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We propose, study, and compute solutions to a class of optimal control problems for 
hyperbolic systems of conservation laws and their viscous regularization [17]. We take 
barotropic compressible Navier–Stokes equations (BNS) as a canonical example. We first 
apply the entropy–entropy flux–metric condition for BNS. We select an entropy function 
and rewrite BNS to a summation of flux and metric gradient of entropy. We then develop 
a metric variational problem for BNS, whose critical points form a primal-dual BNS 
system. We design a finite difference scheme for the variational system. The numerical 
approximations of conservation laws are implicit in time. We solve the variational problem 
with an algorithm inspired by the primal–dual hybrid gradient method. This includes a 
new method for solving implicit time approximations for conservation laws, which seems 
to be unconditionally stable. Several numerical examples are presented to demonstrate the 
effectiveness of the proposed algorithm.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Nonlinear systems of conservation laws [11,12] play essential roles in physics, modeling, engineering, and scientific 
computing. A canonical example of systems of conservation laws is the compressible Navier–Stokes equations [9]. They 
describe the fluid flow using physical laws, such as conservation of mass, momentum and energy. The system also contains 
a viscosity term, which describes thermodynamics’ dissipative nature. Solving compressible Navier–Stokes equations and 
their simplifications are fundamental problems in computational fluid dynamics.

In this paper, we propose a class of optimal control problems for systems of conservation laws following [20]. We select 
the barotropic compressible Navier–Stokes equation (BNS) as an example. We first apply the entropy–entropy flux–metric 
condition for BNS. We then select an entropy function and rewrite BNS into the summation of flux and metric gradient 
of entropy. We call this formulation “flux-gradient flow” in BNS metric space. We use the flux-gradient flow formulation 
to design a metric variation problem and derive its critical point system, i.e., the primal–dual BNS system. We demon-
strate that the primal-dual BNS system is useful in modeling and computation. More importantly, we apply a primal-dual 
hybrid gradient method and Lax–Friedrichs type schemes to compute the primal–dual BNS system. It includes a simple-
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to-implement method for solving implicit time approximations for conservation laws, which seems to be unconditionally 
stable. We present several numerical examples to demonstrate the effectiveness of the method.

The main result is sketched below. Denote � as a one dimensional torus, and define F , G as smooth functionals. Consider 
a variational problem for BNS:

inf
ρ,m,a,ρ1,m1

1∫
0

[∫
�

1

2
|a(t, x)|2μ(ρ(t, x))dx −F(ρ,m)(t)

]
dt +H(ρ1,m1),

where the infimum is taken among variables ρ : [0, 1] ×� →R+ , m : [0, 1] ×� →R, a : [0, 1] ×� →R, and ρ1 : � →R+ , 
m1 : � →R satisfying⎧⎪⎨

⎪⎩
∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(μ(ρ)a) = β∂x(μ(ρ)∂x

m

ρ
),

with given initial time value conditions ρ(0, x) = ρ0(x), m(0, x) = m0(x). Here we assume P (ρ) = ργ , μ(ρ) = ρα , γ , α ∈R. 
The critical point system of the above variational problem is described below. Denote φ, ψ : [0, 1] × � →R. Then a(t, x) =
∂xψ(t, x), and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(μ(ρ)∂xψ) = β∂x(μ(ρ)∂x

m

ρ
),

∂tφ + 1

2
|∂xψ |2μ′(ρ) − (

m2

ρ2
, ∂xψ) + (P ′(ρ), ∂xψ) + δ

δρ
F(ρ,m)

= β(∂xψ,∂x
m

ρ
)μ′(ρ) + β

m

ρ2
∂x(μ(ρ)∂xψ),

∂tψ + 2∂xψ · m

ρ
+ ∂xφ + δ

δm
F(ρ,m) = −β

1

ρ
∂x(μ(ρ)∂xψ).

Here functions φ, ψ have boundary conditions at the terminal time t = 1. We call the above system the primal-dual BNS 
system. Clearly, if we select F =H = 0, then we minimize a quadratic running cost in term of a2, in which a = 0 is a critical 
point solution. The primal–dual BNS system forms the initial value problem of BNS equation.

In the literature, optimal control problems in density space are widely considered in optimal transport [1,3,5,10,23,24], 
mean–field games [4,14,16], and Schrödinger bridge problems [2,7,18]. These control problems are often studied on a scalar 
density function. We extend current studies in modeling systems of conservation laws, where the dynamics of the density 
and its momentum form a system. We also remark that the entropy–entropy flux–metric condition is closely related to the 
energetic variational approach in the literature [13,21,22]. In this paper, we choose both entropy (Lyapunov) functionals and 
optimal transport type metrics from the flux function. Under this selection, we design a class of optimal control problems 
for systems of conservation laws, from which we derive primal–dual systems of conservation laws and design implicit 
variational schemes.

The paper is organized as follows. In section 2, we briefly review the conservation laws with entropy–entropy flux–
conditions. We further design control problems for flux–gradient flows. In section 3, we apply this approach to control 
barotropic compressible Navier–Stokes equations and derive their primal-dual PDE systems. In section 4, we formulate 
primal-dual hybrid gradient like algorithms to solve the BNS system numerically. Several numerical examples are presented.

2. Conservation law and entropy-entropy flux-metric

In this section, we present the entropy–entropy flux–metric condition for regularized systems of conservation laws [20]. 
Following this condition, we define a class of metric operators for systems of conservation laws, and then design flux-mean-
field control problems.

2.1. Entropy–entropy flux–metric

For simplicity of presentation, we consider a one dimensional periodic spatial domain. I.e., � = T 1. Consider a system 
of N partial differential equations

∂t ui(t, x) + ∂x f i(u(t, x)) = β

N∑
∂x(Aij(u(t, x))∂xu j(t, x)), (1)
j=1

2
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where u = (u1, · · · , uN) is a vector function with ui : R+ × � → R1, i = 1, · · · , N , f = ( f1, · · · f N) is a flux vector function 
with f i : RN → R1, i = 1 · · · , N , and A = (Aij)1≤i, j≤N ∈ RN×N is a semi-positive definite matrix function with Aij : RN →
R1, i, j = 1, · · · , N .

We next define a metric space for the unknown vector function u. Here the metric is constructed by both entropy-
entropy flux condition and the nonlinear diffusion operator.

Definition 1 (Entropy–entropy flux–metric condition). We call (G, �, C) an entropy-entropy flux-metric condition for equation 
(1) if there exists a convex function G : RN →R, and � : RN →R, such that

∂

∂ui
�(u) =

N∑
j=1

∂

∂u j
G(u)

∂

∂ui
f j(u),

and there exists a symmetric semi-positive matrix function C : RN →RN×N , such that

C(u)∇2
uu G(u) = A(u).

In other words, denote C = (Cij)1≤i, j≤N , such that

N∑
j=1

Cij(u)
∂2

∂u j∂uk
G(u) = Aik(u).

We require that Cij = C ji and C � 0. Here we call G the entropy element, � the entropy flux and C the metric element.

Remark 1 (Symmetry conditions). The entropy–entropy flux–metric condition is to require the following symmetric conditions 
on the regularized conservation law (1). Assume that G is strictly convex. For any i, k = 1, · · · , N ,

(i)

N∑
j=1

∂2

∂u j∂uk
G(u)

∂

∂ui
f j(u) =

N∑
j=1

∂2

∂u j∂ui
G(u)

∂

∂uk
f j(u);

(ii) (
A(u)(∇2

uu G(u))−1
)

ik
=

(
A(u)(∇2

uu G(u))−1
)

ki
,

and

A(u)(∇2
uu G(u))−1 � 0.

We comment that condition (i) follows from the fact that ∂2

∂ui∂uk
�(u) = ∂2

∂uk∂ui
�(u), as discussed in Friedrichs-Lax’s paper 

[12]. Condition (ii) guarantees the existence of generalized optimal transport type metric and generalized Fisher information 
functional.

2.2. Metrics and flux–gradient flows

From the entropy-entropy flux–metric condition, we introduce the metric space for variable u. Define the space of func-
tions u as

M =
{

u = (u1, · · · , uN) ∈ C∞(�)N :
∫
�

ui(x)dx = constant, for i = 1, · · · , N
}
.

Denote the tangent space of M(u) at point u as

TuM =
{
σ = (σ1, · · · ,σN) ∈ C∞(�)N :

∫
�

σi(x)dx = 0, for i = 1, · · · , N
}
.

We define a metric operator on the vector function space M. Here we shall use the metric element C(u).

Definition 2 (Metric). Define the inner product g : M × TuM × TuM →R below.

g(u)(σ , σ̂ ) =
N∑

i, j=1

∫
(∂xφi(x), ∂xφ̃ j(x))Cij(u)dx,
�

3
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where vector functions φ = (φ1, · · · , φN ), φ̃ = (φ̃1, · · · , φ̃N) ∈ C∞(�)N satisfy

σi = −
N∑

j=1

∂x(Cij(u)∂xφ j), σ̃i = −
N∑

j=1

∂x(Cij(u)∂xφ̃ j),

for i = 1, · · · , N .

In this metric space (M, g), we notice that the dissipative operator of PDE (1) forms the gradient descent flow of the 
entropy functional. We denote the entropy functional as

G(u) =
∫
�

G(u)dx.

Proposition 3 (Gradient flow). The gradient descent flow of functional G(u) in (M, g) satisfies

∂t ui =
N∑

j=1

∂x

(
Cij(u)∂x

∂

∂u j
G(u)

)
=

N∑
j=1

∂x(Aij(u)∂xu j).

Proof. The proof is based on a direct computation.

∂t ui =
N∑

j=1

∂x

(
Cij(u)∂x

∂

∂u j
G(u)

)

=
N∑

j=1

N∑
k=1

∂x

(
Cij(u)

∂2

∂u j∂uk
G(u)∂xuk

)

=
N∑

k=1

∂x

(
Aik(u)∂xuk

)
.

In the second equality, we use the fact that 
∑N

j=1 Cij(u) ∂2

∂u j∂uk
G(u) = Aik(u). �

Under the metric space, the conservation law system (1) has a “flux–gradient flow” formulation. The flux–gradient flows
demonstrate the dissipation behavior of regularized systems of conservation laws with entropy-entropy flux pairs.

Definition 4 (Flux–gradient flow). Equation (1) can be written as

∂t ui + ∂x f i(u) = β

N∑
j=1

∂x

(
Cij(u)∂x

δ

δu j
G(u)

)
,

where

N∑
i=1

∫
�

f i(u) · ∂x
δ

δui(x)
G(u)dx = 0.

We denote the above formulation of equation (1) as the flux–gradient flow in (M, g).

Corollary 5 (Entropy–Entropy flux–Fisher information dissipation). Energy functional G(u) is a Lyapunov functional for PDE (1). Sup-
pose u(t, x) is the solution of equation (1), then

d

dt
G(u(t, ·)) = −βIG(u(t, ·)) ≤ 0,

where IG : M →R+ is the “generalized Fisher information functional” defined as

IG(u) =
N∑

i, j=1

∫
∂x

∂

∂ui
G(u) · ∂x

∂

∂u j
G(u) · Cij(u(x))dx.
�

4
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Proof. The proof follows from the entropy-entropy flux-metric condition and integration by parts. In detail,

d

dt
G(u(t, ·)) =

N∑
i=1

∫
�

∂

∂ui
G(u)∂t uidx

= −
N∑

i=1

∫
�

∂

∂ui
G(u)∂x f i(u)dx + β

N∑
i, j=1

∫
�

∂

∂ui
G(u)∂x

(
Cij(u)∂x

∂

∂u j
G(u)

)

= −
N∑

i, j=1

∫
�

∂x
∂

∂ui
G(u)

∂

∂u j
f i(u)∂xu jdx − β

N∑
i, j=1

∫
�

Cij(u)∂x
∂

∂ui
G(u)∂x

∂

∂u j
G(u)dx

= −
N∑

j=1

∫
�

∂

∂u j
�(u)∂xu jdx − β

N∑
i, j=1

∫
�

Cij(u)∂x
∂

∂ui
G(u)∂x

∂

∂u j
G(u)dx

= −
N∑

j=1

∫
�

∂x�(u)dx − β

N∑
i, j=1

∫
�

Cij(u)∂x
∂

∂ui
G(u)∂x

∂

∂u j
G(u)dx

= − β

N∑
i, j=1

∫
�

Cij(u)∂x
∂

∂ui
G(u)∂x

∂

∂u j
G(u)dx. �

Remark 2. In the literature, the dissipation of entropy along diffusion equals to the negative Fisher information functional, 
i.e., N = 1, G(u) = u log u − u, f = 0, C(u) = u. Then

∂t

∫
�

G(u)dx = −
∫
�

|∂x log u|2udx.

The above fact follows directly from the gradient flow formalism in optimal transport metric [23]. Indeed, the similar dissi-
pation relation also holds for flux–gradient flows in a general metric space (M, g). We call the functional IG “generalized 
Fisher information functional”. In next section, we derive the barotropic Navier–Stokes metric and its Fisher information 
functional.

2.3. Controlling flux–gradient flows

In this subsection, we construct the optimal control problems for flux-gradient flows. This is to design an optimal control 
problem over flux–gradient flows in a metric space.

Definition 6 (Optimal control of conservation laws). Given smooth functionals F , H : M →R, consider a variational problem

inf
u,v,u1

1∫
0

[1

2

∫
�

N∑
i, j=1

Cij(u)vi v jdx −F(u)
]
dt +H(u1), (2a)

where the infimum is taken among variables v : [0, 1] × � →RN , u : [0, 1] × � →RN , and u1 : � →RN satisfying

∂t ui + ∂x f i(u) +
N∑

j=1

∂x(Cij(u)v j) = β

N∑
j=1

∂x(Aij(u)∂xu j), u(0, x) = u0(x). (2b)

Here u0 : � →RN is a fixed initial value vector function.

We next derive critical point systems of variational problem (2). They are Hamiltonian flows in (M, g) associated with 
regularized conservation laws.

Proposition 7 (Hamiltonian flows of conservation laws). A critical point system of variational problem (2) is given below. There exists 
a vector function φ : [0, 1] × � →RN , such that

vi(t, x) = ∂xφi(t, x),
5



W. Li, S. Liu and S. Osher Journal of Computational Physics 463 (2022) 111264
and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t ui + ∂x f i(u) +
N∑

j=1

∂x(Cij(u)∂xφ j) = β

N∑
j=1

∂x(Aij(u)∂xu j),

∂tφi +
N∑

k=1

∂xφk
∂

∂ui
fk(u) + 1

2

N∑
j,k=1

∂xφ j∂xφk
∂

∂ui
C jk(u) + δ

δui
F(u)

= −β

N∑
j=1

∂x(A ji(u)∂xφ j) + β

N∑
j,k=1

∂xφ j∂xuk
∂

∂ui
A jk(u).

(3)

Here initial and terminal time conditions satisfy

ui(0, x) = u0
i (x),

δ

δu1
i

H(u1) + φi(1, x) = 0, i = 1, · · · , N.

Proof. Denote a Lagrange multiplier vector function φ = (φ1, · · · , φN). Consider the following saddle point problem

inf
u,v,u1

sup
φ

L(u, v, u1, φ),

where

L(u, v, u1, φ) =
1∫

0

[1

2

∫
�

N∑
i, j=1

Cij(u)vi v jdx −F(u)
]
dt +H(u1)

+
1∫

0

∫
�

N∑
i=1

φi

(
∂t ui + ∂x f i(u) +

N∑
j=1

∂x(Cij(u)∂xφ j) − β

N∑
j=1

∂x(Aij(u)∂xu j)
)

dxdt.

The saddle point system satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ

δvi
L = 0,

δ

δφi
L = 0,

δ

δui
L = 0,

δ

δu1
i

L = 0.

In detail, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N∑
j=1

Cij(u)(vi − ∂xφi) = 0,

∂t ui + ∂x f i(u) +
N∑

j=1

∂x(Cij(u)∂xφ j) − β

N∑
j=1

∂x(Aij(u)∂xu j) = 0,

1

2

N∑
k,l=1

∂

∂ui
Ckl(u)vk vl − δ

δui
F(u) − ∂tφi −

K∑
k=1

∂xφk
∂

∂ui
fk(u)

−
N∑

k,l=1

∂

∂ui
Ckl(u)∂xφk∂xφl − β

N∑
j=1

∂x(A ji(u)∂xφ j) + β

N∑
j,k=1

∂xφ j∂xuk
∂

∂ui
A jk(u) = 0,

δ

δu1
i

H(u1) + φi(1, x) = 0.

By substituting vi = ∂xφi into the third equality, we finish the derivation. �

6
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Proposition 8. PDE system (3) has the following Hamiltonian flow formulation in (M, g). For i = 1, · · · , N,⎧⎪⎪⎨
⎪⎪⎩

∂t ui = δ

δφi
HG(u, φ),

∂tφi = − δ

δui
HG(u, φ),

where we define a Hamiltonian functional HG : M × C∞(�)N →R as

HG(u, φ) =
∫
�

N∑
i, j=1

[1

2
Cij(u)∂xφi∂xφ j − β Aij(u)∂xφi∂xu j

]
dx +

∫
�

N∑
k=1

[
∂xφk fk(u)

]
dx +F(u). (4)

In addition, the Hamilton-Jacobi equation in (M, g) satisfies

∂tU(t, u) + 1

2

N∑
i, j=1

∫
�

∂x
δ

δui(x)
U(t, u) · ∂x

δ

δu j(x)
U(t, u) · Cij(u(x))dx

+
N∑

k=1

∫
�

∂x
δ

δuk(x)
U(t, u) · fk(u(x))dx +F(u)

− β

N∑
i, j=1

∫
�

∂x
δ

δui(x)
U(t, u) · ∂xu j(x) · Cij(u(x))dx = 0,

where U : [0, 1] × L2(�)N →R is a value functional.

Proof. The proof follows from a direct calculation. See detailed derivations in [20]. �
3. Controlling barotropic compressible Navier–Stokes equations

In this section, we present an example for control problems of systems of conservation laws.
We study one dimensional barotropic compressible Navier–Stokes equations. We shall derive a primal-dual system for 

this system. Consider{
∂tρ + ∂x(ρv) = 0,

∂t(ρv) + ∂x(ρv2) + ∂x P (ρ) = β∂x(μ(ρ)∂x v).
(5)

Here ρ = ρ(t, x) is the density function, v = v(t, x) is the vector-valued velocity function and β > 0 is diffusion constant. 
For simplicity, let ρ stay in one dimensional compact spatial domain with periodic boundary conditions. E.g., � = T 1. And 
the pressure term P (ρ) and the viscosity coefficient μ(ρ) are smooth functions of variable ρ . E.g.,

P (ρ) = ργ , μ(ρ) = ρα,

where γ > 1 and α ∈R are given constants. The PDE system (5) has a conservation law system formulation. Denote m = ρv , 
i.e., v = m

ρ when ρ > 0. In this notation, equation system (5) satisfies⎧⎪⎨
⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) = β∂x(μ(ρ)∂x

m

ρ
).

(6)

The system (6) satisfies

u =
(

ρ
m

)
∈R+ ×R, f (u) =

(
m

|m|2
ρ + P (ρ)

)
∈R2, C(u) =

(
0

∂x(μ(ρ)∂x
m
ρ )

)
∈R2.

3.1. Entropy–entropy flux–Fisher information dissipation

In this subsection, we show that system (5) satisfies the entropy-entropy flux–metric–Fisher information conditions.
7
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Proposition 9 (Entropy-entropy flux-metric-Fisher information). There exists an entropy function, entropy flux, Fisher information 
and metric operator for equation (6).

(i) Entropy-entropy flux: Denote an entropy function G : R+ ×R →R and an entropy flux � : R+ ×R →R, such that

G(ρ,m) = m2

2ρ
+ P̂ (ρ), �(ρ,m) = m3

2ρ2
+ P̂ ′(ρ)m,

where P̂ : R+ →R is a function satisfying

P̂ ′′(ρ) = P ′(ρ)

ρ
.

Suppose (ρ(t, x),m(t, x)) satisfies equation (5) with β = 0. Then the following condition holds.

∂t G(ρ(t, x),m(t, x)) + ∂x

(
�(ρ(t, x),m(t, x))

)
≤ 0.

(ii) Metric: Consider a space

M =
{
(ρ,m) ∈ C∞(�)2 : ρ > 0,

∫
�

ρdx = c1,

∫
�

mdx = c2, where c1 > 0, c2 ∈R
}
.

The tangent space of M at (ρ, m) satisfies

TuM =
{
(ρ̇,ṁ) ∈ C∞(�) × C∞(�) :

∫
�

ρ̇dx = 0,

∫
�

ṁdx = 0
}
.

In this case, the (degenerate) metric g : M × TuM × TuM →R satisfies

g(ρ,m)((ρ̇1,ṁ1), (ρ̇2,ṁ2)) =
∫
�

∂xψ1(x) · ∂xψ2(x) · μ(ρ(x))dx,

where (ρ̇i, ṁi) ∈ TuM and (ṁi, ψi) satisfies the following parabolic equation

ṁi = −∂x(μ(ρ)∂xψi), i = 1,2.

(iii) Fisher information dissipation: Denote an entropy functional G : M →R as

G(ρ,m) =
∫
�

G(ρ(x),m(x))dx.

Suppose (ρ(t, x), m(t, x)) satisfies equation system (5), then G is a Lyapunov functional. In detail, the following dissipation holds.

d

dt
G(ρ(t, ·),m(t, ·)) = − βIG(ρ(t, ·),m(t, ·)) ≤ 0,

where IG : M →R+ is a Fisher information functional defined as

IG(ρ,m) =
∫
�

|∂x
δ

δm
G(ρ(x),m(x))|2μ(ρ(x))dx

=
∫
�

|∂x
m(x)

ρ(x)
|2μ(ρ(x))dx.

Proof. (i) We first apply Lax’s entropy-entropy flux condition [11,17]. We need to find both entropy and entropy flux 
function. Denote (ρ, m) as a solution for dynamics (10b) with β = 0. By a direct computation, we have

∂

∂t
G(ρ,m) =Gρ(ρ,m)∂tρ + Gm(ρ,m)∂tm

= − Gρ(ρ,m)∂xm − Gm(ρ,m)
(
∂x(

m2

ρ
) + ∂x P (ρ)

)
= −

{
Gρ(ρ,m)∂xm + Gm(ρ,m)

2m

ρ
∂xm + Gm(ρ,m)

m2

ρ2
∂xρ − Gm(ρ,m)P ′(ρ)∂xρ

}

= −
{

Gρ(ρ,m) + Gm(ρ,m)
2m }

∂xm −
{

− Gm(ρ,m)
m2

2
+ Gm(ρ,m)P ′(ρ)

}
∂xρ.
ρ ρ

8
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Clearly, the entropy-entropy flux condition requires that there exists a function � : R+ ×R →R, such that⎧⎪⎪⎨
⎪⎪⎩

�ρ(ρ,m) = Gm(ρ,m)
(

− m2

ρ2
+ P ′(ρ)

)
,

�m(ρ,m) = Gρ(ρ,m) + Gm(ρ,m)
2m

ρ
.

This is to enforce the condition �ρm = �mρ . In other words, we need to solve the following PDE:(
− Gm(ρ,m)

m2

ρ2
+ Gm(ρ,m)P ′(ρ)

)
m

=
(

Gρ(ρ,m) + Gm(ρ,m)
2m

ρ

)
ρ
.

I.e.,

−Gmm(ρ,m)
m2

ρ2
− Gm(ρ,m)

2m

ρ2
+ Gmm(ρ,m)P ′(ρ) = Gρρ(ρ,m) + Gmρ(ρ,m)

2m

ρ
− Gm(ρ,m)

2m

ρ2
.

I.e.,

Gmm(ρ,m)(P ′(ρ) − m2

ρ2
) = Gρρ(ρ,m) + Gmρ(ρ,m)

2m

ρ
. (7)

Assume that G has a formulation

G(ρ,m) := m2

2ρk
+ P̂ (ρ).

Then equation (7) forms⎧⎪⎪⎨
⎪⎪⎩

Gρ(ρ,m) = − km2

2ρk+1
+ P̂ ′(ρ), Gρρ(ρ,m) = k(k + 1)m2

2ρk+2
+ P̂ ′′(ρ),

Gm(ρ,m) = m

ρk
, Gmρ(ρ,m) = − km

ρk+1
, Gmm(ρ,m) = 1

ρk
.

Hence condition (7) satisfies

1

ρk
(P ′(ρ) − m2

ρ2
) = k(k + 1)m2

2ρk+2
+ P̂ ′′(ρ) − 2km2

ρk+2
.

I.e.,

(
k(k + 1)

2
− 2k + 1)

m2

ρk+2
+ P̂ ′′(ρ) − P ′(ρ)

ρk
= 0.

In this case, k = 1 or 2. Here we are only interested in k = 1, such that

G(ρ,m) = m2

2ρ
+ P̂ (ρ), where P̂ ′′(ρ,m) = P ′(ρ)

ρ
.

(ii), (iii): When k = 1, we check that the integration of entropy function G , i.e. G(ρ, m) = ∫
�

G(ρ, m)dx, forms a Lyapunov 
function for dynamics (6). Denote (ρ, m) as a solution for dynamics (6) with β > 0. Then

d

dt
G(ρ(t, ·),m(t, ·)) =

∫
�

∂

∂t
G(ρ,m)dx

=
∫
�

Gρ(ρ,m)∂tρ + Gm(ρ,m)∂tmdx

=
∫
�

−∂x�(ρ,m)dx + β

∫
�

Gm(ρ,m)∂x(μ(ρ)∂x
m

ρ
)dx

=β

∫
�

m

ρ
∂x(μ(ρ)∂x

m

ρ
)dx

= − β

∫
�

|∂x
m

ρ
|2μ(ρ)dx.

Following the above dissipation behavior, we can define the metric operator. See details in section 3.2. �

9
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Remark 3 (Entropy flux and generalized Fisher information functional). We remark that entropy–entropy flux conditions [11]
are not unique for equation (6). There are many entropy functions. In contrast, the proposed metric condition suggests 
a particular entropy and Fisher information functional. This follows the relation among dissipative operator, entropy and 
metric behind equation (6). In detail,

d

dt
G(ρ(t, ·),m(t, ·)) = − βg((∂tρ,∂tm), (∂tρ,∂tm))

= − βIG(ρ(t, ·),m(t, ·))
= − β

∫
�

|∂x
m(t, x)

ρ(t, x)
|2μ(ρ(t, x))dx ≤ 0.

In the future, we shall study the Navier–Stokes metric operator and demonstrate its connection with the classical 
Wasserstein-2 metric.

3.2. Barotropic compressible Navier–Stokes transport metrics

In this subsection, we study the metric operator g induced by the compressible Navier–Stokes equation (5). We demon-
strate that metric, gradient, flux-gradient and Hamiltonian flow dynamics have several coordinates, namely tangent space 
coordinates, and cotangent space coordinates (Eulerian coordinates in fluid dynamics).

Consider a function space

M =
{
(ρ,m) ∈ C∞(�)2 : ρ > 0,

∫
�

ρdx = c1,

∫
�

mdx = c2, where c1 > 0, c2 ∈R
}
.

The tangent space of M at (ρ, m) satisfies

TuM =
{
(ρ̇,ṁ) ∈ C∞(�) × C∞(�) :

∫
�

ρ̇(x)dx = 0,

∫
�

ṁ(x)dx = 0
}
.

Denote a weighted elliptic operator 
μ(ρ) : C∞(�) → C∞(�) as


μ(ρ) = ∂x(μ(ρ)∂x).

In other words, for any test function f ∈ C∞(�), we have

(
μ(ρ) f )(x) = ∂x

(
μ(ρ)∂x f (x)

)
.

Proposition 10 (Degenerate H−1(ρ) metric). Denote g : M ×TuM ×TuM →R. Then the following formulations of metric operator 
g hold.

(i) (Tangent space)

g(ρ,m)((ρ̇1,ṁ1), (ρ̇2,ṁ2))

=
∫
�

(
ρ̇1(x)
ṁ1(x)

)T (
0 0
0 (−
μ(ρ))

−1

)(
ρ̇2(x)
ṁ2(x)

)
dx

=
∫
�

ṁ1(x)
(
(−
μ(ρ))

−1ṁ2
)
(x)dx.

(ii) (Cotangent space)

g(ρ,m)((ρ̇1,ṁ1), (ρ̇2,ṁ2)) =
∫
�

(∂xψ1(x), ∂xψ2(x))μ(ρ(x))dx,

where (ρ̇i, ṁi) ∈ TuM and (ṁi, ψi) satisfies the following parabolic equation

ṁi = −∂x(μ(ρ)∂xψi), i = 1,2.
10
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Proposition 11 (Gradient flows). Consider a smooth functional E : M →R. The gradient flow of energy functional E(ρ, m) in (M, g)

satisfies⎧⎨
⎩

∂tρ = 0,

∂tm = ∂x(μ(ρ)∂x
δ

δm
E(ρ,m)).

(8)

In particular, if

E(ρ,m) = βG(ρ,m) = β
(∫

�

m2

2ρ
dx + P̂ (ρ)

)
,

then the gradient flow (8) satisfies⎧⎨
⎩

∂tρ = 0,

∂tm = β∂x(μ(ρ)∂x
m

ρ
).

Proof. (i) The gradient flow in (M, g) follows by its definition. In other words,(
∂tρ
∂tm

)
= −

(
0 0
0 −
μ(ρ)

)(
δ

δρ E(ρ,m)

δ
δmE(ρ,m)

)

=
(

0
−(−
μ(ρ))

δ
δmE(ρ,m)

)

=
(

0
∂x

(
μ(ρ)∂x

δ
δmE(ρ,m)

))
.

(ii) Since E(ρ, m) = βG(ρ, m) = β
(∫

�
m2

2ρ dx + P̂ (ρ)
)

, then

δ

δm
E(ρ,m) = β

m

ρ
.

Hence the gradient flow (8) satisfies⎧⎨
⎩

∂tρ = 0,

∂tm = ∂x(μ(ρ)∂x
δ

δm
E(ρ,m)) = β∂x(μ(ρ)∂x

m

ρ
),

which finishes the proof. �
We are now ready to present the flux-gradient flows in (M, g).

Proposition 12 (Flux-gradient flows). Consider a smooth functional E : M →R. The flux gradient flow of energy functional E(ρ, m)

in (M, g) satisfies⎧⎨
⎩

∂tρ + ∂x f1(ρ,m) = 0,

∂tm + ∂x f2(ρ,m) = ∂x(μ(ρ)∂x
δ

δm
E(ρ,m)),

(9)

where ( f1, f2) is a flux function assumed to satisfy∫
�

(
f1(ρ,m)∂x

δ

δρ
E(ρ,m) + f2(ρ,m)∂x

δ

δm
E(ρ,m))

)
dx = 0.

In this case, E(ρ, m) is a Lyapunov functional for equation (9). In detail,

d

dt
E(ρ(t, ·),m(t, ·)) = −

∫
�

|∂x
δ

δm
E(ρ,m)(t, x)|2μ(ρ(t, x))dx.

In particular, if E(ρ, m) = βG(ρ, m) = β
(∫

�
m(x)2

2ρ(x) dx + P̂ (ρ)
)

, and f1(ρ, m) = m, f2(ρ, m) = m2

ρ + P (ρ), then the flux gradient 
flow (9) forms the barotropic compressible Navier–Stokes equation (5).
11
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3.3. Controlling barotropic compressible Navier–Stokes equations

In this subsection, we present the main result of this paper. We apply the above condition to formulate a variational 
problem for compressible Navier–Stokes equations. Its critical point system leads to a primal-dual PDE system.

Definition 13 (Optimal control of BNS). Given smooth functionals F , H : M →R, consider a variational problem

inf
ρ,m,a,ρ1,m1

1∫
0

[∫
�

1

2
|a(t, x)|2μ(ρ(t, x))dx −F(ρ,m)(t)

]
dt +H(ρ1,m1), (10a)

where the infimum is taken among variables ρ : [0, 1] ×� →R+ , m : [0, 1] ×� →R, a : [0, 1] ×� →R, and ρ1 : � →R+ , 
m1 : � →R satisfying⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂tρ(t, x) + ∂xm(t, x) = 0,

∂tm(t, x) + ∂x(
m2

ρ
)(t, x) + ∂x P (ρ)(t, x)

+ ∂x(μ(ρ(t, x))a(t, x)) = β∂x(μ(ρ(t, x))∂x
m(t, x)

ρ(t, x)
),

(10b)

with fixed initial time value conditions

ρ(0, x) = ρ0(x), m(0, x) = m0(x).

Here (ρ0, m0) is a given pair of functions in M.

We next derive the critical point system of problem (10) and present its Hamiltonian formalism in metric space (M, g).

Proposition 14 (Hamiltonian flows of BNS). The critical point system of variational problem (10) is given below. There exists a pair of 
functions φ : [0, 1] × � →R and ψ : [0, 1] × � →R, such that

a(t, x) = ∂xψ(t, x),

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(μ(ρ)∂xψ) = β∂x(μ(ρ)∂x

m

ρ
),

∂tφ + 1

2
|∂xψ |2μ′(ρ) − (

m2

ρ2
, ∂xψ) + (P ′(ρ), ∂xψ) + δ

δρ
F(ρ,m)

= β(∂xψ,∂x
m

ρ
)μ′(ρ) + β

m

ρ2
∂x(μ(ρ)∂xψ),

∂tψ + 2∂xψ · m

ρ
+ ∂xφ + δ

δm
F(ρ,m) = −β

1

ρ
∂x(μ(ρ)∂xψ).

(11)

Here ′ represents the derivative w.r.t. variable ρ . The initial and terminal time conditions satisfy⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρ(0, x) = ρ0(x),

m(0, x) = m0(x),

δ

δρ(1, x)
H(ρ1,m1) + φ(1, x) = 0

δ

δm(1, x)
H(ρ1,m1) + ψ(1, x) = 0.

Proof. The proof follows the ideas in proving Proposition 14 in [20]. We present it here for the completeness of this paper. 
Consider a change of variable w(t, x) = μ(ρ(t, x))a(t, x). In this case, the variational problem (10) is written below.

inf
ρ,m,w,ρ1,m1

1∫ [∫ |w(t, x)|2
2μ(ρ(t, x))

dx −F(ρ,m)(t)
]

dt +H(ρ1,m1), (12a)
0 �

12
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where the infimum is taken among variables ρ : [0, 1] ×� →R+ , m : [0, 1] ×� →R, w : [0, 1] ×� →R, and ρ1 : � →R+ , 
m1 : � →R satisfying⎧⎪⎪⎪⎨

⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x w = β∂x(μ(ρ)∂x

m

ρ
),

ρ(0, x) = ρ0(x), m(0, x) = m0(x).

(12b)

We derive the critical point system (11) by solving a saddle point problem below. Denote φ, � : [0, 1] × � →R as a pair of 
functions, which are Lagrange multipliers for ρ , m in dynamical constraints of (12b), respectively. Consider

inf
ρ,m,w,ρ1,m1

sup
φ,ψ

L(ρ,m, w,ρ1,m1, φ,ψ),

where we define a Lagrangian functional L as

L(ρ,m, w,ρ1,m1, φ,ψ)

=
1∫

0

[∫
�

|w|2
2μ(ρ)

dx −F(ρ,m)
]

dt +H(ρ1,m1)

+
1∫

0

∫
�

φ
(
∂tρ + ∂xm

)
dxdt

+
1∫

0

∫
�

ψ
(
∂tm + ∂x(

m2

ρ
) + ∂x P (ρ) + ∂x w − β∂x(μ(ρ)∂x

m

ρ
)
)

dxdt

=
1∫

0

[∫
�

1

2

|w|2
μ(ρ)

dx −F(ρ,m)
]

dt +H(ρ1,m1)

+
1∫

0

∫
�

φ∂xm + ψ
(
∂x(

m2

ρ
) + ∂x P (ρ) + ∂x w − β∂x(μ(ρ)∂x

m

ρ
)
)

dxdt

+
∫
�

(
φ1ρ1 + ψ1m1

)
dx −

1∫
0

∫
�

(
ρ∂tφ + m∂tψ

)
dxdt.

We are now ready to derive the saddle point. Assume ρ > 0. We let the L2 first variations of L be zero. In detail,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ

δw
L = 0

δ

δφ
L = 0

δ

δψ
L = 0

δ

δρ
L = 0

δ

δm
L = 0

δ

δρ1
L = 0

δ

δm1
L = 0

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w

μ(ρ)
− ∂xψ = 0,

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x w − β∂x(μ(ρ)∂x

m

ρ
) = 0,

− |w|2
2μ(ρ)2

μ′(ρ) − δ

δρ
F(ρ,m) + (

m2

ρ2
, ∂xψ) − (∂xψ, P ′(ρ))

+ β(∂xψ,∂x
m

ρ
)μ′(ρ) + β

m

ρ2
∂x(μ(ρ)∂xψ) − ∂tφ = 0,

− δ

δm
F(ρ,m) − ∂xφ − (

2m

ρ
,∂xψ) − β

ρ
∂x(μ(ρ)∂xψ) − ∂tψ = 0,

δ

δρ1
H(ρ1,m1) + φ1 = 0,

δ

δm1
H(ρ1,m1) + ψ1 = 0.

In above formulations, we further use the fact that ω = a = ∂xψ . Hence we derive the critical point system (11). �
μ(ρ)
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Proposition 15 (Hamiltonian formalisms). The PDE system (11) has the following Hamiltonian flow formulation.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ = δ

δφ
HG(ρ,m, φ,ψ),

∂tm = δ

δψ
HG(ρ,m, φ,ψ),

∂tφ = − δ

δρ
HG(ρ,m, φ,ψ),

∂tψ = − δ

δm
HG(ρ,m, φ,ψ),

where we define a Hamiltonian functional HG as

HG(ρ,m, φ,ψ)

=
∫
�

[1

2
(∂xψ,∂xψ)μ(ρ) + (m, ∂xφ) + (

m2

ρ
+ P (ρ), ∂xψ) − β(∂xψ,∂x

m

ρ
)μ(ρ)

]
dx +F(ρ,m).

(13)

Proposition 16 (Functional Hamilton-Jacobi equation of BNS). The Hamilton-Jacobi equation in (M, g) satisfies

∂tU(t,ρ,m) + 1

2

∫
�

(
∂x

δ

δm(x)
U(t,ρ,m), ∂x

δ

δm(x)
U(t,ρ,m)

)
μ(ρ(x))dx

+
∫
�

(
∂x

δ

δρ(x)
U(t,ρ,m),m(x)

)
dx +

∫
�

(
∂x

δ

δm(x)
U(t,ρ,m),

m(x)2

ρ(x)
+ P (ρ(x))

)
dx

− β

∫
�

(∂x
δ

δm(x)
U(t,ρ,m), ∂x

m(x)

ρ(x)
)μ(ρ(x))dx +F(ρ,m) = 0,

where U : [0, 1] × L2(�) × L2(�) →R is a value functional.

Proof. We only need to prove that equation is an Hamiltonian flow in (M, g). We can check it directly by computing the 
L2 first order variations of the Hamiltonian functional HG w.r.t. variables ρ, m, φ, ψ , respectively. Clearly,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ

δφ
HG(ρ,m, φ,ψ) = −∂xm,

δ

δψ
HG(ρ,m, φ,ψ) = −∂x(

m2

ρ
+ P (ρ)) − β∂x(μ(ρ)∂xψ) + β∂x(μ(ρ)∂x

m

ρ
),

δ

δρ
HG(ρ,m, φ,ψ) = −m2

ρ2
∂xψ + P ′(ρ)∂xψ + 1

2
|∂xψ |2μ′(ρ) − β∂x(μ(ρ)∂xψ)

m

ρ2

− β(∂xψ,∂x
m

ρ2
)μ′(ρ) + δ

δρ
F(ρ,m),

δ

δm
HG(ρ,m, φ,ψ) = ∂xφ + 2m

ρ
∂xψ + β

ρ
∂x(μ(ρ)∂xψ) + δ

δm
F(ρ,m).

In addition, the Hamilton-Jacobi equation in (M, g) satisfies

∂tU(t,ρ,m) +HG(ρ,m,
δ

δρ
U(t,ρ,m),

δ

δm
U(t,ρ,m)) = 0,

where δ
δρ , δ

δm are first variation operators w.r.t. ρ , m, respectively. This finishes the derivation. �
3.4. Examples

In this subsection, we present several examples of control problems of BNS (10) and the primal–dual BNS (11).

Example 1 (α = 1). Consider μ(ρ) = ρ . In this case, variational problem (10) forms

inf
ρ,m,a,ρ1,m1

1∫ [∫
1

2
|a(t, x)|2ρ(t, x)dx −F(ρ,m)(t)

]
dt +H(ρ1,m1),
0 �
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s.t. ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(ρa) = β∂x(ρ∂x

m

ρ
),

ρ(0, x) = ρ0(x), m(0, x) = m0(x).

The critical point system of above minimizer problem satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(ρ∂xψ) = β∂x(ρ∂x

m

ρ
),

∂tφ + 1

2
|∂xψ |2 − (

m2

ρ2
, ∂xψ) + (P ′(ρ), ∂xψ) + δ

δρ
F(ρ,m) = β(∂xψ,∂x

m

ρ
) + β

m

ρ2
∂x(ρ∂xψ),

∂tψ + 2∂xψ · m

ρ
+ ∂xφ + δ

δm
F(ρ,m) = −β

1

ρ
∂x(ρ∂xψ).

In other words,

∂tρ = δ

δφ
HG, ∂tm = δ

δψ
HG, ∂tφ = − δ

δρ
HG, ∂tψ = − δ

δm
HG,

where the Hamiltonian functional HG satisfies

HG(ρ,m, φ,ψ)

=
∫
�

[1

2
(∂xψ,∂xψ)ρ + (m, ∂xφ) + (

m2

ρ
+ P (ρ), ∂xψ) − β(∂xψ,∂x

m

ρ
)ρ

]
dx +F(ρ,m).

Example 2 (α = 0). Consider μ(ρ) = 1. In this case, variational problem (10) forms

inf
ρ,m,a,ρ1,m1

1∫
0

[∫
�

1

2
|a(t, x)|2dx −F(ρ,m)(t)

]
dt +H(ρ1,m1),

s.t. ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂xa = β∂x(∂x

m

ρ
),

ρ(0, x) = ρ0(x), m(0, x) = m0(x).

The critical point system of above variational problem satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ + ∂xm = 0,

∂tm + ∂x(
m2

ρ
) + ∂x P (ρ) + ∂x(∂xψ) = β∂x(∂x

m

ρ
),

∂tφ − (
m2

ρ2
, ∂xψ) + (P ′(ρ), ∂xψ) + δ

δρ
F(ρ,m) = β

m

ρ2
∂x(∂xψ),

∂tψ + 2∂xψ · m

ρ
+ ∂xφ + δ

δm
F(ρ,m) = −β

1

ρ
∂x(∂xψ).

In other words,

∂tρ = δ

δφ
HG, ∂tm = δ

δψ
HG, ∂tφ = − δ

δρ
HG, ∂tψ = − δ

δm
HG,

where the Hamiltonian functional HG satisfies

HG(ρ,m, φ,ψ)

=
∫ [1

2
(∂xψ,∂xψ) + (m, ∂xφ) + (

m2

ρ
+ P (ρ), ∂xψ) − β(∂xψ,∂x

m

ρ
)
]

dx +F(ρ,m).
�
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4. Numerical methods and examples

This section designs numerical schemes for optimal control of barotropic compressible Euler equations in 1D. It proposes 
an algorithm inspired by the primal-dual hybrid gradient method (PDHG) to solve the control problem.

4.1. The PDHG inspired algorithm

The primal-dual hybrid gradient algorithm [6] solves the saddle-point problem

min
z

max
p

〈K z, p〉L2 + g(z) − h∗(p),

where Z is a finite or infinite dimensional Hilbert space, h and g are convex functions and K : Z → H is a linear operator 
between Hilbert spaces. The function h∗ is the convex conjugate of h, where h∗(p) = supz〈K z, p〉L2 − h(z). The algorithm 
solves the saddle-point problem by iterating the following steps:

zn+1 = arg min
z

〈K z, p̃n〉L2 + g(z) + 1

2τ
‖z − zn‖2

L2 ,

pn+1 = arg max
p

〈K zn+1, p〉L2 − h∗(p) − 1

2σ
‖p − pn‖2

L2 ,

p̃n+1 = 2pn+1 − pn.

Here τ (σ ) is the stepsize for proximal gradient descent(ascent) steps respectively. The algorithm converges if στ‖K T K‖ < 1. 
There are various extensions of PDHG, including nonlinear PDHG [8] where the operator K is nonlinear and the General-
proximal Primal-Dual Hybrid Gradient (G-prox PDHG) method [15] where choosing proper norms (L2, H1, ...) for the 
proximal step allows larger stepsizes.

Inspired by the PDHG method and its variants, we use the saddle point formulation of the optimal control of BNS (10)
and propose an algorithm to solve it. Denote

z = (ρ,m,a,ρ1,m1),

p = (φ,ψ),

K (ρ,m,a,ρ1,m1) =
(

∂tρ + ∂xm

∂tm + ∂x(
m2

ρ ) + ∂x P (ρ) + ∂x(μ(ρ)a) − β∂x(μ(ρ))∂x
m
ρ )

)
,

g (ρ,m,a,ρ1,m1) =
1∫

0

[∫
�

1

2
|a(t, x)|2μ(ρ(t, x))dx −F(ρ,m)(t)

]
dt +H(ρ1,m1),

h(K z) =
{

0 if K z = 0

+∞ else
.

The corresponding inf-sup problem takes the following form

inf
ρ,m,a,ρ1,m1

sup
φ,ψ

L(ρ,m,a,ρ1,m1, φ,ψ), (14)

subject to⎧⎨
⎩

ρ(0, x) = ρ0(x), m(0, x) = m0(x),

δ

δρ(1, x)
H(ρ1,m1) + φ(1, x) = 0,

δ

δm(1, x)
H(ρ1,m1) + ψ(1, x) = 0,

where

L(ρ,m,a,ρ1,m1, φ,ψ)

=
1∫

0

[∫
�

1

2
|a(t, x)|2μ(ρ(t, x))dx −F(ρ,m)(t)

]
dt +H(ρ1,m1) (15)

+
1∫ ∫

φ (∂tρ + ∂xm)dxdt
0 �
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+
1∫

0

∫
�

ψ

(
∂tm + ∂x(

m2

ρ
) + ∂x P (ρ) + ∂x(μ(ρ)a) − β∂x(μ(ρ)∂x

m

ρ
)

)
dxdt.

We choose L2 norm for primal variable (ρ, m, a) update and H norm for (φ, ψ), where

‖v‖2
L2 =

1∫
0

∫
�

v2dxdt, ‖v‖2
H = c1‖∇v‖2

L2 + c2‖
v‖2
L2 + c3‖∂t v‖2

L2 .

Here the parameters ci, i = 1, 2, 3 are chosen based on the operator K .
We now present the algorithm as follows.

Algorithm 1 PDHG for optimal control of BNS.
Input: A set of initial guess of (ρ, m, a, ρ1, m1, φ, ψ)

Output: (ρ, m, a, ρ1, m1)

while iteration k <Kmaximal do(
ρ(k+1),m(k+1),a(k+1), ρ

(k+1)
1 ,m(k+1)

1

)
= arg min

ρ,m,a,ρ1,m1
L(ρ,m,a,ρ1,m1, φ̃k, ψ̃k) + 1

2τ
‖ρ − ρ(k)‖2

L2 + 1

2τ
‖m − m(k)‖2

L2 + 1

2τ
‖a − a(k)‖2

L2

+ 1

2τ
‖ρ1 − ρ

(k)
1 ‖2

L2 + 1

2τ
‖m1 − m(k)

1 ‖2
L2 ;

(
φ(k+1),ψ(k+1)

)
= arg max

φ,ψ
L(ρ(k+1),m(k+1),a(k+1), ρ

(k+1)
1 ,m(k+1)

1 , φ,ψ) − 1

2σ
‖φ − φ(k)‖2

H − 1

2σ
‖ψ − ψ(k)‖2

H ;
(
φ̃(k+1), ψ̃(k+1)

)
=

(
2φ(k+1) − φ(k),2ψ(k+1) − ψ(k)

)
;

k ← k + 1;
end while

4.2. Finite difference scheme of the control problem in the variational form

We consider the barotropic compressible Euler equation and discretize it using Lax–Friedrichs type of scheme [19]. 
Consider the domain [0, 1] ×[0, 1] in space-time. Given Nx, Nt > 0, we have 
x = 1

Nx
, 
t = 1

Nt
. For xi = i
x, tl = l
t , define

ul
i = u(tl, xi),

Dc(u)i = ui+1 − ui−1

2
x
, Lap(u)i = ui+1 − 2ui + ui−1

(
x)2
,

D(a(Du))l+1
i = 1


x2

(
al+1

i+1 + al+1
i

2

(
ul+1

i+1 − ul+1
i

)
− al+1

i + al+1
i−1

2

(
ul+1

i − ul+1
i−1

))

The barotropic compressible Euler equation adapted from the Lax–Friedrichs scheme is as follows:

1


t

(
ρl+1

i − ρl
i

)
+ Dc(m)l+1

i − c
xLap(ρ)l+1
i = 0, (16)

1


t

(
ml+1

i − ml
i

)
+ Dc(

m2

ρ
)l+1

i + Dc(P (ρ))l+1
i + Dc(μ(ρ))l+1

i al+1
i − βD

(
μ(ρ)D(

m

ρ
)

)l+1

i

− c′
xLap(m)l+1
i = 0,

(17)

for 1 ≤ i ≤ Nx , 0 ≤ l ≤ Nt − 1. And c, c′ > 0 are artificial viscosity coefficients. We use the implicit scheme that fits the 
feedback structure of the optimal control problem. The discrete min-max problem is as follows:

min
ρ,m,a,ρ1,m1

max
φ,ψ

L(ρ,m,a,ρ1,m1, φ,ψ),
17
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where

L(ρ,m,a,ρ1,m1, φ,ψ)

=
x
t
∑

1≤i≤Nx
1≤l≤Nt

|al
i|2μ(ρl

i) − 
t
∑

1≤l≤Nt

F(ρl,ml) + 
x
∑

1≤i≤Nx

H(ρNt
i ,mNt

i )

+ 
x
t
∑

1≤i≤Nx
0≤l≤Nt−1

{
φl

i

(
1


t

(
ρl+1

i − ρl
i

)
+ Dc(m)l+1

i − c
xLap(ρ)l+1
i

)

+ ψ l
i

(
1


t

(
ml+1

i − ml
i

)
+ Dc(

m2

ρ
)l+1

i + Dc(P (ρ))l+1
i

+ Dc(μ(ρ))l+1
i al+1

i − βD

(
μ(ρ)D(

m

ρ
)

)l+1

i
− c′
xLap(m)l+1

i

)}
.

Via the summation by parts and take first order variational derivative, we derive the implicit finite difference scheme for 
the dual equations of φ, ψ .

1


t

(
φl+1

i − φl
i

)
+ 1

2

(
Dc(ψ)l

i

)2
μ′(ρl

i) + Dc(ψ)l
i

⎛
⎝P ′(ρl

i) −
(

ml
i

ρl
i

)2
⎞
⎠

+ μ′(ρl
i)

ψ l
i − ψ l

i−1

2
x

(
ml+1

i

ρl+1
i

− ml+1
i−1

ρl+1
i−1

)
+ μ′(ρl

i)
ψ l

i − ψ l
i−1

2
x

(
ml+1

i+1

ρl+1
i+1

− ml+1
i

ρl+1
i

)
+ δF(ρl

i,ml
i)

δρ

= β
ml

i

(ρl
i)

2
(c
x)Lap(φ)l

i,

(18)

and

1


t

(
ψ l+1

i − ψ l
i

)
+ 2Dc(ψ)l

i

ml
i

ρl
i

+ Dc(φ)l
i + δF(ρl

i,ml
i)

δm
+ β

1

ρl
i

D (μ(ρ)D(ψ))l
i

= (c′
x)Lap(ψ)l
i .

(19)

4.3. Numerical examples

We provide three examples here to illustrate the proposed control problem. Without further specification, examples 
are considered in [0, 1] × [0, 1] in space-time domain. The spatial domain is imposed with periodic boundary condition. 
We have uniform mesh size in space and time, with 
t = 1

Nt
, 
x = 1

Nx
, Nt = 32, Nx = 64. We set the iteration number 

Kmaximal = 5 · 104, and the stepsizes of τ , σ are tuned in each example.

4.4. Example 1

In the first example, we consider a degenerate case where there is essentially no control, i.e., F = 0, H = 0. Solving this 
control problem is equivalent to solving an initial-value problem of BNS system. We set initial condition as follows with 
discontinuous piece-wise constant:

ρ0(x) =
{

2 if 0.25 < x < 0.75

1 else
, m0(x) =

{
1 if 0.25 < x < 0.75

0.5 else
.

We consider this problem in [0, 1] × [0, 0.2] space-time domain, with mesh Nx = 64, Nt = 16. To verify that our proposed 
model solves the initial-value problem of BNS system, we compare the result with a forward explicit finite difference scheme 
of the BNS system:⎧⎪⎪⎨

⎪⎪⎩

(
ρl+1

i −ρl
i

)

t + Dc(m)l

i − c
xLap(ρ)l
i = 0,(

ml+1
i −ml

i

)

t + Dc(

m2

ρ )l
i + Dc(P (ρ))l

i − βD
(
μ(ρ)D(m

ρ )
)l

i
− c′
xLap(m)l

i = 0.
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Fig. 1. Solution to the BNS equation via control problem in example 1: ρ(x, t) (left); m(x, t) (right).

Fig. 2. Initial condition of the BNS equation (ρ0, m0) in example 1 and the comparison of two solutions via solving an optimal control problem (ρT , mT ) 
and using explicit scheme (ρT , mT explicit scheme) at final time T = 0.2.

The explicit scheme needs to satisfy the CFL condition, which leads to a very fine mesh in time. In this example, we 
set Nx = 64, Nt = 256. The BNS system has μ(ρ) = 1, P (ρ) = 0.1ρ2, β = 0.1, c = 0.5, c′ = 0.5. The numerical results from 
Fig. 1, 2 shows that our optimal control problem can successfully recover the initial value problem for the BNS system. 
Thanks to the implicit finite difference scheme, the optimal control problem allows larger step sizes in time. We expect that 
the computational complexity of our primal–dual approach will be lower than the explicit finite difference schemes as we 
refine the grid.

4.4.1. Example 2
We consider a control problem of the BNS system where μ(ρ) = 1, P (ρ) = 0.1ρ2, β = 0.1. Numerical artificial viscosity 

c = 0.5, c′ = 0.5. The initial conditions for density and momentum are

ρ0(x) = 0.1 + 0.9 exp(−100(x − 0.5)2), m0(x) = 0.

As for the control problem, we set F = 0, H(ρ1, m1) =
∫
�

ρ1(x)g(x)dx. We test two cases: g1(x) = 0, g2(x) =
−0.1 exp(−100(x − 0.25)2). In the first case, the optimal control problem will degenerate to the BNS equations without 
control; the solution ρ, m will correspond to the original initial value problem. As for the second case, the final cost 
functional H we choose will make density concentrate around x = 0.25.

We can see from the numerical result in Fig. 3, 4 that with H = 0, the density only diffuses in the first case; while in the 
second case a final cost functional is imposed at terminal time, the density moves towards x = 0.25 enforced by external 
control (from a).

4.4.2. Example 3
We consider a control problem of the BNS system where μ(ρ) = ρ, P (ρ) = 0.1ρ2, β = 0.1. Numerical artificial viscosity 

c = 0.1, c′ = 0. The initial conditions for density and momentum are

ρ0(x) = 1 + exp(−100(x − 0.5)2), m0(x) = 0.
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Fig. 3. Numerical results: the density (left) and the momentum (right) over time for case g1 = 0 in example 2.

Fig. 4. Numerical results: the density (left) and the momentum (right) over time for case g2 = −0.1 exp(−100(x − 0.25)2) in example 2.

Fig. 5. The density (left) and the momentum (right) change over time for case cF = 0 in example 3.

We set F(ρ, m) = ∫
�

cF m2dx, H(ρ1, m1) =
∫
�

ρ1(x)g(x)dx, where g(x) = 0.1 sin(4πx). Similarly to the first example, the 
final cost functional makes the density move towards x = 3

8 , 78 . The term F(ρ, m) penalizes the control system with a large 
momentum for cF > 0.

Fig. 5, 6 present the density and momentum profile for the control problems. The density forms a similar shape both 
cases, with density concentrate more around x = 3

8 , 78 . And the momentum in the second case cF = 2 has a smaller magni-
tude in terms of maxx,t m(x, t).

5. Discussions

The paper develops an approach to solve BNS implicitly in time. We first create a metric variational problem whose 
critical points form a primal-dual BNS system. We then apply finite difference schemes for this variational system, which 
forms an implicit in-time numerical approximation of the original BNS equations. Finally, we use a primal-dual hybrid 
gradient-inspired method to solve the optimization problem, which leads to an unconditionally stable algorithm. The current 
computational approach is restricted to special one-dimensional NS equations with first-order schemes on coarse meshes. 
We shall design fast, efficient and scalable methods to address these limitations in future work.
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Fig. 6. The density (left) and the momentum (right) change over time for case cF = 2 in example 3.
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