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Abstract

Experimental measurements of the fracture resistance of Shape Memory Alloys (SMAs) under thermo-
mechanical loading conditions are reported. NiTi compact tension specimens are subjected to either
isothermal mechanical or isobaric thermal loading; the latter loading path is an idealization of typical
loading paths that utilize these alloys as actuators. A single-parameter description of the experimental
data is employed on the basis of a path-independent contour integral, which is approximated by the
load–load-line displacement curves recorded from the experiments. The obtained results represent the
first experimental measurement of the fracture toughness of SMAs under coupled thermo-mechanical load-
ing, and indicate that the fracture toughness enhancement associated with crack advance under isobaric
thermal loading is less pronounced than the corresponding one under isothermal mechanical loading.
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Nomeclature

Γ cracked configuration’s bounding
contour

2γ energy release at the crack tip
per unit crack extension

δ load-point displacement
δel, δin elastic and inelastic part of load-

point displacement, respectively
εij small-strain tensor components
ηel, γel elastic geometry-dependent fac-

tors
ηin, γin inelastic geometry-dependent

factors
σcr critical stress required for initi-

ation of martensitic transforma-
tion

σij stress tensor components
σTS ultimate tensile strength
σY effective yield strength

ρ density
ψ Helmholtz free energy
Ω cracked configuration bounded

by contour Γ
Ael, Ain elastic and inelastic area un-

der load–load-line displacement
curve, respectively

Af austenite-finish temperature
As austenite-start temperature
a crack length
B CT specimen thickness
b length of the unbroken ligament
C unloading elastic compliance
H heat input
J, J∗ path-independent contour inte-

grals
J∗
Ic mode-I critical J∗

J∗
R resistance J∗–∆a curve
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KIc mode-I critical stress intensity
factor

Mf martensite-finish temperature
Ms martensite-start temperature
ni unit vector normal to Γ, compo-

nents of
P imposed force per unit thickness
qi heat flux vector components
s specific entropy

T absolute temperature
U internal energy
u specific internal energy
ui displacement vector components
W CT specimen width
Wσ density of total stress work
Wext external work done
J∗el, J∗in elastic and inelastic part of J∗,

respectively

1. Introduction

Shape Memory Alloys (SMAs) are intermetallics, a relatively brittle class of materials, which fail
predominantly by cleavage of specific crystallographic planes [1–5]. However, SMAs do display slow and
stable crack extension, i.e., an R-curve behavior, which is attributed mainly to phase transformation as
opposed to plastic deformation in conventional ductile metals. The observed toughening (stable crack
growth) is due to irreversibility effects associated with nonproportional straining in the active phase
transformation zone and the shielding effect of the transformed material left in the wake of the advancing
crack. Stable crack advance has been observed under nominally-isothermal mechanical loading and during
cooling under a constant applied load, i.e., under thermomechanical (also termed actuation) loading [6].
Crack advance under the latter loading conditions, which is characteristic to SMAs, is argued to initiate
due to transformation occurring in regions in front of the crack tip, resulting in an increase of the crack
driving force [7, 8].

Phase transformation (and (re)orientation of martensite variants) occurring during the fracture of
SMAs call for modifications to the experimental measurement of fracture toughness standards devel-
oped for conventional structural metals [9]. Recently, Behrouz et al. [10] proposed a measurement of
the JR-resistance curve under nominally-isothermal mechanical loading that accounts for the mismatch
among the apparent elastic properties of austenite, self-accommodated, and oriented martensite. Further
modifications to the ASTM standards regarding the linear compliance method, blunting line slope, and
the thickness requirement for J-dominance may be required for the standardization of fracture toughness
testing for SMAs as discussed in [11].

In this technical note, a path-independent contour integral is employed for describing the driving
force for crack growth in SMAs under thermomechanical (actuation) loading paths, which collapses to
the J-integral under nominally-isothermal conditions. An approximation of this integral is measured
experimentally from the load–load-line displacement curve recorded from experiments on NiTi Compact
Tension (CT) specimen during cooling under a constant bias load. The measured R-curves are presented
and compared with those obtained from the same material under nominally-isothermal conditions. The
obtained results represent the first experimental measurement of the fracture toughness of SMAs under
actuation loading and support the introduction of the employed contour integral as a potential unified
descriptor of fracture toughness in SMAs for a wide range of thermomechanical loading conditions (and
geometric configurations).

2. Material, Methodology, and Results

Fracture toughness tests were performed on Ni55.7Ti44.3 (wt%) Compact Tension (CT) specimens in an
MTS-810 servo-hydraulic test frame. The phase transition temperatures of the alloy, which was acquired
from Fort Wayne Metals and is superelastic at room temperature (Fig. 1), are Mf = −29◦C, Ms =
−20◦C, As = −15◦C and Af = 7◦C, where Mf , Ms, As and Af indicate martensite finish, martensite
start, austenite start and austenite finish temperatures, respectively, determined using a TA Instruments

Q2000 Differential Scanning Calorimetry (DSC). The dimensions of the specimen (schematic in Fig. 2a)
were W ≈ 32.5, B ≈ 8.5, 0.45 ≤ a/W ≤ 0.55, all in mm, where a is the crack size. The samples were cut
from the bulk using wire Electrical Discharge Machining (EDM), and both sides were metallographically
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Figure 1: Uniaxial tensile loading–unloading stress–strain curves for 3 experiments performed on Ni55.7Ti (wt%) at room
temperature.

prepared by mechanical grinding using abrasive papers to remove the EDM recast layer and for a better
surface finish for optical crack size measurements. The specimens were fatigue pre-cracked in load control
with load values between 0.1 and Pmax at a frequency of 10 Hz, where Pmax, initially set equal to 20%
of the highest load value measured in the fracture experiments, was gradually decreased. During pre-
cracking, the crack size was optically monitored from both sides of the specimen until the desired initial
crack size (a0) was obtained. The isothermal tests were performed in displacement control at a loading
rate of 0.09 mm/min. The isobaric fracture tests were conducted by inductively heating the CT specimen
to 100◦C to ensure complete transformation to austenite, increasing the load to one that corresponds
to 95% of isothermal KIC to ensure small-scale transformation conditions at initiation of crack growth,
and then cooling down at a rate of 1◦C /min to room temperature. This cooling rate was chosen
to allow (i) for a homogeneous temperature throughout the sample (being slow enough), as measured
using the thermocouples, and (ii) for an unloading/reloading cycle to take place in order to measure the
specimen compliance at specific temperatures. Crack extension was measured by the elastic compliance
method [12, 13], in accordance with the ASTM standards [9]. The compliance was measured by partial
unloads and reloads, which were performed by decreasing the displacement by 0.05 mm at 0.15 mm
intervals in the case of isothermal tests and by decreasing the load to 80% of the maximum load while
keeping the temperature constant in the case of the isobaric tests. Load and load-line displacement (LLD)
were continuously measured at a rate of 10 Hz throughout the tests using an Interface 2500 kN load
cell and clip-on crack tip opening displacement extensometer by Epsilon Technology Corp. Optical
images were recorded at rates of 2 fps (isothermal tests) and 0.1 fps (isobaric tests) on one side of the CT
specimens, which was speckled to produce a random pattern, using a Point Grey Blackfly CCD camera
equipped with Canon 18-55 mm lens at an optical resolution of 0.02 mm/pixel and were post-processed
via Vic2D-6 software (developed by Correlated Solutions) to measure the full-field Lagrangian strain
using Digital Image Correlation (DIC) [14].

The experimental load–load-line displacement curves are shown in Figures 2. In the isothermal tests,
the response is initially linear, characterized almost entirely by elastic deformation, followed by a nonlin-
earity associated with increasing phase transformation close to the crack tip, crack advance and resulting
reorientation of martensite variants, and to a lesser extent plastic deformation [4]. The monotonicity of
the applied load is interrupted by a sequence of partial unloading/reloading cycles performed in order to
measure the CT specimen compliance and in turn the crack advance. The load–load-line displacement
curves for the isobaric experiments are mostly linear during the application of the mechanical load at
100◦C. During the subsequent cooling while the bias load is kept constant, the load-line displacement
increases as the phase transformation zone expands close to the crack tip, where the stresses are high, due
to the Clapeyron slope, interrupted periodically by partial unloads/reloads. Reorientation of martensite
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variants is expected in the wake of the growing crack.
The experimental measurement of the path-independent contour integral J∗, introduced in Appendix

A, can be based on its energetic definition

J∗ = − d

da

(∫
Ω

Wσ dV +

∫
Γ

niσijuj dS

)
, (1)

derived from (A.2) and (A.6). Under the assumption of fixed displacements (grips), the second term in
the above equation vanishes, and J∗ can be approximated as

J∗ ≈
∫ δ

0

(
∂P

∂a

)
δ

dδ, (2)

where P is the imposed force per unit thickness and δ is the load point displacement [15].
The J∗-value can therefore be measured from the load–load-line displacement record of the CT spec-

imens by correlating J∗ and the work of deformation
∫ δ

0
Pdδ, i.e., the area under the load–displacement

curve [16–18], as J∗ = J∗el + J∗in = ηelAel

Bb + ηinAin

Bb , where b = W − a is the length of the unbroken
ligament. Ael and Ain are the elastic and inelastic components of the area under the load–load-line
displacement curve, respectively. ηel and ηin are geometry-dependent factors, the existence of which
is discussed in [10, 11]. The expression for the J∗-integral given above is valid only for constant crack

length, a. For advancing cracks, an incremental formulation is needed [19], J∗
i = J∗el

i + J∗in
i , where

J∗el
i and J∗in

i are evaluated from the previous step Jαi =
[
Jαi−1 +

ηαi−1

Bbi−1
Aαi−1,i

] [
1− γαi−1

bi−1
(ai − ai−1)

]
. In

the last equation, the superscript α stands for either el or in, Aeli−1,i and Aini−1,i are the increments of
the elastic and inelastic areas under the load–load-line displacement record from step i − 1 to i, re-
spectively, Aαi−1,i = 1

2 (Pi + Pi−1)(δαi − δαi−1), where δeli = PiCi and δini = δi − δeli are the elastic and

inelastic components of the displacement, and Ci is the unloading elastic compliance. γel and γin are
geometry-dependent factors and can be determined using ηel and ηin, respectively [10, 11].

Isothermal Isobaric

Experiment A B C D

J∗
IC

-value [KJ/m2] 31.9 30.3 27.8 24.6

Table 1: J∗
IC

-values [KJ/m2] for Ni55.7Ti44.3 (wt%) SMA determined by the method of offset line from isothermal and

isobaric fracture experiments with unloading–reloading steps to determine the system compliance.

Once J∗ and ∆a values are known, as outlined above and detailed in [10, 11], the J∗
R-curves are

constructed according to the ASTM standards (Fig. 2). A construction line is plotted from the origin of
J∗ vs ∆a plot with a slope of 2σY , where σY is the effective yield strength, i.e., the average of the critical
stress, σcr, required for initiation of phase transformation and the ultimate tensile strength, σTS . The
J∗-∆a data points that fall between two exclusion lines, which are drawn parallel to the construction
line intersecting the abscissa at 0.15 mm and 1.5 mm, are plotted and a power-law regression is fit
throughout. To determine the J∗

IC
fracture toughness, an offset line is then plotted parallel to the

construction line, intersecting the abscissa at 0.2 mm. The intersection of the 0.2 mm offset line and the
regression line defines an interim value of the J-integral. This interim value is considered a conservative,
constraint-independent fracture toughness value if the qualification requirement of ASTM standards [9],
B > 10 J∗

IC
/σY , related to the specimen thickness is met.

The following observations can be made.

• The critical J∗
IC

-values measured using the 0.2 mm offset approach from all experiments are close
to each other (Table 1). The ∼10–15% difference among the critical values measured should be
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( d )

Fi g u r e 2: l o a d –l o a d-li n e di s pl a c e m e nt ( L L D ) a n d J ∗
R - c u r v e s f o r t h e i s o b a ri c a n d i s o t h e r m al f r a c t u r e t e s t s. I n all e x p e ri m e nt s

0 .4 5 < a / W < 0 .5 5, a n d 3 .9 5 < B < 4 .0 5 m m. ( a ) & ( b ) i s o t h e r m al e x p e ri m e nt s a n d ( c ) & ( d ) i s o b a ri c e x p e ri m e nt s.

attri b ut e d t o t h e f oll o wi n g f a ct or s: (i) T h e q u a si- brittl e tr a n s gr a n ul ar ( q u a si- cl e a v a g e) fr a ct ur e
a n d pr o n o u n c e d m at eri al v ari a bilit y i n t h e d ef or m ati o n r e s p o n s e of S M A s ( Fi g. 1 ) r e s ult i n a
pr o n o u n c e d f ail ur e r e s p o n s e v ari a bilit y; (ii) T h e d ef a ult sl o p e, 2 σ Y , of t h e o ff s et li n e a p pr o xi m at e s
t h e a p p ar e nt cr a c k a d v a n c e d u e t o cr a c k-ti p bl u nti n g w h e n t h er e i s n o sl o w st a bl e cr a c k t e ari n g.
T hi s a p pr o xi m ati o n a s s u m e s t h at, b ef or e t e ari n g, t h e cr a c k a d v a n c e i s e q u al t o o n e h alf of t h e
cr a c k-ti p o p e ni n g di s pl a c e m e nt u n d er n o mi n all y-i s ot h er m al m e c h a ni c al l o a di n g. H o w e v er, cr a c k-
ti p bl u nti n g i n S M A s i s p at h- d e p e n d e nt [ 2 0 ] a n d, t h u s, s u c h a sl o p e s h o ul d a s s u m e di ff er e nt v al u e s
f or t h e t w o l o a di n g c o n diti o n s (i s ot h er m al v s i s o b ari c).

• T h e pr o xi mit y of t h e criti c al v al u e s o bt ai n e d c orr o b or at e s t h at t h e p at h-i n d e p e n d e nt J ∗ -i nt e gr al
c a n c a pt ur e e n o u g h of t h e c orr e ct p h y si c s t o d e s cri b e wit h s u ffi ci e nt a c c ur a c y t h e dri vi n g f or c e f or
cr a c k a d v a n c e i n S M A s u n d er b ot h t e st e d c o n diti o n s. D u e t o t h e t h e or eti c al ar g u m e nt s r e s ulti n g
i n it s d e fi niti o n (f urt h er di s c u s s e d b el o w), t h e J ∗ -i nt e gr al m a y b e a d o pt e d a s a n e n gi n e eri n g t o ol
f or fr a ct ur e of S M A s u n d er a wi d e r a n g e of t h er m o m e c h a ni c al l o a di n g c o n diti o n s a n d cr a c k c o n-
fi g ur ati o n s. It s h o ul d b e n ot e d t h at t h e pr o xi mit y i n t h e J ∗

I C
- v al u e s i s att ai n e d w hil e t h e i nt e n sit y

of t h e str ai n fi el d u n d er i s ot h er m al m e c h a ni c al l o a di n g i s l o w er t h a n t h e c orr e s p o n di n g o n e d uri n g
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isobaric thermal loading (their spatial distribution being similar), which leads to the inverse con-
clusion regarding the intensity of stress fields (Fig. 3). In the former case, crack growth is driven
by the increasing load-line displacement, which results in bias load changes at the loading pins
and stress-induced martensite close to the crack tip. In the latter case, crack growth is driven by
temperature changes, which result in increasing load-line displacement due to the induced phase
transformation close to the crack tip while the bias load at the loading pins is kept constant.

• The slope of the isothermal J∗
R-curves is steeper than that of the isobaric ones, which indicates that

the toughness enhancement associated with crack advance in the experiments under the isothermal
conditions is more pronounced than the corresponding one in the experiments under the isobaric
conditions. The consensus is that the toughness enhancement associated with crack advance is
attributed to irreversibility effects associated with nonproportional straining in the active inelastic
zone and the irrecoverable deformation left in the wake of the growing crack [21–26]. Unfortunately,
it is not clear from the DIC results alone how these two stabilizing mechanisms are affected by
the thermomechanical loading paths considered; numerical simulations may contribute towards
the required insight. Our current assumption is that the “deterministic” toughness enhancement
associated with crack advance under isothermal conditions should be independent of temperature
in the temperature range that ensures a J∗-controlled crack growth (as experimentally indicated
in [10] for temperatures at which the crack grows in martensite), similarly independent of load under
isobaric conditions, and that these conditions are limiting cases of the general thermomechanical
conditions.

Given its definition, the J∗-integral should be further applicable for thermomechanical loading paths
for which the deformation response of SMAs can be approximated by a potential ψ(εij , T ) such that for

a given loading path there is an “1–1” correspondence between the stress σij = ρ ∂ψ
∂εij

and strain εij ; such

an approximation is expected to be valid for a wide range of thermomechanical loading paths involving
nearly proportional mechanical loading and monotonic temperature changes.

3. Conclusions

A one-parameter interpretation of the experimental data from fracture experiments on SMAs under
coupled thermo-mechanical loading is reported. The interpretation of the data is based on an approx-
imation of the value of a path-independent contour integral by the load–load line displacement record
measured. The obtained results, which represent the first experimental measurement of the fracture
toughness of SMAs under actuation loading conditions, suggest that (i) the employed contour integral
should achieve similitude for a wide range of thermomechanical loading conditions and geometric con-
figurations, and that (ii) isothermal conditions provide a more pronounced toughness enhancement as
compared to thermal loading under a constant bias load.
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Appendix A. A path-independent contour integral for the one-parameter description of
fracture toughness in SMAs under thermomechanical loading

For introducing a path-independent contour integral that can achieve similitude over a wide range of
loading conditions and geometric configurations, the SMA deformation response is approximated by a
thermo-hyperelastic material law with a Helmholtz free energy of the form

ψ(εij , T ) ≡ u [εij , s(εij , T )]− Ts(εij , T ), (A.1)

7



where u is the specific internal energy, s = − ∂ψ∂T is the specific entropy, T = ∂u
∂s is the absolute temperature,

and εij are the components of the small strain tensor.
Assuming quasi-static loading, the energy release at the crack tip per unit crack extension, 2γ, is

given from global energy considerations as [27, 28]

2γȧ+
dU

dt
=
dWext

dt
+
dH

dt
, (A.2)

where U is the internal energy, Wext is the external work done, H is the heat input, and ȧ > 0 is the
crack velocity. Assuming plane strain conditions, ignoring body forces and heat sources/sinks, and taking
into account the Legendre transformation (A.1) and the definition of the small strain tensor, the above
energy balance can be written

2γȧ+
d

dt

(∫
Ω

ρψ dV

)
=

∫
Γ

niσij
∂uj
∂t

dS − d

dt

(∫
Ω

ρTs dV

)
−
∫

Γ

qini dS, (A.3)

where Ω is the cracked configuration, bounded by contour Γ, ρ is the density, σij are the components
of the stress tensor, qi are the components of the heat flux vector, ni those of the unit vector normal
to the Γ, and ui are the components of the displacement vector. Assuming that the displacement and
temperature distributions move rigidly with the crack tip in the region Ω, the temperature is bounded
at the crack tip, and the crack grows in the x1-direction, the following relations hold true [27]

∂uj
∂t

= −ȧ ∂uj
∂x1

,
∂Tj
∂t

= −ȧ ∂Tj
∂x1

,
d

dt

(∫
Ω

ρψ dV

)
= −ȧ

∫
Γ

niρψ dS, (A.4)∫
Γ

qini dS =

∫
Ω

∂qi
∂xi

dV =

∫
Ω

ρs
∂T

∂t
dV − d

dt

(∫
Ω

ρTs dV

)
. (A.5)

For the derivation of the last equation,

dU

dt
=
dW

dt
+
dH

dt
, (A.6)

which holds for every thermomechanical process, and (A.1) were taken into account, where Wσ =∫ εij
0

σ(εij , T )dεij is density of total stress work. Given (A.4) and (A.5), the energy balance equation (A.3)
takes the form

J∗ =

∫
Γ

(
ψdx2 − σij

∂uj
∂x1

ds

)
+

∫
Ω

s
∂T

∂x1
dA = 2γ. (A.7)

To prove the path-independence of J∗, it suffices to show that J∗ ≡ 0 when integrated over any
defect-free region Ω∗, bounded by contour Γ∗. To this end, note that the differential of the equation of
state (A.1) asserts that

∂ψ

∂xk
=

1

ρ
σij

∂

∂xi

(
∂uj
∂xk

)
− s ∂T

∂xk

∂σij
∂xi

=0

⇒ ∂

∂xi

(
ρψδik − σij

∂uj
∂xk

)
+ ρs

∂T

∂xk
= 0. (A.8)

Assuming plane strain conditions, integration of the above equation results in∫
Γ∗
ni

(
ψδik − σij

∂uj
∂xk

)
ds+

∫
Ω∗
s
∂T

∂xk
dA = 0, (A.9)

and, thus, for k = 1, J∗ = 0.
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