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Temperature sensing is a ubiquitous cell behavior, but the fundamental limits to the precision of
temperature sensing are poorly understood. Unlike in chemical concentration sensing, the precision of
temperature sensing is not limited by extrinsic fluctuations in the temperature field itself. Instead, we find
that precision is limited by the intrinsic copy number, turnover, and binding kinetics of temperature-
sensitive proteins. Developing a model based on the canonical TIpA protein, we find that a cell can estimate
temperature to within 2%. We compare this prediction with in vivo data on temperature sensing in bacteria.
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Cells routinely make decisions based on the temperature
of their surroundings. For example, most cells undergo
systemic changes in response to a heat or cold shock [1,2].
Some cells initiate a phenotypic response such as virulence
when the temperature crosses a particular threshold [3].
Some cells thermotax, or move toward a preferred temper-
ature range [4]. These behaviors are possible because
molecular conformations, chemical reaction rates, and
various mechanical properties of cells can change dramati-
cally as a function of temperature, and cells have developed
many different ways to detect such changes [5-7].
Molecules that participate in the response to temperature
changes are called molecular thermometers or thermosen-
sors, and this class includes DNA and various RNA and
protein molecules.

Despite detailed knowledge of the molecular mecha-
nisms of temperature sensing in cells, the basic question of
what sets the precision of temperature sensing remains
largely unexplored. Is the precision limited extrinsically by
temperature fluctuations in the surrounding fluid, or
intrinsically by properties of the cell’s molecular compo-
nents? Similar questions have been heavily investigated for
other types of cell sensing, beginning with Berg and
Purcell’s analysis of chemical concentration sensing [8],
and extending to sensing of concentration gradients [9],
concentration ramps [10], multiple ligands [11], material
stiffness [12], and fluid flow [13], among others. In most of
these cases, extrinsic fluctuations have been found to limit
sensory precision, suggesting that cells have evolved
sensors that are as precise as physically possible.
However, the precision of temperature sensing, and the
associated question of extrinsic versus intrinsic limits, has
been understudied by comparison.

Early work by Dusenbery shed important light on this
problem [14]. Using the two-point correlation function
for temperature fluctuations in a homogeneous fluid,
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Dusenbery estimated that extrinsic fluctuations are several
orders of magnitude smaller than cells’ actual sensitivity
thresholds. This finding suggests that cells’ temperature
sensors are not as precise as physically possible. However,
it leaves an important question unanswered: if extrinsic
fluctuations do not set the limit on the precision of cellular
temperature sensing, then what does?

Here we revisit this problem from a perspective that
combines the physics of temperature fluctuations with the
molecular mechanisms of thermoreception. Following
Dusenbery’s lead, we start by using the two-point corre-
lation function to investigate a thermal analog of Berg and
Purcell’s “perfect instrument” for concentration sensing
[8]. This investigation confirms that extrinsic temperature
fluctuations are far too small to be limiting in a biological
context. We therefore investigate the intrinsic fluctuations
imposed by cells’ molecular machinery for temperature
sensing. We are guided by a prototypical and well studied
protein thermometer, namely the TIpA protein in the
bacterium Salmonella typhimurium [15-17]. Developing
a stochastic model based on the experimentally charac-
terized details of TIpA, we find that intrinsic fluctuations
are much larger than extrinsic fluctuations and can in fact
be biologically limiting. Specifically, we find that intrinsic
fluctuations impose a sensing error of roughly 2%, and we
discuss how this limit compares with the observed temper-
ature sensing threshold in bacteria.

In their perfect instrument for concentration sensing,
Berg and Purcell considered a completely permeable sphere
of radius a that could count the number of molecules within
its volume at each instant, perform a time average, and use
this information to estimate the surrounding concentration
[8]. In the case of temperature sensing, the analogous
instrument is a permeable sphere of radius a that records
the temperature 7'(X,7) at each point within its volume at
each instant 7 € [0, 7|, performs a volume and time average,
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FIG. 1. Temperature sensing (a) via an analog of Berg and
Purcell’s [8] perfect instrument for concentration sensing, and
(b) via a protein thermometer. Based on the TIpA protein,
monomers reversibly dimerize, monomers are expressed, mono-
mer and dimers are diluted by cell division, and dimers inhibit
monomer expression.

and then uses the result as the temperature estimate 7'
[Fig. 1(a)]. We assume the medium to be homogeneous and
in thermal equilibrium, with average temperature 7. The
key ingredient is the two-point correlation function for the
temperature fluctuations obtained in the regime of linear
irreversible thermodynamics [18]
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where kjp is Boltzmann’s constant and the material proper-
ties p, c¢,, and K are the mass density, specific heat, and
thermal conductivity of the medium, respectively. The
variance in the estimator is computed by integrating the
two-point correlation function in Eq. (1) in both space and
time. The result has the following short- and long-time
limits [19],

7 1 0
o) _ [k e 2)
T c 47zp/(57) > 1p,

where we have introduced the heat capacity of the medium
contained within the instrument C = 4za’pc,/3 and the
timescale for temperature fluctuations to diffuse across the
instrument 7, = pc,a’/K [18]. Equation (2) has an intui-
tive interpretation: the variance falls off with the heat
capacity of the instrument (in units of kp) because if the
heat capacity is large, a large fluctuation in thermal energy
corresponds to a small fluctuation in temperature. The
variance is further decreased in the long-time limit by the
number 7/, of independent measurements the instrument
can make, where independence is defined by the diffu-
sion time.

For water at room temperature, p~ 1 g/cm’, c~
4J/(g-K), and K~0.6J/(s-m-K). For a cell radius
of a~ 1 pum, the error in an instantaneous measurement
according to Eq. (2) is o(T)/T ~ 107°. The diffusion time
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FIG. 2. Relative temperature estimation error o(7)/AT as a
function of monomer-number integration time 7. We predict that
the error is bounded from below by 2% (gray box). Parameters
are estimated from data as described in the text.

is 7p & 6 us, after which the error drops further due to time
averaging (Fig. 2, blue). Clearly the extrinsic fluctuations in
the medium itself are not limiting, as it is unlikely that a cell
needs to estimate temperature to less than one part in a
million. This finding agrees with the conclusions of
Dusenbery, whose approach was more heuristic [14].

Of course, cells are not perfect thermometers. They
detect temperature indirectly through molecular or
mechanical properties [5-7]. Therefore, to investigate the
intrinsic limits imposed by the detection mechanism itself,
we must develop a model that accounts for the information
actually available to the cell. Here we focus on the
molecular mechanism of protein thermometry, in which
proteins’ conformational states are temperature dependent.
Protein thermometers are ubiquitous: for example, temper-
ature-dependent oligomerization, unfolding or misfolding,
and methylation of proteins drive, in various combinations,
the heat shock response [1], high-temperature response
[17,20], and thermotaxis response [4,21,22] in bacteria. In
these cases, a temperature-induced conformational change
is generally followed by negative feedback [23].

For concreteness, we consider the protein TIpA in
S. typhimurium, which includes these common features
but is otherwise relatively simple and experimentally well
characterized. A step in temperature results in a sustained,
rather than transient, new TIpA level, suggesting that TIpA
responds to absolute temperature rather than temperature
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change [19]. TlpA forms homodimers, with the dimer
favored at low temperatures and the monomer favored at
high temperatures [15,17]. The dimer binds to the promoter
region of the 7[pA gene and inhibits its expression [16],
resulting in negative feedback. TIpA is a canonical protein
thermometer, and its mechanism has been used to engineer
other thermal switches [24,25].

Suppose that two TIpA molecules associate with rate &,
and dissociate with rate k,, [15] [Fig. 1(b), yellow]. Subject
to these reactions alone, the total number of TIpA units
n = m + 2d is conserved, where m and d are the numbers
of monomers and dimers, respectively. Therefore we refer
to this as the “fixed pool” (FP) model. The mean fraction
f = m/n of TIpA units in the monomeric state has been
measured as a function of temperature at physiological
concentrations using circular dichroism spectroscopy
[17,26]. We find that the data are well described by
a sigmoid f(T) = {1 +exp[—4(T — Ty)/AT]}~" with
half-maximal temperature T); = 39°C and width AT =
6.3°C [19] [the factor of 4 ensures that f'(T,,) = 1/AT].
We assume that the cell infers the temperature from the
mean monomer number, which it estimates from the time
average /i, = v! [ m(t)dr [8] (we find similar results if
temperature is instead inferred from the dimer number
[19]). In the Supplemental Material [19] we also consider
maximum likelihood estimation [27], which in this case has
the least squared error of all possible estimators, and find
that it performs similarly to the naive time average
considered here.

To convert the error in monomer number estimation to
that in temperature estimation, we use linear error propa-
gation [8], o(T) = o(in,)/|dim/dT| = o(in,)/(nf"), where
the second step follows from m = nf. To find o(7,),
we perform the second-order Kramers-Moyal expansion
and linearize to obtain the fluctuations [28-30]. The result

is [19]
1 7—-0
x { 3)

2t/ T> 1y,

where 62p(m) = 2nf(1 — f)/(2 — f) is the instantaneous
variance in the monomer number and 7, = c¢(k )" is the
autocorrelation time, with c¢=(1—-f)/22-f)] a
numerical factor [31]. Equation (3) has an intuitive inter-
pretation: the factor nf(1 — f) in op(m) is the variance of
the binomial distribution, which arises because the mole-
cules switch between the monomer and dimer states. The
additional factor 2/(2 — f) is an increase in the noise due to
the fact that dimerization further discretizes the monomer
number beyond that of a pure binomial process, as the
monomer number can only change by two [32]. Finally,
(kgm)~!, which sets 7,, is the timescale for a monomer to
form a dimer with any other monomer. As in Eq. (2), the
variance in the long-time limit of Eq. (3) is reduced by the
number 7/7,; of independent measurements made.

@ _ opp(m)
AT nf'AT

When T = T,,, we have f = 1/2 and f' = 1/AT, and
the instantaneous error in Eq. (3) reduces to
o(T)/AT = 1/+/3n. We see that the error decreases with
the square root of the number of TIpA molecules n, as
expected for counting noise. From the experimentally
estimated number of TIpA dimers per cell [17], we infer
n~ 1700 [33], and therefore an instantaneous error of
o(T)/AT = 1.4% (Fig. 2, yellow). To see how sensing
improves with time integration, we need to estimate the
dimerization rate k;. We are unaware of an experimental
estimate for the dimerization rate of TlpA. However, TIpA
is a coiled coil, and the dimerization rate of engineered
coiled coils has been measured at k;V =4 x 10° (M -s)~!
[34]. Given the bacterial volume of V = 1 um? [35], this
results in an autocorrelation time of 7, = 0.3 sat f = 1/2,
beyond which the error falls off [36]. The intrinsic noise
from molecular detection (Fig. 2, yellow) clearly dominates
over the extrinsic noise from temperature fluctuations in the
medium (Fig. 2, blue).

The fixed pool model is unrealistic because in cells the
protein number is not actually fixed. Instead, proteins are
produced via gene expression and lost by active degrada-
tion or dilution from cell division. As we are not aware of
evidence that TIpA is actively degraded, we consider
dilution here. Specifically, we introduce a production rate
k™ for the monomer and a dilution rate k= for both the
monomer and dimer. We call this the “production-dilution”
model [Fig. 1(b), red]. Experiments [17,37] suggest that
neither k* nor k™ is strongly temperature dependent [19],
and therefore we assume that the dominant temperature
dependence is via f. Because cell division is much slower
than monomer binding [38], we consider the
limit ki~ < kgm.

Using the same stochastic techniques as above, we find
[19] that the mean and variance of the monomer number
become m = fk/k~ and

f*o*(n)
Q-f*

o*(m) =

opp(m) + (4)

where 6?(n) = (7 —3f)k*/(4k™) is the variance of the
(now fluctuating) pool size n = m + 2d, and o#p(m) as
given beneath Eq. (3) is here written in terms of the mean
pool size n = m/f. The second term in Eq. (4) is always
positive, showing that pool fluctuations due to protein
turnover increase the noise, as expected. Indeed, using
f=1/2 and k" /k~ inferred from the experimental dimer
number [33], we see that the instantaneous error (Fig. 2,
red) is increased from that of the FP model (Fig. 2, yellow).
The full z-dependent expression for o(7) /AT is calculated
[36] using k= =1In(2)/7y;, 2 hr! from cell division
[39], and we see that the relative error has two clear bends
at the dimerization and dilution timescales 7, and 7,
respectively (Fig. 2, red).
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Thus far we have not yet accounted for the fact that TIpA
exhibits negative feedback: the TIpA dimer binds to
the promoter region of the 7[pA gene and inhibits its
expression [16]. To incorporate this autorepression, we
replace the monomer production rate k™ with the function
k* /(1 4+ ad). We call this the “production-dilution with
feedback” (PDF) model [Fig. 1(b), purple]. The parameter
a describes the autorepression strength, and its inverse sets
where half-maximal expression occurs. Experiments [17]
suggest that a is not strongly temperature dependent [19],
and therefore we continue to assume that the dominant
temperature dependence is via f. With autorepression, we
find [19] that the mean monomer number becomes

oy 20k (1= f)
m_a(l—f){ e

and the variance obeys Eq. (4) with ¢%(n) acquiring an «
dependence (see Ref. [19]). We have checked [19] that
Egs. (4) and (5) agree with stochastic simulations [40].
Both Eq. (4) and Eq. (5) decrease monotonically with a,
showing that autorepression reduces both the monomer
number variance and its mean. The latter effect dominates,
such that relative fluctuations o(m)/m increase with
autorepression strength [41].

The increase in relative fluctuations with autorepression
is offset by an increase in temperature sensitivity. To see
this, we recognize that the instantaneous relative error can
be written o(T)/AT = [o(m)/m]/[|dm/dT|(AT/m)),
again by error propagation. The first term in brackets is
the relative fluctuations while the second term is the
sensitivity: the derivative dm/dT scaled by the character-
istic quantities m and AT. Differentiating Eq. (5), the
sensitivity evaluates to

-1 ©

din AT fAT [1 1 1

ar im — (1=f)|f 2 2\/1+2ak (1= f)/k) (6)

Equation (6) is an increasing function of a, showing that
autorepression increases the sensitivity. This result is
consistent with the fact that mutations that target the
autorepression result in a weakened dependence of mono-
mer number on temperature [17].

The tradeoff between increasing relative fluctuations and
increasing sensitivity leads to an optimal autorepression
strength a* = 1.75k~/k* that minimizes the error in
instantaneous temperature sensing J(T) /AT at T =Ty,
[19]. Using this value, f = 1/2, k= =2 hr™!, and k*/k~
inferred from the experimental dimer number [33], we see
that the error (Fig. 2, purple solid) [36] is reduced from the
case without feedback (Fig. 2, red).

Finally, we account for a ubiquitous source of additional
noise in bacterial gene expression, namely, bursts. Bursts of
protein production can occur at the transcriptional level,
due to binding and unbinding at the promoter region [42],

and at the translational level, due to multiple proteins being
produced from a single transcript [43]. In our case the
promoter binding timescale, assuming it is diffusion
limited, is sufficiently fast compared to the protein pro-
duction timescale that transcriptional bursting can be
neglected [19,44,45], and therefore we focus on transla-
tional bursts. Specifically, we perform stochastic simula-
tions [40] of the PDF model in which each production event
generates b TIpA proteins instead of one, where b is
geometrically distributed with mean b [43], and we take
k* = kt/b to leave the mean monomer number 7
unchanged. We see in Fig. 2 that the temperature estimation
error increases with mean burst size b, as expected (purple
dashed).

Our results provide a quantitative prediction for the
precision with which a cell can estimate temperature using
a protein thermometer. A temperature-sensitive behavioral
response is likely to occur on a timescale slower than
monomer binding 7, but faster than cell division 7;/,.
Figure 2 shows that the estimation error is relatively
insensitive to the integration time in this range. In particu-
lar, for a typical bacterial protein burst size of b = 5-10
molecules [43], we predict that the cell can estimate
temperature to within 2% (Fig. 2, gray box).

How does the predicted bound of 2% precision compare
to observed thermosensing thresholds in experimental
systems? The transcriptional activity of TIpA has been
measured in vivo [17] using a Miller assay with a LacZ
reporter [46,47]. Miller units are proportional to the number
of TIpA production events and therefore include time
integration while excluding noise downstream of TIpA.
Measurements at temperatures 7'y and T, below and above
the transition temperature, respectively, provide an esti-
mate of the thermosensing error o(7)/AT, where
AT =T,—T,, and o(T) is evaluated from the mea-
sured uncertainties using linear error propagation (see
Ref. [19] for details). Using this procedure, we find
o(T)/AT = 24%. This value is larger than 2%, indicating
that this protein thermometer obeys the predicted bound. In
fact, modeling the LacZ reporter explicitly, the predicted
bound becomes 20%—-30% due to the additional reporter
noise [19], which is consistent with the experimental
observation of 24%.

The excellent agreement between the predicted bound
and the experimental observation may be partly fortuitous.
First, the data may include purely experimental sources of
error associated with the Miller assay, which would
increase the observed error. Second, the Miller assay is a
population measurement, which would decrease the
observed error: it reports [o(7)/AT]/v/N, where N is
the number of independently responding units within the
population of N, and the degree to which cells respond
in a correlated (N — 1) or uncorrelated (N — N )
manner is unclear. Third, the population likely includes
natural cell-to-cell variability [48], which would increase
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the observed error. These unknowns underscore the need
for measurements of temperature sensitivity at the single-
cell level. We are not aware of any such measurement for a
protein thermometer.

Molecular thermometers drive a variety of cell behaviors,
and it is natural to ask how our work could be extended.
Many thermosensors, including TIpA, are speculated to
cause thresholdlike responses, where the cell cares only if
the temperature is above a particular threshold, not the
value of the temperature itself. For this task, decision theory
or optimal stopping [49-51] may be more appropriate than
the time-integrated statistics we investigate here.
Furthermore, many thermosensors are used for thermo-
taxis, the motion of a cell toward an optimal temperature.
Here the sensory network is more complicated [21,22] and
the task is also different: the cell cares about the value of
both the temperature and its spatial gradient. It would be
interesting to integrate our findings into a model of
thermotaxis to investigate the physical limits to the pre-
cision of that behavior.

Guided by a canonical protein thermometer, we have
derived the physical limits to the precision of cellular
temperature sensing. Unlike for many other types of cell
sensing, the precision of temperature sensing is evidently
not limited by the extrinsic noise inherent to the environ-
mental signal itself. Instead, the precision is limited by the
biochemical details of the molecular thermometer inside
the cell. Specifically, the relative error falls off with the
square root of the number of molecules and the number of
correlation times, as expected for systems dominated by
biochemical noise. Developing a model based on the
experimental features and measured parameters of the
TIpA protein, we predict a sensitivity threshold of 2%,
which we find is consistent with the observed thermosens-
ing threshold in bacteria. Our work advances the under-
standing of cell sensing and lays the groundwork for further
exploration of temperature-sensitive cell behavior.

This work was supported by the Simons Foundation
(376198) and the National Science Foundation (PHY-
1945018).
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