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The goal of this paper is to show that valuation theory and Hopf theory are compatible
on the class of generalized permutahedra. We prove that the Hopf structure GP* on
these polyhedra descends, modulo the inclusion-exclusion relations, to an indicator
Hopf monoid I(GP™) of generalized permutahedra that is isomorphic to the Hopf monoid
of weighted ordered set partitions. This quotient Hopf monoid I(GP™) is cofree. It is the
terminal object in the category of Hopf monoids with polynomial characters; this par-
tially explains the ubiquity of generalized permutahedra in the theory of Hopf monoids.
This Hopf theoretic framework offers a simple, unified explanation for many new and
old valuations on generalized permutahedra and their subfamilies. Examples include,
for matroids: the Chern-Schwartz-MacPherson cycles, Eur's volume polynomial, the
Kazhdan-Lusztig polynomial, the motivic zeta function, and the Derksen-Fink invariant;
for posets: the order polynomial, Poincaré polynomial, and poset Tutte polynomial;
for generalized permutahedra: the universal Tutte character and the corresponding
class in the Chow ring of the permutahedral variety. We obtain several algebraic and
combinatorial corollaries; for example, the existence of the valuative character group of

GP* and the indecomposability of a nestohedron into smaller nestohedra.
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4150 F. Ardila and M. Sanchez
1 Introduction
1.1 Algebraic and polyhedral structures in combinatorics

Joni and Rota [39], Schmitt [50], and others showed that many families of combinatorial
objects have natural operations of “merging” and “breaking” that give the family a Hopf
algebraic structure. Edmonds [24], Lovasz [44], Postnikov [48], Stanley [56], and others
showed that many families of combinatorial objects can be modeled geometrically as
polyhedra—often part of the family of generalized permutahedra. These algebraic and
geometric structures reflect and shed light on the underlying combinatorial structure
of the families under study.

Aguiar and Ardila [2] unified these algebraic and polytopal points of view,
showing that the family of generalized permutahedra has the structure of a Hopf
monoid—a refinement of Hopf algebras that is more convenient for combinatorial
settings. They also showed that this is the largest family of polytopes that supports
such a structure. This Hopf monoid GP™ (or certain quotients of it) contains the Hopf
monoids of graphs, (pre)posets, matroids, paths, hypergraphs, simplicial complexes,
and building sets, among others. This framework allowed them to unify and prove
numerous known and new results. The most relevant ones to this project are the
following.

e By developing the character theory of Hopf monoids, Aguiar and Ardila showed
that important polynomial and quasisymmetric invariants of combinatorial objects
come from a simple character of GP'. These include the chromatic polynomial of a
graph, the order polynomial of a poset, and the Billera—Jia—Reiner polynomial of a
matroid. The celebrated reciprocity theorems for these polynomials are instances of
the same Hopf-theoretic reciprocity phenomenon for GP™.

e They gave the optimal formula for the antipode of the Hopf monoid GP*. This
gave, for the 1st time, cancelation-free formulas for the antipodes of graphs (also found
by Humpert and Martin [37]), matroids, and posets, among others.

This work raises the following question.

Question. Why are many important Hopf monoids related to generalized permutahedra?

This paper offers one possible answer to this question, in the Universality Theorem B.

1.2 Polyhedral valuations in combinatorics and geometry

Valuations are ways of measuring polytopes that behave well under subdivision. More

concretely, let P be a family of polytopes and A be an abelian group. A function
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f P — Ais aweak valuation if for any subdivision of a polytope P € P into polyhedra
Py,..., P, € P (where for any a and b, P, N P, is either empty or one of the P_s), we have

the inclusion-exclusion relation

k
f(P) = (~nlmPdimPipp) (1.1)

i=1

It is a strong valuation if there exists a linear function f such that f(P) = f (1p), where
1, is the indicator function of P, given by 1,(x) = 1 for x € P and 1,(x) = O for x ¢ P.
Any strong valuation is also a weak valuation. The converse is also true for the class P
of generalized permutahedra, but not necessarily for its subclasses; see Section 4.1.

The volume, the number of lattice points, and the Ehrhart polynomial (given
by Ehrp(t) = [tP N 72| for t € N) are natural ways of measuring a polytope, and they
are strong valuations. However, certain families P of polyhedra can also be measured
using intriguing combinatorial and algebro-geometric valuations that, unexpectedly,
also satisfy (1.1). These valuations include

e the Tutte polynomial of a matroid [54],

e the Chern-Schwartz—MacPherson (CSM) cycles of a matroid [18],

e the Kazhdan-Lusztig polynomial of a matroid [25],

e the motivic zeta function of a matroid [38],

e the Derksen—Fink invariant of a matroid [19],

e the order polynomial of a poset [56], and

e the Poincaré polynomial of a poset cone [21].
For other examples, see Table 1. For concrete examples for matroids and posets, see

Examples 8.10 and 9.16, respectively. This raises the following question.

Question. Why are many important invariants of matroids and posets also polyhedral
valuations?

This paper offers one possible answer to this question within the framework of Hopf
monoids in Theorems A and C.

Valuations of matroids are especially important because they offer ways of
analyzing matroid subdivisions: these are the subdivisions of a matroid polytope
into smaller matroid polytopes. Such subdivisions arise naturally in various algebro-
geometric contexts, such as the compactification of the moduli space of hyperplane
arrangements of Hacking et al. [36] and Kapranov [40], the compactification of fine Schu-
bert cells in the Grassmannian of Lafforgue [42, 43], the K-theory of the Grassmannian

[55], the stratification of the tropical Grassmannian [53] and other tropical homogeneous
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4152 F. Ardila and M. Sanchez

Table 1 Examples of valuations from Theorem C

Submonoid

Valuations f;

Valuation from Theorem B

Generalized permutahedra

(Section 7)

Matroid morphisms

Normalized volume

Universal norm

Universal norm

Exponential of the class in the Chow
ring of the permutahedral variety [30]
Dupont et al.'s [22] universal Tutte char-
acter

Las Vergnas's Tutte polynomial [59]

Matroids (Section 8)

Beta invariant
Characteristic
polynomial
Characteristic
polynomial
Characteristic
polynomial

Having a unique basis

Having only one
element

Universal norm

CSM cycles [18]

Eur’s [26] volume polynomial
Kazhdan-Lusztig polynomial [25]
Motivic zeta function [38]

Billera et al.’s [11] quasisymmetric func-
tion

Derksen-Fink [19] invariant

Tutte [58] and characteristic polynomial

Posets (Section 9)

Being an antichain
Being an antichain, 1

Being an antichain

Stanley’s [57] order polynomial
Gordon'’s [32] Tutte polynomial
Dorpalen-Barry et al.’s [21] Poincaré

polynomial

Nestohedra (Section 10)

Constant function

f-Polynomial [47]

spaces [49], and the study of tropical linear spaces by Ardila and Klivans [8] and Speyer

[54].

A foundational result by Derksen and Fink [19] gave the universal valuation for

matroids and for generalized permutahedra. Their result was extended by Eur et al.

[27] who gave the universal valuation for Coxeter matroids and for Coxeter generalized

permutahedra.
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1.3 Hopf algebraic structures on generalized permutahedra and valuations

The goal of this paper is to explain the intimate relationship between the Hopf
algebraic structures of Section 1.1 and the valuations of Section 1.2. Let F be a field
of characteristic 0, and let GP™ be the (F-linear) Hopf monoid of extended generalized

permutahedra, whose components are the vector spaces
GP*[I] = span{P| P is an extended generalized permutahedron in R’}

for all finite sets I. Consider the subdivisions of polyhedra in this family into polyhedra
in this family; they give the inclusion-exclusion subspecies ie ¢ GP™ consisting of the

vector spaces

ie[I] := span {P — Z(—l)dimp*dimPiPi | {P;} is a polyhedral subdivision of P} c GPH[II.

1

Consider the indicator vector spaces of generalized permutahedra:

LGP = span{l, | P is an extended generalized permutahedron in RN

~ GPTII/ielll,

where 15 : R! — T is the indicator function of P, which equals 1 in P and 0 outside of P.
The following are our main results.

The indicator Hopf monoid. The Hopf monoid GP' descends to the quotient I(GP™).

Theorem A. Let GP™ be the Hopf monoid of extended generalized permutahedra.
1. The inclusion-exclusion species ie is a Hopf ideal of GP™.
The quotient I(GP") = GP™/ie is a Hopf monoid.
The resulting indicator Hopf monoid of extended generalized permutahe-
dra is isomorphic to the Hopf monoid of weighted ordered set partitions:

I(GP") X wX*.

4. For any Hopf submonoid H € GP', the subspecies I(H) € I(GP™) is a Hopf
quotient of H, namely I(H) = H/(ie N H).
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4154 F. Ardila and M. Sanchez

It is also interesting to quotient I(GP™") further by identifying P with its translates
P+ v, as is done in the McMullen polytope algebra. We define the extended McMullen
subspecies (this behaves very differently from the McMullen subspecies Mc of the
Hopf monoid of bounded generalized permutahedra GP and the quotient GP/Mc; see
Sections 1.4 and 4.4)

Mc (1] := ielll + span {P —(P+v)|PeGP,ve RI} C GPH[1].

We prove that Mc* is also a Hopf ideal of GP™, and the resulting quotient is isomorphic
to the indicator Hopf monoid of preposet cones, the indicator Hopf monoid of
poset cones, and the Hopf monoid of ordered set partitions; see Theorem 4.14 and

Proposition 9.1:
GP"/Mc" = I(P) = I(PP) = X*.

Building on Aguiar and Ardila’s formula for the antipode of GP*, Theorem A

gives the following elegant formula for the antipode of I(GP™).

Corollary 1.1. The antipode of the indicator Hopf monoid of generalized permutahedra
I(GP™) is given by

s;(P) = (—1)I-dimPpe for P € GP™[1],

where P° is the relative interior of P.

Cofreeness and universality. A priori, it seems very surprising that so many Hopf
monoids of interest are closely related to the Hopf monoid of generalized permutahedra
GP*, as shown in [2]. We give a possible explanation of this phenomenon, by showing
that the indicator Hopf monoid of generalized permutahedra I(GP") = GP"/ie and the
further quotient by the extended McMullen subspecies GP*/Mc* satisfy very natural
universality properties among all Hopf monoids.

This is most elegantly stated for GP;;, which consists of the extended generalized
permutahedra whose supporting hyperplanes have nonnegative integral coefficients.
Define a polynomial character on a Hopf monoid H to be a multiplicative function from

H to the polynomial ring F[¢]. Define the canonical character 3 : ]I(GP;NL) — Flt] by

(—1)[I-dimLin(P)¢p  if P is relatively bounded and lies on hyperplane
B(lp)= >icX =pinRl,

0 if P is relatively unbounded,
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for the indicator function of a polyhedron P, where Lin(P) is the lineality space of P and
where a face F of P is relatively bounded if it is non-empty and F/Lin(P) is a bounded

face of P/Lin(P) and relatively unbounded otherwise.

Theorem B. The terminal Hopf monoid with a polynomial character is (]I(GP&), B).
Explicitly: for any connected Hopf monoid H and any polynomial character ¢, there

exists a unique Hopf morphism 7 H— ]I(GPRI') such that Bo ¢ =¢.

It also follows from these general results that the indicator Hopf monoid is
cofree. This is shown in Theorem 5.2.

Similarly, the terminal Hopf monoid with a character is the quotient GP*/Mc™
with the canonical character; see Theorem 5.4. Aguiar and Mahajan [4] had proved this

property for X*, which we show is isomorphic to GP™/Mc* in Theorem 4.14.

Hopf algebraic valuations on polytopes. Theorem A shows the compatibility between
the Hopf structure on generalized permutahedra and the valuative functions on these
polytopes. Many functions on generalized permutahedra can be seen as functions on
the Hopf monoid GP™, which descend to functions on the quotient Hopf monoid I(GP™).
Those functions must then be valuations. The same is true for submonoids of GP*. The

following is one concrete manifestation of this general principle.

Theorem C. Let H be a Hopf submonoid of GP™. Let S; U --- U S, = I be a set
decomposition and consider functions f; : H[S;] — R for 1 < i < k, where R is a ring
with multiplication m. Define the function f} »--- xf;, : HIIl - R by fj »--- x f}, =

mofi®f® - ®fioAg
a strong valuation.

,,,,,

s.- Then, if fi, ..., fi are strong valuations, then fj - - - * fi is

Many new and known valuations on subfamilies of generalized permutahedra
arise from applying Theorem C to much simpler valuations f;. The earlier proofs of
those results, often quite subtle, are thus replaced by a uniform, straightforward
computation. This applies to the following valuations.

The character theory of Hopf monoids provides an especially useful corollary to
Theorem C. It is explained in [2, 3] that a multiplicative function from a Hopf monoid
H to a fixed field, known as a character, gives rise to a family of polynomials f, (h),
quasisymmetric functions ®,(h) and linear combinations of ordered set partitions
O, (h) associated with each object h of the Hopf monoid H. Examples include the order

polynomial of a poset, the chromatic polynomial of a graph, and the Billera-Jia—Reiner
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quasisymmetric function of a matroid. When the character is also a valuation, we can

say more.

Corollary 1.2. Let H be a submonoid of GP. Let ¢ be a character of H such that ¢[I] is a

strong valuation. Then the three maps
h— f§ (h)(®) h— o, (h) h— Og(h) for h € H[I]
are all strong valuations.

The multiplicative functions from H to a fixed field, known as the characters of
H, form a group X(H) under convolution. The inverse of a valuative character is given by
precomposing it with the antipode [2, 3]. The above results give an interesting structural
consequence, shown in Proposition 6.8: the characters of H that are valuative form a
subgroup X(H) C X(H) of the character group.

1.4 Related work

A Hopf algebra analog of Part 2 of Theorem A was proved by Derksen and Fink [19]. By
working in the context of Hopf monoids and taking a more geometric approach, we are
able to obtain several new consequences, including numerous results in [2], the simple
formula for the antipode in Corollary 1.1, and many new examples of valuations.
Results analogous to Parts 1 and 2 of Theorem A and Corollary 1.1 were also
obtained independently and simultaneously by Bastidas [9], for the quotient GP/Mc of
the Hopf monoid of bounded generalized permutahedra by its McMullen subspecies.
The quotients GP/Mc and GP'/Mc™ are very different from each other; in fact, all the
bounded polytopes on a fixed ground set are identified in the quotient GP*/Mc™; see
Proposition 4.15. By including unbounded polyhedra, we obtain a structure that is more
favorable for our purposes: the resulting indicator Hopf monoid I(GP") = GP™/ie is
isomorphic to the Hopf monoid on weighted set partitions, is cofree, and is the terminal
object in the category of Hopf monoids with a(n extended) polynomial character. Its
quotient GP*/Mct is isomorphic to the Hopf monoid on set partitions, is cofree, and is

the terminal object in the category of Hopf monoids with a character.

1.5 Outline

In Section 2, we introduce the relevant background for generalized permutahedra and
Hopf monoids. We give many examples of Hopf monoids and of combinatorial objects

that can be associated with generalized permutahedra. In Section 3, we construct the
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Brianchon-Gram Hopf morphism for polytopes and the aligning morphism for posets,
which play an important role in our work. One is related to the Brianchon-Gram
formula and the other describes cones in terms of ordered set partitions. In Section 4,
we prove Theorem A on the existence of the indicator Hopf monoid I(GP") and its
quotient GP*/Mc™. In Section 5, we prove that these Hopf monoids are cofree and they
are the terminal Hopf monoids with a (generalized polynomial) character, Theorem B.
In Section 6, we prove Theorem C and we use it to show that various Hopf monoidal
constructions give rise to valuations on polytopes.

The remaining sections focus on some known and many new examples, as sum-
marized in Table 1. Sections 7, 8, 9, 10 focus on valuations on generalized permutahedra,
matroids, posets, and building sets, respectively. In Section 10, we use this to show that
there are no nestohedral subdivisions. We close with Appendix 11 where we summarize
the main facts we need about Hopf monoids and prove the first isomorphism theorem

for them.

2 Background
2.1 Generalized permutahedra

For a set I of size n, the standard permutahedron r; is the convex hull of the n! bijective
functions 7 : I — [n]. We are interested in the deformations of the permutahedron,
which are defined as follows. A generalized permutahedron is a polytope in R’ that
satisfies the following equivalent conditions.

o Its edges are parallel to vectors in the root system A; = {e; — e;|i,j € I}, where
{e; : i € I} are the standard basis vectors.

e Its normal fan is a coarsening of the braid arrangement X;, which is the
hyperplane arrangement in R! given by the hyperplanes H; ={x¢€ Rl | x; = x;} for
i,jel.

e It is obtained from the standard permutahedron =; by moving the facets while
preserving their directions, without letting a facet cross a vertex.

e It is given by the inequality description

P= [X eR! | in = z(I) and in <z(A) forall A C I]
iel €A

for a function z : 2! — R that is submodular, that is, it satisfies z(A) + z(B) > z(A UB) +

z(ANB) forall A,BCI.
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B o

Fig. 1. The standard 3-permutahedron and four other extended generalized permutahedra.

More generally, an extended generalized permutahedron is a possibly
unbounded polyhedron in R! that satisfies the following equivalent conditions.

e Its faces lie on translates of subspaces spanned by roots in A;.

e Its normal fan is a coarsening of a subfan of the braid fan.

e It is obtained from the permutahedron by moving the facets while preserving
their directions, without letting a facet cross a vertex, possibly sending some facets to
infinity.

e It is given by the inequality description

P={xeR| in = z(I) and in < z(A) forall A C I}
iel icA
for a function z : 2 — R U {oo} that is submodular, that is, it satisfies z(4) + z(B) >
z(AUB) + z(ANB) for all A,B C I such that z(A) and z(B) are finite. Some examples of
generalized permutahedra are shown in Figure 1.

This ubiquitous family of polytopes was first studied in optimization under the
name of polymatroids [24, 28]. Its combinatorial structure was studied in [48] and its
algebraic structure was studied in [2]. Generalized permutahedra arise naturally in opti-
mization (where they parameterize problems where the greedy algorithm successfully
finds a solution [52]), in algebraic geometry (where they are in correspondence with the
numerically effective divisors of the permutahedral toric variety Xy [15]), and in algebra
(where they describe the irreducible representations of the Lie algebra sl,, [29], and they
are the largest family of polytopes that carries the structure of a Hopf monoid [2].)

Generalized permutahedra are also of great importance in combinatorics
because they provide geometric models of many important combinatorial families:
graphs, matroids, posets, preposets, ordered set partitions, hypergraphs, simplicial
complexes, and building sets, among others. Furthermore, Aguiar and Ardila showed
that the well-studied Hopf structures on these and other combinatorial families can all

be unified within the framework of the Hopf monoid GP™*.
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Matroids. A matroid M on ground set I is a non-empty collection B(M) of subsets of I
called bases that satisfy the basis exchange axiom: if A and B are bases and a € A — B,
there exists b € B — A such that (A — {a}) U {b} is a basis.

An independent set is a subset of a basis. The rank function of a matroid M is

the function r : 2! — N given by
r(J) = max |JNB| fory CJCI.
BeB(M)

This is the size of any maximal subset of J that is independent.

The matroid polytope P(M) of a matroid M on I is given by
P(M) = conv{e, +--+e, | {by,...,b}lis a basis of M} C R.

It is a generalized permutahedron [6] whose vertices correspond to the bases and whose

edges correspond to the elementary basis exchanges between them.

Posets and preposets. A poset or partially ordered set p on a finite set I is a relation
p CIxI,denoted < or (I, <), which is reflexive (x < x for all x € I), antisymmetric (x <y
and y < x imply x = y for all x,y € I), and transitive (x < y and y < z imply x < z for all
x,y,z€l).

More generally, a preposet on a finite set I is a relation g € I x I, denoted < or
(I, =), that is reflexive and transitive, but not necessarily antisymmetric. We write x < y
ifx<yandx #y.

A preposet g gives rise to an equivalence relation given by x ~ y if x < y and
y < x, and to a poset p = q/ ~ on the equivalence classes of ~ where [x] <p [yl if and
only if x <, y. Since we can recover the preposet g from the poset p, we will identify
the preposet g = (I, <,) with the poset p = (I/ ~, <,). The size of g is the number of
equivalence classes, |q| ;= |I/ ~ |.

A weighted preposet (w, q) consists of a preposet g and a functionw : g/ ~— R;
that is, a choice of a real weight w(q,) for each equivalence class g, of the preposet g.

The (pre)poset cone of a (pre)poset q is
cone(q) = conefe; —e; : 1 >jin g}.
This is an extended generalized permutahedron, and its lineality space is (|I| — k)-

dimensional where q/ ~ = {q;,...,qx}; it is cut out by the k independent equations

Ziequ x; = 0for 1 < a <k, one for each equivalence class of q. (These cones are related
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4160 F. Ardila and M. Sanchez

to the preposet-cone dictionary given by [47]. For any (pre)poset p on I, let o, denote the
cone o, = {x € RI | X; > X; for all i >p j}. Then, the poset cone cone(p) is the dual cone to
the cone 0,,.)

The translated (pre)poset cone of a weighted (pre)poset (w, q) is

cone(w, q) = w? + cone(q) (2.1)

where w4 is a vector in R such that 2 icqe Xi = W(q,) for each equivalence class g, of g.
Any such vector w? will produce the same cone cone(w, q) thanks to the description of
the lineality space of cone(q) given above.

Translated preposet cones are precisely the cones that are extended generalized

permutahedra [2, Theorem 3.4.9].

Weighted ordered set partitions and plates. Ordered set partitions are of fundamental
importance in the theory of Hopf monoids, and weighted ordered set partitions will play

a central role in this project.

Definition 2.1. An ordered set partition (or set composition) of a finite set I is
an ordered sequence ¢ = {;|---|{;, of non-empty, pairwise disjoint sets such that
Liu---ufy =1

A set decomposition of I is an ordered sequence S, |S,| - - - |S; of possibly empty,

pairwise disjoint sets such that S; L---uUS; =1.

The ordered set partitions of I are in bijection with the faces of the braid
arrangement in R!. They are also in bijection with the totally ordered preposets, where
every pair of elements is comparable: the ordered set partition £ = ¢,]- - - |¢; corresponds
to the preposet g, where i < jfori e {,,j € £, with a < b. This preposet is equivalent to
the linear poset £; < --- < {; on its equivalence classes.

A (pre)linear extension ¢ of a (pre)poset g is a totally ordered (pre)poset £ such
that x < y in q implies x < yin £ and x < y in g implies x < y in ¢ (this 2nd condition
ensures that an equivalence class in g cannot be split into smaller equivalence classes

in a linear extension of g). We also think of £ as the associated ordered set partition £.

Definition 2.2. A weighted ordered set partition of I is a pair (w, £) consisting of an
ordered set partition £ = ¢,|---|{; of I and an assignment w : {¢;,...,¢;} — R of a real

weight w(¢,) for each part ¢, of £. We also write w = (wy,..., wy).

The following cones are in bijection with weighted ordered set partitions.
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Definition 2.3. A plate is a cone of the form

- I. —
cone(w,f) = {xeR:x, 2wy, ....X; gy  Z Wit FWe 1, Xy gy = Wit W)

= Wz—i—cone{ei—ej ti€l,jely, a>D)

for some weighted ordered set partition (w, £), where x, := >;_, X;, and w' is any vector
in R’ such that Y ;., (w'); = w(¢,) for 1 < a < k. If w = 0 then the plate is called

centered.

These cones arise in numerous contexts. In this terminology, plates (also called
permutahedral plates or tectonic plates) were introduced by Ocneanu [46] and studied
by Early [23]. If we regard the (weighted) ordered set partition ¢ as a (weighted) preposet
q,, then the (weighted) plate of £ coincides with the (weighted) preposet cone of g,.

2.2 Hopf monoids

Hopf monoids are counterparts of Hopf algebras that are especially well suited for
combinatorial analysis. There are four natural functors from Hopf monoids to Hopf
algebras, so everything that we do in this paper can also be done at the level of Hopf
algebras.

Although the formal definition of a Hopf monoid is technical, the intuition is
simple. We begin by giving an informal description of a Hopf monoid. For a precise
definition, see the Appendix in Section 11. For a combinatorial discussion and “user’s
manual”, see [2]. For a thorough algebraic treatment, see the original monograph [4] by
Aguiar and Mahajan where these objects are introduced. We will give many examples in
Section 2.3.

A Hopf monoid H consists of the following data, subject to some suitable

axioms.

1. A vector space H[I] for each finite set I and an isomorphism from H[I] to H[J]
for each bijection from I to J.
(In many examples, a basis for H[I] is given by the different “H-structures”
that can be put on the “ground set” I, and the isomorphisms are given by the
natural maps obtained from relabeling the ground set.)

2. Compatible operations:
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e An associative product mg, : H[S] ® H[T] — HII] for each
decomposition I = SuT.
(In many examples, this is given by a combinatorial rule to merge
two H-structures on S and T into one H-structure on I.)

e A coassociative coproduct Agy : H[I] — HIS] ® H[T] for each
decomposition I = SuT.
(In many examples, this is given by a combinatorial rule to break
one H-structure on I into two H-structures on S and T.)

e An antipode s; : H[I] — HI[I] for each finite set I.
(This is given by an alternating sum of combinatorial objects,
with many cancelations that are usually highly nontrivial and

combinatorially interesting.)

A Hopf ideal g C H is a Hopf submonoid that satisfies

mg r(HIS] ® g[T] + gISI®@ HIT)) < glI],

Agr(gll) C HIS]® gIT] + g[Sl ® H[T].

If g is a Hopf ideal, then one can define a quotient Hopf monoid in the natural way.
There is a natural notion of morphisms of Hopf monoids. It satisfies Noether's

first isomorphism theorem in the following formulation.

Theorem 2.4. Let H; and H, be two Hopf monoids and « : H, — H, be a Hopf
morphism. Then, the image of « is a Hopf submonoid of H,, the kernel of « is a Hopf

ideal of H; and we have the isomorphism of Hopf monoids
H,/Ker(a) = Im(a).
Proof. See the appendix. |

2.3 Examples of Hopf monoids

Although it is not clear a priori from the definitions, most of the Hopf monoids that will
appear in this paper are closely related to the following Hopf monoid of generalized

permutahedra.

Generalized permutahedra. Let P be a(n extended) generalized permutahedron in R/, and

let I = Su T be a decomposition. Let eg - denote the linear functional eg 7(x) = > ;.5 X;.
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Let Pg 1 denote the face of P maximized by the linear functional eg 5. If this face is non-
empty, then there exist two (extended) generalized permutahedra P|g ¢ RS and P/ C RT
such that Py = P|g x P/g.

If P c RS and Q c RT are (extended) generalized permutahedra, then P x Q is a(n
extended) generalized permutahedron in R,

Now, let GP™ be the species given by
GP*[I] = F{extended generalized permutahedra in R}.

A bijection from I to J induces a vector space isomorphism from R’ to R/, which induces
an isomorphism from GP'[I] to GP'[J]; so this is indeed a species. To simplify (and
slightly abuse) notation, we will write P € GP™[I] whenever P is an extended generalized

permutahedron in R,

Definition 2.5. [2] The Hopf monoid of (extended) generalized permutahedra GP* is

the species GP™[I] = F{extended generalized permutahedra in R’} with product
mgp(P,Q) =PxQ  forPeGP"[S],Q € GPT[T]
and coproduct

Pl ® P, if P is bounded in direction e
Agp(P) = s @ Fls 5T for P € GP™[1l.

0 otherwise,

The Hopf monoid GP*, its Hopf submonoids, and quotient Hopf monoids are
our main algebraic objects of study. The following submonoids of GP™ will play a role
in what follows; see Theorem 2.8:

e the Hopf monoid GP* of extended generalized permutahedra,

e the Hopf monoid GP of bounded generalized permutahedra,

e the Hopf monoid CGP™ of conical generalized permutahedra,

e the Hopf monoid PCGP™ of conical generalized permutahedra that are pointed,

e the Hopf monoid CGPE)L of conical generalized permutahedra where the origin is in the
apex,

e the Hopf monoid PCGPar of conical generalized permutahedra that are pointed at the
origin.

Here, the apex of a cone is its lineality space.
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Matroids. Consider a matroid M on I and a decomposition I = Su T. The restriction of

M to S is the matroid M|g on ground set S with
B(M|s) = {maximal intersections of the form BN S|B € B(M)}.
The contraction of S from M is the matroid on ground set T defined as
B(M/g) = {Bp € T| for a basis Bg of M|g we have BgU By € B(M)}.

Let M, and M, be matroids on ground set S and T, respectively, and I = S U T. Their

direct sum is the matroid on ground set I defined as

The Hopf monoid of matroids M is given by M[I] = F{matroids on I} where
e The product of M; € M[S] and M, € MIT] is their direct sum M; & M,.
e The coproduct of M € MlI] is Ag (M) = M|s ® M /.
The map that sends a matroid M to its matroid polytope P(M) is an inclusion of

Hopf monoids.

Theorem 2.6. [2] The Hopf monoid of matroids M is a submonoid of the Hopf

monoid GP.
We will often use the following iterated coproduct formula for matroids.

Lemma 2.7. [2] LetS, u---uS; =1 be a set decomposition, and let F; = S, u---S; for

0 <1i < k. Then, for any matroid M on I,
Ag, Sk(M)=M[F0,F1]®M[F1,F2]®-~-®M[Fk_1,Fk],

where M[A,Bl = (M|g)/, for CACBCI.

(Weighted) posets and preposets. For posets p on S and g on T, let p U g denote the
disjoint union of the posets on SuU T. For a poset p on I and S C I, let p|g be the poset
restricted to the set S. We say that S is a lower ideal of p if for any x < y we have that

y € S implies that x € S. We make the same definitions for preposets as well.

€20z AINr 80 UO oSN solieuqIT 0JuoIo L JO ANSISAIUN AG Z8L0LGY/6Y L 1/S/EZ0Z/2101E/UIWI/WOS"dNO"OILSPED.//:SARY WO, PAPEOjUMOC



Valuations and Hopf Monoids 4165

The Hopf monoid of (pre)posets is the species (P)P with product and coproduct

pls ®ply if Sis a lower ideal of p
mgr(p,qQ) =puUaq, Agr(p) =
otherwise.

Similarly, the Hopf monoid of weighted (pre)posets w(P)P has product and coproduct

(W, p)|c® (W, p)|; if Sis a lower ideal of p
mg (W, p), (v, @)=, v),pUq), Mg p(W, p) = s !
otherwise.

Theorem 2.8. [2] The maps
cone(p) = cone(e; — ¢ | i >p D cone(w, p) = w® + cone(p)
are isomorphisms of Hopf monoids
PP=CGP}, wPP— CGP', PZ=PCGP;, wP=PCGP".

The 1st part of this statement is [2, Proposition 3.4.6] while the others are simple
modifications of it. We will sometimes identify (weighted) (pre)posets and their cones
and identify the Hopf monoids (w)(P)P and (P)CGP*, without saying so explicitly.

We have the following consequence.
Corollary 2.9. The maps
CGP'lIl — CGPy"II

cone(w,p) +—— cone(p)

that shift the apex of a conical generalized permutahedron to the origin give morphisms
of Hopf monoids CGP™ — CGPy* and PCGP™ — PCGP,™.

Ordered set partitions. If ¢ = ¢,]---|{; is an ordered set partition of I and S is a subset
of I, then the restriction ¢|; of ¢ to S is obtained from (¢; N S)|---[({; N S) by removing
all empty blocks. For example,

(149(278|6135) ||, 2,3,4) = 1412/3.

Say an ordered set partition n on I is a quasi-shuffle of ordered set partitions ¢ and m

on S and T, respectively, if £ = n|g and m = n|;. In particular, every part of n is either a
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block of ¢, or a block of m, or a union of a block of £ and a block of m. For example,
149|278]635 is a quasishuffle of 14|2|35 and 9|78|6.

The Hopf monoid of ordered set partitions X* is the species of ordered set

partitions with multiplication given by

L-m= Z n

n quasishuffle
of £ and m

and comultiplication given by

gl 1€) ® Uiy qyl---1€p) fS=¢,u---ul;for0<j<k,
Agp(ty] - 16) = 1 g j+1 1 3
otherwise.

This Hopf monoid is introduced in [4, Proposition 12.20], after setting g = 1.

Weighted ordered set partitions. We close this section by introducing a Hopf monoid
that will play a central role in this project. Say a weighted ordered set partition (w, n)
on I is a quasi-shuffle of (u, ¢) and (v, m) on S and T, respectively, if n is a quasishuffle

of ¢ and m, and

u(ty,) ifn,=¢,

u(y) +vimy) ifn;=L,um,
for each block n; of n. For example,
((a+d,b+e,f,c),149|278|6|35) is a quasishuffle of ((a, b, c), 14|2|35) and ((d, e, f),9|78|6)
Definition 2.10. The Hopf monoid of weighted ordered set partitions wX* is the

Hopf monoid given by the species wX*[I] = F{weighted ordered set partitions on I} with

multiplication given by

w0 - (v,m) = > (w, n).

(w,n) quasishuffle
of (u, ¢) and (v, m)
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and comultiplication given by

(Wlg by]-- 1€)®W/g, £; q|---1€) ifS=¢u---uL forO<j<k,
Ag (W, €]~ 16) = J a /
0 otherwise,

where w|g and w/g are the restrictions of w to {¢,,...,¢;} and iy lyd, respectively.

One may verify directly that wX* satisfies the axioms of a Hopf monoid, but we
will prove it by interpreting this Hopf monoid geometrically in Theorem 4.8. Naturally,

we have the following projection map of Hopf monoids:

wx* —» x*

w,f) — L.

3 The Brianchon-Gram, aligning, and Brion morphisms

In this section, we introduce two Hopf morphisms: the Brianchon-Gram morphism
on extended generalized permutahedra and the aligning morphism on (weighted)
preposets. They will play a key role in our proof of Theorem 4.8 that states that the
Hopf monoid structure on GP' descends to the quotient I(GP™) = GP*/ie.

3.1 The Brianchon-Gram morphism

For a polyhedron P C R! and a linear functional w € (RD)*, we define P, as the face of P
maximized by w, with the convention that P, = ¢ if P is unbounded in direction w.

For a polyhedron P and a point f € P, we define the tangent cone of P at f to be
cones(P) = {f +x : f + ex € P for all small enough € > 0}.
For any face F of P, we define
coneg(P) = conef(P) for any f € relint F;
this does not depend on the choice of the point f in the relative interior of F.
[10, Prop. 3.5.2].

Recall that a face F of P is relatively bounded if it is non-empty and F/L is a

bounded face of P/L where L is the lineality space of P. (For simplicity, we will sometimes
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call such faces bounded.) When a polyhedron P has a lineality space L, we write

dim P := (dimension of P) — (dimension of L). (38.1)
Proposition 3.1. The Brianchon-Gram maps BGI[I] : GP*[I] — CGP™[I], defined by

BG(P) = Z (—1)4®F cone,(P) for P € GP™[1],

F<Prel.
bounded

where we sum over the relatively bounded faces F of P, give a morphism of Hopf

monoids.
Before proving this theorem, we need two technical lemmas about tangent cones.

Lemma 3.2. If Fis aface of a polyhedron P and G is a face of polyhedron Q, then F x G
is a face of polyhedron P x Q and

coneg, (P x Q) = coneg(P) x cones;(Q).

Proof. If u and v are linear functionals such that F = P, and G = Q,, then the linear
functional (u, v) gives F x G = (P x Q) - Let us prove the claimed equality.

C: Consider an arbitrary point h + z € conep, (P x Q) where h € F x G and
h+ezePxQforsmalle >0. Writeh=f+gandz=x+y forf,x € RS and g,y € RT.
Since h € F x G, we have f € F and g € G. Since h + ¢z € P x Q for small ¢, we have
f+exePand g+ ey € Q. It follows that f + x € conep(P) and g + y € cone;(Q).

D: Conversely, consider points f 4+ x € coner(P) and g+ y € cone;(Q). Since f € F
and g € G, we have h := f + g € F x G. Since f + ¢x € P for small enough ¢ > 0 and
g+¢€"y € Q for small enough ¢” > 0, then z := x + y satisfies that h+e¢z € P x Q for small
enough € > 0. We conclude that h + z € conep, (P x Q). |

Lemma 3.3. Let P C R! be a polyhedron, F a face of P, and w € R! a linear functional.
Then,

ifFZP
(coneg(P)),, = SZ v
conep(P,) ifFCP,

Proof. 1. First, consider the case F ¢ P,,. Assume contrariwise that (conez(P)),, # 9,

and that the maximum value m of the linear function w in coney(P) is attained at a point
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f + x where f is in the face F and f + ¢x € P for small € > 0. For any r > 0, we also have
f +rx € conep(P) and hence m = w(f + x) > w(f + rx). This is only possible if w(x) =0,
so w(f) =m.

Since F C P C coney(P) and the w-maximum value of coner(P) is attained at
f € F, this must also be the w-maximum value of P. Therefore, f is in the w maximal
face P,, of P.

Finally, for any other f' € F we have that f' +r(f — f') € conez(P) for all r > 0, so
we must have m > w(f’ + r(f — f')); this is only possible if w(f — f’) < 0, which implies
w(f’) = m, thatis, f' € P, as well. We conclude that F C P,,, a contradiction. This proves
the 1st case.

2. Assume F C P, and let m = w(f) for f € F; this is the maximum value that w
takes in P.

C: Let f 4+ x € (coneg(P)),, where f € F and f + ex € P for small € > 0. As we saw
above, this implies w(x) = 0, so w(f + €x) = m, and f + ex € P, as well. This implies
f + x € coneg(P,,) as desired.

D:Let f 4+ x € conegp(P,,) where f € F and f +¢x € P,, for small € > 0. Since f and
f +exarein P, we have w(f) = m and w(x) = 0.

Now, f' + €x € P implies f + x € conep(P). To show that f + x is in the w-maximal
face of this cone, consider any other point f'+x’ € conep(P) where f' € F and f' +¢x’ € P.
Then w(f' + ex’) < m = w(f’), so w(x') < 0 and thus w(f' + x') < m = w(f + x), as
desired. |

With those lemmas at hand, we are now ready to prove that the Brianchon-Gram

maps give a morphism of Hopf monoids.

Proof of Theorem 3.1. For any P € GP™[S] and Q € GP™[T], we have

BG(P) - BG(Q) > (=14 conep(P) | | D (-1 coney(Q)

F<pP G=Q

> (14 FxG cone, (P x Q)
FxG<PxQ

BG(P x Q),

summing over bounded faces. Here, we are using the fact that the bounded faces of
P x Q are the products of a bounded face of P and a bounded face of Q, combined with

Lemma 3.2. Thus, the Brianchon-Gram maps preserve the monoid structure.
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For the coproduct we have, for any P € GP™[I],

Agr(BGP) = Agp| D (-DU2F cone,(P)
F<P
= > (~DERFAg (cones(P),
F<Psr

where each sum is over bounded faces, using the 1st part of Lemma 3.3. Every bounded
face F of Py = P|g x P/ factors as F = F|g x F/s for a bounded face F|g of P|g and a
bounded face F/g of P/g, and every such pair of faces arises from a bounded face of Pg r.
We have

(conegp(P))g = conep(Pg ) = CONep| /g (Plg x P/g) = coneg,, (Plg) x coneg (P/s)

combining Lemma 3.3 and the 2nd part of Lemma 3.2. Thus, we may rewrite the equation

above as
Agr(BG®P) = > (=D coney (Plg) ® (—1)IRF/s coney (P/s)
F|s<P|s
F/s<P/s
= BG(P|s) ® BG(P/s)
as desired. [ ]

Lemma 3.4. The Brianchon-Gram morphism BG

1. restricts to the identity on Im(BG) = CGP™'[I] ¢ GP*[I] and
2. is idempotent: BGoBG = BG.

Proof. The 1st statement holds since the only relatively bounded face of a cone is its

relative apex. The 2nd follows readily. |

For an extended generalized permutahedron P and a bounded face F, let us
write preposetz(P) for the preposet p such that conep(P) is a translate of the cone of

preposetz(P). Recall (3.1).

Corollary 3.5. The combinatorial Brianchon-Gram maps, defined by
cBG(P) = Z(—l)di—mF preposet;(P) for P € GP™[11,
F<P
where we sum over the relatively bounded faces F of the polyhedron P, give a morphism
of Hopf monoids ¢BG : GPT — PP.
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Proof. This is the result of composing the Brianchon-Gram morphism with the

projection map cone(w, p) — cone(p) of Corollary 2.9. |

3.2 The aligning morphism

Proposition 3.6. The aligning maps A : (w)PP[I] — (w)X*[I] given by

A(p) = Z L for a preposet p on I,
¢ prelin.
ext. of p
A(w,p) = z (v, 0) for a weighted preposet (w,p) on I
(v,) prelin.
ext. of (w,p)

give morphisms of Hopf monoids PP — X* and wPP — wX*.

Proof. For any preposets p on S and g on T, we have

A(pugq) = > ¢

£ prelin. ext. of pug

- > >

{p prelin. ext. of p ¢ quasishuffle of £pand ¢4
£q prelin. ext. of g

= Z tp g

{p prelin. ext. of p
£q prelin. ext. of g

= A -A@©Q),

so A preserves the product.
To verify that A also preserves the coproduct, recall that the coproduct for

(pre)posets is

qls ® ql¢ if Sis a lower ideal of q,
Agr(q) =
otherwise.

for a preposet g on I. If S is not a lower ideal of g then S is not a lower ideal of any

prelinear extension ¢ of g either, so

As®@Ar(Agr(@)=0 and  AgpA(@)= D Agp(t)=0.

£ prelin.
ext. of g
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If S is a lower ideal of g, then there are two possibilities for a prelinear extension ¢ of
g. If S is not a lower ideal of ¢ then Ag(¢) = 0. If S is a lower ideal of ¢, then ¢ is the
ordinal sum of {¢|g and ¢|;, and every combination of prelinear extensions ¢|g and £| of

qlg and q|; arises from such an ¢. Thus,

Ag,r(A(Q)

> Ag 7(0)

¢ prelin. ext. of q

= > lg ® g

L|s prelin. ext. of g|s
¢|r prelin. ext. of g|7

= A(qlg) ® A(qlyp).

The result follows. The weighted version of the statement holds by an analogous

argument. |
We record two observations that are readily verified.

Lemma 3.7. The sign map sgn(p) = (—1)Pp is an automorphism of the Hopf monoid
PP of preposets.

Lemma 3.8. The aligning map A

1. restricts to the identity on Im(A) = (w)X* C (w)PP, and
2. isidempotent: Ao A = A.

Proof. The 1st statement holds since the only prelinear extension of a totally ordered

preposet is that preposet itself. The 2nd follows readily. |

It is worth remarking that the inclusion in Lemma 3.8.1 above is an inclusion of
comonoids that is incompatible with the monoid structures. Therefore, the map Ao A of

Lemma 3.8.2 is well defined, but it is not a Hopf morphism.

3.3 The Brion morphism

We conclude this section with the definition of a morphism with nice combinatorial
properties that will be analyzed in a future project. For an extended generalized
permutahedron P and a vertex v, let us write poset,(P) for the poset p that is a translate

of cone, (P).
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Proposition 3.9. The Brion maps B[I] : GP"[I] — P[I], defined by

B(P)= >  poset,(P)  forP eGP

v vertex of P
give a morphism of Hopf monoids from GP* to P.

Proof. On preposets, consider the maps (w)PP[I] — (w)P[I] that is the identity map
on posets and the zero map on all other preposets. One readily verifies that these
are morphisms, and the combinatorial Brion morphism is obtained by composing the

combinatorial Brianchon morphism with them. |

The Brion morphism has several interesting combinatorial and algebraic prop-
erties that will be the subject of an upcoming paper. Naturally, there is also a geometric
Brion map from GP*[I] to PCGP™[I].

4 The Indicator Hopf Monoid of Generalized Permutahedra
4.1 Valuations

Valuations are combinatorial abstractions of measures and have played an important
role in various aspects of convex geometry and polyhedral geometry. One might wish to
require that a measure of a polytope should behave well with respect to subdivisions
and with respect to indicator functions, in the following sense.

A polyhedral subdivision of P in P is a collection of polyhedra S = {P;} in P such
that |J P; = P, any face of a polyhedron of S is also in S, any two polytopes P; and Pjin
S intersect in a common face P; N P; = Py that is in S. We let Sint be the set of polytopes
in S that are not on the boundary of P.

Let P be a set of polyhedra in R"™ and F be a field of characteristic 0. For any

polyhedron P € P, its indicator function 1, : R” — F is the function defined by

1 ifxeP
1P(X) =
0 otherwise.

Let [(P) denote the vector space over F spanned by the indicator functions 1, for P € P.

Definition 4.1. Let A be an abelian group. A function f: P — A is
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1. a weak valuation if for any polytopal subdivision S of P, we have

f@) = > (-ndmPrdimPigp,,

PieSint

2. a strong valuation if it factors through the map P +— 1, that is, there exists
a (necessarily unique) linear function f : I(P) — A such that for all P € P, we

have

f®) =F1p).

These notions are illustrated in Examples 8.10 and 9.16, which show some of the
relations satisfied by two weakly valuative functions: the Kazhdan-Lusztig polynomial
of a matroid and the Poincaré polynomial of a poset, respectively.

A strong valuation is always a weak valuation, but the converse is not true in
general. Derksen and Fink proved that when P is the set of generalized permutahedra,
the situation is better. Note that they used a different definition of weak valuation; the

fact that these definitions are equivalent was proved in [7].

Theorem 4.2. [19] Let P be the family of extended generalized permutahedra, the
family of generalized permutahedra, the family of matroid polytopes, or any family of

polyhedra closed under intersections. Then, for any function f on P,
f is a strong valuation <= f is a weak valuation.

An important example of a strong valuation is the constant function.

Proposition 4.3. [19] The function f : GP[I] — A that equals 1 on all generalized

permutahedra P is a strong valuation. In particular, for any subdivision S of P, we have

Z (_l)dimP—dimPi — 1

Pi ESint

4.2 The inclusion-exclusion subspace of generalized permutahedra

For each finite set I, let 1[I] : GPT[I] — Hom(R!,F) be the linear map that sends an
extended generalized permutahedron P in R! to its indicator function 1, that is equal to
1 in P and to O outside of P.
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Definition 4.4. The inclusion-exclusion species consists of the vector subspaces

ielIl] = span|P —Z(—l)dimp_dimPiPi : P is an ext. gen. perm. subdivision of P|c GP*[I]
P;eP

— Ker(1[I)

for each finite set I and the natural maps between them.

The equivalence of these definitions is guaranteed by Theorem 4.2. To construct
a convenient generating set for the inclusion-exclusion subspace ie[I] of GP™[I], we recall

the Brianchon-Gram theorem and prove a lemma about preposet cones.

Theorem 4.5. (Brianchon-Gram theorem)[13, 19, 33] Let P be a polyhedron. Then,

dimF
1p= z(_l)ﬁ ]lconeF(P)
F<P

summing over the relatively bounded faces F of P.

In the statement above, it is important to recall (3.1); this minor but necessary

adjustment is missing from the original sources.

a-4 ‘+“‘_‘

Lemma 4.6. For any preposet g, we have

Y
]lcone(q) = z (_1)Iq‘ ! |]lcone(f)'
£ prelin. ext. of q

where |r| denotes the number of equivalence classes of elements of the preposet r.

Proof. Recall that the dual cone of a cone C in R% is C2 := {d € R! : (c,d) > 0 for all

CA% = C. The dual cone to cone(q) is the braid cone 0g = cone(q)”

consisting of the points x € R! whose coordinates satisfy the relations of g, that is,

¢ € C}, and we have

X, > x, whenevera > b in q.
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32 31
atl S ER
13 23
2 ’ ° ° 2 23
IT.B . 2t > F LT I13 - I1
1 1 3

Fig. 2. A preposet cone equals the alternating sum of the cones of its prelinear extensions.

Fig. 3. A braid cone equals the alternating sum of the braid cones of its prelinear extensions.

The braid arrangement subdivides the braid cone cone(q)” into the braid cones
cone(£)® for the prelinear extensions ¢ of g: the relative interior of each subdividing
braid cone consists of the points in cone(q)® whose coordinates are in a fixed relative
order. The dimension of cone(q)® is |g|, so inclusion-exclusion gives the analogous

relation for the braid cones

—|e
HCOUE(Q)A = Z (_1)|f1\ | |]lcone(Z)A . (4.1)
£ prelin. ext. of q

Figure 2 illustrates Lemma 4.6, and the dual Figure 3 illustrates (4.1).
Now, we show that the dual equation (4.1) implies the desired equation. For

x € RI, we have
lox)=1 & xeC < (d,x)<0forallde C® < C*NH, =0 < j (C® =1,

where H, = {d € Rl : (d, x) > 0} is an open half-space and j, is the function on polyhedra
given by j,(D) = 1 if DN H, = ¥ and j,(D) = 0 otherwise. The function j, is a weak
valuation for polyhedral subdivisions [7, Prop. 4.5] (in [7], this statement is proved for

functions on matroid polytopes, but the same proof applies to this setting), so for any
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x € RI, we have

-
]lcone(q)_ Z (_l)lq‘ ||]lcone(Z) (x)

¢ prelin.
ext. of g

= j,(cone(@™) — > (-1 (cone(t)*) = 0.

¢ prelin.
ext. of q

This proves the desired result. |

For each polyhedron P € GP*[I], define the Brianchon-Gram generator of P
to be

P—BG(P) =P — > (-1)4®F(cone,(P)) € GP'II],
F<P

where the sum is taken over the relatively bounded faces F of P. For each cone C € GP™[I],
there is a preposet g on I and a translation vector v such that C = v+ cone(g); define the

corresponding aligning generator of C to be

C— A (C) := (v + cone(q)) — > (=1)9=1¥1(v + cone(?)).
¢ prelin. ext. of g

Note that the summands on the right-hand summation are plates.

Lemma 4.7. The inclusion-exclusion subspace ie[l] is generated by the Brianchon-
Gram generators of the polyhedra P € GP*[I] and the aligning generators of the cones
C € CGP*[I].

Proof. Theorem 4.5 and Lemma 4.6 tell us that these generators are in ie[I]. Now,
consider any element a € ie[I] of the inclusion-exclusion subspace. Using the Brianchon-
Gram generator for each polyhedron appearing in a, and then the aligning generator for
each resulting cone, we can write a = b + ¢ + d where b is a linear combination of

Brianchon-Gram generators, c is a linear combination of aligning generators, and

d= > 1;(v;+ cone(t,))

i=1
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is a linear combination of plates. Since d = a — b — ¢ € iell], we have

n
Z)‘i]lvi-i-cone(éi) =0.

i=1

Now, [27, Theorem 2.7] states that the indicator functions 1, .,ne.p) Of the translates
of the tangent cones conegp(P) of a polytope are linearly independent. For the permu-
tahedron, these translates are precisely the permutahedral plates, so they are linearly

independent. We conclude that d = 0, and the desired result follows. [ |

4.3 The indicator Hopf monoid of extended generalized permutahedra

Let the species I(GP™) of indicator functions on GP™ consist of the vector spaces

L(GPH[I] := span{l, | P is a generalized permutahedron in R} ¢ Hom(R!, F)

~ GPT'[I/ielll.

for each finite set I and the natural maps between them. We say that a species morphism
f: GP™ — A is a strong valuation if the map f[I] is a strong valuation for all I.
Similarly, for a subspecies H of GP* define the species I(H) of indicator

functions on H by

I(H)[I] := span{lp|P € HII]}

= HIIl/delll N HII)).

Every strong or weak valuation of GP™ restricts to a strong or weak valuation of H,
respectively, since I(H) is a subspecies of I(GP™"). However, the classes of strong and
weak valuations may no longer agree in H. Thus, ie[I] N H[I] may not be generated by
elements of the form P—>"p p(— 1)dimP-dimP;p. for subdivisions {P;} of P with P;, P € HIII.

In this section, we prove our main structural Hopf theoretic result (Theorem A),
that the Hopf monoid structure on GP' descends to the quotient I(GP™).

Theorem 4.8. Let GP' be the Hopf monoid of extended generalized permutahedra.

1. The inclusion-exclusion species ie is a Hopf ideal of GP™.
2. The quotient I(GP™) = GP™"/ie is a Hopf monoid.
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3. The resulting indicator Hopf monoid of extended generalized permutahe-

dra is isomorphic to the Hopf monoid of weighted ordered set partitions:
L(GPT) = wX*.

4. For any Hopf submonoid H € GPT, the subspecies I(H) € I[(GP™) is a Hopf
quotient of H, namely I(H) = H/(ie N H).

Proof. Consider the composition ¢ of the Brianchon-Gram morphism (Proposition 3.1),
the isomorphism between conical generalized permutahedra and weighted preposets
(Theorem 2.8), the sign automorphism of weighted preposets (Lemma 3.7), and the
aligning morphism (Proposition 3.6) as follows:

-1
¢ : GPt 25 cept 22, wep S wep & wxt

P (_1)|I|fdimLin(P) Z Z (v, 0),

F<P (v,£) prelin. ext.
coner(P)=cone(w,q) of (w,q)

for a generalized permutahedron P € GP'[I] with lineality space Lin(P). To verify
the correctness of the sign, notice that the sign on a summand (v,¢) in ¢(P) is
(=14 F(_1)lal recall (3.1), observe that Lin(P) = Lin(F), and notice that the dimension
of F equals the dimension of the lineality space of conep(P) = cone(w, q), which is |I|—|qg|.

Recall that plates are in bijection with weighted ordered set partitions, and
notice that each plate d = cone(v, ¢) satisfies ¢p(d) = (=D, e), so ¢ is surjective.

We claim that the kernel of ¢ is the inclusion-exclusion species:
Ker¢ = ie
D: Since BG o BG = BG by Lemma 3.4, we have
»(P —BG(P)) =0

for all polyhedra P, so all Brianchon—-Gram generators are in the kernel of ¢. Also, notice
that for any cone C = cone(q) (assuming the apex of C contains 0, without loss of

generality), we have

-1
C-A (02 C-A(0) s q- Y (DA 2 (1)ldg - A@) S0
- ¢ prelin.
ext. of g

since A is idempotent, so

p(C-A () =0
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as well. Therefore, in light of Lemma 4.7, the inclusion-exclusion species is in the kernel
of ¢.

C: Consider any element a € Kergp. We can use the Brianchon-Gram generators to
rewrite each summand of a in terms of its affine tangent cones, and then the aligning

relations to write each of those cones in terms of plates. Therefore, we have
a=b+c+p,

where b is a linear combination of Brianchon-Gram generators, c is a linear combination
of aligning generators, and p is a linear combination of plates. Since a, b, c € Kery we
have p € Ker¢ so ¢(p) = 0. But each plate d = cone(v, £) satisfies ¢(d) = (—=DH!(v, ¢) and
there are no linear relations among weighted ordered set partitions in wXx*, so in fact,
we must have p = 0 and a = b + ¢ € ie, as desired.

Claims 1-3 then follow from the first isomorphism theorem of Hopf moniods,
which we prove in Theorem 11.1. Furthermore, Claim 2 implies that the projection map
1., : GP™[I] - I(GP™) that sends a polytope to its indicator function is a Hopf monoid
morphism. The restriction 1 _,|y of this morphism to the submonoid H has image I(H)
and kernel (ie N H), so Claim 4 follows by applying the first isomorphism theorem to

this morphism. |

Corollary 4.9. The antipode of the indicator Hopf monoid of generalized permutahedra
I(GP™) is given by

s;(1p) = (—DI-dmPy - for p e GPTI],

where P° is the relative interior of P.

Proof. Aguiar and Ardila [2] showed that the antipode in GP™ is given by

si(P) = (=D > (~n™a

Q<P

summing over the faces of P. Using the inclusion-exclusion relations that hold in the

quotient I(GP™), this simplifies to the desired result. |

For an extended generalized permutahedron P in R and an ordered set partition
¢ of I, let the ¢-maximal face P, of P be the f-maximal face P for any vector f whose
entries are in the same relative order as ¢, that is, f; < fJ foriel,,jely,a<bandf, =fj

fori,jet,.
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Proposition 4.10. The isomorphism of Theorem 4.8.3 is realized by the map
¢ :I(GPT) = wx*

1, — (—1)/TI-dim Lin(P) Z Wp 1 D).

£:Py is
rel. bounded

for an extended generalized permutahedron P € GP*[I], where the ¢-maximal face P,
of P lies on the subspace given by equations > ., x; = vp ,(¢;) for each block ¢; of ¢. In

particular, for the plate P = cone(w, ¢£) of a weighted ordered set partition (w, £), we have

]lcone(w,l) L (_l)lll_e (w, 0).

Proof. Consider a relatively bounded face F of P, and let conep(P) = cone(w,q) =
w? + cone(q). Each prelinear extension ¢ of g corresponds to an open face o) of the
braid fan contained in the open dual preposet cone ¢?2, that is, an ordered set partition
¢ such that P, = F. The corresponding prelinear extension (v, £) of (w, q) is obtained by
grouping the weights w of g among the parts of ¢; since coner(P) = cone(w, q) these are

the weights described in the statement of the proposition. |

Remark 4.11. Eur et al. [27] constructed the universal valuation F for extended
generalized ®-permutahedra for any finite reflection group. When @ is the symmetric
group S,,, their map F, once interpreted combinatorially, is identical to the map ¢
of Proposition 4.10. Their work thus explains why our map ¢ is a valuation; this
is equivalent to the inclusion D in the proof of Theorem 4.8, which we reprove for
completeness. Our work reveals that their map F is not just a linear map, but also a

Hopf morphism.

Remark 4.12. The isomorphism ¢ of Proposition 4.10 has an unexpected sign twist,
which we illustrate in the smallest interesting example. In X*, the product of the trivial

ordered set partitions a € wX*[{a}] and b € wX*[{b}] is
a-b=alb+bla+ab € wXx*[{a,b}]],

whereas the corresponding plates, cone(a) = {0} C R{® and cone(b) = {0} c R®}, when
considered in I(GP™), satisfy

b
]l ]l = ]1(0,0) C R{a }

cone(a) * “cone(b)
= Ir.gea—ey T IR g(ea—er) ~ LR(eaer)

ﬂcone(bla) + ILcone(alb) - ﬂcone(ab)'

which matches the expression for a - b after a sign correction.
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4.4 The extended McMullen species and the indicator Hopf monoid of posets

Although it is less relevant to our goal of studying valuations on generalized permutahe-
dra, the following version of Theorem 4.8 may be of independent interest. Consider the
following extension of the inclusion-exclusion species that also identifies a polyhedron
P c R! with any translate v + P of it, where v € R/, as is done in the McMullen polytope
algebra.

Definition 4.13. The extended McMullen species consists of the vector subspaces
Mc*[1] = iell] + span (P —(P+v)|PeGPH,ve RI) C GP*H[I]

for each finite set I and the natural maps between them.

Let the indicator Hopf monoid of (pre)posets I((P)P) be the submonoid of I(GP™)

generated by (pre)poset cones.

Theorem 4.14. Let GP™ be the Hopf monoid of extended generalized permutahedra.
The extended McMullen species Mc™ is a Hopf ideal of GP™.

2. The quotient Hopf monoid is isomorphic to the Hopf monoid of ordered set

partitions:
GP"/Mct = x*.

3. For any Hopf submonoid H € GP™, the subspecies of GP™/Mc™' generated by
the images of the indicator functions of polyhedra in H is a Hopf quotient of
H, namely, H/(Mc™ N H).

4. The quotient Hopf monoid GP*/Mc™" is isomorphic to the indicator Hopf

monoid of preposet cones and to the indicator Hopf monoid of poset cones:

GP"/Mc' = I(PP) = I(P).

Proof. We can compose the morphisms ¢ : GP™ — wX* with the projection wX* — X*
that drops the weights, or equivalently, translates the plates to the origin. The resulting
morphism ¥ : GP™ — X* is surjective, and we claim that Kery = Mc™[I], following
Theorem 4.8.

D: We already saw that ie € Kerg C Ker, and ¥ (P) = ¥ (v + P) since P and v + P have

the same Brianchon-Gram decomposition up to translation.
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C: Take a € Ker /. Analogously to Theorem 4.8, we can write a = b+ c+d + p where b, c,
and d are linear combinations of Brianchon-Gram generators, aligning generators, and
translation generators (P — (v + P)) of Mc™[I], respectively, and p is a linear combination
of centered plates. Then p =a —b—c—d € Kery so y(p) = 0. But each centered plate
cone(!) satisfies v (cone(f)) = (—1)*/¢ and there are no linear relations among ordered
set partitions in X*, so in fact, we must have p = 0 and @ = b+ c+d € Mc™[I] as desired.

Again, the 1st three claims follow by the 1st isomorphism theorem of Hopf
monoids.

4. The Brianchon-Gram theorem guarantees that the quotient GP'T/Mc™ is
spanned by the images of the preposet cones. Applying Theorem 4.14.3 to the Hopf
submonoid PP = CGPar C GP* of preposet cones, we get

GPt/Mc"™ = PP/(Mct N PP).
But all preposet cones are centered at the origin, so Mc*™ N PP = ie N PP and thus
GP"/Mc" = PP/(ie N PP) = [(PP)

by Theorem 4.8.4, as desired. The isomorphism I(PP) = I(P) is shown in Proposition 9.1.
|

With different goals in mind, Bastidas [9] proved a result analogous to Part 1
of Theorem 4.14 for the quotient GP/Mc where only bounded polytopes are allowed.
The difference between these two quotients may seem small at 1st sight, but their
behavior is very different. For instance, every bounded generalized permutahedron P
in R” maps to the same element of GP*/Mc* = X*, namely to (—DI 3, 5+, ¢, thanks to

the following result.

Proposition 4.15. The image of an extended generalized permutahedron P € GP'[I] in
the quotient GPT/Mc™ = X* under the isomorphism of Theorem 4.14.4 is

GP* = GPT/Mct=x*
— (_1)|I|—d1mL1n(P) Z E

£:Py is
rel. bounded

P

Proof. This follows readily from Proposition 4.10. |
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5 Cofreeness and Universality

Aguiar and Ardila showed that many Hopf monoids on combinatorial objects embed
into the Hopf monoid of extended generalized permutahedra [2]. These include Hopf
monoids of matroids, graphs, posets, multigraphs, simplicial complexes, and building
sets, among others. Their work suggests that generalized permutahedra may satisfy
some universality property in the category of Hopf monoids. We prove a concrete result
in this direction by describing a universal property that characterizes the quotients
I(GP") = GP*/ie and GP™/Mc™.

This section assumes familiarity with the notion of cofree Hopf monoids as
developed by Aguiar and Mahajan [4]. We note that they proved the analogous result to
Theorem 5.4 for X*, which is isomorphic to GP*/Mc*. In the appendix, and Section 11.3
in particular, we summarize the relevant definitions and constructions.

Let E* and EI?[t] be the species with vector spaces

) ifI=g ) ifI=0

E%[t][I] =
F o ifI#£0, Flt] if I # 0,

ET =

and the natural maps between them, where F[¢] is the polynomial ring with coefficients
in F. Define E]'F"{t} similarly, where F{t} is the ring of generalized polynomials > 1, a;t"i
where a; € F and r; € R. These species have the structure of positive monoids, with

product given by the multiplication in the field or (generalized) polynomial ring.

Theorem 5.1. The Hopf monoids £* and GP*/Mc™ are cofree. They are isomorphic to

the cofree Hopf monoid on E*.

Proof. The 1st two Hopf monoids are isomorphic by Theorem 4.14.3. The 2nd
isomorphism was shown by Aguiar and Mahajan [4, Proposition 12.58] and it follows

readily from the definitions. |

Theorem 5.2. The Hopf monoids wX* and [(GP") = GP'/ie are cofree. They are

isomorphic to the cofree Hopf monoid on Eg{t}.
Proof. We use the construction of cofree Hopf monoids explained in the appendix.
Consider the species morphism
+
wr* — T(E]F{t})

(Wi, wg), byl 1G) > (] [, B @ - @ 1),
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The pairs (¢;] - - |4, v ®...@tWW) form a basis for the cofree Hopf monoid T(E]}“{t}),
so this is a species isomorphism. Comparing the Hopf structures of wX* and T(E]}“{t}),
described in Definition 2.10 and Section 11.3, immediately reveals that this is actually

a Hopf monoid isomorphism. |

Definition 5.3. A character ¢ on a connected Hopf monoid H consists of maps
¢ ¢+ HIIl — F that are natural, multiplicative, and unital in the sense of Definition 6.4.
Similarly, a (generalized) polynomial character on H consists of maps to the ring of

(generalized) polynomials with the same properties.

We define the canonical character 8 on the Hopf monoid of ordered set
partitions X* by

1 if ¢ has length one,
Br(&) =

0 otherwise.

Equivalently, we define the canonical character 8 on GP*/Mc™ by

(—1)MI-dimLin(P) i p jg relatively bounded
ﬁ([lp]) =
if P is relatively unbounded
for each extended generalized permutahedron P, where Lin(P) is the lineality space of

P. This is well defined and matches the canonical character of X* by Proposition 4.15.

Theorem 5.4. The terminal object in the category of Hopf monoids with characters is
(GP*/Mct, B).
Explicitly: for any connected Hopf monoid H and any character ¢ on H, there

exists a unique Hopf morphism ¢ : H — GP*/Mc* such that o = ¢.

Proof. A character is equivalent to a multiplicative map from H_ to ET. The result

follows from Theorem 11.2. [ |

Similarly, we define the canonical (generalized polynomial) character 8 on the

Hopf monoid of weighted ordered set partitions wX* by

t"1 if £ has length one,
IBI(WI E) =
0 otherwise.
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Equivalently, we define the canonical (generalized polynomial) character 8 on the

indicator Hopf monoid of extended generalized permutahedra I(GP™") by

(—1)[I-dimLin(P)¢p  if P is relatively bounded and lies on hyperplane
Blp) = >iaX =pinRl

0 if P is relatively unbounded,

where Lin(P) is the lineality space of P. This is well defined and matches the
canonical character of wX* by Proposition 4.10. We obtain the following analog

to Theorem 5.4.

Theorem 5.5. The terminal object in the category of Hopf monoids with generalized
polynomial characters is (I(GP*), 8), the indicator Hopf monoid of extended generalized

permutahedra with the canonical character.

Proof. A generalized polynomial character is equivalent to a multiplicative map from
H, to E]}r{t}. The result follows from Theorem 11.2. |

Similarly, the terminal object in the category of Hopf monoids with polynomial
characters is (I(GPy™), 8), where GPg C GP' is the Hopf monoid of natural extended
generalized permutahedra for which the affine hulls of their faces are nonnegative inte-
gral translates of root subspaces. Equivalently, these are the generalized permutahedra
whose submodular function take a nonnegative integral values.

The universality Theorems 5.4 and 5.5 explain why so many Hopf monoids are
closely related to the Hopf monoid of generalized permutahedra, in ways that are
compatible with functions that turn out to have valuative properties when they are

viewed polyhedrally.

Example 5.6. One consequence of Theorem 5.5 is that there is a natural bijection
between generalized polynomial characters of H and Hopf morphisms of the form
¢ : H — I(GP") given by the map that sends ¢ to the polynomial character g o ¢.
As an example of this bijection, consider the Hopf submonoid GP c GP" consisting
of bounded generalized permutahedra, and the map 1_ : GP — I(GP") that sends a
polytope to its indicator function. The corresponding generalized polynomial character
is given by ¢ = p o 1_. For any polytope P € GP, the value of B(1;) is (—1)I#? where p is
the real number such that P lies on the hyperplane } ; x; = p.
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This shows that the indicator function P — 1, corresponds to the character
¢(P) = (=)t ® where u : 2 — R is the submodular function defining P and u(P) =
u().

6 Valuations from Hopf Theory

We now apply the results of the previous section to construct new valuations. First, we

will need the following general fact about coideals in comonoids.

Proposition 6.1. Let C be a comonoid, g be a coideal, and S; u---uS;, = I be a
set decomposition. If f},...,f; are functions f; : C[S;] — R, for some ring R with
multiplication m, define the function f;---f; : ClIl - Rby f;---fy = mofi®f, ®
e ®fro ASI,,,_,Sk. Then,

if f(glS;l) =0for i =1,...,k, then f; ---f;(glIl) = 0.

Proof. By the definition of coideal, we have

Ag, .. 5.8l C glS;1 ® HIS,1 ® - - - @ HIS,]

+HIS,| ®HIS, | ® - - @ gIS; .

Since f;(g[S;]) = 0 for each i, we have that f; ® - -- ® fy 0 Ag, 5, (8lI) = 0. |

,,,,,

As a corollary, we obtain a proof of one of our main theorems, Theorem C, which
states that for a Hopf submonoid H of GP™,

if f; : HI[S;] — R are strong valuations for 1 <i <k,

thenf] ----- fi : HIS; u---uS;] — Ris a strong valuation.

Proof of Theorem C. Let 1_ : H — I(H) be the map that sends a polytope to its
indicator function. Then, by Theorem A, we have that Ker(1_) is a coideal of H and
I(H) = H/Ker(1_). Since a function f : H[I] — A is a strong valuation if and only if
f(Xer(1_)) = 0, the result follows from Proposition 6.1. |
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We now turn to two general applications of Theorem C. The 1st is to the
convolutions of linear species morphisms.

In what follows, if we have a collection of linear maps g[I] : F[I] — V to the same
vector space V, we will often identify this with the species map g from F to the species
VI[I] = V with trivial maps V[f] =id forall f : I — J.

Definition 6.2. Let f},...,f; be species maps f; : GPT — A for some algebra A with

multiplication m. Their convolution f; x - - x f; : GPT — A is the species map given by

fir - fllly = D mofilS1® - ®filSlo Ag,

SpU---USg=I

sk(X)-

,,,,,

Applying Theorem C, we obtain the following corollary.

Corollary 6.3. Let H be a submonoid of GP*. Let fi, ..., f; be species maps from H to

an algebra A. If each f;|I] is a strong valuation, then f; x - - - » f; is a strong valuation.

Another application regards the character theory of Hopf monoids. This theory
shows that multiplicative functions on a Hopf monoid give rise to polynomial invariants,
quasisymmetric functions, and ordered set partitions associated with the elements in
the Hopf monoid [2—4]. This construction has been used often to describe complicated
combinatorial invariants in terms of simpler functions as well as to study combinatorial

reciprocity; see [2] or [35] for examples.

Definition 6.4. Let H be a connected Hopf monoid and F be a field. A character of H
with values in a field F is a collection of maps ¢; : H[I] — F for each finite set I satisfying
the following properties.
(Naturality) For any bijection o : I — J, we have {;(x) = ¢;(Hlo] - x).
2. (Multiplicativity) For any decomposition S; U---U S, =1, {5, (xX;) -+ {5, (Xp) =

EI(XI .. 'Xk)‘
3. (Unitality) The map ¢; maps the unit of H[f] to the unit of F.

Definition 6.5. Let ¢ be a character of a connected Hopf monoid H.

1. The polynomial invariant associated with ¢ is the function that maps
h € HlI] to the unique polynomial f; (h)(¢) such that for any positive integer k

f; (W) (k) = ¢ (h).
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2. The quasisymmetric function associated with ¢ is the function that maps

h to the quasisymmetric function @, (h) given by

D, (W)= > moig ® - ®Lg 0Ag

SiU--USk=I

..... se WM, 5,1, .11+

3. The ordered set partition invariant associated with ¢ is the function that
maps h to the linear combination of ordered set partitions O, (h) given by

O(= D mols® - ® 0l gMIS USL-- LS
Siu---uSg=I

Combining Theorem C with these invariants associated with a character, we

obtain the following.

Corollary 6.6. Let H be a submonoid of GP*. Let ¢ be a character of H such that ¢[I] is

a strong valuation. Then the three maps
hif,(h), hw @, (), h~ O, ()  forheHII

are strong valuations.

We conclude this section by showing that valuative characters on generalized
permutahedra form a group. Aguiar, Bergeron, and Sottile showed that the characters
of a combinatorial Hopf algebra form a group. Aguiar and Ardila [2] extended character
theory to Hopf monoids, giving several combinatorial consequences. The key structural

result is the following.

Proposition 6.7. [2, 3] The set of characters X(H) of a (connected) Hopf monoid form a
group under convolution. The identity is the character e where e[I] = 0 for I # ¢ and e[#]
is the isomorphism H[#] = F. The inverse of a character ¢ is ¢! = ¢ o S, where S is the

antipode of H.

We have done all the work needed to show that character theory interacts nicely

with valuations.

Proposition 6.8. Let H be a Hopf submonoid of GP™. The characters of H that are

strong valuations X(H)"# form a subgroup of the character group X(H).

Proof. The identity character is trivially a valuation. Corollary 6.3 implies that

valuative characters are closed under convolution. A character being a valuation is the
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same as ¢(ie[Il) = (0). By Theorem A, we know that ie is an ideal and a coideal. This

implies that
S(ell]) < ielll.

Therefore, for any valuative character ¢, we have ¢ ~!(ielll) = ¢ o S(ielIl) C ¢ (ielll) = (0).

This shows that X(H)"% is closed under taking inverses. [ |

7 Valuations on Generalized Permutahedra

We now use this Hopf theoretic framework to give simple, unified proofs for some new
and some known valuations on generalized permutahedra. We recall that for the class

of generalized permutahedra, weak valuations, and strong valuations coincide [19].

7.1 Chow classes in the permutahedral variety

The braid fan X; has an associated toric variety, called the permutahedral variety X;.
The Chow ring of X; was described by McMullen [45] and Fulton and Sturmfels [30]
(using slightly different conventions) in terms of Minkowski weights: these are the
functions assigning a weight w_ to each k-dimensional face of %;, subject to a certain
balancing condition. In the braid fan, we have a face 08| ISy for each ordered set
partition S| - - - |S; of I.

Fulton and Sturmfels constructed a linear isomorphism 6 between the space of
indicator functions of rational generalized permutahedra in R’ up to translation and the
Chow ring AXy)®Q of the permutahedral variety X, [30]. If D is a line bundle of X;
where O(D) is generated by its sections with corresponding generalized permutahedron
Pp, then 0(Pp) is the exponential exp(D). Explicitly, the element (viewed as a Minkowski

weight) 6(P) is given by
0P)s, .15, = Vsi)-15 N VOL(Ps, 1.15,):

where Pg |5, is the face of P maximized by any direction w € 08, |-ISk NVol(PSl‘mlsk)
is its (|I| — k)-dimensional volume in the suitable translate of the subspace given by
2 ses; Xs = 0 forall i, and vg)|.. s, is an explicit constant not depending on P.

Their proof uses the fact, due to McMullen [45], that 6 is valuative. We now give

a simple Hopf theoretic proof of this fact.

Proposition 7.1. The map P+ 6(P) is a valuation.
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Proof. Aguiar and Ardila [2] showed that the iterated coproduct for the Hopf monoid
GPis

where F; = S, U---uS;, and P|F,,, F,], ..., PIF,_,, F;] are the polytopes in RS!, ..., RSk whose

product is Pg |5, Therefore,

O0(P)s,|...15; = Vs, .15, NVOl(Ps; . s,)

,,,,,

which is valuative by Theorem C, since normalized volume is valuative and constant

scalings of valuative functions are valuative. |

7.2 The universal Tutte character of generalized permutahedra

One of the most important invariants of a matroid is the Tutte polynomial defined by
Tutte [58] and Crapo [16]. It is the universal polynomial satisfying a deletion-contraction
recurrence. We will define and study it and many related invariants in Section 8.

In this section, we focus on a generalization of the Tutte polynomial for
generalized permutahedra, due to Dupont et al. [22] (their construction applies to a
class of objects called minor systems, which includes comonoids; we have adapted
their definitions to GP). We will restrict our attention to the species GPy of generalized
permutahedra whose submodular functions take values in N. This can be adapted to
all generalized permutahedra by using generalized polynomials, as was done in the

universality results of Section 5.

Definition 7.2. [22]

1. A Tutte-Grothendieck invariant on generalized permutahedra is a linear
species morphism & : GPy — R to a ring R such that ®[#](1) = 1 and there
exist two ring morphisms fi,f, : Flx,y,y '] — R such that

o (P) :fl (XYM(P\i)) - ®(P/)) +f2 (qu(P/afi))) ®(P|;_;).

foralliel.
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2. The universal Tutte character 71(I] : GPylIl — Flx,, yl,yl_l,xz,yz,yz_ 1 is
given by

TUIP) = £y ® (ﬁ)m(&)ww
AcT

X9 Y2

for a generalized permutahedron P in R!, where up is the submodular

function associated with P.

Any Tutte-Grothendieck invariant is an evaluation of the universal Tutte char-

acter.

Theorem 7.3. [22] If & : GPy — R is a Tutte-Grothendieck invariant of GPy, there is a

map
o ]F[Xl,ylryl_erZ'YZ'YZ_I] — R

such that ®(P) = a(TI1(P)) for all P € GPylIl.

Our main result of this section is that the universal Tutte polynomial is a

valuation.

Proposition 7.4. The universal Tutte character 7 is a valuation on GPy. In particular,

every Tutte-Grothendieck invariant of GPy is a valuation.

Proof. Let NV, [I], N,I1 : GPylIl — Flx;,y,,y; ' X5, V2, ¥, '] be the characters given by
e =y, Nne) = x5y,

for a generalized permutahedron P in R!, where 1 is the submodular function of P and
w(@P) = p(). By construction, 7 is the convolution of the two morphisms N; x N,. By
Corollary 6.3 it suffices to show that the maps N, and N, are valuations.

Any subdivision P of P C R is contained in the hyperplane where > x; = u(P),
so every polytope P; € P must also be contained in that hyperplane. Thus, N; and N, are
constant on any subdivision, so they are weak valuations by Proposition 4.3, and strong

valuations by Theorem 4.2. The result follows. |
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Using the tools of [22], this theorem can be generalized to any linearized
subcomonoid of GPy and using generalized polynomial rings this can further be

generalized to GP.

7.3 The Tutte polynomial of a matroid and of a matroid morphism

As an application, we now give a proof that the Tutte polynomial for matroids, matroid
morphisms, and flag matroids are all valuations. From the point of view of geometry,
(representable) matroids are naturally connected to the Grassmannian. Extending this
relationship to the various partial flag varieties gives rise to the notion of flag matroids.
For a thorough discussion, see [12].

A matroid morphism is a pair of matroids M — M’ on the same ground set such
that every flat of M’ is a flat of M; these two matroids are called concordant. More
generally, a flag matroid M consists of k matroids M, ..., M; of different ranks such
that every pair is concordant. The flag matroid polytope of M is the Minkowski sum of

the corresponding matroid polytopes:
PM)=PWM;)+---+PM) ={a;+---+a; : a;e PM) fori=1,...,k}.

The flag matroid polytope P(M) is itself a generalized permutahedron [12].
Las Vergnas [59] introduced the Tutte polynomial of a matroid morphism M —
M’

1)) =1y (A) (g, 1) [Al=Ti(A) H(r(M) T (A) — (r) Ty (A))
(x—-1) y-1 z

ACE

Ty X,y 2 =

and showed that it specializes to many quantities of interest. See also [5]. The Tutte

polynomial of a matroid M is obtained by setting M = M.

Proposition 7.5. The Tutte polynomial of a matroid, the Las Vergnas Tutte polynomial
of a matroid morphism, and the universal Tutte character of a flag matroid are

valuations.

Proof. This follows from Proposition 7.4 and the fact, shown in [22], that the Tutte
polynomial and the Las Vergnas Tutte polynomial are reparameterizations of the

universal Tutte character for matroids and matroid morphisms. |
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Using the relationship between flag matroids and the flag variety Dinu, Eur, and
Seynnaeve defined a K-theoretic Tutte polynomial for flag matroids [20]. They showed
that their polynomial is also valuative, but it is not a Tutte-Grothendieck invariant. It
would be interesting to explain its relationship with the Hopf algebraic framework of

this paper.

8 Valuations on Matroids

The subdivisions of a matroid polytope into smaller matroid polytopes arise naturally
in various algebro-geometric contexts, for example, the compactification of the moduli
space of hyperplane arrangements due to Hacking et al. [36] and Kapranov [40], the
compactification of fine Schubert cells in the Grassmannian due to Lafforgue [42, 43],
the K-theory of the Grassmannian [55], the stratification of the tropical Grassmannian
[53], and the study of tropical linear spaces by Ardila and Klivans [8] and Speyer [54].

The study of valuations on matroids was initiated by Speyer in [54, 55] in order to
understand the constraints on matroid subdivisions. He discovered several valuations
on matroids—some coming from the K-theory of the Grassmannian—and used them to
prove bounds on the f-vector of a tropical linear space. With this paper as motivation,
many authors have constructed other valuations of matroids. We now show that many
of these valuations arise easily from our construction. We note that for the class of
matroids, weak valuations and strong valuations coincide [19].

Two key matroid invariants are the Tutte polynomial and the characteristic

polynomial:
Ty(x,y) = Z(X _ 1)?‘(M)—?‘M(A)(y _ 1)|A\—7‘M(A),
ACE
au® = D> p@F)*OTEE = 1T, (1 - t1,0),
FCM
F flat

where p is the Mobius function of the lattice of flats of M. We saw in Proposition 7.5 that
Ty is a valuation. Since all matroids involved in a matroid subdivision lie on the same
hyperplane > ; x; = r, they must have the same rank, and hence the above expression

shows that x,,(¢) is a valuation as well.

8.1 The CSM cycles of a matroid

The deep connection between matroids and tropical geometry, which stem from the fact

that the Bergman fan of a matroid is a tropical fan [8], leads to many old and new
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invariants of matroids coming from geometry. A very interesting example is the CSM
cycle of a matroid defined by Lépez de Medrano et al. [18]. (The CSM cycle of a matroid
was originally defined as a tropical cycle; we describe it as a Minkowski weight.)

The beta invariant (M) of a matroid is the coefficient of x'y? in the Tutte
polynomial of M. The beta invariant of a flag 7 = {F;, C --- C F} is B(MI[F]) =
Hi-czoﬂ(M[Fi,FiH]) where MI[A,B] = (M|g)/, for A C B; this is nonzero if and only if
F is a flag of flats.

Definition 8.1. Let M be matroid of rank r on ground set I. For 0 < k < r — 1, the k-th
CSM cycle CSM; (M) is the k-dimensional Minkowski weight on the braid fan ¥; given by

CSM; (M)(S, |-+ - |Sy) = (=) BMIF])
for each ordered set partition S;|---|S; of I, where F; = S, u---uS;for1 <i<k.

To interpret this as a Minkowski weight on the braid fan ¥;, we note that the
faces of this fan are in natural bijection with the ordered set partitions of I.(The fact
that the function above is indeed a Minkowski weight on this fan is a nontrivial result
in [18].) We obtain a much simpler proof of a theorem of Lopez de Medrano, Rincén, and
Shaw.

Theorem 8.2. [18] For any fixed k, the kth CSM class CSM; (M) is a valuation of

matroids.

Proof. Since the Tutte polynomial is a valuation by Proposition 7.5, the 8 invariant is
also a valuation; this was first observed by Speyer [54]. Theorem C then implies that the

function

mo %o Ag o (M) = pMIF])

.....

is also a valuation for any set partition S; U --- L S;. Since a matroid polytope P(M) lies

on the hyperplane > ; x; = r(M), all the matroids in a matroid subdivision must have the

.....

well. |

8.2 The volume polynomial of a matroid

One of the most recent celebrated results in matroid theory is the construction of the

combinatorial Chow ring of a matroid by Adiprasito et al. [1]. In the case when M is a
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realizable matroid, this ring agrees with the Chow cohomology ring of the wonderful
compactification of the hyperplane arrangement associated with M. For each loopless
matroid, Eur constructed a multivariate polynomial which encodes all the information
of its combinatorial Chow ring [26].

The characteristic polynomial of a loopless matroid M is given by

K@ = D uw@FFFOTEE = (1)1, (1 - 1,0),

FCcM
F flat

where p is the Mobius function of the lattice of flats of M and T,; is the Tutte
polynomial. If M has a loop, we set x;,(t) = 0. This is a multiple of t—1, and the reduced
characteristic polynomial is ), (t) = XtMT(lt) Let u'(M) denote the unsigned coefficient of

t' in the reduced characteristic polynomial of M.

Definition 8.3. [26] Let I be a finite set and R[tz] be the polynomial ring on variables

ty for F C I. The volume polynomial of a matroid M is

d di -1 1. —r(F:
VPy (1) = Z (_1)d_k(d1,- . -,dk)H(d‘ — r(F.))Mdl (Fl)(M[Fi’FiH])tFl' U

#=FoCF1C---CFxCFgy1
dy+--+dx=d

where the sum over flags of flats of M and over sets of positive integers d; with > d; =
d, and we denote (ij = ]i:1 d;.

Theorem 8.4. [26] The volume polynomial VPy,(t) is a valuation of matroids.

Proof. Since the Tutte polynomial is a valuation, the function ©¢(M) is also a valuation
for fixed e. Once again, the matroids involved in a matroid subdivision have a fixed rank,
so the term corresponding to a fixed choice of Fy,...,F; and d;,...,d; is a constant
multiple of [] % (MIF;, F; ;1) = pu® *-- - u® (M) for fixed ey, ..., e; this is a valuation by
Theorem C. |

Eur’'s proof is similar in spirit, but he relies on the universality of the Derksen—

Fink invariant.
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8.3 The Kazhdan-Lusztig polynomial of a matroid

Definition 8.5. [25] The Kazhdan-Lusztig polynomial of a matroid M is the unique

polynomial P,,(t) satisfying the following conditions for all matroids:
1. if M is the trivial matroid of rank 0, then Py, (t) = 1;
2. if r(M) > 0, then deg(Py (1)) < 3r(M);
3. for every matroid M on I,

M —1
TPy = D Xan (P, (D).
FCI flat

Definition 8.6. [31] The inverse Kazhdan-Lusztig polynomial of a matroid M is the

unique polynomial Qy,(t) satisfying the following conditions for all matroids:
1. if M is the trivial matroid of rank O, then Qy,(¢) = 1;
2. if r(M) > 0, then deg(Qy, (1) < 3r(M);
3. for every matroid M on I,

™oy = D (=DM @My, @
FCI flat

Remark 8.7. In[25] and [31], these polynomials are only defined for loopless matroids.
The definitions we have given extend their definitions to the case of all matroids. Note

that P;; = 0 whenever M is nontrivial and has a loop.

Theorem 8.8. The inverse Kazhdan-Lusztig polynomial Qg (t) is a valuation of

matroids.

Proof. We proceed by induction on the size of the ground set I. When |I| = 1, there

are two matroids on I. Their matroid polytopes are both points. Thus, every function

is trivially a valuation on these matroids. Now, suppose Qy,(t) is a strong valuation for

matroids on ground sets of size less than k, and consider a ground set I with size |I| = k.
Define

Ry = > (~D"MPay, @™oy, @),
F#I flat

If S C Iis not a flat of M, then the contraction M/ will have a loop, so Xmys(®) = 0. Thus,

Ry = > mo ((—1)T<—>o_(t) ® tr(_)x_(t_l)) o Ag p(M).

SuT=I
T4
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For each decomposition SUT =1 with T # ¢, Q_(¢) is a valuation for matroids on S by
the induction hypothesis, and x_(t) = (—1)"7T_(1 — ¢, 0) is a valuation for matroids on
T. Since the matroids in a matroidal subdivision have the same rank, the assignments
M (=1)’™MQ,,(t) and M — t"™ y, (t~!) are also valuations on S and T, respectively.
Theorem C then shows that R_(t) is a valuation. In view of Definition 8.6(3) of Qy,(?),

the function
(D" Ry (1) = "My 71 — Qy (D)

is also a valuation.
Let > ; i]lMi = 0 be a relation coming from a matroidal subdivision, where all

the matroids have rank r. Then, we have

> (Fay ™ - ay ) =0

1

that is,
D Q7Y =D £0y, ).
i i

But each term in the left-hand side has degree greater than r/2 and each term in the
right-hand side has degree less than r/2 by Definition 8.6(2), so both sides must equal
0. Thus, > ; £Qy, = 0 and M > Qy is a weak valuation. For matroids, weak and strong

valuations agree [19], so this is also a strong valuation. |
Theorem 8.9. The Kazhdan-Lusztig polynomial Py, (?) is a valuation of matroids.

Proof. We proceed by induction on the size of the ground set M. As with the
inverse Kazhdan-Lusztig polynomial, the base case trivially holds. Now, suppose that
M — Py, (t) is valuative for all matroids on ground sets of size less than k, and consider
a ground set I with |I| = k.

If a matroid M contains a loop e, then its matroid polytope lies on the hyperplane
X, = 0, and all matroids in a matroid subdivision of M will also contain that loop. Thus,
the Kazhdan-Lusztig polynomial is valuative on any such subdivision because it equals

0 on all of the matroids involved. If M is loopless, then Gao and Xie [31] show that

Py(t) = = D (=1)"MPQy, (2) - Py, (B).

F#(
flat
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Since Py, vanishes whenever M has loops and M/¢ will have a loop if S is not a flat, we

can rewrite this equation as

Py(t) = = > (~1)" ™90y (&) - Pyy (1)
S#Y

= > mo (D"l ®P_®) 0 Ag ().
S#0

By induction, the functions in the summand are valuative. Theorem C then allows us to

conclude that M — Py, (t) is valuative. |

Example 8.10. Consider the following matroid subdivision described in [11]. Let Us g
denote the uniform matroid on ground set [6]. Let M; be the Schubert matroid with
maximal element {2,4,6}. The bases of this matroid are all subsets 1 <a <b <c <6
witha < 2,b <4, c <6. Let o be the permutation 345612. Then, the matroids M;, o - M,
and o2 - M;, with o acting by relabeling the ground set and bases, are the maximal
dimensional matroids of a subdivision of the uniform matroid Us g.

The other matroids in the interior of this subdivision are the matroid M, with

bases
BM,) = {134,135,136, 145, 146, 234, 235, 236, 245, 246},
two isomorphic matroids given by o - M, and 02 - M, and a final matroid M, with bases
B(M3) = {135,136, 145, 146, 235, 236, 245, 246}.
This subdivision gives the inclusion-exclusion relation among indicator functions
ly,e = Iay + Lo, + Loz, — L, — Lo, — Loz, + iy
Using the methods of [25], we compute the Kazhdan-Lusztig polynomials
Py, =9t+1 Py =P,y =Puag, =3t+1 Py, =P =Puagy,=1 Py =1,

which indeed satisfy the inclusion-exclusion relation 9¢ + 1 = 3(3t+ 1) — 3(1) + 1.
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8.4 The motivic zeta function of a matroid

Jensen et al. [38] constructed three motivic zeta functions for matroids which, in
the case of realizable matroids, coincide with the Igusa zeta functions of hyperplane

arrangements. The local motivic zeta function of a matroid M on ground set I is

Z](‘)/[(q,t)Z Z XMW(q)q—r(M)—WtM(W)t\W\,

E
weZZ,

where M,, is the matroid of w-maximal bases of M and wt,;(w) is the weight of those
bases. The motivic zeta function Z,;(q, t) and reduced motivic zeta function Z,,(q, t)

are defined similarly and can be obtained from Z3,(g, t) through the following relations.
1 1 _ o i g\
Zy(q,t)=q (q_l)(l—qW)ZM(q't)' Zy(q,t)=q "(g—1) m Zu(q,t)

Theorem 8.11. The motivic zeta functions Zy,(q, t),ZZ?/I(q, t),Zy(q, t) are valuations.

Proof. To show that a function is valuative, it suffices to show that it is valuative
on matroids of a fixed ground set and fixed rank. Thus, from the above relations, to
prove that the three motivic zeta functions are valuative, it suffices to prove that M +—
q"™Zz% (q,?) is a strong valuation.

We proceed by induction on |I|. Again, every function is trivially a valuation on
the two matroids with |I| = 1. Now, suppose this assignment is a strong valuation for
matroids on ground sets of size less than k, and consider a ground set I with |I| = k. We

use the following recurrence, proved in [38, Theorem 1.12]:

rMp) 70

_ D)g-r@n I
(q-lg ""t" Z (@ D)

1— q_r(M) tu‘ XM(q) + )
0CFCI flat

Mz (q. 1) = X/ (@G

Assume momentarily that M is loopless, so 0 = @. If S C I is not a flat of M, then the

contraction M/g will have a loop, so x,/(¢) = 0. Thus, the equation above is equivalent
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to
(g = Dg "M _
Mgt = g rangn | Mm@+ > Xy @ M2y (g, 1)
a #CSCI
(q—1)g ™™gl [ _ .
ql_?w @+ D, mo(@T2%q, ) ®X_(@) ® Agr(-)
a WCSCI
If M is nontrivial and has a loop, then both equations above say 0 = 0, and the

equivalence is still valid. Since the matroids in a matroid subdivision have the same
. _1)g—T@n 1 .
rank and ground set, we may ignore the factor %. For each decomposition
SuT =Iwith T # ¢, the map M — q"® 2% (q, t) is a valuation for matroids on S by the
induction hypothesis, and ¥_(g) = (—1)"7T_(1—q,0)/(g—1) is a valuation for matroids

on T by Proposition 7.5. By Theorem C, g"™ 22 (q, t) is a valuation on I as desired. =~ W

8.5 The Billera-Jia-Reiner quasisymmetric function of a matroid

For a matroid M, a function f from the ground set I of M to the natural numbers N is

M-generic if M has a unique basis B that minimizes f(B) = >,z (D).

Definition 8.12. The Billera-Jia-Reiner quasisymmetric function [11] of a matroid

M on ground set I is the quasisymmetric function given by

F(M,x) = Z wa(b)-

w:I—-N beB
M-generic

Billera, Jia, and Reiner showed this is the quasisymmetric function o, associ-

ated by Definition 6.5 to the character

1 if M has a unique basis

0 otherwise

§(M)=[

on the Hopf monoid of matroids M.

Theorem 8.13. [11] The Billera—Jia—Reiner quasisymmetric function is a valuation on

matroids.
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Proof. By Corollary 6.6, it suffices to show that the map ¢ is a strong valuation on
matroids. We use the following useful lemma proved by Ardila et al. [7]. For any closed

convex set X c R, the function

, 1 ifPM)NX =9,
JxM) =
0 otherwise

is a valuation for the matroids on I.

Let B, ; be the subset of {0,1}! consisting of those vectors with exactly r ones.
For each point b € B, ;, consider the valuation ij, = joony(s, ,—p)- For matroids of rank r on
I, the function i, (M) is equal to 1 if and only if b is the unique basis of M. Therefore,

(= ZbeB” i} is a valuation. .

8.6 The Derksen-Fink invariant of a matroid

A valuative invariant on matroids is a valuation f on matroids such that f(M) = f(IV)
whenver M and N are isomorphic. Derksen and Fink constructed a valuative invariant on
matroids which is universal among all valuative invariants in the sense that any other

valuative invariant is obtained from theirs by a specialization [19].

Definition 8.14. Let M be a matroid on I with |I| = n, and let £ be a linear order of I. The

rank jump function with respect to £ is the function rkjump, : M[I] — {0, 1}" given by
(rkjump,(M)); = rpr({€y, ..., €;) —ryr({ly, ... €;_1 D).

The Derksen-Fink invariant is the function G : M[Il — R[U,, | « € {0,1}"] given by
G = Uniump, -
¢

where the sum is over all linear orders £ on I.

Let us give a short proof that G is indeed a valuation using Theorem C. To do
this, we will identify the vector space R[U, | « € {0,1}"] as a subspace of the algebra

R({x, y) of noncommutative polynomials in x and y through the map

U, 2122,
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where

X ifOliZO

With this, G extends to a map that we also denote by G from MI[I] into R(x, y).
Theorem 8.15. The Derksen-Fink invariant is a valuation on matroids.

Proof. For each singleton {a}, define the map f : M[{a}] — R(x, y) by

x ifr(M) =0,
fF) =
y ifr(M)=1.

There are only two matroids on {a}, namely a loop and a coloop, so their matroid
polytopes have no matroid subdivisions. Therefore, f is trivially a valuation.

Now, notice that for each linear order ¢, the map m, of®m o A{ll} {tn)r which is

.....

a valuation by Theorem C, sends M to the noncommutative polynomial identified with

U'kjump, () - Summing over all possible ¢, we obtain the desired result. |

9 Valuations on Poset Cones

We now study valuations on poset and preposet cones. Recall from Theorem 2.8 that the
map p — cone(p) is a bijection between (pre)posets and (not necessarily) pointed conical
generalized permutahedra where the origin is in the lineality space. Furthermore, this

map induces Hopf monoid isomorphisms
PP=CGP] P =PCGP}

from (pre)posets to (not necessarily) pointed generalized permutahedra where 0 is (in)
the apex. We call these (pre)poset cones and identify the isomorphic pairs of Hopf

monoids above.

Proposition 9.1.

1. There is an equality of Hopf monoids I(P) = I(PP).
2. The indicator functions of the totally ordered preposets ¢ on ground set I

form a basis for I(PP[I]). For any preposet g, the expansion of 1, in this basis
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is
1,= > (=pla-ig,,
¢ prelin. ext. ofg
3. A valuation f on poset cones extends uniquely to a strong valuative

extension f on preposet cones. The assignment f +— f is compatible with

Theorem C and Corollary 6.6.

The compatibility of the assignment f +— f with Theorem C is the following.
Suppose fl, .. ,fk are valuations on preposets that extend the valuations f;,...,f; on
posets. Then, for any ordered set partition S;u- - -uSy, the valuation on preposets given by
m,of) ®- - '®fk°Asl,...,Sk extends the valuation on posets given by m,of ®- - -®fyoAg, .
Similarly, the compatibility with Corollary 6.6 is the following: if ¢ is a character on
posets and  is its extension to preposets, then the extension of the poset invariants

f¢+ @, and O, are the preposet invariants fZ' @z, and 0;, respectively.

Proof. 1. We prove the equality of species by proving that the vector spaces are
isomorphic on any fixed finite ground set I.

C: Every poset is a preposet.

D: We need to prove that every preposet cone equals a linear combination of poset cones
in I(PP). We proceed by reverse induction on |q|. If |g| = |I|, then g is a poset and the
result is trivial. For |g| < |I|, consider an equivalence class A of g of size at least 2 and

an element a € A. Define the preposets obtained from g as follows:

q, : Make a greater than A — a and keep all other relations of gintact.
q_: Make a less than A — a and keep all other relations of gintact.
q.: Make a incomparable to A — a and keep all other relations of gintact.

Let C = cone(qy). Let b € A — a; notice that neither e, — e, nor e, — e, is in the cone C.
We have

cone(q,) = C+R_y(e, —e,), cone(q_)=C+R_g(e, —e,), cone(q =C+R(e, —ep)

and one readily verifies that

cone(q,) Ncone(q_) = cone(q.), cone(q,) U cone(q_) = cone(q).
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The only nontrivial claim here is that cone(g,) N cone(q_) € cone(q.). This follows by
observing that for any point x € cone(q, ) such that x ¢ cone(q.), there is a hyperplane
H for which x is in the positive half-space and cone(q,) is in the negative half-space.
But then e, — e, is in the positive half-space, so cone(q_) is in the negative half-space
and cannot contain x.

It follows that

I+1,, =1, +1,.

Since |q.| = |qy| = Iq_| = Igl + 1, by induction, the cones ly,, 1,4, .1, are linear
combinations of poset cones. Therefore, so is ]lq. The result follows by induction.

2. This follows from the proof of Lemma 4.7. The linear relation says that the aligning
generators. The cones of the totally ordered preposets of I are the centered plates; their
indicator functions are linearly independent by [27, Theorem 2.7].

3. This follows readily, since valuations on (P)P correspond to linear functions on I((P)P).

The compatibility follows readily from the definitions. |

All of the valuations on posets studied in this section will be built out of the
following simple valuation. Say a preposet is a preantichain if there are no x,y such
that x < y; in other words, if x < y then y < x. Note that for posets, this restricts to the

usual notion of antichains.

Definition 9.2. The antichain and preantichain characters are defined as follows.

1. The antichain character « : P[I] — F on posets is given by

1 if p is an antichain
a(p) =

0 otherwise.

2. The preantichain character & : PP[I] — FF on preposets is given by

(=DHI=lal - if g is a preantichain
a(g) =
0 otherwise.

We now show that these characters are indeed valuations.

Proposition 9.3. The preantichain character @ and the antichain character « are strong

valuations on preposets PP and posets P, respectively. Furthermore, the preantichain
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character & on preposets is the strong valuative extension of the antichain character «

on posets given by Proposition 9.1.3.

Proof. By Lemma 4.7 and Theorem 4.8, to prove that & is a strong valuation, it suffices
to check that & is zero on any aligning generator C — A~ (C) corresponding to C = cone(q)
for a preposet q.

If g is not a preantichain, then none of its linear extensions is a preantichain
either, so we have @(C — A7(C)) = 0—0 = 0. If g is a preantichain then its only prelinear
extension that is a preantichain is the trivial antichain ¢ consisting of all elements in
one equivalence class; therefore, we have &(C — A~ (C)) = &(q — (=141t ¢t) = (—1)HI-lal —
(_I)IQ\*l(_l)III*I =0.

We conclude that & is a valuation on preposets. Restricting to posets, we obtain
that « is a valuation on posets as well.

Since « and & agree on posets, @ must be the strong valuative extension of «. H

9.1 The order polynomial

As a 1st application, we study the order polynomial of posets. The (strict) order
polynomial of the poset p is defined as the unique polynomial such that for any positive

integer k we have

Q¥ (p)(k) = number of (strictly) order-preserving maps p — [kl.

Proposition 9.4. [2] The associated polynomial 2, (p)(?) to the antichain character « is
the strict order polynomial Q5(p)(t).

This Hopf-theoretic interpretation readily gives the following result.

Proposition 9.5. The order polynomial and strict order polynomial are strong valua-

tions on posets.

Proof. @ The antichain character is a strong valuation by Proposition 9.3, so
Corollary 6.6 implies that the strict order polynomial is a strong valuation. Stanley's
reciprocity theorem (which is explained Hopf-theoretically in [2]) says that Q(p)(n) =

(—DH"Q%(p)(—n), so the order polynomial is a strong valuation as well. [ |
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9.2 The poset Tutte polynomial

For any antichain A C I of p, let
J.(A) ={xep|x>yforsomey €A}, J_(A)={xep|x>yforsomey c A}.
For any poset p, let A(p) denote the set of antichains of p.

Definition 9.6. [32] The Tutte polynomial of a poset p on ground set I is

Ty(x,y) = Z x=@(y 4 1)@,
AcA(p)

The set of lower ideals of a poset forms an antimatroid, and the Tutte polynomial
for posets is a special case of the Tutte polynomial of antimatroids; see [41]. We now

show it is a strong valuation.
Proposition 9.7. The poset Tutte polynomial T,(x,y) is a strong valuation of posets.

Proof. Let

fio=1, fp=ap - -xP,  fip)=xPy+1P,

where a(p) is the antichain character of Definition 9.2. Their convolution is

firfoxfap) = D Xy +1) =1,x,y),
S1uSoUS3=I
So antichain
where we sum over ordered set partitions S; U S, U S; where S; is a lower ideal of p,
S, is an antichain and a lower ideal of p — S;, and S; is an upper ideal of p. For a fixed
ground set I, the functions f;, f,, f; are constant multiples of 1 and «(p), which are strong
valuations thanks to Propositions 4.3 and 9.3. Therefore, their convolution is a strong

valuation by Corollary 6.3. ]

Corollary 9.8. The following quantities and their dual quantities are strong valuations

on posets:

e the number of order ideals of p of size k;

e the number of antichains of size k;
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e the number of maximal elements of p;

e the generating function G,(s,t) = 34 antichain S/t

Proof. This follows from the fact that these quantities are the coefficient of ¢/I=%
of T,(¢,0), the coefficient of t* in T,(t, t~! — 1), the exponent of T,(t,—-1) = (t+ HM_—
which equals %(Tp(t, —1))|;_o—and Ty, (st, t~1—1), respectively [32]. Since the cone of the
reverse poset —p is cone(—p) = — cone(p), the dual quantities are also strong valuations.

[ |

9.3 The Poincaré polynomial

Let ¥; be the braid arrangement in R! and £(X;) be its lattice of intersections, ordered
by reverse inclusion; its minimum element is V = R!. For a poset p, consider the open

braid cone
I . .
op ={xeR |x; > x; whenever i >, j}.
Its closure is dual to the poset cone of p.

Definition 9.9. [21, 60] Let p be a poset on I. The interior intersection lattice of the
braid arrangement X; with respect to the poset p is the sublattice of intersections that

meet the interior of the cone o°(p)
L,(Zp) ={X € L(ZP | X Noy # 0}

ordered by reverse inclusion. The Poincaré polynomial of poset p is

Poin(p, 1) := .  |u(V,X)|tF =D cp(p) .
k

XeLy(Sp)

Zaslavsky showed that Poin(p,1) is the number of chambers of the braid
arrangement X; that lie inside the cone UI‘J’. In order to relate the Poincaré polynomial to

a valuation, we use the following formula of Dorpalen-Barry, Kim, and Reiner.

Definition 9.10. Let p be a poset on ground set I. A transverse ordered set partition
of p is an ordered set partition S; U --- U Sy = I such that p|g, is an antichain and S; is
a lower ideal of p| SiL-USy for each i. A transverse unordered set partition of p is an
unordered set partition {S;,...S;} such that there exists an ordering that makes it into

a transverse ordered set partition of p.
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Proposition 9.11. [21] Let p be a poset on I. Let Hg denote the set of transverse

unordered set partitions of p. Then,
k
Poin(p, t) = Z H (|Si| _ 1) I tk
{Sl,--A,Sk}EH; i=1

Before, we describe the connection between the Poincaré polynomial and

valuations, we will describe an ordered analog of the Poincaré polynomial.

Proposition 9.12. Let p be a poset on I and 25 denote the set of transverse ordered

set partitions of p. The function & given by
k
op,y= > [J0si4-1)r¢
Siu--uSgex] =1

is a strong valuation on posets.

Proof. Let o be the antichain character. The function
prmoa® oAy o (p)

equals 1 if S; u---u S, = I is a transverse ordered set partition of p, and equals 0
otherwise. By Theorem C, this function is a strong valuation. The function ® is a linear

combination of these; we have

k
o, H= > H(|Si|—1)!tk~(moa®koAShm,Sk(p)),

Siu---uSg i=1

summing over all ordered set partitions of I. Therefore, it is a strong valuation. |

The functions Poin(p, t) and ®(p, t) have a similar form, but the former is given
by a sum over transverse unordered set partitions while the latter is given by a sum
over transverse ordered set partitions. To prove results about Poin(p, t), we will pay

more careful attention to the labeling of the poset.

Definition 9.13. Let £ be a linear order on the ground set I. An ordered set partition

S, uU---uS, =TIis {-increasing if min, S; <, --- <, min, Sj.
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With these definitions, define the function ®, by

k
o,py= > [JUsiI-1)r ¢k

S1 L|~~~Llsk6):§ i=1
{—increasing

k
= > H(|Si|—1)!(moa®koASh_“'Sk(p)).

S1u---uSk i=1
{—increasing

By a similar argument as Proposition 9.12, we have that ®, is a strong valuation for
each ¢.

Proposition 9.14. For any linear extension ¢ of the poset p, we have

Poin(p, t) = ®,(p, 1).

Proof. We prove this by constructing a bijection between the ¢-increasing transverse
ordered set partitions and the unordered transverse set partitions. Let {T;,..., T} be a
transverse unordered set partition. We will find an ordered set partition S; U --- LSy
such that for all i we have that S; = T} for some j. Let {; denote the minimal element of I
with respect to £. In order for S; U --- U Sy, to be £-increasing, it must be the case that S,
is the part T; which contains ¢,. Because p is £-increasing, S; will be a lower ideal of p.
Recursively, to determine S;, let ¢; be the minimal element of I - S; — S, —--- —S;_; and
note that S; must be the part T; that contains ¢;. By construction, S; U --- U Sy will be an
ordered transverse set partition. Further, it is clear from this construction that this is
the only ordering of {T, ..., T}} with the required properties.

This gives a bijection between ¢-increasing ordered transverse set partitions and
unordered transverse set partitions. Therefore, the formulas for Poin(p, t) and &,(p, t)

coincide. [ |

Since every poset p is properly labeled with respect to some linear order, this
gives a way of studying Poin(p, t) for any poset p using valuations. We illustrate this

general principle with the following concrete result.

Corollary 9.15. The Poincaré polynomial is a weak valuation for posets: if the poset

cone of a poset p can be subdivided into the poset cones of the posets p;, ..., p;, then

k
Poin(p, t) = » (—1)°P)~°® Poin(p;, 1),
i=1

where c(q) is the number of connected components of the Hasse diagram of q.
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Fig. 4. A poset subdivision of a poset cone and the corresponding relation on posets in ie N P.

Proof. Let £ be a linear extension of p. Then cone({) contains cone(p) and hence
it contains cone(p;) for each preposet p;, so ¢ is also a linear extension for them.
Thus, for each one of these posets, the Poincaré polynomial coincides with &,, which
is a strong valuation. Since the poset cone of g has dimension |I| — c(q), the desired

equation follows. [ |

Example 9.16. Figure 4 shows a subdivision of the poset cone of the chain 1 < 2 <
3 < 4 into four full-dimensional poset cones and five lower-dimensional ones. Since
Poincaré polynomials of posets are weak valuations by Corollary 9.15, we obtain the

following relation between the corresponding Poincaré polynomials:
1 = (1+3t+2t) + 1 +3t+2t) + 1+ 3t + %) + (142t + t%)

—(1 +4t+3t%) — (1 + 4t + 3t%) — (1 + 4t + 3t%) — (1 + 4t + 3t%) + (1 + 5t + 6t%).

10 Building Sets and Nestohedra

Building sets are a combinatorial abstraction of the notion of connectedness. They were
introduced independently by Schmitt, seeking methods of understanding the chromatic
polynomial [51], and by De Concini and Procesi, in order to study the wonderful
compactification of a hyperplane arrangement [17]. Postnikov defined a polytope that
encodes the combinatorial structure of a building set, called a nestohedron. [48] In
this section we show that the f-polynomial of a nestohedron is strongly valuative,
and we use this to show that there are no subdivisions of a nestohedron into smaller
nestohedra.

As explained in [2], nestohedra do not form a Hopf submonoid of GP. Thus,
it will be more convenient for us to work with a larger class of objects, namely

multinestohedra and the corresponding building multisets.
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Definition 10.1. A building multiset B on ground set I is a multiset of subsets of I

satisfying the following axioms:

o ifA BeBandANB#¢, thenAUBEeDZ;
o foralliel, {i} € B.

The multinestohedron of a building multiset B is the generalized permutahedron
JeB
where A; is the simplex given by A; = conv(e; | j € J), and the Minkowski sum contains

repeated summands corresponding to the repeated subsets in B.

A building set is a building multiset with no repeated subsets, and its corre-
sponding polytope is called a nestohedron. The simplification of a building multiset 5
is the building set B obtained by forgetting the multiplicities of the subsets in B. The
multinestohedron Ny has the same normal fan as the nestohedron Nz.

Several important polytopes are nestohedra; for example,

e the permutahedron, for the building set containing all subsets of I;

e the associahedron, for the building set consisting of all intervals [i,j] of {1,...,n} for
i<j.

e The graph associahedron of Carr and Devadoss [14], for the graphical building set of
a graph G, which consists of the subsets I of the vertex set for which the graph GJ; is
connected.

The species of building multisets has the structure of a Hopf monoid, defined as
follows. Consider any decomposition SuU T = I. For a building multiset 3, on ground set

S and a building multiset B, on ground set T, let
mg r(By, By) = By U By,

where LI denotes the disjoint union of multisets. For a building multiset B on ground set
1, let

Bls={ACS|AeB),
where the multiplicity of A in B|g is the multiplicity of A in B. Let
B/¢s={CNT|CceB}

where the multiplicity of B € B/g is the total number of C € B such that CN'T = B,
counted with multiplicities. One readily verifies that B; u B,, Blg, and B/ are building

sets.
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The coopposite H®P of a Hopf monoid H has the same product and the reverse
coproduct of H; in Sweedler notation, if Ag (2) = > z|s®z/gin H, then Ag 1 (2) = > z/7®

2|, in HOP.

Proposition 10.2. The linear species BMS®P[I] = F{building multisets on I} forms a

Hopf monoid with multiplication maps
mg 7(By, By) = By U By,
and comultiplication maps
Agr(B) = B/s® Bls.

The map B — Ny induces an embedding of BMS“’? into GP as Hopf monoids.

Proof. The species BMS“P is a Hopf submonoid of the coopposite Hopf monoid of
hypergraphs HG®P given in [2], and the map above is the restriction of the analogous
map from the coopposite HG®P to the Hopf monoid HGP of hypergraphic polytopes
described there. [ ]

We denote our Hopf monoid BMS®°P because it naturally extends the coopposite
BS®°P of the Hopf monoid of building sets BS defined in [2].

10.1 The f-vector

For any polytope P, let

fP(t) — Z tdim F

F face of P

denote the f-polynomial of the polytope. For any building multiset B, let fz(t) denote
the f-polynomial of the hypernestohedron Ng. Its coefficients constitute the f-vector
of P.

The f-polynomial of a hypernestohedron can be computed recursively as fol-
lows. If B cannot be written as a disjoint union of other building multisets, we say that
B is connected. Otherwise, B will have a unique factorization B = B; U --- U By. The

building multisets B; are called the connected components of 5.
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Proposition 10.3. [48] The f-polynomial of a hypernestohedron Ny is the unique

polynomial satisfying the following properties:

1. if Bis equal to a singleton, then fz(t) = 1;

2. if Bis disconnected with connected components By, ..., B;, then

I8® =15, ® - fg ()

3. if Bis connected, then

fa@ = 1781711, (@)

SCI

This recursion was first proved for nestohedra but extends to hypernestohedra
since the f-polynomial of a hypernestohedron Ny is equal to the f-polynomial of the
nestohedron Ng.

Theorem 10.4. The f-polynomial fy (?) is a strong valuation on hypernestohedra.

Proof. We proceed by induction on the size of the ground set I. When |I| = 1 every
hypernestohedron is a point, so f_ is trivially a strong valuation. Now, suppose that f_
is a strong valuation for all J with |J| < k, and consider a finite set I with |I| = k.

First, assume B is disconnected with connected components 5, ..., B;. Let S; U
-+ U S be the ordered set partition where S; is the ground set of 5;. Then Ag,

,,,,,

B; ®...® By and the recurrence of Proposition 10.3.2 takes the form

B =mo(f_®)®...0f_()o Ag, Sk(B)-

,,,,,

By the inductive hypothesis, the function f (t) is a strong valuation on ground sets of
size less than k. Therefore, f (t) is a strong valuation on connected building multisets
on I by Theorem C.

We now turn to the case when 5 is connected. Let g be the function on building
multisets given by g(B) = tTI~! for building multisets B on T. Now, the recurrence of
Proposition 10.3 can be written as

fe®) = D> mo(f_(t)®g)o Agr(B).
s%igz
For each decomposition Su T = I, the function f_ is strongly valuative by the inductive
hypothesis, and the function g is constant so it is also strongly valuative. Theorem C
implies that f_ is also strongly valuative for building multisets on the ground set I. This

completes the induction. |
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This has the following consequence for nestohedral subdivisons.
Corollary 10.5. Hypernestohedra have no subdivisions into other hypernestohedra.

Proof. Since f (t) is a strong valuation, it is also a weak valuation. If a hypernestohe-
dron N of dimension d had a nontrivial subdivision P, then P would contain more than
one hypernestohedron of dimension d. Then, the coefficient of t¢ of fy(t) would be 1 and

the coefficient of t¢ of fp(t) would be larger than one. This is a contradiction. [ |

11 Appendix: Hopf Algebraic Background
11.1 Hopf monoids

In this appendix, we give the precise definition of a Hopf monoid. We also prove the
first isomorphism theorem in this setting.

Species. A (connected) linear species F is a functor from the category of finite sets with
bijections to the category of vector spaces over F such that F[J] = F. Explicitly, this

consists of the following data.

e TFor each finite set I, a vector space F[I] called the structures of type F on
label set I.

e For each bijection f : I — J an isomorphism
F(f) : FlIl - FlJ],

such that F[id] = id and for any two bijections f : I — Jand g : J - K we

have
Flg o f] = Flgl o FIf1.

A morphism of linear species ¢ from F; to Fz is a natural transformation of
functors. In other words, « is a collection of linear maps «lI] : F;[I] — Fz[I] such that the
following diagram commutes:

F, i1 - w1
lFl[f] le[f]

F, 7] 2 F, 1]

for any two sets I,J and any bijection f : I — J.
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If we have a collection of linear maps g[I] : F[I] — V to the same vector space V,
we will often identify this with the species map g from F to the species V[I] = V with
trivial maps V[f]l =id forall f: I — J.

Monoids. A (connected) linear monoid (M, m) is a linear species equipped with a

collection of linear maps
mg p : MIS] ® MIT] — MII],

for each decomposition I = Su T. These maps must satisfy the following axioms.

e (Naturality) Let I and J be two sets and f : I — J be a bijection. Let I = SU T be a
decomposition, and let f|g and f|; be the restrictions of f to S and T, respectively. This
gives us a decomposition of J = f(S) u f(T) and a pair of bijections f|g : S — f(S) and

fly : T — f(T). Then, we have the following commutative diagram:

MIS] ® MIT] ——=2 5 M1

lMVM®MVh] le

MI[f (S @MI[f(T)] MOIT, wi]

e (Unitality) We have M[J] = FF. Denote the unit of that vector space by 1. For any x € MI[I]

and for the two trivial decompositions I =I U@ and I = @ 1 I, we have
l-x=x-1=x.

e (Associativity) Let I = RUSUT be a decomposition of the index set I. Then the following

diagram commutes:

MIR] ® MIS] ® MIT] -~2™% M{R] @ MIS L T]

lmR,s ® id lmR,SuT

MIR U S] ® MIT] TRST MII]

.....

I=S,u---uSy.
A morphism of monoids from M; to M; is a species morphism « : M; — M, that

is compatible with the monoid structure, that is,
(Y[I] (o) mS'T = mS'T 8] (X[S] &® a[T]r

equivalently, for any x € M;[S] and y € M;[T], we have a(x - y) = a(x) - a(y).
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Comonoids. A (connected) linear comonoid (C, A) is a linear species equipped with a

collection of linear maps
Agr: ClIl - CIS] ® CITI.

for each set decomposition I = SUT. These functions must satisfy the following axioms.
e (Naturality) Let I and J be two sets and o : I — J be a bijection. Let I = SU T be a
decomposition, and let o | and o | be the restrictions of o to S and T, respectively. Then,

we have the following commutative diagram:

A
ci ——=~ - cISI® CIT]
lc[n] lC[0|T1®C[0|s]

] 2792l ($)] @ Clo (T)]

e (Counitality) We have C[#] = F. Denote the (co)unit of that vector space by 1. For any

x € C[I1 and the two trivial decompositions I =TI U@ and I = @ LI, we have

Am(x) =x®1,

AW(X) =1®x.

e (Coassociativity) Let I = RUSUT be a decomposition of the index set I into three. Then

the following diagram commutes:

cln — 227y GRI® CISU T

lARuS,T lid ® As,T

S

CIR U S @ ¢IT] 2*5°S ¢lR) ® CIS] ® CIT]

A morphism of comonoids is a species morphism « : C; — Cz that is compatible

with the comonoid structure, that is,
Agro olIl = «[S] ® ¢lT] o Agr

or equivalently, for any ¢ € CilIl we have Agr(a(c)) = > a(clg) ® a(c/g) in Sweedler

notation.

Hopf monoids. A linear species H is a Hopf monoid if it is a monoid and a comonoid,

and those structures are compatible in the following sense.
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e (Compatibility) Let I = S;uS, and I = T, uT, be two decompositions of I. Let A = S;NT},
B=S NT, C=S,NT,, and D =S, N T, be their pairwise intersections. Then, we have

the commutative diagram

ms,.s,)

Ary,T
HIS,] ® HIS,] > H[Il —2+ HIT,] ® HIT,]

lAA,B ® Acp mac ® mB,DT

HIA] ® HIB] ® HIC) ® HID] “22 2 X (4]  H[C] ® HIB] ® HID],

where 8 is the braiding map (x ® y) = (¥ ® x).
A Hopf morphism is a species morphism « : H; — Hj that is a monoid morphism
and a comonoid morphism.

The antipode of a Hopf monoid H is the map s[I] : H[I] — HI[I] given by

slI(x) = Z (—1)kms1 ,,,,, s; © Bs,
Siu---uSg=I

,,,,,

In general, this formula has a large amount of cancelation. One major question is to give
a combinatorial description of the antipode that is cancelation-free and grouping-free.
11.2 Hopf ideals and quotients and the first isomorphism theorem

e An ideal of a monoid M is a subspecies g such that for any set partition SuT = I we

have
mg (g[S ® MIT]) C glIl and mg +(MI[S] ® gIT)) C glIl.

e A coideal of a comonoid C is a subspecies g such that for any set partition SUT = I we

have
As,T(g[I]) C C[S] ® gIT1 + g[Sl ® CIT].

e A Hopf ideal of a Hopf monoid H is a subspecies g that is both an ideal and a coideal.
Let F be a species and g be a subspecies. Let F/g denote the species given by the
vector spaces F/g[I] = F[I1/glI] with the natural maps between them. For any x € F[I], let

[x] denote the class of x in the vector space quotient F[I]/gl[I].
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1. If Fis amonoid and g is an ideal, then F/g inherits the structure of a monoid
called the monoid quotient of F by g given by

mg ¢(Ix], ly]) = [mg p(x, y)] for x € F[S], y € FIT].

2. If F is a comonoid and g is a coideal, then F/g inherits the structure of a

comonoid called the comonoid quotient of F by g given by
Agp(x]) = [Agp(x)]  forx e FlI].
3. If F is a Hopf monoid and g is a Hopf ideal, then the Hopf quotient of F by g
is the Hopf monoid given by the comonoid and monoid structures above.
Noether’s first isomorphism theorem holds for Hopf monoids in the following

formulation.

Theorem 11.1. (The first isomorphism theorem) Let H; and Hz be two linear Hopf

monoids. Let f : Hj — Hjy be a Hopf monoid morphism. Then,

e the image of f is a Hopf submonoid of Hy;
e the kernel of f is a Hopf ideal of Hy;
e the quotient H;/Ker(f) is isomorphic to Im(f) as Hopf monoids.

Proof. To show that the image of f is a Hopf submonoid Hjz, we need to show that the
image is closed under multiplication and comultiplication. For multiplication, let SU T
be a decomposition of I, and let x € H;[S] and y € H;[T]. Then, since f is a Hopf monoid

morphism we have the two equations

mg ¢ (fISI(x) @ fITI(y)) = flllimg 1 (x®y))  Agp(fll(x) = (fISI ® fFITH(Ag 1(x))

and hence the image is closed under multiplication and comultiplication.
To show that the kernel of f is a Hopf ideal, let x € Ker(f[I]) and y € H;. Then,

FI(mg +(x ® ) = mg p(FISIx) @ FIT(Y)) = mg (0 @ FITI(y)) = O.

This shows that the kernel is an ideal. Similarly, if x € Ker(f[I]), then

(fIS1 ® FITD(Ag,r(¥)) = 0 = Ag p(FII(X)).
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This means that

Ag (%) Ker(f[S] ® fIT)

N

Ker(f[S]) ® H1[T] + H1[S] ® Ker(fIT]),

and hence the kernel is also a comonoid ideal. The equality follows from [34,
Section 1.19].

Finally, by the first isomorphism theorem for vector spaces we have a well-
defined linear isomorphism from H;[Il/Ker(f[Il) to Im(f[I]). The previous two state-

ments of this theorem show that this is also a Hopf isomorphism. |

11.3 Cofree Hopf monoids and universality

An important aspect of combinatorial Hopf algebras is the theory of characters
developed by Aguiar et al. [3]. This gives a method of converting multiplicative functions
on a Hopf algebra into quasisymmetric function invariants. We now describe Aguiar and

Mahajan's generalization of this theory to Hopf monoids [4, Section 11.4].

Cofree Hopf monoids. A positive monoid is a linear species q such that dim(q[#]) = 0,
equipped with a multiplication map m that satisfies all the axioms of a monoid except
for unitality. The tensor species 7Y (q) on a positive monoid q is the linear species
generated by ordered set partitions ¢ decorated with a q-structure on each part of ¢,
that is,

T (U] = span{(€; |-+ €, X, @ - @Xp) [ Ly U--- Ul =1, x; € qlA] for 1 <i<k}.
The tensor species 7Y (q) has a comultiplication map given by

AS,T(Zﬂ ce |£kl X1 Q- ®Xk)

_ (€1|-~-|€i,,X1®--~®Xi)®(Zi+1|~--|ﬁk,,Xi+l®-«-®Xk) ifS=Z1|_|"'|_|£i.
0 otherwise.

It also has a multiplication map defined as follows. For ordered set partitions £ of S and

monT,

mgp((6,x;®---QX) Q@ (M, y; @---yp)) = Z n,z) Q- ®zp),

n quasishuffle
of £ and m
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where

lf nl == ga,
Zi =17 if n; = my,

mq[ni](ﬂa ® mb) if n; = Za Lmy.

This makes 7 (q) into a Hopf monoid. This is the cofree Hopf monoid ong. We say that

a Hopf monoid is cofree if it is isomorphic to 7 V() for some positive monoid.
Universality. Let 8 : 7V(q) — q be the projection map given by

x, ifk=1

Byl g X @+ QX)) = .
0 otherwise

For any Hopf monoid H, we can construct a positive monoid H, whose under-

lying species agrees with H whenever I # { and otherwise H[J] = (0). This inherits the

structure of a positive monoid from the multiplication of H. The cofree Hopf monoid on

q satisfies the following universality result.

Theorem 11.2. [4, Theorem 11.23] Let H be a Hopf monoid, and let q be a positive
monoid. For every multiplicative map ¢ : H, — ¢, there exists a unique Hopf morphism
I:H—>TY (q) such that g o ¢ = ¢. Furthermore,

(= D (Ul ) ® - @ C(xp)),

CqU-ulg=I
summing over the ordered set partitions £ = ¢, --- |{; of I, where A, , (X) = X;®" - -®Xy.
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