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ABSTRACT
Low rank representation of binary matrix is powerful in disen-

tangling sparse individual-attribute associations, and has received

wide applications. Existing binary matrix factorization (BMF) or

co-clustering (CC) methods often assume i.i.d background noise.

However, this assumption could be easily violated in real data,

where heterogeneous row- or column-wise probability of binary

entries results in disparate element-wise background distribution,

and paralyzes the rationality of existing methods. We propose a bi-

nary data denoising framework, namely BIND, which optimizes the

detection of true patterns by estimating the row- or column-wise

mixture distribution of patterns and disparate background, and

eliminating the binary attributes that are more likely from the back-

ground. BIND is supported by thoroughly derived mathematical

property of the row- and column-wise mixture distributions. Our

experiment on synthetic and real-world data demonstrated BIND

effectively removes background noise and drastically increases the

fairness and accuracy of state-of-the arts BMF and CC methods.

CCS CONCEPTS
•Computingmethodologies→Representation ofmathemat-
ical objects; Representation of Boolean functions.

KEYWORDS
Binary data mining, fairness, denoising, low rank representation

ACM Reference Format:
Changlin Wan, Wennan Chang, Tong Zhao, Sha Cao, and Chi Zhang. 2020.

Denoising individual bias for a fairer binary submatrix detection. In Proceed-
ings of the 29th ACM International Conference on Information and Knowledge
Management (CIKM ’20), October 19–23, 2020, Virtual Event, Ireland. ACM,

New York, NY, USA, 5 pages. https://doi.org/10.1145/3340531.3412156

1 MOTIVATION
Binary matrix has been commonly utilized in multiple fields. Low

rank pattern in a binary matrix is defined as rank-1 sub matrices
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Figure 1: Individual bias in binary transaction records data

formed by the product of two binary bases. Comparing to continu-

ous data, recent studies demonstrated the rank-1 sub-matrices in

binarized data is more robust for mechanism interpretation or sub-

space representation [3, 4], because binary data in general bears

reduced noise than continuous data. However, variations of the

probability of 1s of rows or columns may lead to varied element-

wise probability, causing a fairness issue in low rank representation

of binary data [6].

An intuitive example is binary transaction records data (figure

1), in which 1s represent the purchase of items (each column) by

users (each row). Different items or users are with varied activities

in conducting purchasing. For example, super-users make more

purchase, which can be independent to items, and popular items are

more likely to be purchased. The transactions made between super

users and popular items unnecessarily imply good recommenda-

tions since it can be simply caused by the high purchase chance. On

the other hand, the group of items having a strong purchase prefer-

ence within a certain group of users comparing to their background

purchase rate is more valuable for recommendation. However, the

fairness issue in the low rank representation of binary data due to

varied element-wise background probability was rarely considered

in existing formulations [5].

Here, we propose BIND, a binary data denoising method via con-

sidering the data is generated from the mixture of to-be-identified

rank-1 patterns and an unknown background of element-wise prob-

ability, plus i.i.d. errors. BIND estimates the mixture distribution of

the probabilities of 1s from rank-1 patterns and background in each

row and column, by which the rows or columns that are more likely

with true rank-1 patterns are distinguished by the over-represented

1s comparing to the background.

Key contributions of this work include: (1) BIND is the first of this

kind of binary data denoising method via considering non-identical

background distribution, (2) BIND can be easily implemented with

state-of-the-arts BMF or CC methods for a fairer rank-1 pattern

detection, and (3) rigorous mathematical derivations are provided

to characterize the property of disparate background distribution.
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2 BACKGROUND
2.1 Notations
We denote matrix, vector and scalar by uppercase, bold lowercase

and lowercase character X ,x,x . Superscript with × indicates di-

mensions, while subscript implies index, such as Xm×n
i j and xm×1i .

Pi j ≜ P(Xi j = 1) denotes the element-wise probability of 1 at the

element Xi j . |x| and |X | represent the l1 norm of vector and matrix,

and ◦ represents Hadamard product.

2.2 Related work
Existing methods of binary matrix low rank representation fall into

two major categories, namely binary matrix decomposition (BMF)

and co-clustering (CC). BMF aims to decompose a binary matrix

as the product of two low rank binary matrix by maximizing its

overall fitting to the original matrix. The formulation of BMF is

thus generalized as

Xm×n = Um×kV k×n + Em×n

, where U and V are the low rank pattern matrices, and E is the

flipping error with p(1→ 0) = p(0→ 1) = p0. BMF problem is NP-

hard, for which multiple heuristic algorithms have been developed.

One representative method is ASSO, which retrieves candidate

patterns by using row-/column-wise correlation [2]. More recently,

Bayesian probability measure and geometrical identification largely

improved the efficiency and accuracy of BMF [3, 4].

In contrast, the co-clustering (CC) method, also named as bi-

clustering in statistics and computational biology, maximizes the en-

richment of 1s in the detected patterns based on certain thresholds[1].

For givenXm×n
, most CCmethods aim to identify the cardinality of

index set Il × Jl , l = 1, ...,k , where Il ∈ {1, ...,m} and Jl ∈ {1, ...,n},

s .t . Pi j =

{
pl , i f i, j ∈ Il × Jl
p0, i f i, j < Il × Jl

∀l = 1, ...,k

Noted, both BMF and CCmethods assume the binary data is formed

by the sum of to-be-identified rank-1 submatrices and an i.i.d error,

where individuals bias has not been investigated.

2.3 Problem formulation
We consider the observed binary data with disparate element-wise

background probability that is generated by:

X = Um×kV k×n + X 0 + E ′ + E (⋆)

Compared with the formulation of BMF, X 0
is the background

matrix. E ′ is the pattern wise observation error that each element

from pattern l has a probability of 1 − pl to be zero, while the

elements outside patterns will not be impacted, i.e., PE
′

i j (1→ 0) =
1 − pl , if i, j ∈ Il × Jl , P

E′
i j (1→ 0) = 0, if i, j < Il × Jl , ∀l = 1, ...,k .

Under this definition, by considering X 0
are 0, current BMF and

CC described in 2.2 are special case of (⋆), and were designed to

handle the pattern observation error E ′ and elment-wise flipping

error E. Thus, the bottleneck of a fair binary submatrix detection

lies in differentiating true patterns from the background X 0
. We

consider the assumption of P(X 0

i j = 1) ∝ p0,ri · p
0,c
j that can cover

most of the binary data with disparate background, when X 0

i j are

conditionally independent with fixed row or column index, like the
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Figure 2: quantile shift denoising

purchase transaction data in figure 1 with items of different popular-

ity and users of different activity. We denote the row/column-wise

background probability as pm×1, 0,row and pn×1, 0,column
, shorted

as p0,r and p0,c , where p0,ri ∝ p̂0,ri =
|X 0

i : |
n and p0,cj ∝ p̂0,cj =

|X 0

:j |
m ,

and P(X 0

i j = 1) can be unbiasedly estimated as

|X 0

i : | · |X 0

:j |
|X 0 | .

3 BIND FRAMEWORK
Here we propose the BIND

1
framework to identify the rank-1

patterns (U ,V ) from binary data X with disparate background

X 0
. Denoting P(X 0

i j = 1) as P0i j , the element-wise probability

Pi j ≜ P(Xi j = 1) can be derived as:

Pi j =

{
P0i j ∝ p0,ri · p

0,c
j , ij < any Il × Jl

1 − (1 − P0i j )(1 − pl ) = p
0

i j + (1 − p
0

i j )pl , ij ∈ Il × Jl
(∗)

Specifically, the row and column probability pri and pcj can be esti-

mated by p̂ri =
|Xi : |
n and p̂cj =

|X :j |
m . Noted, pr and pc are formed

by the mixture distribution of p0,r ,p0,c and pl . Analogous to BMF

and CC problem, direct inference of p0,r ,p0,c and pl from pr and
pc is NP-hard. As shown in Figure 2A-D, instead of computing

p0,r ,p0,c and pl , BIND identifies the rows and columns that are

most likely conceiving patterns comparing to others. The elements

of the intersection of the identified rows and columns more likely

represent true rank-1 patterns (figure 2F-J). For this task, we in-

troduce the quantile_shift algorithm with thorough mathematical

proof.

Quantile_shi f t algorithm is designed to distinguish rows or

columns that are more likely conceiving rank-1 patterns. First, we

introduce the concept of empirical distribution of row-/column-

wise probability, denoted as Fr and Fc (figure 2A,B), which are

sampled from p̂r and p̂c with probability P(Fr = p̂ri ) ∝ p̂ri and

P(Fc = p̂cj ) ∝ p̂cj . The observed probability of hits Fh of any row

i0 or column j0 is defined by Fh,r,i0 = {p̂cj |j with Xi0 j = 1} and
Fh,c, j0 = {p̂ri |i with Xi j0 = 1}. Here Fr and Fc characterize the

distribution of p̂r and p̂c of the 1s randomly drawn from p̂r and
p̂c . Intuitively, if a row or column conceives a distinct pattern, the

quantile function Qh
of Fh will shift drastically from the quantile

function Qc
of Fc or Qr

of Fr (figure 2C). On the other hand, Qh

will be similar to Qc
or Qr

if the row or column does not contain

1
Code and material can be access at https://github.com/clwan/BIND
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any pattern (figure 2D). Hence the shift between Qh
and Qr

or Qc

can serve as a weight s to differentiate the rows or columns more

likely conceiving a pattern (figure 2E). Noted, here Fr and Fc serve

as proxy of F0,r and F0,c , which are the empirical distribution of

the true background probability of p0,r and p0,c . In the following

content, we prove s approximates the pattern size within each row

or column, i.e., s ≈ |(UV +E ′)i : | or |(UV +E ′):j | with certain bounds.
The input ofQuantile_shi f t algorithm include a row or column

index i0/j0, and p̂c or p̂r , by which the empirical distribution Fc

or Fr will be sampled, and the probability of hit of the row or

column Fh will be computed. The output is weight s of the row or

column.Without loss of generality, we illustrate theQuantile_shi f t
algorithm for computing the weight of row i0 below, and detailed

mathematical proofs as follows:

Algorithm 1: Quantile_shift
Inputs: Row index i0, Estimated column-wise probability p̂c

Outputs: Estimated weight of significance of row i0, s
r
i0

Quantile_shi f t(i0, p̂c ):
Fc ← sampled f rom p̂c with probability p̂c

Fh ← {p̂cj |j with Xi0 j = 1}
F(h) ← sort(Fh ), a ← lenдth(Fh )
Qc (p) = sup(b) s .t . |Fc<b |

lenдth(Fc ) ≤ p and |Fc>b |+1
lenдth(Fc ) > p

for j=1...a do
if F(h)j > Qc ( ja ) then

tj ← the column index s .t . F(h)j = p̂ctj & Xi0tj = 1

s ← s +
F(h)j −Qc ( ja )

1−p̂ctj
end

Lemma 1. If p̂r and p̂c are unbiased estimation of p0,r and p0,c .
The weight computed by quantile_shift is an unbiased estimation of
the sum of E(Um×kV k×n + E ′) with respect to that column or row.

Proof. If p̂r and p̂c are unbiased estimation of p0,r and p0,c ,
Fr or Fc generated from p̂r and p̂c form unbiased empirical distri-

bution of row-/column-wise probability of 1s of X 0
, i.e. P(F0,r =

p0,ri ) ∝ p0,ri and P(F0,c = p0,cj ) ∝ p0,cj . Without loss of generality,

we prove the lemma for the computation of the weight of the i0th
row. Denote t = {j |Xi0 j = 1} and a = lenдth(t), by Algorithm 1
and (∗), ∀ j ∈ {1, ...,a} :
If i0tj < any Il × Jl ,

E(F(h)j −Q(
j

a
)) = E(p̂ctj − sup(b |

|Fc < b |
lenдth(Fc ) ≤

j

a
)) = 0

Else, i0tj ∈ Il × Jl f or certain l ,

E(F(h)j −Q(
j

a
)) = E(p̂ctj + (1 − p̂

c
tj )pl − sup(b |

|Fc < b |
lenдth(Fc ) ≤

j

a
))

= (1 − p̂ctj )pl
Such that

E(
a∑
j=1

F(h)j −Q(
j
a )

1 − p̂ctj
) =

∑
l

a∑
j=1

pl I = |E(Um×kV k×n + E ′)i0: |

□

Lemma 2. For X in (⋆), and P0i j ≜ P(X 0

i j ) ∝ p0,ri · p0,cj , the

probability estimated by p̂ri =
|Xi : |
n and p̂cj =

|X :j |
m are bounded by

|p̂ri − p
0,r
i | ≤

∑k
l=1 1(i ∈Il )pl | Jl |

n , and |p̂cj − p
0,c
j | ≤

∑k
l=1 1(j ∈Jl )pl |Il |

m .

Lemma 2 can be derictly derived from (⋆) and (∗).

Lemma 3. The weight of the i0th row (or similarly j0th column) is
with a bias led by the biasedly estimated p̂c and p̂r , which is bounded

by E(s − |(UV + E ′)i0: |) ≤
max (Fc )+max ( |E(UV+E′):j |

m )( |Fc |+1)
min(1−ph ) |Fc | .

We still use the compututaion of the i0th row to illustrate the

proof. The case for columns can be similarly derived.

Proof. By Lemma 2, p̂c is a biased estimation of p0,c , where

p̂cj =
|X :j |
m ≥ p0,cj =

|X 0

:j |
m , j = 1, ...,m. Hence F(h) ≥ F0,(h),

suggesting 1 − F0,(h) ≥ 1 − F(h) and Qc ( ja ) ≥ Q0,c ( ja ), by which������F
0,(h)
j −Q0,c ( ja )

1 − p̂0,ctj

−
F(h)j −Q

c ( ja )
1 − p̂ctj

������ ≤ 2

�������
max

z∈(0,1)
{Qc (z) −Q0,c (z)}

1 − p̂ctj

�������
By lemma 2, the bias of |p̂cj − p̂

c,0
j | is bounded by

|E(UV+E′):j |
m .

So the max shift caused in the quantile function max

z∈(0,1)
{Qc (z) −

Q0,c (z)} is bounded by max (p̂c )+max ( |E(UV+E′)
:j |

m )
|p̂c | +max( |E(UV+E′):j |

m ).
Hence the cumulative bias is bounded by

E(s−|E(UV+E ′)i0: |) ≤
a(max(p̂c ) +max( |E(UV+E′):j |

m )(|p̂c | + 1)))
min(1 − p̂c )|p̂c |

□

Lemma 1 suggests |Qh
-Q0

| is an unbiased estimation of the ex-

pected number of 1s in the rank-1 patterns and Lemma 2-3 provide

the bound of the bias of |Qh
-Q | whenQ0

is biasedly estimated asQ .

Theorem 1 (Quantile_shift). For a relative sparse binary ma-
trix, the weight calculated by Quantile_shift sufficiently characterizes
the indices of the patterns with largest Pl |Il | and Pl |Jl |.

Proof. For i0th row (or similarly for the j0th column),

E(s − |(UV +E ′)i0: |) ≤
a(max(p̂c ) +max( |E(UV+E′):j |

m )(|p̂c | + 1)))
min(1 − p̂c )|p̂c |

≈ a

min(1 − p̂c )max{max(p̂c )
|p̂c | ,max(

|E(UV + E ′):j |
m

)}

, suggests that when the input matrix and rank-1 patterns are rel-

atively sparse, the weight s approximates (UV + E)i0:, i.e. largest
values in sr and sc correspond to the rows and columns of the

patterns with largest Pl |Il | and Pl |Jl |. □

BIND framework is developed to implement Quantile_shi f t al-
gorithm with a BMF or CC method, denoted as F , for a fairer

rank-1 pattern identification under the formulation of (⋆). As illus-

trated in figure 2F-J, Quantile_shi f t denoises the majority of the

background signal and enables a BMF or CC method better detects

Um×k
and V k×n

. A cutoff τ is needed to differentiated the weight
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of t h e r o ws or c ol u m ns wit h tr u e p att er ns ( fi g ur e 2 E). E m piri c all y,
τ c o ul d b e s et fr o m 0. 0 5 t o 0. 1 i n BI N D al g orit h m.

BI N D is c a p a bl e f or o n e dir e cti o n d e n oisi n g. T h e Q u a ntil e _ s hi f t
al g orit h m is O (n ) or O (m ) f or r o w or c ol u m n w ei g ht c o m p ut ati o n
a n d t h e BI N D al g orit h m is O (m n ), w hi c h is s m all er t h a n m ost of
c urr e nt B M F a n d C C m et h o ds. T h e BI N D al g orit h m is d et ail e d
b el o w:

Al g o rit h m 2: BI N D

I n p ut s: I n p ut d at a X m × n , T hr es h ol d τ , B M F/ C C m et h o d F

O ut p ut s: P att er n m atri c es U m × k a n d V k × n

BI N D (X ,τ , F ) :
X u s e ← 0 · X , s r ← 0 m × 1 , s c ← 0 n × 1

p̂ r
i =

|X i : |
n ∀ i = 1 , ...,m a n d p̂ c

j =
|X :j |
m ∀ j = 1 , ...,n

f o r i = 1... m d o
s r
i = Q u a ntil e _ s hi f t (i, p̂ c )

e n d

f o r j = 1... n d o
s c
j = Q u a ntil e _ s hi f t (j, p̂ r )

e n d

I r ← I (s r > τ ), I c ← I (s c > τ ), X u s e ← X ◦ ( I r · I c T )
U ,V ← F ( X u s e , ...)

4 E X P E RI M E N T

I n t his s e cti o n, w e e v al u at e t h e p erf or m a n c e of BI N D o n s y nt h eti c
a n d r e al- w orl d d at a s ets a cr oss di ff er e nt d at a s c e n ari os. We d e m o n-
str at e t h e i m pl e m e nt ati o n of BI N D wit h di ff er e nt BI N D B M F a n d
C C m et h o ds c a n si g ni fi c a ntl y i m pr o v e t h eir f air n ess i n d et e cti n g
r a n k- 1 p att er n fr o m bi n ar y m atri x wit h dis p ar at e b a c k gr o u n d pr o b-
a bilit y. We als o hi g hli g ht t h e a p pli c ati o n of BI N D fr a m e w or k f or
b ett er r es ult i nt er pr et ati o n o n r e al- w orl d M o vi el e ns d at a.

We si m ul at e s y nt h eti c d at a s ets X 1 0 0 × 1 0 0 wit h fi x e d si z e b y

f oll o wi n g (⋆ ): X = U m × k V k × n + E ′ + X 0 + E , wit h di ff er e nt
p att er n si z e ∈ { 1 0 , 1 5 , 2 0 } , p att er n n u m b er k ∈ { 1 , 2 } , o bs er v a-
ti o n err or p k ∈ { 0 .8 , 0 .9 , 1 .0 } , b a c k gr o u n d pr o b a bilit y p 0 ,r , p 0 ,c ,
a n d el e m e nt- wis e fli p pi n g err or p 0 ∈ { 0 , 0 .0 5 } . S p e ci fi c all y, b a c k-
gr o u n d pr o b a biliti es w er e g e n er at e d fr o m u nif or m distri b uti o n
p 0 ,r , p 0 ,c ∼ U [0 .1 ,p ], w h er e p ∈ { 0 .5 , 0 .6 , 0 .7 } c orr es p o n ds t o
di ff er e nt b a c k gr o u n d pr o b a biliti es. Alt o g et h er, w e d e e m 1 0 8 d at a
s c e n ari os fr o m t h e a b o v e p ar a m et er s etti n gs a n d si m ul at e d 3 0
r e pli c at es f or e a c h s c e n ari o t o f or m a t est- b e d. J a c c ar d i n d e x D =
|X ∩ U V |
|X ∪ U V |

(X = ori д i n al or d e n ois e d d at a) is us e d as t h e e v al u ati o n

m etri c. F or e a c h d at a s c e n ari o, d e n oisi n g p erf or m a n c e is e v al u at e d
b y t h e a v er a g e d J a c c ar d i n d e x o n t h e 3 0 r e pli c at es. We first c o m p ar e
t h e p erf or m a n c e wit h r es p e ct t o di ff er e nt si g ni fi c a n c e t hr es h ol d
τ = { 0 , 0 .0 5 − 1 } , w h er eτ = 0 r e pr es e nts t h e d at a wit h o ut d e n oisi n g.
As s h o w n i n fi g ur e 3 A, t h e d e n oisi n g pr o c ess o n a v er a g e i n cr e as e d
t h e J a c c ar d i n d e x b y 2. 6 f ol d a n d d e n oisi n g e ffi ci e n c y is sli g htl y
i n cr e as e d wit h τ . T a bl e 1 lists t h e d e n oisi n g p erf or m a n c e wit h r e-
s p e ct t o di ff er e nt n u m b er of p att er ns k , b a c k gr o u n d pr o b a bilit yp
a n d o bs er v ati o n pr o b a bilit y p k , w h er e p att er n si z e is s et as 1 5 a n d
τ = 0 .1 .

We b e n c h m ar k BI N D b y i m pl e m e nti n g wit h r e c e ntl y d e v el o p e d
B M F m et h o d L O M a n d C C m et h o d Bi cl ust, w hi c h s h o w e d t o p
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Fi g u r e 3: P e rf o r m a n c e o n si m ul at e d a n d M o vi el e n s d at a

p
p k si n gl e p att er n M ulti pl e p att er n

0. 8 0. 9 1. 0 0. 8 0. 9 1. 0

0. 5 0. 1 7/ 0. 6 7 0. 1 8/ 0. 7 9 0. 2 0/ 0. 8 8 0. 2 8/ 0. 5 9 0. 3 1/ 0. 7 3 0. 3 4/ 0. 8 4
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T a bl e 1: J a c c a r d i n d e x b ef o r e/ aft e r d e n oi si n g

p erf or m a n c e a m o n g si mil ar st at e- of-t h e- arts m et h o ds [ 1 , 3 ]. T h e
i m pl e m e nt ati o n of BI N D l ar g el y i n cr e as e d t h e a c c ur a c y i n d et e ct-
i n g tr u e p att er ns, w hi c h r es ults i n a n a v er a g e d 7. 5 ( L O M) a n d 2. 6
( Bi cl ust) f ol d i n cr e as e of t h e J a c c ar d i n d e x ( fi g ur e 3 B, C) .

We als o d e m ostr at e t h at BI N D i n cr e as es t h e i nt er pr et ati o n a n d
d e n oisi n g i n r e al- w orl d M o vi el e ns d at a, i n w hi c h X i j = 1 r e pr es e nts
t h e i nt er est of us er i (r o w) i n r ati n g/ w at c hi n g m o vi e j ( c ol u m n).
C at e g or y l a b el of e a c h m o vi e is pr o vi d e d. I nt uiti v el y, dis p ar at e
b a c k gr o u n d pr o b a bliti es n at ur all y e xist i n t his d at a d u e t o di ff er e nt
p o p ul arit y of m o vi es a n d a cti vit y of us ers. D at a is di vi d e d i nt o
f o ur r e gi o ns b y t h e I r a n d I c c o m p ut e d i n Al g o rit h m 2 ( fi g ur e
3 D, E), w h er e 1○ is t h e r e gi o n m ost li k el y wit h p att er ns, a n d 2○ ,
3○ a n d 4○ ar e d e n ois e d r e gi o ns. Us ers i n r e gi o n 1○ w at c h e d m or e
m o vi es b ut l ess c at e g ori es c o m p ari n g t o ot h er r e gi o ns ( fi g ur e 3 F),
s u g g esti n g p ot e nti al r e c o m m e n d ati o n. I n a d diti o n, r e gi o n 1○ h as
s m all est dis p ersi o n of t h e n u m b er of r at e d m o vi es wit h r es p e ct t o
di ff er e nt c at e g ori es, s u g g esti n g m or e st a bl e r ati n g pr ef er e n c e of
us ers t o w ar ds t h eir pr ef err e d m o vi e t y p es i n t his r e gi o n ( fi g ur e 3 G).

5 A C K N O W L E D G M E N T S

T his w or k w as s u p p ort e d b y R 0 1 a w ar d # 1 R 0 1 G M 1 3 1 3 9 9- 0 1, N S F
II S ( N 0. 1 8 5 0 3 6 0), S h o w alt er Y o u n g I n v esti g at or A w ar d fr o m I n di a n a
C T SI a n d I n di a n a U ni v ersit y Gr a n d C h all e n g e Pr e cisi o n H e alt h
I niti ati v e.
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