
1. Introduction
Chorus waves are intense, whistler-mode electromagnetic emissions frequently observed in the Earth's magneto-
sphere (e.g., Burtis & Helliwell, 1969; Li et al., 2009). Chorus waves are believed to be a very important electron 
accelerator and are a main source of relativistic electrons in the Earth's outer radiation belt due to their wave-par-
ticle interactions with electrons (e.g., Gołkowski et  al., 2019; Horne & Thorne, 2003; Summers et  al., 1998; 
Thorne et al., 2013). It is generally accepted that the equatorial region outside the plasmapause is the main source 
region of chorus waves (LeDocq, et al., 1998; Santolik et al., 2003), but it has also been proposed that the region 
of minimum magnetic field intensity (minimum-B pocket) could potentially be an important high latitude chorus 
wave source region in the outer dayside magnetosphere (Tsurutani & Smith, 1977). However, due to a lack of 
in situ spacecraft observations in the high-latitude, high-L-shell minimum-B pocket regions, there are very few 
observations of minimum-B pocket generated (MBPG) chorus waves (e.g., Vaivads et al., 2007). Thus, we have 
very little knowledge of the propagation characteristics of the MBPG chorus waves. For instance, it is currently 
not well understood how far these MBPG waves can propagate from their source region, how long they survive 
before being damped, and what regions they can potentially propagate into. The goal of the present study is to 
address these questions.

The ray tracing technique is an approach that has been extensively used to study plasma wave propagation in the 
near-Earth space environment (Bortnik, Inan, & Bell, 2003a, 2003b; Horne, 1989; Inan & Bell., 1977; Kimu-
ra, 1966). Previous ray tracers have dealt predominantly with dipole fields (e.g., Horne & Thorne, 1993; Inan & 
Bell., 1977) or quasi-dipole fields (Yue et al., 2017), thus generally being unable to model the minimum-B pocket 
structures. In this work, we successfully employ a non-dipole field, the Tsyganenko 1989 (T89) model, to a newly 
developed ray tracer, and study the propagation of MBPG chorus waves.
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2.  Model
We use a newly developed Python-based ray tracer, PyRay, to investigate the propagation of chorus waves orig-
inating in minimum-B pockets. The PyRay code is designed for cold plasma ray tracing with the ability to ac-
commodate arbitrary magnetic field models. Hamilton's equations are used to advance the rays following Hasel-
grove (1954), in which we set 𝐴𝐴 𝐴𝐴 (the azimuthal angle) and 𝐴𝐴 𝐴𝐴𝜙𝜙 (𝐴𝐴 𝐴𝐴 component of the reflective index vector) to 0 
to simplify the equations and reduce the computations to a 2D geometry. The cold plasma dispersion relation 
is obtained from the well-known Stix equations (Equations 29–35, Stix, 1992), in which the effects of multiple 
species of heavy ions are included. A damping module independent of the main ray tracer is included into the 
code. Given a hot electron distribution, the damping rate is calculated using the method of Brinca (1972), similar 
to previous studies (Bortnik et al., 2003a, 2003b, 2007, 2008).

2.1.  Magnetic Field Model

The geometry of magnetic field is reflected in the spatial variation of gyrofrequency 𝐴𝐴 Ω𝑒𝑒 and the wave normal 
angle 𝐴𝐴 𝐴𝐴 , which is embedded into the cold plasma reflective index, thus influencing the Hamiltonian which drives 
the rays. Therefore, an arbitrary magnetic field model can be adopted so long as the magnetic vector at each lo-
cation in the domain 𝐴𝐴 𝑩𝑩(𝒓𝒓) is smooth and well defined everywhere so that 𝐴𝐴 Ω𝑒𝑒 and 𝐴𝐴 𝐴𝐴 (and their spatial derivatives) 
can be calculated. In this work we use a simple but realistic T89 model (Tsyganenko, 1989), which takes only the 
geomagnetic Kp index as its model input. In this study we use two Kp values to specify the T89 magnetic field: 
Kp = 1 representing quiet times, and Kp = 4 representing geomagnetically active times. The field lines for the 
Kp = 1 model are shown in Figure 1a as black solid lines. We can see clear minimum-B pockets at high latitudes 
of L shell 8–10 (e.g., near the location where the ray is launched).

Figure 1.  Example of one single ray. The model is 𝐴𝐴 Kp = 1 , 𝐴𝐴 𝐴𝐴pp = 6.3 , and the ray is launched with frequency 𝐴𝐴 0.4𝑓𝑓ce and initial WNA 147°. (a) Trajectory of the ray. 
The thick white line is the trajectory, and the thin short white lines attached to the trajectory marks the direction of wave vectors there. The background contour is the 
electron density, and black lines are the field lines. (b) The refractive index of the ray vs. flight time. The blue line is the real part of the refractive index, and the red line 
imaginary part. (c) WNA of the ray vs. flight time. The red dashed line is the local resonance cone angle. (d) Relative amplitude and latitude of the ray vs. flight time.
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2.2.  Density Model

The diffusive equilibrium (DE) model (Angerami & Thomas, 1964) has been widely used to describe the spatial 
distribution of plasma density in ray tracing programs (e.g., Bortnik et al., 2003a, 2003b; Horne, 1989; Kimu-
ra, 1966). However, the DE model relies on a dipole field geometry and is thus not directly applicable in our 
study. To construct a more realistic density distribution, we apply the DE model only to the equator to obtain 
an equatorial electron density 𝐴𝐴 𝐴𝐴eeq (𝑟𝑟) , and assume an ionospheric electron density at the Earth surface given by:

𝑛𝑛𝑒𝑒iono (𝜆𝜆) = 106 cos 𝜆𝜆 cm−3,� (1)

where 𝐴𝐴 𝐴𝐴 is the magnetic latitude. For off-equatorial regions, we assume that on each field line, the density in-
creases with latitude as:

𝑛𝑛𝑒𝑒line (𝜆𝜆) =
𝑛𝑛0

cos𝑚𝑚𝜆𝜆
,� (2)

where 𝐴𝐴 𝐴𝐴0 and m are free parameters to be determined, following previous similar fits (Denton et al., 2002, 2006). 
Specifically, for any point 𝐴𝐴 (𝑟𝑟𝑟 𝑟𝑟) , we perform a bi-directional field line tracing starting from this point. In one di-
rection the field line crosses the equator at altitude 𝐴𝐴 𝐴𝐴eq , and in another direction field line intersects the ionosphere 
at latitude 𝐴𝐴 𝐴𝐴iono . Using these two conditions, 𝐴𝐴 𝐴𝐴0 and 𝐴𝐴 𝐴𝐴 can be solved for as:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

�0 = �eeq (�eq)

� =
ln

�eeq (�eq)
�eiono (�iono)
ln cos�iono

.
� (3)

The equatorial density 𝐴𝐴 𝐴𝐴eeq (𝑟𝑟) is set so that at 𝐴𝐴 𝐴𝐴 = 10𝑅𝑅𝐸𝐸 (RE  =  6371  km is the Earth radius), neeq  ≈  1  cm−3 
based on satellite observations (Bortnik et al., 2016).

We use two�e_eq models which differ in the locations of the plasmapause. The parameter 𝐴𝐴 𝐴𝐴pp that defines the L 
shell of plasmapause in DE model is chosen to be either 4.5 or 6.3, the former representing the typical location 
of plasmapause, and the latter a relatively extreme case of a very extended plasmapause, which is typical of the 
dayside under quiet conditions (Moldwin et al., 2002). The color in Figure 1a shows the electron density distri-
bution for the 𝐴𝐴 𝐴𝐴pp = 6.3 density model. Note that this model gives a sufficiently smooth and slow-varying plasma 
density profile, so that the WKB approximation holds for our ray tracing, and will not come across the small-scale 
density structures (e.g., Hosseini et al., 2021; Katoh, 2014; Ke et al., 2021; Streltsov et al., 2006; Xu et al., 2020). 
Due to the nature of our method, density is only defined for closed field lines, which is sufficient for the purposes 
of the present investigation.

2.3.  Hot Electron Model

The hot electron distribution is fitted to the statistical results of Li et al. (2010) for hot electron (E  >  100  eV) 
flux between 4 < L < 10 using THEMIS data. We use the outermost bins at noon in Figure 3 of Li et al. (2010) 
to accommodate the location of our minimum-B pockets. We follow the fitting method of Bortnik et al. (2007) to 
arrive at a fitted distribution function:

𝑓𝑓 (𝑣𝑣) = 2.52𝑣𝑣−3.29cm−3,� (4)

where 𝐴𝐴 𝐴𝐴 is the electron velocity in unit 𝐴𝐴 cm ⋅ s−1 . This hot electron distribution corresponds to a hot electron 
(E  >  100  eV) total density of ∼0.2  cm−3, which makes up 2%–10% of total electrons in minimum-B pockets. 
Such a high proportion of hot electrons leads to strong damping and the rays are expected to be damped out very 
quickly. Thus, for each model case run with Equation 4, two more cases are run with 10% and 1% hot electrons of 
Equation 4, to explore the effects of a reduced hot electron density upon wave propagation (see below).
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3.  Results and Discussion
We use three magnetospheric models representative of different conditions: (1) 𝐴𝐴 Kp = 1, 𝐿𝐿pp = 4.5 ; (2) 

𝐴𝐴 Kp = 1, 𝐿𝐿pp = 6.3 ; (3) 𝐴𝐴 Kp = 4, 𝐿𝐿pp = 4.5 . All rays are launched from the center of the minimum-B pocket, 
at 𝐴𝐴 𝐴𝐴 = 9.5𝑅𝑅𝐸𝐸, 𝜆𝜆 = 38◦ (this location is at the center of a minimum-B pocket for both 𝐴𝐴 Kp = 1 and 4 magnetic 
field geometry). Due to the highly limited spatial scale of chorus source region (LeDocq, et al., 1998; Santolik 
et al., 2003), we neglect the growth phase of chorus waves and assume waves have already grown to full am-
plitude within the narrow source region when they are launched. For each magnetospheric model, the rays have 
three frequency components representative of typical chorus waves: 0.2, 0.4 and 0.6 times of local electron gy-
rofrequency 𝐴𝐴 𝐴𝐴ce at the launched point. And for each frequency, 22 rays whose initial wave normal angles (WNAs) 
are uniformly spaced between the positive and negative local resonance cone angle are traced. That leads to 3 
(magnetosphere models) 𝐴𝐴 × 3 (hot electron density) 𝐴𝐴 × 3 (frequencies) 𝐴𝐴 × 22 (initial WNAs)𝐴𝐴 = 594 rays in total. Ray 
tracing is terminated if the ray is damped to 1% of its initial amplitude (“extinguished”), if the ray propagates out 
of the closed field line region (“escaped”), or if the ray phase velocity becomes lower than the thermal velocity 
of electrons with 1 eV temperature (“absorbed”). In the latter case, the chorus wave energy would be absorbed by 
the thermal plasma because the majority of the cold plasma would look “hot” to the wave and our cold plasma 
assumption thus breaks down.

Figure 1 shows a typical ray tracing result. The ray propagates in magnetospheric model 2: 𝐴𝐴 Kp = 1, 𝐿𝐿pp = 6.3 , 
and has a frequency of 𝐴𝐴 0.4𝑓𝑓ce and an initial WNA of 𝐴𝐴 147◦ . The thick white line in Figure 1a represents the ray 
path, and the thin short white lines around the ray path mark the direction of the local wave vector 𝐴𝐴 𝒌𝒌 along the 
ray path. The ray experiences a reflection at a lower altitude due to the inclusion of ions, which is consistent with 
previous whistler wave ray tracing results (e.g., Bortnik et al., 2008; Kimura, 1966). Figure 1b shows the time 
evolution of the refractive index. We see that 𝐴𝐴 |𝜒𝜒| ≪ 𝜇𝜇 so the weak damping assumption holds, which assures the 
validity of our calculation of linear damping rate. Figure 1c is the time evolution of ray WNA. The blue solid 
line is the WNA and the red dashed line shows the local resonance cone angle for comparison. The ray quickly 
approaches the local resonance cone angle after launching, and exceeds the local resonance cone angle near the 
reflection point, which again agrees with previous work (e.g., Bortnik et al., 2003a, 2003b). Figure 1d shows the 
relative amplitude and the latitude of the ray. The ray eventually is damped to 1% of its initial amplitude, where 
it is considered to be damped out and the ray tracing is terminated.

Figure  2 compares the ray tracing results in the three magnetospheric models. The left column (Figures  2a, 
2d and  2g) corresponds to model 1 (𝐴𝐴 Kp = 1, 𝐿𝐿pp = 4.5 ), the middle column (Figures  2b, 2e and  2h) corre-
sponds to model 2 (𝐴𝐴 Kp = 1, 𝐿𝐿pp = 6.3 ), and the right column (Figures 2c, 2f and 2i) corresponds to model 3 
(𝐴𝐴 Kp = 4, 𝐿𝐿pp = 4.5 ). From top to bottom, the three rows correspond to rays with frequencies 0.2, 0.4 and 𝐴𝐴 0.6𝑓𝑓ce , 
respectively. In each subplot, the color of the ray represents the initial WNA. On each ray are three markers 
marking the terminating points of the rays. The triangle marker is for hot electron distribution corresponding to 
(Equation 4), the circle marker for 10% reduced hot electron distribution, and the star marker 1% reduced.

In the left and the middle columns we see that all the triangle markers are very close to the injection point, which 
means that under average hot electron flux conditions derived from the statistical results of Li et al.,  (2010), 
MBPG chorus waves do not propagate far and are highly localized to the minimum-B pockets. Two ray paths that 
experience reflection are emphasized by thick lines in Figure 2a. The orange line is reflected outward (to larger 
L-shells) while the green one is reflected inward. This suggests the MBPG chorus waves have the potential to in-
fluence both the interior of the magnetosphere and the cusp region. Another ray path is emphasized in Figure 2e. 
This is the ray shown in Figure 1 and is the ray that is able to propagate to the innermost L shell. Nevertheless, this 
ray fails to propagate into even the extremely expanded plasmapause, which suggests the MBPG chorus waves 
are unlikely to propagate into the plasmasphere and contribute to plasmaspheric hiss (e.g., Bortnik et al., 2008).

Comparison between model 3 with model 1 and 2 gives similar results in terms of the localization of the wave 
power under average hot electron flux levels, and again shows the unlikeliness of propagation into the plasmas-
phere. A new finding that becomes apparent in the compressed magnetospheric model 3 compared with mag-
netosphere model 1, is that the rays in general propagate a shorter distance in model 3. This can be observed by 
comparing the termination markers between the two columns.

Figure 3 shows a summary plot of the flight time of the rays shown in Figure 2. In Figure 2, we see that there is 
very little difference between the first two columns. This is because magnetosphere models 1 and 2 have the same 
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Figure 2.



Geophysical Research Letters

KANG ET AL.

10.1029/2021GL096478

6 of 8

magnetic fields, and the density distributions outside the plasmapause are very similar. Since no ray goes into the 
plasmapause in either model, the ray tracing results are almost identical. Therefore, it is sufficient to only com-
pare the flight time of magnetospheric models 1 and 3, which are shown in Figures 3a and 3b, respectively. The 
x-axis indicates the initial WNA, and the y-axis is the flight time in seconds (on a logarithmic scale). A 𝐴𝐴 𝒌𝒌 -vector 
oriented perpendicular to 𝐴𝐴 𝑩𝑩 and pointing away from the Earth is defined to have WNA 𝐴𝐴 = −90◦ , and the initial 
WNA is defined to increase counterclockwise, thus spanning a WNA ranging from 𝐴𝐴 − 90◦ to 𝐴𝐴 270◦ . Different colors 
of the dots represent different frequencies: the green dots for rays with 𝐴𝐴 0.2𝑓𝑓ce , the blue dots 𝐴𝐴 0.4𝑓𝑓ce , and the red 
dots 𝐴𝐴 0.6𝑓𝑓ce . Different shapes of the dots represent different hot electron distributions: the triangle dots are for hot 
electron distribution of Equation 4, the circle dots 10% of Equation 4, and the star dots 1%.

In the figure, we see three bands of flight time corresponding to the three hot electron distributions, which indi-
cates that the damping from hot electron is the main factor controlling the flight time of rays. In general, waves 
propagating in the +𝑩𝑩 direction toward the cusp (initial WNA −90° to 90°) would have longer flight times than 
those propagating in the −𝑩𝑩 direction toward the equator (initial WNA 90° to 270°). The exception is that the 
star dots almost all coincide with the circle dots for waves propagating in +𝑩𝑩 direction. This is because these 
waves are not terminated by damping, but rather by a too low phase velocity, which is independent from the hot 
electron distribution. Comparing Figures 3a and 3b, we see that rays under magnetospheric model 3 generally 
survive longer than under model 1, even though they propagate a shorter distance implying that a satellite should 
be able to observe these minimum-B pockets waves under more disturbed geomagnetic conditions, but only if it 
has the appropriate orbit.

Figure 2.  Ray trajectories for three magnetospheric model. The black lines are the field lines, the blue thick dashed lines are the position of plasmapause, and the 
colored lines are the trajectories of rays. Different colors represent different initial WNA. Dots of different shapes on each line represent the terminating points of 
rays under different hot electron conditions. The triangle points are termination points for original hot electron distribution, the circled points 10% hot electrons, and 
the starred points 1%. (a), (d) and (g) are for model 1 (𝐴𝐴 Kp = 1 , 𝐴𝐴 𝐴𝐴pp = 4.5 ), (b), (e) and (h) for model 2 (𝐴𝐴 Kp = 1 , 𝐴𝐴 𝐴𝐴pp = 6.3 ), and (c), (f) and (i) for model 3 (𝐴𝐴 Kp = 4 , 

𝐴𝐴 𝐴𝐴pp = 4.5 ); (a), (b) and (c) are for rays with frequency 𝐴𝐴 0.2𝑓𝑓ce , (d), (e) and (f) 𝐴𝐴 0.4𝑓𝑓ce , and (g), (h) and (i) 𝐴𝐴 0.6𝑓𝑓ce .

Figure 3.  Summary of ray flight times. The x axis is initial WNA ranging from −90 to 270° (corresponding to the angle that 
initial wave vector rotates counterclockwise with respect to magnetic field). Different colors represent different frequencies. 
The green dots are for rays with frequency 𝐴𝐴 0.2𝑓𝑓ce , the blue ones 𝐴𝐴 0.4𝑓𝑓ce , and the red ones 𝐴𝐴 0.6𝑓𝑓ce . The shapes of the dots are 
for different hot electron conditions. The triangle dots are for the original hot electron distribution, the circled ones 10% hot 
electrons, and the starred ones 1% hot electrons. (a) is for model 𝐴𝐴 Kp = 1 , 𝐴𝐴 𝐴𝐴pp = 4.5 , and (b) is for model 𝐴𝐴 Kp = 4 , 𝐴𝐴 𝐴𝐴pp = 6.3 .
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4.  Conclusion
Using our newly developed ray tracer PyRay, we conduct a ray tracing study in a non-dipole field and study 
the propagation of chorus waves generated from minimum-B pockets. We find that under average hot electron 
flux conditions, the MBPG chorus waves are highly localized in the minimum-B pockets, and hence may not be 
observed by spacecraft unless they are very close to the source region. Even with very low hot electron fluxes, 
the MBPG chorus waves are very unlikely to propagate very far, and very unlikely not as far as the plasmapause. 
When geomagnetic activity is stronger, the MBPG chorus waves would in general propagate a shorter distance. 
The ray tracing method in minimum-B geometry we propose can be further applied to future studies on electron 
precipitation on the outer dayside (e.g., following the method of Bortnik et al., 2016). Our study can also help 
identify the source region of chorus events observed by satellites on the outer dayside region, thereby improving 
our understanding on the global chorus waves distribution.

Data Availability Statement
The simulation data can be accessed from https://doi.org/10.5281/zenodo.5548520.
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