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Abstract: There are two parts to this work:

First, we study the error correction properties of the real-space renormalization group

(RG). The long-distance operators are the (approximately) correctable operators encoded

in the physical algebra of short-distance operators. This is closely related to modeling

the holographic map as a quantum error correction code. As opposed to holography, the

real-space RG of a many-body quantum system does not have the complementary recovery

property. We discuss the role of large N and a large gap in the spectrum of operators in

the emergence of complementary recovery.

Second, we study the operator algebra exact quantum error correction for any von

Neumann algebra. We show that similar to the finite dimensional case, for any error map

in between von Neumann algebras the Petz dual of the error map is a recovery map if the

inclusion of the correctable subalgebra of operators has finite index.

1Corresponding author.
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1 Introduction

In quantum computing, we use the Hilbert space of a quantum system to encode and

process information. The interactions with the environment lead to errors and an important

challenge is to protect our information from the errors. One of the main goals of the theory

of quantum error correction (QEC) is to identify the subalgebra of correctable operators

associated to an error model, and construct the recovery map that undoes the errors.1

1For completeness, we have included a review of the theory of operator algebra error correction in

appendix C. See also [1–3].
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Figure 1. The local algebra of region C is a subalgebra of the algebra of a larger region. Any error

Vr that acts on the relative commutant AR does not disturb the encoded information in AC .

In local many-body quantum systems, to every subregion of space A we associate an

algebra of observables AA that includes the identity operator.2 A manifestation of the

principle of locality is that if the region C is inside A we have the inclusion of algebras

AC ⊆ AA. If we have a lattice the algebra AA factors as AA = AC ⊗ AR for some

AR that is called the relative commutant of AC in AA.3 The relative commutant is the

algebra associated to the region A ∩ C ′. Any such inclusion is trivially an exact quantum

error correction code in the following sense: the physical operators are AA and the logical

operators are encoded in the subalgebra AC . The errors act on the relative commutant

AR, and by locality, the errors do not disturb the encoded information because [a, Vr] = 0

for all a ∈ AC and any error Vr ∈ AR; see figure 1.

Let us apply a unitary rotation in AA. We obtain a new algebra inclusion UACU † ⊂
UAAU † and a new error correction code; however, the unitary can obscure locality. In fact,

every algebra inclusion is an exact quantum error correction code and, if finite dimensional,

can be trivialized by a choice of unitary on A. Intuitively, this means that there is a hidden

notion of locality in the inclusion of any subalgebra AC ⊂ A.4 Consider a finite dimensional

matrix algebra with a trivial center (the observable algebra of a qudit). If the subalgebra

AC also has a trivial center there exists a unitary U in A such that UAU † = UACU †⊗AR
where AR is the relative commutant of UACU † in UAU †. If AC is a subalgebra with a

non-trivial center Z(AC) then up to the choice of a unitary the algebra A factors as the

direct sum ⊕qA(q)
C ⊗ A

(q)
R and AC = ⊕qA(q)

C ⊗ I(q)R . To visualize this structure we use the

diagrams in figure 2. In this work, we argue that the inclusion of algebras that share the

identity operator appear naturally in renormalization group (RG) and holography, however,

in these cases the inclusions are not due to any obvious locality principle.

There are two parts to this work. In the first part, in section 2, we argue that the

real-space RG can be modeled as an approximate error correction code that encodes the

long-distance operators in the algebra of the short-distance operators. In this picture,

the short distance local perturbations are the errors and the long-distance operators (or

2In interacting relativistic theories, we associate an algebra to the causal development of every ball.
3The relative commutant algebra AC in AA is the set of all operators in AA that commute with every

operator in AC . The commutant of an algebra A that we denote by A′ is the set of all operators in the

Hilbert space that commute with all operators in A.
4With an abuse of notation, we have denoted a general subalgebra that includes the identity operator

as AC because, in this work, the upper index C in AC will stand for “correctable subalgebra”.
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Figure 2. (a) If AC with trivial center is a subalgebra of a finite dimension algebra A, then we

have the tensor product factorization A = AC ⊗AR. (b) If AC has a non-trivial center Z(AC), we

modify the diagram to represent the center as a blue stripe. (c) The center is part of both AC and

the relative commutant.

a subset of them) are the correctable operators. This is closely related to modeling the

holographic map as a quantum error correction code [4–6].

The connection between the RG and error correction can be seen even in classical

systems [7]. The intuition is that exciting a long-range degree of freedom requires acting

on a macroscopically large number of short-distance degrees of freedom. The disturbance

caused by a local short-distance error cannot alter long-distance modes. Under the RG,

local ultra-violet (UV) operators become exponentially weak in the infra-red (IR). Deep in

the IR, the UV errors are negligible, and in fact, there is no need to actively correct for

them. Low energy states of a gapped system, do not have excitations at distances much

larger than the correlation length. To make our connection concrete, we focus on real-space

RG in systems near critical points where the long range modes of arbitrary wave-length

are excited.

As a concrete model of real-space RG that applies to the quantum system near a

critical point, in section 2, we consider the multi-scale renormalization ansatz (MERA)

tensor network for lattice models. MERA has found many applications in the study of

quantum field theory (QFT) and gravitational theories in AdS/CFT correspondence [8, 9].

To our knowledge, the connection between MERA and error correction codes was first

discussed in [10]. This connection was extended to continuous MERA (cMERA) in [7].

The error correction property of MERA is similar to the holographic map modeled as

an error correction code with the difference that in a general RG flow we do not have

complementary recovery property.5 Holography suggests that complementary recovery has

to emerge in a special class of theories with a large number of local degrees of freedom

(large N) and are strongly interacting (large gap). We discuss the role of large N and large

gap in complementary recovery.

Motivated by the connection between the RG and error correction, in the second part

5See figure 4 for complementary recovery in holography. Note that, even in holography, the complemen-

tary recovery is an approximate notion. It is known to fail in situations where the code subspace is large

[11, 12].
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Figure 3. We encode the algebra B in the physical algebra A. If the correctable subalgebra BC ⊂ B
is strictly smaller than B we use a conditional expectation EB to project B down to BC . Absorbing

EB in the error map Φ we are back to the case where the whole algebra is correctable.

of this work in section 3, we study the operator algebra error correction for an arbitrary von

Neumann algebra as a mathematical framework for error correction in continuum quantum

field theory (QFT). The error map is modeled by a normal unital completely positive (CP)

map Φ : A → B; see figure 3. When the whole algebra B is correctable and the error

map has no kernel the recovery map is unique and given by the Petz dual of the error

map. It isometrically embeds B in A. More generally, we consider the setup where only a

subalgebra BC of the logical operators B is correctable.6 Then, the recovery map restricted

to the correctable operators is still the Petz dual of the error map. Any unital CP map

that projects B down to BC (i.e. any conditional expectation EB : B → BC) can be used

to redefine the error such that its full image is correctable. Such conditional expectations

exist if the inclusion BC ⊂ B has finite index [13].

For completeness, in the appendices, we have included a self-contained review of the

mathematical and information-theoretic background needed for the second part of this

work. In appendix A, we review some information theory concepts such as the completely

positive (CP) maps and their duals. Appendix B discusses the GNS Hilbert space which has

the following two advantages: 1) linear maps on the algebra (superoperators) correspond

to linear operators in the GNS Hilbert space. This simplifies the study of error correction.

2) The GNS Hilbert space can be constructed for all quantum systems (von Neumann

algebra), including the local algebra of quantum field theory (QFT) that we are ultimately

interested in. We show that insisting on the dual of a CP map to remain CP leads to two

natural notions of dual maps: 1) the dual map of Accardi and Cecchini that we call the

ρ-dual map and 2) Petz dual map. Both of these maps play an important role in error

correction. The Petz dual map can understood as the dual with respect to an alternate

inner product that has already found several applications in QFT in the discussion of

Rindler positivity [14, 15]. While our discussion applies to any quantum system, to help

the readers less familiar with von Neumann algebras we mostly use the more familiar

notation of finite quantum systems.

6For instance, in holography, this situation arises when the reconstructable wedge is smaller than the

entanglement wedge.
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Figure 4. The subsystem error correction code in holography satisfies complementary recovery.

In appendix C, we review the Heisenberg picture of quantum error correction. We

say a subalgebra BC is correctable if there exists a recovery map R : BC → A such that

Φ(R(c)) = c for all c ∈ BC . We call the constraint Φ◦R = id the error correction equation.

The recovery map is non-unique because any R+X satisfies the error correction equation

as long as Φ(X (c)) = 0. In other words, the recovery is non-unique when the kernel of the

error map is non-trivial. Another source of non-uniqueness comes from the fact that the

error correction equation defines the recovery map from BC to A. Any extension of the

domain of R from BC to B can be also called a recovery map. We denote the range of the

recovery map by AC ≡ R(BC). It is a subalgebra of the physical operators. The recovery

map is an isometric embedding of the correctable algebra in A.

Conditional expectations are unital CP maps that project an algebra to a subalgebra

that includes the identity. In finite dimension, there is a one-to-one correspondence be-

tween conditional expectations Eσ and unnormalized states σ = ⊕qIq1 ⊗ σq2 on the relative

commutant of AC in A.7 All the density matrices that are preserved under a conditional

expectation Eσ take the separable form ρ = ⊕qpqρq1 ⊗ σq2. In exact error correction, R ◦ Φ

is a conditional expectation and its invariant states are the correctable states. The von

Neumann entropy of a correctable state splits into two terms

S(⊕qpqρq1 ⊗ σ2
q ) = H(p) +

∑
q

pq(S(ρq1) + S(σq2)) = S(ρ1) +
∑
q

pqS(σq2) . (1.1)

Note that the second term is a property of the correctable subalgebra and not the cor-

rectable state.

In holography, the boundary algebra is our physical algebra, and the bulk is the code

algebra. An isometry W encodes the bulk Hilbert space on the boundary. In the Heisenberg

picture, the map α(a) = W †aW maps the boundary operators to the bulk respecting the

complementary recovery property: the boundary operators supported on region A go to

those in the bulk localized in B and the operator supported on the complementary region

A′ go to those in B′; see figure 4. The bulk operators localized in region B of the bulk are

protected against the erasure of A′. The error map is Φ = α ◦ trA′ and its Petz dual is the

recovery map R : B → A. The complementary recovery implies that the composite map

7For examples and a more detailed discussion of conditional expectations see appendix A.3.
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R◦Φ is a conditional expectation.8 In holography, the second term on the right-hand-side

of (1.1) is argued to be similar to the contribution of the area operator to the holographic

entanglement [5].

2 Real-space RG as an error correction code

2.1 Conventional theory of QEC

We start this section with a quick review of the conventional approach to quantum error

correction.9 In the Schrödinger picture of error correction, consider an encoding isometry

W : KB → HA from the code Hilbert space KB to the physical Hilbert space HA and a

decoding co-isometry W †. The projection operator PC = WW † projects to a subspace of

HA called the code subspace because it is isomorphic to KB. Throughout this work, we use

the following notation: we denote an irreducible representations of an algebra B by KB,

and a reducible representation (such as the GNS representation) of B with HB. In finite

dimensional matrix algebras, we have HB = KB ⊗KB′ .
A collection of error operators Vr corrupt the physical states and a collection of recovery

operators Rr correct the errors; see figure 5. In the simple case where the errors Vr are

unitary operators we can undo the error using the correction operators Rr = V †r . Even

when the error is not unitary the correction operator is still made out of the conjugate of

the error; see appendix C. For general errors Vr, the necessary and sufficient condition for

the recovery to be possible is the Knill-Laflamme condition 10 [16]

PCV
†
r VsPC ∝ PC . (2.2)

When this condition is satisfied the recovery map is Rr ∝ PCV †r .

For example, consider the 3-qutrit code where the code Hilbert space KB is a single

qutrit spanned by |i〉 with i = 0, 1, 2 that is mapped by an isometry W to the subspace

|̄i〉 = W |i〉:

|0̄〉 =
1√
3

(|000〉+ |111〉+ |222〉)

|1̄〉 =
1√
3

(|012〉+ |120〉+ |201〉)

|2̄〉 =
1√
3

(|021〉+ |102〉+ |210〉) . (2.3)

8A similar observation was made in [6].
9For completeness, in section C, we have included a formal derivation of these results using the operator

algebra quantum error correction that we generalize to arbitrary von Neumann algebras in section 3
10The physical intuition behind the Knill-Laflamme condition can be seen by defining a set of basis states

{|Ci〉} in the code subspace PCHA. Then,

PCV
†
r VsPC =

∑
ij

|Ci〉〈Ci|V †r Vs|Cj〉〈Cj | =
∑
ij

〈Ci|V †r Vs|Cj〉|Ci〉〈Cj |. (2.1)

We satisfy Knill-Laflamme condition if 〈Ci|V †r Vs|Cj〉 = λrsδij . This condition implies that the two orthog-

onal code vectors |Ci〉 and |Cj〉 remain orthogonal after the action of the error operators. This ensures that

the distinguishable states remain distinguishable despite the errors.
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(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

R
<latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit>

�<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>
A

<latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit>

A
<latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit>

B
<latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit>

R
<latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit>

A
<latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit><latexit sha1_base64="9hS5m6ejVbZ0gZs8/GGKR8wBMkk=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl147KCfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXByl/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKR3cwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+4/XNYat0UdZTiBUzgHH66gAffQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz9wTpFX</latexit>

B
<latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit>

◆
<latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit>

�<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

HB
<latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit>

HA
<latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit>

HA
<latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit>

Vr
<latexit sha1_base64="SvkziWSpoexCZq2XKoDOLyhsGaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jNs1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh85QD6s1t+7mIOvEK0gNCrSG1a/BKGZpxBUySY3pe26CfkY1Cib5vDJIDU8om9Ix71uqaMSNn+WnzsmFVUYkjLUthSRXf09kNDJmFgW2M6I4MaveQvzP66cYNvxMqCRFrthyUZhKgjFZ/E1GQnOGcmYJZVrYWwmbUE0Z2nQqNgRv9eV10rmqe27du7+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ATdmjbU=</latexit><latexit sha1_base64="SvkziWSpoexCZq2XKoDOLyhsGaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jNs1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh85QD6s1t+7mIOvEK0gNCrSG1a/BKGZpxBUySY3pe26CfkY1Cib5vDJIDU8om9Ix71uqaMSNn+WnzsmFVUYkjLUthSRXf09kNDJmFgW2M6I4MaveQvzP66cYNvxMqCRFrthyUZhKgjFZ/E1GQnOGcmYJZVrYWwmbUE0Z2nQqNgRv9eV10rmqe27du7+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ATdmjbU=</latexit><latexit sha1_base64="SvkziWSpoexCZq2XKoDOLyhsGaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jNs1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh85QD6s1t+7mIOvEK0gNCrSG1a/BKGZpxBUySY3pe26CfkY1Cib5vDJIDU8om9Ix71uqaMSNn+WnzsmFVUYkjLUthSRXf09kNDJmFgW2M6I4MaveQvzP66cYNvxMqCRFrthyUZhKgjFZ/E1GQnOGcmYJZVrYWwmbUE0Z2nQqNgRv9eV10rmqe27du7+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ATdmjbU=</latexit><latexit sha1_base64="SvkziWSpoexCZq2XKoDOLyhsGaw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jNs1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh85QD6s1t+7mIOvEK0gNCrSG1a/BKGZpxBUySY3pe26CfkY1Cib5vDJIDU8om9Ix71uqaMSNn+WnzsmFVUYkjLUthSRXf09kNDJmFgW2M6I4MaveQvzP66cYNvxMqCRFrthyUZhKgjFZ/E1GQnOGcmYJZVrYWwmbUE0Z2nQqNgRv9eV10rmqe27du7+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ATdmjbU=</latexit>

Rr
<latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit>

W
<latexit sha1_base64="5r2I0wad77bSzyICVEspKQF+4Gk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzssV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AsTOM0Q==</latexit><latexit sha1_base64="5r2I0wad77bSzyICVEspKQF+4Gk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzssV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AsTOM0Q==</latexit><latexit sha1_base64="5r2I0wad77bSzyICVEspKQF+4Gk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzssV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AsTOM0Q==</latexit><latexit sha1_base64="5r2I0wad77bSzyICVEspKQF+4Gk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzssV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AsTOM0Q==</latexit>

W †
<latexit sha1_base64="SZGjsHVmHsdfN4NpXbO2fhZZJ+U=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/ZA2ls1mki7dbMLuRiihv8KLB0W8+nO8+W/cfhy09cHA470ZZuYFmeDauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0VwxZLRaq6AdUouMSW4UZgN1NIk0BgJxjdTP3OEyrNU3lvxhn6CY0ljzijxkoPncd+SOMY1aBSdWvuDGSVeAtShQWag8pXP0xZnqA0TFCte56bGb+gynAmcFLu5xozykY0xp6lkiao/WJ28IScWyUkUapsSUNm6u+JgiZaj5PAdibUDPWyNxX/83q5iep+wWWWG5RsvijKBTEpmX5PQq6QGTG2hDLF7a2EDamizNiMyjYEb/nlVdK+rHluzbu7qjbqizhKcApncAEeXEMDbqEJLWCQwDO8wpujnBfn3fmYt645i5kT+APn8weox5BF</latexit><latexit sha1_base64="SZGjsHVmHsdfN4NpXbO2fhZZJ+U=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/ZA2ls1mki7dbMLuRiihv8KLB0W8+nO8+W/cfhy09cHA470ZZuYFmeDauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0VwxZLRaq6AdUouMSW4UZgN1NIk0BgJxjdTP3OEyrNU3lvxhn6CY0ljzijxkoPncd+SOMY1aBSdWvuDGSVeAtShQWag8pXP0xZnqA0TFCte56bGb+gynAmcFLu5xozykY0xp6lkiao/WJ28IScWyUkUapsSUNm6u+JgiZaj5PAdibUDPWyNxX/83q5iep+wWWWG5RsvijKBTEpmX5PQq6QGTG2hDLF7a2EDamizNiMyjYEb/nlVdK+rHluzbu7qjbqizhKcApncAEeXEMDbqEJLWCQwDO8wpujnBfn3fmYt645i5kT+APn8weox5BF</latexit><latexit sha1_base64="SZGjsHVmHsdfN4NpXbO2fhZZJ+U=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/ZA2ls1mki7dbMLuRiihv8KLB0W8+nO8+W/cfhy09cHA470ZZuYFmeDauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0VwxZLRaq6AdUouMSW4UZgN1NIk0BgJxjdTP3OEyrNU3lvxhn6CY0ljzijxkoPncd+SOMY1aBSdWvuDGSVeAtShQWag8pXP0xZnqA0TFCte56bGb+gynAmcFLu5xozykY0xp6lkiao/WJ28IScWyUkUapsSUNm6u+JgiZaj5PAdibUDPWyNxX/83q5iep+wWWWG5RsvijKBTEpmX5PQq6QGTG2hDLF7a2EDamizNiMyjYEb/nlVdK+rHluzbu7qjbqizhKcApncAEeXEMDbqEJLWCQwDO8wpujnBfn3fmYt645i5kT+APn8weox5BF</latexit><latexit sha1_base64="SZGjsHVmHsdfN4NpXbO2fhZZJ+U=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/ZA2ls1mki7dbMLuRiihv8KLB0W8+nO8+W/cfhy09cHA470ZZuYFmeDauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0VwxZLRaq6AdUouMSW4UZgN1NIk0BgJxjdTP3OEyrNU3lvxhn6CY0ljzijxkoPncd+SOMY1aBSdWvuDGSVeAtShQWag8pXP0xZnqA0TFCte56bGb+gynAmcFLu5xozykY0xp6lkiao/WJ28IScWyUkUapsSUNm6u+JgiZaj5PAdibUDPWyNxX/83q5iep+wWWWG5RsvijKBTEpmX5PQq6QGTG2hDLF7a2EDamizNiMyjYEb/nlVdK+rHluzbu7qjbqizhKcApncAEeXEMDbqEJLWCQwDO8wpujnBfn3fmYt645i5kT+APn8weox5BF</latexit>

HB
<latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit><latexit sha1_base64="nF9d6xIXlT32wuWTqFb6lcg8pJI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLopssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO/P5IJ</latexit>

HA
<latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit><latexit sha1_base64="MPRTSYtNJKT5XbCJXhaFgwonSEE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLipssK9gHtUO6kaRuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0lGiKGvSSESqE6BmgkvWNNwI1okVwzAQrB1M7jO/PWVK80g+mlnM/BBHkg85RWMlvxeiGVMUaX3ev+uXym7FXYCsEy8nZcjR6Je+eoOIJiGThgrUuuu5sfFTVIZTwebFXqJZjHSCI9a1VGLItJ8uQs/JpVUGZBgp+6QhC/X3Roqh1rMwsJNZSL3qZeJ/Xjcxw6qfchknhkm6PDRMBDERyRogA64YNWJmCVLFbVZCx6iQGttT0ZbgrX55nbSuK55b8R5uyrVqXkcBzuECrsCDW6hBHRrQBApP8Ayv8OZMnRfn3flYjm44+c4Z/IHz+QO9u5II</latexit>
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𝛼

Figure 5. (a) Error correction in the Schrödinger picture. The isometry W is the encoding and

W † is the decoding. The errors are Vr and the correction operators are Rr. (b) We can absorb the

W and W † in the definition of the errors and the correction operators. (c) Error correction in the

Heisenberg picture. The order of operations is reversed. Both the error map Φ and the recovery

map R are unital completely positive maps. (d) The encoding ι and decoding α can be absorbed

in the definition of the error and the recovery maps.

An error that occurs on the third qutrit V3 can be corrected using the R3 ∝ PCV †3 because

W †R3V3W |i〉 ∝ |i〉 (2.4)

where we have used (2.2). It is convenient to absorb the encoding isometry W in the

definition of the errors and the decoding co-isometry W † in the definition of the recovery

operators

Ṽr = VrW, R̃r = W †Rr . (2.5)

See figure 5 (a) and (b). There exists a unitary U and a factorization of the Hilbert space

HA = KA ⊗KA′ such that

U |̄i〉 = |i〉A |χ〉A′ (2.6)

for some state |χ〉A′ . The unitary trivializes the encoding such that the information is

encoded in A and the errors act on A′. The error correction is guaranteed by the locality

property [a, Vr] = 0 for all a acting on A and error Vr acting on A′.

In the Heisenberg picture of error correction, we have the algebra of code operators B
and that of the physical operators A. An error correction code is a collection of four CP

maps (ι,R,Φ, α), where ι : B → A is an isometric embedding of B in A and α : A → B
undoes it. The recovery map is R : A → A and the error map Φ : A → A is unital. These

maps have the Kraus representation

α(a) = W †aW, ι(b) = WbW †

Φ(a) =
∑
r

V †r aVr, R(a) =
∑
r

R†raRr . (2.7)

We have an error correction if for all the code operators b ∈ B we have

α ◦ Φ ◦ R ◦ ι(b) = b . (2.8)

See figure 5 (c). The error correction condition above implies the Knill-Laflamme condition

in (2.2) as a special case, but it is more general. To simplify the notation, it is often
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convenient to absorb ι in the definition of the recovery map and α in the definition of the

error map. In this way, an error correction code is a doublet (R,Φ) where Φ : A → B is

the error and R : B → A is the recovery map; see figure 5 (d):

Φ(a) =
∑
r

Ṽ †r aṼr,

R(b) =
∑
r

R̃†rbR̃r. (2.9)

The map R◦Φ : A → AC projects the physical operators to the subalgebra of correctable

operators AC . These operators are invariant under the action of Φ ◦ R.

A special error channel relevant to the RG flow and holography is erasure. In finite

dimensional matrix algebras, the erasure is the error map that acts as1112

Eσ′(a⊗ a′) = (a⊗ I′)tr(σ′a′) . (2.10)

Any operator a′ ∈ A′ is an error and the necessary and sufficient condition for recovery

similar to (2.2) is

∀a′ ∈ A′ : PCa
′PC ∝ PC . (2.11)

This is equivalent to the statement that for any operator b there exists an operator R(b)

acting in subsystem A such that 13

R(b)W |i〉 = Wb |i〉 , R(b†)W |i〉 = Wb† |i〉 . (2.12)

Since PC [R(b), a′]PC = 0 any error V ′r supported on A′ satisfies

R(b)V ′rW = V ′rWb . (2.13)

Defining the errors Ṽ ′r = V ′rW we have

Φ(R(b)) =
∑
r

(Ṽ ′r )†R(b)Ṽ ′r = b (2.14)

which is the error correction condition in the Heisenberg picture.

To see how the Heisenberg picture error correction goes beyond the equation (2.2) we

consider the subsystem error correction. This is the setup where both the physical Hilbert

space and the code Hilbert space admit tensor product forms, respectively HA = KA⊗KA′
and HB = KB⊗KB′ . The goal is to encode the operators b supported on B in the physical

Hilbert space such that they are protected against the erasure of A′. In this case, the

necessary and sufficient condition generalizes the Knill-Laflamme conditions in (2.2) to

W †a′W ∈ B′ . (2.15)

11In the Schrödinger picture, the erasure channel acts on the density matrices according to E∗σ′(ρAA′) =

ρA ⊗ σ′.
12This is the simplest example of a conditional expectation that preserves the states ρ⊗ σ′.
13We prove this for an error correction code in a general von Neumann algebra in section 3. For a proof

in finite dimensional matrix algebras see, for instance, theorem 3.1 of [5]
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<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

R
<latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit><latexit sha1_base64="Q3XUr6egFAOTzVnITKKG+KVC2QM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+KI5Fo</latexit> �<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>◆

<latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit><latexit sha1_base64="2Prb/Ogcomlgqg4NVTNZl9IMFPs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZE0GXRjcsK9gGdodxJM21oJhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51tMwUoW0iuVS9CDTlTNC2YYbTXqooJBGn3WhyW/jdR6o0k+LBTFMaJjASLGYEjJUGbi1IwIwJ8Dxg0sBs4Na9hjcHXiV+SeqoRGvgfgVDSbKECkM4aN33vdSEOSjDCKezapBpmgKZwIj2LRWQUB3m8+AzfGaVIY6lsk8YPFd/b+SQaD1NIjtZxNTLXiH+5/UzE1+HORNpZqggi0NxxrGRuGgBD5mixPCpJUAUs1kxGYMCYmxXVVuCv/zlVdK5aPhew7+/rDdvyjoq6ASdonPkoyvURHeohdqIoAw9o1f05jw5L86787EYXXPKnWP0B87nD0PUk3g=</latexit>Rr
<latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit><latexit sha1_base64="J/o/yX4w2JaRiVfYrVcHFKZCpaY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKkBwDXjzGRx6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmN3O/84RK81g+mmmCfkRHkoecUWOlh/uBGpQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwrqfcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236t1dVxr1PI4inME5XIIHNWjALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAxTo2x</latexit>

W
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Figure 6. The subsystem error correction in (a) the Schrödinger picture (b) the Heisenberg picture.
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<latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit>
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<latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit>
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<latexit sha1_base64="Uyq7G4Dxh9a11nsamVKJYqVgWHE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEoiBV0W3HRZwT6gDWEynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OpxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ew9UKhaLez1LqBfhsWAhI1gbyberwwjrCcE8a839TF26c9+uOXVnAbRO3ILUoEDbt7+Go5ikERWacKzUwHUS7WVYakY4nVeGqaIJJlM8pgNDBY6o8rJF9Dk6N8oIhbE0T2i0UH9vZDhSahYFZjIPqla9XPzPG6Q6vPEyJpJUU0GWh8KUIx2jvAc0YpISzWeGYCKZyYrIBEtMtGmrYkpwV7+8TrpXddepu3eNWrNR1FGGUziDC3DhGprQgjZ0gMAjPMMrvFlP1ov1bn0sR0tWsXMCf2B9/gAu6pPj</latexit><latexit sha1_base64="Uyq7G4Dxh9a11nsamVKJYqVgWHE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEoiBV0W3HRZwT6gDWEynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OpxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ew9UKhaLez1LqBfhsWAhI1gbyberwwjrCcE8a839TF26c9+uOXVnAbRO3ILUoEDbt7+Go5ikERWacKzUwHUS7WVYakY4nVeGqaIJJlM8pgNDBY6o8rJF9Dk6N8oIhbE0T2i0UH9vZDhSahYFZjIPqla9XPzPG6Q6vPEyJpJUU0GWh8KUIx2jvAc0YpISzWeGYCKZyYrIBEtMtGmrYkpwV7+8TrpXddepu3eNWrNR1FGGUziDC3DhGprQgjZ0gMAjPMMrvFlP1ov1bn0sR0tWsXMCf2B9/gAu6pPj</latexit><latexit sha1_base64="Uyq7G4Dxh9a11nsamVKJYqVgWHE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEoiBV0W3HRZwT6gDWEynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OpxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ew9UKhaLez1LqBfhsWAhI1gbyberwwjrCcE8a839TF26c9+uOXVnAbRO3ILUoEDbt7+Go5ikERWacKzUwHUS7WVYakY4nVeGqaIJJlM8pgNDBY6o8rJF9Dk6N8oIhbE0T2i0UH9vZDhSahYFZjIPqla9XPzPG6Q6vPEyJpJUU0GWh8KUIx2jvAc0YpISzWeGYCKZyYrIBEtMtGmrYkpwV7+8TrpXddepu3eNWrNR1FGGUziDC3DhGprQgjZ0gMAjPMMrvFlP1ov1bn0sR0tWsXMCf2B9/gAu6pPj</latexit><latexit sha1_base64="Uyq7G4Dxh9a11nsamVKJYqVgWHE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEoiBV0W3HRZwT6gDWEynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OpxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ew9UKhaLez1LqBfhsWAhI1gbyberwwjrCcE8a839TF26c9+uOXVnAbRO3ILUoEDbt7+Go5ikERWacKzUwHUS7WVYakY4nVeGqaIJJlM8pgNDBY6o8rJF9Dk6N8oIhbE0T2i0UH9vZDhSahYFZjIPqla9XPzPG6Q6vPEyJpJUU0GWh8KUIx2jvAc0YpISzWeGYCKZyYrIBEtMtGmrYkpwV7+8TrpXddepu3eNWrNR1FGGUziDC3DhGprQgjZ0gMAjPMMrvFlP1ov1bn0sR0tWsXMCf2B9/gAu6pPj</latexit>

Hs
<latexit sha1_base64="dgbdUaZp0hlSw4fjAfb+y1eEuEs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LbrqsYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbe/s7lX3aweHR8d1++S0r+JUEtojMY/lMMCKciZoTzPN6TCRFEcBp4Ngflf4g0cqFYvFg14k1IvwVLCQEayN5Nv1cYT1jGCedXI/U7lvN5ymswTaJG5JGlCi69tf40lM0ogKTThWauQ6ifYyLDUjnOa1capogskcT+nIUIEjqrxsGTxHl0aZoDCW5gmNlurvjQxHSi2iwEwWMdW6V4j/eaNUh7dexkSSairI6lCYcqRjVLSAJkxSovnCEEwkM1kRmWGJiTZd1UwJ7vqXN0n/uuk6Tfe+1Wi3yjqqcA4XcAUu3EAbOtCFHhBI4Rle4c16sl6sd+tjNVqxyp0z+APr8wdNHpNz</latexit><latexit sha1_base64="dgbdUaZp0hlSw4fjAfb+y1eEuEs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LbrqsYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbe/s7lX3aweHR8d1++S0r+JUEtojMY/lMMCKciZoTzPN6TCRFEcBp4Ngflf4g0cqFYvFg14k1IvwVLCQEayN5Nv1cYT1jGCedXI/U7lvN5ymswTaJG5JGlCi69tf40lM0ogKTThWauQ6ifYyLDUjnOa1capogskcT+nIUIEjqrxsGTxHl0aZoDCW5gmNlurvjQxHSi2iwEwWMdW6V4j/eaNUh7dexkSSairI6lCYcqRjVLSAJkxSovnCEEwkM1kRmWGJiTZd1UwJ7vqXN0n/uuk6Tfe+1Wi3yjqqcA4XcAUu3EAbOtCFHhBI4Rle4c16sl6sd+tjNVqxyp0z+APr8wdNHpNz</latexit><latexit sha1_base64="dgbdUaZp0hlSw4fjAfb+y1eEuEs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LbrqsYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbe/s7lX3aweHR8d1++S0r+JUEtojMY/lMMCKciZoTzPN6TCRFEcBp4Ngflf4g0cqFYvFg14k1IvwVLCQEayN5Nv1cYT1jGCedXI/U7lvN5ymswTaJG5JGlCi69tf40lM0ogKTThWauQ6ifYyLDUjnOa1capogskcT+nIUIEjqrxsGTxHl0aZoDCW5gmNlurvjQxHSi2iwEwWMdW6V4j/eaNUh7dexkSSairI6lCYcqRjVLSAJkxSovnCEEwkM1kRmWGJiTZd1UwJ7vqXN0n/uuk6Tfe+1Wi3yjqqcA4XcAUu3EAbOtCFHhBI4Rle4c16sl6sd+tjNVqxyp0z+APr8wdNHpNz</latexit><latexit sha1_base64="dgbdUaZp0hlSw4fjAfb+y1eEuEs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LbrqsYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n26psbe/s7lX3aweHR8d1++S0r+JUEtojMY/lMMCKciZoTzPN6TCRFEcBp4Ngflf4g0cqFYvFg14k1IvwVLCQEayN5Nv1cYT1jGCedXI/U7lvN5ymswTaJG5JGlCi69tf40lM0ogKTThWauQ6ifYyLDUjnOa1capogskcT+nIUIEjqrxsGTxHl0aZoDCW5gmNlurvjQxHSi2iwEwWMdW6V4j/eaNUh7dexkSSairI6lCYcqRjVLSAJkxSovnCEEwkM1kRmWGJiTZd1UwJ7vqXN0n/uuk6Tfe+1Wi3yjqqcA4XcAUu3EAbOtCFHhBI4Rle4c16sl6sd+tjNVqxyp0z+APr8wdNHpNz</latexit>

Ws
<latexit sha1_base64="uVByG7r0znAxWqYqavkzz9fXIR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ66Az0oFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk/ZV3XPr3n2j1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5Azk8jbM=</latexit><latexit sha1_base64="uVByG7r0znAxWqYqavkzz9fXIR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ66Az0oFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk/ZV3XPr3n2j1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5Azk8jbM=</latexit><latexit sha1_base64="uVByG7r0znAxWqYqavkzz9fXIR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ66Az0oFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk/ZV3XPr3n2j1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5Azk8jbM=</latexit><latexit sha1_base64="uVByG7r0znAxWqYqavkzz9fXIR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ66Az0oFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHqjFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsSF4qy+vk/ZV3XPr3n2j1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5Azk8jbM=</latexit>

Figure 7. A layer of MERA is an isometry Ws : Hs+1 → Hs that is comprised of two layers: the

coarse-graining isometries V and the local disentangling unitaries U .

This is to be compared with the condition in (2.11) that can be written as

W †a′W = λI . (2.16)

It is a standard result in quantum error correction that (2.15) is equivalent to the existence

of a map R : B → A such that

R(b)W = Wb . (2.17)

We provide a proof of this for any von Neumann algebra in section 3. Since PC [R(b), a′]PC =

0 for any error Ṽ ′r = V ′rW we have

R(b)Ṽ ′r = Ṽ ′rb (2.18)

or equivalently Φ(R(b)) = b; see figure 6.

2.2 Entanglement renormalization

As an explicit example of the connection between the real-space renormalization and the

quantum error correction codes we consider a MERA tensor network. A MERA is a

sequence of increasingly coarse-grained lattices {L0,L1, · · · ,Ln} and their corresponding

Hilbert spaces {H0,H1, · · · ,Hn}. The Hilbert space Hs describes the states of the theory

at length scale ls and l0 < l1 < · · · < ln. The states of H0 are deep in the UV, and the

states of Hn are in the IR. At each site of every lattice Ls we have a local Hilbert space that

we take to be a qudit for simplicity. A sequence of isometries Ws : Hs+1 → Hs embed Hs+1

into the Hilbert space of less coarse-grained states Hs. In the standard MERA, each such

isometry is comprised of a layer of local coarse-graining isometries V followed by a layer of
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V
<latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit>

V
<latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit><latexit sha1_base64="Fb0Cf4BCeAl0LrrYIA3+SVGMY5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqtQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17WGW8RRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8AfO5w+tR4zI</latexit>

V
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<latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit><latexit sha1_base64="Z1UhPvvLB5VUexzI55Iil7u08qY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq+YNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werw4zH</latexit>

(a)
<latexit sha1_base64="ZJXqlcQKCbeRhG+p3AGzEb2B9z4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LRzNNmB/hSPKQUzRWeqji5aBccWvuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx6oxcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMv+bDLli1IipJUgVt7cSOkaF1Nh0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwCEdY08</latexit><latexit sha1_base64="ZJXqlcQKCbeRhG+p3AGzEb2B9z4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LRzNNmB/hSPKQUzRWeqji5aBccWvuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx6oxcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMv+bDLli1IipJUgVt7cSOkaF1Nh0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwCEdY08</latexit><latexit sha1_base64="ZJXqlcQKCbeRhG+p3AGzEb2B9z4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LRzNNmB/hSPKQUzRWeqji5aBccWvuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx6oxcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMv+bDLli1IipJUgVt7cSOkaF1Nh0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwCEdY08</latexit><latexit sha1_base64="ZJXqlcQKCbeRhG+p3AGzEb2B9z4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWy3bRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LRzNNmB/hSPKQUzRWeqji5aBccWvuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx6oxcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDd+xmWSGibpclGYCmJiMv+bDLli1IipJUgVt7cSOkaF1Nh0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwCEdY08</latexit>

(b)
<latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit>

<latexit sha1_base64="Ejr1Hja6uAX/cPnalURtSpX5myU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vane10r1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+JyY1F</latexit>

(c)

<latexit sha1_base64="2mQ/2tonE135N3Pn5iuRnOiJCxo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU7AxKZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBskmM1A==</latexit>

W

<latexit sha1_base64="ja6YX3yfR7HHRytRBrCy3zYUEio=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMF+yFtLJvNJl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0UmmCG2ThCeqF2BNOZO0bZjhtJcqikXAaTcY38z87hNVmiXy3kxS6gscSxYxgo2VHrqPgxDHMVXDStWtuXOgVeIVpAoFWsPK1yBMSCaoNIRjrfuemxo/x8owwum0PMg0TTEZ45j2LZVYUO3n84On6NwqIYoSZUsaNFd/T+RYaD0Rge0U2Iz0sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PQqZosTwiSWYKGZvRWSEFSbGZlS2IXjLL6+STr3mXdbqd41qs1HEUYJTOIML8OAKmnALLWgDAQHP8ApvjnJenHfnY9G65hQzJ/AHzucPqd2QSA==</latexit>

W †

<latexit sha1_base64="NahpD7ZUoXD2VARNd1l9CboJMfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRFVDwVvHisYD+gDWWz2bRrN7thdyKU0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhangBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExLDBJesiRwF66SakSQUrB2Obmd++4lpw5V8wHHKgoQMJI85JWilVo9GCk2/XPGq3hzuKvFzUoEcjX75qxcpmiVMIhXEmK7vpRhMiEZOBZuWeplhKaEjMmBdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODQLHsz8T+vm2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0uHRBOKNqCSDcFffnmVtGpV/7Jau7+o1G/yOIpwAqdwDj5cQR3uoAFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB645jy4=</latexit>· · ·

<latexit sha1_base64="NahpD7ZUoXD2VARNd1l9CboJMfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRFVDwVvHisYD+gDWWz2bRrN7thdyKU0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhangBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExLDBJesiRwF66SakSQUrB2Obmd++4lpw5V8wHHKgoQMJI85JWilVo9GCk2/XPGq3hzuKvFzUoEcjX75qxcpmiVMIhXEmK7vpRhMiEZOBZuWeplhKaEjMmBdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODQLHsz8T+vm2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0uHRBOKNqCSDcFffnmVtGpV/7Jau7+o1G/yOIpwAqdwDj5cQR3uoAFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB645jy4=</latexit>· · ·

<latexit sha1_base64="NahpD7ZUoXD2VARNd1l9CboJMfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRFVDwVvHisYD+gDWWz2bRrN7thdyKU0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhangBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExLDBJesiRwF66SakSQUrB2Obmd++4lpw5V8wHHKgoQMJI85JWilVo9GCk2/XPGq3hzuKvFzUoEcjX75qxcpmiVMIhXEmK7vpRhMiEZOBZuWeplhKaEjMmBdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODQLHsz8T+vm2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0uHRBOKNqCSDcFffnmVtGpV/7Jau7+o1G/yOIpwAqdwDj5cQR3uoAFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB645jy4=</latexit>· · ·

<latexit sha1_base64="NahpD7ZUoXD2VARNd1l9CboJMfE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRFVDwVvHisYD+gDWWz2bRrN7thdyKU0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhangBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExLDBJesiRwF66SakSQUrB2Obmd++4lpw5V8wHHKgoQMJI85JWilVo9GCk2/XPGq3hzuKvFzUoEcjX75qxcpmiVMIhXEmK7vpRhMiEZOBZuWeplhKaEjMmBdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODQLHsz8T+vm2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0uHRBOKNqCSDcFffnmVtGpV/7Jau7+o1G/yOIpwAqdwDj5cQR3uoAFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB645jy4=</latexit>· · ·

Figure 8. (a) One step of RG for a 9-local operator as turns it into a 6-local operator acting

on Hs+1. (b) The support of operators supported on a few sites fluctuates but remains almost

constant. (c) The support of k-local operators with k � 1 shrinks under the RG. For instance, the

support of a k-local operator shrinks to at most bk/2c+ 2. In general, the expectation is that the

support of operators shrinks by the coarse-graining factor except for some boundary effects that

become important when the operator has support on O(1) number of sites.

disentangling unitaries U ; see figure 7. The hierarchical structure of correlations in MERA

allows for states with long-range correlations. The isometries Ws can be understood as

maps that prepare the states W1W2 · · ·Wn |Ψn〉 with long-range correlations. Below, we

summarize the argument presented in [10] for the error correction properties of MERA.

In the Heisenberg picture, MERA is a renormalization map for the operators: As →
As+1 where As is the algebra of observables of the Hilbert space Hs; see figure 8:

α(as) = W †s asWs . (2.19)

The most important property of MERA for us is that it shrinks the support of local

operators in the following sense: if as is supported on k adjacent sites with k � 1 on Ls
and the isometries cut down the number of sites by a factor γ > 1 then the operator α(as)

is supported on approximately k/γ sites of Ls+1 [9]; see figure 8. This is not exactly true

because of the boundary effects. For instance, for the MERA in figure 8, for any k-local

operator a the support of α(a) is at most bk/2c + 2. For k = O(1) the support of the

operator almost remains the same.14 In higher dimensions, the number of sites in a region

scales like the volume of the region and the number of the sites at the boundary scales like

the area of the region therefore it is natural to expect that the volume term in the support

a shrinks by γ up to potential area corrections.

A UV operator a0 supported on region A0 under the RG flow is mapped to the operator

as whose support we define to be As. After s layers of RG the linear size of As is order

γ−s|A0|. When s becomes comparable to log |A0| the support of the operator reaches a

few sites. At this scale, the second stage of the RG flow starts. As we flow further into

the IR, the operator remains local on a few sites, however its norm falls exponentially fast.

This is because, in the Heseinberg picture, the RG flow map is a quantum channel and

14It can fluctuate up and down but it can never grow much.
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Encoded data

A0A′￼0 A′￼0

Error

(a)
|A0 |

log |A0 |

s − log |A0 |

Encoded data

(b)

Figure 9. (a) Any UV errors a′0 (red star) supported on A′0 do not disturb the IR operators that

are originally supported on A0 before the RG flow. The black dot denoted as the encoded data

represents as. (b) In the figure, there are s layers between UV and IR where the encoded data is

sitting. The size of the support of UV operators shrinks as log |A0|, though the size drawn in the

figure is schematic.

hence a contraction: its eigenvalues have norm smaller than one; see appendix B.3. The

operators that are invariant under the RG flow survive deep in the IR forming a subalgebra

of exactly correctable operators. These are the eigenoperators with eigenvalue one. All the

other operators decay exponentially fast with the exponent set by hmin = − log |λ| where

λ is the largest eigenvalue of the RG channel with norm less than one [10].15

We split the ultra-violet lattice L0 into a simply connected region A0 and the comple-

ment A′0. The RG flow respects locality in the sense that operators supported on A0 are

mapped to operators supported on As. Therefore, the UV errors a′0 localized on A′0 does

not disturb the IR operators as in As: [αs(a′0), as] = 0. This is a trivial subsystem error

correction code. As we flow further into the IR the support As shrinks until it reaches a

few sites. At this point, the support of the operator no longer shrinks, instead under the

RG flow the norm of the operator drops exponentially fast. If there are s layers of coarse-

graining between the IR and the UV states a UV operator supported on a region of size

A0 becomes a local operator with a norm that is suppressed by e−(s−log |A0|); for a precise

statement see lemma 3 in [10]. Deep in the IR (s− log |A0| � 1) the UV perturbations are

vanishingly small. They do not disturb the IR physics; see figure 9.

2.3 Real-space RG in QFT

In this section, we generalize the connection between MERA and error correction to the

RG flow of continuous Poincare invariant QFT. It was shown in [7], that in continuous

MERA (cMERA) [17], the RG flow of massive free fields is an approximate quantum

error correction code. We comment on the emergence of the complementary recovery in

holographic code.

The canonical quantization of a QFT that is a perturbation of massive free fields uses

the constant time field operator ϕ(x) and its momentum conjugate π(x). For simplicity,

we set the mass scale to one. As instructed by cMERA [18], to model the RG flow, we

15In principle, there can be eigenoperators whose eigenvalues are a phase eiθ. If such operators exist,

under the RG flow they will show recurrences. We expect a generic RG flow to not have such recurrences.
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deform the Hamiltonian by adding the irrelevant operator e2s∂iπ(x)∂iπ(x) where the index

i runs over spatial directions only and the summation over i is implicit. This term acts as

an effective cut-off at the length scale es. For f±(x) real test function on the space, we

define the annihilation operators a(f) =
∫
dd−1x (f−(x)+ if+(x))a(x). Under the RG flow

this operator renormalizes to as(fs) where as is the annihilation operator at scale es and

the test function fs is [7]

f±s (x) = (1− e2s∇2)±1/4f±(x) . (2.20)

Deep in the UV (s → −∞) the functions f± are supported on region A. For smooth

enough f± as long as s � log |A| the term e2s∇2f± in (2.20) is smaller than f± and the

renormalization of the field is negligible. This is analogous to the stage one of the RG

flow of the operators in MERA. Here, the support does not change but the cut-off length

is growing exponentially fast. The cut-off length is analogous to a single site in MERA

(the lattice spacing), therefore the support of f in units of the cut-off length is shrinking

exponentially fast.

The support of the operator, in units of the cut-off, shrinks until es ∼ |A| at which

point the operator is supported on a region of cut-off length, and the second stage starts.

In the second stage, the second term on the right-hand-side of (2.20) is no longer negligible.

It was shown in [7] that for large s the projection of the UV coherent operators to the code

subspace becomes approximately proportional to the projection to the code subspace:

PCe
a†s(fs)−as(f∗s )PC ' PC (2.21)

which is the Knill-Laflamme condition for approximate error correction. More generally,

we can directly analyze the spectrum of the RG quantum channel. Deep in the IR, the

eigen-operators of the RG quantum channel with the largest eigenvalues are the conformal

primaries of the IR fixed point [19, 20]

e−sD(ah) = e−shah (2.22)

where we have defined the superoperator D that generates the RG flow from the unit length

scale to es. Here, h ≥ 0 is the scaling dimension of the eigen-operator. The norm of a

non-identity operator decays fast with scale. This implies that any local perturbation in

the UV becomes exponentially weak in the IR. The only UV operators that survive the

RG flow to the low energies are supported on macroscopically large number of degrees of

freedom.16 The parameter hmin(s − log |A|) where hmin is the dimension of the lightest

primary controls how well this error correction code works.

Quantum error correction makes a surprising appearance in quantum gravity and the

AdS/CFT duality [4]. The discovery of the Ryu-Takayanagi (RT) formula in holography

led to an understanding of the duality at the level of subregion density matrices [21, 22]. It

revealed that the map that encodes the bulk operators in the Hilbert space of the boundary

16In principle, it is plausible that the RG map has invariant local eigen-operators. Such operators would

have vanishing conformal dimensions.
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theory defines an error correction code. These error correction properties have been used

to develop toy models of holography using finite dimensional quantum systems [23]. It was

recently shown that the Petz map gives a reconstruction of the bulk operators in terms

of the boundary observables [24]. See [25] for a recent discussion of the Petz map in the

reconstruction of operators behind the horizon of a black hole.

At first look, it appears that the approximate error correction in RG is not related

to the exact error correction realized in holography because making the error correction

above exact requires the conformal dimension of the lightest primary to go to infinity. The

holographic QEC code has the complementary recovery property which means that the

operators supported on A0 are mapped to those in As and the operators on the comple-

mentary region A′s are encoded in those in the complementary region A′0.17 In general,

the approximate QEC in RG does not have complementary recovery. This property has to

emerge in holographic theories.

The connection with holography becomes clearer when we consider an RG with two

groups of primaries: light primaries with conformal dimensions hL � ∆ and heavy pri-

maries with hH ≥ ∆ for some large parameter ∆. If we choose our code subspace to be

the theory at length scale esl with s = log |A| + ε and l some fixed length scale then any

noise OH(A) caused by an integrals of heavy operators supported on A can be corrected

as long as ε∆� 1. As the gap ∆ goes to infinity, the error correction becomes exact and

we obtain complementary recovery. Note that there is no need for a recovery map as the

errors simply do not perturb the code subspace. The commutator between the heavy UV

operators on A and any local IR operators aIR(x) vanishes simply because their correlation

function vanishes 〈OH(A, l)aIR(esl)〉 ' e−∆(s−log |A|).

In holography, we can correct for the erasure of region A. The error operators include

the light operators supported on A in addition to the heavy operators. As opposed to

the heavy operators, the light operators on A have non-vanishing correlations with the IR

operators. To argue that their effect is correctable in the IR we need a new mechanism

in specific to holographic theories. Such a mechanism is provided in theories with N ×N
matrix degrees of freedom at large N . The light primaries are k trace operators of the form

tr(X1) · · · tr(Xk) with dimension O(N0). The heavy operators have large dimension O(N2)

that is the size of the gap ∆ in holography. It follows from the large N factorization that

the commutator of light operators are 1/N suppressed.18 A small commutator is sufficient

for the effect of light operators in A to be correctable in the IR.

3 Error correction in arbitrary von Neumann algebra

The local algebra of quantum field theory is different from the matrix algebras in two

important ways: 1) It has no irreducible representations. 2) It does not admit a trace. We

17We will use the Latin letters A and A′ to refer a region and its complement and AA and AA′ to refer to

their corresponding algebra of operators. Note that in the presence of conserved charges AA′ 6= A′A. This

happens because the local algebras have non-trivial centers. We assume periodic boundary conditions so

that both A′ and its complement A can be chosen to be simply connected.
18We thank Venkatesa Chandrasekaran for insightful conversations about the role of large N in error

correction.
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need to generalize our discussion of error correction to the GNS Hilbert space to include the

local algebra of QFT.19 In part two of this work, we generalize the formalism of operator

algebra error correction to arbitrary von Neumann algebras. To help the reader, we have

included a self-contained review of the mathematical background needed for this section in

the appendices A and B that we refer to frequently in the text. Appendix C reviews the

theory of operator algebra error correction.

To define the code and the physical GNS Hilbert spaces we need a state ρB of B 20.

After the action of the error map this state becomes ρA = Φ∗(ρB).21 We will choose ρB to

be full rank (a faithful state). If the error map has a kernel the state ρA is no longer faithful.

This means that the errors have erased some information permanently and there will not

exist any state that is fully correctable. One way to deal with this is to define a projection

to the kernel of the error map and use it explicitly in the recovery map. The recovery map

will no longer be unital. Another approach is to enlarge the algebra B by including the

degrees of freedom until the extended error map has trivial kernel. Physically, an error

occurs because of the interaction with some environment degrees of freedom. If there is a

kernel for the error map Φ : A → B it is because the information has left B and entered

the environment. If we add to B the degrees of freedom of the environment that contain

the information that has left B the extended error map will have a trivial kernel.22 In the

real-space RG in QFT, and in holography, the kernel of the error map is empty. This is

because the state ρA (the vacuum state of short-distance theory in QFT or the boundary

state in holography restricted to a region A) is faithful. In this section, in generalizing our

discussion of error correction to an arbitrary von Neumann algebra, we will focus on the

case where the kernel of the error map is empty.

To get oriented, let us start with matrix algebras. In finite dimensional systems,

the GNS Hilbert space of a full rank density matrix ρA is a double copy Hilbert spaces

HρA ≡ KA⊗KA′ with a distinguished vector |ρ1/2
A 〉 ∈ HρA whose density matrix on both A

and A′ is equal to ρA; see appendix B. Such a vector is called cyclic and separating. Given

a state ρB an arbitrary error map Φ : A → B is represented in the GNS Hilbert space as a

contraction F : HρA → HρB 23. We assume that the state ρA is also full rank therefore the

purification of ρA is cyclic and separating. There is a one-to-one correspondence between

the linear operators in the GNS Hilbert space and the linear superoperators on the algerbra;

see appendix B.1. The operator F † corresponds to the super-operator Φ′ρ : B′ → A′ that we

call the ρ-dual map and the operator JAF
†JB corresponds to the Petz dual map ΦP

ρ : B → A
(see section B.4). Here, JA and JB are the modular conjugation operators corresponding

to |ρ1/2
A 〉 and |ρ1/2

B 〉, respectively.

In the special case F is a co-isometry we call the problem of solving for the recovery

19See appendix B for a review of the GNS Hilbert space.
20A state is a normal positive functional of the algebra. When the algebra has a trace it is a density

matrix. See appendix B for more information.
21In the Schrödinger picture, the error map corresponds to a quantum channel Φ∗ that sends the states

of B to those of A.
22In the extreme case where we include the whole environment in B the error map is a simple unitary

rotation, and completely correctable.
23A contraction is an operator with ‖F‖∞ ≤ 1.
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map a reconstruction problem. Both real-space RG and holography are reconstruction

problems. In theorem 2, we show that any error correction problem where the whole image

of the error map is correctable is a reconstruction problem. In reconstruction, the operator

F is a co-isometry. In von Neumann algebras, the analog of the Knill-Laflamme condition

for exact error correction is the condition F †JB = JAF
† that we refer to as the Takesaki

condition.24 Appendix C.3 explains intuitively why the Takesaki condition is necessary

and sufficient for exact quantum error correction.

4 Recovery map in von Neumann algebras

Consider a unital normal CP error map Φ : A → B between two von Neumann algebras.

The Kraus representation Φ(a) =
∑

r V
†
r aVr of a CP map generalizes to infinite dimen-

sions25 . A recovery map is the isometric embedding of the correctable von Neumann

subalgebra26. The CP map Φ corresponds to a contraction F : HA → HB:27

Φ(a) |ρ1/2
B 〉 = Fa |ρ1/2

A 〉 (4.1)

and if the whole algebra B is correctable a recovery map corresponds to an isometry W :

HB → HA. Below, we collect all the theorems we need to generalize our discussion of error

correction to arbitrary von Neumann algebra.

We start with the definition of the ρ-dual of Φ and its properties.

Theorem 1 (ρ-dual map: proposition 3.1 [26]) Let Φ : A → B be a positive map

between von Neumann algebras. Let ρB and ρA = ρB ◦ Φ be faithful states of B and A.

Denote by |ρ1/2
A 〉 and |ρ1/2

B 〉 the cyclic and separating vectors that represent ρA and ρB
in their corresponding Hilbert spaces HA and HB. There exists a unique normal positive

linear map between the commutants Φ′ρ : B′ → A′ defined by

〈Φ′ρ(b′)ρ1/2
A |aρ

1/2
A 〉 = 〈b′ρ1/2

B |Φ(a)ρ
1/2
B 〉 , ∀a ∈ A, b′ ∈ B′ . (4.2)

If Φ is CP so is Φ′ρ, and if Φ is unital Φ′ρ is unital and faithful.

First, consider the case where the whole algebra B is correctable. This means that

there exists a recovery map R : B → A that isometrically embeds B in A

R(b) |ρ1/2
A 〉 = Wb |ρ1/2

B 〉 (4.3)

24In the remainder of this work, we often denote isometries like F † with letter W .
25In matrix algebras, the Kraus operators were maps from KA → KB where KA and KB were the

irreducible representations of the algebras A and B. A general von Neumann algebra does not admit an

irreducible representation. As we discuss in appendix B.6 the generalization of the Kraus representation to

an arbitrary von Neumann algebra is in terms of the Kraus operators Vr : HρB → HρA .
26A recovery map satisfies R(c)Vr = Vrc, ∀c ∈ BC . Therefore, R(c1)R(c2)Vr |ρ1/2A 〉 = R(c1c2) |ρ1/2A 〉.

Since we assumed that the kernel of Φ is empty so the union of the range of all Vr cover the whole Hilbert

space and we find that a recovery map is multiplicative: R(c1c2) = R(c1)R(c2). Since it is CP it becomes

an isometric embedding.
27We simplify our notation from HρA to HA.
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Figure 10. The figure shows ρ-dual map of Φ determined by the cyclic and separating vectors

|ρ1/2A 〉 and |ρ1/2B 〉 as in theorem 1. The sequences of JB , JA, and Φ′ρ appears to be a Petz dual map

constructed in theorem 2.

with W : HB → HA an isometry. The map Φ ◦R = id and R◦Φ : A → R(BC) ≡ AC ⊂ A
is a conditional expectation that preserves the faithful state ρA.

Theorem 5 tells us that the necessary and sufficient condition for the existence of such

a conditional expectation is JAW = WJB that we call the Takesaki condition. We use this

property in the next theorem to establishes that the recovery map is the Petz dual of the

error map, see figure 10:

Theorem 2 (Petz dual) Let Φ : A → B be a unital completely positive map between von

Neumann algebras. Let ρB and ρA = ρB ◦Φ be faithful states. Denote by |ρ1/2
A 〉 and |ρ1/2

B 〉
the cyclic and separating vectors that represent ρA and ρB in their corresponding Hilbert

spaces HA and HB. If there exists a normal faithful representation R : B → A that satisfies

Φ ◦ R = id, it is the Petz dual of the error map

R(b) = ΦP
ρ (b) ≡ JA ◦ Φ′ρ ◦ JB . (4.4)

where JA : A′ → A and JB : B → B′ are the modular conjugation maps corresponding to

|ρ1/2
A 〉 and |ρ1/2

B 〉, respectively.

Proof: The superoperator Φ is unital and CP, therefore it corresponds to a contraction

F : HA → HB. First, we prove that if the whole algebra B is correctable F is a co-

isometry. The image of the recovery map AC ≡ R(B) is a subalgebra of A. The composite

map E = R ◦ Φ : A → AC is unital, CP and preserves every operator in AC , hence it is

a conditional expectation. The operator corresponding to this conditional expectation is a

projection to the range of W : WW †. Therefore,

R ◦ Φ(a) |ρ1/2
A 〉 = WFa |ρ1/2

A 〉 = WW †a |ρ1/2
A 〉 . (4.5)

Since |ρ1/2
A 〉 is cyclic and separating we have WF = WW † or equivalently F = W † is a co-

isometry. Since this conditional expectation preserves ρA we have the Takesaki condition

JAW = WJB.
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Now, consider the Petz dual map ΦP
ρ (b). We check that it satisfies the recovery equation

Φ ◦ ΦP
ρ (b) |ρ1/2

B 〉 = W †JAWJBb |ρ1/2
B 〉 = b |ρ1/2

B 〉 (4.6)

where we have used the Takesaki condition for ρA. Since |ρ1/2
B 〉 is cyclic and separating

this implies that Φ ◦ ΦP
ρ (b) = b for all b ∈ B. In the absence of a kernel for the error map

this is the unique recovery map from B → AC . �
Next, consider the reconstruction problem where only a proper subalgebra BC ⊂ B is

correctable. The Hilbert space HB is a representation of BC but the vector |ρ1/2
B 〉 is no

longer a cyclic and separating vector for BC . We can use the theorem below to show that

the recovery map is dual to Φ(a′) = W †a′W ∈ (BC)′:

Theorem 3 (Reconstruction maps: theorem 1 of [6]) Let W : HB → HA be an

isometry in between Hilbert spaces that represent von Neumann algebras B and A, re-

spectively. The following two statements are equivalent:

1. For all a ∈ A we have α(a) = W †aW ∈ B.

2. There exists a normal isometric embedding (injective ∗-homomorphism) α′ : B′ → A′
such that α′(b′)W = Wb′ for all b′ ∈ B′.

When there exists a vector W |ρ1/2
B 〉 that is cyclic and separating for A, α is faithful and

the map α′ is the unique ρ-dual and is unital.

The recovery map satisfies the statement (2) therefore it is dual to the map W †a′W ∈
(BC)′ that we call Φ with an abuse of notation. The map Φ acts as Φ : A → B and

Φ : A′ → (BC)′. Since BC is smaller than B we do not have complementary recovery.

We cannot combine Φ : A → B and R : BC → A to get a conditional expectation. A

simple solution is to look for conditional expectations that project from B to BC . As we

review in appendix C, in finite dimensions, there is a one-to-one correspondence between

the conditional expectations from B to BC and the states on the relative commutant of BC
in B. With any conditional expectation EB : B → BC we can redefine the error map to

Φ→ EB ◦Φ. We are back to the case where the whole image of the error map is correctable,

and the recovery map is the Petz dual of the new error map.

If the inclusion of BC ⊂ B has finite index there always exists a conditional expectation

from B → BC . Any von Neumann subalgebra BC is a direct integral of factors: BC =∫ ⊕
q Cq.28 Roughly speaking, the index of a subfactor [Cq : B] is a measure of how many

times the algebra Cq fits inside B, and when there exists no conditional expectations from

B to Cq this index is defined to be infinite. When the index is finite there are conditional

expectations Eq : B → Cq [27]. If all the inclusion of all Cq in B have finite indices the

direct integral of Eq is a conditional expectation E : B → BC .

The correctable subalgebra is the subalgebra of operators that commute with V †r Vs.
29

We would like to generalize this to arbitrary von Neumann algebras. If there exists no

28A factor is a von Neumann algebra with trivial center.
29See appendix C.
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(b)
<latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit><latexit sha1_base64="OMH3Ai2M26jES4ma0T9AUgqUBJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVSDy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66R9VfPcmndfrzTqeRxFOINzqIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCF+o09</latexit>

<latexit sha1_base64="nVE+09Dnxu4vKXm0dZk8mWB/gKI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3Vane10r1WhZHHs7gHMrgwTXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+Gv41D</latexit>

(a)

<latexit sha1_base64="JUMuVlF/dF9QElKejTY8qbxct1A=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUUXFVceOygn3AdCiZNNOGZpIhyQhl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7woQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244ucv97hNVmknxaKYJDWI8EixiBBsr+f0YmzHBPLudDao1t+7OgVaJV5AaFGgNql/9oSRpTIUhHGvte25iggwrwwins0o/1TTBZIJH1LdU4JjqIJtHnqEzqwxRJJV9wqC5+nsjw7HW0zi0k3lEvezl4n+en5roOsiYSFJDBVl8FKUcGYny+9GQKUoMn1qCiWI2KyJjrDAxtqWKLcFbPnmVdBp177LeeLioNW+KOspwAqdwDh5cQRPuoQVtICDhGV7hzTHOi/PufCxGS06xcwx/4Hz+AHAwkVY=</latexit>A
<latexit sha1_base64="rnylANJ8JV8PbnuOs5hMdiIWWRs=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFdlZkiKq4qblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vsv9zhNVmsXy0UwSGgg8lCxiBBsr+b7AZkQwz26nZ/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5ln1IteLv7n9VITXQcZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zbus1R8uqo2boo4SHMMJnIMHV9CAe2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AHUs5GH</latexit>

A0 <latexit sha1_base64="JUMuVlF/dF9QElKejTY8qbxct1A=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUUXFVceOygn3AdCiZNNOGZpIhyQhl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7woQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244ucv97hNVmknxaKYJDWI8EixiBBsr+f0YmzHBPLudDao1t+7OgVaJV5AaFGgNql/9oSRpTIUhHGvte25iggwrwwins0o/1TTBZIJH1LdU4JjqIJtHnqEzqwxRJJV9wqC5+nsjw7HW0zi0k3lEvezl4n+en5roOsiYSFJDBVl8FKUcGYny+9GQKUoMn1qCiWI2KyJjrDAxtqWKLcFbPnmVdBp177LeeLioNW+KOspwAqdwDh5cQRPuoQVtICDhGV7hzTHOi/PufCxGS06xcwx/4Hz+AHAwkVY=</latexit>A

<latexit sha1_base64="JTux7VYdvUl0JcUXylwWrlX+vwk=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNF1GWpG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Lvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ91G3buuNx6uas1WUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdB2RXw==</latexit>B<latexit sha1_base64="JTux7VYdvUl0JcUXylwWrlX+vwk=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNF1GWpG5cV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Lvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ91G3buuNx6uas1WUUcZnaFzdIk8dIOa6B61UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHdB2RXw==</latexit>B <latexit sha1_base64="CaH4c9q6NkPcvrKLWwW3eHdPOd8=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFdlZki6rLUjcsK9gGdoWTSTBuaZIYkI5Shv+HGhSJu/Rl3/o2ZdhbaeiBwOOde7skJE860cd1vZ219Y3Nru7RT3t3bPzisHB13dJwqQtsk5rHqhVhTziRtG2Y47SWKYhFy2g0nd7nffaJKs1g+mmlCA4FHkkWMYGMl3xfYjAnmWXN2MahU3Zo7B1olXkGqUKA1qHz5w5ikgkpDONa677mJCTKsDCOczsp+qmmCyQSPaN9SiQXVQTbPPEPnVhmiKFb2SYPm6u+NDAutpyK0k3lGvezl4n9ePzXRbZAxmaSGSrI4FKUcmRjlBaAhU5QYPrUEE8VsVkTGWGFibE1lW4K3/OVV0qnXvOta/eGq2mgWdZTgFM7gEjy4gQbcQwvaQCCBZ3iFNyd1Xpx352MxuuYUOyfwB87nD9ihkZA=</latexit>B0

<latexit sha1_base64="nV111XcO5wjP9t0+nvxlT/ZbMg4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ6KkkR9Vj04rGC/cAmlM120yzd7IbdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXppxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpQltEcqm6IdaUM0FbhhlOu6miOAk57YSj26nfeaJKMykezDilQYKHgkWMYGOlR78Zs7O+r2LZr1TdmjsDWiZeQapQoNmvfPkDSbKECkM41rrnuakJcqwMI5xOyn6maYrJCA9pz1KBE6qDfHbxBJ1aZYAiqWwJg2bq74kcJ1qPk9B2JtjEetGbiv95vcxE10HORJoZKsh8UZRxZCSavo8GTFFi+NgSTBSztyISY4WJsSGVbQje4svLpF2veZe1+v1FtXFTxFGCYziBc/DgChpwB01oAQEBz/AKb452Xpx352PeuuIUM0fwB87nDxmhkI0=</latexit>

�0
⇢

<latexit sha1_base64="1lZyV7Qc63RnhkTwrEpdqp3r7/Q=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLqRlxVsA9oh5JJM21oJhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEHOmjet+Oyura+sbm4Wt4vbO7t5+6eCwqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMbjO/NaZKMykezSSmfoQHgoWMYGMlvxthMySYp/fT3nWvVHYr7gxomXg5KUOOeq/01e1LkkRUGMKx1h3PjY2fYmUY4XRa7CaaxpiM8IB2LBU4otpPZ6Gn6NQqfRRKZZ8waKb+3khxpPUkCuxkFlIvepn4n9dJTHjlp0zEiaGCzA+FCUdGoqwB1GeKEsMnlmCimM2KyBArTIztqWhL8Ba/vEya1Yp3Uak+nJdrN3kdBTiGEzgDDy6hBndQhwYQeIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fxhWSGw==</latexit>JA

<latexit sha1_base64="zjq1gdezSSK0wTA81dFfRzwHGwA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLUjbiqYB/QDiWTZtrQTDImmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dtbWNza3tgs7xd29/YPD0tFxS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32Z+e0KVZlI8mmlM/QgPBQsZwcZKfi/CZkQwT+9n/Xq/VHYr7hxolXg5KUOORr/01RtIkkRUGMKx1l3PjY2fYmUY4XRW7CWaxpiM8ZB2LRU4otpP56Fn6NwqAxRKZZ8waK7+3khxpPU0CuxkFlIve5n4n9dNTHjjp0zEiaGCLA6FCUdGoqwBNGCKEsOnlmCimM2KyAgrTIztqWhL8Ja/vEpa1Yp3Vak+XJZr9byOApzCGVyAB9dQgztoQBMIPMEzvMKbM3FenHfnYzG65uQ7J/AHzucPx5mSHA==</latexit>JB

<latexit sha1_base64="9JOE2YhrF4ioIosgxkqPUCGUYrs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVPFU8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8N2xEbVmlt3F0DrxCtIDQq0R9Wv4TgmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKJ3RgqcSCaj9b3DpHF1YZozBWtqRBC/X3RIaF1jMR2E6BTaRXvVz8zxukJrzxMyaT1FBJlovClCMTo/xxNGaKEsNnlmCimL0VkQgrTIyNp2JD8FZfXifdRt1r1hsPV7XWbRFHGc7gHC7Bg2towT20oQMEIniGV3hzhPPivDsfy9aSU8ycwh84nz/im44e</latexit>

�

<latexit sha1_base64="Wq+VZR8qcojeDNuV7UMNk5N+H50=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6rJUBJcV7APaoWTSTBuaScYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfztr6xubWdmGnuLu3f3BYOjpuaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6d2sX++Xym7FnQOtEi8nZcjR6Je+egNJkogKQzjWuuu5sfFTrAwjnM6KvUTTGJMxHtKupQJHVPvpPPQMnVtlgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCW/8lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9FW0J3vKXV0mrWvGuKtWHy3KtntdRgFM4gwvw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LEbXnHznBP7A+fwBv/aSFw==</latexit>EB
<latexit sha1_base64="ZGoA5KOmUTwSph+zoCrnubdX71o=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2AfMjCWTZjqhmWRIMkIp/Qw3LhRx69e4829M21lo64HA4Zxzyb0nyjjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Uaj25nffaJKMykezDijYYqHgsWMYGMlP2glrB+oRD62+tWaW3fnQKvEK0gNCtj8VzCQJE+pMIRjrX3PzUw4wcowwum0EuSaZpiM8JD6lgqcUh1O5itP0ZlVBiiWyj5h0Fz9PTHBqdbjNLLJFJtEL3sz8T/Pz018HU6YyHJDBVl8FOccGYlm96MBU5QYPrYEE8XsrogkWGFibEsVW4K3fPIq6TTq3mW9cX9Ra94UdZThBE7hHDy4gibcQQvaQEDCM7zCm2OcF+fd+VhES04xcwx/4Hz+ABBikR4=</latexit>

�P
⇢

<latexit sha1_base64="r8BiFh2cidBB9hhrLWsMR2puDjk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OqrfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1bus1u4vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA8so3G</latexit>

Vr

<latexit sha1_base64="Mj6fxrdcFVHS8InNuA2RFcPKeVU=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRF1GXVje4q2Ae0sUymk3boZBJnJoUS8h1uXCji1o9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Cbz2xMqFQvFg55G1A3wUDCfEayN5PYCrEcE8+Qqfbzrlyt21Z4BLRMnJxXI0eiXv3qDkMQBFZpwrFTXsSPtJlhqRjhNS71Y0QiTMR7SrqECB1S5ySx0ik6MMkB+KM0TGs3U3xsJDpSaBp6ZzEKqRS8T//O6sfYv3YSJKNZUkPkhP+ZIhyhrAA2YpETzqSGYSGayIjLCEhNteiqZEpzFLy+TVq3qnFdr92eV+nVeRxGO4BhOwYELqMMtNKAJBJ7gGV7hzZpYL9a79TEfLVj5ziH8gfX5A8Lxkhk=</latexit>

AI

<latexit sha1_base64="/xusqtoExFn7C1yr8GC84qnMMJs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRF1GWpG91VsA9oY5lMJ+3QySTOTAol9DvcuFDErR/jzr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Cbz2xMqFYvEg57G1AvxULCAEayN5PVCrEcE87Q+e7zr22Wn4syBVombkzLkaPTtr94gIklIhSYcK9V1nVh7KZaaEU5npV6iaIzJGA9p11CBQ6q8dB56hs6MMkBBJM0TGs3V3xspDpWahr6ZzEKqZS8T//O6iQ6uvZSJONFUkMWhIOFIRyhrAA2YpETzqSGYSGayIjLCEhNteiqZEtzlL6+SVrXiXlaq9xflWj2vowgncArn4MIV1OAWGtAEAk/wDK/wZk2sF+vd+liMFqx85xj+wPr8AcR4kho=</latexit>

BI
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BI

Figure 11. (a) Given a correctable state ρA we can construct the conditional expectation that

projects B to the invariant subalgebra BI of Φ ◦ ΦPρ . (b) The Petz map ΦPρ plays the role of the

recovery map sending the operators in BI to the subalgebra AI that commutes with all errors. This

is the von Neumann algebra generalization of the condition [c, V †r Vs] = 0 for the operators in the

correctable subalgebra.

correctable states the correctable subalgebra is empty. Therefore, we consider the case

where we have an error map Φ : A → B and a state ρA that is correctable. We follow a

strategy similar to the passive error correction in appendix C.1. The map Φ ◦ΦP
ρ : B → B

is unital and CP. We consider the conditional expectation that projects to its invariant

subalgebra that we denote by BI :

EB = lim
N→∞

1

N

N∑
n=1

(Φ ◦ ΦP
ρ )n . (4.7)

This is an error correction code for the correctable algebra BI with the recovery map

ΦP
ρ because for all c ∈ BI we have Φ ◦ ΦP

ρ (c) = c. The range of the recovery map is

a subalgebra in A that we denote by AI = ΦP
ρ (BI). The map EA = ΦP

ρ ◦ EB ◦ Φ is a

conditional expectation from A down to AI ; see figure 11. We can redefine the error map

to EB ◦Φ : A → BI . We are back to the standard case above, and the recovery map is once

again the Petz dual of the error map.

5 Discussion

In summary, we argued that the renormalization group is an approximate error correction

code. This is similar to modeling the holographic map as a subsystem error correction

code, with the difference that we do not have complementary recovery. We discussed how

the complementary recovery emerges in a theory with large N and a large gap.

We studied the operator algebra quantum error correction for an arbitrary von Neu-

mann algebra. If the error map has a kernel some information is irreversibly lost. In

real-space RG, the vacuum vector of a QFT is cyclic and separating which implies that
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Figure 12. A time slice of anti-de Sitter space with A the algebra of a region A on the boundary

and B the algebra of the bulk region that is in between A and the Ryu-Takayanagi surface of A.

The CP map Φ maps the boundary local algebra to the bulk, whereas R reconstructs the bulk

operators on the boundary.

the kernel of the RG map is trivial. In von Neumann algebras, the analog of the Knill-

Laflamme condition for exact error correction is the Takesaki condition. When recovery is

possible, the recovery map is the Petz dual of the error map.

If the kernel of the error map is not empty (we do not have a cyclic and separating

vector) the composition of the recovery map and the error R ◦ Φ : A → AC is still a CP

map that preserves every operator in AC , but it is no longer unital. In the language of von

Neumann algebras, such a map is an operator valued weight: an unbounded unnormalized

positive map with dense domain in A+ (the positive operators of A) that satisfies the bi-

module property 30. There exists a bijection in between the set of operator value weights

from A → AC and those from (AC)′ to A′ [28]. The study of operator valued weights could

shed light on the problem of reconstruction in the absence of a faithful state.

Consider the AdSd+1/CFTd correspondence in d > 1 and a simply connected region

A. In time-reversal symmetric geometries, the Rangamani-Takayanagi (RT) surface is the

co-dimension two surface in the bulk that is anchored on the boundary of A, is homologous

to A and has minimal area; see figure 12. Denote by B the region in the bulk that is in

between the RT surface and A. Consider the map R that encodes the algebra B of the bulk

on the boundary (bulk reconstruction map). We choose the error map to be Φ = α ◦ trA′

where α(·) = W †(·)W and W : Hbulk → Hboundary is the encoding isometry. All the bulk

operators b ∈ B satisfy the error correction condition Φ(R(b)) = b and the recovery map

R is an isometric embedding. The holographic map from the boundary algebra to the

bulk algebra has no kernel because both of the bulk and boundary vectors are cyclic and

separating with respect to their corresponding algebras. We have complementary recovery

and the whole bulk algebra B is reconstructable. The reconstruction map R is the Petz

dual of the holographic map Φ. A similar observation was discussed in a recent paper [6].

Given a ρ-preserving conditional expectation we can define a measure of the information

lost under the conditional expectation [29]. This leads to entropic uncertainty relations that

play an important role in the derivation of the Ryu-Takayanagi formula in holography [5, 6].

30See appendix A for a discussion of the bi-module property.
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It has been argued that complementary recovery fails in some situations in holography [12].

That brings the holography reconstruction problem closer to the real-space RG.

Finally, we make the following observation: In AdS2/CFT1 the bulk reconstruction

map cannot be a conditional expectation, because there exists no conditional expectations

from a type I algebra (the boundary theory is 0+1 dimensional) to a type III von Neumann

algebra (the bulk theory is 1 + 1 dimensional QFT). We believe that the resolution of this

seeming paradox is that the bulk and boundary relative entropies match only up to 1/N

corrections. The error correction properties of the holographic map are only approximate.

A related observation is that we can define CP maps in between ∗-closed subspaces of

observables (operator systems). This generalization can be helpful in moving away from

the exact error correction in holography.
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A Completely positive maps and their duals

Consider the algebra of d×d complex matrices acting irreducibly on the Hilbert space K of

a d-level system and denote it by A = B(K).31 Instead of this irreducible representation,

we choose to use a reducible representation called the standard representation that realizes

operators as vectors in a Hilbert space He ≡ K⊗K′. The main advantage of this represen-

tation is that linear maps from the algebra to itself (superoperators) correspond to linear

operators in B(He). Moreover, we are ultimately interested in the local algebra of quantum

field theory which has standard representations but no irreducible representations.32 The

Hilbert space He is the simplest example of a GNS Hilbert space.

Given a choice of basis {|i〉} in K we construct the standard representation of operators

a ∈ A as a vector |a〉 ∈ He using the map

a→ |a〉 ≡
∑
i

(a⊗ I) |i〉 |i〉 . (A.1)

The identity operator is represented by the unnormalized vector

|e〉 =
∑
i

|i〉 |i〉 . (A.2)

The inner product of vectors |a〉 in He is the Hilbert-Schmidt inner product for matrices

〈a1|a2〉 ≡ tr(a†1a2) = 〈e|(a†1a2)⊗ I|e〉 . (A.3)

31In our notation, B(K) is the algebra of all bounded operators on K.
32To simplify the notation, we denote a Hilbert space by K only if our algebra of interest A acts irreducibly

on it.
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We define A′, the commutant of A, to be the algebra of all operators in B(K) that commute

with A. Here, A′ = B(K′). The map between operators and vectors is one-to-one because

every operator is mapped to a unique vector (a⊗ I) |e〉 and every vector uniquely fixes an

operator in the algebra.33 The operators a ∈ B(K) and aT ∈ B(K′) create the same vector

(a⊗ I) |e〉 = (I⊗ aT ) |e〉 (A.4)

where aT is transpose in the {|i〉} basis. An operator a′m ∈ A′ that creates the same vector

as a is called the mirror operator of a.

The vector representative (a⊗1) |e〉 is a purification of the unnormalized density matrix

aa†:

〈a|b|a〉 = tr(aa†b) . (A.5)

Consider the left polar decomposition of an operator a = a+U where a+ is a non-negative

positive operator and U is a unitary. The unnormalized density matrix aa† = a2
+ is

independent of U . There is a one-to-one correspondence between positive operators a+ ∈ A,

the vectors |a+〉 ∈ He and unnormalized density matrices of A. The expectation value of

an operator in a density matrix ρ is the inner product

tr(ρa) = 〈ρ|a〉 . (A.6)

Alternatively, since ρ > 0 we can use the cyclicity of trace to write it as

tr(ρa) = 〈ρ1/2|(a⊗ I)|ρ1/2〉 . (A.7)

In this work, we are primarily interested in linear maps from the algebra to itself

T : A → A (superoperators). A superoperator T is called unital if T (I) = I and it is

called trace-preserving if tr(T (a)) = tr(a) for all a ∈ A. In general, a map that satisfies

tr(ρT (a)) = tr(ρa) for all a ∈ A is called ρ-preserving.34 There is a one-to-one correspon-

dence between superoperators a→ T (a) ∈ A and linear operators T acting on He.35 The

operator T that corresponds to the superoperator T is called its natural representation.

For instance, the map T (a) = xay with arbitrary x and y matrices corresponds to the

operator T = x⊗ yT acting on He, where yT is transpose in the {|i〉} basis:

(T (a)⊗ I) |e〉 = T (a⊗ I) |e〉 . (A.8)

In this work, we frequently represent superoperators by their corresponding operators in

the GNS Hilbert space. Table 1 summarizes some of the important superoperators we

use in this work and their corresponding operators. An entry in the table that plays an

important role in this work is a conditional expectation that corresponds to a projection

operator in He. We explain this in detail in section B. For now, we give a simple example

of a conditional expectation and its corresponding projection in He.
33If a vector corresponds to two distinct operators a1 and a2 in A we have (a1 − a2)⊗ I |e〉 = 0 which is

not possible for our choice of |e〉.
34Not to be confused with the map that satisfies T (ρ) = ρ.
35If (T1(a)− T2(a)) |e〉 = 0 for all a we have T1 = T2 and if (T1 − T2) |a〉 = 0 for all a we have T1 = T2.
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Consider a linear map from E : A → AC , where AC ⊂ A is a subalgebra and we have

E(c) = c for all c ∈ AC . The operator in He that corresponds to this superoperator is

a projection to the subspace HC spanned by vectors c |e〉 for all c ∈ AC . If E(a) = pap

for some projection p ∈ A then E = (p ⊗ pT ). In this example, the subalgebra AC does

not include the identity operator. A projections E that satisfies E |e〉 = |e〉 corresponds

to a unital superoperators: E(I) = I. For instance, take the projection E =
∑

i |ii〉 〈ii|. It

preserves |e〉 and corresponds to the unital map
∑

i |i〉 〈i|a|i〉 〈i| that dephases in the basis

of |e〉.36 This is the simplest example of a conditional expectation.

The range of a superoperator might be a different algebra: T : A → B. In this case,

we represent A in Hilbert space HA and B in HB defined using the vectors |e〉A and |e〉B,

respectively. We remind the reader that HA and HB are standard representations and

reducible. The superoperator T corresponds to an operator T : HA → HB:

T (a⊗ I) |e〉A = (T (a)⊗ I) |e〉B . (A.9)

If the map is unital T (IA) = IB, we have T |e〉A = |e〉B.

A.1 Dual maps

Complex conjugation in the Hilbert space HA defines for us a notion of a dual (transpose)

map T ∗:

〈a1|T (a2)〉 = 〈a1|Ta2〉 = 〈T †a1|a2〉 = 〈T ∗(a1)|a2〉 . (A.10)

The dual of a unital map is trace-preserving and vice-versa. For instance, the unitary

evolution of a density matrix T (ρ) = UρU † is dual to the unitary evolution of observables:

〈UρU †|a〉 = 〈ρ|U †aU〉 (A.11)

This is known to physicists as the equivalence of the Schrödinger and the Heisenberg

pictures. In this work, we frequently look at dual maps and it is helpful to have the

Heisenberg-Schrödinger duality in mind. An important property of the unitary maps is

that they can be undone with no loss of information. The dual map T ∗ reverses the unitary

evolution making sure that T ∗(T (a)) = a for all a ∈ A. Of course, if the linear map has

a kernel then the information content of operators in its kernel is erased and cannot be

recovered. The range of the dual map T ∗ does not include the kernel of T . The dual

map T ∗ reverses the effect of T , for that reason they are often used in the construction of

recovery maps in error correction.

In physics, the linear map T models the evolution of observables. The evolution of

a closed quantum system is a unitary map. For T : A → B the simplest example is an

isometry. Consider a dA-dimensional Hilbert space KA and a smaller Hilbert space KB
with dimension dB spanned by an orthonormal basis {|α〉}. Any isometry V : KB → KA
(V †V = IB and V V † = P where P is a projection in KA) can be written as

V =

dB∑
α=1

|ψα〉 〈α| (A.12)

36Clearly, no projection operator E = p⊗ p′ is going to leave |e〉 invariant.
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where |ψα〉 are orthonormal vectors in KA. The unital map T (a) = V †aV is called a

compression. The dual map T ∗(b) = V bV † is an isometric embedding of B(KB) in B(KA).

It has the intertwining property

T ∗(b)V = V b . (A.13)

The dual map can no longer reverse the evolution:

T ∗T (a) = PaP . (A.14)

If aP = 0 then T ∗T (a) = 0 and some information is lost (erased).37 The dual map recovers

the information of operators that have both their domain and range in PKA.

Consider a general linear map T that sends operators in B(KA) to operators in B(KB).

To ask about the information loss we need to compare the inner product before the evolution

〈a1|a2〉A and after the evolution 〈T (a1)|T (a2)〉B. Alternatively, we can use the dual map

to pull back T (a) to B(KA) and compare a with T ∗T (a):

〈T (a1)|T (a2)〉B = 〈T ∗(T (a1))|a2〉A . (A.15)

We can recover the information of operator a if T ∗T (a) = a.

A.2 Completely positive maps

An important class of linear maps for physics are completely positive (CP) maps. A positive

map sends positive operators to positive operators. We introduce an auxiliary algebra of

n × n complex matrices Mn. A linear map Φ : A → B is completely positive (CP) if

Φ ⊗ idn : A ⊗Mn → B ⊗Mn is positive for all n. In physics, A and B are the algebra of

observables of our quantum system of interest before and after the evolution. We enlarge

our algebra by modeling the environment degrees of freedom as an n-level quantum system

with the algebra Mn. In the Schrödinger picture, the evolution is a trace-preserving CP

map Φ∗ : B → A that acts on density matrices. We need the map to be trace-preserving

so that the total probability is conserved tr(Φ∗(ρB)) = tr(ρB). We will show below that

the dual of a CP map is also CP. Therefore, in the Heisenberg picture, the algebra of

observables evolves with a unital CP map. In this work, we mostly use the Heisenberg

picture.

An important map that is positive but not CP is the Tomita superoperator, S(|i〉 〈j|) =

|j〉 〈i|. It is an anti-linear map that depends on the basis {|i〉} with respect to which complex

conjugation is defined. It is trivially positive. To see that it is not CP consider the positive

operator |e〉 〈e|. After applying the map we obtain (S ⊗ I)(|e〉 〈e|) =
∑

ij |ij〉 〈ji| which is

the swap operator and non-positive.38

Motivated by the example above, we consider the CP map Φ : B(KA) → B(KB) for

some Hilbert space KB with an orthonormal basis |α〉 and define the Choi operator in the

Hilbert space KB ⊗KA to be

σΦ = (Φ⊗ id)(|e〉 〈e|) =
∑
ij

Φ(|i〉 〈j|)⊗ |i〉 〈j| . (A.16)

37The map T ∗T (a) does not preserve ρ unless ρ = PρP .
38The swap operator squares to identity and its eigenvalues are ±1.
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The Choi operator carries all the information content of the CP map because

Φ(|i〉 〈j|) = (I⊗ 〈i|)σΦ(I⊗ |j〉) . (A.17)

The Choi operator σΦ is positive if Φ is CP. Below, we show the converse statement

establishing a one-to-one correspondence between CP maps Φ : B(KA) → B(KB) and

positive operators in B(KB)⊗B(KA).39

If the Choi operator is positive it has a spectral decomposition in an orthonormal basis

σΦ =

dAdB∑
r=1

λr |φr〉 〈φr|

|φr〉 =
∑
iα

ϕ
(r)
iα |αi〉 (A.18)

with non-negative λr and |φr〉 ∈ KB ⊗KA. Define the Kraus map Vr : KB → KA to be

V †r =
∑
iα

ϕ
(r)
iα |α〉 〈i| (A.19)

so that |φr〉 = (V †r ⊗ I) |e〉A. From the orthogonality of the basis it follows that

〈φr|φs〉 = 〈e|VrV †s ⊗ I)|e〉 = tr(VrV
†
s ) = δrs . (A.20)

The Choi operator becomes

σΦ =
∑
r

λr(V
†
r ⊗ I) |e〉 〈e| (Vr ⊗ I), (A.21)

and from (A.17) it follows that

Φ(|i〉 〈j|) =
∑
r

λrV
†
r |i〉 〈j|Vr . (A.22)

The map above is manifestly CP because for any X ∈ B(KA)⊗Mn the operator

(Φ⊗ In)(X†X) =
∑
r

λr(V
†
r ⊗ In)X†X(Vr ⊗ In) (A.23)

is manifestly positive. See figure 13 for a tensor diagram of the Choi and Kraus operators

of a CP map Φ. In summary, a map Φ : B(KA) → B(KB) is CP if and only if it has the

Kraus decomposition

Φ(a) =

dAdB∑
r=1

V †r aVr (A.24)

where we have redefined Vr →
√
λrVr to absorb the positive eigenvalues of the Choi operator

in the Kraus operators.

39From the definition of CP maps it appears that need to check the positivity Φ⊗ idn for any n. However,

this one-to-one correspondence implies that it is sufficient to check the positivity of the Choi operator. This

one-to-one correspondence is sometimes called the Choi-Jamiolkowski isomorphism.
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σΦ Σr V†
r Vr

Figure 13. Choi-Jamiolkowski isomorphism: The tensor diagram for the Choi operator that is

used to define the Kraus operators Vr.

The dual of a CP map also has a Kraus representation, and therefore it is CP. As we

said above, the physical relevance of this statement is that the dual to a CP map sends

density matrices to density matrices, up to a normalization. Requiring the dual map Φ∗

to preserve the normalization of density matrices (trace-preserving) restricts to the set

of unital CP maps Φ. Unital CP maps are sometimes called coarse-grainings [30]. The

connection with the renormalization justifies the name.40 As opposed to the unitary map,

a general unital CP map leads to information loss. That is to say there exists no CP map

T̃ that can perfectly reverse the evolution: T̃ T (a) = a for all operators in A. As we will

see in section C, for an evolution described by a unital CP map Φ : A → B we say an

operator b ∈ B is correctable if there exist an CP map R (recovery map) that reverses the

evolution: Φ(R(b)) = b. Finding recovery map for a given evolution Φ is one of the main

goals of the theory of operator algebra error correction.

The Kraus representation of a CP map is non-unique. To understand this non-

uniqueness we introduce an auxiliary Hilbert space KR of dimension dAdB with an or-

thonormal basis {|r〉}. We rewrite this CP map as

Φ(a) =
∑
r

V †r aVr = W †(a⊗ IR)W

W =
∑
r

Vr ⊗ |r〉 . (A.25)

Sending W → (I ⊗ UR)W for unitary UR ∈ B(KR) leaves the CP map invariant. Taking

the inner product (I⊗〈r|)W , we see that any two Kraus representations {V (1)
r } and {V (2)

r }
of a CP map are related by the linear transformation

V (1)
r =

∑
s

ursV
(2)
s . (A.26)

where urs are complex numbers and the matrix (UR)rs = urs is unitary [31]. However, as

we saw above, there is a canonical choice for Kraus operators that comes from diagonalizing

the Choi operator and satisfies

tr(VrV
†
s ) = δrs . (A.27)

The Kraus representation makes it manifest that the composition of two CP maps is

also CP. This brings up the question of whether there is a set of simple and physically

relevant CP maps that generate all CP maps. The equation (A.25) suggests that it is

40The dual of a coarse-graining is a trace-preserving CP map called a quantum channel.
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always possible to write a CP map as a composition of a unital representation a ⊗ IR
followed by a compression.

The discussion above motivates the Stinespring dilation theorem that says every CP

map Φ : A → B admits the following decomposition

Φ(a) = W †π(a)W, (A.28)

where π : A → B(Ĥ) is a unital representation41 of A in some large Hilbert space Ĥ and

W : KB → Ĥ. To prove the dilation theorem, we consider representations of A ⊗ B.42

Choose two vectors |φ〉 and |ψ〉 in KB. The standard inner product leads to the Hilbert

space HA ⊗KB:

〈a1, φ|a2, ψ〉 = tr(a†1a2) 〈φ|ψ〉 = 〈a1|a2〉 〈φ|ψ〉 . (A.29)

Given a CP map we can define a new inner product:

〈a1, φ|a2, ψ〉Φ ≡ 〈Φ(a†2a1)φ|ψ〉 = 〈φ|Φ(a†1a2)|ψ〉 . (A.30)

The standard inner product is the special case when the CP map is Φ(a) = tr(a). If there

are a ∈ A such that Φ(a†a) = 0 then the resulting vector |a, φ〉 has zero norm. We quotient

by such zero norm vectors to obtain the Hilbert space Ĥ.

When Φ is faithful Ĥ = HA⊗KB and the representation π(a) = a⊗IA′B. The isometry

W : KB → HA ⊗KB acts as

W |φ〉 = |e, φ〉
π(a1) |a2, φ〉 = |a1a2, φ〉 . (A.31)

From the inner product in (A.30) it follows that W † acts as

W † |a, φ〉 = Φ(a) |φ〉 . (A.32)

As a result, the CP map factors as

Φ(a) = W †π(a)W . (A.33)

Note that the projection P = WW † satisfies

P |a, φ〉 = (I⊗ Φ(a)) |1, φ〉
P (a⊗ I)P = |e〉 〈e| ⊗ Φ(a) . (A.34)

41A representation of algebra A in Hilbert space Ĥ is a map π from the algebra to the bounded operators

on Ĥ that is multiplicative π(a1a2) = π(a1)π(a2). The observable algebra of a quantum system comes with

a natural ∗-operation that π represents as the Hermitian conjugation in the Hilbert space: π(a∗) = π(a)†.

An injective multiplicative map is sometimes called an embedding. If it is invertible it is called an isometric

embedding. A representation is a positive map because π(a∗a) = π(a)†π(a). In fact, it is completely

positive. It follows from the definition of a representation that the identity operator of A is represented

by a projection operator π(I) in Ĥ. If this projection is the identity of Ĥ the representation is unital. A

faithful representation π : A → B is a ∗-isomorphism from A to the image of π in B, otherwise known as

an isometric embedding of A in B.
42For now we consider irreducible representation, however, the generalization to the standard represen-

tation is discussed in section 3.
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The CP map WbW † = |e〉 〈e| ⊗ b is an isometric embedding of B in B(Ĥ).

The take-home message from the Stinespring dilation theorem is that any unital CP

map can be understood as a representation A inside the bounded operators in Ĥ followed

by an isometry W 43. When B = A the Stinespring representation is a familiar statement

in physics. The representation π(a) = a ⊗ IR introduces environment degrees of freedom

modeled by a d2
A dimensional Hilbert space HR. We let the system and environment

interact via a unitary and finally we discard the environment degrees of freedom. The

interaction and the restriction are described by the isometry W : KA → HA ⊗KA.

The dilation theorem tells us that for any a ∈ A and unital CP map Φ we have

Φ(a†)Φ(a) = W †π(a†)Pπ(a)W ≤W †π(a†)π(a)W = Φ(a†a) . (A.36)

This is known as the Schwarz inequality.44 The map Φ preserves a state ρ if its correspond-

ing Hilbert space operator F satisfies F † |ρ1/2〉 = |ρ1/2〉. When Φ preserves a state ρ its

corresponding operator F in HA satisfies

‖Fa |ρ1/2〉 ‖2 = 〈ρ1/2|Φ(a†)Φ(a)|ρ1/2〉 ≤ 〈ρ1/2|Φ(a†a)|ρ1/2〉
= 〈ρ1/2|a†a|ρ1/2〉 = ‖a |ρ1/2〉 ‖2 . (A.37)

When Φ has a non-trivial kernel it cannot preserve any faithful states. If it preserves a

state ρ the vector representative of it |ρ1/2〉 in the Hilbert space is cyclic but not separating.

Therefore, in general, F is a map from the Hilbert space HA to the subspace of HA spanned

by a |ρ1/2〉. Such an operator F is called a contraction. On the contrary when Φ has trivial

kernel it can preserve faithful states (full rank density matrix in matrix algebras). Then

F : H → H with ‖F‖ ≤ 1. Note that in (A.37) we have simplified our notation by replacing

a⊗ I with a. From here onward, we only write a⊗ I when there is a chance of confusion.

The set of operators that are invariant under a unital CP map Φ that preserves an

faithful (full rank) state ρ form a subalgebra AI because if Φ(c) = c then

〈ρ1/2|c†c|ρ1/2〉 = 〈ρ1/2|Φ(c†c)|ρ1/2〉 ≥ 〈ρ1/2|Φ(c†)Φ(c)|ρ1/2〉 = 〈ρ1/2|c†c|ρ1/2〉 (A.38)

which implies Φ(c†c) = c†c. An operator c is in the invariant subalgebra if

∀r, [c, Vr] = [c, V †r ] = 0 (A.39)

43One can always choose a representation for A that is larger than the GNS Hilbert space HA by intro-

ducing new degrees of freedom. Then, the dilation theorem gives (π,W, Ĥ) that are unnecessarily large. In

particular, in this case the space of |a, φ〉 = π(a) |e, φ〉 is not dense in Ĥ. Given any such representation

the restriction of it to the space of π(a) |e, φ〉 is also a representation that is called the minimal Stinespring

representation. The GNS Hilbert space HA gives a minimal Stinespring representation because a |ρ1/2A 〉 is

dense in HA. Consider two Stinespring representations (π1,W1, Ĥ1) and (π2,W2, Ĥ2) for the same CP map

Φ. Then, the operator v : Ĥ1 → Ĥ2 is a partial isometry that intertwines the two representations:

vπ1(a) = π2(a)v . (A.35)

If both Stinespring representations are minimal then v is a unitary.
44This proof applies to the more general case where the CP map is not unital but satisfies Φ(I) = P for

some projection P . Then, W is a partial isometry and I−WW † is another projection and the proof follows.
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using the Kraus representation of Φ in (A.25). The converse also holds, and the invariant

subalgebra is the commutant of all Vr and V †r .45 In section C we will see that invariant

subalgebra is the central object of interest in passive operator algebra error correction.

The set of operators m ∈ A that saturate the Schwarz inequality form a subalgebra

AM that is called the multiplicative domain of Φ [33]. The Schwarz inequality in (A.36)

says that for operators m ∈ AM we have

W †π(m†)(I− P )π(m)W = 0 (A.40)

which implies

(I− P )π(m)W = 0 . (A.41)

It follows that the self-adjoint operators m ∈ AM satisfy:

π(m)P = Pπ(m)P = Pπ(m) (A.42)

The converse is obviously true. An operator m ∈ AM if and only if [π(m), P ] = 0. From

the representation in (A.25) it follows that a self-adjoint operator m is in the multiplicative

domain of Φ if and only if

∀r, s [m,VrV
†
s ] = 0 . (A.43)

As a result, the operators in AM form a subalgebra spanned by the commutant of VrV
†
s .

This subalgebra plays an important role in active operator algebra error correction. In

section C, we show that the multiplicative domain of a unital map Φ is equivalent to the

correctable subalgebra of the dual map Φ∗. The invariant subalgebra is a subalgebra of

the multiplicative domain of Φ, i.e. AI ⊆ AM ⊆ A.

The multiplicative domain of Φ satisfies the bi-module property: for all m ∈ AM and

all a ∈ A we have:

Φ(m†a) = Φ(m†)Φ(a)

Φ(a†m) = Φ(a†)Φ(m) . (A.44)

45The invariant subalgebra is a von Neumann algebra spanned by its projections. We only need to prove

the converse for projection operators. An invariant projection p satisfies

p⊥Φ(p)p⊥ = 0 =
∑
r

p⊥V
†
r pVrp⊥ = 0

where p⊥ = I− p. Since the expression above is the sum of positive operators that add up to zero each of

them should individually be zero:

p⊥V
†
r pVrp⊥ = 0 = (pVrp⊥)†(pVrp⊥) .

As a result, we find pVrp⊥ = 0. For a unital map we have Φ(p⊥) = I− Φ(p), too. Therefore, we also have

p⊥Vrp = 0. Putting the two together we find that if p is in the invariant subalgebra of Φ it commutes with

all its Kraus operators [32].
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To prove this, we use the fact that Φ(2) = Φ ⊗ id2 is also a CP map that satisfies the

Schwarz inequality. Consider the operator X ∈ A⊗M2 (M2 is the algebra of complex 2×2

matrices)

X =

(
0 m†

m a

)
(A.45)

for some a ∈ A and c ∈ AM . The Schwarz inequality gives(
Φ(m†m) Φ(m†a)

Φ(a†m) Φ(mm† + a†a)

)
= Φ(2)(X†X) ≥ Φ(2)(X†)Φ(2)(X) (A.46)

=

(
Φ(m†)Φ(m) Φ(m†)Φ(a)

Φ(a†)Φ(m) Φ(m)Φ(m†) + Φ(a†)Φ(a)

)

This implies that (
0 Φ(m†a)− Φ(m†)Φ(a)

Φ(a†m)− Φ(a†)Φ(m) Φ(a†a)− Φ(a†)Φ(a)

)
≥ 0 (A.47)

which is possible if and only if its off-diagonal terms are exactly zero which proves (A.44).

A unital CP map E from A to its invariant subalgebra AI is called a conditional expectation.

It satisfies the bi-module property that for all c1, c2 ∈ AI and a ∈ A we have

E(c1ac2) = c1E(a)c2 . (A.48)

A.3 Conditional expectations in matrix algebras

To make the discussion less abstract, in this subsection, we go over some important ex-

amples of conditional expectations in matrix algebras. Our first example of a CP map is

ισ : A1 → A1 ⊗A2 given by

ισ(a) = a⊗ σ, (A.49)

where σ is a positive operator with eigenvectors {|k〉} and eigenvalues λ2
k. The Stinespring

dilation of this map factorizes as a representation on K1 ⊗ K3 and the isometry W :

K1 ⊗K2 → K1 ⊗K3:

ισ(a) = W †(a⊗ I3)W

W =
∑
k

λk(I1 ⊗ |k〉3 〈k|2)

I3 =
∑
k

|k〉3 〈k|3 . (A.50)

The Kraus operators are Vk = λk(I1 ⊗ 〈k|2). The dual map ι∗σ : A1 ⊗A2 → A1 is

ι∗σ(a1 ⊗ a2) =
∑
k

Vk(a1 ⊗ a2)V †k = a1tr(σa2), (A.51)
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with the Stinespring dilation

ι∗σ(a1 ⊗ a2) = W †(a1 ⊗ a2 ⊗ I3)W

W =
∑
k

λk(I1 ⊗ |kk〉23) (A.52)

The map ισ is unital when σ = I2. In this case, it is an embedding of A1 in A1 ⊗A2:

ι1(a1a2) = ι1(a1)ι1(a2) . (A.53)

The dual ι∗1 is a quantum channel (trace-preserving CP map) A1⊗A2 → A1 that is partial

trace over A2:

tr(ρ12 ι1(a)) = tr(ι∗1(ρ12)a)

ι∗1(ρ12) = (I1 ⊗ 〈e|23)ρ12(I1 ⊗ |e〉23) = ρ1 . (A.54)

The map ισ is a quantum channel when σ is a density matrix: tr(σ) = 1. This channel

prepares a density matrix σ on K2. The composition of two CP maps is also a CP map.

For instance, the composite map ι∗σ ◦ ισ(a1) = a1tr(σ) multiplies operators by a positive

constant, whereas ισ ◦ ι∗σ(a1 ⊗ a2) = (a1 ⊗ σ)tr(σa2). An important composite map for us

is

Eσ ≡ ι1 ◦ ι∗σ : A1 ⊗A2 → A1 ⊗ I2
Eσ(a1 ⊗ a2) = (a1 ⊗ I2)tr(σa2) . (A.55)

It has the property that when σ is a density matrix it leaves the subalgebra A1⊗I2 invariant

Eσ(a1 ⊗ I2) = a1 ⊗ I2 . (A.56)

It is the simplest example of a σ-preserving conditional expectation [29].

The conditional expectations in (A.55) are labelled by density matrices σ on A2. In

fact, these are the only conditional expectations from A1 ⊗A2 to A1 ⊗ I2. To see this, we

use the bimodule property:

E(a1 ⊗ a2) = (a1 ⊗ I)E(I⊗ a2) = E((I⊗ a2)(a1 ⊗ I)) = E(I⊗ a2)(a1 ⊗ I) . (A.57)

Therefore, E(I⊗ a2) commutes with all a1 ⊗ I and has to take the form

Eε(a1 ⊗ a2) = (a1 ⊗ I) ε(a2), (A.58)

where ε(a2) is a unital CP map from A2 → C which is in one-to-one correspondence with

density matrices on A2:46

Eσ(a1 ⊗ a2) = (a1 ⊗ I) tr(σa2) . (A.59)

46ε(a2) is a continuous linear functional on A2 which by Riesz representation theorem can be associated

with a unique vector |ε〉 ∈ K2 such that ε(a2) = 〈ε|a2〉.
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The conditional expectation Eσ preserves all states of the form ρ⊗ σ. Moreover, given

a product state ρ⊗ σ the conditional expectation Eσ that preserves it is unique. However,

for a generic σ12 there does not exist a conditional expectation that preserves it.

To gain more intuition about conditional expectations E : A → AI in finite dimensional

matrix algebras consider their Kraus representation E(a) =
∑

r V
†
r aVr. The Hilbert space

K decomposes as K = ⊕qKq1 ⊗Kq2 such that

c = ⊕qcq ⊗ Iq2 ∀c ∈ AI

Vr = ⊕qIq1 ⊗ V q
r ∀r . (A.60)

A conditional expectation E projects every operator in A to its invariant subalgebra AI .
Denote the projection to the subspace Kq1 ⊗Kq2 by P q. Since P q ∈ AC from the bi-module

property (A.48) we have [34]

E(a) = E

∑
q′q

P q
′
aP q

 =
∑
q

P qE(a)P q =
∑
q

Eq(a)

Eq(a) = E (P qaP q) , (A.61)

where we have used P q
′
cP q = δq′qc

q for all c ∈ AI . As a result, every conditional expec-

tation E : A → AI decomposes as a sum of conditional expectations Eq : B(Kq1 ⊗ Kq2) →
B(Kq1)⊗ Iq2. However, we already showed that the conditional expectations Eq are labelled

by density matrices σq2:

Eqσ(aq1 ⊗ aq2) = tr2 ((Iq1 ⊗ σq2)(aq1 ⊗ aq2)) . (A.62)

As a result, the conditional expectations from A → AI are in one-to-one correspondence

with unnormalized states σ = ⊕qIq1 ⊗ σq2 on the commutant (AI)′:

Eσ(a) = tr2(σa)⊗ I2 = ⊕qtr2 ((Iq1 ⊗ σq2)P qaP q)⊗ Iq2 . (A.63)

This conditional expectation preserves every state of the form ρ = ⊕qpqρq1 ⊗ σq2:

tr(ρEσ(a)) =
∑
q

tr(ρEqσ(a)) =
∑
q

pqtr ((ρq1 ⊗ σq2)a) = tr(ρa) . (A.64)

If a state does not have the form we postulated for ρ there exists no conditional expectation

that preserves it. The restriction of the state ρ to the subalgebra AI is

ρ0 = ⊕qpqρq1 ⊗ Iq2 . (A.65)

The discussion above was restricted to finite dimensional matrix algebras. In section C,

we show that the necessary and sufficient condition for the existence of a ρ-preserving

conditional expectation is

ρ1/2cρ−1/2 = ρ
1/2
0 cρ

−1/2
0 . (A.66)

This condition holds trivially for σ and σ0 in the example above.
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B GNS Hilbert space and Petz map

The class of completely positive (CP) linear maps are of particular importance for error

correction because they describe the dynamics of an open quantum system. Here, we review

the representation of CP maps as contractions in the GNS Hilbert space. In particular,

we discuss the Petz dual map that plays a central role in operator algebra quantum error

correction.

In appendix A, we used the trace to define an inner product and represent the algebra

of finite dimensional complex matrices as a Hilbert space. In some infinite dimensional

systems the trace of the identity operator is infinite. As a result, the vector representative

of the identity operator cannot be normalizable. Even worse, in some quantum systems

such as the algebra of local observables in quantum field theory (QFT) there exists no

trace.47 The Stinespring theorem gives us a hint as how to define a Hilbert space without

using a trace. While this construction is fully general, here, we use the notation of matrix

algebras that might be more accessible to physicists. We comment on a few subtleties in

infinite dimensions.

Given a density matrix ρ =
∑

i λ
2
i |i〉 〈i| consider the CP map φρ : A → C given by

φρ(a) = tr(ρa). If ρ is full rank this map is faithful. The Hilbert space Ĥ we obtain in the

Stinespring theorem is called the GNS Hilbert space and we denote it by Hρ. It defines a

map from A → Hρ that replaces the unnormalized vector |e〉 in (A.2) with a normalized

vector |ρ1/2〉:

a→ |a〉ρ = (a⊗ I) |ρ1/2〉 =
∑
i

λi(a⊗ I) |i〉 |i〉

|ρ1/2〉 =
∑
i

λi |i〉 |i〉 . (B.1)

The Hilbert space Hρ is simply the set of vectors (a ⊗ I) |ρ1/2〉 endowed with the inner

product

〈a1|a2〉ρ ≡ tr(ρa†1a2) = 〈ρ1/2|(a†1a2 ⊗ I)|ρ1/2〉 . (B.2)

As we saw in the Stinespring dilation, if ρ is not full rank we first need to quotient by null

vectors. When ρ is full rank the GNS Hilbert space is isomorphic to KA⊗K′A. The vector

|ρ1/2〉 is a purification of the density matrix ρ in KA ⊗K′A:

〈ρ1/2|(a⊗ I)|ρ1/2〉 = tr(ρa) (B.3)

In the GNS Hilbert space of matrix algebras every operator a ∈ A has a mirror operator

am ∈ A′:

(a⊗ I) |ρ1/2〉 = (I⊗ am) |ρ1/2〉
am = ρ1/2aTρ−1/2 (B.4)

47Formally, trace is defined to be a CP map tr : A → C such that tr(a1a2) = tr(a2a1) for all a1 and a2.
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where aT is the transpose of a in the eigenbasis of ρ. If V ′ ∈ A′ is an isometry its mirror

operator (V ′)m ∈ A acting on |ρ1/2〉 gives another purification of ρ in Hρ. It is desirable

to find a subset of vectors that is in one-to-one correspondence with density matrices. We

define the anti-linear modular conjugation operator in the GNS Hilbert space as

Jρ(a⊗ I) |ρ1/2〉 = (I⊗ (a†)T ) |ρ1/2〉 (B.5)

where the transpose is in the eigenbasis of ρ. There is a unique purification of ρ that

is invariant under Jρ.
48 The modular conjugation Jρ acts as an anti-linear swap in the

eigenbasis of ρ:

Jρ |ρ1/2〉 = |ρ1/2〉
Jρci |i〉 |j〉 = c∗i |j〉 |i〉 (B.6)

where ci is a complex number.

In the GNS Hilbert space of matrix algebras Mn, we have a one-to-one correspondence

between vectors |a〉ρ and operators a ∈ A.49 In infinite dimensions, to every operator

corresponds a vector in the GNS Hilbert space but not every vector corresponds to an

operator. This has to do with the fact that the GNS Hilbert space Hρ is not the set

a |ρ1/2〉 but its closure.

B.1 Superoperators versus operators

In matrix algebras, there is also a one-to-one correspondence between the linear operators

in Hρ and linear maps from A to A.50 In a general von Neumann algebra, including the

local algebra of QFT, every normal superoperator has a corresponding operator in the

GNS Hilbert space, however the converse does not hold; see section 3. To prove statements

about superoperator it is often easier to use their corresponding operators in the GNS

Hilbert space.

Consider a general superoperator T . If it is unital its corresponding Tρ leaves |ρ1/2〉
invariant: Tρ |ρ1/2〉 = |ρ1/2〉. If it is ρ-preserving the conjugate T †ρ leaves |ρ1/2〉 invariant:

tr(ρT (a)) = 〈ρ1/2|T (a)ρ1/2〉 = 〈ρ1/2|Tρaρ1/2〉 = 〈T †ρρ1/2|aρ1/2〉 . (B.7)

We show in (A.37) that a unital CP map that preserves ρ corresponds to a contraction in

Hρ; see appendix A for the definitions. A ρ-preserving superoperator Eρ : A → AC that

leaves every operator in c ∈ AC invariant corresponds to an operator Eρ : Hρ → HC that

satisfies E2
ρ = Eρ. Here, HC is the subspace spanned by c |ρ1/2〉. If this superoperator

is CP it is a conditional expectation. Then, from the bimodule property of conditional

48The set of all vectors that are invariant under Jρ is called the natural cone and are of the form aJρa |ρ1/2〉.
Given a vector in the natural cone there exists no isometry V ′ ∈ A′ that leaves the state invariant. See B.2

for a discussion of the natural cone.
49The reason is that if |Ψ〉 = a1 |ρ1/2〉 = a2 |ρ1/2〉 then (a1 − a2) |ρ1/2〉 = 0 which is impossible for an

invertible ρ.
50This follows from a straightforward generalization of the argument in section A.
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expectations in (A.44) we have

〈a1|Eρa2〉ρ = 〈ρ1/2|a†1Eρ(a2)ρ1/2〉 = 〈ρ1/2|Eρ(a†1Eρ(a2))ρ1/2〉
= 〈ρ1/2|Eρ(a†1)Eρ(a2)ρ1/2〉 = 〈a1|E†ρEρa2〉ρ (B.8)

where we have used the notation from (B.2) for the inner product in the GNS Hilbert space.

This implies Eρ = E†ρEρ which combined with Eρ = E2
ρ implies that Eρ is an orthogonal

projection. As a result, the GNS operators corresponding to a conditional expectation Eρ
is simply the projection from Eρ : Hρ → HC . It follows that the ρ-preserving conditional

expectation is unique, because we have(
E(1)
ρ − E(2)

ρ

)
|c〉ρ = 0 (B.9)

which implies that E
(1)
ρ = E

(2)
ρ and E(1)

ρ = E(2)
ρ .51

An important anti-linear superoperator to consider in the algebra is the Tomita map

S(a) = a† (see section A.2) [36]. Its corresponding operator in the Hilbert space is the

Tomita operator Sρ : Hρ → Hρ that acts as

Sρ(a⊗ I) |ρ1/2〉 = (a† ⊗ I) |ρ1/2〉 . (B.10)

We can also introduce an anti-linear superoperator Jρ : A → A′ which establishes a one-

to-one correspondence between operators in A and A′:

Jρ(|i〉 〈j|) = |i〉 〈j| ∈ A′ . (B.11)

For a general a ∈ A we have Jρ(a) = (a†)T ∈ A′. Its corresponding operator in Hρ is the

modular conjugation operator we defined in (B.5).

Another important superoperator is the relative modular operator defined as Dσ|ρ(a) =

σaρ−1 for two invertible density matrices σ and ρ. Its corresponding operator in the Hilbert

space is ∆σ|ρ = σ ⊗ ρ−1:

(Dσ|ρ(a)⊗ I) |ρ1/2〉 = ∆σ|ρ(a⊗ I) |ρ1/2〉 . (B.12)

If both density matrices are the same this operator is called modular operator ∆ρ ≡ ρ⊗ρ−1

and corresponds to a symmetry of |ρ1/2〉:

∆α
ρ |ρ1/2〉 = |ρ1/2〉 (B.13)

where α is any complex number. The modular map Dρ(a) ≡ ρaρ−1 is multiplicative but

does not respect the Hermitian conjugation: Dρ(a†) = (D−1
ρ (a))†. The modular flow of an

operator is a unital isometric CP map from the algebra to itself:

aρ(t) ≡ ∆it
ρ (a⊗ I)∆−itρ = (ρitaρ−it ⊗ I) (B.14)

It is straightforward to check that Sρ = Jρ∆
1/2
ρ and Jρ = ∆

1/2
ρ Sρ:

Jρ∆
1/2
ρ |a〉ρ = Jρ(I⊗ aT ) |ρ1/2〉 = (a† ⊗ I) |ρ1/2〉 = Sρ |a〉ρ (B.15)

∆1/2
ρ Sρ |a〉ρ = ∆1/2

ρ (a† ⊗ I) |ρ1/2〉 = (I⊗ (a†)T ) |ρ1/2〉 = Jρ |a〉ρ .
51In infinite dimensions, since the map between operators and superoperators is not one-to-one one needs

a more careful analysis, however the result remains the same [35].
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Superoperator GNS Operator

(anti-)linear T (anti-)linear T

linear CP

unital Φ F : (F − 1) |ρ1/2〉 = 0

ρ-preserving Φ F : (F † − 1) |ρ1/2〉 = 0

unital ρ-preserving Φ contraction ‖F‖ ≤ 1

conditional expectation E projection E2 = E

isometric embedding ι isometry W

(faithful representation) W †W = 1

ρ-dual Φ′ρ co-isometry F †

Petz dual ΦP
ρ JBF

†JA
linear non-CP relative modular operator Dσ|ρ ∆σ|ρ = σ ⊗ ρ−1

anti-linear Tomita map S Tomita operator Sρ
non-CP modular conjugation Jρ modular conjugation Jρ

Table 1. Linear maps of the operator algebra (superoperators) correspond to operators in the GNS

Hilbert space. Above is a list of some important superoperators and their corresponding operators.

In matrix algebras, this correspondence is one to one.

B.2 Natural cone

In this subsection, we characterize the vectors in Hρ that are invariant under Jρ. The cone

of such vectors is called the natural cone. Vectors in the natural cone are in one-to-one

correspondence with the reduced states on A.

In matrix algebras, the modular conjugation operator Jρ is the anti-linear swap oper-

ator in the eigenbasis of ρ:

Jρ |k, k′〉 = |k′, k〉
|ρ1/2〉 =

∑
k

√
pk |k, k〉 . (B.16)

It corresponds to a superoperator that isometrically sends operators in A to A′:

Jρ(a⊗ I)Jρ = (I⊗ (a†)T ) . (B.17)

The vector |ek〉 = (ρ−1/2⊗I) |ρ1/2〉 is the vector representative of the maximally mixed state

in the natural cone. From the action in (B.17) it follows that every vector (ψ1/2 ⊗ I) |ek〉
is also in the natural cone because

Jρ(ψ
1/2 ⊗ I) |ek〉 = (I⊗ (ψ1/2)T ) |ek〉 = (ψ1/2 ⊗ I) |ek〉 (B.18)

where we have used the fact that a and aT are mirror operators of each other in Hek :

(a⊗ I) |ek〉 = (I⊗ aT ) |ek〉 . (B.19)

A given state ψ can be purified in any vector of the form

|Ψu〉 = (ψ1/2uρ−1/2 ⊗ I) |ρ1/2〉 = (D1/2
ψ|ρ(u)⊗ I) |ρ1/2〉 (B.20)
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where u is a co-isometry, i.e. uu† = I, and Dψ|ρ(a) = ψaρ−1 is the relative modular

superoperator. As we saw above, the case u = I is special in that the resulting vector is

invariant under Jρ:

|ψ1/2〉 ≡ (ψ1/2ρ−1/2 ⊗ I) |ρ1/2〉 . (B.21)

Written in the Hilbert space the unique representative of the state ψ in the natural cone is

|ψ1/2〉 = ∆
1/2
ψ|ρ |ρ

1/2〉 . (B.22)

In infinite dimensions, all the purifications of ψ correspond to u′ |ρ1/2〉 where u′ ∈ A′ is an

isometry and |ψ1/2〉 is the natural cone representative of ψ:

Jρ |ψ1/2〉 = |ψ1/2〉 = ∆
1/2
ψ|ρ |ρ

1/2〉 . (B.23)

An alternative way to characterize the vectors in the natural cone is to note that the

vector aJρa |ρ1/2〉 is in the natural cone for any a ∈ A. We define ã = D−1/4
ρ (a) to write

this vector as:

aJρa |ρ1/2〉 = aSρ∆
−1/4
ρ ã |ρ1/2〉 = ∆1/4

ρ ãã† |ρ1/2〉 (B.24)

where we have assumed a is an analytic operator, meaning that Dαρ (a) ∈ A. The natural

cone is identical the cone of vectors ∆
1/4
ρ aa† |ρ1/2〉.

In section B.4 we introduced the alternate inner product

(a1, a2)ρ = 〈a1ρ
1/2|∆1/2

ρ a2ρ
1/2〉 . (B.25)

With the rewriting above, the alternate inner product is simply the norm of these natural

cone vectors (a+|a+)ρ = ‖∆1/4
ρ a+ |ρ1/2〉 ‖. Note that every operator in matrix algebra is

analytic. In infinite dimensions, the set of analytic operators is dense in A [37]. Table 1 is

a list of some important superoperators in this work, and their corresponding operators in

the GNS Hilbert space.

B.3 Fixed points

Given a linear superoperator T : A → A we can define its spectrum to be the values of λ

for which T − λ id is not invertible. It is convenient to think in terms of the spectrum of

the GNS representation of T in a Hilbert space T : Hρ → Hρ, that is the set of all λ for

which T − λI is not invertible. Since the unital CP maps correspond to contractions, their

spectra satisfy |λ| ≤ 1.

In finite dimensions, the spectrum corresponds to the set of λ for which there exists

an operator X such that T (X) = λX. The operator T has a Jordan block representation

T = X(⊕kJk(λk))X−1, Jk(λ) =


λ 1 . . . 0

0 λ 1
...

. . . 1

0 . . . 0 λ

 ∈Mdk(C) . (B.26)
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We can split each Jordan block into a projection Pk and a nilpotent part Nk
52:

Jk(λ) = λPk +Nk, Ndk
k = 0, PkPl = δklPk, tr(Pk) = dk . (B.27)

If a Jordan block Jk is just a projection with no nilpotent part we call it trivial. For a unital

CP map Φ the Jordan blocks corresponding to |λ| = 1 are always trivial [38]. Therefore,

we can define the projection E to the set of invariant operators:

E =
∑
λk=1

Pk . (B.28)

As we will show in section C, this projection E corresponds to a conditional expectation

that one can canonically associate to a unital CP map Φ : A → A. It is given by E =

limN→∞
∑N

n=1 Φn and projects to the subalgebra of operators invariant under Φ. This

subalgebra plays an important role in error correction. The Jordan block form of a matrix

has a generalization for compact operators in general Hilbert spaces.

B.4 Petz dual map

Consider a linear superoperator T : A → B and the GNS Hilbert spaces HρA and HρB . To

simplify the notation, we denote the Hilbert spaces with HA and HB, respectively. The

operator corresponding to T is defined by

T (a) |ρ1/2
B 〉 = Ta |ρ1/2

A 〉 . (B.29)

It is tempting to define the dual map in the GNS Hilbert space by the equation

〈bρ1/2
B |T (a)ρ

1/2
B 〉 = 〈T ∗ρ (b)ρ

1/2
A |aρ

1/2
A 〉 (B.30)

or equivalently

〈b|T (a)〉ρB = 〈T ∗ρ (b)|a〉
ρA

(B.31)

for operators a ∈ A and b ∈ B. In the case of matrix algebras, we have

tr(ρBb
†T (a)) = tr(ρAT ∗ρ (b†)a) . (B.32)

However, there is a problem with this definition that can be seen by solving explicitly for

T ∗ρ in terms of T ∗ defined in (A.10):

T ∗ρ (b) = ρ−1
A T ∗(ρBb) . (B.33)

Defined this way the dual of a CP map is not CP!

If we think in terms of the GNS Hilbert space then the superoperator T is represented

by the operator T whose conjugate is T †. The problem is that the superoperator T ∗ρ we

get by solving the equation

T †b |ρ1/2
B 〉 = T ∗ρ (b) |ρ1/2

A 〉 (B.34)

52For a review of the spectral theory of quantum channels see [38].
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is not CP. However, since every vector in HB can also be written as b′ |ρ1/2
B 〉 we could

consider T † as corresponding to a superoperator T ′ρ from B′ → A′. If we consider the

superoperator on the commutant that corresponds to T † we get a dual map T ′ρ : B′ → A′

T †b′ |ρ1/2
B 〉 = T ′ρ(b′) |ρ1/2

A 〉 (B.35)

that is positive if T is positive.53 For a positive operator b′+ ∈ B′ we have

〈a|T ′ρ(b′+)a〉
ρA

= 〈ρ1/2
A |a†T ′ρ(b′+)a|ρ1/2

A 〉 = 〈ρ1/2
A |T ′ρ(b′+)a†a|ρ1/2

A 〉 = 〈ρ1/2
B |b′+T (a†a)ρ

1/2
B 〉

= 〈ρ1/2
B |(b′+)1/2T (a†a)(b′)

1/2
+ |ρ

1/2
B 〉 = 〈(b′+)1/2|T (a†a)(b′+)1/2〉

ρB
≥ 0 (B.36)

where we have used the fact that [T ′ρ(b′), a] = 0. We call the map T ′ρ the ρ-dual of T .

We saw that the modular conjugation map for cyclic and separating vectors is a unitary

superoperator J : A → A′. We can use the modular conjugation and ρ-dual to associate

to each linear CP map T : A → B a unique linear CP map T Pρ : B → A that we call the

Petz dual map:54

T Pρ (b) = JA ◦ T ′ρ ◦ JB(b) = JAT ′ρ(JBbJB)JA . (B.37)

Another way to understand the Petz dual map is to realize that it is the dual map defined

with respect to an alternate inner product

(a1|a2)ρ ≡ 〈Jρ(a†1)ρ1/2|a2ρ
1/2〉 = tr(ρ1/2a†1ρ

1/2a2) . (B.38)

Note that this is the Heisenberg picture of the Petz recovery map in equation 5 of [40]. In

the GNS Hilbert space, this inner product can be expressed using the modular operator55

(a1|a2)ρ = 〈ρ1/2|a†1∆1/2
ρ a2|ρ1/2〉 . (B.39)

The Petz dual is the dual of a CP map defined with the alternate inner product

tr(ρ
1/2
B bρ

1/2
B T (a)) = tr(ρ

1/2
A T Pρ (b)ρ

1/2
A a) (B.40)

which can be solved explicitly in terms of the standard trace-dual as

T Pρ (b) = ρ
−1/2
A T ∗(ρ1/2

B bρ
1/2
B )ρ

−1/2
A . (B.41)

This map is manifestly CP. Note that the Petz dual of a unital map is also unital.

Consider the example of an isometric embedding ι1(a1) = a1⊗I2 with the GNS Hilbert

space Hρ12 ' K12⊗K′12 where K12 = K1⊗K2, the dual map ι∗1 is partial trace. If the state

53This is the dual map of Accardi and Cecchini [26]; see theorem 1 in section 3. More formally, the

existence of this map is guaranteed by the commutant Radon-Nikodym theorem (for instance see theorem

2.1 of [39]).
54Accardi and Cecchini call this map the bi-dual [26].
55The alternate inner product can be understood as the GNS inner product in the natural cone where

we choose the vector representative of a state to be invariant under modular conjugation Jρ. See appendix

B.2.
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on A12 is a full rank density matrix ρ12, the reduced state on A1 is ρ1 and its corresponding

GNS Hilbert space is Hρ1 ' K1 ⊗ K′1. This embedding is isometric with respect to the

GNS inner product

〈a1|a2〉ρ1 = 〈(a1 ⊗ I2)|(a2 ⊗ I2)〉ρ12 . (B.42)

Consider the isometry Vρ : Hρ1 → Hρ12 defined by

Vρa1 |ρ1/2
1 〉 = (a1 ⊗ I2) |ρ1/2

12 〉 (B.43)

In this case, the Petz dual map is

ιPρ (a1 ⊗ a2) = ρ
−1/2
1 tr2(ρ

1/2
12 (a1 ⊗ a2)ρ

1/2
12 )ρ

−1/2
1 . (B.44)

The composite map EPρ = ι1 ◦ ιPρ in general does not leave a1 ⊗ I2 invariant. It becomes a

conditional expectation if and only if ρ12 = ρ1 ⊗ ρ2.

Consider an isometric embedding ι : AC → A. We call the ρ-preserving CP map

EPρ = ι ◦ ιPρ a generalized conditional expectation [26]. In the GNS Hilbert space the

operator that corresponds to ι is an isometry W :

ι(c) |ρ1/2〉 = Wc |ρ1/2
C 〉 . (B.45)

From (B.35) and (B.37) we find that the Petz dual corresponds to JCW
†JA:

ιPρ (a) |ρ1/2
C 〉 = JCW

†JAa |ρ1/2〉 . (B.46)

As a result, in the GNS Hilbert space the composite maps ιPρ ◦ ι : AC → AC and ι ◦ ιPρ :

A → AC are represented by operators JCW
†JAW and WJCW

†JA, respectively. Consider

the Takesaki condition

JAW = WJC . (B.47)

This is an operator constraint in the GNS Hilbert space, hence it is a constraint on the

state ρ. Assuming the Takesaki condition, we find that ιPρ ◦ ι is the identity map and

ι ◦ ιPρ is a ρ-preserving conditional because it is represented by the projection WW † on

Hρ. In section C, we will see that the Takesaki condition is necessary for the existence of

a ρ-preserving conditional expectation.

To highlight the difference between the Petz dual map and the dual map defined with

respect to the Hilbert-Schmidt inner product we work out an example from commuting

algebras [41]. Consider a trace-preserving CP map N with Kraus operators Vαk : KB → KA
where {|k〉} and {|α〉} are orthonormal bases of KA and KB, respectively:

N (a) =
∑
αk

V †αkaVαk

V †αk =
√
p(α|k) |α〉 〈k| (B.48)
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and p(α|k) is the conditional probability that the vector |k〉 evolves to |α〉. Such map are

called classical-to-classical channels because they preserve the orthogonality of the basis

{|k〉}. This map evolves ρ =
∑

k pk |k〉 〈k| to N (ρ) =
∑

α pα |α〉 〈α| with

pα =
∑
k

p(α|k)pk . (B.49)

The Kraus operators of the dual map are the complex conjugate

N ∗(b) =
∑
αk

VαkbV
†
αk (B.50)

whereas the Petz dual map is

N P
ρ (b) =

∑
αk

V̂αkbV̂
†
αk

V̂αk =
√
p(k|α) |k〉 〈α| . (B.51)

The Petz dual map undoes the evolution by sending vector |α〉 to |k〉 with conditional

probability p(k|α) which is obtained using the Bayes rule

p(k|α)pα = p(α|k)pk . (B.52)

B.5 CP maps in infinite dimensions

A CP map from the algebra to complex numbers ρ : A → C is an un-normalized state. It

is normalized if the map is unital. In infinite dimensions, it is convenient to restrict to the

set of continuous states: ρ(limn an) = limn ρ(an). Such states are called normal. Given a

normalized continuous state ρ : A → C the GNS Hilbert space is formed by the vectors

|a〉ρ = a |ρ1/2〉 with the inner product

〈a1|a2〉ρ = ρ(a†1a2) . (B.53)

If ρ is not faithful one needs to quotient by the set of null vectors |a〉ρ, i.e. ρ(a†a) = 0

and then take the completion. In the example of matrix algebras, states are in one-to-

one correspondence to density matrices ρ(a) = tr(ρa). A faithful state corresponds to a

full rank density matrix. However, in QFT, not every vector in Hρ has a corresponding

operator in A. Since the set a |ρ1/2〉 is dense in the Hilbert space, some vectors correspond

to the limit of operators in A. Similarly, not every operator in A has a mirror in A′. To

every vector |Ψ〉 ∈ Hρ one can associate an operator Ψ that satisfies:

∀a′ ∈ A′ : Ψa′ |ρ1/2〉 = a′ |Ψ〉 . (B.54)

Clearly, for |a〉ρ this operator is a ∈ A. From the property above it follows that

[Ψ, a′1]a′2 |ρ1/2〉 = 0 . (B.55)

Therefore, such a Ψ commutes with all a′1, therefore it is affiliated with A (need not be

bounded).
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The Tomita map S(a) = a† is represented in Hρ with the Tomita operator:

Sρa |ρ1/2〉 = a† |ρ1/2〉 . (B.56)

Since A |ρ1/2〉 is dense in Hρ this defines the action of Sρ on a dense set of vectors. The

closure of the modular operator has a polar decomposition Sρ = Jρ∆
1/2
ρ where Jρ is the

analog of the modular conjugation in equation (B.6) and ∆ρ = S†ρSρ is the analog of the

modular operator in (B.13).56

The same superoperator S(a) = a† can be represented as an operator from Hρ → Hψ:

Sψ|ρa |ρ1/2〉 = a† |ψ1/2〉 . (B.57)

If |ψ1/2〉 belongs to Hρ then the equation above makes sense only if |ψ1/2〉 is invariant

under Jρ (belongs to the natural cone).57 Otherwise, as we will show below in equation

(B.59), the relative Tomita operator depends on the vector representative of ψ.

We can generalize the definition above to a relative Tomita operator that depends on

two arbitrary vectors

SΨ|Ωa |Ω〉 = a† |Ψ〉 . (B.58)

If u′ ∈ A′ is an isometry the vector u′ |ψ1/2〉 has the same reduced state ψ on A. If we

choose the vector |Ψu〉 = u′ |ψ1/2〉 and |Ωv〉 = v′ |ω1/2〉 we find

SΨu|Ωv = u′Sψ|ω (v′)† . (B.59)

To avoid potential confusions about whether our vectors are in the natural cone or not, in

the remainder of this subsection, we formulate our expressions in terms of general vectors.

Hence, we rename |ω1/2〉, Sω, Jω and ∆ω to the vector |Ω〉, SΩ, JΩ and ∆Ω, correspondingly.

Then the unbounded operator Ψ = SA
′

Ψ|ΩS
A′
Ω satisfies the equation (B.54). Since SA

′

Ψ|Ω =

(SAΨ|Ω)† and J†Ψ|Ω = JΩ|Ψ we have

Ψ = ∆
1/2
Ψ|ΩJΩ|ΨJΩ∆

−1/2
Ω . (B.60)

See section 2.2.2 of [42] for a review of these relations. In appendix B.2, we argue that

the operator ∆
1/2
Ψ|Ω∆

−1/2
Ω acting on |Ω〉 creates the vector representative of ψ in the natural

cone. Comparing this to the equation (B.60) we find that for vectors in the natural cone

JΩ|Ψ = JΩ = JΨ|Ω.

In matrix algebras, an arbitrary vector is constructed by the action of the operator

ψ1/2uTρ−1/2:

(ψ1/2uTρ−1/2 ⊗ I) |ρ1/2〉 = (I⊗ u) |ψ1/2〉 (B.61)

where |ψ1/2〉 is the vector representative of the ψ in the natural cone [43]. Here, the

transpose uT is defined in the eigenbasis of ρ. The operator ψ1/2uTρ−1/2 is the analog of

(B.60) in matrix algebras.

56All the equations in the appendices that we write in the GNS Hilbert space that do not involve the

vector |e〉 continue to hold in QFT.
57See appendix B.2 for a review of the natural cone.
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In infinite dimensions, it is desirable to restrict to normal CP maps defined by their

continuity properties. For an increasing bounded sequence of positive operators an, a CP

map Φ is normal if Φ(limn an) = limn Φ(an).58 In this work, we assume that all of our

states and CP maps are normal. A unital CP map corresponds to a contraction F that

extends to a closed operator in the GNS Hilbert space

F lim
n
an |ρ1/2〉 = Φ(lim

n
an) |ρ1/2〉 = lim

n
Φ(an) |ρ1/2〉 = lim

n
Fan |ρ1/2〉 . (B.62)

However, not every closed operator in the GNS Hilbert space corresponds to a normal

superoperator.

The simplest normal CP maps are normal states ω : A → C. Consider the state

ωa′(a
†
1a2) = 〈a′ρ1/2|a†1a2|a′ρ1/2〉 = 〈a1ρ

1/2|(a′)†a′|a2ρ
1/2〉 . (B.63)

This is a generalization of the correspondence between un-normalized density matrices

(states) and positive operators (a′)†a′ ∈ A′ mentioned in appendix A. Since b′ |ρ1/2〉 is

dense in the Hilbert space, any state ψ corresponding to a vector |Ψ〉 ∈ Hρ corresponds to

a positive operator that is affiliated with A′ (commutes with all a):

ψ(a†1a2) = lim
n

lim
m
〈a1ρ

1/2|(a′m)†a′n|a2ρ
1/2〉 = 〈a1ρ

1/2|(a′ψ)†a′ψ|a2ρ
1/2〉 (B.64)

B.6 Kraus representation in infinite dimensions

To characterize the CP maps between infinite dimensional algebras it is convenient to start

with the Stinespring dilation theorem. Consider a linear map Φ : A → B with each algebra

represented on GNS Hilbert spaces HA and HB. Consider the space Ĥ = HA⊗HB defined

with the inner product

〈a1ρ
1/2
A , b1ρ

1/2
B |a2ρ

1/2
A , b2ρ

1/2
B 〉Φ ≡ 〈b1ρ

1/2
B |Φ(a†1a2)|b2ρ1/2

B 〉 . (B.65)

As before, if Φ is not faithful the vectors |a, φ〉 with Φ(a†a) have zero norm and we quotient

by them. After closure Ĥ becomes a Hilbert space. Similar to the discussion of section A.2

we define a representation π(a) of A in the Hilbert space Ĥ and the isometry W : HB → Ĥ:

π(a1) |a2ρ
1/2
A , bρ

1/2
B 〉 = |a1a2ρ

1/2
A , bρ

1/2
B 〉

W |bρ1/2
B 〉 = |ρ1/2

A , bρ
1/2
B 〉

W † |aρ1/2
A , bρ

1/2
B 〉 = Φ(a) |bρ1/2

B 〉 . (B.66)

As a result, the CP map factors as

Φ(a) = W †π(a)W . (B.67)

If Φ is faithful Ĥ = HA ⊗ HB and π(a) = a ⊗ IBB′ . Since we are using a reducible

representation on HB for B the constraint that Φ(a) ∈ B ⊂ B(HB) is non-trivial. We need

to have [Φ(a), b′] = 0 for all b′ ∈ B′ which implies

[Wb′W †, Pπ(a)P ] = 0 (B.68)

58The limit is understood in the ultra-weak operator topology.
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where P = WW † and we have used W †π(a)W = W †Pπ(a)PW . When Φ is unital the

projection P leaves the states |ρ1/2
A , bρ

1/2
B 〉 invariant as P |aρ1/2

A , bρ
1/2
B 〉 = |ρ1/2

A ,Φ(a)bρ
1/2
B 〉.

The algebra of all operators in the Hilbert space HB is an infinite dimensional matrix

algebra,59 therefore we have a resolution of the identity operator in terms of orthogonal

projections IBB′ =
∑

r |r〉 〈r| where |r〉 are vectors in HB. When the CP map Φ is faithful

the representation has the form π(a) = a ⊗ IBB′ and we can define Vr = (1 ⊗ 〈r|)W to

obtain a generalized Kraus representation of the CP map

Φ(a) =
∑
r

W †(a⊗ |r〉 〈r|)W =
∑
r

V †r aVr (B.69)

where Vr : HB → HA. Note that this is different from the standard Kraus representation

where the Kraus operators are maps Vr : KB → KA. If the algebra B is type I we can take

Ĥ = HA⊗KB and we obtain the above representation with Vr : KB → HA. It is only when

both algebras are type I that we can take Ĥ = KA ⊗ KB to obtain the standard Kraus

representation.

The Stinespring dilation of unital CP maps discussed above involves the compression

of an isometric embedding π of A in the Hilbert space HA⊗HB. This Hilbert space seems

too large. The algebras A and A′ act on HA and B and B′ act on HB. In analogy with

finite quantum systems, it is desirable to have a Hilbert space where only A and B act with

B playing the role of the commutant. In fact, given a unital CP map Φ one can construct

a bi-module Hilbert space HΦ where the algebra A acts on the left and B acts on the right.

In finite dimensions, the left action l(a) = a⊗ IB and the right action is r(b) = IA⊗ b. We

have a cyclic and separating vector |ΩΦ〉 for A ∨ B and

〈ΩΦ|l(a)|ΩΦ〉 = ρB ◦ Φ(a), 〈ΩΦ|r(b)|ΩΦ〉 = ρB(b) . (B.70)

Here, ρB is the state before the quantum channel and ρB ◦Φ is the state after the channel

[44]. Modular theory can be generalized to the bi-module Hilbert space HΦ [45]. The Stine-

spring dilatation of a unital CP map Φ says that there exists a normal ∗-homomorphism

ρ : A → B and an isometry V ∈ B such that

Φ(a) = V †ρ(a)V . (B.71)

C Operator algebra error correction

Suppose we want to simulate a quantum system B using the algebra of physical operators

A. We encode B as a subalgebra of A using the isometric embedding map ι : B → A. We

also have a decoding map α : A → B such that α ◦ ι : B → B is the identity map. The

composite map ι◦α : A → ι(A) is a CP map that preserves every operator in ι(B). The set

of states ρA that are invariant under this map are the physical states that are decodable.

Assume that ρA is a decodable faithful state (full-rank density matrix) and ρB = ρA ◦ ι
is its restriction to B. They can be represented as cyclic and separating vectors |ΩB〉 and

|ΩA〉 in the GNS Hilbert spaces HρB and HρA . We denote these Hilbert spaces by HB
59It is a type I von Neumann factor. For a classification of von Neumann factors see [36].
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and HA, respectively. The encoding map as a superoperator is represented by an isometry

W : HB → HA:

ι(b) |ΩA〉 = Wb |ΩB〉 . (C.1)

Since we assumed that ρA is decodable, this state is preserved under the conditional ex-

pectation ι ◦α : A → ι(B). We will see in theorem 4 that this is equivalent to the Takesaki

condition: JAW = WJB, where JA and JB are the modular conjugation operators cor-

responding to ρA and ρB. This implies that our decoding map corresponds to the GNS

operator

α(a) |ρ1/2
B 〉 = JBW

†JAa |ρ1/2
A 〉 = W †a |ρ1/2

A 〉 . (C.2)

In other words, a state is decodable if it satisfies the Takesaki condition, in which case ι is

the Petz dual of α.

During the simulation, errors Vr can occur that corrupt the physical states:

a |ρ1/2
A 〉 → Vra |ρ1/2

A 〉 . (C.3)

In particular, this corrupts our encoded states ι(b) |ρ1/2
A 〉. In the Heisenberg picture, the

states do not change but the errors corrupt the physical operators. If there is only one

error V that occurs deterministically it has to be an isometry to preserve the norm of states

and the error map in the Heisenberg picture is a→ V †aV . If there is a collection of errors

Vr the error map a → Φ(a) =
∑

r V
†
r aVr is a unital CP map. As in (A.2), we absorb the

probability pr of error Vr occurring in the definition of the Kraus operators. The goal of

the theory of quantum error correction is to find an encoding (faithful representation) of

the algebra ι such that we can detect the errors Vr and correct for them using correction

operators Rr:

W †RrVrWb |ρ1/2
B 〉 ∝ |ρ

1/2
B 〉 . (C.4)

It is convenient to absorb the encoding isometry in the definition of the error operator and

the decoding co-isometry in the definition of the correction operators so that we have

RrVrb |ΩB〉 ∝ b |ΩB〉 ,
Rr : HA → HB, Vr : HB → HA . (C.5)

The new error map and recovery maps are

Φ(a) =
∑
r

V †r aVr ∈ B, R(b) =
∑
r

R†rbRr ∈ A . (C.6)

In the Heisenberg picture, instead of correcting states, we correct for operators. An

operator c ∈ B is called correctable if there exists a recovery map R that satisfies Φ(R(c)) =

c.60 In addition to c, this recovery map corrects the whole algebra of operators invariant

60Note that in the Heisenberg picture, the order of actions is reversed.
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Figure 14. General setup for error correction: the error map is Φ : A → B and the recovery map

R : BC → AC recovers the operators in the correctable subalgebra BC .

under Φ ◦R. We say a subalgebra BC is correctable if there exists a recovery map R such

that Φ ◦ R(c) = c for all c ∈ BC ; see figure 14. We will show below that a subalgebra is

correctable if and only if for all c ∈ BC and all errors Vr and Vs we have [c, V †r Vs] = 0. This

is the same condition in (A.43) for an operator that belongs to the multiplicative domain

of Φ∗.

With a recovery map in hand, we apply R(c1) ∈ A to the corrupted state that has the

effect of c1 in the presence of error:

R(c1)Vr |c2〉ρB = Vrc1 |c2〉ρB . (C.7)

Since the equation above should hold for all c2 it implies an operator equation that we call

the recovery equation:

∀r, R(c)Vr = Vrc . (C.8)

The recovery map R : BC → A is a CP map which is unital if the kernel of the error

map is empty. Any operator X that satisfies XVr = 0 for all errors Vr can be added to

R. If the span of the range of all Vr is not the whole Hilbert space the error map Φ is

not faithful. The information content of the operators in the kernel of Φ is forever lost

and we cannot hope to recover them. It is convenient to truncate the physical algebra so

that the error map Φ becomes faithful. Define P to be the projection to the span of VrK
and replace A by PAP . The projection P projects down to the code subspace. With this

truncation the recovery equation uniquely fixes the recovery map. If R1 and R2 are two

recovery maps we have (R1(c)−R2(c))Vr = 0 and since the span of the range of all Vr is

the whole Hilbert space we find R1(c) = R2(c) for all c ∈ BC . This unique recovery map

R : BC → PAP is a representation because it satisfies

R(c1)R(c2)Vr = R(c1c2)Vr (C.9)

It is a faithful representation because none of the errors can kill code states. A faithful

representation establishes a ∗-isomorphism between the algebras BC and the subalgebra
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AC ≡ R(AC) ⊂ A. The superoperator R corresponds to an isometry W : HB → HA in

the Hilbert space, and hence it is an isometric embedding of BC in A; see figure 16.

The errors acting on BC are correctable if there exists a solution to the recovery

equation (C.8). Consider a self-adjoint operator c ∈ BC . If the equation holds (C.8) we

find that

V †r R(c)Vs = V †r Vsc = cV †r Vs . (C.10)

The self-adjoint operators in the code algebra satisfy the commutation relation [c, V †r Vs] = 0

for all r, s. We will see below the converse also holds and the correctable subalgebra can be

defined as the commutant of the set of operators V †r Vs for all r, s. Note that the correctable

algebra always includes the identity operator. If we pick our operators to be inside the

correctable algebra we are guaranteed that there exist recovery maps that correct the errors.

In the case of a single error, it is straightforward to see that the dual map Φ∗ is a

recovery map because V is an isometry. When there are several errors the dual map is

Φ∗(c) =
∑

r VrcV
†
r satisfies

Φ∗(c)Vr =
∑
s

VscV
†
s Vr = (

∑
s

VsV
†
s )Vrc = Φ∗(I)Vrc . (C.11)

If Φ is faithful the dual map Φ∗ is invertible and R(c) = Φ∗(I)−1Φ∗(c) solves the recovery

equation in (C.8).61 Otherwise, we define Φ∗(I) on the orthogonal complement of the

kernel of Φ. While not manifest from its form, this map is CP. It follows from the recovery

equation that

R(c)Φ∗(I) = Φ∗(c) . (C.12)

Therefore, R(c) = Φ∗(I)−1Φ∗(c) = Φ∗(c)(Φ∗(I))−1, and as a result [Φ∗(c), (Φ∗(I))−1] = 0.

To make the recovery map manifestly positive we write it in the form [3]62

R(c) = (Φ∗(I))−1/2Φ∗(c)(Φ∗(I))−1/2 . (C.13)

The map above is the unique recovery map R : BC → PAP .

C.1 Passive error correction

Perhaps the easiest way to protect against errors is to find an encoding of the algebra B in

the physical Hilbert space that is immune to errors so that we do not need to correct at all.

We achieve this if we choose our code operators from the subalgebra AI that is invariant

under the action of the error ι ◦ Φ : A → A; see figure 15. For simplicity, in this case, we

can absorb ι in Φ so that we get rid of B all together. We have AC ≡ ι(B) a subalgebra

of A and an error map that with a slight abuse of notation we write as Φ(a) =
∑

r V
†
r cVr.

As we showed in section A an operator c ∈ AI if and only if [c, Vr] = [c, V †r ] = 0 for all r;

see figure 15. The commutant algebra (AI)′ is sometimes called the interaction algebra.63

61Φ is faithful, therefore there exists no projection p ∈ A such that Φ(p) = 0. Since Φ(p) is a positive

operator we have tr(Φ(p)) 6= 0. This implies that tr(pΦ∗(I)) 6= 0 for all projections p. In other words, Φ∗(I)
is full rank.

62If A and B are commuting positive matrices then A and B1/2 commute.
63The interaction algebra is the double commutant of the set of errors {Vr, V †r }.
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Figure 15. Passive error correction: The physical algebra A. The subalgebra AI ⊂ A of physical

operators is used to simulate system B because it is left invariant by the error map Φ.

Encoding operators in the invariant subalgebra AI to protect them from an error map

Φ has the advantage that we are simultaneously protected against any other error map

whose Kraus operators are in the interaction algebra. For instance, in matrix algebras, we

are also protected against any error map

Φρ(a) = Φ(ρ)−1/2Φ(ρ1/2aρ1/2)Φ(ρ)−1/2 (C.14)

where ρ satisfies the condition:64

ρ1/2cρ−1/2 = Φ(ρ)1/2cΦ(ρ)−1/2 ∈ AI . (C.15)

Note that the constraint above implies

Φ(ρ1/2cρ1/2) =
∑
r

V †r ρ
1/2cρ1/2Vr = Φ(ρ)ρ−1/2cρ1/2 . (C.16)

Plugging this in the new error map gives

Φρ(c) = Φ(ρ)1/2ρ−1/2cρ1/2Φ(ρ)−1/2 = c (C.17)

where we have used (C.15) again.

In passive error correction the invariant subalgebra is the code subalgebra. Next,

using the intuition from section B.3, for any error map we construct an explicit conditional

expectation that projects down to the invariant subalgebra.

Given a unital CP map Φ that preserves some faithful state ρ, the ρ-preserving map

Eρ(a) = lim
n→∞

1

n
(a+ Φ(a) + Φ2(a) + · · ·Φn−1(a)) (C.18)

is a conditional expectation that projects to the invariant subalgebra of Φ. To see this,

consider the Stinespring representation Φ(a) = W †π(a)W . Since Φ is unital, W is an

64In theorem 4 we show that this is equivalent to the Takesaki condition.
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Figure 16. (a) Active error correction where the whole algebra B is correctable: The action of the

error map Φ : A → B on the correctable subalgebra AC can be undone using the recovery map R.

(b) The Petz dual map as the recovery map.

isometry. Both the representation map a → π(a) and the compression π(a) → W †π(a)W

are norm non-increasing, hence ‖Φ(a)‖ ≤ ‖a‖, and

‖Φ(Eρ(a))− Eρ(a)‖ = ‖ lim
n→∞

1

n
(Φn(a)− a)‖ ≤ lim

n→∞

1

n
(‖Φn(a)‖+ ‖a‖)

≤ lim
n→∞

2

n
‖a‖ = 0 . (C.19)

We find that the range of Eρ is AI . This map is evidently CP and leaves every operator in

AI invariant; therefore it is a ρ-preserving conditional expectation.

C.2 Active error correction

Passive error correction is convenient when there are a few types of errors. If we have a

large set of errors we might not have the luxury of finding a large invariant subalgebra

to encode all our operators. Then, we have to apply recovery map to correct errors. The

recovery equation in (C.8) only fixes the action of R on BC . For simplicity, in the remainder

of this section, we focus on the case where the whole algebra B is correctable. We will also

assume that the kernel of the error map is trivial so that the recovery map is unital. In

this case, the composite map R ◦ Φ : A → AC is a conditional expectation. A state ρA
is correctable if it is invariant under this conditional expectation. The theorem 4 below

characterizes all states that are preserved under a conditional expectation from A to AC .

Given such a correctable state, the recovery map is the Petz dual of the error map which

corrects the errors on a set of states; see figure 16. Such states are called sufficient with

respect to this error map. We will see that the relative entropy of any pair of sufficient

states remains unchanged under the error map.

In matrix algebras, there always exists a trace-preserving conditional expectation Ee :

A → AC if AC contains the identity operator. To show this, we start with the orthogonal
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projection Pe in the Hilbert space He that projects down to HC that is the span of AC |e〉.
We show that the superoperator that is associated with it is a trace-preserving conditional

expectation. Since Pec |e〉 = c |e〉 the superoperator Ee satisfies Ee(c) = c for all c ∈ AC .

Furthermore, we have

〈e|Ee(a)|e〉 = 〈e|Pea|e〉 = 〈Pee|a|e〉 = 〈e|a|e〉 , (C.20)

therefore Ee is trace-preserving. We only need to prove it is CP.

To show that Ee(a+) is positive we need to show the matrix element

〈a2|Ee(a+)|a2〉 = 〈a2|Pea+a2〉 = 〈Pea2|a+a2〉 (C.21)

is positive. It is clear that if |a〉 ∈ (Pe)⊥ this matrix element is zero, therefore we only

need to consider 〈c|E(a+)|c〉 for c ∈ AC . The inner product in the Hilbert space He has

the special property that

〈a1|a2a1〉 = tr(a†1a2a1) = tr(a1a
†
1a2) = 〈a†1a1|a2〉 (C.22)

where we have used the cyclicity of trace. Therefore,

〈c|Ee(a+)|c〉 = 〈c†c|Pa+〉 = 〈Pc†c|a+〉 = 〈c†c|a+〉 = 〈c|a+|c〉 ≥ 0 . (C.23)

Therefore, Ee is a positive map. Similarly, the map Ee ⊗ idn corresponds to Pe ⊗ In in the

Hilbert space He⊗Kn which is also positive by the same argument, therefore Ee is CP. The

superoperator Ee is the unique trace-preserving conditional expectation from A → AC .65

If a density matrix ρ satisfies the Takesaki condition the conditional expectation in (C.18)

that corresponds to Φρ in (C.14) preserves ρ. In fact, we can explicitly write down the

ρ-preserving conditional expectation in terms of the trace-preserving one:

Eρ(a) = ρ
−1/2
C Ee(ρ1/2aρ1/2)ρ

−1/2
C (C.24)

where ρC is the restriction of ρ to the subalgebra AC . These maps are the same as the

ρ-preserving conditional expectations constructed in section A.3.

We now prove that the Takesaki condition in (C.15) is the necessary and sufficient

condition for a state for the existence of a ρ-preserving conditional expectation. The

argument trivially generalizes to infinite dimensions [35].

Theorem 4 (Takesaki’s condition: matrix algebras) The following statements are equiv-

alent:

1. There exists a ρ-preserving conditional expectation Eρ : A → AC .

2. For all c ∈ AC we have ρ1/2cρ−1/2 ∈ AC .

65The bi-module property follows from

tr(c1Ee(c2a)) = 〈c†1|Pec2a〉 = 〈Pec†1|c2a〉 = 〈c†2Pec
†
1|a〉 = 〈Pec†2c

†
1|a〉 = tr(c1c2Ee(a)) .
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3. For all c ∈ AC we have ρ1/2cρ−1/2 = ρ
1/2
C cρ

−1/2
C .

Here, ρC is the restriction of ρ to AC .

Proof:

(2→ 1): Repeating the argument above for the projection Pρ in the GNS Hilbert space

to the subspace HC spanned by AC |ρ1/2〉 reveals why there might not exist a ρ-preserving

conditional expectation for an arbitrary ρ. By the same argument, the projection Pρ
corresponds to a superoperator Eρ : A → AC that preserves ρ and satisfies Eρ(c) = c.

However, in general, it will not be CP because there is no analog of the property (C.22) in

the GNS Hilbert space Hρ. Instead, we have

〈a1|a2a1〉ρ = tr(a1ρa
†
1a2) = tr(ρ(ρ−1a1ρ)a†1a2) = 〈a1Dρ(a†1)|a2〉ρ (C.25)

where Dρ(a) = ρaρ−1 is the modular superoperator we introduced in section (B.1). If

Dρ(c) ∈ AC we can repeat the argument above to show

〈c|Eρ(a+)c〉ρ = 〈cDρ(c†)|Pρa+〉ρ = 〈PρcDρ(c†)|a+〉ρ
= 〈cDρ(c†)|a+〉ρ = 〈c|a+c〉ρ ≥ 0 . (C.26)

Therefore, if Dρ(c) ∈ AC the superoperator Eρ(c) is CP and hence it is the unique ρ-

preserving conditional expectation from A to AC . If D1/2
ρ (c) ∈ AC so is Dρ(c) ∈ AC ,

therefore the condition in (2) is sufficient for (1).

(1→ 2): Assume that Eρ exists and Pρ is its corresponding projection operator in

Hρ. Consider the Tomita superoperator S(a) = a†. Since Eρ is a positive map we have

Eρ(a†) = Eρ(a)† which implies Eρ(S(a)) = S(Eρ(a)). In the GNS Hilbert space, this implies

[Pρ, Sρ] = 0. Since Pρ is self-adjoint when Eρ is ρ-preserving we also have [Pρ, S
†
ρ] = 0.

Therefore, we find [Pρ,∆ρ] = 0, where ∆ρ = S†ρSρ is the modular operator of ρ. Since both

operators are positive we have [Pρ,∆
1/2
ρ ] = 0, and using the superoperator representation

we obtain E(D1/2
ρ (a)) = D1/2

ρ (E(a)). For any c ∈ AC :

Eρ(D1/2
ρ (c)) = D1/2

ρ (Eρ(c)) = D1/2
ρ (c) . (C.27)

Therefore, Dρ(c) = ρ1/2cρ−1/2 ∈ AC .

(1→ 3): We saw that (1) implies the commutation relation [Pρ,∆ρ] = 0. Define the

state ρC on the subalgebra AC as the restriction tr(ρCc) = tr(ρc).66 Consider its GNS

Hilbert space HC spanned by c |ρ1/2
C 〉 and the linear map W : HC → HA:

Wc |ρ1/2
C 〉 = c |ρ1/2〉 . (C.28)

It follows from the definition of ρC that this linear map is an isometry and WACW † is an

isometric embedding of AC in A. Acting with the modular operator we find

SρWc |ρ1/2
C 〉 = c† |ρ1/2〉 = WSCc |ρ1/2

C 〉 . (C.29)

66Note that ρC = Ee(ρ) because tr(cρC) = tr(cρ) = tr(Ee(cρ)) = tr(cEe(ρ)).
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In other words, SρW = WSC and as a result we have W †∆ρW = ∆C and Pρ∆ρPρ =

W∆CW
†. When [∆ρ, Pρ] = 0 we can take the square root of this equation to find

Pρ∆
1/2
ρ = W∆

1/2
C W † (C.30)

or equivalently67

∆1/2
ρ W = W∆

1/2
C . (C.31)

This together with SρW = WSC gives the form of the Takesaki condition JρW = WJC .

Then, the constraint that Dρ(c) ∈ AC becomes

D1/2
ρ (c) |ρ1/2〉 = Pρ∆

1/2
ρ c |ρ1/2〉 = W∆

1/2
C c |ρ1/2

C 〉 = WD1/2
C (c) |ρ1/2

C 〉 = D1/2
C (c) |ρ1/2〉 .(C.32)

As a result, we have

ρ1/2cρ−1/2 = D1/2
ρ (c) = D1/2

C (c) = ρ
1/2
C cρ

−1/2
C (C.33)

which is the condition in Takesaki’s theorem.

(3→ 1): Consider a subalgebra AC ⊆ A and the isometric embedding map ι : AC →
A. The Petz dual ιPρ : A → AC is unital and CP. It follows from the definition of the

alternate inner product in (B.38) that the Petz dual satisfies

〈ιPρ (a)|∆1/2
C c〉

ρC
= 〈a|∆1/2

ρ c〉
ρ
. (C.34)

We now show that when (3) is satisfied this Petz dual map is a ρ-preserving conditional

expectation. All we need to show is that ιPρ (c) = c:

〈ιPρ (c1)|∆1/2
C c2〉ρC = 〈c1|∆1/2

ρ c2〉ρ = 〈c1|D1/2
ρ (c2)〉

ρ

= 〈c1|D1/2
C (c2)〉ρ = 〈c1|∆1/2

C c2〉ρC (C.35)

where in the second line we have used (3) and c†1D
1/2
C (c2) ∈ AC . Since the isometric

embedding is trivial in this case the composite map EPρ = ι◦ ιPρ : A → AC is a ρ-preserving

generalized conditional expectation that becomes a conditional expectation (3) is satisfied.

�
All the steps of the arguments above can be repeated for an arbitrary von Neumann

algebra with ρ1/2 replaced with ∆
1/2
ρ . The proof did not rely on the existence of a density

matrix or a trace, and trivially generalizes to an arbitrary von Neumann algebra and its

GNS Hilbert space representation:

Theorem 5 (Takesaki’s condition: von Neumann algebras) Let AC ⊂ A be an in-

clusion of von Neumann algebras. Let ρA be a faithful state of A and ρC be its restriction

to AC . Let |ρ1/2
A 〉 and |ρ1/2

C 〉 be the cyclic and separating vectors in HA and HC . Define the

isometry W : HC → HA as Wc |ρ1/2
C 〉 = c |ρ1/2

A 〉 for all c ∈ AC . The following statements

are equivalent:

67We act with W † on the left and take the Hermitian conjugate.
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1. There exists a ρA-preserving conditional expectation Eρ : A → AC

2. The modular conjugations JA and JC corresponding to |ρ1/2
A 〉 and |ρ1/2

C 〉 satisfy JAW =

WJC .

3. ∆
1/2
A W = W∆

1/2
C .

Our next question is given a ρ-preserving conditional expectation what other states are

also invariant under it? To characterize all “sufficient” states of a ρ-preserving conditional

expectation Eρ we show that it preserves another state ω if and only if the sufficiency

condition

ω1/2ω
−1/2
C = ρ1/2ρ

−1/2
C (C.36)

is satisfied [46, 47]. If we are given a ρ-preserving conditional expectation Eρ the map

Eωρ (a) = ω
−1/2
C ρ

1/2
C Eρ

(
ρ−1/2ω1/2aω1/2ρ−1/2

)
ρ

1/2
C ω

−1/2
C (C.37)

is a ω-preserving CP map from A → AC . If it preserves every operator in c ∈ AC it

becomes an ω-preserving conditional expectation. It is clear that if sufficiency condition

in (C.37) holds it becomes an ω-preserving conditional expectation Eω = Eρ. Therefore,

Eρ also preserves ω. We now prove the converse: the conditional expectation Eρ preserves

ω only if the condition (C.36) holds. We basically repeat the proof of Takesaki’s theorem

for the relative Tomita operator Sω|ρa |ρ1/2〉 = a† |ω1/2〉. The norm of this operator is

the relative modular operator ∆ω|ρ : Hρ → Hρ. The superoperator corresponding to it

is Dω|ρ(a) = ωaρ−1. We repeat the argument for the Takesaki theorem with the relative

modular map Dω|ρ(a) = ωaρ−1 to find [Pρ,∆
1/2
ω|ρ ] = 0. This implies

Eρ(D1/2
ω|ρ(c)) = D1/2

ω|ρ(Eρ(c)) = D
1/2
ω|ρ(c) ∈ AC (C.38)

We define the isometries

Wρc |ρ1/2
C 〉 = c |ρ1/2〉

Wωc |ω1/2
C 〉 = c |ω1/2〉 (C.39)

so that

Sω|ρWρ = WωSωC |ρC

W †ρ∆ω|ρWρ = ∆ωC |ρC . (C.40)

Since [Pρ,∆
1/2
ω|ρ ] = 0 we have

Pρ∆
1/2
ω|ρ = Wρ∆

1/2
ωC |ρCW

†
ρ . (C.41)

As a result,

D1/2
ω|ρ(c) |ρ1/2〉 = Pρ∆

1/2
ω|ρc |ρ

1/2〉 = Wρ∆
1/2
ωC |ρCc |ρ

1/2
C 〉

= WρD1/2
ωC |ρC (c) |ρ1/2

C 〉 = D1/2
ωC |ρC (c) |ρ1/2〉 . (C.42)

– 52 –



We obtain that

ω1/2cρ−1/2 = D1/2
ω|ρ(c) = D1/2

ωC |ρC (c) = ω
1/2
C cρ

−1/2
C . (C.43)

In other words,

ω
−1/2
C ω1/2cρ1/2ρ

−1/2
C = c = ρ

−1/2
C ρ1/2cρ−1/2ρ

1/2
C (C.44)

which holds if and only if the sufficiency condition in (C.36) is satisfied.

The sufficiency condition can be expressed as

∆
1/2
ω|ρ = Wρ∆

1/2
ωC |ρCW

†
ρ . (C.45)

Using the integral representation of Xα for α ∈ (0, 1)

Xα =
sin(πα)

π

∫ ∞
0

ds sα
(

1

s
− 1

s+X

)
(C.46)

we find ∫ ∞
0

ds s1/2

(
1

s+ ∆ω|ρ
−Wρ

1

s+ ∆ωC |ρC
W †ρ

)
= 0 . (C.47)

From the monotonicity of the relative modular operator [36, 48] we know that the operator

in the integrand above is positive, therefore it has be zero:

1

s+ ∆ω|ρ
= Wρ

1

s+ ∆ωC |ρC
W †ρ (C.48)

which implies

∆α
ω|ρ = Wρ∆

α
ωC |ρCW

†
ρ . (C.49)

Furthermore, for any continuous function f we have

Wρf(∆C) |ρ1/2
C 〉 = f(∆) |ρ1/2〉 . (C.50)

In particular, choosing f(x) = xit for t ∈ R we find that ρitCω
−it
C = ρitω−it. This condition

implies that the relative entropy for any pair of sufficient states ρ and ω:

S(ω‖ρ) = S(ωC‖ρC) . (C.51)

Intuitively, this says that a coarse-graining (conditional expectation) preserves a set of

states {ρk} (sufficient states) if and only if the distinguishability (relative entropy) of any

pair of them remains the same.
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C.3 Condition for exact error correction

The purpose of this appendix is to provide an intuitive understanding of why the Takesaki

condition WJB = JAW is the necessary and sufficient condition for exact quantum error

correction. To see how the subsystem error correction works in the language of algebras and

operators consider a vector |ΩB〉 ∈ HB that we encode in |ΩA〉 = W |ΩB〉. The encoding

is such that the actions of the errors Vr in A can be undone using the correction operators

Rr: RrVr |ΩA〉 ∝ |ΩA〉. We call the vector |ΩA〉 correctable. The goal is to protect the

operators in B′ from the errors Vr in A. The encoding map sends all vectors b′ |ΩB〉 ∈ HB
to Wb′ |ΩB〉. The errors occur and we act with our correction operators Rr to obtain the

vector RrVrWb′ |ΩB〉. Since Wb′W † is supported on A′ it commutes with the errors Vr and

Rr:

RrVrWb′ |ΩB〉 = RrVr(Wb′W †) |ΩA〉 = (Wb′W †)RrVr |ΩA〉 ∝Wb′ |ΩB〉 . (C.52)

Therefore, if W |ΩB〉 is correctable all vectors Wb′ |ΩB〉 are correctable.

The subsystem error correction above is rather trivial. To make it more interesting

one would like to correct for errors V ′r that occur inside A′. Assume for a moment that we

have complementary recovery which means that for all operators in B the encoding WbW †

are correctable and supported on A. Furthermore, assume that there exist swap operators

JA and JB that swap A↔ A′ and B ↔ B′. Then, a simple idea is to first use the swap to

encode b′ in B, and then use the map WbW † that brings to A. Now, it commutes with all

the errors V ′r .

We use the swap JA to map an error V ′r to A so that we can correct the vector |ΩA〉
using our correction operator Rr in A:

RrJAV
′
r |ΩA〉 ∝ |ΩA〉 . (C.53)

With the assumption of complementary recovery, it is easy to see that the correction Rr
can correct all vectors WJBb

′ |ΩB〉:

RrJAV
′
rWJBb

′ |ΩB〉 = RrJAV
′
r (WJBb

′JBW
†) |ΩA〉

= RrJA(WJBb
′JBW

†)V ′r |ΩA〉 = JA(WJBb
′JBW

†)JARrJAV
′
r |ΩA〉

∝ JAWJBb
′ |ΩB〉 (C.54)

if JAW = WJB holds as an operator statement. Here, we have assumed that JA and JB
are symmetries of the vectors |ΩA〉 and |ΩB〉 and J2

A is identity, and JA = J†A.68 The

encoding map that played a central role in correcting the errors in A′ is called the Petz

map:

ι(b′) = JAWJBb
′JBW

†JA . (C.55)

In the Heisenberg picture, in the absence of any errors this encoding map should satisfy

α(ι(b′)) = b′ . (C.56)

68Swapping twice is the identity operation.
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This means that we should have

W †(JAWJBb
′JBW

†JA)W = b′ . (C.57)

It is clear that since J2
A = I and J2

B = I the condition JAW = WJB is sufficient to satisfy

the equation above. Theorem 5 shows that the Takesaki condition JAW = WJB is also

necessary for a vector to be correctable.
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