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Large dark matter overdensities can form around black holes of astrophysical and primordial origin as

they form and grow. This “dark dress” inevitably affects the dynamical evolution of binary systems and

induces a dephasing in the gravitational waveform that can be probed with future interferometers. In this

paper, we introduce a new analytical model to rapidly compute gravitational waveforms in the presence of

an evolving dark matter distribution. We then present a Bayesian analysis determining when dressed black

hole binaries can be distinguished from GR-in-vacuum ones and how well their parameters can be

measured, along with how close they must be to be detectable by the planned Laser Interferometer Space

Antenna (LISA). We show that LISA can definitively distinguish dark dresses from standard binaries and

characterize the dark matter environments around astrophysical and primordial black holes for a wide range

of model parameters. Our approach can be generalized to assess the prospects for detecting, classifying, and

characterizing other environmental effects in gravitational wave physics.
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I. INTRODUCTION

The nature of the elusive dark matter (DM) that appears
to permeate the Universe remains unknown [1], despite an
intense and diverse research program that includes direct
detection experiments [2,3], indirect searches based on
astronomical and cosmological data [4], and searches at
colliders [5]. The recent direct detection of gravitational
waves (GWs) [6–10] has ushered in a new era for
fundamental physics. Present and future experiments such
as LIGO/Virgo/KAGRA [11–13], LISA [14,15], Einstein
Telescope [16], Cosmic Explorer [17], Pulsar Timing
Arrays [18–21], and others will soon shed new light on
some of the most fundamental questions in particle physics

and cosmology [22], and may in particular elucidate the
particle nature of dark matter [23,24].
In this paper, we focus on the prospects for detecting and

characterizing overdensities of dark matter around compact
object binary systems by investigating the associated gravi-
tational radiation. Under the general hypothesis that dark
matter is cold and consists of collisionless particles, signifi-
cant “spikes” are expected to form around massive compact
objects such as supermassive [25,26], intermediate-mass
[27] and stellar-mass astrophysical black holes (BHs), as
well as around hypothetical black holes of primordial origin
[28–30]. These DM structures would lead to a significant
increase in the annihilation rate of self-annihilating dark
matter candidates and are interesting targets for indirect dark
matter searches [25–27,29–41].
DM overdensities around black holes could also be

detected and studied by measuring how dynamical friction
[42–44] affects the orbits of compact object binaries and the
emitted GWs. This would manifest as a “dephasing” of the
GWs emitted by the binary: a gradual change in phase
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when compared to an equivalent system without DM.
In this context, the most promising systems are intermedi-
ate mass-ratio inspirals (IMRIs), consisting of a stellar-
mass compact object orbiting around a larger intermediate-
mass black hole (IMBH) [45–54]. A diagram of such a
system is shown in Fig. 1.
We have shown in a previous paper (Ref. [54], hence-

forth, Paper I) that in such systems the work done by
dynamical friction is typically comparable to (and in some
cases much larger than) the total binding energy available
in the DM spike. This implies that previous calculations of
the DM-induced dephasing, which assumed a nonevolving
DM density profile, do not conserve energy and can
substantially overestimate the size of the effect. It further
highlights the importance of jointly evolving the distribu-
tion of DM and the orbital parameters of the binary.
Here, we assess the prospects for detecting and charac-

terizing dark-matter overdensities around black holes with
the planned Laser Interferometer Space Antenna (LISA).
The speed of the accurate numerical modeling approach
described in Paper I is not suitable for a systematic
exploration of the model parameter space requiring tens
of thousands of waveform evaluations. We thus introduce
here a new analytical model that runsOð105Þ times faster to
approximate gravitational waveforms in the presence of an
evolving dark matter distribution.
We then study the detectability of dark dress binaries and

present a Bayesian analysis of their discoverability and
measurability, defined as follows:

(i) Detectability.We call a dark dress detectable if it can
be detected with LISA. We require in particular that
the signal-to-noise ratio with LISA is larger than 15;

(ii) Discoverability.We call a dark dress discoverable if
it can be distinguished from a GR-in-vacuum sys-
tem. To quantify this, we calculate the Bayes factor
between the dark dress and vacuum models for the
dress’s signal;

(iii) Measurability. We derive full posterior distributions
for the dark dress model parameters and demonstrate
the feasibility of measuring them with LISA in case
of detection.

The paper is organised as follows: in Sec. II we describe
the properties of dark matter overdensities around inter-
mediate-mass black holes of both astrophysical and pri-
mordial origin. In Sec. III, we provide an overview of our
approach to the numerical modeling of the dark dress
waveform. In Sec. IV, we present an analytical model to
approximate gravitational waveforms in the presence of an
evolving dark matter distribution. In Sec. V, we describe the
calculation of the signal-to-noise ratio, and introduce the
Bayesian framework to assess discoverability and measur-
ability. In Sec. VI, we present our results, and in Sec. VII,
we discuss them and present our conclusions.

1

II. INITIAL DARK MATTER DENSITY PROFILES

Intermediate-mass black holes (IMBHs) are black holes
with mass in the range 102–105 M⊙ and can form via a
variety of mechanisms, either directly or through accretion
and merger of smaller compact objects [55]. Depending
on the formation channel, an IMBH can develop a
significant dark matter overdensity (“dark dress”) through
different physical processes. We review here the main
features of such dresses within an astrophysical and a
primordial formation scenario, which we use as initial
conditions for evolving the system with a binary
companion. We indicate density profiles used as initial
data as ρDMðr; t ¼ 0Þ.

A. Astrophysical black holes

In the astrophysical scenario, the IMBH progressively
grows in a dark matter halo via accretion onto a seed that
may originate from a variety of channels, such as the
collapse of a stellarlike object formed in a metal-poor
environment (“population III” star) [56] or direct collapse
of a supermassive star which in turn collapses into a IMBH
[57]. The DM distribution is altered by the adiabatic
growth

2
of the IMBH and is expected to form a steep

spike [25,35], with a density profile which is well-described
by a power law.
Denoting the IMBH mass by m1, the dark matter

distribution for such a spike,

Compact 

Object

 Intermediate Mass

Black Hole

Dark Matter 'spike'

FIG. 1. An intermediate mass black hole (IMBH) of mass m1,
surrounded by a “spike” of dark matter, is orbited by a lighter
compact object m2 ≪ m1 at an orbital radius r2.

1
This excludes the large data files we used to calibrate our

approximate phase parametrization (Sec. IV B).
2
Adiabatic growth means that the timescale for the growth of

the central BH is much longer than the dynamical timescale for
the DM halo.
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ρDMðr; t ¼ 0Þ ¼

8

<

:

ρsp

�

rsp
r

�

γsp
rin ≤ r ≤ rsp

0: r < rin

; ð1Þ

where r is the distance from the center of the IMBH, rsp
is the size of the spike and ρsp is the density at rsp
[25,27,58–60]. We define the inner radius of the spike

as rin ¼ 4GNm1=c
2 (twice the Schwarzschild radius),

following [58]. We will not treat the DM distribution at
distances r > rsp, where the length scale rsp is not a free

parameter, but can be expressed as a function ofm1, ρsp and

γsp as in [46] (see also Paper I),

rsp ¼
"ð3 − γspÞ0.23−γspm1

2πρsp

�

1=3

: ð2Þ

The spike slope depends on the initial properties of
the DM halo where the BH formed. For an initial halo
with inner slope α we expect γsp ¼ ð9 − 2αÞ=ð4 − αÞ [25].
An initial Navarro-Frenk-White profile [61] (α ¼ 1) thus

corresponds to γsp ¼ 7=3 ¼ 2.333…≡ 2.3̄. Though we

take this model as a benchmark, the formalism we present
in this paper can be applied to any DM spike density
profile.
A description of the DM spike in terms of ρsp and slope

γsp arises naturally in this adiabatic formation model.

However, this parametrization is not the most intuitive,
because rsp depends on ρsp through Eq. (2). This means that

the DM density at a fixed radius scales as ρDMðr; t ¼ 0Þ ∝
ρ
ð1−γsp=3Þ
sp . We therefore introduce the parameter ρ6, such

that the DM density in the spike is given by

ρDMðr; t ¼ 0Þ ¼
(

ρ6

�

r6
r

�

γsp
rin ≤ r ≤ rsp

0: r < rin

; ð3Þ

where r6 ¼ 10−6 pc is a fixed reference radius. Comparing
Eq. (1) and Eq. (3), we can express ρ6 in terms of ρsp as

ρ6 ¼ ρ
1−γsp=3
sp ðkm1Þγsp=3r6−γsp ; ð4Þ

with k ¼ ð3 − γspÞ0.23−γsp=ð2πÞ. The definition in Eq. (3)

allows for an intuitive interpretation of ρ6, with ρDM ∝ ρ6
at a fixed radius. We therefore use the parametrization of
the spike in terms of (ρ6, γsp) when performing param-

eter scans.
The density profile in Eq. (1) and Eq. (3) can be

generalized by relaxing one or more of the assumptions
that went into its derivation:

(i) Adiabaticity. The central black hole was assumed to
grow adiabatically at the center of the dark matter
halo. If the accretion timescale is short compared to
the dynamical time of the dark matter halo, or if the

black hole is off-center with respect to it, the
resulting spike is shallower [26].

(ii) Survival. The spike is assumed to survive unper-
turbed after formation. Supermassive black holes
(SMBHs) at the centers of galactic halos typically
undergo major mergers, which lead to a dramatic
suppression of the spike density [33]. Furthermore,
gravitational interactions with stellar cusps around
SMBHs are also expected to deplete spikes [27].
IMBHs are more likely to carry unperturbed spikes
[35] and, as illustrated in Paper I, IMRIs lead to only
a minor perturbation of the initial spike after the
system has merged.

(iii) Gravity framework. The density profile was calcu-
lated in the framework of Newtonian gravity. A full
relativistic treatment leads to a steeper profile,
especially in the case of Kerr BHs [58,62].

(iv) DM interactions. Dark matter particles are assumed
to be cold, collisionless, and nonannihilating. If dark
matter is warm, self-interacting, or self-annihilating,
the resulting spike is expected to shallower and
model-dependent [25,27,52,63,64].

In our final plots we will indicate the benchmark
from Ref. [46] of ðm1; m2; ρsp; γspÞ ¼ ð103 M⊙; 1.4 M⊙;

226 M⊙ pc−3; 2.3̄Þ (corresponding to ρ6 ¼ 5.448×

1015 M⊙=pc
3), though we emphasize that our treatment

can also be applied straightforwardly to the general density
profiles described above.

B. Primordial black holes

The intermediate-mass black hole could also be of
primordial origin. In this case we also expect the formation
of a dark dress. The physical process in this scenario is
well-understood: the dress forms due to the nearly radial
infall of cold dark matter in the vicinity of the IMBH,
beginning after its formation deep in the radiation era [65].
Analytic calculations based on the theory of secondary

infall [66], 1D simulations [67] and most recently realistic
3D simulations [39] all find that spikes around intermedi-
ate-mass PBHs also have power-law density profiles, with

ρDMðr; t ¼ 0Þ ∝ r−9=4 (see also the recent detailed analysis
in Ref. [68], which studies spike formation as a function
of black hole mass, DM mass and DM kinetic decoupl-
ing temperature). Recasting these results into the para-

metrization Eq. (1), we find ρs ¼ 1.798 × 104 M⊙ pc−3,

independent of the PBH’s mass m1 (corresponding to ρ6 ¼
5.345 × 1015 M⊙=pc

3 for m1 ¼ 103 M⊙).
We will also highlight this benchmark in our final plots,

using the same black hole masses as for the astrophysical
one. However, note that since the particles in PBH spikes
are moving along extremely elliptical orbits, our modeling
assumption that the DM velocity distribution in the spike is
isotropic (Sec. III B) does not hold, so our results should be
interpreted with care.
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III. NUMERICAL DARK DRESS WAVEFORM

MODELING

In this section, we study the evolution of a system
consisting of a stellar-mass compact object orbiting around
an IMBH surrounded by a dark dress with initial density
profile as described in the previous section. The evolution is
governed by gravitational wave emission and dynamical
friction exerted by the dark dress on the light compact
object. We adopt a numerical approach to solve simulta-
neously for the equation of motion of the binary system and
the feedback on the DM spike.

A. Evolution of the IMRI

As the binary orbits, the orbital energy of the two compact
objects is dissipated via gravitational-wave emission and
dynamical friction, and the orbital energy evolves as

_Eorb ¼ − _EGW − _EDF; ð5Þ

where the dot denotes the time derivative d=dt. We work
in a Newtonian approximation, and we assume the
orbit is circular.

3
In this case, for a binary separation r2,

the GW dissipation is given by

_EGW ¼ 32G4
NMðm1m2Þ2
5ðcr2Þ5

; ð6Þ

where m2 is the mass of the orbiting compact object and
M ¼ m1 þm2 is the total mass of the binary. Dynamical
friction losses are described by [[70] Appendix L]

_EDF ¼ 4πðGNm2Þ2ρDMðr2; tÞξv−1 logΛ: ð7Þ

The term ξ denotes the fraction of DM particles moving
more slowly than the orbital speed (for γsp ¼ 7=3,

m1 ¼ 103 M⊙, we find ξ ≈ 0.58, independent of radius).
Guided byN-body simulations (presented in Paper I), we set
the maximum impact parameter for scattered DM particles
as the distance where the gravitational force of the orbiting

compact object dominates: bmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2=m1

p

r2. This in turn

fixes the Coulomb logarithm logΛ ¼ log
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m1=m2

p

.

Combining Eqs. (5) to (7), we can determine the evolution
of the orbital frequency and phase. The density at the point
r2, ρDMðr2; tÞ, evolves with the binary, using the procedure
that we describe next.

B. Evolution of the dark matter density

We have shown in Paper I that the energy dissipated
through dynamical friction can be much larger than the
binding energy associated with the DM spike. It is therefore

necessary to take into account in our modeling the energy
transferred into the DM spike.
To this aim, we studied in Paper I the physics of

dynamical friction in IMRI systems and introduced a novel
semianalytic prescription to evolve self-consistently the
binary and the dark matter profile, based on the following
assumptions:
(a) The orbital properties evolve slowly compared to the

orbital period. This allows us to consider the rate of
energy being injected into the halo as constant over a
small number of orbits.

(b) The DM halo relaxes to an equilibrium configuration
on a short timescale compared to the evolution of the
orbital period. Therefore, we may update the equilib-
rium density profile of the DM “instantaneously” after
energy is injected.

(c) The DM halo is spherically symmetric and isotropic,
and remains so throughout the evolution of the system.
This allows for a simpler description of the halo,
because we only need to model the evolution of the
energy of the DM particles and not their angular
momentum.

Under these hypotheses, we can describe the DM in the
spike with an equilibrium phase space distribution function

f ¼ mDM d6N=d3r d3v. Because of (c), f only depends on
the relative energy per unit mass and point in time:
f ¼ fðE; tÞ, where

Eðr; vÞ ¼ ΨðrÞ − 1

2
v2: ð8Þ

Here, ΨðrÞ ¼ Φ0 −ΦðrÞ is the relative potential,
with ΦðrÞ the standard gravitational potential and Φ0 a
reference potential. Particles with E > 0 are considered to
be gravitationally bound. Since the orbital separations we
are interested in lie well within the sphere of influence of
the central IMBH, we write ΨðrÞ ¼ GNm1=r, neglecting
the gravitational potential of the DM halo. The halo
therefore evolves in a fixed gravitational potential,
greatly simplifying the calculation. Starting from a given
density profile ρðrÞ, we can construct the distribution
function fðEÞ using the Eddington inversion procedure
[[70], p. 290].
From assumption (a), we can write the change in the

distribution function as Δf ≈ Torb ∂f=∂t, with Torb ¼
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr2Þ3=ðGNMÞ
p

being the orbital period. Thus, we

obtain

Torb

∂fðE;tÞ
∂t

¼−pEfðE;tÞþ
Z

�

E

E−ΔE

�

5=2

fðE−ΔE;tÞPE−ΔEðΔEÞdΔE;

ð9Þ
3
See Ref. [69] for a treatment of elliptic orbits, though that

analysis is strictly limited to unphysical static DM spikes.
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where pE ¼
R

PEðΔEÞdΔE is the total probability for a

particle of energy E to scatter gravitationally with the
compact object during one orbit. This is obtained by
integrating the probability PEðΔEÞ that a particle with
energy E scatters with the compact object and gains an
energy ΔE. The first term on the right-hand side of Eq. (9)
corresponds to particles initially at energy E which scatter
off the compact object to a different energy. The second
term corresponds to particles scattering into the energy E

from energies E − ΔE (weighted by a phase space fac-

tor ∝ E5=2).
The change in energy ΔE can be straightforwardly

related to the impact parameter b of DM particles
passing close to the compact object [[70], Appendix L].
The per-orbit scattering probability PEðΔEÞ is then evalu-
ated as the fraction of particles with energy E located at a
perpendicular distance b from the compact object orbit (see
Paper I for an analytical expression and further details).
Eq. (9) describes the time evolution of the DM distri-

bution function. The (time-dependent) DM density can then
be recovered as

ρDMðr; tÞ ¼ 4π

Z

vmaxðrÞ

0

v2f

�

ΨðrÞ − 1

2
v2; t

�

dv; ð10Þ

where vmaxðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

2ΨðrÞ
p

is the escape speed at radius r.
The HaloFeedback code implements the prescription
described above. It was developed alongside Paper I and
allows us to compute the properties and evolution of the
DM overdensity. It is publicly available online at [71].

C. Evolution of the binary with halo feedback

To solve the full system, we must jointly evolve the
DM distribution through Eq. (9) with the dissipative
dynamics of the binary. For the binary’s dynamics, it is
convenient to write the energy balance condition, Eqs. (5)
to (7) as a function of r2, by recalling that for circular
orbits the orbital energy and velocity are Eorb ¼
−GNm1m2=ð2r2Þ and v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GNM=r2
p

respectively. We

will also replace the static ρðrÞ and ξ with functions of
time. The result is

_r2 ¼ −
64G3

NMm1m2

5c5ðr2Þ3

−
8πG

1=2
N m2 logΛr

5=2
2

ρDMðr2; tÞξðr2; tÞ
ffiffiffiffiffi

M
p

m1

: ð11Þ

We start with the static DM spike and the binary at a
separation r2 three times larger than the desired r2, so as
to determine reasonable initial conditions for the system
(as described in Paper I).
Because the evolution of ρDMðr; tÞ depends on r2, we

simultaneously evolve Eq. (9) and Eq. (11) as a coupled
system of partial and ordinary differential equations. Our

algorithm to solve the system is the following: first, we
evaluate the integrals using Simpson’s rule, and then we
adopt the method of lines (i.e. solving the differential
equation on a discretized grid of E values). We use a
second-order-accurate Runge-Kutta method for numerical
integration.
The injection of energy by the inspiraling compact

object tends to deplete the DM density at the orbital
radius. There is therefore competition between the rate of
this depletion (which will reduce the dynamical friction
effect) and the inspiraling of the binary towards smaller
radii (where the density profile is not yet affected). We
note, however, that as DM particles are redistributed from
smaller to larger radii during the inspiral, the depletion of
the spike is largely transient (see Paper I). A set of
animations showing examples of the time evolution of the
binary and the profile of the DM spike are available
online at [72].

IV. ANALYTIC DARK DRESS WAVEFORM

MODELING

The goal of this work is to estimate the detectability of
dark dresses and how precisely their parameters can be
measured throughout their parameter space. While the
numerical modeling approach described up until here is
currently the most accurate way to model dark dress
waveforms, it is not suitable for this task, requiring
Oð10 hÞ on a single CPU to track a single system starting
at 5 yr before coalescence. Here we instead build an
analytic approximation of the output of these models. We
begin by reviewing the phase evolution of static dresses.
We then explain the qualitative insights from numerical
modeling that enable us to construct our approximate
model with a similar form. Lastly, we quantitatively
connect our insights to the physics governing dark dress
evolution and present our new model’s functional form.
For a static DM spike [for which ρDMðr; tÞ ¼

ρDMðr; t ¼ 0Þ], the phase left until coalescence was
derived analytically in Paper I. Assuming circular orbits,
the gravitational wave frequency of the quadrupole radi-
ation and the black hole separation are related through

f ¼ 1

π

ffiffiffiffiffiffiffiffi

GNM

r3

q

. Substituting this into Eq. (11), solving for

fðtÞ and integrating 2π times the frequency over time from
f to the coalescence frequency fc gives the phase,

Φ
SðfÞ

¼Φ
VðfÞ

2
F1

�

1;
5

11−2γsp
;1þ 5

11−2γsp
;−cff

−
11−2γsp

3

�

;

ð12Þ

defined up to an additive constant ϕc, the “phase at
coalescence.” Here,

2
F1 is the Gaussian hypergeometric

function and
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Φ
VðfÞ ¼ 1

16

�

c3

πGNMf

�

5=3

; ð13Þ

is the phase for a vacuum system with chirp mass

M ¼ ðm1m2Þ3=5=ðm1 þm2Þ1=5. The DM density profile
normalization enters through the parameter cf,

4

cf ¼ 5c5

8m2

1

π
2ðγsp−4Þ

3 G
−
2þγsp

3

N ðm1 þm2Þ
1−γsp

3 r
γsp
sp ξρs logΛ: ð14Þ

The resulting dephasing ΔΦS ≡Φ
V −Φ

S is approximately
a broken power law. The break occurs at the point where the
gravitational wave and dynamical friction energy loss rates
are equal (∼0.015 Hz for our astrophysical and PBH
benchmarks summarized in Table I),

feq ¼ c
3

11−2γsp

f : ð15Þ

Below and above feq the dephasing can be expanded as

ΔΦ
SðfÞ ¼

(

Φ
VðfÞ; f ≪ feq

5cfΦ
VðfÞ

2ð8−γspÞ f
−
11−2γsp

3 ; f ≫ feq
: ð16Þ

Starting at a large orbital separation, the effects of dynami-
cal friction in a static dress system drastically reduce
the number of cycles before coalescence, compared to
the vacuum system. This explains why at low frequency the

dephasing goes as ΔΦS ≡Φ
V −Φ

S ≈Φ
V.

We similarly define the phase Φ
D for binaries with a

dynamic dark dress and a corresponding dephasing

ΔΦ
D ≡Φ

V −Φ
D. While the dephasing ΔΦ

D for dynamic
dark dresses is more complicated (and far smaller than for
static dark dresses), it can be evaluated using the prescrip-
tion in Sec. III C. As shown in the left panel of Fig. 2, the
dynamic dress’ dephasing has a similar broken power law
form to the dephasing of a static dress, but with a different
break frequency and exponents. In the figure and the rest of
this work, we denote the dynamic dress dephasing break
frequency by fb.
The form of the dephasing can be further understood by

studying a quantity we call the effective density profile

(EDP). From the equations of motion for the dark dress, it is
apparent that while the evolution of the whole DM halo is
quite complex, only its density at the position of the
inspiraling compact object matters for the purposes of
computing the evolution of the binary separation. In other
words, if we knew a priori the density of slow-moving DM

FIG. 2. Dephasing for a static and dynamic dark dress (left) and the corresponding effective density profile (right). We assume the
benchmark astrophysical system in Table I. In the left panel, we show the difference in the phase-to-merger between a vacuum inspiral
and a system with a static dress (orange dashed) and a dynamic dress (orange solid), using the output from HaloFeedback. For
comparison, we also show the dephasing for a dynamic dress using the approximate phase parametrization (purple), described in
Sec. IV B. In the right panel, we show the DM density at the position of the inspiraling compact object r ¼ r2 in the dynamic case
(obtained using HaloFeedback). The blue curve shows the density including all DM particles, while the red curve includes only those
particles moving more slowly than the local circular speed. Dotted lines show the unperturbed (static) DM density profile, ρDMðr; t ¼ 0Þ.
The dashed black line shows ρeff ∝ r−γeρDMðr; t ¼ 0Þ, with γe ¼ 5=2, as suggested by the shell model at large radii. In both panels, the

initial separation of the binary is r2 ≈ 3 × 10−8 pc, and an initial period of transient depletion of the DM spike has been removed. The
dynamic dress’ break frequency fb is marked by an arrow.

4
This expression corrects Eq. (B4) of Paper I, which was

missing a factor of 8 in the denominator. This typo was simply
one in typesetting the equation; it did not have an impact on any
of the results of Paper I.
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particles seen by the inspiraling compact object along its
true trajectory,

ρeffðrÞ≡ ξðr2ðtÞ ¼ r; tÞρDMðr2ðtÞ ¼ r; tÞ; ð17Þ

we could substitute it for ξρDM in Eq. (11) and solve for
r2ðtÞ to derive the true binary separation, treating the EDP
as a static halo. While ρeffðrÞ is of course not known prior
to running numerical models, it is useful to study after-
wards to build intuition about the dynamics driving the
binary separation.
We show an example effective density profile in the right

panel of Fig. 2. At small separations (high frequencies) the
EDP approaches the initial ρDMðr; t ¼ 0Þ ∝ r−γsp density
profile. For separations larger than the break point rb (the
separation corresponding to the dephasing break frequency
fb), the EDP falls off according to a steeper power law

r−ðγspþγeÞ, where γe is nearly independent of the dark dress’s
parameters.
Since the EDP is much smaller than the initial dark

matter density, the energy loss rate from dynamical friction
for a dynamic dress is always much smaller than from
gravitational wave emission, as illustrated in Fig. 3. This
means the f ≫ feq limiting case of Eq. (16) can be used to
translate the approximate broken power law EDP into an
approximate broken power law dephasing,

ΔΦ
D ∝

(

Φ
VðfÞf−

11−2ðγspþγeÞ
3 ; f ≪ fb

Φ
VðfÞf−

11−2γsp
3 ; f ≫ fb

: ð18Þ

This qualitative analysis of dynamic dresses raises a
physics question and a practical one: where do the dynamic
dephasing break frequency fb and slope γe of the EDP
come from, and what specific parametrization should we

use for ΦD to carry out our detectability analysis? In the
remainder of this section, we derive approximate scaling
relations for fb and γe that are borne out by the results of
numerical modeling, and we construct an analytic model

for ΦD that is closely related to Φ
S.

A. Deriving the effective density profile parameters

When the DM halo’s evolution is neglected, the break feq
in the power-law behavior of the dephasing occurs when the
timescales for inspiraling due to dynamical friction tDF and
due to gravitational wave emission tGW become equal. In
reality, at the separations we consider these timescales never
become equal since the DM halo is significantly altered.
This is illustrated in Fig. 3, which shows that once the
dynamic nature of the halo is taken into account, energy
losses due to dynamical friction are always much smaller
than those from gravitational wave emission. Instead, the
shape of the effective density profile suggests the break in
the dynamic dress dephasing fb occurs when the timescale
for depletion of the darkmatter halo tdep at the position of the

inspiraling compact object matches the gravitational wave
emission timescale. For f ≪ fb, we expect tdep ≪ tGW and

the halo can be efficiently depleted. For f ≫ fb, we expect
that the system will inspiral quickly due to GW emission,
and the behavior will tend towards that of a static system.
The timescale for GW emission can be estimated

straightforwardly from the first term in Eq. (11),

tGW ∼
r2
_r2
∼

5c5r4
2

64G3
Nðm1 þm2Þm1m2

∝
r4
2

m2

1
m2

: ð19Þ

The depletion timescale can be estimated by considering
the behavior of individual DM particles under repeated
“kicks” from the orbiting compact object. For a particle
with energy E, we estimate the depletion timescale as

tdepðEÞ ∼ Nreq

Torb

pE

: ð20Þ

Here, Torb is the orbital period of the inspiraling compact
object and pE is the probability that it scatters with a DM
particle of energy E during a single orbit. The ratio of the
two is therefore the typical time between kicks. We also
multiply by Nreq, the number of kicks required to decrease

the particle’s energy from E to 1

2
Ψðr2Þ ∼ r2

2
vorb. Above this

energy, the particle will be moving faster than the compact
object vorbðr2Þ and is therefore considered irrelevant for
dynamical friction.

5
The required number of kicks is

approximately

FIG. 3. Binary energy loss due to gravitational waves and DM

dynamical friction. For the dynamic dress (orange), we use the
output from HaloFeedback (starting from r ¼ 3 × 10−8 pc) to
determine the effective density profile and calculate the energy
loss from Eq. (7). A period of transient behavior due to the initial
depletion of the DM spike has been removed. For the orbital
separations of interest, energy losses due to dynamical friction are
always subdominant to gravitational wave emission.

5
Recall that the relative specific energy is defined as

E ¼ ΨðrÞ − 1

2
v2.
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Nreq ∼
E − 1

2
Ψðr2Þ

hΔEi : ð21Þ

The denominator is the average kick size. The depletion
timescale as a function of separation tdepðrÞ is obtained by

averaging tdepðEÞ over the phase-space distribution of

particles moving more slowly than the orbital speed at r.
As detailed in Appendix A, this yields

tdepðrÞ ∼
m

3=2
1

r3=2

m2

2
logð1þm1=m2Þ

gðγspÞ; ð22Þ

where

gðγspÞ≡
23−γsp þ γsp − 4

ð3 − γspÞð2 − γspÞhðγspÞ
; ð23Þ

hðγspÞ≡ B1

�

γsp −
1

2
;
3

2

�

− B1

2

�

γsp −
1

2
;
3

2

�

; ð24Þ

and Bxða; bÞ is the incomplete beta function. Increasingm1

leads to an increase in the depletion timescale, as the DM
halo becomes more tightly bound, while increasing m2

shortens the depletion time, as more energy is injected by
the orbiting compact object.
Expressing the timescales in terms of the gravitational

wave frequency and equating at fb then gives the scaling
relation,

fb ∝
m

3=5
2

m
8=5
1

"

1

gðγspÞ
log

�

1þm1

m2

��

3=5

; ð25Þ

independent of the overall density normalization of the DM
dress ρsp. This estimate of the dynamic dress dephasing

break frequency is relatively simplistic. For example, it does
not take into account the fact that as the DM particles gain
energy (as E decreases), their probability of scattering
shrinks. In solving the full system, we might therefore
expect a slightly different scaling of the break frequency.
However, these estimates help illuminate the physics behind
the evolution of dynamic DM halos, as well as motivating
the parametrization which we present in Sec. IV B.
We now turn to estimating γe, the change relative to the

initial slope of the effective density profile at large radii, or
equivalently at f ≪ fb. In this case, the compact object
inspirals only very slowly due to the emission of GWs. We
will therefore assume that at large radii, there is sufficient
time for dynamical friction to act until the DM halo is
completely depleted. This means that all of the gravitational
binding energy stored in a shell of DM of thickness dr will
be converted into orbital energy as the compact object
inspirals from rþ dr → r. This “shell model” for dynami-
cal friction was first presented in Appendix A of Paper I.
Following this shell model, energy balance means that

we can write

_Eorb ¼ − _EGW − ξ_r2
dUsh

dr2
; ð26Þ

where the second term on the right gives the rate at which
binding energy can be extracted from the DM spike. We
include a factor of ξ to account for the fact that only those
particles moving more slowly than the local circular speed
can be depleted by dynamical friction. For a power-law
spike with an initial unperturbed density profile
ρDMðr; t ¼ 0Þ, the gravitational binding energy of a thin
shell of DM at radius r is

dUsh

dr
≈ −

GNm1mDMðrÞð3 − γspÞ
r2

≈ −4πGNm1rρsp

�

rsp

r

�

γsp

¼ −4πGNm1rρDMðr; t ¼ 0Þ; ð27Þ

where the DM mass enclosed within a radius r is
6

mDMðrÞ ¼
4πρspr

γsp
sp

3 − γsp
r3−γsp : ð28Þ

Assuming that the inspiral of the compact object is driven
predominantly by GWemission (as illustrated in Fig. 3), we
have

_r2 ¼ −
64G3

NMm1m2

5c5ðr2Þ3
: ð29Þ

Comparing Eq. (26) with the more general energy balance
equation, Eq. (5), we can make the identification,

_EDF ¼ 4πðGNm2Þ2ρDMðr2; tÞξv−1 logΛ

¼ ξ_r2
dUsh

dr2
: ð30Þ

Here, we will fix the DM density as ρDMðr2; t ¼ 0Þ ¼
ρeffðr2Þ; that is, the dynamical friction energy loss is driven
by the (potentially depleted) local DM density as seen by a
compact object inspiraling according to Eq. (29). We
can thus infer the scaling of the effective density profile
at large radii,

ρeffðr2Þ ∝ ρDMðr2; t ¼ 0Þr−5=2
2

∝ r
−ðγspþ5=2Þ
2

: ð31Þ

From this we can make the identification γe ¼ 5=2. The
black dashed line in the right panel of Fig. 2 illustrates this

expected scaling of the effective density as r−ðγspþγeÞ in the
large separation regime. The effective density extracted
from running HaloFeedback (solid red line) matches
this expected scaling closely for r ≫ rb.

6
In principle, the spike should be truncated at small radii

r < risco, but we ignore that small correction here.
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We note that at very large radii, dynamical friction may
come to dominate the energy losses of the binary. This
occurs when the available binding energy in the DM shell
exceeds the energy required to bring the binary to smaller
radii: jξdUsh=dr2j > dEorb=dr2. In this case, the DM is not
entirely depleted, and the binary may inspiral due to
dynamical friction alone, contrary to the assumption in
Eq. (29). The shell model is therefore no longer valid at large

radii, r2 > ½m2=ð8πξρspr
γsp
sp Þ�1=ð3−γspÞ. For the astrophysical

benchmark system which we will adopt (see Table I), the

shell model breaks down only for r2 ≳ 10−4 pc, and we
therefore conclude that it should still provide an accurate
description over the range of radii we consider.

B. Approximate phase parametrization

Now that we have motivated that the dark dress dephas-
ing behaves roughly as a broken power law in frequency
and have some analytic control over its shape, we must
parametrize it with a function. By analogy with static dark
dresses, we select the four-parameter family,

Φ̂ðfÞ≡Φ
VðfÞf1−ηy−λ½1−

2
F1ð1;ϑ;1þϑ;−y−

5

3ϑÞ�; ð32Þ

where y≡ f=ft is a dimensionless frequency variable. The
parameters ft and ϑ control the position of the change in
power laws and the slope of the power law at high
frequencies. For

η ¼ 1;

λ ¼ 0;

ϑ ¼ 5

11 − 2γsp
;

ft ¼ feq ¼ c
3

11−2γsp

f ; ð33Þ

this reduces to the static dress’s phase, Eq. (12). A nonzero
λ value controls the overall power law behavior of the
dephasing, and η scales the magnitude of the dephasing.
To fit the parameters in Φ̂ in the dynamic case, using

Eq. (18) we match the dephasing onto that of a static dress
with an effective density profile. Based on our analysis in the

previous subsection, we fix γe ¼ 5=2. Taylor-expanding Φ̂

and equating powers of frequency for f ≪ fb fixes λ. Doing
the same in the f ≫ fb limit fixes ϑ and η. The result is

ϑ ¼ 5

2γe
;

λ ¼ 11 − 2ðγsp þ γeÞ
3

;

η ¼ 5þ 2γe

2ð8 − γspÞ

�

feq

fb

�11−2γsp
3

;

ft ¼ fb: ð34Þ

Instead of using our analytic scaling relation Eq. (25) to
set fb, we take it as inspiration to fit an empirical relation.
For calibrating this empirical relation, we use the last five
years before coalescence of the phases of 80 numerical
modeling runs generated by the HaloFeedback code.

7

We performed nonlinear least-squares fits to find the fb
values that give the best match of our phase approximation
to the phase of each run. We find the following function
approximates these fit values with an average error of ∼2%:

fb ¼ β

�

m1

1000 M⊙

�

−α1
�

m2

M⊙

�

α2
"

1þ ζ log
γsp

γr

�

; ð35Þ

where α1 ¼ 1.4412, α2 ¼ 0.4511, β ¼ 0.8163 Hz, ζ ¼
−0.4971 and γr ¼ 1.4396. Fig. 4 compares this relation
and the analytic one with the calibration values of fb. The
plot and the numerical values of α1 and α2 show that the

analytic scaling relation fb ∝ m0.6
2
=m1.6

1
overestimates

how steeply the break frequency scales with the black
hole masses, leading to ∼6% error averaged over the
calibration systems. To validate this scaling relation, we
ran HaloFeedback on 13 additional systems and
extracted fb values as for the calibration systems.

8
The

empirical scaling relation gave an average relative error of
≲2% for these systems, indicating good performance away
from the calibration points.

FIG. 4. Comparison of dynamic dress dephasing break fre-

quency values extracted from HaloFeedback waveforms with

estimates using our empirical (red) and analytic (cyan) scaling

relations. The systems shown here were used to calibrate the
empirical scaling relation [Eq. (25)]. Each grey box shows three
systems with the same values of ðm1; m2Þ, spaced horizontally to
differentiate the distinct values of γsp. The normalization of the

analytic scaling relation [Eq. (25)] was set to give a good fit to the
extracted fb values.

7
Parameter combinations were chosen from m1∈f103;3×103;

104gM⊙, m2 ∈ f1; 3; 10g M⊙, ρsp ∈ f20; 200; 2000g M⊙ pc3

and γsp ∈ f2.25; 2.3̄; 2.5g.
8
Parameter combinations were randomly sampled from

m1 ∈ ½103; 105� M⊙, m2 ∈ ½1; 100� M⊙, γsp ∈ ½2.25; 2.5� and

ρ6 ∈ ½1013; 1017� M⊙=pc
3, with the mass ratio restricted to

q < 10−2.5.
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The hyperparameters ðα1; α2; β; ρ; γrÞ depend on how
much of the waveform preceding coalescence is used for
calibration, which implies that our waveform model should
not be extrapolated beyond five years before merger. With
this in mind and the additional caveats that it does not
exactly capture the shape of the turnover near fb nor the
frequency dependence of the slope at low frequencies, we
find our analytic dephasing model provides a good match
with the numerically computed dephasing over its range of
validity.

V. ASSESSING DETECTABILITY,

DISCOVERABILITY AND MEASURABILITY

Given the phase as a function of frequency for a binary
system it is straightforward to compute the corresponding
signal strain, as we review in Appendix B. We use the
Newtonian-order strain and average over the polarization,
sky position and inclination angles. The angular averages
reduce the number of extrinsic parameters, which are not
the focus of this study. We assume that IMRIs are
distributed uniformly over the sky and do not expect the
localization to depend on the presence of a dark dress. We
assume the strain time series measured by a detector dðtÞ is
the sum of the signal sðtÞ and the detector noise nðtÞ. When
the noise nðtÞ is Gaussian, the likelihood function for this
signal given some model waveform hθðtÞwith parameters θ
is defined (up to a normalizing constant) as

pðdjhθÞ ∝ exp

"

−
1

2
hd − hθjd − hθi

�

∝ exp

"

hhθjdi −
1

2
hhθjhθi

�

; ð36Þ

where we absorbed a factor independent of θ into
the normalizing constant. The noise-weighted inner prod-
uct is defined using the LISA sensitivity curve SnðfÞ
(namely, the one-sided power spectral density of the
detector noise multiplied by the frequency-dependent
response function averaged over sky location and polari-
zation) as

hajbi ¼ 4Re

Z

∞

0

df
ãðfÞ"b̃ðfÞ
SnðfÞ

: ð37Þ

The analytic expression for the LISA sensitivity curve
that we use is given in Ref. [73]. The model parameters
we adopt for the vacuum and dark dress waveforms are
θV ¼ fMg ∪ θext and θD ¼ fγsp; ρ6;M; log10qg ∪ θext

respectively, where q ¼ m2=m1 is the mass ratio of the
binary. The extrinsic parameters θext are the luminosity
distance to the system and the phase and time at
coalescence,

θext ≡ fDL;ϕc; t̃cg: ð38Þ

It substantially reduces the computational cost of the
analysis to maximize the likelihood with respect to the
extrinsic parameters.

9
The inner product between the signal

and model waveform can be rewritten by making the t̃c and
ϕc dependence explicit,

hhθjdi¼4Re

"

eiϕc

Z

∞

0

df
h̃"
θ;ϕc¼t̃c¼0

ðfÞd̃ðfÞ
SnðfÞ

e−2πift̃c

�

:

ð39Þ

This shows that the optimization over ϕc can be performed
by replacing the Re with an absolute value to rotate the
integral along the real axis (see, e.g., Sec. II B of Ref. [75]).
Since the integral has the form of a Fourier transform, a
single fast Fourier transform gives the value of t̃c maxi-
mizing the inner product (see, e.g., Sec. II A of Ref. [75]).

Lastly, since d̃L enters the likelihood only through the
amplitude of hθ, it can be maximized over analytically. The
resulting maximized likelihood is

pmaxðdjhθÞ≡ exp

"hhθjdi2max

2hhθjhθi

�

; ð40Þ

where h·j·imax indicates the inner product maximized over
ϕc and t̃c. We implement the waveform and likelihood
calculations using the JAX [76] PYTHON package.

10
For

computing the match maximized over extrinsic parameters,
we use a grid of 100,000 frequencies between the initial
frequency and the frequency of the innermost stable
circular orbit (ISCO).
To assess the parameters for which dark dresses can be

detected, we assume a matched filtering data analysis using
a template bank. Such a search requires computing the test
statistic ρ between the measured waveform and each
template hθ in the bank, defined as

ρðhθjdÞ ¼
hdjhθi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hhθjhθi
p ; ð41Þ

and finding the template for which it is maximized. For a
sufficiently large bank, the expectation value over noise
realizations of this quantity approaches the optimal signal-
to-noise ratio,

max
hθ

ρðhθjdÞ → SNRðsÞ ¼
ffiffiffiffiffiffiffiffiffiffi

hsjsi
p

: ð42Þ

9
A more involved alternative would be to eliminate the

extrinsic parameters through marginalization, as explained in
Appendix C of Ref. [74].

10
Since JAX does not contain the special function

2
F1, we

interpolate it over a fine grid.
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Determining what value of ρ corresponds to a detection
requires detailed analysis of the false alarm probability,
which depends on factors such as the number of templates
in the bank and the observation time. Here we assume
systems with an optimal SNR larger than 15 will be
detectable at LISA with matched filtering (based on the
estimates in, e.g., Ref. [77]).
We call a dark dress discoverable if it can be distin-

guished from a GR-in-vacuum system. To quantify this we
take a Bayesian approach by computing the Bayes factor
for the dark dress and vacuum models for a signal with a
dark dress.

11
This is defined as the ratio of the evidences for

the signal under each model,

BFðdÞ≡ pðdjDÞ
pðdjVÞ ; ð43Þ

where the evidence for a model with parameters θ is

pðdÞ ¼
Z

dθpmaxðdjhθÞpðθÞ; ð44Þ

and pðθÞ is the prior. A signal for which the Bayes factor
exceeds 100 can be understood as decisively favoring a
dark dress rather than GR-in-vacuum interpretation [84,85].
We use the nested sampling [86,87] code dynesty [88] to
carry out the evidence calculation. Lastly, since nested
sampling also produces posterior probability distributions,
we use these to determine how well a dark dress’s
parameters can be measured.
For simplicity, we ignore the detector noise component

of the measured strain, taking d ¼ s. This corresponds to
replacing the log of the likelihood in Eq. (36) with its
average over an ensemble of noise realizations. While we
expect any given noise realization would lead to a Bayes
factor and posteriors biased by a small amount from the
d ¼ s case, our approach captures the median behavior of
the analysis.

VI. RESULTS

Our analysis of the detectability, discoverability and
measurability of dark dresses focuses on the astrophysical
and primordial black hole benchmarks introduced in

Sec. II, whose parameters are given in Table I.
Their masses are defined in the detector frame and thus
related to the source-frame ones through the redshift via
mdet ¼ msrcð1þ zÞ. We assume LISA measures their sig-
nals for five years before the coalescence. This is slightly
longer than the nominal mission lifetime of four years but
well within the total potential lifetime of ten years [15].
The prior impacts the Bayes factor calculation by

changing the parameter space volume and affects the
posteriors when they impinge on the prior boundary. For
the prior on γsp we use a uniform distribution Uð2.25; 2.5Þ.
This is the parameter range expected for an astrophysical
dark dress that formed in a DM halo with an initial slope
0 ≤ α ≤ 2, roughly the values consistent with simulations
(see Sec. II). We also used this range to calibrate our

waveform model. We use a uniform prior Uð0; 2.88 ×
1018 M⊙=pc

3Þ on ρ6, which amply covers the benchmark
values and the possibility that the system formed in a
substantially denser dark matter environment than
expected. The prior on log10 q is set to Uð−3.5;−2.5Þ,
corresponding to the range of mass ratios for which we can
reliably model the DM halo’s evolution and extract the
frequency scale fb. Lastly, for the dark dress and vacuum
systems we use the same uniform prior on the chirp mass.
We take the prior broad enough to encompass the posterior
in the M direction; the precise range does not matter,
because it cancels in the dark-dress to GR-in-vacuum
evidence ratio in the Bayes factor.

12

We start by assessing detectability. The signal-to-noise
ratio (SNR) of a vacuum binary is plotted in Fig. 5 as a
function of chirp mass and distance. Since the dephasing of

TABLE I. The dark dress benchmarks whose discoverability

and measurability we study. The rows indicate the black hole
masses (defined in the detector frame), initial dark matter halo
parameters, luminosity distance and amount of dark matter
contained within 10−6 pc. Assuming a Planck cosmology, the
redshift of the systems is 0.017.

Parameter Astrophysical Primordial

m1 [M⊙] 103 103

m2 [M⊙] 1.4 1.4

ρ6 [1015 M⊙=pc
3] 5.448 5.345

ρsp [M⊙=pc
3] 226 1.798 × 104

γsp 7=3 ¼ 2.3̄ 9=4 ¼ 2.25

DL [Mpc] 76 76

mDMð< 10−6 pcÞ [M⊙] 0.102 0.090

11
An alternative tool for model comparison is to study the ratio

of the likelihood maxima for the two models. For nested models,
by Wilks’ theorem [78], twice the log of this ratio follows χ2

distribution. However, Wilks’ theorem does not apply since our
waveform models are not nested. In particular, when ρ6 ¼ 0, γsp
and q can take on any values without impacting the waveform.
While methods exist to determine the correct sampling distribu-
tion of the likelihood [79–81], they require a substantial number
of likelihood evaluations. Another less severe problem in apply-
ing Wilks’ theorem is that the null hypothesis ρ6 ¼ 0 lies on the
boundary of the ρ6 parameter range, which is straightforward to
account for [82,83].

12
Nested sampling is slow to converge when the prior is

much wider than the posterior [88]. Since we use uniform priors,
when necessary we adopt narrow priors to carry out nested
sampling that enclose the posterior’s support and subsequently
rescale the evidence. A rough estimate of the posterior’s support
was obtained using the Markov chain Monte Carlo sampler
emcee [89].
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a dark dress is quite small relative to its total phase, we
found its SNR is very well approximated by the corre-
sponding system without dark matter. In contrast, when the
evolution of the dark matter halo is neglected, the SNR falls
off steeply for large ρ6 and γsp. This is because the

amplitude of the strain scales as A ∝ Φ̈
−1=2 ∝ ½df=dt�−1=2

[cf. Eq. (B6)(B7)(B8)]. Since the dynamical friction effect
is significantly larger for a static dress than a dynamical
one, the frequency increases more rapidly with time,
leading to a smaller amplitude and consequentially a
smaller SNR.
Dark dresses out to ∼75 Mpc with chirp masses above

∼16 M⊙ would be detectable by LISA. While we assume a
five-year observing window immediately preceding
merger, heavier systems are detectable at this distance
even earlier in their inspirals. For example, a system with

component masses 105 M⊙ and 100 M⊙ would have SNR
higher than 15 if observed during any five year window
within 100 yr of coalescence. Additionally this detection
horizon easily encompasses the Virgo Supercluster and the
larger Laniakea Supercluster [90], which contains

∼1017 M⊙ of matter. This suggests ample opportunities
for detecting signals, but converting our results into an
event rate is difficult.
Estimating the detection rate requires understanding how

often and at what redshifts IMBHs capture lighter com-
panions. The formation rate of IMRI systems can be
predicted for different populations of IMBHs, depending
on their origin (see e.g. Ref. [91] concerning IMBHs in
MW globular clusters). Though current cosmic microwave
background constraints are consistent with several million

dressed 103 M⊙ PBHs [92] within the detection horizon,
the formation of IMRIs from dressed PBHs has not been
well studied. Furthermore, the abundance of dressed
astrophysical IMBHs is not well-understood. We leave
these detailed population-level studies for future work.
Figure 6 quantifies when a system can be discovered to

be a dark dress rather than a GR-in-vacuum binary. We
focus on the benchmark masses m1 ¼ 103 M⊙ and m2 ¼
1.4 M⊙ and vary the DM spike parameters. The nearly
vertical black contours show the Bayes factor. This dem-
onstrates that systems with density normalizations larger

than ρ6 ¼ 1014 M⊙=pc
3 could be decisively distinguished

from GR-in-vacuum binaries.
By several other metrics shown in Fig. 6, dark dresses

with density normalizations above this contour look sig-
nificantly different from GR-in-vacuum ones. In the top
right and bottom panels, we consider the scenario in which
LISA measures a dark dress signal, but only has a template
bank of GR-in-vacuum waveforms. We denote the best-
fitting GR-in-vacuum system with V̂ and illustrate how
much it differs from the actual dark dress system. We stop

the calculations in the white regions to the right of ρ6 ∼

1014 M⊙=pc
3 where it becomes difficult to optimize the

vacuum system’s chirp mass since the dark dress waveform
is so dephased. The top right panel shows the amount of
dephasing for this system over a fixed frequency range
spanning from a frequency corresponding to five years
before the dark dress merges to the system’s ISCO
frequency. For Bayes factors above 100, the dephasing
is just a few cycles. In this same region, the SNR loss
becomes more substantial, exceeding 10% (bottom right
panel). The bottom left panel illustrates the bias of this
system’s (detector-frame) chirp mass relative to the true
value for the dark dress. This is larger than the measure-
ment error for the chirp mass by a factor of more than 75.
For reference, we also plot the dephasing between the dark
dress and the same system without dark matter in the top
left panel.
The 1D and 2D marginal posteriors for the astrophysical

and primordial black hole benchmarks are shown in Fig. 7
and Fig. 8, respectively. For both systems the DM halo’s
density normalization can be distinguished from zero at
high significance, with ρ6 ≈ 5.6þ0.9

−0.6 × 1015 M⊙=pc
3 (95%

credible interval) for the astrophysical benchmark and a
similar level of precision in the primordial formation
scenario. This corresponds to measuring the presence of

an initial ∼0.08–0.14 M⊙ of dark matter within 10−6 pc of
the central black hole for both systems. The DM halo’s
slope can also be measured, albeit with large error bars due
to strong degeneracies with the (detector-frame) chirp mass
M and the mass ratio log10 q, particularly for the astro-
physical benchmark. Even so, the 1%–3% uncertainties on
γsp are sufficiently small that the two benchmark values

γ ¼ 2.3̄ and γ ¼ 2.25 can be distinguished, suggesting that

FIG. 5. Detectability: signal-to-noise ratios for a vacuum

binary as a function of chirp mass and luminosity distance.

The solid red contour highlights a reasonable detection threshold
for IMRIs [77]. The chirp mass and distance of the benchmarks
we analyze are indicated by the dashed red lines. As explained in
the text, including the effects of the dark dress does not
significantly impact this plot.
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such measurements of the dephasing can hint at the

formation mechanism of the dark dress.
The posteriors exhibit some bias, particularly for the

primordial black hole benchmark where γsp lies on the

boundary of the prior range. This is due to the relatively

tight priors used for γsp and log10 q. While we could permit

a wider range of values for the density profile slope or

consider smaller mass ratios, biases would still remain

because our numerical modeling of dark dresses is unre-

liable for mass ratios above ∼10−2.5 ∼ 0.003.
Unlike in the GR-in-vacuum case, the mass ratio can be

measured even in the Newtonian limit. This is because

it enters in the frequency scales fb and feq [Eqs. (14)

and (35)]. Though it falls beyond the scope of this

paper, modeling the gravitational wave emission at first

post-Newtonian order would significantly improve the

measurement error for the mass ratio. The mass ratio can
be measured more precisely for the primordial black hole
benchmark due to the degeneracy between log10 q and γsp.

This is because γsp ¼ 9=4 lies on the prior boundary,

truncating the γsp < 9=4 part of the posterior. An addi-

tional consequence of this truncation is that we obtain
smaller errors on the chirp mass than for the astrophysical
benchmark, though in both cases the fractional error is

Oð10−4Þ. For the corresponding DM-free GR-in-vacuum
binary the errors on the chirp mass are about two orders of
magnitude smaller, since there are no other intrinsic
parameters with which to be degenerate.
The correlations in the posteriors can differ in sign from

the analysis where the halo’s evolution is neglected. For
example, in the static case ρ6 and log10 q are anticorrelated,
since increases in either quantity lead drive up the

FIG. 6. Discoverability: Illustration of the mismatch between dark dress and GR-in-vacuum waveforms. In all panels the dark dress’
black hole masses are fixed to m1 ¼ 103 M⊙ and m2 ¼ 1.4 M⊙. The black contours show the Bayes factor for the dark dress vs GR-in-
vacuum waveform. Upper left: number of cycles of dephasing between dark dresses and corresponding DM-free GR-in-vacuum

systems. This is defined over the frequency range starting five years before the dark dress merges at its ISCO frequency. The V̂ in the
other panels refers to the maximum-likelihood (ML) GR-in-vacuum systems. Upper right: dephasing between dark dresses and ML
vacuum system. Lower left: ML vacuum system (detector-frame) chirp mass bias, in units of posterior width. Lower right: decrease in
signal-to-noise ratio from using a GR-in-vacuum waveform to search for a dark dress. In the white regions the computations become
numerically challenging. The black star (⋆) and dot (•) indicate the astrophysical and primordial black hole benchmarks, respectively.
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dynamical friction term in the compact object’s equation of
motion [cf. Eq. (11)]. However, in our analysis increasing
log10 q increases the dynamic dress dephasing break

frequency fb, which in turn decreases the effective density
profile at fixed binary separation. The effect is the corre-

lation seen in the ðρ6; log10 qÞ marginal posterior. Similar

reasoning explains the other relationships observed in
Figs. 7 and 8.

VII. DISCUSSION AND CONCLUSIONS

In this work, we studied the prospects for detecting and

characterizing dark matter overdensities around intermedi-

ate mass-ratio inspirals with LISA. We introduced a new

analytical approximation for gravitational waveforms from

systems with a dark dress with an evolving dark matter

distribution, and we validated the approximate waveforms

FIG. 7. Measurability: Marginal posteriors for intrinsic parameters for the astrophysical dark dress benchmark (first row in Table I).

The red lines indicate the true parameter values, with the chirp mass defined in the detector frame. The 2D contours show the 68%, 95%

and 99.7% credible regions. The dashed vertical lines overlaying the 1D marginal posteriors indicate the 95% credible interval and

median. All posteriors have been smoothed by 1.5% with a Gaussian kernel. Note that the parameter ranges used here are narrower

than those used for the Bayes factor calculations in Fig. 6. The seeming multimodality is a consequence of the tight correlations in the

posteriors which the nested sampler has trouble resolving, as well as numerical noise due to the difficulty of evaluating the match

integral in the likelihood.
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against waveforms from full numerical simulations.We then
studied the detectability (signal-to-noise ratio), and pre-
sented a Bayesian framework to assess the discoverability
(discrimination against in-vacuum inspiral) and measurabil-
ity (prospects for measuring dark dress parameters), assum-
ing a detection with LISA. Our key conclusions were

(i) Detectability (Fig. 5). The dark matter halo has little

impact on the SNR of dark dresses. Systems with

chirp masses larger than M ∼ 16 M⊙, correspond-

ing to ðm1; m2Þ ¼ ð103 M⊙; 1.4 M⊙Þ, are detect-

able to distances of DL ∼ 75 Mpc.
(ii) Discoverability (Fig. 6). Fiducial astrophysical and

primordial black hole dark dresses can easily be

discriminated from GR-in-vacuum systems. Not

accounting for the presence of their dark matter

halos would lead to overlooking their signals or

extremely biased chirp mass inferences.

(iii) Measurability (Figs. 7, 8). In the case of a detection,

for both astrophysical and primordial black hole

dark dresses, the halo’s initial density normalization

can be measured with ∼15% errors, and distin-

guished from zero at high significance. The halo’s

slope can also be measured with ≲3% errors,

although it exhibits strong degeneracies with the

chirp mass and mass ratio. Furthermore, in contrast

with GR-in-vacuum inspirals, the mass ratio can be

FIG. 8. Measurability: Marginal posteriors for intrinsic parameters for the primordial black hole dark dress benchmark (second row

in Table I). See the caption of Fig. 7 for details.
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measured even in the Newtonian limit, albeit with

large error bars.

We made a number of simplifying assumptions in
modeling the evolution of the binary system and the
DM spike. An important first caveat is that we considered
a Newtonian description of the system throughout this
work. However, this approximation does not affect several
of our results for the following reasons: (i) we are
neglecting post-Newtonian (PN) effects for systems with
and without DM, so the difference in phase accumulated is
not largely affected; (ii) the dephasing is predominantly
accumulated at large binary separation where PN effects are
small; and (iii) dynamical friction corresponds to a negative
PN-order effect for circular orbits, so it will not be confused
with standard PN corrections. We also assumed that the
DM halo is spherically symmetric and isotropic. However,
the binary is not spherically symmetric, so we eventually
expect this description to break down. In particular, there
should be a transfer of angular momentum from the binary
to the dark matter spike. We argue in Paper I that this effect
is small, and it goes in the direction of making the
dephasing larger, due to the decreased relative velocity
(and therefore increased dynamical friction) between the
compact object and corotating dark matter particles. We
conclude that the numerical modeling presented here is
conservative, and corrections due to angular momentum
injection are higher order.
We have focused on the final 5 years of the inspiral,

having in mind a 5-year LISA mission. Of course, there is
no guarantee that the merger event described here will
occur during the LISA observation period. If the system
were to be observed at a much earlier stage, the signal-to-
noise ratio and the amount of dephasing could differ
significantly.

In addition to improving models of dark dress evolution,

translating our detectability results into predictions for the

event rate at LISA requires further astrophysical modeling.

Key inputs are the number of intermediate-mass black holes

expected to be enclosed in dark matter halos, the fraction of

these systems that survive to low redshifts and how often

they form binaries with lower-mass companions. Applying

dark dress modeling to data will further require new

analysis techniques for LISA data. Interpreting future

results will also depend on the relative importance of other

environmental effects. For instance, understanding how the

dephasing induced by dark dresses differs from the dephas-

ing of other systems, such as inspirals with accretion disks

[93]. The effect of mass accretion onto the smaller orbiting

object should also be assessed carefully. Previous studies

based on the assumption of a static DM spike [47,50,94]

agreed that this process is inconspicuous compared to

friction. A more accurate study of this effect in presence of

halo feedback is worth considering in the future.
We have argued that PN effects and more accurate

modeling of the DM halo should not substantially affect

the detectability of dark dress systems. However, these
effects will be essential to include in the waveform
modeling for the final LISA analysis. This is because
LISA may be able to discover the presence of a dark dress
with only a few cycles of dephasing (as illustrated in the
upper-left panel of Fig. 6). Given that the 5 yr inspiral
typically consists of millions of GW cycles, accurate
characterization of these systems may require modeling
with precision at the level of 1 part in 106. Future work will
therefore require PN effects to be incorporated, as well as
generalizing the analysis to include eccentric orbits and the
evolution of angular momentum in the DM halo. Similarly,
the approximate dephasing formalism which we developed
in Sec. IV will not be accurate enough for real data analysis.
However, with this formalism we have been able to
demonstrate that dark dress systems should be discoverable
and measurable, motivating further work in this direction.
In conclusion, this work provides an important step

towards realistic modeling of the inspiral of stellar-mass
compact objects around intermediate-mass black holes
surrounded by dark matter halos. It enables rapid, approxi-
mate calculation of these systems’ gravitational waveforms
and shows that gravitational wave detectors could charac-
terize their dark matter overdensities. Detecting dark
dresses would have an impact beyond astrophysics and
cosmology since their density profiles depend on the dark
matter’s fundamental properties. Measuring their dephas-
ing would therefore provide a powerful probe of the particle
nature of dark matter.

The code used in this work is available at Ref. [95].
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APPENDIX A: DERIVING THE BREAK

FREQUENCY SCALING RELATION

The GW phase of a dynamic dark dress system can be
modeled as a broken power law in the GW frequency f. The
scaling of the break frequency fb can be obtained by setting
equal the timescale for inspiralling due to gravitational
wave emission tGWðr2Þ and the timescale for depletion of
the DM halo tdep as a function of orbital radius r2.

Neglecting the contribution of dynamical friction to the
orbital evolution, we can write

_r2 ¼ −
64G3

NMm1m2

5c5ðr2Þ3
: ðA1Þ

The GW timescale can then be written straightforwardly as

tGW ∼ r2=_r2 ∼
5c5ðr2Þ4

64G3
Nðm1 þm2Þm1m2

∝ ðr2Þ4m1
−2m2

−1;

ðA2Þ

where we assume m1 ≫ m2.
In order to derive the depletion timescale for DM

particles at a given radius r2, we first consider the depletion
of particles with a given energy E,

tdepðEÞ ∼ fðE; tÞ
�

�

�

�

∂fðE; tÞ
∂t

�

�

�

�

−1

: ðA3Þ

The full time-evolution of fðE; tÞ is given in Eq. (9), but
here we will take a simpler approach and neglect the second
term on the right-hand side of Eq. (9), which corresponds to
replenishment of DM particles scattered from E − ΔE → E.
With this simplification, we can write

tdepðEÞ ∼
Torb

pE

: ðA4Þ

Here, pE is the probability that a particle with energy E will
scatter during one orbit of the compact object, and so
Torb=pE is the typical timescale between scatters. However,
a DM particle is not completely unbound with a single
“kick” from the compact object, but instead increases its
energy by a typical amount hΔEi. Only particles moving
slower than the orbiting object are considered relevant for

dynamical friction, so a number of kicks Nreq are required

to increase the speed of the particle from v to vorbðr2Þ. This
corresponds to a change in the relative specific energy from

E to 1

2
Ψðr2Þ ∼ vorbðr2Þ2. The typical number of kicks

required is then

Nreq ∼
E − 1

2
Ψðr2Þ

hΔEi ; ðA5Þ

and the relevant depletion timescale is

tdepðEÞ ∼ Nreq

Torb

pE

: ðA6Þ

The per-orbit scattering probability is given by

pE ¼
Z

PEðΔEÞdΔE; ðA7Þ

where the differential probability PEðΔEÞ is given in
Eq. (4.15) of Paper I [54] as

PEðΔEÞ ¼
4π2r2

gðEÞ
b2
90

v2
0

"

1þ b2⋆

b2
90

�

2

×

Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðΨðr½b⋆;α�Þ − EÞ
p

sin ð»½b⋆; α�Þdα:

ðA8Þ

Here, v0 ≡ vorbðr2Þ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GNm1=r2
p

for brevity, while b90 is

the impact parameter corresponding to a 90° deflection,

b90 ¼
GNm2

v2
0

; ðA9Þ

and b⋆ is the impact parameter corresponding to kick of
size ΔE,

b" ¼ b90

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2v2
0

jΔEj − 1

s

: ðA10Þ

Wewill take the integral over the angular variable α to be of
order 1, meaning that PEðΔEÞ can be reexpressed as

PEðΔEÞ ≈
16π2r2

gðEÞ
G2

Nm
2

2

v2
0
ΔE2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðΨðr2Þ − EÞ
p

ðA11Þ

¼ 16
ffiffiffi

2
p

�

m2

m1

�

2 1

v4
0
ΔE2

E5=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðΨðr2Þ − EÞ
p

: ðA12Þ

We can perform the integral over ΔE in the range,

ΔEmin ¼ 2v2
0

"

1þ b2max

b2
90

�

−1

¼ 2v2
0

"

1þm1

m2

�

−1

ðA13Þ
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ΔEmax ¼ 2v2
0

"

1þ b2min

b2
90

�

−1

≈ 2v2
0
; ðA14Þ

where we have used bmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2=m1

p

r. With this, we

obtain

pE ¼ 8
m2

m1

r2
2

G3
Nm

3

1

E5=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ψðr2Þ − E
p

: ðA15Þ

The mean kick size is

hΔEi ¼ 1

pE

Z

ΔEPEðΔEÞdΔE ¼ 2m2v
2
0

m1

log

"

1þm1

m2

�

:

ðA16Þ

Putting everything together gives

tdepðEÞ ∼
m2

1
Torb

32m2

2
logð1þm1=m2Þ

2x − 1

x5=2
ffiffiffiffiffiffiffiffiffiffiffi

1 − x
p ; ðA17Þ

where x ¼ E=Ψðr2Þ, and we remind the reader
that Ψðr2Þ ¼ GNm1=r2.
To convert from tdepðEÞ to tdepðr2Þ, we must compute

an average with respect to the phase-space distribution
of particles moving more slowly than the local circular
speed. Using the fact that close to the central BH

fðEÞ ¼ NEγsp−3=2, this amounts to

tdepðr2Þ ∼
4π

R

Ψðr2Þ
1

2
Ψðr2Þ

dEtdepðEÞfðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðΨðr2Þ − EÞ
p

4π
R

Ψðr2Þ
1

2
Ψðr2Þ

dEfðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðΨðr2Þ − EÞ
p

ðA18Þ

¼
R

1
1

2

dxtdepðEÞxγsp−3=2
ffiffiffiffiffiffiffiffiffiffiffi

1 − x
p

R

1
1

2

dx xγsp−3=2
ffiffiffiffiffiffiffiffiffiffiffi

1 − x
p ðA19Þ

≡
1

hðγspÞ

Z

1

1

2

dxtdepðEÞxγsp−3=2
ffiffiffiffiffiffiffiffiffiffiffi

1 − x
p

; ðA20Þ

where

hðγspÞ≡ B1

�

γsp −
1

2
;
3

2

�

− B1

2

�

γsp −
1

2
;
3

2

�

; ðA21Þ

and Bxða; bÞ is the incomplete beta function,

Bxða; bÞ ¼
Z

x

0

ta−1ð1 − tÞb−1dt: ðA22Þ

Substituting in for tdepðEÞ with Eq. (A17) yields

tdepðr2Þ ¼
m2

1
Torb

32m2

2
logð1þm1=m2Þ

gðγspÞ ðA23Þ

¼ πm
3=2
1

r
3=2
2

16
ffiffiffiffiffiffiffi

GN

p
m2

2
logð1þm1=m2Þ

gðγspÞ; ðA24Þ

where we have used Torb ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r3
2
=GNm1

p

and defined

gðγspÞ≡
4 − γsp − 23−γsp

ð3 − γspÞð2 − γspÞhðγspÞ
: ðA25Þ

Equating tGW and tdep and solving for the break radius,
we find

rb ¼
�

4π

5

m1gðγspÞ
m2 logð1þm1=m2Þ

�

2=5
�

GNm1

c2

�

: ðA26Þ

Using f ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GNm1=r
3

2

p

=π, the corresponding break fre-

quency is

fb ¼
1

π

ffiffiffiffiffiffiffiffiffiffiffiffi

GNm1

p

�

GNm1

c2

�

−3=2
�

4π

5

m1gðγspÞ
m2 logð1þm1=m2Þ

�

−3=5

∝m
−8=5
1

m
3=5
2

½logð1þm1=m2ÞgðγspÞ�3=5: ðA27Þ

For a system with m1 ¼ 1000 M⊙, m2 ¼ 1 M⊙ and
γsp ¼ 7=3, this estimate gives fb ≈ 1.22 Hz independent

of the density normalization ρsp.

APPENDIX B: FROM PHASE TO STRAIN

Here we review how to compute the gravitational wave
strain from the phase at leading Newtonian order in the
binary’s dynamics (see e.g. [101]). We will work with the
two polarization modes of the gravitational waves, the plus
and cross polarizations, which we will denote by hþ and
h×. In the Newtonian limit the polarizations are determined
by the quadrupole waves, which are related to the two
polarizations by

hþ− ih×¼ h2;2ðtÞ−2Y22
ð¼;ϕÞþh2;−2ðtÞ−2Y2−2ð¼;ϕÞ; ðB1Þ

where −2Y22
ð¼;ϕcÞ is a spin-weighted spherical harmonic

of spin weight −2. This leads to the quadrupole expression
for the two polarizations,

hþðtÞ ¼
4GNμ

c4DL

1þ cos2¼

2
ðωr2Þ2 cos½2ΦorbðtÞ þ 2ϕ�;

h×ðtÞ ¼
4GNμ

c4DL

cos ¼ðωr2Þ2 sin½2ΦorbðtÞ þ 2ϕ�; ðB2Þ

where ΦorbðtÞ is the orbital phase and ω ¼ _ΦorbðtÞ is the
orbital frequency.
We can then take the Fourier transform of the two

polarizations,
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h̃þ;×ðfÞ ¼
Z

∞

−∞

dtei2πfhþ;×ðtÞ: ðB3Þ

We take stationary-phase approximation to the Fourier
modes, in which the Fourier transform is evaluated using
the method of steepest descent. It is convenient to write the
result in terms of an amplitude and phase as

h̃þ;×ðfÞ ¼ Aþ;×ðfÞeiΨðfÞ: ðB4Þ

The phase depends on the (luminosity) distance DL to the
binary as well as the phase at and time of coalescence ϕc

and tc,

ΨðfÞ ¼ 2πf

�

tc þ
DL

c
− tðfÞ

�

þΦðfÞ − ϕc −
π

4
: ðB5Þ

The two polarization amplitudes are proportional to
an intrinsic piece h0 and functions of the inclination
angle ¼,

13

AþðfÞ ¼
1

DL

1þ cos2¼

2
h0ðfÞ ðB6Þ

A×ðfÞ ¼
1

DL

cos ¼h0ðfÞ; ðB7Þ

h0ðfÞ ¼
1

2

4π2=3G
5=3
N M5=3f2=3

c4

ffiffiffiffiffiffiffiffiffiffiffi

2π

Φ̈ðfÞ

s

: ðB8Þ

We provide analytic expressions for tðfÞ and Φ̈ðfÞ for our
waveform parametrization in Appendix C. The strain

measured by a detector is a linear combination of the
polarizations,

h̃ðfÞ ¼ Fþh̃þðfÞ þ F×h̃×ðfÞ; ðB9Þ

where the detector pattern functions Fþ;× depend in general

on frequency and the location of the binary. In this work we
assume the detector measures the strain averaged over
inclination angle (see e.g. Ref. [73]),

h̃ðfÞ ¼
ffiffiffi

4

5

r

h0ðfÞ
DL

: ðB10Þ

APPENDIX C: USEFUL EXPRESSIONS FOR

COMPUTING WAVEFORMS

For convenience we provide the expressions required to
compute the strain phase [Eq. (B5)] and amplitude
[Eq. (B6) to (B8)] using our analytic approximation
waveform model from Eq. (32). Using the relation,

Φ̈ ¼ 4π2f

�

dΦ

df

�

−1

; ðC1Þ

and recalling that y≡ f=ft, the phase acceleration is

Φ̈ðfÞ ¼ 12π2f11=3

aV
f5 − ηy−λ½3λþ 5ð1þ y

5

3ϑÞ−1

− 3λ
2
F1ð1; ϑ; 1þ ϑ;−y−

5

3ϑÞ�−1; ðC2Þ

where we defined aV ≡ 1

16
ð c3

πGNM
Þ5=3. The time elapse since

an arbitrary initial frequency is given by

tðfÞ ¼ 1

2π

Z

df0

f0
dΦ

df

¼ aVy
−λ

16πð1þ λÞð8þ 3λÞf8=3
�

5ð1þ λÞð8þ 3λÞyλ þ 8λð8þ 3λÞη
2
F1ð1; ϑ; 1þ ϑ;−y−

5

3ϑÞ

− 40ð1þ λÞη
2
F1

�

1;−
ϑð8þ 3λÞ

5
; 1 −

ϑð8þ 3λÞ
5

;−y
5

3ϑ

�

− 8λη

"

3þ 3λþ 5
2
F1

�

1;
ϑð8þ 3λÞ

5
; 1þ ϑð8þ 3λÞ

5
;−y−

5

3ϑ

���

: ðC3Þ

For a static dress these expression simplify substantially to

Φ̈ðfÞ ¼ 12π2ðf11=3 þ cff
2γsp=3Þ

5aV
ðC4Þ

tðfÞ¼ 5aV

16πf8=3 2
F1

"

1;
8

11−2γsp
;1þ 8

11−2γsp
;−cff

2γsp−11

3

�

:

ðC5Þ

Finally, in the vacuum case,

Φ̈ðfÞ ¼ 12π2f11=3

5aV
; tðfÞ ¼ 5aV

16πf8=3
: ðC6Þ13

This is the angle between the line of sight and rotational axis
of the binary.
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