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The finite element method (FEM) has been widely used for numerical studies of piezoelec-
tric energy harvesting (PEH) systems, through commercial finite element (FE) packages or
specially developed FE formulations. As a convenient computational tool, FEM can deal
with systems of high complexity and has evolved into a multiphasic solution to coupled
problems in engineering. However, most of FE packages and formulations are limited to
coupled-field simulations of PEH systems connected with a linear circuit. On the other
hand, rectified circuits are a critical component in practical applications because electronic
devices such as wireless sensor nodes and wearable electronics require a DC power supply.
Based on the equivalent impedance analysis, this paper proposes a method to enable a
coupled-field study of piezoelectric energy harvesters with the standard AC-DC interface
circuit through an equivalent linear circuit. The proposed method enables FE packages
and formulations to analyze, design, and optimize PEH harvesters at the system level, by
either adding the capability of simulating rectified circuits, or reducing a nonlinear circuit
interface simulation into a faster and more stable linear simulation that can be solved more
conveniently. This equivalent linear circuit method was applied to a rectangular shaped
bimorph beam harvester in ANSYS and validated experimentally. The results also match
well with those obtained from a system-level analytical approach. As an application exam-
ple, a comparison study was performed between the rectangular and triangular energy har-
vesters using FE packages and the proposed equivalent circuit, given the same natural
frequency and material volume. In addition, the implementation of this method with FE
formulations is briefly outlined and discussed.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Wireless sensor networks (WSNs) have become more desirable with the rapid advance of emerging applications such as
Internet of Things (IoT), autonomous systems, robotics, smart cities, and wearable electronics. However, sustainable power
supply is a long-stand challenge for WSNs. They are mostly powered by chemical batteries with a finite lifetime that require
regular replacement or recharging. Therefore, self-powered capability is critical for wireless sensor nodes. Piezoelectric
energy harvesting (PEH) appears to be a viable solution to this end [1]. The direct piezoelectric effect produces electric
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charges from mechanical strains caused by ambient vibrations. This inherent effect of piezoelectric materials makes it pos-
sible for the energy harvesting component to have a compact and simple architecture, facilitating its integration with wire-
less sensor networks. Significant advances in PEH have been accomplished in the past two decades, resulting in a much
deeper and broader understanding in multiple aspects such as structural dynamics, materials, and electrical circuitry. A sum-
mary of these developments can be found in review articles [2-7].

During the course of these research efforts in PEH, many analytical or approximate solutions have been obtained. How-
ever, they are applicable only to configurations with simple geometric shapes, boundary conditions, and load conditions. It is
indispensable to utilize numerical tools such as finite element method (FEM) to deal with systems of more complexity, val-
idating theoretical formulations, providing perspectives on system behaviors, and offering design guidance. For this purpose,
commercial finite element analysis (FEA) packages have been commonly used. As a convenient computational tool, they can
deal with complex systems and have evolved into a multiphasic solution to coupled problems in engineering. However, most
FEA packages have limited capabilities as to the modeling of piezoelectric energy harvesting systems, whose dynamics are
electromechanically coupled. For example, ABAQUS allows direct simulation of piezoelectric elements but cannot model a
fully coupled electromechanical system because of unavailable electric circuit simulations [8]. NASTRAN does not have
the capability of modeling piezoelectricity. It can simulate actuation dynamics based on a thermal-to-piezoelectric analogy
[8,9] but still cannot perform a fully coupled simulation due to the lack of electrical circuitry component [8]. On the other
hand, ANSYS has been recognized as the most commonly used commercial FEA package for PEH due to its built-in piezoelec-
tricity feature that can model the fully coupled field. In addition, it offers efficient solvers and strong meshing capabilities,
along with a powerful ANSYS Parametric Design Language (APDL) for advanced users to parameterize the model and auto-
mate tasks. Zhu et al [10] firstly conducted the FEA analysis using ANSYS on a piezoelectric cantilever energy harvester with
a simple circuit connected to a load resistor. Recently, Kuang and Zhu [11] used the similar piezoelectric-circuit model to
study the energy harvesting from mechanical plucking vibration and experimentally validated the model. Yang and Tang
[12] derived the system parameters of a piezoelectric cantilever energy harvester from the ANSYS FE analysis for a multi-
mode equivalent circuit model to perform the electromechanical coupling analysis. For conventional vibration energy har-
vesters of a cantilever configuration, Arafa et al. [13] proposed the concept of dynamic magnification of the base motion at
the fixed end by placing a spring-mass system between the fixed end of the piezoelectric beam and the vibrating base struc-
ture. They performed an experimental demonstration of the concept and conducted validation studies using ANSYS simula-
tions. Bai et al. [14] developed a linear kinetic energy harvester for energy harvesting from human motion. The harvester had
a piezoelectric cantilever with a tip mass, and utilized the motion of wrist and head spin. ANSYS simulations were used to aid
their conceptual designs and optimization of system parameters. Qian et al. [15] modeled a piezoelectric stack-based boot
energy harvester shunted to a resistor in ANSYS and experimentally validated the model. They also developed a material
equivalent model to handle the mesh problem of the very thin piezoelectric layers in the stack. Wang et al. [16] proposed
an energy harvesting type piezoelectric ultrasonic actuator that had a sandwich-type stator composed of a metal body, an
exciting PZT ring used to produce a traveling wave, and a harvesting PZT ring to convert and harvest the vibration-
induced energy of the stator. They performed design studies for optimal structural parameters and conducted harmonic
and transient energy harvesting simulations using ANSYS. Li et al. [17] proposed a generalized multi-mode PEH that consists
of a main cantilevered beam attached with multiple branches with tip masses. The structure can be configured to generate
close multiple resonance peaks within a frequency range, making it suitable for broadband energy harvesting. They devel-
oped the analytical model for the system, and validated it through ANSYS simulations. Other examples of using ANSYS
coupled-field simulations for design optimization and numerical validation of PEH systems include [18-21], just to name
a few.

In addition to commercial FEA packages, researchers also have developed their own FE formulation to model PEH sys-
tems. De Marqui et al. [22] presented an electromechanically coupled finite element (FE) formulation for predicting har-
vested power of piezoelectric energy harvester plates. The formulation was derived based on the generalized Hamilton’s
principle and the Kirchhoff assumptions for thin plates. Kumar et al. [23] developed a finite element formulation to model
unimorph cantilever type PEH harvesters. The formulation applied the first-order shear deformation theory to account for
the shear effect of the structure in the thickness direction. Fattahi and Mirdamadi [24] derived a general finite element for-
mulation using generalized Hamilton’s principle based on 3D active beam elements, and the equivalent layer theory in both
the mechanical and electrical domains. Ramirez et al. [25] proposed a one-dimensional finite element formulation to model
3D rotational PEH devices based on geometrically nonlinear elements. Timoshenko beam theory was used in the mechanical
domain to obtain the dynamics of a rotating beam. Recently, to perform parametric uncertainty analysis of PEH systems,
Wang et al. [26] applied a FE formulation in NASTRAN through the thermal-piezoelectric analogy, which made it possible
to add uncertainties at an element level. In addition, Amini et al. [27] and Ravi and Zilian [28] developed FE formulations
to investigate PEH from fluid-structure interaction.

A great amount of valuable information was obtained from FE simulations in those aforementioned examples, either
through commercial FE package or custom developed FE formulations. However, the adopted external energy harvesting
interface circuit was resistive, i.e., the piezoelectric elements were simply connected to a resistor. While it is a reasonable
configuration for theoretical development and modeling of PEH systems, practical electronic devices such as wireless sensor
nodes and wearable electronics require a DC power supply. For this purpose, the direct AC power generated by piezoelectric
energy harvesters needs to be rectified. The simplest way to achieve this is through a full-bridge AC-DC rectifier,
which is usually connected with a large capacitor to reduce the ripple in the output voltage signal to the electrical load.
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This configuration is called the standard energy harvesting (SEH) interface scheme. Ottman et al. [29] developed an energy
harvesting circuit that consisted of an AC-DC rectifier with an output capacitor, and a switch-mode DC-DC converter to
charge an electrochemical battery. An adaptive control technique for the DC-DC converter was implemented to maximize
the power stored by the battery. Guyomar et al. [30] performed an analytical analysis of the SEH circuit interface, and pro-
posed the Synchronized Switch Harvesting on Inductor (SSHI) circuit interface, which was originally developed by Richard
et al. [31] for shunt damping applications, for energy harvesting to improve the power harvesting performance, especially for
lowly coupled systems. Ramadass and Chandrakasan [32] proposed a bias-flip rectifier circuit to improve the power extrac-
tion of capability over conventional full-bridge rectifiers. An efficient control circuit with embedded DC-DC converters was
used to regulate the output voltage of the rectifier, and had a filter inductor shared with the rectifier to reduce the overall
volume and component count. Motter et al. [33] evaluated and compared the experimental results and numerical results of a
PEH with a standard AC-DC interface circuit. They also provided few practical considerations on the selection of capacitance
and resistance loads. Mustapha et al. [34] performed numerical and experimental studies on the harvested power and AC-DC
conversion efficiency with various types of diodes in a standard AC-DC circuit interface configuration, including conventional
diode (1 N4001), Zener diode (1 N750), Schottky diode (BAT754), MOSFET full bridge rectifier and an active rectifier. The
active rectifier using MOSFET switching operation were found to have a better conversion efficiency than passive rectifiers.
Dicken et al. [35] proposed a unified analytical framework to analyze and compare PEH interface circuits including the stan-
dard AC-DC, S-SSHI, P-SSHI, and pre-biasing rectified circuits. Their analysis included the effect of fixed on-state voltage drop
of the diode. Szarka et al. [36] reviewed passive and active rectification techniques such as the conventional full-bridge rec-
tifier, diode-tied MOS rectifier, gate cross-coupled NMOS rectifier, cross-coupled rectifier, and active rectifier with cross-
coupled PMOS switches. As in practical situations, output voltage must be regulated to meet the requirements of load
devices, they also reviewed voltage conditioning techniques, for instance, voltage multipliers and DC-DC converters.

Though rectified circuits are of great value to practical energy harvesting applications, most available FE programs, either
commercial packages or developed formulations, do not have the direct capability of performing electromechanically cou-
pled simulations of PEH systems with rectified circuits. For instance, PEH simulations in ANSYS are limited to linear circuit
elements such as resistors, capacitors and inductors. To circumvent this issue, some researchers resorted to a two-step pro-
cess based on the equivalent circuit analysis, which converts the vibration excitation into either a voltage or current source,
and the effective system quantities such as mass, stiffness and damping are analogous to source inductance, capacitance and
resistance, respectively. Next, circuit simulators such as PSpice and Simulink are used for simulation studies. The source
quantities can be assumed [37], obtained by using analytical formulations, experimentally determined from measurements
[38], or estimated from FEA [12,39]. This approach is a reasonable option if the focus is on the energy harvesting circuitry,
but not desirable for design and optimization studies at a system level for PEH systems whose dynamics are coupled in both
mechanical and electrical domains. Moreover, the analytical formulations used to obtain the source quantities are limited by
the complexity of the system and assumptions on their underlying theories. In addition, estimating the source quantities
experimentally or from a separate FE simulation increases the overall efforts and possibility for errors. Given these reasons,
Wu and Shu [40] proposed a method to realize a direct simulation with rectified circuitry at a system level for FE packages.
They replaced the external energy harvesting circuit with an equivalent impedance load in parallel with a negative capacitor,
i.e., active element relying on an external power source, which cancels the internal piezoelectric capacitance of the system.
The concept of equivalent impedance for PEH systems was proposed by Liang and Liao [38], where the effect of the energy
harvesting interface circuit and internal piezoelectric capacitance is represented by an electrical equivalent impedance load.
They used it to build equivalent linear impedance networks for PEH systems with different interface circuits and study the
power optimization from an impedance perspective. Cheng et al. [41] made an another attempt, using an equivalent impe-
dance load to directly approximate the nonlinear dynamics of a P-SSHI interface circuit. However, the impedance was not
explicitly given in terms of the electrical load, making it inconvenient for implementation.

The main contribution of the paper is to propose and experimentally validate a method that enables a direct, full coupled-
field study of piezoelectric energy harvesters with rectified interface circuits through an equivalent passive linear circuit. It
opens up opportunities for FE packages in the fast analysis, design, and optimization of PEH harvesters with complex geom-
etry at a system level with more practical energy harvesting interface circuits. The main idea, as illustrated in Fig. 1, is to use
an equivalent linear circuit of two passive elements in series (in the dashed box) to represent the original nonlinear interface
circuit. One of the elements is resistive and the other one could be capacitive or inductive depending on the type of the orig-
inal rectified circuit and system parameters. The concept of equivalent impedance is used to obtain the equivalent linear cir-
cuit. This concept was recently used by Liao and Liang to study the relationship between the electromechanical coupling and
harvested power of PEH systems in [42], and then build a unified model of PEH systems with various energy harvesting inter-
face circuits in [43]. The advantages of this proposed method, as compared to the methods in [40,41], include that the use of
passive instead of active elements provides more physical insights on the circuit equivalency, and the values of equivalent
linear elements are explicitly given in terms of the electrical load, excitation frequency, and intrinsic piezoelectric capaci-
tance of the system, making its implementation convenient in practical design applications.

For validation, the method is applied to a fully covered piezoelectric bimorph beam connected with a standard full-bridge
AC-DC circuit and the analytical, FE, and experimental results are compared. The analytical results are obtained through an
integration of two validated models developed by Shu and Lien in [37] and Liao and Sodano in [44], respectively. The effec-
tive lumped single-degree-of-freedom (SDOF) system parameters of beam PEHs were given by Liao and Sodano in closed-
form in [44], along with experimental validation on a bimorph PEH connected with an AC circuit. An analytical power
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Fig. 1. Schematic of a piezoelectric energy harvester with a rectified circuit and the equivalent external linear circuit.

expression of piezoelectric energy harvesters connected with an AC-DC circuit was presented by Shu and Lien [37], given
measured or analytically determined effective lumped system parameters. However, it cannot directly deal with PEH sys-
tems of complex geometries, for which the closed-form expression of lumped system parameters might be unattainable.
Nevertheless, the proposed FE-equivalent-circuit method does not have this limitation. The equivalency of the circuitry is
independent of the mechanical or structural aspect of the system; while FE methods are more than capable of modeling
the mechanical aspect of electromechanical systems of complex geometries. Therefore, the proposed method can be applied
to systems of complex geometry as well.

The rest of the paper is organized as follows. In Section 2, the concept of equivalent electrical impedance is discussed, and
the equivalent linear circuit characteristics will be extracted from the electrical impedance of the system. In Section 3, a
bimorph beam energy harvester is modeled in ANSYS and analyzed by the proposed equivalent linear circuit method. Exper-
iments and the system-level analytical analysis based on two analytical models are conducted to validate the ANSYS results.
As an application example, Section 4 presents an ANSYS-based comparison study of the power characteristics of a rectangu-
lar harvester and a triangular harvester connected to a standard AC-DC interface circuit and studies the effect of electrome-
chanical coupling on the results. Finally, the implementation of this proposed method in FE formulations is briefly outlined
and discussed in Section 5.

2. Equivalent external linear circuit analysis

To determine the characteristics of the equivalent external linear circuit, this section starts with a brief overview of the
equivalent impedance concept for piezoelectric energy harvesters. Then the equivalent electrical impedance of AC-DC inter-
face circuits is discussed, from which the impedance of the equivalent linear circuit is extracted. After that, the types and
values of the equivalent passive circuit elements, i.e., resistor, capacitor, or inductor, are determined based on the extracted
circuit impedance.

2.1. Equivalent circuit and impedance of a general piezoelectric energy harvester

In general, the electromechanically coupled dynamics of a piezoelectric vibration energy harvester subjected to a base
acceleration excitation can be simply modelled as a single-degree-of-freedom (SDOF) system described by the following
equations [44,45]:

{ MV (t) + CW(t) + Kw(t) — 0u,(t) = Da(t) )

ow(t) + Gy (£) = (1)

where w(t) and v,(t) are the displacement and voltage responses of the SDOF system, a(t) is the excitation acceleration, and q
(t) the electric charge over the piezoelectric element. M, C, K, 0 are the effective mass, damping coefficient, stiffness, and elec-
tromechanical coupling coefficient. D is an equivalent mass multiplied with acceleration a(t) to represent the equivalent
external force applied to the SDOF system.
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The two governing equations can be manipulated to yield an equivalent circuit [38] based on the analogy between the
mechanical domain and electric domain as shown in Fig. 2. In this way, the entire system can be analyzed in the electrical
domain alone, thus simplifies the analysis process, and offers a better view of the connection between system components.
The equivalent circuit quantities are related to the original mechanical system parameters as

Deg(t) = — 0 a(t), () = ~0W(E) Ty = 410 @)

where the acceleration excitation acts as a voltage source and the structural velocity acts as the induced current equiva-
lently. The electrical elements of the equivalent circuit are obtained as

M C 6?
0—2-, SZQ_Z’CSZ?' (3)

The circuit impedance Z;, in the shaded area of Fig. 2 represents the energy harvesting interface circuit. The electrical impe-
dance Z,.. represents the electrical aspect of the system, combining both the internal capacitance C, of the piezoelectric ele-
ments and the circuit impedance Z;.. For linear energy harvesting circuits, Z... can be obtained directly and exactly. For
nonlinear energy harvesting circuits, e.g., SEH and SSHI interfaces, an equivalent electrical impedance can be used to approx-
imate the nonlinear dynamics of the circuit [38,40].

Consider a generalized electrical impedance Z.. (either exact or equivalent) is used to represent the shaded area in Fig. 2.
The harvested power can be obtained by first expressing Z. in its component form as

Zelec = Relec +jxelec> (4)

where Rep.c and X, are the resistive and reactive components, respectively. Then applying basic circuit theories to the sys-
tem with harmonic base excitation of amplitude A and frequency o yields the AC power (or equivalent AC power in the case
of a rectified circuit) extracted or dissipated in the resistive component of the energy harvesting interface circuit:

DA K12y

- 2 27

VMK <2£r+ kzry> + (1 —r2 - kzr;()
where { = Nﬁ is the mechanical damping ratio, and the dimensionless electrical resistance and reactance are defined as
Y= wnCpRelen X = wncpxelec (6)

L =

()

The short-circuit natural frequency w,, frequency ratio r and effective electromechanical coupling coefficient k* are
defined as
K w 2

82
Wy = M,rzw—n.,k =@. (7)

2.2. Equivalent linear circuit of a standard AC-DC interface circuit

Fig. 3 shows the schematic of a standard energy harvester (SEH) with an AC-DC rectifier, where R is the electrical load
resistance and C, is a large capacitor used to smooth out the voltage signal after the rectification. The closed-form power
expression given by Shu and Lien [37] as

2.2 26312 p
Pogy = DA (rp7/2)7 (8)
MK {ZVH 2Werp }2+{1 2y }2’
6 (rp+m/2)% rp+m/2

AN —| |

B Rs G,
@)vm,(t) v, (0) §c== ”Z

Zeleczcjp| |Zcir

Fig. 2. Equivalent circuit of a piezoelectric energy harvester subjected to a base excitation.
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Fig. 3. Schematic of a standard energy harvester (SEH) with an AC-DC rectifier.

where the dimensionless resistance
p = 0GR (9)

Note that expression (8) gives an equivalent AC power. The actual DC power output of the standard AC-DC circuit is half of
the equivalent AC power. By comparing the power Expression (5) of the generalized model reveals that for the SEH interface,
the dimensionless equivalent impedance components are [43]:

2p p
- P P 10
Vsen (rp+7'c/2)2”(SEH o+ 72 (10)

Based on these dimensionless results, along with Eqs. (4), (6), (9), the equivalent electrical impedance of the SEH interface
can be written as

2R i R
(prR+7t/2)2 wCR+1/2’

(ZeleC)SEH = (11)

which is a function of the excitation frequency w and electrical load R. Note this electrical impedance Z includes both the
external energy harvesting circuit impedance Z and the internal piezoelectric capacitance C, as shown by the shaded area
in Fig. 2.

The same expression was obtained by Lien and Shu [46] following a different approach. Instead of comparing the power
expressions, they compared the denominator of the structural response expression obtained in [37] with that based on the
generalized electrical impedance. Additionally, Liang and Liao [38] also derived an expression for (Z..)seny based on Fourier
approximation. However, it was given in terms of the rectifier blocked angle in a half cycle, not the electrical load explicitly.

In this paper, the external circuit impedance Z;, is obtained from the electrical impedance Z.. as follows. Firstly, express
the circuit impedance in the component form

Zcir = Rcir +jxcir~ (12)

By noting that the electrical impedance is the combination of the external circuit impedance and internal piezoelectric
capacitance in parallel, we have

ZeZo  Rar —i(0CRE + 0CoX2, — Xair
Zelec :ZC,,HZCir = Sodr < P re >

- - , (13)
Ze, +Zar  (0CpRar)’ + (0CpXer —1)°

where “||” denotes the parallel connection of electrical elements and Z, is the impedance of the internal capacitance, i.e.,
Zep = 1/(wGy). After that, equating Equations (11) and (13), separating the real and imaginary components, and flipping
the numerators and denominators on both sides (for manipulation conveniences) yield two coupled equations for the circuit
impedance components Ry and X

(wCDRcir)z + (0CpXar — 1)2 (0GR + n/z)z (14)
Rcir - 2R '
(@CyRar)” + (0CXer = 1)° _ C,R + /2 15)
WCoRE, + WCpX — Xeir R .
Dividing Eq. (14) by (15) on both sides yields
WCoR%, + 0C X2, — Xy WC,R+1/2 (16)

Rcir 2

The second-order terms of R and X can be removed by multiplying both sides of Eq. (16) with @G, and subtracting
Equation (14) from the result, yielding a linear relationship between R and X
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T(wC,R+ 1/2
@CpXar — 1= 7(”417RJ)R51,. (17)
Substituting this result back into Equation (14) yields an equation for R.; only. Solve the equation and we have:
1 oC,R +1/2)*
(Rcir)SEH = j ) ( 2 P ) 2 R. (18)
(wCoR)” + (m/4)* (wCpR + T/2)

Substituting it back into Equation (17) yields

WC,R — (/8)(WC,R + 7/2)° } R (19)

Xcir =
(Xer)sen {(a)CpR)z+(n/4)2(a)CpR+7t/2)2

Similar to the electrical impedance given in Eq. (11), the circuit impedance components also depend on the load resis-
tance R, piezoelectric capacitance C, and excitation frequency w. The effect of capacitance and frequency is applied in the
form of the product wCyR. As an example, Fig. 4 plots the closed-form results of R and X given by Eq. (18) and (19) for
a fixed load of R = 5616 Q over the frequency range of 110-160 Hz with C, = 0.136 uF, which matches the testing setting
of an actual bimorph energy harvester [44].

An alternate approach to determining the equivalent circuit impedance Z; (and its R and X,; components) is to solve for
Z.ir from the impedance relationship

1 1 1

LN 20
Zelec ZC,, Zcir ( )

which gives

ZCp - Zelec

Zir = ———.
ZCpZeIec

(21)

It can be shown that substituting the electrical impedance of the SEH interface, i.e., Eq. (11), and the impedance of the
internal capacitance into (21) yields the same results as in Egs. (18) and (19).

Once the equivalent circuit impedance components R and X.;- have been determined, the next step is to find the corre-
sponding linear electrical elements in the equivalent external circuit (refer to Fig. 1). The resistive impedance component R,
can be simply represented by a resistor directly. To find a suitable passive element for the reactance component X, the reac-
tance type needs to be determined, i.e., capacitive or inductive. This can be done by noting that the denominator of expres-
sion (19) is always positive, and the numerator can be manipulated and rewritten as

i

——<prR+§—E -5+, (22)

T 4N\* 1 2
8

which is always negative because of the negative sign in front of the squared expression and the additional fact that 2/x is
smaller than 7/2. Therefore, the reactance component X, is always negative as graphically shown in Fig. 4(b), and it is a
capacitive reactance equivalently. The capacitance of the capacitor used to represent X, in the equivalent external circuit is

1 1 (0GR + (/4)* (wCR +1/2)°
(Ccir)SEH == - 2 ("
—wCyR+ (1/8)(wC,R + /2)

= 23
wXg  WR ( )

For illustration purposes, Fig. 5 plots the capacitance of the equivalent capacitor associated with X in Fig. 4(b). It can be
seen that the capacitor is a variable capacitor with respect to frequency, similar to the equivalent external circuit resistor as
shown in Fig. 4(a).

3. Experiments and results
3.1. Experimental setup

For validation, this equivalent linear circuit method was applied to a bimorph beam energy harvester with properties
given in Table 1. It consisted of two same-size PZT-5A4E layers and a middle brass layer. The two PZT elements were con-
nected in parallel electrically. One end of the composite beam was free and a base excitation of 0.5 m/s? was exerted by a VG-
100 electromagnetic shaker at the other end fixed to the base. The mechanical damping ratio was determined to be 0.0115
using the log decrement method from the measured free response of the system. Fig. 6 (a) shows the picture of the overall
experimental setup, where the Spider 80X dynamic analyzer (Crystal Instruments) was used to generate the excitation signal
and collect data. The generated signal was amplified by the amplifier (HAS 4051, NF Corporation) before fed to the shaker to
achieve the expected base excitation acceleration. The piezoelectric bimorph energy harvester was clamped by a fixer
installed on the shaker, as shown in the close-up view in Fig. 6 (b). The excitation acceleration of the shaker was monitored
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Fig. 4. Equivalent external linear circuit impedance components R, and X obtained from Eqgs. (18) and (19). Fixed load R = 5616 Q, piezoelectric
capacitance C, = 0.136 pF.

Cyir (uF)
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Frequency (Hz)

Fig. 5. Equivalent external capacitor capacitance C corresponding to X in Fig. 4(b).

Table 1

Properties of the bimorph beam harvester in experiments.
Property Symbol Value
Length L 64.30 mm
Width b 10.01 mm
Brass thickness ts 0.50 mm
PSI-5A thickness [ 0.13 mm
Brass density Ds 8740 kg/m>
PSI-5A density Pp 7800 kg/m>
Brass modulus Ys 101 GPa
PSI-5A modulus yg 66 GPa
PSI-5A dielectric constant K5 1800
PSI-5A strain constant ds; —190 x 1072 m/V
Mechanical damping ratio 14 0.0115
Base acceleration a 0.5 m/s?

by an accelerometer (PCB 356A17, PCB Piezotronics Inc.) as the feedback to the close-loop control system. The entire test

system was run and controlled by a Laptop. Fig. 6 (c) shows the close-up view of the AC-DC interface circuit, which consists
of a full bridge rectifier of four Schottky 1 N5817 Diodes and a smoothing capacitor of 210 pF.
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Fig. 6. Experimental setup: (a) overall setup; (b) piezoelectric energy harvester; (c) AC-DC interface circuit.
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Fig. 7. ANSYS model of the bimorph beam energy harvester with an external equivalent linear circuit.

Fig. 7 shows the parametric finite element model of the bimorph harvester established in ANSYS through APDL. The sub-
strate beam was modeled by the three-dimensional (3D) solid structural element Solid 45 with eight nodes, each of which
has three degrees of freedom. The Solid 5 element with eight nodes was used to model the piezoelectric layers with one volt-
age degree at each node in additional to the other three mechanical degrees of freedom. Both the equivalent circuit capac-
itance and resistance were simulated by the Circuit 94 element that has two nodes and can interface with piezoelectric
element. The model is composed of 7042 elements determined by a convergence test including 3520 structural elements,
3520 piezoelectric elements and 2 circuit elements. The voltage DOF coupling between the piezoelectric and circuit elements
is represented by the green lines. Due to the large number of the lines, graphically the lines as a whole appear to be two
green areas instead. The composite beam is of a cantilever configuration with one end free and the other end fixed to a
vibrating base. The harmonic analysis was conducted on the developed model under the base acceleration excitation of
0.5 m/s>.

In addition to the experimental and FE results, analytical results were also obtained by an integrated analytical method
based on two validated models developed by Shu and Lien in [37] and Liao and Sodano in [44], respectively. This integrated
method will be denoted by “Shu/Liao” for the rest of this paper. First, the effective system parameters such as M, C, K, 0, C,, D
of a fully-covered symmetric bimorph beam harvester were given by Liao and Sodano [44] in closed-form as:

M= <p5ts + 2pptp)b

3 3t2t, + 6tst2 + 4t
K= [1.0302}'5 (t—;) +2.0604Y" (”’—4“’+” b
L L
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_ Ep (b +Ep
0= —2.753d31ypb (W)

L
C, = 2K5¢60b (F)

p
D= —O.783b<2pptp + psts)ﬁ (24)

where the physical quantities associated with the symbols are given in Table 1 and g, = 8.85 x 10~ is the permittivity of
free space of the piezoelectric material. Then the harvested power was determined using the formulas developed by Shu and
Lien: Eq. (8) for SEH [37].

4. Results and discussions

Experiments were first conducted on the harvester directly connected with various resistive loads instead of the AC-DC
interface circuit and its power was measured and compared to analytical and ANSYS results. This served as a “safety” mea-
sure to ensure the energy harvester was working properly, and the values in Table 1 were close to the true values. Fig. 8(a)
shows the analytical results from Liao and Sodano’s model [44], and 8(b) shows the results from ANSYS coupled-field sim-
ulations. The experimental results are shown in Fig. 8(c), which were obtained by performing frequency sweep tests with the
harvester connected to a load resistor of different values. The analytical and ANSYS results match well except that the ana-
lytical results have a small frequency shift of about 0.5 Hz to the left. This is mostly due to the fact that the analytical model
is based on the Euler-Bernoulli beam theory and considers only one vibration mode; while the FE model describes the con-
tinuous, physical system more accurately by including the first 80 modes. With reference to the ANSYS results, the exper-
imental peak power is off by +4.03%, +5.02%, +1.99%, —1.87%, —1.92% for the load resistances of 5.1 kQ, 8 kQ, 13 kQ, 20
kQ, 30 kQ, respectively. At a lower power level, the discrepancy became larger at 17.65% and —6.58% for the load resistances
of 1 kQ and 150 kQ, respectively. Overall, in this case of a resistive interface circuit, ANSYS was able to simulate the power
behavior of the system accurately, and the results supported the parameter values in Table 1 before experiments with the
AC-DC interface circuit.
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—5.1kQ —5.1kQ
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g 0.01F —13kQ 4 0.01} —13 k(2
(= 20 kQ 20 k2
Pl 30 K2 30 k2
g — 150 k(2 w150 k2
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0. 0.005F 1 0.005
0 . - . a 0 . DT Ty
85 90 95 100 105 85 90 95 100 105
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Fig. 8. AC power vs. excitation frequency of the bimorph energy harvester connected to a resistive (AC) interface circuit. (a) Analytical; (b) ANSYS; (c)
Experimental. Base excitation, a = 0.5 m/s2.
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The experimental results of the harvester connected with the AC-DC interface circuit are presented in Fig. 9. During the
experiments, a harmonic base excitation of 0.5 m/s? at a particular frequency was exerted and then the DC voltage over the
load resistance was measured. This was repeated for excitation frequency ranging from 86 Hz to 98 Hz. The FE (ANSYS)
results were obtained by using the proposed equivalent circuit method. Since the harvester is of a simple structure for which
analytical models are available, analytical results are also included for comparison. It can be seen that there is a noticeable
frequency shift of about 0.5 between the analytical and FE results, just as for the AC results. The FE and experimental curves
follow each other well but the measured data are smaller than the simulation results over the entire frequency range of
interest for different resistive loads. It appears that the measured voltage frequency responses slightly bend to the left hand
side because of the soft nonlinearities of the beam structure and the AC-DC rectify circuit. The peak voltage difference is
0.1025V,0.1166 V, 0.1089 V, 0.1200 V for the load resistance of R = 8 kQ, 13 k<, 20 kQ, 30 k<, respectively. This difference
was mostly caused by the voltage drop over the full-bridge rectifier in the experiments, which was not considered in the
analytical solution and FE numerical simulations. This could be observed from the measured voltage time history responses
over the piezoelectric elements and the resistive load, as plotted in Fig. 10(a). The thin blue line represents the voltage v,
over the piezoelectric elements, i.e., before the rectifier while the thick red line represents the voltage ¢; over the load resis-
tance (and smoothing capacitor), i.e., after the rectifier. The voltage v; appears to be a “perfect” DC signal in this graph but a
zoom-in view in Fig. 10(b) reveals small ripples as a result of the filtering effect of the smoothing capacitor. For an ideal rec-
tification, the peak voltage of v, is equal to v;. However, the diodes in the rectifier induces forward voltage drops, resulting an
overall voltage drop over the rectifier. To study voltage drop due to the rectifier circuit, additional experiments were

0.5— . . . 0.5— . . .
(a) AC-DC: R =8 kQ2 (b) AC-DC: R = 13 kQ
— = = Analytical (Shu/Liao) = = = Analytical (Shu/Liao)
0.4 ANSYS (equivalent) | | 0.4 ANSYS (equivalent)
©  Experimental O Experimental
So03
Q
(@]
8
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0.1
0
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©
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Fig. 9. RMS voltage vs. excitation frequency of the bimorph energy harvester connected to a standard AC-DC (SEH) interface circuit with various load
resistance. (a) R = 8 kQ, (b) R = 13 k<, (c) R = 20 k<, (d) R = 30 kQ. Base excitation, a = 0.5 m/s>.
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Fig. 10. Voltage drop over the full bridge rectifier. (a) Voltages across the piezoelectric elements v, and load resistance v;; (b) zoomed-in view of the voltage
signal over the load resistance; (c) voltage difference vs. DC current in the circuit.

conducted to measure the voltage difference at various DC current level. The experimentally measured voltage drop of the
rectifier circuit are plotted in Fig. 10(c) against different current level. Over the test current range, the voltage drop generally
increased with the current and the average drop was about 0.108 V. This trend is consistent with the property of diodes that
the forward voltage drop should increase as the current increases. It is worthwhile to point out that the voltage drop of
0.108 V (over two diodes when the circuit is conducting) appears to be much lower than typical values for forward voltage
drop such as 0.45V, 0.6 V and 0.7 V. This is because that Schottky diodes have a lower forward voltage drop than that of most
commonly used types of diodes. In addition, those typical values are usually rated at a much higher current, e.g., 1A, while
the current in the experiments was much lower, less than 0.1 mA. In all, it can be concluded that the discrepancy between
the FE and experimental results is mostly due to the voltage drop or loss in the rectifier. Note that in addition to the voltage
drop over the rectifier, there are other losses as well, for example, dielectric loss in the PZT material and the loss due to par-
asitic resistance of electrical components. But in this case, their effect does not appear to be as significant as that of the volt-
age drop of the rectifier. In summary, the results appear to support that the equivalent circuit method for AC-DC simulations
is capable of predicting the system behavior satisfactorily once the effect of voltage drop is added into the FE results.

To further demonstrate and validate the capability of this proposed method for simulation studies of AC-DC interfaced
PEHs, more experiments were conducted. The harvester was excited at the same, single frequency 91 Hz while the load resis-
tance was varied. The voltage over the load resistance was measured directly, from which the power was computed. The
experimental results are plotted in Fig. 11 and indicated by the green circles. The dashed blue line and red line with diamond
markers in Fig. 11(a) are the analytical and finite element results, respectively. Again, both the analytical and numerical
results do not consider the loss in the actual circuit and “overestimate” the output DC voltage, resulting in a voltage offset
graphically. Based on the results in Fig. 10, a voltage offset of 0.108 V (average voltage drop across the rectifier) is applied to
the ANSYS results, yielding the “adjusted” voltage results indicated by the red dash-dotted line with triangle markers. It can
be seen that once the effect of voltage drop of the rectifier is included, the adjusted FE voltage results are in good agreement
with the experimental ones, off by less than 4%. The associated FE power results, shown in Fig. 11(b), are off by less than 10%
of the experimental ones. Fig. 11(b) shows that the actual peak RMS power is about 50% of that predicted by the analytical
and FE simulations without considering the loss in the circuit. In addition, this optimal resistance at the excitation frequency
of 91 Hz is predicted to be around 15 kQ by the FE method (without the voltage adjustment), while it is about 38 kQ by
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Fig. 11. (a) RMS voltage and (b) RMS power of the bimorph energy harvester connected to a standard AC-DC (SEH) interface circuit with various load
resistance, at a single excitation frequency of 91 Hz. Base excitation, a = 0.5 m/s>.

experimental results. On the other hand, once the voltage drop is considered and included for adjustment, the FE method is
able to model the system behavior reasonably well.

Finally, it is worthwhile to point out that analytical results were available and used as a complementary validation
method for the bimorph harvester due to its simplicity in structure. However, practical applications often require a more
complex structure for which an analytical solution is not available. In that case, the FE simulations become the only viable
option. In addition, the analytical results were obtained based on the single-mode assumption. Specifically, the effective
SDOF system quantities given in Eq. (24) were determined by assuming the structural response was dominated by the first
vibration mode of the system. However, the actual structural response is the summation of all the modes of the system. On
the other hand, the FE model provides a more accurate description of the physical system by using 3-D solid elements and
including a large number of structural modes. Thus, it is expected there is some difference between the analytical and FE
results, for example, the frequency shift shown in Figs. 8 and 9. If the vibration frequency is away from the resonance or
the damping increases, the contribution from the other modes grows larger. In this case, the single-mode assumption
becomes less accurate and the actual SDOF parameters such as M, C, K, etc. will deviate from the expressions given in Eq.
(24). In short, the analytical method considers only one mode and assumes that M, C, K, etc. are always the same (based
on the single mode); while the FE model is able to include and adjust the contribution from the other modes accordingly.
Moreover, we would like to clarify that the proposed equivalent linear circuit method is an equivalent representation of
the circuit only. Although its derivation was based on a general SDOF model subjected to harmonic excitation, it did not
make any assumption on how the SDOF system parameters such as M, C, K, etc. were obtained exactly. The equivalent circuit
representation only depends on the electrical load, internal capacitance, and excitation frequency. When it is coupled with
the FE package or formulation, it implies that multiple modes are considered, providing a better estimate of M, C, K, etc.

5. Application examples
5.1. Application in FE packages

As an application example, this proposed equivalent linear circuit method is used in this section to study the influence of
harvester geometry on energy harvesting performance, specifically, the triangular shape compared to the regular rectangular
shape. There are few similar studies conducted by researchers in the past. For instance, it was suggested by Roundy et al. [47]
that an increasingly trapezoidal shaped profile helps distribute the mechanical strain more evenly, as opposed to a rectan-
gular profile that has an almost linearly decreasing strain distribution along the beam. Mateu and Moll [48] performed a
detailed study of strain distribution of triangular shaped cantilevers and derived the analytical expression of harvested
power for energy harvesting using shoe inserts. However, they used the static deflection and did not include the backward
coupling to the structure from the electrical dynamics. Sameh et al. [49] developed a mathematical model to describe the
dynamics of a trapezoidal unimoph piezoelectric cantilever subjected to a harmonic force at the free end, and concluded that
the shape should be as truncated as possible in order to increase the harvested power. Recently, Muthaif and Nordian [50]
also derived a model to estimate the voltage output of a trapezoidal-shaped piezoelectric cantilever, and they showed that
the output voltage increased as the beam width at the tip reduced, while the beam length and the beam width at the fixed
end kept unchanged. In other words, the triangular configuration yielded the highest voltage output. In these studies, the
energy harvesting interface circuit was resistive for simplicity. The natural frequency of the system was allowed to change
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freely, which may be unrealistic in many situations where the natural frequency needs to match the excitation frequency
source. In our study, the more practical AC-DC interface circuit is used. In addition, as an important aspect that did not
receive much deserved attention, the effect of electromechanical coupling is investigated. Note that in this comparison
study, the voltage drop of the rectifier is not considered. In other words, the circuitry is assumed to be ideal without loss.
This voltage drop depends on the type of diodes and amount of current in the circuit, which is important to be determined
and included in the actual design study for practical applications.

There were two groups of PEHs being investigated, with each grouping consisting a rectangular PEH and a triangular PEH.
The important difference between the two groups is that group 1 PEHs have lower electromechanical coupling than that of
group 2 PEHSs. Table 2 lists the properties of the two rectangular harvesters in groups 1 and 2, respectively. The PZT material
in the groups are MFC and PSI-5H, respectively. Within each group, for a fair comparison between the rectangular PEH and its
triangular counterpart, the dimensions of the isosceles triangular PEH were configured in a way such that it had the same
thickness and volume as the rectangular PEH harvester. In addition, the first natural frequency was also kept the same,
i.e. 141.3 Hz. As mentioned, practically, there could a target dominant excitation frequency for the PEH in the actual working
environment. This is an important constraint but tends to be overlooked in most optimization or design studies. As a result of
the volume and natural frequency constraints, the width and height of the triangular PEHs have been determined as shown
in Table 3. The ANSYS model of the PEH is shown in Fig. 12. A convergence test was performed to the mesh before the har-
monic power analysis was conducted.

The equivalent linear circuit method for AC-DC interface circuit is applied to the two groups. The base-motion excitation
is 1 g and the damping ratio is 0.019. Fig. 13 plots the harvested power of group 1 PEHs versus excitation frequency at various
load resistance, with the rectangular PEH in Fig. 13(a) and the triangular one in Fig. 13(b), respectively. It can be seen that the
triangular harvester has a much higher peak power than the rectangular harvester, an increase of about 29% from 0.715 mW
to 0.923 mW. In addition, the power curves appear to spread out more, which is an indication of stronger electromechanical
coupling. A simple way to “experimentally” assess the coupling of a system is to utilize the short-circuit natural frequency
(n)sc and open-circuit natural frequency (wy)oc as

Table 2
Properties of the rectangular bimorph beam harvesters in Section 4.
Property Symbol Rectangular PEH #1 Rectangular PEH #2
Length L 66.62 mm 66.62 mm
Width b 9.72 mm 9.72 mm
Brass thickness ts 1.042 mm 0.76 mm
PZT thickness tp 0.25 mm 0.26 mm
Brass density Ds 8740 kg/m> 8740 kg/m>
PZT density Pp 7500 kg/m? 7800 kg/m>
Brass modulus Y 101 GPa 101 GPa
PZT modulus YE 30.34 GPa 66 GPa
PZT dielectric constant K 1700 1800
PZT strain constant dx ~170 x 1072 m/V —320 x 102 m/V
Table 3
Geometry of the triangular bimorph beam harvesters in Section 4.
Property Symbol Triangular PEH #1 Triangular PEH #2
Length (height) L 95.5 mm 95.9 mm
Width (base) b 13.6 mm 13.5 mm

Fig. 12. ANSYS model of the triangular bimorph beam energy harvester.
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Fig. 13. Harvested RMS power versus excitation frequency at various resistances for harvesters connected with the standard AC-DC interface circuit for
group 1 PEHs: (a) rectangular, (b) triangular. Base motion excitation, 1 g; damping ratio, 0.019.
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ANSYS simulations showed that the rectangular harvester had short-circuit and open-circuit natural frequencies of
140.2 Hz and 141.3 Hz, respectively. Based on these values, Eq. (25) gives a coupling coefficient of 0.0158, close to the value
of 0.0151 obtained from the analytical model by Liao and Sodano [44]. On the other hand, the triangular harvester has short-
circuit and open-circuit natural frequencies of 139.7 Hz and 141.3 Hz, respectively, from which the coupling coefficient is
determined to be 0.0230. Therefore, the coupling coefficient increases significantly by about 46%. As pointed out by Roundy
etal. [47], a triangular shaped profile helps distribute the mechanical strain more evenly, and more PZT material is located in
the high stress area. This results in a higher energy conversion efficiency, an increased coupling coefficient, and more har-
vested power. Therefore, what is shown in Fig. 13 is consistent with the common understanding that stronger electrome-
chanical coupling is desirable for improving power performance: higher power output and broader bandwidth.

However, in addition to electromechanical coupling, the maximum power of a harvester depends on other aspects of the
system as well and the triangular shape does not always serve as a solution for enhanced power performance. To illustrate
this point, Fig. 14 shows the power curves of group 2 harvesters, which have higher coupling than their group 1 counterparts.
A quick inspection of Fig. 14(a) and (b) reveals few main differences. Firstly, the overall maximum harvested power of the
triangular PEH is actually lower than that of the rectangular PEH, i.e., about 1.3 mW compared to 1.7 mW, a decrease of 24%.
Secondly, the triangular PEH has a broader harvesting frequency bandwidth. Thirdly, the outer profile created by the power
curves overlaid together, called power envelope [45], appears to be different too. The triangular PEH has a “M” shaped
profile; while the rectangular PEH has a “A” shaped profile. The explanation of these observations also starts with an
investigation of the difference in electromechanical coupling between the two configurations. For the rectangular PEH,
the short-circuit and open-circuit natural frequencies have been found to be 135.0 Hz and 141.3 Hz, respectively, from
the ANSYS analysis. This yields a coupling coefficient k* = 0.0955, which matches the analytical coupling coefficient
k? = 0.0976 obtained by using the model by Liao and Sodano [44]. As explained in [43,51], initially, the energy conversion
efficiency increases as the coupling increases, yielding more harvested power. However, at the same time, the induced
damping due to energy harvesting also increases, resulting in a reduced structural response. As the coupling reaches a critical
value, the increased energy conversion efficiency and reduced structural response reach a balance, and the power saturates
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Fig. 14. Harvested power versus excitation frequency at various resistances for harvesters connected with the standard AC-DC interface circuit: (a)
rectangular PEH, (b) triangular PEH. Base motion excitation, 1 g; damping ratio, 0.019.
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at a level called power limit. For energy harvesters with a standard AC-DC interface circuit, the critical coupling has been
shown to be a function of damping ratio [42]:
5 SEH 5
<k )c ~6.2770+10.07¢. (26)

For damping ratio { = 0.019, the critical coupling is approximately 0.123. Because the coupling of the rectangular PEH is
lower than the critical coupling, the system is defined as weakly coupled. The power limit of the system is not reached, and
its power envelope has a “A” shape. On the other hand, the triangular PEH has short-circuit and open-circuit natural fre-
quencies 135.0 Hz and 141.3 Hz, respectively, from which the system coupling coefficient is determined to be 0.127. Since
the coupling coefficient is greater than the critical coupling coefficient 0.123, the system is strongly coupled. Its power envel-
ope has a “M” shape and the power limit is reached at two locations. In addition, as the coupling increases, the power
envelop usually expands [42], which leads to a broader harvesting bandwidth as shown in Fig. 14(b).

However, although it is desirable to have high coupling to harvest more power, the power output is capped by the power
limit of a system, which mostly depends on the mechanical aspect of the system. Mathematically, the power limit has been
obtained as [42]:

P, DA
llm_\/msé”

where M, K, D are the effective mass, stiffness, input mass of the system, respectively [44]. A is the amplitude of the harmonic
base-motion acceleration. As the system geometry changes, these effective mechanical quantities also change. In this partic-
ular case, changing the beam shape from rectangular to triangular increases the coupling coefficient by more than 25%, i.e.,
from 0.0955 to 0.127, which extends the harvesting bandwidth and is extremely desirable for broadband energy harvesting
applications. However, doing this also reduces the system power limit by about 26%.

In summary, this comparison study shows that for beam harvesters of low coupling, e.g., group 1 harvesters, it is bene-
ficial to adopt a triangular profile as it only increases the harvested power but also broadens the energy harvesting band-
width. However, if the beam harvester already has a relatively high coupling, e.g., group 2 harvesters, adopting a
triangular profile might actually decrease the harvested power as a result of power saturation and reduced power limit.
The example is used to demonstrate the application of the proposed equivalent linear circuit method for simulations of
energy harvesters with rectified circuits, facilitating a system-level coupled-filed analysis. It does not intend to provide a
complete optimization study. However, it can be seen that this method opens up opportunities for more detailed optimiza-
tion studies that consider additional variables, for instance, thickness and length, and other geometrical shapes such as
trapezoidal.

(27)

5.2. Application in FE formulations

In addition to FE packages that have built-in capabilities of handling linear interface circuits, the equivalent circuit
method can also be extended to custom developed FE formulations [22-28] conveniently. As discussed in the Section 1, these
formulations were limited to a resistive interface circuit. The proposed method can be utilized here to enable numerical
studies of harvesters connected with a standard AC-DC interface circuit. In general, the coupled governing equations in
Eq. (1) can be written in a discrete form as:

M ™ (¢) + ™ (0) + KPu (t) - 0 v, (t) =F (), (28)

0FETy B (£) 4 Coup(t) =q(t). -

The number of structural DOFs is denoted as Ns,M"®, K™ and €™ are the Ns-by-Ns mass, stiffness and damping matri-
ces, respectively, and u®, 0, f are the Ns-by-1 structural displacement, electromechanical coupling coefficients, and
force vectors, respectively. In the case of an AC-DC interface circuit, the interface circuit is equivalently represented and
replaced by a resistor and capacitor in series as illustrated in Fig. 1. Through the manipulation of voltage and charge rela-
tionships in the circuit, the governing equations are modified to be

9FE)

M(FE)ﬁ(FE)(t) 1 c(FE)u(FE)(t) +I((FE)u(FE)(t) + 0(FE)Rer(t) + q(t) =f(FE)(t), (30)

Ccir

{O(FE)}Tu(m(t) — RairCpq(t) — (1 +%>q(t) =0, (31)

where R, and C,;; are the equivalent linear circuit resistance and capacitors given in Egs. (18) and (23), respectively.
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6. Conclusions

Based on the equivalent impedance analysis, a method is proposed to realize a full and direct coupled-field simulation in
finite element packages and formulations for piezoelectric energy harvesters of complex geometry with a standard AC-DC
rectified circuit. The method replaces the nonlinear rectified circuit with an equivalent linear circuit of a resistor and capac-
itor in series. The impedance of the equivalent linear circuit is extracted from the equivalent electrical impedance that com-
bines the internal capacitance of the piezoelectric elements and the original rectified energy harvesting circuit. The
expressions to determine the values of the equivalent linear circuit elements are obtained and explicitly provided as func-
tions of the load resistance, excitation frequency, and internal capacitance.

For validation, the method was applied to a bimorph beam harvester connected with a standard AC-DC rectified circuit,
and the results match well with those obtained by using a system-level analytical approach integrated from two analytical
models. Experiments were conducted to verify the proposed method and the results were consistently lower than the finite
element (also analytical) results mostly due to the voltage drop over the rectifier, which was not considered in the analytical
models. Once the voltage drop was considered and included for adjustment, the FE method based on the equivalent linear
circuit approach was shown to be capable of modeling the actual system behavior well.

As an application example, the proposed method was implemented in ANSYS to study the energy harvesting performance
of a triangular-shaped beam harvester, compared to its rectangular-shaped counterpart with the same thickness, volume
and natural frequency. The triangular configuration has a more uniformly-distributed strain and more piezoelectric material
lies in the high strain region. As a result, the electromechanical coupling increases and the harvesting frequency bandwidth
widens. However, due to this modification, the power limit of the system is also changed. In the case of low coupling, both
the harvested power and coupling increase as a result of shape modification. However, if the coupling of the system is not
low, though the shape change still leads to a broadened energy harvesting bandwidth, the overall power level could be lower
as a result of a reduced power limit. In addition to FE packages that have built-in capabilities of handling linear interface
circuits, the idea of integrating this proposed equivalent circuit method into FE formulations was also discussed.

The proposed equivalent linear circuit method has been shown to be a capable and useful tool for facilitating numerical
and design studies of PEH systems. It enables a system-level coupled-field simulation of piezoelectric energy harvesters of
rectified interface circuit by FE packages and formulations limited to linear circuits, an extremely desirable capability for
analysis, design and optimization of complex PEH harvesters.

Lastly, we would like to add a couple of important notes on the limitation and capability of the proposed method. First,
the proposed method is based on a harmonic vibration analysis in the frequency domain, and the equivalent linear circuit
resistance and capacitance depend on the harmonic excitation frequency. Thus, this method cannot be applied to random
vibration problems directly. This poses as an interesting challenge and a great direction to be explored in the future. The
second note, which was mentioned previously but is worth being reemphasized here, is that although a simple, fully-
covered bimorph beam configuration is used in the paper, this proposed method is capable of handling structures of more
complex geometries too. The simply configuration allows obtaining complementary, analytical results for validation pur-
poses in addition to the FE and experimental results, but the proposed method is not limited to this simple configuration.
Essentially, this validated method is on the equivalency of linear and nonlinear circuitry for simulations of electromechan-
ically coupled systems, and does not depend on the structural aspect of the system, which can be seen from Eqs. (18) and
(23). FE methods have been shown to be capable of modeling the mechanical aspect of electromechanical systems of various
geometries accurately [8-28]. Therefore, the method will enable an accurate, system-level FE simulation for linear mechan-
ical systems of complex geometry too.
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