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Abstract

We consider the problem of covering multiple submodular constraints. Given a finite
ground set N, a weight function w : N — R, r monotone submodular functions
fi, f2, ..., fr over N and requirements ki, ko, ..., k, the goal is to find a minimum
weight subset S € N such that f;(S) > k; for I <i < r. We refer to this problem as
MULTI-SUBMOD-COVER and it was recently considered by Har-Peled and Jones (Few
cuts meet many point sets. CoRR. arxiv:abs1808.03260 Har-Peled and Jones 2018)
who were motivated by an application in geometry. Even with» = 1 MULTI-SUBMOD-
COVER generalizes the well-known Submodular Set Cover problem (SUBMOD-SC),
and it can also be easily reduced to SUBMOD-SC. A simple greedy algorithm gives an
O (log(kr)) approximation where k = ), k; and this ratio cannot be improved in the
general case. In this paper, motivated by several concrete applications, we consider
two ways to improve upon the approximation given by the greedy algorithm. First,
we give a bicriteria approximation algorithm for MULTI-SUBMOD-COVER that covers
each constraint to within a factor of (1 — 1/e — ¢) while incurring an approximation
of O(% logr) in the cost. Second, we consider the special case when each f; is a
obtained from a truncated coverage function and obtain an algorithm that generalizes
previous work on partial set cover (PARTIAL-SC), covering integer programs (CIPS)
and multiple vertex cover constraints Bera et al. (Theoret Comput Sci 555:2—-8 Bera
etal.2014). Both these algorithms are based on mathematical programming relaxations
that avoid the limitations of the greedy algorithm. We demonstrate the implications
of our algorithms and related ideas to several applications ranging from geometric
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covering problems to clustering with outliers. Our work highlights the utility of the
high-level model and the lens of submodularity in addressing this class of covering
problems.

Keywords Set Cover - Partial Set Cover - Submodular functions

1 Introduction

SET COVER is a well-studied problem in combinatorial optimization and is a canonical
covering problem. The input is a set system (4, S) consisting of a finite set &/ and
a collection S = {81, S2, ..., S;u} of subsets of . The goal is to find a minimum
cardinality subcollection S’ € S such that U5’ A = U. In the weighted version each
S; has a weight w; > 0 and the goal is to find a minimum weight subcollection of sets
whose union is /. SET COVER is NP-Hard and approximation algorithms have been
extensively studied. A very simple greedy algorithm yields a (1 4 1n d)-approximation
where d = max; |S;| even in the weighted case (Dobson 1982). Moreover this bound
is essentially tight unless P = NP (Dinur and Steurer 2014).

Various special cases and generalizations of SET COVER have been studied over the
years for their applications and theoretical interest. We describe three generalizations
that are of interest to us.

e Partial Set Cover (PARTIAL-SC): In PARTIAL-SC the input is a set system (£, S)
and an integer parameter k and the goal is to find a minimum (weight) subcollection
of the given sets whose union is of size at least k. SET COVER is a special case
when k = |U/].

e Covering Integer Program (CIP): A CIP is an integer program of the form
min{wx | Ax > b,x <d,x € Z’}r} where A is a non-negative m X n matrix
and b > 0. SET COVER is a special case of CIP when A is a {0, 1} matrix and b
and d are the all ones vectors—each constraint row of A corresponds to covering
an element of U.

e Submodular Set Cover (SUBMOD-SC): In SUBMOD-SC we are given a finite
ground set N, a non-negative weight function w : N — R, and a polymatroid
f : 2N — Z, via a value oracle'. The goal is to find a minimum weight subset
S € N suchthat f(S) = f(N). SET COVER is a special case where N represents
the sets in the set system and f captures the coverage function which is submodular.

Submodularity is a powerful abstraction and SUBMOD-SC can be seen to gener-
alize PARTIAL-SC and CIPs. The greedy algorithm for SET COVER admits a natural
generalization to SUBMOD-SC— Wolsey (1982) showed that it yields a (1 4 Ind)-
approximation where d = max;ey f(i). The abstraction of submodularity comes at a
cost, however. For instance CIPS admit an O (In m)-approximation via an LP relaxation
strengthened with knapsack cover (KC) inequalities (Carr et al. 2000; Kolliopoulos

LA polymatroid is an integer valued monotone submodular function that is also normalized (f(¥) = 0).
A real-valued set function f : 2NV 5 R is submodular iff f(AUB)+ f(ANB) < f(A) + f(B) for all
A, B C N. A set function is monotone if f(A) < f(B) forall A C B. A value oracle for f outputs f(A)
when queried withaset A C N.
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and Young 2005; Chen et al. 2016; Chekuri and Quanrud 2019) while using the greedy
algorithm yields only an O (Ind) approximation where d depends on the maximum
sum of the entries in a column of A, and in fact can be as large as m (Dobson 1982).
CIPs provide the explicit ability to model multiple covering constraints and this is
often useful in applications. In this paper we consider an abstraction that generalizes
SUBMOD-SC by explicitly allowing multiple submodular covering constraints.

Multiple Submodular Covering Constraints: The input consists of a ground set
N and a weight function w : N — R,. The input consists of r polymatroids
fi, f2,..., fr over N and integers ki, k2, ..., k. The goal is to find § € N of
minimum weight such that f;(S) > k; for 1 < i < r. We refer to this as MULTI-
SUBMOD-COVER.

Har-Peled and Jones (2018), motivated by an application from computational geom-
etry, appear to be the first ones to consider MULTI-SUBMOD-COVER explicitly. As
noted in Har-Peled and Jones (2018), it is not hard to reduce MULTI-SUBMOD-COVER
to SUBMOD-SC. We simply define a new submodular set function g : 2 — R, where
g(A) = >i_, min{k;, f;(A)}. Via Wolsey’s result for SUBMOD-SC this implies an
O(logr + log K) approximation via the greedy algorithm where K = Z;=1 kj.
Although MULTI-SUBMOD-COVER can be reduced to SUBMOD-SC it is useful to treat
it separately when the functions f; are known to belong to a special class of submodular
functions. For instance CIP can be seen as a special case of MULTI-SUBMOD-COVER
where each f; is a truncated/partial linear function. Another example, which is the
main motivation for this work, comes from Bera et al. (2014), Inamdar and Varadarajan
(2018) who considered the case when each f; is a truncated/partial coverage function
(partial vertex cover in Bera et al. (2014) and partial set cover in Inamdar and Varadara-
jan (2018)). These special cases have several applications that we outline below.

We mention that prior work has considered multiple submodular objectives from a
maximization perspective (Chekuri et al. 2010, 2015) rather than from a minimum cost
perspective. There are useful connections between these two perspectives. Consider
SUBMOD-SC. We could recast the exact version of this problem as max f(.S) subject
to the constraint w(S) < OPT where OPT is the optimum cost of the given instance of
SUBMOD-SC. This is submodular function maximization subject to a knapsack con-
straint and admits a (1 — 1 /e)-approximation (Sviridenko 2004). Using this algorithm
iterarively will also yield an approximation algorithm for SUBMOD-SC.

We describe several applications that motive this and some previous work and then
state our results formally.

1.1 Motivating applications

Splitting point sets: Har-Peled and Jones (2018), as we remarked, were motivated to
study MULTI-SUBMOD-COVER due to a geometric application that has connections
to the classical Ham-Sandwich theorem as well as problems in feature selection in
machine learning. Their problem is the following. Given m point sets Py, ..., P, in
RR? they wish to find the smallest number of hyperplanes (or other geometric shapes)
such that no point set P; has more than a constant factor of its points in any cell of the
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arrangement induced by the chosen hyperplanes; in particular when the constant is a
half, the problem is related to the Ham-Sandwich theorem which implies that when
m < d just one hyperplane suffices! From this one can infer that [m /d] hyperplanes
always suffice. However for a given instance it may be possible to do much better. In
Har-Peled and Jones (2018) the authors considered the problem of approximating the
smallest number of hyperplanes required for the desired partitioning and reduced this
problem to MULTI-SUBMOD-COVER. Via Wolsey’s greedy algorithm they obtain an
O (logm+log N) approximation where N is the total number of points. In applications
N is likely to be large while m is likely to be quite small and hence an approximation
that does not depend on N is desirable. It is not obvious how to model this problem
as a special case of MULTI-SUBMOD-COVER—Har-Peled and Jones (2018) describes
one such reduction and we describe a slightly different one later in the paper.

Multiple Partial Set Cover Constraints in Geometric Settings: There has been extensive
work on SET COVER specialized to geometric settings via sophisticated techniques
(Bronnimann and Goodrich 1995; Clarkson and Varadarajan 2007; Varadarajan 2009,
2010; Chan et al. 2012; Mustafa et al. 2014). Consider for example the problem of
covering a given collection of points in the plane by a minimum weight subcollection
of a given collection of weighted disks. This admits a constant factor approximation via
the natural LP relaxation (Chan et al. 2012) in contrast to the logarithmic integrality gap
and hardness known for general SET COVER instances. A natural question is whether
this improved result also holds for PARTIAL-SC version; here we are only required to
cover k of the given points rather than all of them. Inamdar and Varadarajan (2018)
developed a simple and elegant black box technique for this purpose via a standard
LP relaxation. They show that if there is a B-approximation for a deletion-closed class
of SET COVER instances’ via the standard LP, then there is 2(8 4 1) approximation
for PARTIAL-SC for the same family. A natural extension of PARTIAL-SC is to have
multiple constraints. Consider the setting where the points are colored by r colors
(equivalently they are partitioned into » sets) and the goal is to find the minimum
weight subset of a given collection of disks such that at least k; points from color
class i are covered; one can also consider the setting where the color classes are
not disjoint. Bera et al. (2014) considered multiple partial covering constraints in
the restricted setting of Vertex Cover and obtained an O (log r)-approximation. This
was generalized in Hong and Kao (2018) to instances of SET COVER with maximum
frequency A to obtain a (AH, 4+ H,)-approximation via a primal-dual algorithm. A
natural open question here was whether one can obtain an O (A+log r)-approximation
and whether one can generalize further and obtain an O (8 + log r)-approximation for
all deletion-closed families of SET COVER that admit a S-approximation. We refer to
this problem as MULTI-PARTIAL-SC. Note MULTI-PARTIAL-SC is a special case of
MULTI-SUBMOD-COVER where each f; is a truncated coverage function (equivalently
a partial set cover function).

Now we discuss two geometric variants of SET COVER that induce deletion-closed
set systems, and for which g is known to be sub-logarithmic in some special settings.
In HITTINGSET, we are given a collection of geometric objects ¢/ and a collection of

2 We say that a family of set systems is deletion closed if removing an element or removing a set from a
set system in the family yields another set system in the same family.
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points P. If a point p € P is contained in an object U € U, then U is said to be hit
by p. In the weighted version, each point has a non-negative weight. The goal is to
find a minimum-weight set of points that hits all objects from /. In the Geometric
DOMINATINGSET, we are given an intersection graph G = (V, E) of geometric objects
such as disks, with non-negative weights on vertices. A vertex v is said to dominate
itself and its neighbors. The goal is to find a minimum-weight subset of vertices V’
that dominates at all vertices from V. In the partial version of DOMINATINGSET (resp.
HITTINGSET), the goal is to dominate at least k vertices (resp. hit at least k objects).
We summarize known results for Geometric SET COVER, HITTINGSET and Geometric
DOMINATINGSET in Table 1.

Facility Location with Multiple Outliers: Facility location is an extensively studied
problem and there are several variants. In the basic Uncapacitated Facility Location
problem (which we abbreviate to Facility Location) the input consists of a set of
facilities F and a set of clients C in a metric space (F U C, d). Each facility i € F
has a non-negative opening cost f;. The goal is to open a set of facilities and connect
the clients to them to minimize the sum of the opening costs of the facilities plus the
sum of the distances of each client to the nearest open facility—mathematically we
want to find § € F tominimize } ;s fi +_ ;cc d(j, S). In many scenarios there are
outliers and instead of asking for all the clients to be connected we only seek to connect
some specified number k of clients—this has been studied under the name the Robust
Facility Location problem by Charikar et al. (2001) who obtained a constant factor
approximation. We consider here the setting of multiple outlier classes. We have r
disjoint classes of clients Cy, Ca, ..., C, and we need to connect to the open facilities
some specified number b; of clients from C; for 1 <i < r. An O(r)-approximation
is easy by considering each client class separately but the natural question is whether
we can find an O (logr)-approximation; via a reduction from SET COVER one can
show an £2(logr) lower bound on the approximability of this problem. We refer to
Facility Location with Multiple Outliers as FL-MULTI-OUTLIERS. We note that FL-
MULTI-OUTLIERS is not a special case of MULTI-SUBMOD-COVER since the objective
function has both facility opening cost as well as client connection cost. Nevertheless,
the problem is sufficiently close to MULTI-SUBMOD-COVER that the techniques we
develop are applicable to this problem as well.

We also consider a related problem of clustering to minimize the sum of radii.
This problem was considered by Charikar and Panigrahy (2004) who gave a constant
approximation using a primal-dual algorithm. A constant approximation for the outlier
version was given by Ahmadian and Swamy (2016). We consider a further general-
ization of covering r classes of clients, while minimizing the sum of radii. We call
this problem MCC- MULTI- OUTLIERS. We formally define MCC- MULTI- OUTLIERS
in Sect. 5, and give a tight O (log r)-approximation using similar techniques.

1.2 Results and contributions
In this paper we examine approximation algorithms for MULTI-SUBMOD-COVER and

MULTI-PARTIAL-SC and the motivating applications. Instead of relying on the greedy
algorithm we use mathematical programming based approaches and tools from con-
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tinuous extensions of submodular extensions that allow us to handle the special cases
of interest that arise from the applications. In addition to the technical results we show-
case the utility of the models in capturing interesting applications. Our algorithmic
results are summarized below.

— For MULTI-SUBMOD-COVER we obtain a bicriteria approximation. We obtain a
random solution § such that f;(S) > (1—1/e—e)k; for 1 <i < r and the expected
weight of S'is 0(% log r)OPT 3. We obtain the same bound even in a more general
setting where the system of constraints is r-sparse. We apply this result to the
splitting points application and obtain an O (logm) bicriteria approximation that
suffices in many scenarios. This improves the O (logm + log N) approximation
obtained in Har-Peled and Jones (2018).

— We consider a simultaneous generalization of MULTI-PARTIAL-SC and CIPS for
deletion-closed set systems that admit a S-approximation for SET COVER via the
natural LP. We obtain a randomized O (B + logr) approximation where r is the
sparsity of the system. This generalizes and improves bounds for multiple covering
versions of VERTEX-COVER from Bera et al. (2014), Hong and Kao (2018). In
particular, we obtain O (A 4 log r)-approximation for MULTI-PARTIAL-SC in the
set systems with maximum frequency A, improving on H, (A + 1)-approximation
by Hong and Kao (2018). Furthermore, we obtain O (8 + log r)-approximations
for several geometric MULTI-PARTIAL-SC problems, where B is known to be
sublogarithmic or constant (cf. Table 1).

— We obtain O (log r) approximations for FL-MULTI-OUTLIERS and MCC- MULTI-
OUTLIERS generalizing the previous bounds for one class of outliers to multiple
classes of outliers. As noted before, these bounds are tight up to constant factors
via simple reductions from SET COVER.

— For deletion-closed set systems that have a S-approximation (cf. Table 1) to SET
COVER via the natural LP we obtain an -5 (8 + 1)-approximation for PARTIAL-
SC. This slightly improves the bound of 2(8 + 1) in Inamdar and Varadarajan
(2018) while also simplifying the algorithm and analysis.

A brief discussion of technical ideas: MULTI-SUBMOD-COVER admits a reduction to
SUBMOD-SC for which the greedy algorithm is a known approach. To obtain our
bicriteria approximation we take a different approach based on the multilinear relax-
ation or submodular functions which plays a fundamental role in submodular function
maximization algorithms.

For addressing MULTI-PARTIAL-SC and its generalization we follow the high-level
approach used already in the special setting of VERTEX-COVER by Bera et al. (2014)—
they used an LP relaxation strengthened with knapsack cover inequalities. We bring
two technical ingredients to bear on this problem. First we extend a probabilistic
inequality used in Bera et al. (2014) to the general set cover setting and this is not
obvious. We provide a proof that relies on continuous extensions of submodular func-
tions and certain concentration properties, which, we believe, provides a clean and
transparent explanation. Second, we use randomized rounding plus alteration to extend
the results to the sparse setting—this is inspired by recent work on CIPS Chekuri and
Quanrud (2019).

3 Note that even though S is a random solution, we ensure that f; (S) > (1 — 1/e — &)k; with probability 1.
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Table1 LP-based bounds for SET COVER and related geometric covering problems. The references showing
the respective bounds are also shown next to the approximation guarantees

Problem u Geometric objects 8
SET COVER Points in R2 Disks O (1) (Varadarajan 2010; Chan et al. 2012)
Fat triangles O(loglog* n) (Ezra et al. 2011)
Points in R3 Unit cubes O (1) (Varadarajan 2010; Chan et al. 2012)
Halfspaces O (1) (Varadarajan 2010; Chan et al. 2012)
HITTINGSET Rectangles in R3  Points O (loglogn) (Aronov et al. 2010)
DOMINATINGSET ~ Disks in R? O(1) (Gibson and Pirwani 2010)

Finally, for PARTIAL-SC we simplify the algorithm and analysis from Inamdar
and Varadarajan (2018) via connections to submodular function maximization and
continuous extensions.

We believe that the problems, applications and technical tools that we demonstrate
in this paper are likely to be useful for other problems in the future.

1.3 Other related work

PARTIAL-SC has been well-studied in the past for special cases such as the Par-
tial Vertex Cover (PARTIALVC) where the goal is to find a minimum weight subset
of nodes in a graph to cover at least k edges. There are several 2-approximations
known for PARTIALVC (Bar-Yehuda 2001; Bshouty and Burroughs 1998; Gandhi
et al. 2004). More generally, for set systems with maximum frequency A, similar
techniques give O (A)-approximations (Gandhi et al. 2004; Bera et al. 2014; Kone-
mann et al. 2011). Surprisingly, the black box reduction of Inamdar and Varadarajan
(2018) from PARTIAL-SC to SET COVER via the LP relaxation, that we mentioned
earlier, is fairly recent. In some restricted geometric settings, PTASes—polynomial
time (1 + €)-approximations for any constant € > O—are known via the shifting
technique and local search (Chan and Hu 2015; Gandhi et al. 2004; Inamdar 2019).
CIPs have been studied extensively for several years starting with the work of Dobson
(1982). The introduction of KC inequalities Carr et al. (2000) led to the first O (logm)-
approximation by Kolliopoulos and Young (2005). Recent work (Chen et al. 2016;
Chekuri and Quanrud 2019) has obtained sharp bounds that depend on the £( and ¢,
sparsity of the constraint matrix. Constrained submodular set function optimization
(maximization and minimization) has been a topic of much interest in recent years
and it is difficult to provide a concise summary. Continuous extensions of submodular
functions and mathematical programming approachs have played an important role.
We refer the reader to Buchbinder and Feldman (2017) for a survey on submodular
function maximization which provides several pointers. The literature on clustering
and facility location problems is vast. We are motivated by work on approximation
algorithms for handling outliers and generalizing it to handle multiple groups of client.
Many papers on clustering are in the model where the number of clusters k is speci-
fied and different objectives lead to well-studied problems such as k-median, k-means
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(PSC-LP)
(SC_LP) min Z W;T;
Z S;es
min wWiT;
Scs s.t. Z T >2; e €U
ite; €Sy

s.t. Z z;>1 ej el
ire €S, Z zj >k

ej €U
xz; >0 S;i €S
zZj € [0,1] €; cu

x; >0 S; €S

(a) SET CovER

(b) PARTIAL-SC

Fig.1 LP relaxations for covering

and k-center. Recent work on fair clustering (see Bera et al. 2019 and pointers) has
also considered multiple groups of clients. The specific problems we consider and
techniques we use are different. We leave it to future work to better understand the
relationship between clustering with fairness constraints and clustering with outliers.

Organization: In Sect. 2, we introduce necessary background on other related problems
and submodular functions. In Sect. 3, we give a bicriteria approximation algorithm
to MULTI-SUBMOD-COVER, and apply it for a geometric problem in 3.1. We consider
the special case of MULTI-PARTIAL-SC in Sect. 4. Next, we adapt these techniques to
obtain similar results for FL-MULTI-OUTLIERS and MCC- MULTI- OUTLIERS in Sect.
5.1In Sect. 6, we sketch a proof of the improved approximation for PARTIAL-SC, using
some of the similar techniques used elsewhere in the paper. We conclude in Sect. 7
with some open problems.

2 Preliminaries and background

SET COVER and PARTIAL-SC have natural LP relaxations and they are closely related
to those for MAX k-COVER and MAX-BUDGETED-COVER. The LP relaxation for SET
COVER (SC-LP) is shown in Fig. 1a. It has a variable x; for each set S; € S, which, in
the integer programming formulation, indicates whether S; is picked in the solution.
The goal is to minimize the weight of the chosen sets which is captured by the objective
5.5 Wix; subject to the constraint that each element ¢, is covered. The LP relaxation
for PARTIAL-SC (PSC-LP) is shown in Fig. 1b. Now we need additional variables to
indicate which k elements are going to be covered; for each e; € U/ we thus have a
variable z; for this purpose. In PSC-LP it is important to constrain z; to be at most 1.
The constraint ) ¢; 2 > k forces at least k elements to be covered fractionally.

As noted in prior work the integrality gap of PSC-LP can be made arbitrarily large
but it is easy to fix by guessing the largest cost set in an optimum solution and doing
some preprocessing. We discuss this issue in later sections.
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(MC-LP)
max Z Zj
ej €U
s.t. Z T >z; e; €U
ite; €Sy
S <k
S;e8
z; €10,1] e; el
x; >0 S; €S

(MBC-LP)

max E Z4

e; €U

s.t. Z x> zj e; €U
ite; €Sy
Z wix; < B
S;e8
z; €10,1] e; €U
x; >0 S; €S

(a) Max k-COVER

(b) MAX-BUDGETED-COVER

Fig.2 LP Relaxations for budgeted covering

Figs. 2a, b show LP relaxations for MAX k-COVER and MAX-BUDGETED-COVER
respectively. In these problems we maximize the number of elements covered subject
to an upper bound on the number of sets or on the total weight of the chosen sets.
Greedy algorithm: The greedy algorithm is a well-known and standard algorithm for
the problems studied here. The algorithm iteratively picks the set with the current
maximum bang-per-buck ratio and adds it to the current solution until some stopping
condition is met. The bang-per-buck of a set S; is defined as | S; NU'| /w; where U is the
set of uncovered elements at that point in the algorithm. For minimization problems
such as SET COVER and PARTIAL-SC the algorithm is stopped when the required
number of elements are covered. For MAX k-COVER and MAX-BUDGETED-COVER
the algorithm is stopped when if adding the current set would exceed the budget.
Since this is a standard algorithm that is extremely well-studied we do not describe
all the formal details and the known results. Typically the approximation guarantee of
Greedy is analyzed with respect to an optimum integer solution. We need to compare
it to the value of the fractional solution. For the setting of the cardinality constraint
this was already done in Nemhauser et al. (1978). We need a slight generalization to
the budgeted setting and we give a proof for the sake of completeness.

Lemma 2.1 Let Z be the optimum value of (MBC-LP) for a given instance of MAX-
BUDGETED-COVER with budget B.

— Suppose Greedy algorithm is run until the total weight of the chosen sets is equal to
orexceeds B. Then the number of elements covered by greedy is at least (1—1/e)Z.

— Suppose no set covers more than cZ elements for some ¢ > 0 then the weight of
sets chosen by Greedy to cover (1 — 1/e)Z elements is at most (1 + ec)B.

Proof We give a short sketch. Greedy’s analysis for MAX-BUDGETED-COVER is based
on the following key observation. Consider the first set S picked by Greedy. Then
|S]/w(S) = OPT/B where OPT is the value of an optimum integer solution. And
this follows from submodularity of the coverage function. This observation is applied
iteratively with the residual solution as sets are picked and a standard analysis shows
that when Greedy first meets or exceeds the budget B then the total number of elements
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covered is at least (1 — 1/e)OPT. We claim that we can replace OPT in the analysis by
Z.Givenafractional solutionx, zweseethat Z = 3, zo < 3, min{l, > s Xi}.
Moreover Y, w;x; < B.Viasimple algebra, we can obtain a contradictionif | S; | /w; <
Z /B holds for all sets S;. Once we have this property the rest of the analysis is very
similar to the standard one where OPT is replaced by Z.

Now consider the case when no set covers more than ¢ Z elements. Note that without
loss of generality, we can assume that the weight of every set is at most B — otherwise
no feasible solution contains such a set. If Greedy covers (1 — 1/e) Z elements before
the weight of sets chosen exceeds B then there is nothing to prove. Otherwise let §;
be the set added by Greedy when its weight exceeds B for the first time. Let o < ||
be the number of new elements covered by the inclusion of S;. Since Greedy had
covered less than (1 — 1/e)Z elements, the value of the residual fractional solution
is at least Z/e. From the same argument as in the preceding paragraph, since Greedy
chooses S; at that point, #s]) > %. This implies that w(S;) < eBZ < ecB.
Since Greedy covers at least (1 — 1/e)Z elements after choosing S; (follows from
the first claim of the lemma), the total weight of the sets chosen by Greedy is at most
B+ w(S;) < (1+ec)B. m]

We note that the conclusions of the preceding lemma hold even for the following
generalization of MAX-BUDGETED-COVER. Here each element e € U has a non-
negative “profit” p, associated with it, and the goal is to find a collection of sets with
weight at most B, such that the overall profit of the covered elements is maximized.

One difference in the argument is that the “bang-per-buck” of a set S is defined as

ZeES Pe
w(S) °

2.1 Submodular set functions and continuous extensions

Continuous extensions of submodular set functions have played an important role
in algorithmic and structural aspects. The idea is to extend a discrete set function
f : 2Y¥ — R to the continous space [0, 1]V. Here we are mainly concerned with
extensions motivated by maximization problems, and confine our attention to two
extensions and refer the interested reader to Calinescu et al. (2007), Vondrak (2007)
for a more detailed discussion.

The multilinear extension of a real-valued set function f : 2V — R, denoted by
F, is defined as follows: For x € [0, 11V

Fy=) fO]x]a—x.

SCN ieS j¢S

Equivalently F(x) = E[f(R)] where R is a random set obtained by picking each
i € N independently with probability x;.

The concave closure of a real-valued set function f : 2V — R, denoted by £, is
defined as the optimum of an exponential sized linear program:

fre =max Y f(Sasst. Y as=1Y as=x,Vie Nandas >0 VS.
SCN SCN Si
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A special case of submodular functions are non-negative weighted sums of
rank functions of matroids. More formally suppose N is a finite ground set and
Mi, Ma, ..., M, are £ matroids on the same ground set N. Let g1,..., g/ be
the rank functions of the matroids and these are monotone submodular. Suppose
f = Zi:l wygn Where wy > 0 for all & € [£], then f is monotone submodular.
We note that (weighted) coverage functions belongs to this class. For a such a sub-
modular function we can consider an extension f where f(x) = > oh Wh g;lL (x). We
capture two useful facts which are shown in Calinescu et al. (2007).

Lemma 2.2 (Calinescu et al. 2007) Suppose f = th:l wpgh is the weighted sum
of rank functions of matroids. Then for any x € [0, 11V, we have that F(x) > (1 —
l/e)f(x). Assuming oracle access to the rank functions g1, ..., g, for any x €
[0, 11V, there is a polynomial-time solvable LP whose optimum value is f(x).

Remark 2.3 Let f : 28 Z4 be the coverage function associated with a set system

U, S). Then f(x) = Y ,qmin{l, Y, . xi} where f =3, ¢ and g} (x) =
min{l, ) ... s; %i} is the rank function of a simple uniform matroid. One can see
PSC-LP in a more compact fashion:

min Z w;x; S.t. f(x) > k.
i

Concentration under randomized rounding: Recall the multilinear extension F of a
submodular function f.If x € [0, 1]V then F(x) = E[f(R)] where R is a random
set obtained by independently including each i € N in R with probability x;. We can
ask whether f(R) is concentrated around E[ f(R)] = F(x). And indeed this is the
case when f is Lipscitz. For a parameter ¢ > 0, f is c-Lipschitz if | f4(i)| < c for
alli € Nand A C N, where f4(i) = f(AU{i}) — f(A); for monotone submodular
functions this is equivalent to the condition that f (i) < c foralli € N.

Lemma 2.4 (Vondrak 2010) Let f : 2V — R be a 1-Lipschitz monotone submodular
function. For x € [0, 11N let R be a random set drawn from the product distribution
induced by x. Then for § > 0,

- Pr[f(R) = (1 +8)F(x)] < (ﬁ
— Pr[f(R) < (1 —§)F(x)] < e ¥ FW)/2,

YF@),

Greedy algorithm under a knapsack constraint: Consider the problem of maximiz-
ing a monotone submodular function subject to a knapsack constraint; formally
max f(S) s.t. w(S) < B where w : N — R, is a non-negative weight function on
the elements of the ground set N. Note that when all w(i) = 1 and B = k this is the
problem of maximizing a monotone submodular function subject to a cardinality con-
straint. For the cardinality constraint case, the simple greedy algorithm that iteratively
picks the element with the largest marginal value yields a (1 — 1/e)-approximation
Nembhauser et al. (1978). Greedy extends in a natural fashion to the knapsack con-
straint setting; in each iteration the element i = argmax; fs(j)/w; is chosen where
S is the set of already chosen elements (here, fs(j) = f(SU{j}) — f(S) denotes the
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marginal increase). Sviridenko (2004), building on earlier work on the coverage func-
tion (Khuller et al. 1999), showed that greedy with some partial enumeration yields a
(1 —1/e)-approximation for the knapsack constraint. The following lemma quantifies
the performance of the basic Greedy when it is stopped after meeting or exceeding the
budget B.

Lemma 2.5 Consider an instance of monotone submodular function maximization
subject to a knapsack constraint. Let Z be the optimum value for the given knapsack
budget B. Suppose the greedy algorithm is run until the total weight of the chosen sets
is equal to or exceeds B. Letting S be the greedy solution we have f(S) > (1—1/e)Z.

3 A bicriteria approximation for MULTI-SUBMOD-COVER

In this section we consider MULTI-SUBMOD-COVER. Let N be a finite ground set.
For each j € [h] we are given a submodular function f; : 2V — R, and the
corresponding k; > 0. We are also given a non-negative weight functionw : N — R .
The goal is to solve the following covering problem:

min w(S)
SCN

S.t.fj(S) > kj 1<j<h

We say that i € N is active in constraint j if f;(7) > 0, otherwise it is inactive. We
say that the given instance is r-sparse if each element i € N is active in at most r
constraints.

Theorem 3.1 There is a randomized polynomial-time approximation algorithm that
given an r-sparse instance of MULTI-SUBMOD-COVER outputs a set S C N such that
(i) f;(8) = (1 —1/e —e)kj for 1 < j < h, and (ii) E{w(S)] = O(é Inr)OPT.

The rest of the section is devoted to the proof of the preceding theorem. We will
assume without loss of generality that k; = 1 for each i which can be arranged
by scaling. Also, we will assume that f;(N) = 1; otherwise we can work with the
truncated function min{1, f;(S)} which is also submodular. This technical assumption
plays a role in the analysis later.

We consider a continuous relaxation of the problem based on the multilinear exten-
sion. Instead of finding a set S we consider finding a fractional point x € [0, 1]". For
any value B > OPT where OPT is the optimum value of the original problem, the
following continuous optimization problem has a feasible solution.

(MP-Submod-Relax) minZwixi <B
i
st. Fjx)>=1 1<j<h
x>0
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One cannot hope to solve the preceding continuous optimization problem since it
is NP-Hard. However the following approximation result is known and is based on
extending the continuous greedy algorithm of Vondrdk (2008), Calinescu et al. (2011).

Theorem 3.2 (Chekuri et al. 2010, 2015) For any fixed ¢ > 0, there is a random-
ized polynomial-time algorithm that given an instance of MP-Submod-Relax and
value oracle access to the submodular functions fi, ..., fn, with high probability,
either correctly outputs that the instance is not feasible or outputs an x such that (i)
Y iwix; < Band(ii) Fi(x) > (1 —1/e —¢) for1 <i <h.

Using the preceding theorem and binary search one can obtain an x such that
ZieN w;x; < OPTand Fj(x) > (1 —1/e —¢) for 1 < j < h. It remains to round
this solu