize a few relevant details

here. One starts by considering separately the cases where C has rank 0, 1 or 2. The case

with rank 0 just corresponds to (C, D) = (0,1), which gives <@p(7, z)) = 14 .... This
leads to a contribution to the partition function (omitting the <1>( ) prefactor)
(Z(r,Q", Q")) H5 (@M)3(Q)(@*Na(@*) + ... (4.34)

This term describes the contribution of the vacuum state, for which all charges vanish.
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The contributions with rank C' = 1 are also relatively easy to compute. We begin with
the fact (proven in [17]) that the set of coprime matrices with rank(C') = 1 is parameterized
by two pairs of coprime integers (¢,d) =1 (with ¢ # 0) and (m,n) = 1, with

C= (0 o) uvf, D= (E)l (1)) Ut (4.35)

where U = ('; 1) is a unimodular matrix. The set of such unimodular matrices is param-
eterized by m,n € Z with (m,n) = 1. This gives a contribution

. c(mzy +nzi1)(mzi1+nz%1) c(mz}zj +n212{) (mz}{—i—nzf{)
<® ( )> Z OXp T cTn,m~+d - CcTn,m~+d
r'\7;%))rank1 = 35
(m,n)=1 (CTn,m + d)

(c,d)=1

(4.36)
where we have defined 7, ,,, = m271 + n’m. It follows that, when computing the integrals
over z, we will obtain contributions to the density-density two point function that vanish
unless Q' is proportional to Q2. In particular, computing the Fourier transform we find

i . _ _ _(Ql)Q(T'VL,nL‘F%)—(Ql)Z(Fn,m-l-%)
<Z(T, Qll, QZI)>rank1 — Z H (5(71@1] _ mQQI)(S(nQH _ mQQI)CfDeﬂ'l -

(m,n)=1 [
(c,d)=1

_ 1 21 I 21 -7 2+2Q2ymn ._Q%—Q% 2T Ym,n
= [160QY —m@*)s(nQ" —mQ*)Y e K(j, D)5 ( ] e

2m2
(mun)=1 1 JEZL m

(4.37)
where in the second line we have performed the sum over (¢, d) just as in our computation
of the one point function, and defined 7,,,, = Tinn + ©Ym,n- In these expressions we have
assumed m # 0 for the sake of simplicity; the term with (m,n) = (0, 1) is found by replacing
all of the factors of 24 by % = Q3.

We can translate this into a contribution to the density-density two-point function
by taking two inverse Laplace transforms (to extract the dependence on A; and As) and
picking out the appropriate angular momentum modes. The result is

<p(j17 A17 Q{)p(]Qv AQ; Qé»rankl

=> | > #GD)][6(nQY —mQ*)s(nQ" —mQ*)| x
1

JEZ | (m,n)=1

1 B 1 _ . 2 2
5(81- 5@+ D)6 (8- 5@+ D) 6( oo >6th§2@§ S,

2

(4.38)

We note that, because of the delta functions which set Q' to be proportional to @2,
the dimensions A; and spins j; appearing in this expression will be related to one an-
other as n?A; = m2Ay and n%j; = m?js. The existence of such correlations in the two
point function of the density of states is not surprise: in free boson CFTs, primary oper-
ator dimensions (or spins) will generally be rational multiples of one another. As above,
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this expression breaks down when (m,n) = (0,1); in this case we simply must replace
s(i_ Q=i sli— o2 _ 02
J o2 —0\J 2(Q2 Q3) ).
Finally, the set of coprime matrices (C, D) with rank(C') = 2 are parameterized by
symmetric matrices P = C~'D with rational entries,'? leading to
e—iﬂ(zL(T—l—P)’lzL)+i7r<zR(T+P)’1zR)

| det(T + P)|?s

(Or (7, 2))rank2 = Z V(P)_25

P

(4.39)

The factor v(P) is the product of the denominators of the elementary divisors of P, which
is defined as follows: given a rational symmetric matrix P, there exist unimodular matrices

U and V such that
pou B/ 0 )y (4.40)
0 d2/62

Then v(P) = cicz. In the present case, where P = C 1D for coprime matrices (C, D), we
just have v(P) = det C.
The Fourier transform gives a Gaussian integral as in the genus one case:

(Z(r,Q, Q) ranicr = ¢ T(QUF QI HTIQQ-QrQ) §7 (p)~2emQPQ-QFQ)
P

where we have written 7;; = x;; + iy;; and pulled the 7 dependent pieces into a prefactor.
We emphasize that, as above, expressions such as QPQ = Q¥ Piij[ include sums over
both ¢,7 and over I. The sum over P is a version of Siegel’s singular series, which is
defined as

So(QT, Q) = 3" v(R)2em(QRQ-QRQ) (4.41)

R

where the sum is over rational symmetric matrices R with entries between zero and one and
v(R) is the product of the denominator of elementary divisors as above. This series should
be regarded as a generalization of the zeta function relevant for Eisenstein series of higher
genus. To write the partition function in terms of the Siegel series, we let P = N 4+ R where
N is a symmetric integral matrix and the entries of R are rational numbers between 0 and 1,
and separate the sum over P into a sum over N and a sum over R. Since v(N+R) = v(R),
the sum over R is precisely (4.41). The sum over N is the usual product of delta functions

which set j; = %(Q% —Q?), jo = %(Q% —@32), and jio = %(Ql Q2 — Q1 - Q2) to be integers:

raNamoNe) - B R o (P
%:e j1,j§j;2625<ﬁ 2(@1 Ql))fs(h 2(@2 Q2)>5(]12 2(Q1 Qy— Oy QQ)).
(4.42)

12This is the statement, proven in [17], that when C has full rank the set of coprime (C, D) is parameterized
by symmetric matrices P with rational entries. This can be understood as the matrix version of the
statement that the set of coprime pairs of integers (c,d) with ¢ # 0 is uniquely parameterized by rational
numbers p = d/c. That P = C~'D must be symmetric follows from the condition that (C, D) form the
lower row of an Sp(2g, R) matrix, which implies CD” = DCT.
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Taking 719 — 0 and performing the inverse Laplace transform as before gives the rank 2
contribution to the density-density two point function:

< (]17A17Q ) (]27A27Q2) rank2 = Z S QU Q”)

j12€Z
<6 (8- 501 +@D) 6 (82 - (@3 + D)
x4 (jl - %(Q% - Q%)) 6 <j2 - %(Q% - Q%)) 6 <312 - 1(Q Q2 — Q1 - Q2)> - (4.43)
5 Flavored partition function from Chern-Simons theory

In this section we show that the averaged flavored partition function can be reproduced in a
natural way by summing over a class of geometries weighted by appropriate U(1)” x U(1)?
Chern-Simons partition functions. As compared to the unflavored case, the new feature
is that we allow for more general boundary conditions on the gauge fields, corresponding
to the presence of chemical potentials in the partition function. These have to be treated
carefully in order to respect the modular behavior of the partition. In this section we
restrict attention to the genus one CFT flavored partition function, which on the Chern-
Simons side means that we restrict the class of bulk geometries to be solid tori. Our
discussion is similar to [19].

We consider U(1)” x U(1)” Chern-Simons theory on a manifold M with boundary

OM. The action is
_ b I I Ny A 2 ab (AT AT o 515!

s SW/ (4" naal — &' naa') - — AMd ry/ag® (ALAL+ALA) . (5
where g, is the metric on OM. The boundary term is chosen so that the on-shell variation
of the action is )

_ v 2 as Al a7l
55 = o /aMd vy (5 AL~ T55AL) | (5.2)
where the currents are

I _
Ja_ a

% (Al —ielAl),  T.= 2 (4] +ie D) (5.3)

and (Ag,Zé) function as their conjugate potentials. The stress tensor is defined via the
variation with respect to the metric,

1
55 = = / P /GT 6gay (5.4)
2 Jom
yielding
Tu = <A1Af - fAICAIgab + A - A’CAiga,,) . (5.5)
Choosing the flat metric gudz®daz® = dwdw, these formulas read
J{U:%A{U, Ji=0, J.=0, Ji= 2Aw, (5.6)
_ 1 I AT | 715! - I 7l 7
Tuw = 5 (ALAL+AA,), T = - (A AL+ AGAG), Tuw = Tgw = 0.
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Note that the non-zero components of the stress tensor are a sum of a Sugawara piece
quadratic in the currents and a contribution quadratic the potentials.

We now turn to the computation of the flavored partition function as a sum over
geometries. We let M be a solid torus. We choose a radial coordinate r such that at fixed
r we have a T? on which we choose a complex coordinate w. The w coordinate is taken to
have periodicities

wEw+2r Z2w+2rT, T=7+1iT2. (5.7)

The boundary cycle defined by the identification w = w + 27 is taken to be contractible
when extended into the solid torus.
The flavored partition function is defined by fixing boundary conditions for the con-
nection. We fix (in this section zy, = z, zr = 2)
AL= Lo A= el (5.8)

T2 w T2

Note that z! and Z! are not related by complex conjugation. Demanding vanishing holon-
omy around the contractible circle imposes

Al = AL AL — AL (5.9)

For flat connections with these boundary values, the full contribution to the classical action
comes from the boundary term in (5.1), and gives

_ T2 22
S = 27_2(2 +z4), (5.10)

1 151

where we are now writing 22 = z/2! and 22 = z/z!. Since the action is quadratic, the

1-loop fluctuation determinant is not affected by the potentials (zI 2 ). It is equal to the
partition function of D free bosons on the torus [2, 20]. Altogether, the path integral for

the theory on the solid torus is™

1 n(z24+72)
— e 272 (5.11)
In(T)[2P

An important point is that the path integral differs from the partition function, where the

ZPI(T, Z) ==

latter is defined as

Z(r,2) = Tr |:627riT(L0—c/24)6—27Ti?(f0—c/24)627rizIQ[6—27riEIQ1:| ‘ (5.12)

In the above, Ly and Lg take the Sugawara form, quadratic in the currents. In the presence
of chemical potentials as implemented by our boundary conditions, we noted previously
that the stress tensor written in (5.6) is the sum of a Sugawara piece and a contribution from
the potentials. Taking this into account, one finds that the path integral and the partition
function are not equal, but rather differ by a contribution from the potentials [19],'4

_ n(z2472)

Z(t,z)=e€e 2?2 Zp(7,2). (5.13)

13The notation (7, z) is shorthand for (7,7, 2%, z").
14T compare, note that znere = V2Zthere-
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The prefactor is responsible for the fact that while the path integral for a CFT with
U(1) currents is modular invariant, the partition function with nonzero potentials picks
up a multiplicative factor, as written in (3.22). Noting cancellation of the prefactor, the
contribution to the partition function is therefore simply

o
n(r)[P

The fact that this is independent of the potentials follows from our assumption of trivial

Z(r,2) = (5.14)

holonomy around the contractible cycle; this implies that no charge propagates around the
non-contractible cycle.

We now include the sum over bulk manifolds, corresponding to summing over inequiv-
alent choices for which boundary cycle is contractible in the bulk. We can implement
this by writing w = (e7 + d)w’, with identification v’ = w' + 27 = w' + 277/, with
7" = (at +b)/(ct + d). As usual, ad — be = 1. We now take the contractible cycle to be
the one corresponding to the identification w’ = w’ + 27. The classical action is given by

the boundary term, which is coordinate invariant. With 75 = 75 /|er + d|? and

A

o= i AL = _iCTTj— A= (5.15)
we obtain
S(r',2) = = (2 +7%) = — (2 + ) + i ( e ) . (516)
27 27y ct+d cT+d

Using |n(7')|? = |er + d||n(7)|?, we find that the contribution to the path integral is

i Cal ) JE] (- L o
27.2 e cT+ cT+

(e,d) €
Z ,2) =
P ) = P Jer P

(5.17)

We convert the partition function using (5.13) and, following [21], sum over inequivalent
geometries labelled by relatively prime integers ¢ and d to get

2 =2
S ez cz
1 eiﬂ-l(c‘rﬁ»dic?de)

5.18
leT + d|P ( )

This reproduces our previous expression (3.37) for the averaged flavored partition function.

As in the unflavored case, we can think of extending this computation to higher genus
boundaries. The classical action will again come from boundary terms, with boundary
conditions that fix the holonomy around all boundary cycles that are non-contractible
in the bulk. This classical part will reproduce terms in the flavored Siegel-Narain theta
function (4.4). The one-loop contribution, denoted as 1/®(7), is much more complicated
than at genus one, but we again expect it to be independent of the boundary conditions
since the action is quadratic.

— 96 —



Acknowledgments

We are grateful to S. Collier, A. Dymarsky, K. Jensen, A. Shapere and E. Witten for useful
conversations. P.K. is supported in part by the National Science Foundation under research
grant PHY-1914412. Research of AM is supported in part by the Simons Foundation
Grant No. 385602 and the Natural Sciences and Engineering Research Council of Canada
(NSERC), funding reference number SAPIN/00032-2015.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] P. Saad, S.H. Shenker and D. Stanford, JT gravity as a matriz integral, ar¥iv:1903.11115
[INSPIRE].

[2] A. Maloney and E. Witten, Averaging over Narain moduli space, JHEP 10 (2020) 187
[arXiv:2006.04855] [INSPIRE].

[3] N. Afkhami-Jeddi, H. Cohn, T. Hartman and A. Tajdini, Free partition functions and an
averaged holographic duality, JHEP 01 (2021) 130 [arXiv:2006.04839] [INSPIRE].

[4] A. Dymarsky and A. Shapere, Comments on the holographic description of Narain theories,
JHEP 10 (2021) 197 [arXiv:2012.15830] INSPIRE].

[5] J. Cotler and K. Jensen, AdSs3 wormholes from a modular bootstrap, JHEP 11 (2020) 058
[arXiv:2007.15653] INSPIRE].

[6] J. Cotler and K. Jensen, AdSs gravity and random CFT, JHEP 04 (2021) 033
[arXiv:2006.08648] [INSPIRE].

[7] A. Pérez and R. Troncoso, Gravitational dual of averaged free CET’s over the Narain lattice,
JHEP 11 (2020) 015 [arXiv:2006.08216] [NSPIRE].

[8] V. Meruliya, S. Mukhi and P. Singh, Poincaré Series, 3d Gravity and Averages of Rational
CFT, JHEP 04 (2021) 267 [arXiv:2102.03136] [INSPIRE].

[9] K.S. Narain, New Heterotic String Theories in Uncompactified Dimensions < 10, Phys. Lett.
B 169 (1986) 41 [INSPIRE].

[10] K.S. Narain, M.H. Sarmadi and E. Witten, A Note on Toroidal Compactification of Heterotic
String Theory, Nucl. Phys. B 279 (1987) 369 [INSPIRE].

[11] C.L. Siegel, Indefinite quadratische Formen und Funktionentheorie. Part I, Math. Ann. 124
(1951) 17.

[12] A. Weil, Sur certains groupes d’opérateurs unitaires, Acta Math. 111 (1964) 143.

[13] A. Weil, Sur la formule de Siegel dans la théorie des groupes classiques, Acta Math. 113
(1965) 1.

[14] T. Hartman, D. Maza¢ and L. Rastelli, Sphere Packing and Quantum Gravity, JHEP 12
(2019) 048 [arXiv:1905.01319] INSPIRE].

— 97 -


https://creativecommons.org/licenses/by/4.0/
https://arxiv.org/abs/1903.11115
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.11115
https://doi.org/10.1007/JHEP10(2020)187
https://arxiv.org/abs/2006.04855
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.04855
https://doi.org/10.1007/JHEP01(2021)130
https://arxiv.org/abs/2006.04839
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.04839
https://doi.org/10.1007/JHEP10(2021)197
https://arxiv.org/abs/2012.15830
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.15830
https://doi.org/10.1007/JHEP11(2020)058
https://arxiv.org/abs/2007.15653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.15653
https://doi.org/10.1007/JHEP04(2021)033
https://arxiv.org/abs/2006.08648
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.08648
https://doi.org/10.1007/JHEP11(2020)015
https://arxiv.org/abs/2006.08216
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.08216
https://doi.org/10.1007/JHEP04(2021)267
https://arxiv.org/abs/2102.03136
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.03136
https://doi.org/10.1016/0370-2693(86)90682-9
https://doi.org/10.1016/0370-2693(86)90682-9
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB169%2C41%22
https://doi.org/10.1016/0550-3213(87)90001-0
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB279%2C369%22
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF02391012
https://doi.org/10.1007/BF02391774
https://doi.org/10.1007/BF02391774
https://doi.org/10.1007/JHEP12(2019)048
https://doi.org/10.1007/JHEP12(2019)048
https://arxiv.org/abs/1905.01319
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.01319

[15] N. Afkhami-Jeddi, H. Cohn, T. Hartman, D. de Laat and A. Tajdini, High-dimensional
sphere packing and the modular bootstrap, JHEP 12 (2020) 066 [arXiv:2006.02560]
[INSPIRE].

[16] T. Arakawa, Jacobi Fisenstein series and a basis problem for Jacobi forms, Comment. Math.
Ungv. St. Pauli 43 (1994) 181.

[17] H. Maa8}, Siegel’s Modular Forms and Dirichlet Series, in Lecture Notes in Mathematics 216,
Springer, Berlin, Germany (1971).

[18] S. Collier and A. Maloney, Wormholes and spectral statistics in the Narain ensemble, JHEP
03 (2022) 004 [arXiv:2106.12760] [INSPIRE].

[19] P. Kraus and F. Larsen, Partition functions and elliptic genera from supergravity, JHEP 01
(2007) 002 [hep-th/0607138] INSPIRE].

[20] M. Porrati and C. Yu, Kac-Moody and Virasoro Characters from the Perturbative
Chern-Simons Path Integral, JHEP 05 (2019) 083 [arXiv:1903.05100] INSPIRE].

[21] A. Maloney and E. Witten, Quantum Gravity Partition Functions in Three Dimensions,
JHEP 02 (2010) 029 [arXiv:0712.0155] [INSPIRE].

~ 98 —


https://doi.org/10.1007/JHEP12(2020)066
https://arxiv.org/abs/2006.02560
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.02560
https://doi.org/10.14992/00009931
https://doi.org/10.14992/00009931
https://doi.org/10.1007/BFb0058625
https://doi.org/10.1007/JHEP03(2022)004
https://doi.org/10.1007/JHEP03(2022)004
https://arxiv.org/abs/2106.12760
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2106.12760
https://doi.org/10.1088/1126-6708/2007/01/002
https://doi.org/10.1088/1126-6708/2007/01/002
https://arxiv.org/abs/hep-th/0607138
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0607138
https://doi.org/10.1007/JHEP05(2019)083
https://arxiv.org/abs/1903.05100
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.05100
https://doi.org/10.1007/JHEP02(2010)029
https://arxiv.org/abs/0712.0155
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0712.0155

	Introduction
	Flavored partition functions of Narain CFTs
	Siegel-Weil formula for flavored partition functions: torus case
	The flavorless Siegel-Weil formula
	Flavored Laplace equation
	Heat equation
	Average density of states
	The tau->0 limit

	Higher genus
	Laplace equations
	Heat equation and the Siegel-Weil formula at higher genus
	A genus 2 example

	Flavored partition function from Chern-Simons theory

