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ABSTRACT. We consider the problem of bounding the dimension of Hilbert cubes in a
finite field F, that does not contain any primitive roots. We show that the dimension
of such Hilbert cubes is Os(pl/erE) for any € > 0, matching what can be deduced
from the classical Burgess estimate in the special case when the Hilbert cube is an
arithmetic progression. We also consider the dual problem of bounding the dimension of
multiplicative Hilbert cubes avoiding an interval.

1. INTRODUCTION

A central theme in additive combinatorics is to study the interplay between arithmetic
and multiplicative structures. Let I, be a finite field with p prime. In this paper, we
investigate the distribution of primitive roots in I, in Hilbert cubes.

Definition 1.1 (Hilbert cubes). Let d be a positive integer. A Hilbert cube H C F), of
dimension d is a set of the form

H = H(ap;a1,...,aq) :=={ao +niay + - - + ngaq: n1,...,nqg € {0,1}}

for some ag, a1, ...,aq € Fp, with aq,...,aq pairwise distinct.

Alternatively, H = H(ag; a1, ..., aq) is the collection of all subset sums of A = {a1,...,aq4}
translated by ag. If all these subset sums are distinct, then |H| = 2¢. In the other extreme,
if A is a homogeneous arithmetic progression of the form A = {k,2k,...,dk} for some

positive integer k, then |H| < d(d+1)/2 + 1.
We study the quantity F'(p), defined to be the largest positive integer d, such that there
exists a Hilbert cube of dimension d not containing any primitive roots modulo p.

Theorem 1.2. For any € > 0 we have F(p) <. p'/8+¢.

Previously the best known upper bound is F(p) < p¥/*t°(0) from [8], building on
earlier works [10, 6]. As noted in [6], Theorem 1.2 implies as a special case the Burgess
bound g(p) < p'/*t°() on the least primitive root g(p) modulo p [2]. This can be seen
by considering H = H(0;1,2,...,d) ={0,1,2,...,d(d + 1)/2}. Hence any improvement
of the exponent 1/8 in Theorem 1.2 would also lead to an improvement of the Burgess
bound.

As immediate corollaries, we get the same upper bound for the dimension of Hilbert
cubes whose elements are all quadratic residues, or Hilbert cubes whose elements are all
quadratic non-residues.

Corollary 1.3. If H C F,, is a Hilbert cube of dimension d whose elements are all qua-
dratic residues modulo p, then d <. pY/3t¢ for any e > 0. Similarly, If H C F, is a
Hilbert cube of dimension d whose elements are all quadratic non-residues modulo p, then
d <. p'/¥F¢ for any e > 0.
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Proof. 1f all elements in H are quadratic residues, then H does not contain any primi-
tive roots, and hence the conclusion follows from Theorem 1.2. If all elements in H =

H(ap;ai,...,aq) are quadratic non-residues, then for any fixed quadratic non-residue
g € Fp, all elements in the dilated Hilbert cube H = H(gao; gai, ..., gaq) are all qua-
dratic residues, and the conclusion follows from the previous case. O

Our proof of Theorem 1.2 follows the general strategy in [8]. First we locate a large
generalized arithmetic progression (GAP) P in the Hilbert cube H = H(ao;a1,...,aq)
when d > p'/8t¢; see Proposition 3.1 below. This is to be expected since there are lots of
collisions when forming subset sums of {a1,...,aq} when d > pl/8+¢ and thus H should
have rich additive structures. This type of phenomenon from subset sums or iterated
sumsets was studied in [13, 14]. Then we use character sum estimates to show that P
must contain primitive roots; see Proposition 3.2 below.

We remark that Theorem 1.2 explores the interaction between an additively defined set
(Hilbert cube) and a multiplicatively defined set (primitive roots), belonging to the broader
theme of sum-product phenomenon in additive combinatorics. See [6, 7, 8] for other
distributional problems involving the quadratic residues, and [4, 5] for related questions
in the setting of integers instead of Fy,.

We also investigate the following dual problem, where the roles of addition and multi-
plication are reversed. We start with the definition of multiplicative Hilbert cubes.

Definition 1.4 (Multiplicative Hilbert cubes). Let d be a positive integer. A multiplica-
tive Hilbert cube H C IF,, of dimension d is a set of the form

X . - n nd .
H =H"(ag;a1,...,aq) = {aoall ceapting,..,ng € {0,1}}
for some ag, a1,...,aq € ]F;, with a, ..., aq pairwise distinct.

Theorem 1.5. For any € > 0, there exists § > 0 such that the following statement holds.
Let I C I, be an interval of length p'=9, and let H be a multiplicative Hilbert cube of
dimension d that does not intersect I. Then d <. p°®.

Note that if H C F, is a multiplicative subgroup, then it is a multiplicative Hilbert
cube of dimension |H|. Our proof of Theorem 1.5 uses Bourgain’s multilinear exponential
sum estimate [1] and the Erdés-Turan inequality on equidistribution.

Notation. We use X <Y, X =O(Y), or Y > X to denote the estimate | X| < CY for
some constant C. If we wish to permit this constant to depend on one or more parameters
we shall indicate this by appropriate subscripts, thus for instance O.(Y") denotes a quantity
bounded in magnitude by C.Y for some quantity C. depending only on ¢.

If z is a real number, we write e(z) = €*™@. If n is an element in a finite field F),, we
write ep(n) == e(n/p) = e>/P,

2. PRELIMINARIES

2.1. GAPs and sumsets. For a subset A C [F,, and a positive integer ¢, we define the
{-fold sumset £A to be the set of all sums a; + -+ + ay with each a; € A, and define
the restricted ¢-fold sumset £*A to be the set of all sums a; + -+ + ay with distinct
ai,...,ap € A. We denote by S4 the collection of all elements which can be represented
as a sum of distinct members of A. Thus S = Uj<p<jq /" A.



Definition 2.1. A Generalized Arithmetic Progression (GAP) of rank r is a subset P C I,
of the form

P ={ap+na+ - +nra:0<n; <N;}
for some positive integers Ny, ..., N, and some ag,a1,...,a, € Fp. It is said to be proper
if |P| =11_; Ni.

The following theorem of Szemeredi and Vu [14, Theorem 10.5] allows us to locate a
large GAP inside an interated sumset £*A.

Theorem 2.2. For any fixed positive integer r there are positive constants C' and c de-
pending on r such that the following holds. Let p be a prime, let A C F, be a subset,
and let £ < |A|/2 be a positive integer such that £"FY|A| > Cp. Then ¢*A either contains

all of Fp, or contains a proper GAP of rank ' and size at least CET/|A], for some integer
1< <r.

2.2. Character sum estimates. We collect character sum estimates over GAPs which
will be used in the proof of Theorem 1.2. These can be viewed as generalizations of the
classical Burgess estimate for character sums. Chang’s estimate [3] gives non-trivial bound
for character sums over GAPs of size p?/5t¢.

Theorem 2.3. Let p be prime, and let P C F,, be a proper GAP of rank r with |P| > p§+€
for some € > 0. Let x (mod p) be a non-trivial Dirichlet character. Then

> x(n) e pCIP]
nepP
for some constant ¢ = c(e,r) > 0.
For GAPs of rank 7 = 2, one can improve the threshold p*®t¢ in Theorem 2.3 to

pl/3+¢ using the following character sum estimates over unions of intervals [12, Corollary
1.2] (which builds on works in [9]).

Theorem 2.4. Let p be prime and ¢ > 0. Let x (mod p) be a non-trivial Dirichlet
character. Let A C [1,p] be a union of s disjoint intervals I1,...,Is each of which has

length at least p®. Suppose that \A|57% > p%“. Then
> x(n) < p°lA|
neA

for some constant ¢ = c(g) > 0.

Corollary 2.5. Let p be prime, and let P C F,, be a proper GAP of rank 2 with |P| > p%ﬁ
for some e > 0. Let x (mod p) be a non-trivial Dirichlet character. Then

S x(n) <= p9|P)
neP
for some constant ¢ = c(g) > 0.
Proof. We may write
P = {ao—l—n1a1 +ngaz: 0 <nj < Ni,0<ng < NQ}

for some positive integers N1, No and some ag, a1, a2 € F,. Without loss of generality, we
may assume that N; > No. We have a1 # 0 since P is proper. Let

P = al_lP = {al_lao +n1+ ng(al_lag): 0 <n; < Npi,0<ng < Ny}.



Since P is proper, P’ is also proper and thus it is a disjoint union of Ny intervals of length
N1i. We have

|P’\N;1/2 — N1N21/2 > (N No)3/4 = |PP/A > pl/a+e/2,
Hence we may apply Theorem 2.4 to conclude that
S xm) =3 xn) < p P
nepP nep’

for some constant ¢ = ¢(g) > 0. O

2.3. Uniform Distribution. In the proof of Theorem 1.5, we will need the Erdoés-Turan
inequality that connects equidistribution with exponential sums; see [11, Corollary 1.1].

Theorem 2.6 (Erdos-Turdn inequality). Let uj, usg,...,un be any sequence of points on
the unit circle R/Z. For any positive integer K and any o < < o+ 1, we have

N
Z (kuy)

Corollary 2.7. Let I C F), be an interval of length |I| = 0p, and let a1, as,...,an be
any sequence of points in Fy,, none of which lies in I. Then there exists a positive integer
k <1067 such that

K
1#{1<n<N:u,€la,f] (mod 1)}—(ﬁ—0)N|—K+1+3Z

N

Z (kay)

> 62N

Proof. We apply Theorem 2.6 with the sequence of points {a,/p}1<n<n and [a, 8] = p~ 1T
Ml

to obtain
N
» _K+1+3Z Z::lep(kan)

for any positive integer K. Choosing K = 10/J, we conclude that

5N<<Z Zep (kay)

The conclusion follows immediately. O

3. PROOF OF THEOREM 1.2

In this section we deduce Theorem 1.2 by showing that Hilbert cubes must contain
large proper GAPs (Proposition 3.1), and that large GAPs must contain primitive roots
(Proposition 3.2).

Proposition 3.1 (Hilbert cubes contain large GAPs). For any positive integer r, there
exist constants C,c > 0 depending only on r such that the following statement holds. Let
d be a positive integer and p be prime. If d"t? > Cp, then any Hilbert cube of dimension
d in F) either contains all of Fp,, or contains a proper progression of rank v’ and size at
least cd” 1 for some 1 <1/ <r.



Proof. Let H = H(ap;ay,...,aq) be a Hilbert cube of dimension d, where ag, a1, ...,aq €
F, with a1, ..., aq pairwise distinct. We will apply Theorem 2.2 with A = {a1,...,aq4}
and ¢ = |d/2]|. We have

YA >, d72 > Cp.
Hence the assumptions in Theorem 2.2 are satisfied provided that C' is large enough in
terms of r. Thus we conclude £*A either contains all of I, or contains a proper GAP of

rank 7/ and size at least >, £ |A| >, d”'t!, for some 1 <1’ < r. The desired conclusion
follows since ¢*A is contained in a translate of H. 0

Proposition 3.2. Let P C [, be a proper GAP of rank r. If P does not contain any
primitive roots modulo p, then |P| < pl e for any € > 0, where

1/4 ifr=1,
fr)=491/3 ifr=2,
2/5 ifr > 3.

Proof. We may assume that p is sufficiently large in terms of &, since otherwise the claim
holds trivially. By [6, Lemma 2.4] we have for any n € [,

o(p—1) 1 if n is a primitive root (mod p),
= cxx(n) =
p—1 y (mzod ») XX( ) {O otherwise,

where ¢, = p(ord(x))/¢(ord(x)) and ord(x) denotes the order of x. Since P does not
contain any primitive roots, we have

Z Cy Z x(n) =0.
x (modp) neP

Taking out the term x = xq, we get

S e Y x(n)| > P -1

X#xo neP

Note that

NNEDD L {x: ord(x) = d} = Yol
X

d|p—1 #(d) djp—1
for any 7 > 0. Thus for at least one non-trivial character x # xo we have

> x(a)

aeP

> |Plp™7

for any 7 > 0.

Suppose, for the purpose of contradiction, that |P| > p/(")*¢. By the Burgess estimate
on character sums (in the case r = 1), Theorem 2.3 (in the case r > 3), and Corollary 2.5
(in the case r = 2), we have

> x(a)

a€eP

<. |Plp~°.

for some constant ¢ = ¢(e) > 0. This leads to a contradiction, choosing 7 = ¢/2 (say). O



We are now ready to deduce Theorem 1.2. We may assume that p is sufficiently large
in terms of &, since otherwise the claim holds trivially. Suppose, for the purpose of con-
tradiction, that there is a Hilbert cube H C ), of dimension d > p/8te not containing
any primitive roots. By Proposition 3.1 applied with » = 10 (say), H contains a proper
progression P of rank r’ and size |P| > d"'t1 > p"+D/3+< for some 1 < #/ < 10. On
the other hand, since P does not contain any primitive roots, Proposition 3.2 implies
that |P| <. pf (")+€/2 " Combining the upper and lower bounds for |P|, we conclude that
(r' +1)/8 < f(r'). This is a contradiction, no matter whether ' =1, ' =2, or ' > 3.

4. PROOF OF THEOREM 1.5

In this section we deduce Theorem 1.5 by combining Corollary 2.7 with certain (weighted)
exponential sum estimates over Hilbert cubes.

We may assume that p is sufficiently large, otherwise the claim holds trivially. Let
H = H*(ap; a1, ...,aq) be a multiplicative Hilbert cube, where ag, a1, ...,aq € F; with
ai,...,aq pairwise distinct. Suppose, for the purpose of contradiction, that d > p°. Set
r = [2¢71], and form a partition

{a1,...,;aq} = A U...UA,
into subsets of almost-equal sizes, so that
|Ai| = g +0(1) > p°
foreach 1 <i<r. Forbe IF;, consider the exponential sum
Sp 1= Z ep(bxy - xp).

xleAlv"WxTeAT

On the one hand, none of the points agri - -z, with z; € A; lies in the interval I, so
Corollary 2.7 implies that there exists a positive integer k& < 10p° such that

Z ep(kagzy - --z,)| > p 2| Ay - A,

xl€A17"'7x7‘€A7‘

On the other hand, since |A;| > p® for each i and [],.,,.[Ail > p™= > p?, we may
apply Bourgain’s exponential sum bound [1, Theorem A] to obtain

Z ep(kaowy -+~ mr)| <p °|A1]--- Ay

T1EAL,...,.trEA,

for some constant ¢ = ¢(¢) > 0. This leads to a contradiction by choosing § = ¢/4.
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