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STABILITY FOR A FORMALLY DETERMINED INVERSE
PROBLEM FOR A HYPERBOLIC PDE WITH SPACE AND TIME
DEPENDENT COEFFICIENTS*
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Abstract. We prove stability for a formally determined inverse problem for a hyperbolic PDE
in one or higher space dimensions with the coefficients dependent on space and time variables. The
hyperbolic operator has constant wave speed, and we study the recovery of the first-order and zeroth-
order coefficients. We use a modification of the Bukhgeim—Klibanov method to obtain our results.

Key words. hyperbolic inverse problem, stability estimates, space and time dependent coeffi-
cients

AMS subject classifications. 35R30, 35L05, 35L20

DOI. 10.1137/21M1400596

1. Introduction. Suppose D is a bounded domain in R™, n > 1, with a smooth
boundary and T > 0. Let a(z,t), c(z,t) be smooth real valued functions on D x [0, T
and b(x,t) = (b'(x,t),...,b"(x,t)) a smooth n-dimensional real vector field on D x
[0, T]. Define the hyperbolic operator

(1.1) Lope:= (0 — a)? — (V-0 +c
(1.2) =0-2a0; +2b-V+c—a; +V-b+a? — b2

When it is clear from the context, we use £ instead of L, .
Let w(x,t) be the solution of the well-posed IBVP

(1.3) Lapcw =0, (x,t) € D x [0,T],
(14) w(,O) =f, wt('ao) =g on D,
(1.5) w=h on 0D x [0,T]

for f, g, h with appropriate regularity.
For a given a, b, ¢, define the response operator

(16) Aa,b,c : (f7gvh) - [w('vT)‘Dawt(':T”Dv al/w|8D><[0,T]} 5

hence, Agp.c(f, g, h) represents the boundary and final time response, of the acoustic
medium with acoustic properties (a,b,c), to the initial boundary input (f,g,h). So
we have the forward map

A:(a,b,¢) = Agpe,

whose injectivity and stability has been studied by several authors. This is an overde-
termined problem (when n > 1) because the distribution kernel of A depends on 2n
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parameters, while a, b, ¢ depend on n + 1 parameters. Our goal is to study the recov-
ery of a,b,c from less (but slightly different) data than A, .. We study a formally
determined problem where the data depend only on n+ 1 parameters. Before we state
our goal, we first describe what is known about the injectivity and stability of A-type
forward maps.

In general, A is not injective due to gauge invariance (described later), and in such
cases, one hopes to recover curl(a, b) and ¢, or one studies special cases when a, b are
known or ¢ is known. Below, injectivity and stability results for A-type forward maps
are to be understood in this sense. We use the term A-type forward maps because
there are results in the literature with one or more of the following;:

e data are collected only on a part of the lateral boundary;
data are not collected on t = T}
there are no sources on t = 0;
the data are the far-field pattern in the frequency domain, which in some
sense is equivalent to A but with ¢ varying over (—oo, 00);
e the principal part of the operator is not the wave operator but a hyperbolic
operator associated with a nonconstant velocity or even a Lorentzian metric.

While the inverse problems associated with A-type forward maps are overdeter-
mined problems, there are considerable challenges dealing with some of these prob-
lems, either because three coefficients are being determined simultaneously, the data
are given only on a part of the lateral boundary, or the wave velocity is nonconstant.
The results we obtain are only for the constant velocity case though for a formally
determined problem.

From domain of dependence arguments, it is clear that, for hyperbolic operators
with coefficients dependent on z, ¢ and measurements over a finite ¢ interval [0, 7], to
recover the coefficients on D x [0,T], one needs sources on D x {t = 0} and measure-
ments on D x {t = T'}, in addition to the lateral boundary sources and measurements.
So, for inverse problems with coefficients dependent on x and ¢, with sources only on
the lateral boundary and receivers/measurements only on the lateral boundary of the
x,t domain, one must either know the coefficients in appropriate regions contiguous
with ¢ = 0 and ¢ = T, assume analyticity of the coefficients with respect to ¢, or have
data from measurements over infinitely long t intervals. The situation is different
when the principal part of the operator is not the wave operator (or coming from a
Lorentzian metric) but the Schrédinger operator i9; + A (infinite speed of propaga-
tion) or perhaps a fractional differential operator (a nonlocal operator). We do not
describe the results for such operators.

For coefficients which depend on x, ¢, results on the injectivity of A-type forward
maps, for data on infinite time intervals, may be found in, for example, [28, 29, 33, 34].
For the finite time interval case, the injectivity of A-type forward maps but with
coefficients known in certain regions near t = 0 and ¢ = T or analytic in ¢, results may
be found in, for example, [3, 5, 10, 11, 12, 15, 16, 19, 27, 32]. The stability of A has
been studied extensively in, for example, [4, 6, 8, 30, 31, 35]. The results mentioned
here, for x, t-dependent coefficients, are for overdetermined problems, and the stability
results, even for these overdetermined problems, are of log-log type. There are better
stability results for the Schrodinger operator (infinite speed of propagation) with
Holder stability (but not Lipschitz stability) still for an overdetermined problem; see
[18].

We do not survey results for A-type maps when the coefficients are independent of
t. No sources are needed on ¢ = 0, and no measurements are needed on ¢t = T'. A brief
survey of such results may be found in [17]. Most of these results use generalizations
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of the boundary control method introduced by Belishev (see [1, 2]) or generalizations
of geometric optics solutions for hyperbolic PDEs introduced in [25], which were
themselves imitations of similar (but harder-to-construct) solutions for elliptic PDEs
constructed by Sylvester and Uhlmann in [36].

We now describe results for formally determined inverse problems for hyperbolic
PDEs.

For coefficients independent of ¢, there are uniqueness and stability results for for-
mally determined problems based on the ideas introduced by Bukhgeim and Klibanov
in [9], which had the first such results in dimension n > 1. See [7] for a survey of such
results and an exposition of the significant modifications of the important ideas in [9].
The only drawback of these results is that they require the initial source to be a pos-
itive (or negative) function throughout the domain (in = space). Rakesh and Salo, in
[23, 24], for the case a = 0,b = 0 (recover ¢) but for the domain R™ x (—o0, T instead
of D x [0,T], avoided the use of positive initial sources, using instead the more natu-
ral incoming plane wave source, except one needed data from two such experiments,
corresponding to incoming plane waves coming from opposite directions. These ideas
were extended to obtain similar results for the operator with general a, b, ¢ or the op-
erator associated with a Lorentzian metric (with restrictions) in [21, 22]. The articles
[21, 22, 23, 24] contain uniqueness and Lipschitz stability results for these problems.

We mention three results which rely on carefully constructed sources. The article
[14] discusses a formally determined inverse problem for the wave operator associated
to a Riemannian metric (independent of t), and the goal is the determination of
the metric from the space-time boundary response to a single source. They prove
a uniqueness result assuming their source is a specially constructed pseudorandom
source and the metric is simple and conformally Euclidean. We also note the work
in [20], on a coefficient recovery problem for a semilinear hyperbolic PDE, with the
coefficient independent of ¢t and the data consisting of a weighted average of lateral
boundary measurements. This seems to be an underdetermined inverse problem,
but the nonlinearity of the PDE is crucial for this result. Finally, [13] also contains
a uniqueness (and reconstruction) result for a formally determined a,b,c recovery
problem with the coefficients dependent on x and t. They use a single boundary
source h, constructed as the infinite sum of a combination of sources, each generating
a solution traveling along a ray for the hyperbolic PDE and the rays associated with
these solutions forming a dense subset of the z,7 domain. The challenge is to build
the source h so that the data from the h source can be separated into the data
contributions from the sources in the sum. We believe such a source h on the lateral
boundary would have support consisting of the full lateral boundary.

The articles [23, 24] were attempts at (and have come close to) solving the long-
standing open fized angle scattering inverse problem. There are other long-standing
formally determined open problems for hyperbolic PDEs (with coefficients indepen-
dent of t) such as the back-scattering problem, where the results are much weaker than
the result for the fixed angle scattering problem. We do not survey the results for
these two problems, as the introductions to [22, 24, 26] have a good survey of the
results.

We study a formally determined inverse problem with the coefficients a, b, ¢ de-
pendent on z,t. We prove uniqueness (up to gauge) and Lipschitz stability using
modifications of the ideas of Bukhgeim and Klibanov in [9], of an idea in [22], and
our new idea for problems with coefficients dependent on z,t. Our results have one
weakness: The problem must be posed in the full space R"™ x (—oo,T] and do not
work for space-time cylinders with bounded bases such as D x (—oo,T].
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Fic. 1.1. The wedge-shaped region and its boundary.

Let B denote the open unit ball in R®, n > 1, T > 0, and suppose a(x,t), b*(x,t),
c(x,t), i =1,...,n are compactly supported smooth functions on R” x R. If w is a
unit vector in R” and 7 € R, let U(x,t;w, 7) be the solution of the IVP

(1.7) LU =0 on R" x R,
Ulx,tiw,7)=H({t —7—x-w), reR" t<0,

and let V(z,t;w, T) be the solution of the IVP

(1.9) LV =0 on R" x R,
(1.10) V(z,tiw,7) =6t — 7 — z - w), reR" t k0.

Here t < 0 means for large negative numbers ¢. So U,V are the disturbances in the
medium caused by two types of impulsive incoming plane waves. Here 7 is the time
the incoming plane wave reaches the origin; 7 may also be regarded as a time delay.
Given T > 0, define the map

F: (aa b, C) - [Ua Utv ‘/7 V;](SC, T; w, T)|x€R",w€Q,TE(—oo,T+1]

mapping the medium properties (a, b, ¢) of the region R™ x (—oo, T], to the final time
medium response, to incoming plane waves, coming from a finite set of directions w in
the finite set Q of unit vectors in R™, with delays 7 € (—oo, T+ 1]. Our goal is to study
the injectivity and stability of F. This problem may be considered a variation of the
fixed angle scattering problem but for mediums with physical properties dependent
on space and time. We note that the data set for our inverse problem (associated
with F) depends on n+ 1 parameters and that our unknown functions (a, b, ¢) depend
on n + 1 parameters; hence, our problem is formally determined.

We introduce definitions used throughout the article. Given a unit vector w € R™,
a7 €R,and a T > 0, we define the wedge-shaped region (see Figure 1.1)

Qur={(z,t) eR"xR:7+z-w<t<T}
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and its higher and lower boundary
Hw,T:Qw,Tﬂ{t:T}7 Lw,T:Qw,Tﬂ{t:T+x'w}‘

We suppress the T" dependence of these sets, as T will not vary. Given o > 0, for any
submanifold M of R™ x R and a function w on M, we define the weighted norms

1/2 1/2
o= ([ T+ a?ul)) o Holosna = ([ ol)
M M

where V) is the gradient on the manifold M made up only of derivatives in directions
tangential to M. We will also use |lwl|1, s, ||w||o,a for the standard H' and L? norms
on M.

Given compactly supported smooth functions a,b’,c on R” x R, we define the
function

(1.11)  a(z,t;w) :==exp (/

—0o0

0
(a+w~b)(x+sw,t+s)ds>, (z,t) e R" x R.

Note that a(xg,to;w) is determined by the values of a, b in the region ¢ < tq.
We start with the well-posedness of the IVP associated with U and V.

PROPOSITION 1.1 (the Heaviside function solution). Suppose a,b?,c,i=1,...,n,
are compactly supported smooth functions on R xR, w a unit vector in R™, and 7 € R.
The IVP (1.7)—(1.8) has a unique distributional solution

Uz, tyw,7) =ulz, t;w, T)H({t — 7 — z - w), (z,t) € R" xR,

where u(x,t;w,T) is a smooth function in the region t > 7+ x - w and is the unique
solution of the characteristic IBVP

(1.12) Lopeu=0, zEeER", 74+2 w<Ht,
(1.13) u(z, t;w, 7) = ax, t;w), zeR", t=7+2x w,
(1.14) u(z, t;w, 7) =1, zeR" 7+x - w<tkO.

Further, given T > 0 if |[[a, b, c|| o~ (g, ) < M for N =5+ [n/2], then

lulles ..y < C,
where C' depends on M and the support of a,b,c.
A similar result is true for V(z,t;w, 7).

PROPOSITION 1.2 (the delta function solution). Suppose a,b?,c,i=1,...,n, are
compactly supported smooth functions on R™ X R, w a unit vector in R™, and 7 € R.
The IVP (1.9)—(1.10) has a unique distributional solution in R™ x R

V(z,t;w,7) =a(z,t —T;w)(t —7— 2z w) +v(r, tiw, T)HEt — 7 — 2 - w)

where v(z,t;w,T) is a smooth function on the region t > 7+ x - w and is the unique
solution of the characteristic IBVP

(1.15) Lapev=0, t>74+x-w,
(1.16) v(x, t;w, 7) =0, t<0
1
(1.17) Ut—i-w-Vv—(a—i—w-b)v:—iﬁa,b,ca, t=74+2-w.
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Further, given T >0, if [|[a, b, c][[o~q., ) < M for N =T+ [n/2], then

lvllesq., ) < C,

where C' depends on M and the support of a,b,c.

While V' = —0, U, the relationship between v and v may be a little more compli-
cated because the domains of u,v depend on 7.

The inverse problem has a gauge invariance. If ¢(z,t) is a smooth function on
R™ x R, then, for any smooth function f(z,¢) on R™ x R, we have

(118) (O —a—¢)(ef)=e?(@ —a)f,  (V—=b=Ve)(e”f) =e(V-Db)f,
implying
(1.19) Lot vee(€f) = eLapelf;

in particular,
La+¢t7b+v¢,c(€¢U) = 6¢La,b7cU =0, La+¢t7b+v¢,c(€¢v) = e¢£’a7b,cv =0.

Hence, if ¢ is compactly supported, then e?U and e?V are the Heavisde function and
delta function solutions corresponding to the triple (a + ¢4, b+ Vo, ¢). So, if we also
have ¢(-,T) = 0, then
F(a,b,c) =F(a+ ¢, b+ Vo, c).

Actually our data on t = T will also involve time derivatives of U,V , so, for gauge
invariance, we will also need some time derivatives of ¢ to be zero at t = T. We will
be specific below.

Noting the expressions for U,V given by Propositions 1.1 and 1.2, our inverse
problem may be reformulated as the study of the injectivity, stability, and inversion
of the map

F:(a,b,¢) = [u,u, v, 0 (2, Ty w0, T) e m, 7.were(—oo,T+1]

for some finite set of directions (2.

For future use we observe that it is enough to have data only for the solutions
corresponding to 7 € [~1,7T + 1] given that a,b,c are supported in B x [0,T]. For
7> T + 1, the incoming plane wave never hits the support of a, b, ¢ so

U, tyw,7)=Ht—7—12 w), Vg, tw,7) =0(t—7—x-w), (z,t) € R" xR,

hence U,V have no information about a, b, c. For 7 < —1, the §(t — 7 — = - w) plane
wave never hits the support of a, b, ¢ so

Ve, t;w,7) =0t =7 — = - w), (z,t) e R" xR

and V has no information about a, b, c. For 7 < —1, the plane ¢ = 7 + = - w never hits
the support of a, b, c so one observes that

u(z, t;w, ) =1 when7+z-w<t<—-1+2-w,

and hence
u(z, t;m,w) = u(z, t; —1,w), when —1+z w <t

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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This implies that for 7 < =1, U(-, -;7,w) and U(+, -; —1,w) have the same information
about a, b, c.
We state our principal results next. We have seen in (1.2) that £, . can also be
written in the form
Lape=0—2a0;+2b-V +q,

where
(1.20) gi=c—a;+V-b+a®—b%

We can regard the operator L, . as determined by the functions a,b’, ¢ or by the
functions a, b*, g. We use both points of view below. The context will clarify the point
of view in play.

Our work has two new ideas, perhaps one more significant than the other. Our
most significant idea allows us to obtain Lipschitz stability for a formally determined
x,t-dependent coefficient problem as compared to the logarithmic stability results
for overdetermined problems (though on bounded domains) in the literature. This
is showcased in its simplest form in the study of the less complicated problem of
recovering ¢ given a,b. Our second idea is about separating the estimates on ¢ from
the estimates on a,b when we prove stability for the a, b, ¢ problem.

Below, T' > 0 will be fixed, and a, b, ¢, ¢ will be smooth real valued functions on
R" x (—oo, T] with support in B x [0,T]. Note this does not imply that a, b, c,q are
zero on t = T. Further, the U,V solutions are defined on R™ X (—oo0,T]: The IVP
(1.7)—=(1.10) are to be solved only on R™ x (—oo,T].

We start with the stability result about recovering ¢, given a, b.

THEOREM 1.1 (stability for the ¢ recovery problem, given a,b). Suppose T > 0
and a(z,t),b (x,t), i = 1,...,n, are compactly supported smooth functions on R™ x
(—00,T] and w is a unit vector in R™. If q,q are compactly supported smooth functions
on R™ x (—o0, T| with support in B x [0,T] and ||[q,q,a,b]||cr+m/2 < M, then

T+1
lg —dllz> < / (v =9)(, Ty, 7)1, a1, + 10 = 30) (-, T5w0, 7)o, 1, dT-
-1
Here v, 0 are the functions associated with (a,b,q) and (a,b, §) in Proposition 1.2, and
the constant depends on M and the support of a,b,q,q.

The proof of this theorem presents one of our ideas, uncluttered by the compli-
cations appearing in the proofs of the other theorems.

Next we state a stability result about recovering a,b if ¢ is known. Note that
there is no gauge invariance if g is known. Below, e, ..., e" is the standard basis for
R™.

THEOREM 1.2 (stability for the a, b recovery problem, given ¢). Suppose T > 0
and q(z,t) is a smooth compactly supported smooth function on R™ x[0,T]. If a,b, a,b
are compactly supported smooth functions on R™ x (—oo, T] with support in B x [0, T]
and ||[a, b, q, G, b]|| gr+1n/21 < M, then

T+1
e = a,b = bl < Z/ [(w = 4)(, Tsw, 7)1, b - + [ (e = ) (5 T 0, 7)o, a7
w -1

where w takes the values —e™ and e',...,e™. Here u,7 are the functions associated

with (a,b,q) and (G,b,q) in Proposition 1.1. The constant depends on M and the

’

supports of a,b,a,b,q.
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Next we have a uniqueness result about recovering (a,b,c). Noting the gauge
invariance mentioned earlier in the introduction, the most we can hope to recover
is curl(a,b) and c¢. However, for ¢(z,t) to be a gauge, we needed ¢(-,7) = 0 (and
¢+(+,T) = 0 because of the data we use in our theorems). Hence, one cannot expect
to recover curl (a,b) without imposing additional conditions on a,b. We impose a
condition on the integrals of a+b" and a; + b}, dictated by necessity for our argument
to go through. These conditions are motivated by similar conditions in Theorems 1.1
and 2.1 in [22]. However, it is not clear whether these conditions are optimal in some
sense or the most natural.

THEOREM 1.3 (uniqueness for the curl(a,b) and ¢ recovery problem). Suppose

T >0 and a,b,&d,é,c’ are compactly supported smooth functions on R™ x (—oo, T
with support in B x [0,T]. For T € [-1,T + 1], if

[u, ue] (2, Tyw, ) = [t, 4] (2, Ty w, T) Vo€ H,,, w==+e" e, i=1,....,n—1,
[U7vt]($7T7 enaT> = [1}77}15](:1;7717 en77-) Vo € HE”,T
and

T T
/ (a+d") x+se”,s)ds:/ (6 + b™)(z + se™,s)ds Vo € R",

o0 — 00

T T
/ (a; + b}) x+se”,s)ds:/ (¢ + D7) (z + se™, s) ds Vo € R",

oo — 00

then

c=¢ d <adt +3° b"dxi) =d <ddt +y° 6idaf’> :

i=1 i=1

Here u,v,4,0 are the functions associated with (a,b,c) and (d,l;, ¢é) in Propositions
1.1 and 1.2.

This result is obtained by combining our most significant idea with an idea in [22]
about a uniqueness problem for a time-independent coefficient determination problem.
We do not know how to prove a similar uniqueness result when all the three coefficients
a, b, q are to be recovered: That problem does not have gauge invariance.

Our final result is a stability result for the (a, b, ¢) recovery problem. Again, due
to the gauge invariance, we can only expect to recover curl(a,b) and ¢ provided we
impose additional conditions on a, b, c or use more data directly related to a,b,c, as
explained in the paragraph before Theorem 1.3. We define 9 (x, t) to be the solution
of the IVP

(1.21) Oy =V-b—a:+ec, (x,t) € R™ x (—00,T]
(1.22) ¥(-,t) =0, t<0.
Instead of imposing conditions on the integral of a + ™ and a; + b}, as done in

Theorem 1.3, we choose to have the value of ¥, 1,19 on t = T as part of our data.
Again, it is not clear whether this is the optimum choice or a natural choice.

THEOREM 1.4 (stability for curl(a,b) and ¢ recovery problem). Suppose T > 0
and a,b,c,d,b,¢ are compactly supported smooth functions on R™ X (—oo,T] with
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support in B x [0,T]. If ||[a, b, c, a,b, q

crtins2) < M, then
T+1
lle=édn=dilliz < 3 [ =) i Dl
-1
w

T+1
3 / e = i) (s T, )|+ e = i) (T 0,7 o,
-1

w

T+1
£33 [ 10 =90 T+ 0= 806, T, Dl dr

w 71

+ 11 = D) Do rn + 1060 = D) Tl n + 107 (0 = D) T)lo,en

with w taking the values €', +e™, i=1,...,n — 1. Here

n = adt + zn:bidxi, 1= adt + zn:z;idxi,
=1

i=1

u,v, 4,0 are the functions associated with (a,b,c) and (a, b, ¢) in Propositions 1.1 and
1.2, and the constant depends on M and the supports of a,b,c,d,b,¢.

The information about % is needed for the stability result in Theorem 1.4. This
information corresponds to having (for odd n) the integral of V-b— a; + ¢ on all light
cones with vertices on t = T and related quantities. For the even n case, it would be
a weighted integral on such solid cones.

The above theorems used the traces on ¢t = T of u, v and their time derivatives for
7 in the interval [-1,T 4 1]. As explained above, there is no additional information
in the u, v solutions corresponding to 7 < —1 or 7 > T + 1.

The values of the solutions u(x,t;w,7) and v(x,t;w,7) on the planes t = 7+ x - w
are explicitly related to the unknown coefficients a, b, c. This fact and that, for a fixed
omega, the planes ¢ = 7 + x - w foliate the region R™ x R play a crucial role in the
proofs of the results. Note that we do not collect any data on these hyperplanes.

The Carleman estimate with explicit boundary terms in Proposition 6.1 (in section
6) plays an important role in the proofs of the theorems. It is perhaps of mild interest
that one can use the weight ¢ in the Carleman estimate for the wave operator even
though this weight is not strongly pseudoconvex. The proofs of our theorems do not
require this particular weight; any increasing function of ¢, such as the traditional
Carleman weight e for some large A, would be sufficient for use in our theorems.

We can obtain similar results if our data consist of the lateral boundary trace and
final time trace on a bounded domain, that is, if we study the injectivity and stability
of the map

(a,b,c) — {{857,511, 857,511]}} , [657,511,857,511]8 } ,

w,T w€eR, TE(—o00,T+1], |B|<2
where Q = {£e’:i=1,...,n} and (see Figure 1.2)
Hy,,=(Bx{t=T})NQu,r, Sw,r = (0B x (=00, T]) N Qu 7.

To accomplish this, we would replace the Carleman estimate for the region @, , in
Proposition 6.1 by a Carleman estimate for the region (B x R)NQ,, -, and the revised
proofs would be almost identical to the proofs in this article. The proof of the modified
Carleman estimate also would be almost identical to the proof of Proposition 6.1.
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Fic. 1.2. The cylindrical domain and its boundary.

We compare the results for the A, . inverse problem and our inverse problem.
The data for the A, . problem as well as our (modified in the previous paragraph)
problem is measured on the lateral part and the top part of the space-time cylinder.
We use a finite number of plane wave sources, whereas the A, 3 . problem requires “all
possible sources” on the lateral and the bottom part of the space-time cylinder, so
our problem is formally determined, whereas the A, . problem is an overdetermined
problem. We prove Lipschitz stability, whereas the results in the literature for the
Agp,c problem give logarithmic stability. Our results do have two weaknesses. We
need sources which are plane waves in free space for t < 0, and hence our results do
not say anything about the A, . problem. The A, . results include results where
data are gathered only on a part of the lateral boundary and the top boundary, and
we do not have such a result. We conjecture that there is Lipschitz stability for the
Agp,c problem.

We introduce definitions used throughout the article. We define the differences

t=u—1u, v:=v—9, a:=a—a, b:=b—b, c=c—¢ qg=q—4.

Sometimes we suppress writing the a, b, c dependence of L, ;. and just use £ and ﬁ,

where £ corresponds to a, l;, ¢. We also have the corresponding functions a and &
defined in (1.11).
We also note that

(1.23) Or+w-V—(a+w-b)a(z,t;w)=0

as seen from

0
a Yoy +w-Va)(z, t;w) :/ (O +w-V)(a+w-b))(z+sw,t+s)ds

— 00

0 d
:[ £((a+w-b)(x+sw,t+s)) ds

= (a4 w-b)(z,t).

2. Proof of Theorem 1.1. In this theorem, a = d, b = b. Since w is fixed, we
suppress the dependence on w.
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Using (1.15), (1.17), its version for a, b,¢, and that a = d, b = b, the function o
satisfies
Lo = —q0 on Q,
=0, t <0,
20i+w-V—(a+w-b))v=—ga  on L,.

<

Since ¢ is compactly supported, a domain of dependence argument shows that ©
is compactly supported when its domain is restricted to @),. Hence, Proposition 6.1
is applicable.
Applying the Carleman estimate in Proposition 6.1 to v on the region Q,, we
have
19113 0., < NL0ME 0.0, + olOl 0,11, + 1|00
ajjv l,0,L; v 0,0,Q+ ajjv l,0,H, gl|0tv 0,0,H;"

Since « is positive and bounded away from 0, on L., we have
ql < lgel = 2[(0 +w -V = (a+w-b))v| < |5e] + Vo[ + 2],
while on @,

|Lo] = |go| < |ql;
hence,
(2.1) o3,z < Ndlld.0q, +ollolT o, +olldwl o m, -

We integrate (2.1) w.r.t. 7 over [—1,T+1). Noting that g is supported on Bx [0, T,
we define ¢ = 0 for ¢ > T for convenience and L, to be theset t =7+ z-w <T. The
left-hand side of (2.1) is

T+1
0’/ / et |q(x,t)|* do dr
-1 R t=17+z-w

:U// 2t Gz, t))?6(t — 7 — x - w)ddtdr
R JR" xR

0/ /62”t|(j(x,t)|2(5(t—7'—x-w)deJ:dt
R xR JR

= O’/ et |Gz, t)|? da dt
R™ xR

A2
= U||q||o,a,§x[o,T]'

The integral w.r.t. 7 over [—1,T + 1], of the right-hand side of (2.1), consists of the
“data” part

T+1
data = o / 00R r + 0T i,

and (using the support of q)

T+1 T+1
12 _1(12 =112
[ Nl dr< [ 1 o 47 < 1R

Combining the two pieces, we have

2

_ 2
UHq”o,a,Ex[o,T] = ”q”(),ofx[o,T] + data,

which gives us the estimate in Theorem 1.1 if we choose ¢ large enough.
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3. Proof of Theorem 1.2. Here ¢ = ¢. The proof is similar to the proof of
Theorem 1.1 except one uses the solution U.

We start with an intermediate estimate for a fixed w, 7. We suppress the depen-
dence on w, 7 during the derivation of this intermediate estimate. Using (1.12), (1.13),
and their analogues for d,é and that ¢ = ¢, u satisfies

L1 = 2a1; — 2b- Vi on @,
=0, t <0,

u=oa— on L.

Since a — & and @, b are compactly supported in @, a domain of dependence argu-
ment shows that @ is compactly supported in @; hence, Proposition 6.1 is applicable.

Applying the Carleman estimate in Proposition 6.1 to u on the region Q, we
obtain

(3.1) ollalli 5 . < @0l

Now, on L, using (1.23), we have

Or+w-V-—(a+w-b))(a—d) =—0+w-V—(a+w-b)d
= (O +w-V—(Gd+w-b))d+(a+w-bd
=(a+w-b)d

Since ¢ is positive and bounded away from zero, we have
la+w-b| < (0 +w-V—(a+w-b))(a—d).

Using this in (3.1), we obtain

olla+w - bl§ o, < 1@ b5 00,

Integrating this w.r.t. 7 over [—1,T + 1] and repeating the argument in the proof
of Theorem 1.1, we obtain

T+1
(3:2) o+ bl 500 < N@HIE o500+ [ . ., dr
-1
Noting that
26 = (@a+e"-b)+ (a—e"-b)
and
e-b=(a+e-b)—a,
we obtain
T+1
~ 72 = 72 112 _—
oll[@: blllg 0 Bxjo,ry < M@ 0lo o Bxpomy + UZ/ Il 0,1, . + Illo,0,m., . AT,
where w takes the values —e™ and e, ..., e". The theorem follows if we choose ¢ large
enough.
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4. Proof of Theorem 1.3. The proof proceeds as in the proofs of Theorems
1.1 and 1.2 but using both the U and the V solution. However, we need to add an
idea from [22] to separate ¢ from a, b.

We define
O ’ 0 ’
oz, t) = —/ (ate™-b)(z+se™, t+s)ds, ¢p(x,t) = —/ (d+e™-b)(x+se™, t+s)ds.
Also, we are given that for 7 € [-1,T + 1],
[u, we] (-, Tsw, 7) = [@, 4] (-, T w, T) on H,,, w==+e" e i=1,...,n—1,

[v,0](-, 5 €™, 1) = [0,0] (-, T; €™, 7) on Hen 7,
(¢, 0] (-, T) = [¢v Qgt}('aT) on R™
From the introduction, we also know that wu,,v,? are zero when 7 > T+ 1. Hence
we have for 7 > —1 and w = *e™,e’, i=1,...,n—1,
[e®u, (e®u)](-, T;w,7) = [ed;ﬂ, (e‘f;ﬁ)t](',T;w,T) on H, -,
[e?v, (e?v),](-, T; e, 1) = [e"gﬁ, (e"gé)t](-7T; e, T) on Hen .
The two sides correspond to the data for the coefficients [a + ¢¢,b + V¢, ] and [d +

qgh b+ Vgi;, ¢], so we work with this new set of coefficients. What we gain from this
new set of coeflicients is that

((a+ @) +e" - (b+Ve))(z,1)
=(a+e" b)(x,t)+ (0 +e" - V)o(z,t)
0

:(a+e"-b)(m,t)—(8t+e"~V)/ (a+e"-b)(x+ se,,t+s)ds
0
:(a—i-e"-b)(:c,t)—[ %((a+e”-b)(m+sen,t+s))ds

=0.

Further, [a,b] and [a 4 ¢, b + V] have the same curl. So to prove our theorem, it is
enough to show that if we have [a,b,c] and [a, b, ¢] such that for 7 € [-1,T + 1] and
w==e" e, i=1,...,n—1,

[ua Ut](', T; W, T) = [127 ﬂt]('a T; w, T) on Hw,r,

[v,v]](-,T;e™, 1) =[0,0](-,T;€",7) on Hen -,

and )
at+e”-b=0, a+e"-b=0 on R™ x (—o0,T],
then )
[a7 b, C] = [d» bv é};
actually, we show )
la,b,q] = [d,0,4],
which then implies ¢ = ¢é.
Summarizing, we are given that for 7 > —1 and w = +e™, ei=1...,n—1,
(4.1) [@, @ (-, T;w,7) =0 on Hy, r,
(4.2) [0,0)(-,T;€e",7) =0 on Hen 7,
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and
(4.3) a+e"-b=0, d+e"-b=0 on R™ x (—o0,T].

We have to show that )
[a,b,q] = [d,b,q].

_ Note that for ¢ < T', the supports of the new a,b,c and d,é,c’ need not be in
B x [0,T] but are in the larger region

(4.4) K={(z,t): ]| —1<t<Tt>0}

because, for t < T, ¢ and (;5 defined at the start of this section are supported in this
region. This was the reason why we emphasized the equivalence of working with data
for 7 € [-1,T + 1] for the original a,b,c and working with data for 7 > —1 for the
new gauge modfied a, b, c. The support of the old a, b, c was swept out by the planes
t =742 w when 7 € [-1,T + 1] but one needs the larger 7 interval [—1, 2T + 1] for

the planes t = 7 + x - w to sweep out the Support,of the gauge modified a, b, c.

Using (1.12), (1.13), and its analogues for d,b, ¢, the function @ satisfies
L =2ai; —2b-Vi—qi  on Q,

u =0, t <0,
uT=a—d on L.

Repeating the argument in the proof of Theorem 1.2, the only difference being that
L4 now has a g term on the right-hand side and that (4.1) holds, one obtains

(4.5) o||[a, b]

0.0k < 1@ lllo.o.x-

Next, we take w = €™, and we suppress writing the explicit dependence on e".
Using (1.15), (1.16), and its analogues for d, b, ¢, the function o satisfies

Lo =2at, —2b-Vio—gd  onQ,

v =0, t 0.

Applying the Carleman estimate in Proposition 6.1 to © in the region () and noting
(4.2), we have

(4.6) ool or. < 16005 0.0, < @b, @3 0.,

In this estimate, w = e, and from our discussion above, we know that o = 1 and
& =1 in this case. So, on L, using (1.17) and its equivalent for [d, b, ¢], we have

200 +w-V—(a+w-b)(v) =20 +w-V—(a+w-b))(v—17)
= —La—20+w-V—(d+w-b)o+ (@a+w-b)o
= —La+ L+ (a+w- b)o
=—q+ (@+w-b)v
=—q.
Using this in (4.6), we obtain

(4.7) ollalfor., . < Iab.dl3eq.. -

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/08/22 to 132.174.254.72 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6836 V. P. KRISHNAN, R. RAKESH, AND S. SENAPATI

Integrating this over 7 € [—1,T + 1] and using the arguments used in the proofs of
the earlier theorems, we obtain

ollalo.e.x < ll[a,b, dlllo.o.x-

Combining this with (4.5), we obtain
allla. b, lllo.c.xc < (@0, allo.o.x,

so taking o large enough, we obtain @ = 0,b = 0,g = 0; hence, (a,b) = (c’z,é) and
¢ = ¢. However, these a, b, d,b are the ¢ modified versions of the old a,b, d,b, so we

obtain
d <adt +) bidx’) =d <ddt +> éid:ﬁ)

i=1 i=1
for the older a, b, d, b. Of course, we have already shown ¢ = ¢.

5. Proof of Theorem 1.4. As shown in the introduction, we have u(-, -, 7,w) =
0, v(+,-,7,w) =0if 7 > T + 1 so, in the statement of Theorem 1.4 we can replace the
upper limits 7'+ 1, in the integrals, by co (we need just 27"+ 1). This change will be
useful when we replace a, b, ¢ by a gauge modfied a, b, c.

From the introduction, we know that if u,v are the solutions associated with the
coefficients [a, b, c|, then e¥u,e¥v are the solutions associated with the coefficients
[a + s, b+ YV, c]. Further, using |e* — 1| < eM|s]| for all s € [~M, M], we have

le¥w — ew’u')| < le¥w — e¥w| + eV — elz’u'}\
< Jw— |+ e — 1

< w =@+ [y = 4.

Similar estimates hold for the first- and second-order derivatives of e¥w — e¥4.
Further, [a,b] and [a + ¢+, b + V)] have the same curl, so we may assume we are
working with the coefficients [a + 14, b + V1), ¢]. Now

c—(a+Y)e+V-(b+VY)=c—a;+V-b—Tp =0.
So it is enough to prove Theorem 1.4 with the assumption that
(5.1) c—a;+V-b=0, ¢é—a;+V -b=0;
note this also implies ¥ = 0, 7,[1 =0. ;
As in the proof of Theorem 1.3, the supports of the new a, b, c and d, b, ¢ (restricted
to t <T) are in the larger region
(5.2) K={(z,t): |z] -1 <t<T,t >0}.

Note that the support of the new a,b, ¢ is swept out by the planes t = 7+ x - w as
7 varies over [—1,2T + 1] - this was the reason, at the beginning of the proof, we
justified the increase in the range of 7 from [—1,7 + 1] to [—1,2T + 1].

Given the unit vector w, we define the orthogonal decompositions

V:Vw+Vj;, b:bw+bi_7
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where

Vo i=ww-V), V=V —-ww-V), b,:=(w-bw, bt:=b—(w-bw.
Note that
Ve -Vi=0=V:.V,, w-Vi=0 b, VI=0=VL-b, v} -Vo=0=V, b..

We obtain some intermediate estimates, and, for convenience, temporarily we suppress
the dependence on .

FEstimate from the U solution. Using (5.1), we have
L=0-2a0,+2b-V+d>—b>,  L=0-2ad,+2b-V+a>—b?;

hence, from (1.12), (1.13), we have

(5.3) La = 2ai; —2b-Vi+ (b+b0)b— (a+a)a)i  on Q,,
(5.4) u=0, t<0,
(5.5) it=a—d on L.

So Proposition 6.1 applied to @ in the region @, gives us

_ ) L, 7 _ _
(56)  lulioq, +lo—dli L, < ;H[avb]\\%,m@w +ali o n, + 105 5 -

Next, we obtain higher-order estimates by differentiating (5.3)—(5.5), keeping in
mind that V% and 9; + w - V span the tangent space to L.
We have

L(Via) = VEQad, —2b- Vi+ ((b+b)b— (a+a)a)d) + [£, Ve on Q,
Via=0, t<0,
Via=Vi(a—d) on Ly,

S0, in @,

|L(Via)| < |[a, b, Va, Vb, ay, by]| + |[a, Vi, Oal|.

Hence, applying Proposition (6.1) to V4, we obtain
1

) o o - 7 1,
(5.7) IV (a=a)E L, < - la.b, Va, Vb, as, b3 5.0, + ;HUII?,U,QN

+ Vil

io‘,Hw + ||8tvi_ﬂ||g,a',Hw .

We repeat the argument used to obtain (5.7) with differentiation w.r.t. 0y + w - V
replacing differentiation w.r.t. V. Noting that d; +w -V is also tangential to L, we
obtain

. L L
58) O +w - V)(a-d)i, L, < ~lla,b,Va, Vb, a, belll3.0.c0., + ;HUHfJ,Q“,
+ [V, 0l o m, + 10735 o 11, -
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Using (5.6), (5.7), (5.8), for o large enough, we obtain

(5.9) @ +w-V)a=&)7 s, +Vi(a—d)

|%,O’,Lw + ||Oé - O2”%,‘:7,[/“,

L 0 o - 1 o4 _
< ;”[a’bv VG'va? at7bt]||(2),a,Qw + ”[uvvu’atu]”ig,Hw + ||8t2u||(2),o,Hw'

We use (5.9) to estimate @, b. From (1.23),

(5.10)
O +w-V-—(a+w-d))(a—d)=—(0i+w-V—(a+w-b))d
= (O +w-V—(Gd+w-b))d+(a+w-bd
=(a+w-b)d,
and & is positive and bounded away from zero. Hence,

(5.11) |a+w- b < (0 +w-V)(a—a&)|+ |a—dl

Differentiating (5.10) w.r.t. V2 and noting that V& commutes with 9; + w - V, we
obtain

(5.12) Vi@+w b g|a+w b+ |VEO +w-V)(a—a&)|+|VE(a—d)

+ | — dl.
Differentiating (5.10) w.r.t. d; +w - V, we obtain

(5.13) (O +w-V)(@a+w-b)| < |a+w-bl+ |0 +w-V)?(a—d)
+1(0 +w-V)(a—3a&)|+ |a—d.

Since V2 and 0; + w - V are tangential to L, using (5.11), (5.12), (5.13), and (5.9),
we conclude

(5.14) |[[(0i+w -V)(@+w-b), Vi(a+w-b),a+w-b]|5 1.
1
g
(@, Va, 8|3 5 g + el o m,

+ ||[Vj;(a - O,‘)v o — d]”%,o,Lu < ”[dv Z_)v vav VI_), G, Et]”g,a,Qw

+

for large enough o. )
Estimate from the V' solution. Using (1.15), (1.16), and its version for d, b, ¢, the
function v satisfies

L0 =2at; —2b-Vio+ (b+b)b— (a+a)a)sd  on Qu,
7=0, t<0.

Hence, applying Proposition (6.1) to © over the region @,,, we obtain

_ T _ _
(5.15) [l gll[avb}llﬁ,mw 1011 6., + 10013 o, 1,

On L,

20, +w-V—(a+w-b))v=-La, 20, +w-V—(d+w-b)o=—-Ld;
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hence,
20t +w-V—(a4+w-b)(0) =200 +w-V—(a+w-b))(v—17)
= —La—20i4+w-V— (4w 0)o+2@a+w-b)d
= —La+Ld+2(a+w-b),

implying ; -
(O +w-V —(a+w-0)(0)] = |La—Ld| —|[a,b]],

which used in (5.15) gives us
o _ 7 1.+ _ _
(5:16) [[£a = Léll§or,, < 1@ 0150z, + 1@ 85 0. + 17130, + 10015,0, 1.
We need a different representation for Lo — L£é&. We claim
(5.17) Loa=a(0—w-V)(a+w-b)— (ij —2bt . Vi 4 bj2> a,

provided ¢ —a; +V -b = 0. We postpone the proof of (5.17) to the end of this section.
Then

Lo—Ld=a(@ —w V)(@a+tw b +(@—d) (0 —w- V) (G@+w-b)—Viia—a)
+ 26t V(e — @) — b5 (a — ) + 265 — b - (b+ b)Ld.

Using this and that « is bounded away from zero, we have

Lo~ Ld = (0 —w- V) @+w-b)| — [VE (a - &) - |VE(a - &) - a—d - B

which used in (5.16) gives us

_ - _ - 2 )
(518) (|9 —w- V) (@+w- b5 5 p, < @ bllIE oz, + Ve (@ = OIF o p,

. . T _ _
+ Vo (@ = &)oL, +llo—dlgc, + @ bl15.0.q., + 19117 0., + 10:]

2
0,0,H,,*

Combining the U, V estimates. Multiplying the V-based estimate (5.18) by a
small € (independent of o) in (0,1) and adding it to the combined U based estimate
(5.14), we obtain

(5.19) €l (0 —w- V) (@+w- )5 or, ., +la+w-bllg, L, .
+IVo@+w O3 or,. + 110 +w V)@a+w b3,

_ 1 _ _ _
< 6” [C_l, b} ”g,a,Lw, + g ” [dv bv VC_L Vb’ G, bt] ”%,J,Qw, + dataw,‘r,cf;

where

Vot T1@eld o m, . + 103 o m, . + 1]

Expanding the left-hand side of (5.19), we get (noting that ¢ < 1)

datay, o = ||[V@, ay, @]

2
0,0,Ha "

la+w-blgo .. +ellVo@+w-0)l5,r., .
+ello(a+w - O)§ por,,, +ellw- V) (@a+w-b),r., .

1 _ o
(2),0,LW,, + ” [d7 b,Va, Vb, ay, bt] Hg,a,Qw,T + datawmm

< ellla, ) -
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which immediately gives

la+w-bl§ oo, .+ €llVar(@t+w D5 or, .

1 L
@, b, Va, Vb, a, by H(%,U,QW + datag, 0.

< ella@bl ., +

Integrating this w.r.t. 7 over [—1,27 + 1] (note that the supports of the gauge
modified a, b, ¢ are swept out by the planes t = 7 + x - w as 7 varies in [—1,2T + 1])
and repeating the argument used at the end of the proof of Theorem 1.1, we obtain

la+w- BH(Q),mR"x[O,T] + €|Ver(@a+w- I;)“(QLU,R"X[O,T]
1 2T+1
_ T2 T o Ol = T2
< 6” [aa b] Ho,a,Rn x[0,T] + ; ” [a, b,Va, Vb, a, bt] ”(],a,]R"x[O,T] + / L datawmd dr.
All norms below are ||-[|g,o,r» x[0,7] unless noted otherwise. To complete the proof,

we repeat the argument in the proof of Theorem 1.4. That is, we vary w in the set
{&em, e ;1 <i<n—1} and finally obtain

_ _ _ 1 _
1@, 0] + €l[[Va,ea, Va ib]|* < €l [a, b]]|* + —lVa.a, Vo0

2T+1
+ Z/ data, r.o d7.

w -1

So taking e small enough and then fixing a o large enough,

- B 2T+1
0.6 Voia Vol < 3 [ data g dr,

-1

Since é = a; — V - b, we conclude
B - 2T+1
|| [aa ba 67 vx,taa Vz,tb] H2 < Z / datawn’,o dT
-1
w

for the fixed large enough o.
For a fixed o, on a compact set, the weighted and unweighted norms are equiva-
lent, so the theorem is proved. It remains to show (5.17) when ¢ =a; — V - b.

Proof of (5.17). We note that

La

(8E—A—2a8t+2b-V—at+V~b+a2—b2—|—c)a
(83—(w~V)2—Vj2—2a8t+2b-v+a2—b2)a

(at—w~V)(8t+on)—Vj2—2a6t+2b-v+a2—b2)a.
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Hence, using (1.23),
La=(0i—w-V)(a+w-ba)— (Vi‘2+2a3t72b'V—a2+b2)a

:a(&g—w-V)(a—i-w-b)—(—(a—i—w-b)(at—w-V)—|—Vi2+2a6ﬁ—2b-V)a

—(—a2+b2)a
:a(at—w.V)(aw.b)_((a_w.b)(at+w~V)+v¢2_2(b_w(w.b)).v)a

—(—a2+b2)a
:a(at—w-V)(a+w~b)—((a—w-b)(a—kw«b)—ijz—2(b—w(w~b))oV)a

—(—a2+b2)a
:a(at—w-V)(aer-b)—(VjQ—zbj-v5+bj2)a. O

6. The Carleman estimate. We show that the standard Carleman estimate
with boundary terms holds for the operator L, p . with the Carleman weight ¢ over
the region @, . We need the explicit boundary terms in the proofs of our theorems.
Here a, b, c are compactly supported smooth functions on R™ x [0, T].

PROPOSITION 6.1. If w(z,t) is a compactly supported C* function on Q -, then
for large enough o, we have

(6.1) U/ 62“(|Vx’tw|2+02|w|2)+0/ 2t (VL wl* + o?|w|?)

w,T w,T

4/ e2at|La’b’cw|2_’_U/ e2ot(‘vx’tw|2_~_g2‘w|2)
H

w,T w,T

with the constant independent of w and o. Here Vi is the gradient operator on the
plane L, -.

Proof. This proposition could probably be proved by using energy estimates com-
ing from standard multipliers, but we use Carleman estimates since we have already
calculated the boundary terms in [23] for a general situation. Below, we use the
notation used for Theorem A.7 in [23].

We appeal to Theorem A.7 of [23]. The hypothesis of Theorem A.7 requires the
strong pseudoconvexity of ¢, but the proof of Theorem A.7 just needs that the relation
(A.9) (in Lemma A.6) holds. One can verify that (A.9) holds for the wave operator
and ¢(x,t) = t. In fact, (A.9) holds because there are no “(z,&,0) € Q x S with
p(z, &) —a*p(x,09) = 0 and {p, p}(z,£) = 07 as we show next. In [23], S is the set of
(¢,0) € R™ x R with |£]2 + 0% = 1. We have p(z,t,&,7) = —72 + [£]? and ¢(z,t) = t.
Hence,

0={p,¢}(@,t,§,7) = prpp = —27

and
0 :p(‘r7t7§v7—) - 02p(xat7v¢a¢t) = _T2 + |€|2 + 02

imply 7 = 0,¢ = 0,0 = 0; hence, there are no points “(z,&,0) € Q x S with p(x, &) —

o?p(x,0¢) = 0 and {p, ¢}(z,&) = 0.”
To apply Theorem A.7 in [23], one needs to work in a bounded domain, but Q,, -
is unbounded. However, w has compact support, so apply Theorem A.7 in [23] to a
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region consisting of the intersection of Q,, - with a cylinder D x (—oo, T'] large enough
to contain the support of w. Since w and its derivatives will have zero traces on the
part of the lateral boundary of Q. N D x (—oo,T] that lies on (9D) x (—o0,T], we
may apply Theorem A.7 in [23] to the region Q.

The proposition will follow from an analysis of the boundary terms in the state-
ment of Theorem A.7. The principal part of £, . is the wave operator, and without
loss of generality, we assume that 7 = 0, z = (y,z) with y € R""1, 2 € R and w is
the unit vector in the direction of the positive z axis; hence, L, - is the plane t = z.

The boundary term on ¢ = z has been computed in subsection A.2 in [23] and is
given by

vib; = (pr — ¢2)(uz + ut)2 + (92 + ¢t)|uy|2 —2(u, + “t)(uy ) ¢y)

— (¢ + ¢)(|6al” — 07 )u* — (uz + up)g(w, t)u,

1
V2

where u = we®® and g is some smooth function independent of o. Hence, on t = z
for ¢ = t, we have u = we’® and

1
— B = (us +up)® + Juy|* + 0*u® — (uy +up)g(x, t)u

V2

1
> (uy +ug)? + uy|? + o?u? — §(uz +ug)? — ku?
1 2 2 2 2 .
= i(uz +ug)® + |uy|” + (0= — k)u k independent of o
= 2 (w, +wy)? + |wy|* + o*w?) using a standard argument

for o large enough.

To get the boundary terms on ¢t = T', we again go to the expressions in subsection
A.2 on [23] for the wave operator. Here v, = 0 and v = (0,0,...,0,1); hence,
vl =0for j=1,...,n and

v By = _¢t(‘ux|2 - U?) + 02¢t(|¢m|2 - ¢?)U2 + 2wy (ug - O — wey) + gz, t)usu.

Hence, on t =T, for ¢ = t, we have

nBy = —(|u|* — uf) — o*u® = 2uf + g(=, huyu

= —(Jue|? + u7) — o®u® + g(x, t)usu,
which implies
Ve By < e2ot (\metw|2 + 02w2)

by a standard argument. The proposition now follows from (A.11) of Theorem A.7
in [23]. |
7. The forward problems.
7.1. Proof of Proposition 1.1. The existence, uniqueness, and regularity may
be proved in a fashion similar to the proof of Proposition 1.1 in [24]. The only part
which is new is the progressing wave expansion, which we show below. Below, £ will

mean Lqpc.

We seek U in the form

Uz, tyw, 7) =u(z, tw, T)H(Et — T — - w)
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for some function u(z, t;w, 7) defined on the region t > 7+xz-w. To describe u(x, t;w, T)
in detail, we work with the special case when 7 = 0; the general 7 result will be inferred
easily from this special case. Below, we denote U(z,t;w,0), u(z, t;w,0) and a(x;w,0)
by U(z,t;w),u(z, t;w) and a(x;w).
Since U(z,t;w) = u(x,t;w)H(t — x - w), the initial condition (1.8) (note 7 = 0)
forces
u(z,t;w) =1 when ¢t < 0.

Also, observe that

O = a)(f(x,)F(t — 2 - w)) = fF'(t —2-w) + (0 —a) [)F(t — 2 w)
(0 — a)*(f(x, ) F(t —x-w)) = fF"(t —2-w) +2((0; — a)f)F'(t — x - w)
+ (0 —a)?f)F(t —z - w)
(V=0(fz, ) Flt —x w)) = —wfF'(t—z-w)+ (V=0 f)F(t —z-w)
(V=0))HF(t—z-w)=fF"t—z-w)—2w- - (V=bf)F(t—z-w)
+((V =02 )F(t -z w),

(7.1) L(fz,t)Ft—z w)=2(fi+w-Vf—(a+w-b)f)F(t—z- w)
+(LHF(t—x-w).

LU =2u+w-Vu—(a+w-bu)d(t—z -w)+ (Lu)H(t —z - w).

This forces Lu = 0 on the region ¢ > z - w, and, on t = x - w, u must satisfy the
transport equation

(ug +w-Vu—(a+w-bu)(z,r wyw)=0.

Since u(z,t;w) = 1 for t < 0, we have u(z,z - w;w) = 1 if z - w < 0. Hence,
solving the transport equation with this “initial condition,” we obtain u(z,z - w;w) =
ax,z - wyw) proving (1.13). Hence,

Uz, t;&,7) =u(z, t;w,H{t — T — 2 - w),

where u(z,t;w, 7) is the solution of the characteristic IVP (1.12)—(1.14).

7.2. Proof of Proposition 1.2. The existence, uniqueness, and regularity may
be proved in a fashion similar to the proof of Proposition 1.1 in [24]. The only part
which is new is the progressing wave expansion, which we show below. Below, £ will
mean Lgpc.

We seek V in the form

Vg, t;w,7) = f(z,t,w, 7))t —7—2-w)+o(r,tiw,T)H{Et — 7 — - w)
with v(z,t;w,7) supported in the region ¢ > 7 + = - w, and, for t < 0, we have
f(z,t;w,7) = 1 and v(x,t;w,7) = 0. There are many choices for f(z,t;w,7) but a

unique choice for f(x, 7+ z-w;w, 7). To describe V(z,t;w, 7) in detail, we work with
the special case when 7 = 0; the general 7 result will be inferred easily from this special

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/08/22 to 132.174.254.72 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6844 V. P. KRISHNAN, R. RAKESH, AND S. SENAPATI

case. Below, we denote V(x,t;w,0), f(z,;w,0) and v(z,t;w,0) by V(z,t;w), f(z;w)
and v(z,t;w).
We seek V in the form

V(z,t;w) = fx,t;w)d(t — 2 -w) +v(z, w)H(t — 2 - w);
hence, using (7.1),

(LV)(@,tw) =2(fi +w- VI = (a+w - b)f)(w t;w)d'(t -2 w)
+ 242w -Vo—2(a+w-b)v+Lf)(z,2 w;w)d(t — - w)
+ (L) (z, t;w)H(t — 7 - w).

Amongst the many choices for f to zero out the first term in the above expansion of
LV, we choose one for which

fitw-Vf—(a+w-b)f=0 on R" x R.
Hence, we choose f(z,t;w) = a(z, t;w), sSo we must now require
Lv=0 ont>z-w,
and, on t = z - w, v must satisfy the transport equation
2+ w- Vo —(a+w: b)) (z,z w;w) = —(La)(z,z - w;w), x € R™.
So for a general T,
V(z,t;w,7) = a(z,t —Tw)d(t —7— 2 -w) +o(z, tiw, T)H{E — 7 — - w),

where v(x,t;w, 7) is the solution of the characteristic TVP.
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