La Matematica (2022) 1:115-130
https://doi.org/10.1007/s44007-021-00007-6

ASSOCIATION FOR
WOMEN IN MATHEMATICS

®

Check for
updates

ORIGINAL RESEARCH ARTICLE

Embeddings of Maximal Tori in Classical Groups, Odd
Degree Descent and Hasse Principles

Eva Bayer-Fluckiger' - Ting-Yu Lee? - Raman Parimala3

Received: 21 April 2021 / Revised: 26 September 2021 / Accepted: 20 October 2021/
Published online: 12 January 2022
© The Author(s), under exclusive licence to Springer Science+Business Media LLC, part of Springer Nature 2022

Abstract

The aim of this paper is to revisit the question of local—-global principles for embeddings
of étale algebras with involution into central simple algebras with involution over
global fields of characteristic not 2. A necessary and sufficient condition is given
in Bayer-Fluckiger et al. (J Eur Math Soc 20:137-163, 2018). In the present paper,
we give a simpler description of the obstruction group. It is also shown that if the
étale algebra is a product of pairwise linearly disjoint field extensions, then the Hasse
principle holds, and that if an embedding exists after an odd degree extension, then it
also exists over the global field itself. An appendix gives a generalization of this later
result, in the framework of a question of Burt Totaro.
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1 Introduction

The aim of this paper is to revisit a topic investigated in [2—4,9,12,15], namely the
question of embeddings of maximal tori in classical groups. As in the above refer-
ences, this is reformulated in terms of embeddings of commutative étale algebras with
involution in central simple algebras with involution.
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If the ground field is a global field of characteristic # 2, a necessary and sufficient
condition for the local—global principle to hold is given in [4, Theorem 4.6.1]. This
result is formulated in terms of an obstruction group, constructed in [4, §2]. The
description of this group is however quite complicated. One of the aims of the present
paper is to give a much simpler description of the obstruction group (see Sect. 4),
leading to a simpler version of of Theorem 4.6.1 of [4], see Theorem 6.1.

On the other hand, [3] gives a necessary and sufficient criterion for an embedding
to exist locally everywhere. However, this result is not enough for some applications
of Theorem 4.6.1 of [4]: we need to know when an oriented embedding exists locally
everywhere. We provide a criterion for this to hold in Theorem 3.1.

We then give two applications:

We show that if the commutative étale algebra is a product of pairwise linearly
disjoint fields, then the obstruction group is trivial, and hence the local-global principle
holds (see Corollary 7.5).

We also prove an odd degree descent result: if an embedding exists after a finite
extension of odd degree, then it also exists over the ground field (see Theorem 8.1).
This provides a positive answer to the following question of Totaro (see [18]): if a
homogeneous space has a zero-cycle of degree one, does it also have a rational point ?
A more general result on a positive answer to Totaro’s question for homogeneous
spaces under connected linear algebraic groups with connected stabilizers over number
fields, using Borovoi’s arguments, is proved in Proposition 9.1 of Appendix.

We thank Jean—Louis Colliot-Thélene, who suggested to us the outline of the proof
of Proposition 9.1, and also Mikhail Borovoi for useful suggestions. The third author
is partially supported by the grant NSF DMS-1801951 during the preparation of this

paper.

2 Definitions, Notation and Basic Facts

Let L be a field with char(L) # 2, and let K be a subfield of L such that either K = L,
or L is a quadratic extension of K.

2.1 Etale Algebras with Involution

Let E be a commutative étale algebra of finite rank over L, and leto : E — E be a
K-linear involution. Set F = {e € E|o(e) = e}, and n = dimy (E). Assume that if
L = K, then we have dimg (F) = [%]. Note that if L # K, then dimg (F) = n
(cf. [15, Proposition 2.1]).

2.2 Central Simple Algebras with Involution

Let A be a central simple algebra over L. Let t be an involution of A, and assume that
K is the fixed field of 7 in L. Recall that 7 is said to be of the first kind if K = L and of
the second kind if K # L;in this case, L is a quadratic extension of K. After extension
to a splitting field of A, any involution of the first kind is induced by a symmetric or
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by a skew-symmetric form. We say that the involution is of the orthogonal type in the
first case, and of the symplectic type in the second case. An involution of the second
kind is also called unitary involution.

2.3 Embeddings of Algebras with Involution

Let (E, o) and (A, t) be as above, with n = dimy (E) and dimy (A) = n?; assume
moreover that o |L = t|L.

An embedding of (E, o) in (A, 7) is by definition an injective homomorphism f :
E — Asuchthatt(f(e)) = f(o(e)) foralle € E. Itis well-known that embeddings
of maximal tori into classical groups can be described in terms of embeddings of étale
algebras with involution into central simple algebras with involution satisfying the
above dimension hypothesis (see for instance [15, Proposition 2.3]).

Lete : E — A be an L-embedding which may not respect the given involutions.
There exists an involution 6 of A of the same type (orthogonal, symplectic or unitary)
as T such that e (o (e)) = O(e(e)) for alle € E, in other words € : (E, o) — (A, 0) is
an L-embedding of algebras with involution (see [10, §2.5] or [15, Proposition 3.1]).

Foralla € F*,let6, : A — A be the involution given by 6, = 6 oInt(e(a)). Note
thate : (E, o) — (A, 0,) is an embedding of algebras with involution.

Proposition 2.1 The following conditions are equivalent:

(a) There exists an L-embedding 1 : (E, o) — (A, 1) of algebras with involution.
(b) There exists an a € F* such that (A, 6,) >~ (A, t) as algebras with involution.

Proof See [15, Theorem 3.2].

Oriented embeddings

Let(A, t) be an algebra with orthogonal involution. The algebra A is said to be split
if A is a matrix algebra. Note that if » is odd, then A is split. In the case of a non-split
A, we need an additional notion, called orientation (see [4, §2]).

Assume that (A, 1) is of orthogonal type and that n is even. We need an additional
notion, called an oriented embedding (see [4, §2.6]). We redefine this notion in terms of
fixing a module structure for the Clifford algebra C(A, t) over a given etale quadratic
algebra. We identify this notion with the one given in [4]. We denote by Z(A, 7) the
center of the algebra C(A, 7). Then Z(A, ) is a quadratic étale algebra over K (cf.
[11, Chap II. (8.7)]).

Let A(E) be the discriminant algebra of E (cf. [11, Chapter V, §18, p. 290]). An
isomorphism of K—algebras

A(E) > Z(A, 1)
will be called an orientation (see [4, §2]).
Let m be the generalized Pfaffian of (A, t) (see [11, Chap. II (8.22)]). For an

embedding: : (E,0) — (A, t),wedenotebyu, : A(E) — Z(A, t)theisomorphism
induced by ¢ via the generalized Pfaffian 7 (cf. [4, 2.3]). O
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Definition 2.2 Fix an orientation v : A(E) — Z(A, 7). An embedding ¢ : (E,0) —
(A, 7) is said to be an oriented embedding with respect to v if u, = v.

Letu : A(E) — Z(A, 0) be the orientation of (A, 6) constructed viae : (E, o) —
(A, 0) and via the generalized Pfaffian of (A, 6). Foralla € F* letu, : A(E) —
Z(A, 0,) be the isomorphism induced by € : (E, 0) — (A, 6,) and by the generalized
Pfaffian of (A, 6,). Note that the orientation u, defined above coincides with the one
defined in [4, 2.5].

Proposition 2.3 Ler (A, t) be an orthogonal involution with A of even degree, and
letv : A(E) - Z(A, t) be an orientation. Let 1 : (E, o) — (A, T) be an oriented
embedding with respect to v. Then there exist a € F* and o € A* satisfying the
following conditions:

(a) Int(a) : (A, 6,) — (A, 1) is an isomorphism of algebras with involution such that
Int(ex) o€ = 1.
(b) The induced automorphism c(«) : Z(A, 6,) — Z(A, ) satisfies

cla)oug =v.

The elements (1, a, o, v) are called parameters of the oriented embedding.

Proof By Proposition 2.1 there are a € F* and ¢ € A* such that Int(a) o € = .
Consider the induced map between C(A, 6,) and C(A, 7). Then we have c(«) ou, =
u, =v. O

Lemma 2.4 Let (A, t) be an orthogonal involution with A of even degree, and let
v:A(E) — Z(A, t) be an orientation. For a € F*, regard C(A, 6,) and C(A, t) as
A(E)-modules via u, and v respectively. Then there exists an oriented embedding of
(E, o) into (A, t) with respect to the orientation v if and only if there exist a € F*
and a € A* such that Int(x) : (A, 6,) — (A, 1) is an isomorphism of algebras with
involution and the induced isomorphism on the Clifford algebras c(«) : C(A, 6,) —
C(A, 7) is an isomorphism of A(E)-modules.

Proof Suppose that there is an oriented embedding ¢ of (E, o) into (A, t) with respect
to the orientation v. By definition there exist parameters (¢, a, «, v) of the oriented
embedding ¢. Consider the induced isomorphism c(«) : C(A, 6,) — C(A, t). Since
c(a) ou, = v, the algebras C(A, 8,) and C(A, 7) are isomorphic as A(E)-modules.
Suppose the converse. As c(«) is an isomorphism of A(E)-modules, we have

c(a) o uy = v. Therefore Int() o € an oriented embedding with respect to v.
O

Notation 2.5 If M is a field, let Br(M) be the Brauer group of M. Fora, b € M, we
denote by (a, b) the class of the quaternion algebra determined by a and b in Br(M).
We say that (E, o) issplitif E = F x F and thato (x, y) = (y, x) forallx, y € F.

Lemma 2.6 Assume that (E, o) is split. Then for all a € F*, the algebras with
involution (A, 0) and (A, 0,) are isomorphic. Moreover; there exists an isomorphism
Int(a) : (A, 0) — (A, 0,) such that c(a) ou = ug,.
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Proof Leta € F*.Since E = F x F, there exists x € E* such that Ng/r(x) = a.
Hence Int(e(x~!)) : A — A is an isomorphism between the algebras with involution
(A,0) and (A, 6,), and c(e(x~ 1)) ou = uy. ]

Proposition 2.7 Assume that K is a local field, that (E, o) is nonsplit, and that (A, 1)
is isomorphic to My, (H), t,), where H is the unique quaternion field over K, and
1), is induced by the hyperbolic form on H*". Suppose that there exists an embedding
(E,0) = (A, 7). Let v : A(E) — Z(A, 1) be an orientation. Then there exists an
oriented embedding of (E, o) into (A, T) with respect to the orientation v.

Proof Let: : (E,o0) — (A, 7) be an embedding, and let u, : A(E) — Z(A, 1) be
the isomorphism induced by ¢. If u, = v, we are done. Suppose that u, # v. Let
d € F*,withd ¢ F*?, suchthat E = F(s/d). Then there is some a € F* such
that resa(g)/kcorp/k (a,d) # 0 in Bra(A(E)). Let ¢4 : (E,0) — (A, 14) be the
embedding defined by ¢,(x) = t(x) for all x € E. By [4], Lemma 2.5.4, we have
[C(A, 10)] = [C(A, 1)] + resa(r)/kcorp/k (a, d) in Bro(A(E)), where we regard
C(A, t) and C(A, 1,) as A(E)-modules via u, and u,, respectively.

Since t and 7, are both hyperbolic involutions, there is an @« € A* such that
Int(e) : (A, 75) — (A, ) is an isomorphism of algebras with involution. By the
choice of a, the algebras C(A, 7,) and C(A, 7) are not isomorphic as A(E)-modules.
Therefore c(«) o u,, # u,. As there are exactly two distinct isomorphisms between
A(E) and Z(A, 7), this implies that Int(«) o ¢, is an embedding with orientation v. O

3 Local Criteria for the Existence of Oriented Embeddings

Assume that K is a global field, and let Vx be the set of places of K. If v € Vg,
we denote by K, the completion of K at v. Let (A, ) and (E, o) be as in §2. In
[3], we gave necessary and sufficient conditions for an embedding (E, o) — (A, 1)
to exist everywhere locally. The aim of this section is to give such conditions for an
oriented embedding to exist everywhere locally. The existence of embeddings implies
the existence of oriented embeddings unless A is non-split and t is of orthogonal type.
Hence in the rest of this section, we assume that A is non-split and 7 is of orthogonal
type.

We keep the notation of Sect. 2; in particular, € : E — A is an embedding of alge-
bras with involution (E, o) — (A, 0),and u : A(E) — Z(A, 0) is the isomorphism
induced by € as above. For all v € Vg, we denote by H, the unique quaternion field
over K,, and let 7;, be the involution of My, (H,) induced by the hyperbolic hermitian
form on H2". Let us denote by P the set of v € Vg such that

e (A, 1) ®k Ky =~ Mo, (Hy), th);
e EQR K, = (FQ®k Ky) x (F Qg Ky), and for all x,y € F ®k K, we have
o(x,y) = (y,x).

Theorem 3.1 Assume that for all v € Vi, there exists an embedding (E, 0)Qk K, —
(A, 7) ®k Ky. Let v : A(E) — Z(A, 1) be an orientation. The following properties
are equivalent
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(1) There exists an oriented embedding (E, o) Qx Ky, — (A, 1) Qx K, with respect
tov forallv € Vi;

(ii) ViewC(A®k Ky, 0) andC(AQk Ky, T) as A(E)-modules viau and v respectively.
Then

[C(A ®k Ky, 0)] =[C(A®k Ky, 7)]

in Br(A(E Qk Ky)) forallv € P.

Proof For any a,, € F), we view C(A, 0,,) as a A(E ®k K,)-module via u,,. Let
us first show that (i) implies (ii). For all v € Vg, set A = A ®k K,. By Lemma
2.4, we know that for all v € Vi there exists a,, € F* and an isomorphism Int(c”) :
(AY,0,,) — (A, 1) of algebras with involution such that c(a) : C(AY,6,,) —
C(AY, ) is an isomorphism of A(E)-modules. Let v € P. Then (E ® K,, o) is split.
Hence by Lemma 2.6 we have (A", 0) >~ (AY, 0,,) and C(A",0) >~ C(A", 6,,) as
A(E ®k K,)-modules. Therefore [C(AY, 8)] = [C(AY, 7)] in Br(A(E ®k Ky)).
Let us now show that (ii) implies (i). If AV is split or disc(A”, t) # 1 in KU/KUXz,
then by [4, Corollary 2.7.3] there exists an oriented embedding (E ®k K,, o) —
(A", 7). Hence we only have to consider the following two cases.
Case 1 (E ®k Ky, o) non-split, AY non-split, and disc(A", t) = l in KU/KUXZ. Then
by Proposition 2.7 there exists an oriented embedding of (E ®k K,, o) into (A, 1)
with respect to the orientation v.
Case 2 Assume that v € P. In this case, both (A", t) and (A", #) are induced by
hyperbolic forms. Hence there exists a, € (AY)™ such that Int(ey) : (AY,7) —
(A", 0) is an isomorphism of algebras with involution. Let c(«y) : C(AY,7) —
C(A", 0) be the isomorphism induced by Int(x,). Then [C(AY, T)] = [C(AY, )] in
Br(A(E ®k K,)), where we regard C(AY, t) as an algebra over A(E ®k K,) via
c(ay) ' ou. However, by assumption we have [C(AY, 8)] = [C(A?, 7)]inBr(A(E®k
K,)), where we regard C(AY, 1) asa A(E @k K, )-module via v. Hence ¢(aty) ™' ou =
v, and Int(o, 1y 6 € is an oriented embedding with respect to v. O

4 The Obstruction Groups

4.1 A General Construction

Recall from [1] the following construction. Let I be a finite set, and let C (1) be the
set of maps I — Z/2Z. Let ~ be an equivalence relation on /. We denote by C~ (1)

the set of maps that are constant on the equivalence classes. Note that C (/) and C~ (1)
are finite elementary abelian 2-groups.

4.2 An Example

This example will be used in Sect. 7. We say that two finite extensions K| and K; of a
field K are linearly disjoint if the tensor product K| ® ¢ K7 is a field. Let E = [[ E;

iel
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be a product of finite field extensions E; of K, and let us consider the equivalence
relation ~ generated by the elementary equivalence

i ~,j <= E;and E; are linearly disjoint over K.

Let Cindgep(E) be the quotient of C~ (1) by the constant maps; this is a finite ele-
mentary abelian 2-group.

4.3 Commutative Etale Algebras with Involution

Let (E, o) be a commutative étale L-algebra with involution such as in Sect. 2. Note
that E is a product of fields, some of which are stable by o, and the others come in
pairs, exchanged by o. Let us write £ = E’ x E”, where E’ = [] E; with E; a field
iel
stable by o for all i € I, and where E” is a product of fields exchanged by o. With
the notation of §2, we have F = F’ x F”, with F' = [] F;, where F; is the fixed field
iel

of o in E; foralli € I. Note that E” = F” x F”.Foralli € I,letd; € F;" be such
that E; = F;(V/d;), and letd = (d;).

4.4 The Subsets V; ;

Let V beaset,andforalli, j € IletV; ; beasubsetof V. We consider the equivalence
relation ~ on I generated by the elementary equivalence i ~, j <= V; ; # @.

4.5 Global Fields

Assume that K is a global field.

Foralli € I, let V; be the set of places v € Vi such that there exists a place of F;
above v thatisinertorramifiedin E;. Foralli, j € I,setV; ; = V;NV;,andlet~be the
equivalence relation generated by the elementary equivalencei ~, j <= V; ; # @.

Let C(E, o) be the quotient of C~ () by the constant maps; note that C(E, o) is
a finite elementary abelian 2-group.

As a consequence of [4, Theorem 5.2.1], we show the following. Let (A, 7) be as
in Sect. 2. Forall v € Vg, set EY = E Qg K, and AY = A ®k K,.

Theorem 4.1 Assume that for all v € Vg, there exists an oriented embedding
(EV,0) — (AY, 1), and that C(E,o) = 0. Then there exists an embedding
(E,0) = (A, 7).

The proof is given in Sect. 6, as a consequence of Theorem 6.1.

5 Embedding Data

Let K be a global field, and let (E, o) and (A, t) be as above. The aim of this section
is to recall some notions from [4] that we need in the following section.
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We start by recalling from [4] the notion of embedding data. Assume that for all
v € Vg there exists an embedding (EV, o) — (AY, 7). The set of (a) = (a’), with
a¥ € (FY)*, such that for all v € Vg we have (A,, ) >~ (Ay, O,v), is called a local
embedding datum. This notion will be sufficient for our purpose if (A, 7) is unitary or
split orthogonal; however, when (A, t) is nonsplit orthogonal, we need the notion of
oriented local embedding data, as follows.

Let us introduce some notation.

Notation 5.1 For K and F as above, and for v € Vg, set F = F Qg K,, and we
denote by corfv/k, : Br(F”) — Br(K,) the corestriction map. Recall that we have a
homomorphism inv, : Br(K,) — Q/Z.

5.1 Oriented Embedding Data

Assume that (A, 7) is nonsplit orthogonal, and let v : A(E) — Z(A, t) be an
orientation. Suppose that for all v € Vi there exists an oriented embedding (E?, o) —
(A", 7). Anoriented embedding datum will be an element (a) = (aV) witha’ € (FV)*
such that for all v € Vi there exists «” € (A”)* such that (Int(«) o €, a’, «”, v) are
parameters of an oriented embedding, and that moreover the following conditions are
satisfied see [4, 4.1]):

e Let V/ be the set of places v € Vg such that A(EY) >~ K, x K,. Then
corpu/k,(a’, d) = 0 for almost all v € V'.
e We have

Zcorpu/KU(av,d) =0.

veVg

We denote by L(E, A) the set of oriented local embedding data (of course, the
orientation is only required in the nonsplit orthogonal case - if (A, 7) is unitary or split
orthogonal, then L(E, A) is by definition the set of local embedding data).

6 A Necessary and Sufficient Condition

Let K be a global field, and let (E, o) and (A, 7) be as in the previous sections. The
aim of this section is to reformulate the necessary and sufficient condition for the
existence of embeddings in [4]; the only difference is a simpler description of the
obstruction group. Suppose that for all v € Vi there exists an oriented embedding
(EY,0) — (A%, 1), and let (a) = (a}) € L(E, A) be an oriented local embedding
datum. For all i € I, recall that d; € FiX is such that E; = Fi(ﬁi).

Let C(E, o) be the group defined in Sect. 4. We define a homomorphism p = p, :
C(E, o) — Q/Z by setting

palc) = Z Zc(i) invycor o, (af, di).

veVgiel
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We have the following

Theorem 6.1 (a) The homomorphism p is independent of the choice of (a) = (a;') €
L(E, A).

(b) There exists an embedding of algebras with involution (E,o) — (A, 1) if and
onlyif p =0.

Proof Aswe will see, the theorem follows from [4, Theorems 4.4.1 and 4.6.1], and from
the fact that the group C (E, o) above and the group ITII(E’, o) of [4] are isomorphic, a
fact we shall prove now. Note that part (a) of the theorem can also be deduced directly
from [1, Proposition 13.6].

Let us recall the definition of III(E’, o) from [4, 5.1 and §3]. Recall that " = [] E;

iel

with E; a field stable by o, and F’ = [] F;, where F; is the fixed field of o in E; for

iel
alli € I. Asin [4, §3], let 3; be the set of v € Vi such that all the places of F; above
v split in E;; in other words, ¥; is the complement of V; in Vk. Let m = |I|. Given
an m-tuple x = (x1, ..., xy) € (Z/2Z)", set

Iy = Ilo(x) = {i | x; =0},

L=Lx)={i|xi =1}

Let S’ be the set

S = {(x1,..., xm)e(Z/ZZ)’"|(ﬂ[ zi)u< N zj)sz},
i€l

Jjeh

andlet S = S’ U (0,...,0)U(l,...,1). Componentwise addition induces a group
structure on S (see [4, Lemma 3.1.1]). We denote by III(E’, o) the quotient of S by
the subgroup generated by (1, ..., 1).

We next show that the groups ITI(E’, o) and C(E, o) are isomorphic. The first
remark is that with the above notation, we have

S = (X1, ..., xm) € (Z)2Z)" |<igl0 V,) m( U V,») = o).

Jjeh

Let us consider the map F : (Z/2Z)" — C(I) sending (x;) to the map ¢ : [ —
7./27 defined by c(i) = x;. We have

S = {(xX1s ..., xm) € (Z)2Z)" |<c(l_L)J=0 V,») n <c(j%J=1 vj> — o).

Note that this shows that the following two properties are equivalent:

(1) (x) €S,
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(2) If i, j € I are such that V; N V; # @&, then we have c(i) = ¢(j).

Recall from §3 the definition of the group C(E, o). We consider the equivalence
relation ~ on [ generated by the elementary equivalencei ~, j <= V; ; # &, and
we denote by C~ (1) the set of ¢ € C (/) that are constant on the equivalence classes.

Since (1) = (2), F sends S to C~(I). Moreover, F is clearly injective. Let us
show that F : S — C~(I) is surjective: this follows from the implication (2) —
(1). Hence we obtain an isomorphism of groups S — C~ (I),inducing an isomorphism
of groups ITII(E’, o) — C(E, o), as claimed.

The isomorphism F : III(E’, 0) — C(E, o) transforms f : III(E', o) — Q/Z
defined in [4, 5.1 and 4.4] into the homomorphism p : C(E,o0) — Q/Z defined
above. By [4, Theorem 4.4.1] (see also 5.1) the homomorphism f is independent of
the choice of (a) = (a]) € L(E, A), and this implies part (a) of the theorem. Applying
Theorem 4.6.1 and Proposition 5.1.1, we obtain part (b).

Proof of Theorem 4.1 This is an immediate consequence of Theorem 6.1. O

Remark 6.2 As part of the proof of Theorem 6.1, we showed that the groups C(E, o)
and ITI(E’, o) are isomorphic. Using this and [2, Section 2], we obtain a cohomological
interpretation of C(E, o).

7 An Application—Linearly Disjoint Extensions

We keep the notation of the previous section; in particular, K is a global field. The
following is a consequence of [1, Proposition 14.4]:

Proposition 7.1 Assume that E = E| x E;, where E\ and E> are linearly disjoint
field extensions of K, both stable by o. Then C(E, o) = 0.

Proof 1t suffices to show that Vi NV, # &, and this is done in [1, Proposition 14.4]. We
give the proof here for the convenience of the reader. Let 2/K be a Galois extension
containing E and E», and set G = Gal(2/L). Let H; C G; be subgroups of G such
that fori = 1, 2, we have E; = Qi and F; = Q% . Since E; is a quadratic extension
of F;, the subgroup H; is of index 2 in G;. By hypothesis, £ and E, are linearly
disjoint over K, therefore [G : H] N Hy] = [G : H{][G : H>]. Note that F| and F>
are also linearly disjoint over K, hence [G : G1 N G2] = [G : G1][G : G»]. This
implies that [G] N G : H] N Hy] = 4, hence the quotient G1 N G2/H; N H> is an
elementary abelian group of order 4.

The field €2 contains the composite fields Fj F> and E| E>. By the above argument,
the extension EE,/F|F; is biquadratic. Hence there exists a place of F F; that is
inert in both E| F, and E; F. Therefore there exists a place v of K and places w; of
F; above v that are inert in E; fori =1, 2. O

Let (A, 7) be a central simple algebra as in the previous sections.

Corollary 7.2 Assume that E = E| x E3, where E| and E; are linearly disjoint field
extensions of K, both stable by o, and suppose that for all v € Vg there exists an
oriented embedding (EV, o) — (A", t). Then there exists an embedding of algebras
with involution (E, o) — (A, 7).

@ Springer



La Matematica (2022) 1:115-130 125

Proof This follows from Theorems 6.1 and Proposition 7.1. O

To deal with the case where E has more than two factors, we introduce a group

Cindep(E, 0). As in Sect. 4, we write E = E’ x E”, where E’ = [] E; with E; a field
iel

stable by o for alli € I, and where E” is a product of fields exchanged by o. Let ~

be the equivalence relation ~ on I generated by the elementary equivalence

i ~, j <= E;and E; are linearly disjoint over K.
We denote by Cingep(E, 0) = Cindep(E/ ) the group constructed in Sect. 4 using
this equivalence relation.

Theorem 7.3 Assume that Cindgep(E, 0) = 0, and suppose that for all v € Vi there
exists an oriented embedding (EV, o) — (A", 1). Then there exists an embedding of
algebras with involution (E, o) — (A, 7).

Proof Recall that the group C(E, o) is constructed using the equivalence relation ~
generated by the elementary equivalence i ~, j <= V; NV, # <. Theorem
7.1 implies that if E; and E; are linearly disjoint over K, then V; N V; # @, hence
i~ j == i~ j.Byhypothesis, Cingep(E, o) = 0, therefore C(E, o) = 0; hence
Theorem 4.1 implies the desired result. O

Corollary 7.4 Assume that there exists i € I such that E; and E ; are linearly disjoint
over K forall j € I, j # i. Suppose that for all v € Vi there exists an oriented
embedding (EV,0) — (A", 1). Then there exists an embedding of algebras with
involution (E, o) — (A, 7).

Proof Since there exists i € I such that E; and E; are linearly disjoint over K for all
J €1, j #i,the group Cindep(E, 0) is trivial, hence the result follows from Theorem
7.3. O

Corollary 7.5 Assume that the fields E; are pairwise linearly disjoint over K. Suppose
that for all v € Vi there exists an oriented embedding (EV, o) — (A", 1). Then there
exists an embedding of algebras with involution (E, o) — (A, 7).

Proof This follows immediately from Corollary 7.4. O

8 An Application—Odd Degree Descent

We keep the notation of the previous sections: K is a global field, (E, o) and (A, )
are as before. The aim of this section is to prove the following:

Theorem 8.1 There exists an embedding of (E, o) into (A, t) if and only if such an
embedding exists over a finite extension of odd degree.

In other words, if there exists a finite extension of odd degree K'/K such that
(E,0)®k K’ can be embedded into (A, t) @k K’, then (E, o) can be embedded into
(A, 7).
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Remark 8.2 Note that the embeddings of algebras with involution considered here can
be viewed as points on oriented embedding functors, which are homogeneous spaces
under classical groups with connected stabilizer (see [12] and [2]). Therefore Theorem
8.1 gives an affirmative answer to Totaro’s question on zero cycles of degree one (cf.
[18, Question 0.2]) in our case. A more general statement is proved in Appendix.

We start by showing that there is a natural injective map from C(E, o) to C(E Qg
K',o). Foreachi € I let F; ®x K' >~ [] Fi/j where Fl./j’s are extensions of K'.
jesa) '
Define

I'={G, j)|iel, je S@i) and the image of d; in Fi”j is not a square.}

Define a map 7 from I’ to I by sending (i, j) to i.

Lemma 8.3 The map m induces an injective map
7¥:C(E, o) - C(E®g K',0).

Proof Ttis sufficient to show thatif (i1, k1) ~. (i2, jo)inI’,theni| ~, i3 in I.Suppose
that (i1, k1) ~ (i2, j2) in 1. By definition V(i|,j1),(i2,j2) #@.Pickw € V(il,jl),(iz,jz)
and let v be the restriction of w on K. Then v € V;, ;,. Hence i1 ~ i>. O

Remark 8.4 One can take the cohomological point of view of the group C(E, o)
(see also Remark 6.2). Then Lemma 8.3 follows immediately from the restriction-
corestriction of Galois cohomology.

Lemma 8.5 Assume that K is a local field. Let M be a local field which is an extension
of K with odd degree. If there is an embedding of (E, o) ®x M into (A, 1) Qx M,
then there is an embedding of (E, o) into (A, 7).

Proof 1t is a consequence of the criteria of existence of local embeddings in [3].
Namely the conditions in [3, Theorems 2.1.1, 2.1.2, 2.2.1, 2.2.2, 2.3.1, 2.4.1, 2.4.2]
hold over an odd degree extension M if and only if they hold over K. Hence if there
is an embedding of (E, o) ®k M into (A, t) @ M, then there is an embedding of
(E, o) into (A, 1). O

Proof of Theorem 8.1 We only prove the nontrivial direction. Let K’/K be an exten-
sion of odd degree. Suppose that there exists an embedding ¢ of (E, 0) ®k K’ into
(A, 1) ®k K'. By definition, ¢ is an oriented embedding with respect to the orientation
u, associated to ¢ over K’. Since K’/K is of odd degree, u, descends to an orienta-
tion over K, which we still denote by u,. The embedding ¢ gives rise to an oriented
embedding of (E, o) ®k K’ into (A, t) ®k K’ with respect to the orientation u,
everywhere locally. Since [K’ : K]is odd, for all v € Vi there exists a place w € Vg
over v such that [K, : K,] is odd. By Lemma 8.5 there exists an embedding of
(E,0)®k Ky into (A, 7) @k K,. Moreover if [C(A®k K/, 0)] = [C(A®k K/, T)]
inBr(A(EQ®k K,)),then [C(AQk Ky, 0)] = [C(A®k Ky, T)]in Br(A(E ®k Ky)).
Proposition 3.1 implies that there exists an oriented embedding of (E, o) into (A, 1)
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locally everywhere. Let a = (a”) be an oriented embedding datum, let ¢ € C(E, o),
and let

palc) = Z Z c(i) invvcorpl_v/KU (a,y, di)

veVg iel

be the associated homomorphism.
Let v € Vg, and w be a place of K’ over v. Let us take the extension of a’ in
F' ®k, K, to define pg. If [K, : K] is odd, then

: v : w
invycorpy )k, (a;,di) = InVy,COrpre ., K7, /KL, (a;°, d;).

If [K,, : Ky]is even, then invycorpre, k; k) (a)”, di) = 0.
As K’ is an odd degree extension of K, there is an odd number of places w of K’

over v such that [K|, : K,] is odd. Hence

: v : w
v, corpy /i, (a;,d;) = E IV, COT prg g, K1, /K), (a;°, d;).
wlv

For ¢ € C(E, o), let ¢’ = mV(c). In other words ¢'(i, j) = c(i). Let ai'{,j be the
image of @} in F, l.’ i ®k K ; ,. Then (ai'{/j) is an oriented embedding data over K'. Denote
by d; ; the image of d; in Fi/,j' Note that F; ®x K’ ®k' K, ~ F ®, K,,. Therefore

. . . /
Z Z 3, j) 1nvv/c0rF_U/_/K,,(aﬁj,dl-,j)
L] v

VeV (i, j)el’
’
_ , ~ Voo
= E ZC(Z).E . 1nvvrcorFivv;/K;/(a,’],d;,j)
v'eVygr i€l jeSa)
’
_ . . ' v .
= Z E c(i) invycorprg, k7, k', (@ s di)
VeVy iel
= > Y cli) invycorpuk, (@ dy).
veVk i€l

By hypothesis, (E, o) ®k K’ can be embedded into (A, 7) ®k K’, hence by
Theorem 6.1, we have pgs = 0. The above argument show that px = 0 as well, hence
applying Theorem 6.1 again, we see that (E, o) can be embedded into (A, 7). O

Appendix A
In this section, we give a positive answer to Totaro’s question for homogeneous spaces

under connected linear algebraic groups with connected stabilizers over number fields.
Namely we show the following.
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Proposition 9.1 Let X be a homogeneous space over a number field under a connected
linear algebraic group G with connected stabilizers. Suppose that X has a zero-cycle
of degree one, then it has a rational point.

The main ingredients to prove the above proposition are flasque resolutions for
connected linear algebraic groups, due to Colliot-Thélene [6, Prop. 3.1] and the coho-
mological obstruction constructed by Borovoi (cf. [5, 1.3-1.5]).

We first fix the notation Let K be a number field and K be an algebraic closure
of K. For a connected linear algebraic group G defined over K, we denote by G* its
unipotent radical. Let G"*? = G/G" and denote by G** the derived group of G"?;
Glor — Gred/Gss; GSSu = ker(G - Gtor)'

Recall the cohomological obstruction constructed in [S]. Let G be a connected
linear algebraic K -group. Let X be a homogeneous space under G. Pick x € X(K)
and let M = Stabg(x). Suppose that G** is semi-simple simply connected and that

M is connected. We construct a K -form M of M'"" (see [5, 1.2]).

For each o in Gal (f/](), we choose g, € G(f) such that g, -“x = x. Foreacho,
tin Gal(K/K), set s r = g51(g0°gx) " Let il . be the image of u, ; in M (K),
and g, be the image of g, in G'*"(K).

Let M'” 5 G'° be the complex with M in degree —1 and G’ in degree

1, where i is induced by the inclusion M — G%. We denote by 1(X) the class
(@, %)) € H' (K, M — G'"). If X has a K-point, then n(X) = 0 (see [5, 1.3—
1.5]).

Let K’ be a finite extension of K. Let (s, #) be a hypercocycle in

ZI(K/ Mtor_) Gtor).

Define corg/ g (s, ) = (corgr g (s), corgr/k (t)), where corgr, g (s) and corgr/k (¢)
are in the usual sense of corestriction on cochains in Galois cohomology (cf. [13,
Chap. I, §5]).

Proposition 9.2 Keep the notation as above. Then corg i (s, t) is a hypercocyle in
ZI(K YN Gtor)'

Proof If s isa2-cocyclein Z2(K’, M'"),thencorg/k (s) isacocyclein Z2(K, M),
As i is defined over K, we have i o corg//g(s) = corg//x(i o s). On the other
hand, as (s, 7) is a hypercocycle, we have i o s = 9t~ ! and hence corgr/g(i os) =
corK//K(at_l) = acorK//K(t_l). The conclusion then follows. O

Since corestriction commutes with coboundary operators in Galois cohomology, by
the above proposition we can define cor[(s, ¢)] as [cor(s, ¢)] in the hypercohomology
HI(K Mo s Gtor)_

Lemma 9.3 Let [(s,1)] € H' (K, M'” — G'") and K' be a finite extension of K.
Suppose that G'°" is quasi-trivial. Then

corgrygresgr/k[(s, )] = [K": K1[(s, 1)].
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Proof Consider the exact sequence of complexes
11— (1 — G) — (M7 - G'") — (M7 - 1) — 1.

From this we have the exact sequence

HI(K, Gtor) — Hl(K, 1 — Gtor) HHI(K,MIW N Gtur)

— HY (K, M'" — 1) = H*(K, M'"").
Using the above definition, we have

corgr gresg/ /g [(s, )] = [(corgr gresgr/k (s), corg//gresgr g (1))].

From the restriction and corestriction in Galois cohomology (cf. [13, Chap. I, §5, Cor.
1.5.7]), we have that corg//gresg/x [(s, 1)] and [K” : K][(s, )] have the same image
in H>(K, M'"). Since G'°" is quasi-trivial, the group H'(K, G'°") is trivial. Thus
corgr/gresgr /g [(s, )] = [K' : K][(s, 1)]. O

Proof of Proposition 9.1 Let1 — S — H — G — 1 be a flasque resolution of G (see
[6, 3.1]). We can regard X as a homogeneous space under H. Let M be the stabilizer
of a geometric point x € X(K) in G Since M and S are connected, the preimage
of M in Hy is also connected. By the definition of a flasque resolution we have H**
is a semi-simple simply connected group and H®" is quasi-trivial [6, 2.2]. We may
therefore assume that G** is semi-simple simply connected with connected stabilizer
and G'" is quasi-trivial.

Let V be the set of infinite places of K. Since X has a zero-cycle of degree one,
there is a K-point of X for all v € V. By [5, Cor. 2.3], the space X has K-points if
and only if n(X) = 0.

Since X has a zero-cycle of degree one, by applying the restriction and corestriction
map on H' (K, M'" — G'") and by Lemma 9.3 we have 1(X) = 0. Thus X has a
K -point.

Remark 9.4 1f we replace the number field K with a global function field and assume
that G is a reductive group, then G still has a flasque resolution [6, 3.1] and our
arguments above still work in this case [7, §2].
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