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STABILITY OF AVTD BEHAVIOR WITHIN THE POLARIZED T
2-SYMMETRIC

VACUUM SPACETIMES

ELLERY AMES, FLORIAN BEYER, JAMES ISENBERG, AND TODD A. OLIYNYK

Abstract. We prove stability of the family of Kasner solutions within the class of polarized T
2-symmetric

solutions of the vacuum Einstein equations in the contracting time direction with respect to an areal time
foliation. All Kasner solutions for which the asymptotic velocity parameter K satisfies |K − 1| > 2 are non-
linearly stable, and all sufficiently small perturbations exhibit asymptotically velocity term dominated (AVTD)
behavior and blow-up of the Kretschmann scalar.

1. Introduction

While the general conjectured BKL behavior [5, 36] near the singularity in cosmological solutions of Einstein’s
equations is very difficult to investigate mathematically, the more special asymptotically velocity term dominated
(AVTD) behavior has been proven to hold for subfamilies of such solutions. Unlike BKL behavior, which
involves a congruence of time-like observers each experiencing “mixmaster” type behavior as they approach the
singularity [56, 4], in spacetime solutions with AVTD behavior, the time-like observers each experience “spatially
pointwise” Kasner type behavior; see Definition 3.1 below for the precise definition of AVTD behavior.

Two major approaches for verifying the AVTD property have been employed in the mathematical general
relativity literature. The first, an approach based on the Fuchsian method, aims to show the existence of
families of solutions of the Einstein-matter or vacuum Einstein equations with AVTD behavior by prescribing
asymptotics near the singularity and solving the equations in the direction away from the singularity. While this
approach yields infinite-dimensional families of solutions parameterized by free “asymptotic data” functions, it
does not address whether the family of solutions constructed is open (not to mention dense) in the set of all
solutions under consideration, for example, within the given symmetry class, or with certain matter fields. To
obtain this information, one typically follows a second approach based on the Cauchy problem of hyperbolic
PDEs. In this setting, the AVTD property is tightly connected with the nonlinear stability of the Kasner
solutions [31].

AVTD behavior has been proven to occur generically in the class of vacuum Gowdy solutions [28, 12, 44].
Infinite dimensional subfamilies of solutions with AVTD behavior are known in more general symmetry-defined
classes of spacetimes [33, 27, 52, 29, 18, 11, 10, 16, 1, 8], in spacetimes without assumed symmetry coupled
to a stiff fluid [3, 25], and in vacuum spacetimes without assumed symmetry [13, 21]. The above results are
based on Fuchsian methods. The second approach, based on evolving a Cauchy problem towards the singularity,
has recently been used to prove the stability of AVTD behavior. Specifically, in the Einstein-scalar field and
Einstein-perfect fluid spacetimes in 3 + 1 dimensions it has been shown that AVTD behavior is stable for
solutions in an open neighborhood of Friedman-LeMaitre-Robertson-Walker (FLRW) spacetimes [51], while in
the Einstein-vacuum system with dimension D+ 1 for D ≥ 38 certain moderately anisotropic Kasner solutions
are nonlinearly stable [49]. Recent work [22] removes the restriction in [51] of being within a neighborhood of
FLRW, lowersD to D ≥ 10 in the context of [49], and establishes the nonlinear stability of Kasner solutions (and
AVTD behavior) within the class of polarized U(1)-symmetric vacuum solutions. We also mention recent work
[46, 41, 40, 47, 48] to establish geometric conditions under which one obtains detailed information regarding
the geometry of the singularity.

In this article, using results obtained by two of the authors with a collaborator [9], we show that a subfamily
of the Kasner solutions (for most choices of the Kasner parameter K, as specified below) are nonlinearly stable
within the class of the 3+1-Einstein vacuum solutions with polarized T

2-symmetry, and that each such solution
in an open neighborhood of this subfamily exhibits AVTD behavior. The polarization condition that we assume
in this work is crucial. Numerical studies of T2-symmetric solutions of the vacuum Einstein equations without
the polarization condition (and with non-vanishing twist) strongly indicate that such solutions generically
exhibit non-AVTD BKL behavior in a neighborhood of the singularity [56, 4]. As noted above, and as this work
indicates, with the polarization condition imposed, T2-symmetric vacuum solutions are expected to generically
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show AVTD behavior near the singularity. We note that recent work strongly supports the conjecture that,
even if the polarization condition is not imposed, T2-symmetric solutions of the Einstein equations coupled to
a scalar field or a stiff fluid generically exhibit AVTD behavior near the singularity [50, 51, 22].

Our work in this paper focuses on the behavior of polarized T
2-symmetric vacuum spacetimes in the con-

tracting direction near the singularity. The behavior of these same spacetimes in the expanding direction has
also been studied in recent work. While the expanding direction results obtained to date [45, 34, 7] are less
definitive, and are likely to be less predictive of the behavior of solutions with no symmetry, they do show that
certain subfamilies of the T2-symmetric vacuum solutions have distinctive attractors for the spacetime averaged
behavior in the expanding direction.

We provide a definition of the T2-symmetric (cosmological) spacetimes in Section 2, and based on the results
in [6], which show that such spacetimes always globally admit areal coordinates, we specify in that section the
canonical form (2.1) of the metric for T2-symmetric spacetimes in areal coordinates. A key feature of the areal
coordinate representation of these spacetimes is that the time coordinate t locates the singularity at t = 0, and
as t increases, the spacetime expands. Thus the analysis of the behavior of T2-symmetric spacetimes near the
singularity focuses on these solutions for positive t very close to 0. Also in Section 2, we define the polarized
and the Kasner subfamilies of the T

2-symmetric spacetimes, and we write out the vacuum Einstein equations
for these spacetimes in terms of the areal coordinate metric components.

In Section 3, we define what it means for a spacetime to have AVTD behavior in a neighborhood of the space-
time singularity. As noted above, AVTD behavior is a specialized version of BKL behavior. Early discussions
of spacetimes with this property appear in [19]. The formal definition of this behavior appears first in [28].

We state the main result of this paper, Theorem 4.1, in Section 4. Then in Section 6, we proceed to carry out
the details of the proof of this theorem. As noted above, our results in this paper depend crucially upon work
presented in [9]. In that work, a theorem is proven which provides sufficient conditions for a hyperbolic PDE
system in Fuchsian form which guarantee that solutions that are evolved from initial data satisfying certain
smallness conditions at T0 > 0 must extend all the way to the singularity at t = 0. In the Appendix, we state
this theorem, Theorem A.1, in a form that is most useful for the analysis carried out in this work. Thus the
bulk of the work carried out in proving Theorem 4.1 in Section 6 consists of first showing that the Einstein
vacuum equations for the polarized T

2-symmetric spacetimes, when cast into first order Fuchsian form, satisfy
the hypotheses of Theorem A.1., and then showing that we can impose conditions on the initial data so that the
conclusions of Theorem A.1 hold. These conditions correspond to initial data sets which are small perturbations
of initial data for Kasner solutions for the Kasner parameter K (see Section 2.3) satisfying K < −1 or K > 3.

Following this application of Theorem A.1 in Proposition 6.1, the completion of the proof of Theorem 4.1 in
Section 6 involves improving the estimates for the asymptotics (Proposition 6.2), and the verification that these
improved asymptotic estimates for the solutions imply the stability of Kasner solutions within the T2-symmetric
class (Section 6.5), and that AVTD behavior holds for these solutions (Sections 6.6 and 6.7). In order to prove
the AVTD property, we first prove existence of solutions of the singular initial value problem for the nonlinear
velocity term dominated system. This system is written out in Section 3 and the existence of solutions is proven
in Section 6.6. Finally, the AVTD property of the solutions allows us to show that the Kretschmann scalar is
unbounded at each spatial point in the contracting direction, and thus, that for any such solution the spacetime
is C2-inextendible.

To provide specific examples which illustrate the unstable behavior of perturbed Kasner solutions with
−1 < K < 3 and K 6= 1, in Section 5 we restrict to the spatially homogeneous subclass of the polarized T

2-
symmetric spacetimes. We demonstrate that for K in the above interval, there exist perturbations within the
spatially homogeneous subclass whose asymptotic behavior as t ց 0 depends discontinuously on the perturbing
parameter.

As we were completing the writeup of this work, the paper [22], in which similar results for the stability of
Kasner solutions is proved, was posted to the arXiv preprint server. The far-reaching work of [22] treats the
Einstein–vacuum system in a large number dimensions, the Einstein–scalar field system, and the polarized U(1)-
symmetric Einstein–vacuum equations in 3+1 dimensions. The latter class of spacetimes includes the polarized
T
2-symmetric spacetimes as a subset. However, the formulation of the Einstein equations that is specifically

adapted to the T
2-symmetry, as we employ in this work with the areal gauge, provides interesting insights that

are not visible in the more general setting and the orthonormal frame formalism used in the impressive work
of [22]. In particular, we obtain detailed asymptotic estimates that recover the full leading order term which is
identified in an analysis of the singular initial value problem for the polarized T

2-symmetric Einstein-vacuum
equations (cf. Remark 4.7). Further, our formulation is sensitive to the instability of Kasner solutions for which
−1 < K < 3 and K 6= 1 (cf. Remark 4.4 and Section 5). This geometrically distinguished property of polarized
T
2-symmetric vacuum perturbations of Kasner solutions is a pure gauge effect for generic perturbations in the
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(larger class of) polarized U(1)-symmetric vacuum solutions considered in [22]. Despite the fact that the class
of polarized U(1)-symmetric solutions contains the class of polarized T

2-symmetric solutions, the geometric
analysis of the full polarized T

2-symmetric setting therefore benefits from methods that are tailored to the
particular symmetry, which we employ here.

2. T
2-Symmetric Spacetimes and Certain Subfamilies

2.1. Areal Coordinates. We assume a Lorentzian manifold with topology M = I × T
3 for some interval

I ⊂ (0,∞). The class of T2-symmetric spacetimes are characterized by a T
2 isometry group acting on T

3

effectively [14]. The time-dependent areas of the symmetry orbits provide a useful time coordinate, which along
with a coordinatization (θ, x, y) of T3 are known as the areal coordinates. In areal coordinates the metrics for
this family of spacetimes can be written in the form

g = e2(ν−u)
(

−αdt2 + dθ2
)

+ e2u (dx+Qdy + (G+QH)dθ)2 + e−2ut2 (dy +Hdθ)2 , (2.1)

where the fields ν, u,Q, α,G,H are functions of t, θ only. Global existence of solutions on the time interval
I = (0,∞) to the Einstein vacuum equations in this symmetry class in areal coordinates is shown in [6, 34].

The Killing vector fields associated to the T
2 symmetry (constant linear combinations of ∂x, ∂y) give rise to

twist quantities1

J∂x
= ⋆ (d(∂x)

♭ ∧ (∂x)
♭ ∧ (∂y)

♭) = te4u−2να−1/2(∂tG+Q∂tH), and

J∂y
= ⋆ (d(∂y)

♭ ∧ (∂x)
♭ ∧ (∂y)

♭) = −te−2να−1/2(t2∂tH +Qe4u(∂tG+Q∂tH)),

that can be shown to be constant [23], as a consequence of Einstein’s vacuum equations. In general T2-symmetric
spacetimes a suitable combination of ∂x, ∂y can be taken such that one of these twist constants vanishes [7].
An important subclass known as the Gowdy spacetimes [24] is characterized by the vanishing of both twist
constants.

2.2. The Polarized T
2-Symmetric Spacetimes. A T

2-symmetric spacetime is called polarized if there exist
spacelike Killing vector fields X,Y spanning the T

2 Lie algebra such that Q = g(X,Y )/g(X,X) = const. As
discussed in detail in [7], the coordinates can be adapted2 such that both the twist constant J∂x

and the constant
Q vanish. Assuming such a choice of coordinates, the metrics take the form

g = e2(ν−u)
(

−αdt2 + dθ2
)

+ e2u (dx+Gdθ)
2
+ e−2ut2 (dy +Hdθ)

2
, (2.2)

where, as a consequence of the coordinate conditions, the function G is time independent. For this choice of
coordinates d(∂x)

♭ = 2du ∧ (∂x)
♭, and thus the twist one-form ⋆(d(∂x)

♭ ∧ (∂x)
♭) associated with the Killing

vector field ∂x also vanishes; the Killing vector field ∂x is therefore hypersurface orthogonal. The other Killing
vector field ∂y is hypersurface orthogonal if and only if J∂y

= 0. In fact, one can show that ∂x is the unique
hypersurface orthogonal member of the Killing Lie algebra spanned by ∂x and ∂y if J∂y

6= 0, while all members
of this Lie algebra are hypersurface orthogonal if J∂y

= 0. Below, in the Einstein equations we label the square
of the remaining non-vanishing twist J∂y

by m.

The vacuum Einstein equations for polarized T
2-symmetric spacetimes take the form (see [6])

∂ttu+ t−1∂tu− α∂θθu =
1

2
∂θα∂θu+

1

2
α−1∂tα∂tu (2.3)

∂ttν − α∂θθν =
1

2
∂θα∂θν +

1

2
α−1∂tα∂tν − 1

4
α−1(∂θα)

2 +
1

2
∂θθα− (∂tu)

2 + α(∂θu)
2 +

3

4
mαt−4e2ν

(2.4)

∂tν = t(∂tu)
2 + tα(∂θu)

2 +
1

4
mαt−3e2ν (2.5)

∂θν = 2t∂tu∂θu− 1

2
α−1∂θα (2.6)

∂tα = −mα2t−3e2ν (2.7)

∂tG = 0 (2.8)

∂tH =
√
m
√
αt−3e2ν . (2.9)

1Here ⋆ denotes the Hodge star operator, and (∂x)♭ = g(∂x, ·) is the one form which is metric dual to the vector field ∂x.
2In our most recent work [2] we however exploit the fact that the set of polarized T

2-symmetric perturbations of Kasner solutions
is slightly more general when the gauge condition that Q and J∂x

vanish simultaneously is not imposed.
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Equation (2.4) is redundant as it can be generated from the remaining equations. Below we work with the first
order evolution equation for ν (2.5) and ignore (2.4).

2.3. The Kasner Spacetimes. The well-known Kasner spacetimes [31] are an important example of a family
of spatially homogeneous solutions of the Einstein vacuum equations. These can be written in constant mean
curvature gauge in the form gK = −dτ2 + τ2p1dx2 + τ2p2dy2 + τ2p3dz2, where the Kasner exponents satisfy
the relations

∑

i pi =
∑

i p
2
i = 1. Such spacetimes form a subclass of the polarized T

2-symmetric spacetimes in
which the twist vanishes (m = 0). In the areal coordinates used in (2.2) the fields take the form

u(K) =
1

2
(1 −K) ln t, ν(K) =

1

4
(1 −K)2 ln t, α(K) = 1, G(K) = H(K) = 0 (2.10)

for an arbitrary real constant K, which parameterizes the full family of Kasner spacetimes. The corresponding
Kasner exponents are

p1 =
K2 − 1

K2 + 3
, p2 =

2(1 +K)

K2 + 3
, p3 =

2(1−K)

K2 + 3
. (2.11)

3. Definition of AVTD Behavior

As described above in the Introduction 1, solutions to the Einstein equations may or may not be asymptoti-
cally velocity term dominated (AVTD). This important property is conjectured to hold generally in the polarized
T
2-symmetric class. In this subsection we define the AVTD property, and review known results regarding AVTD

behavior within the T
2-symmetric class.

The key feature of an AVTD solution is that near the singularity, which we assume here is located at t = 0,
as in the areal gauge above, the dynamics are modeled by a simpler system of equations. This model system,
which we refer to as the Velocity Term Dominated (VTD) System, is obtained from the Einstein equations by
dropping certain terms [28], notably those involving spatial derivatives in a specified gauge. For the polarized
T
2-symmetric spacetimes in areal gauge the VTD system is

t∂t(t∂tu) = −m

2
α(t∂tu)t

−2e2ν , (3.1)

t∂tα = −mα2t−2e2ν , (3.2)

t∂tν = (t∂tu)
2 +

m

4
αt−2e2ν , (3.3)

∂θν = 2t∂tu∂θu− 1

2
α−1∂θα, (3.4)

∂tG = 0, (3.5)

∂tH =
√
m
√
αt−3e2ν . (3.6)

Equations (3.5) and (3.6) are the same as the Einstein equations (2.8) and (2.9), since they do not contain
spatial derivative terms. The constraint (3.4), which contains only spatial derivative terms, is also the same as
(2.6) in the Einstein equations. Equations (3.1)-(3.4) form the main VTD system and the equations (3.5) and
(3.6) can be integrated once solutions to the main VTD system are obtained.

In this work we use the following definition of the AVTD property.

Definition 3.1. A solution (u, ν, α,G,H) with twist m > 0 of the polarized T
2-symmetric Einstein vacuum

equations (2.4)-(2.9) is AVTD in areal gauge provided there exists a solution

(u(V TD), ν(V TD), α(V TD), G(V TD), H(V TD))

of the VTD system (3.1)-(3.6) such that for an appropriate k ∈ Z and β ∈ R
+,

lim
tց0

∥

∥

∥
(u, ν, α,G,H)− (u(V TD), ν(V TD), α(V TD), G(V TD), H(V TD))

∥

∥

∥

Hk
= 0,

and

lim
tց0

∥

∥

∥tβ∂t

(

(u, ν, α,G,H)− (u(V TD), ν(V TD), α(V TD), G(V TD), H(V TD))
)∥

∥

∥

Hk
= 0,

(3.7)

where Hk denotes the Sobolev space with index k.

The weight tβ in the norm for the time-derivatives is motivated by the singular nature of certain metric
fields. Roughly speaking, if a spacetime solution is AVTD in the sense specified by Definition 3.1, then for
some time independent functions k̃ and ũ, the field u ∼ 1

2 (1 − k̃) ln(t) + ũ near t ց 0. While this asymptotic

behavior provides enough information to control the difference u− u(V TD), without employing additional high
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order estimates, the AVTD behavior does not control the asymptotic difference between ∂tu and ∂tu
(V TD).

Below, in Section 6.7, we prove that AVTD behavior with β = 1 holds for polarized T
2-symmetric spacetimes

for initial data sufficiently close to Kasner initial data.
This definition emphasizes an essential point of the AVTD property which is that the solution of the full

Einstein equations with this property asymptotically approaches a solution of a system of ordinary differential
equations (the VTD system). This definition is equivalent to the original definition of Isenberg and Moncrief
[28] provided one uses suitably weighted norms for the spatial metric and the second fundamental form in that
work.

We note that any AVTD solution has the feature that at each spatial point the metric fields converge to
values associated with a spatially homogeneous Kasner solution. The particular member of the Kasner family
generally varies from one spatial point to another.

Within the T
2-symmetric class that we focus on in this work, families of AVTD solutions were first proved

to exist for polarized spacetimes in the analytic category [27]. These results follow from the analysis of an
appropriate singular initial value problem in which solutions of the VTD system are prescribed as singular
data. This approach was later extended to the so-called “half-polarized spacetime solutions” (with or without a
cosmological constant [16]), which are characterized by certain restrictions on the asymptotic data. The existence
of families of smooth [15], and Sobolev-regular [1] AVTD solutions are also known within the polarized and
half-polarized T

2-symmetric class, again making use of Fuchsian methods for analyzing the singular initial value
problem. While the above cited works establish the existence of infinite-dimensional familes of AVTD solutions
in the polarized T

2-symmetric class, Theorem 4.1 below shows, for the first time, that AVTD solutions form an
open set within this class.

4. Main Result

The purpose of this paper is to discuss and prove the following result regarding the contracting asymptotics
of polarized T

2-symmetric vacuum solutions.

Theorem 4.1. Pick any K ∈ R such that |K − 1| > 2, any twist constant m ≥ 0, k ∈ Z≥3 and σ ∈ (0, 2κ0/3),
where κ0 = min{1, 14 (K−3)(K+1)}. Then there exists T0 > 0 and R0 > 0 sufficiently small such that any choice

of functions (ω̊, ν̊, G̊, H̊) ∈ Hk(T,R4) and (̊u, α̊) ∈ Hk+1(T,R2) satisfying the Einstein constraint equation at
t = T0

∂θν̊ = 2T0ω̊∂θů− 1

2
α̊−1∂θα̊

and such that

δ := ‖(T0ω̊ − 1

2
(1−K), T0∂θů, α̊− 1, T−1

0 eν̊ , T0∂θα̊)‖Hk < R0, (4.1)

generates a classical solution (u, ν, α,G,H) to the Einstein vacuum equations of the form (2.2) with regularity
(u, ∂tu, ∂θu, ν, ∂θν, α, ∂θα,G,H) ∈ C0

(

(0, T0], H
k(T,R9)

)

∩ L∞
(

(0, T0], H
k(T,R9)

)

∩ C1
(

(0, T0], H
k−1(T,R9)

)

with initial data (u, ∂tu, ν, α,G,H) = (̊u, ω̊, ν̊, α̊, G̊, H̊) at t = T0. The solution satisfies the following properties:

(1) Contracting asymptotics: There exist asymptotic data functions (k̃, ũ, ν̃, α̃, H̃) ∈ Hk−1 satisfying the
asymptotic constraint

∂θν̃ − (1− k̃)∂θũ+
1

2
∂θ ln(1 + α̃) = 0,

such that3
∥

∥

∥u(t)− u(k̃)(t)− ũ
∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

∥

∥

∥t∂tu(t)− t∂tu
(k̃)(t)

∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

∥

∥

∥α(t) − α(k̃)(t)− α̃
∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

‖ν(t)− ν(k̃)(t)− ν̃‖Hk−1 . t+ t2κ0−2σ,
∥

∥

∥H(t)− H̃
∥

∥

∥

Hk−1
. t

1
2 minθ∈[0,2π){(k̃(θ)−3)(k̃(θ)+1)}−2σ,

3We write f(t) . g(t) for arbitrary two functions f and g defined on (0, T0] if there exists a constant C such that f(t) ≤ Cg(t)
for all t ∈ (0, T0].
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for all t ∈ (0, T0], where (u(k̃), ν(k̃), α(k̃), G(k̃), H(k̃)) is the “pointwise Kasner spacetime” determined by

k̃ via (2.10). Lastly we have G = G̊ for all (t, θ) ∈ (0, T0]× T and the Kasner parameters k̃ and K are
related as

‖k̃ −K‖Hk−1 . δ. (4.2)

(2) AVTD: Each solution is asymptotically velocity term dominated in the sense of Definition 3.1 with
β = 1, and C2-inextendible in the contracting direction.

(3) Stability of the Kasner: We have
∥

∥

∥(u− u(K))/ ln t
∥

∥

∥

Hk−1
.

1

| lnT0|
∥

∥

∥ů− 1

2
(1−K) lnT0

∥

∥

∥

Hk−1

+
∥

∥

∥T0ω̊ − 1

2
(1−K)

∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 , (4.3)

∥

∥

∥t∂tu− t∂tu
(K)

∥

∥

∥

Hk−1
.

∥

∥

∥T0ω̊ − 1

2
(1−K)

∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 , (4.4)

‖(ν − ν(K))/ ln(t)‖Hk−1 .
∥

∥

∥T0ω̊ − 1

2
(1−K)

∥

∥

∥

Hk−1
+
∥

∥

∥T0ω̊ − 1

2
(1−K)

∥

∥

∥

2

Hk−1

+
1

| lnT0|
‖ν̊‖Hk−1 + T0 + T 2κ0−2σ

0 , (4.5)

∥

∥

∥α− α(K)
∥

∥

∥

Hk−1
.

∥

∥

∥α̊− 1
∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 , (4.6)
∥

∥

∥G−G(K)
∥

∥

∥

Hk
=

∥

∥

∥G̊
∥

∥

∥

Hk
, (4.7)

∥

∥

∥H −H(K)
∥

∥

∥

Hk−1
.

∥

∥

∥H̊
∥

∥

∥

Hk−1
+ T

1
2 minθ∈[0,2π){(k̃(θ)−3)(k̃(θ)+1)}−2σ
0 , (4.8)

where (u(K), ν(K), α(K), G(K), H(K)) is the Kasner solution determined by K via (2.10).

We remark that the constants T0 and R0 as well as all implicit constants in the estimates in this theorem
depend on the choices of parameters K, m, k and σ. The proof of Theorem 4.1 is given in Section 6.

Remark 4.2. We anticipate that this result will be useful in the proof of strong cosmic censorship within the
polarized T

2-symmetric class of spacetimes, where it is expected that all solutions are AVTD. To establish strong
cosmic censorship one must also show that the spacetime is geodesically complete in the expanding direction.
Such a result has been achieved for an open family of polarized T

2-symmetric spacetimes in work of LeFloch and
Smulevici [34]. There is however a mismatch in the current results concerning the expanding direction versus
the contracting. While we require initial data imposed at a time sufficiently near the t = 0 singularity, the
results of [34] in the expanding direction require that the initial data be imposed sufficiently far in the future.
It is certainly of interest to see if results in these two limits can be brought together.

Remark 4.3. One of the main structural restrictions of our theorem is the smallness assumption (4.1) for the
initial data imposed at t = T0 > 0. Essentially, our theorem states that for every choice of polarized T 2-
symmetric Cauchy data satisfying the Einstein constraint for which this condition holds, there is a unique
solution of the T2-symmetric polarized Einstein vacuum equations defined globally on (0, T0]×T

3 for which the
properties (1), (2) and (3) are satisfied. The solution in particular converges to the pointwise Kasner solution

(u(k̃), ν(k̃), α(k̃), G(k̃), H(k̃)) given by (2.10) at each spatial point θ for some spatially dependent function k̃.

This function k̃ is close to the constant value K of the original background Kasner solution according to (4.2).
The particular purpose of property (3) – Kasner stability – is to provide estimates for the difference between
any such solution of this theorem and the background Kasner solution determined by K. The estimates in
(3) interestingly suggest that the solutions which are compatible with the hypothesis of this theorem are not
necessarily all uniformly close to that Kasner solution. This is so because the quantities on the right sides of the
estimates in (3) are not all necessarily small if (4.1) holds. Nevertheless, it is clear that the set of all solutions,
for which these right-hand sides in (3) are small, do indeed satisfy the hypothesis of the theorem, especially
(4.1).

Remark 4.4. The other main restriction of this theorem is the condition |K − 1| > 2 which restricts the class
of Kasner solutions for which we prove stability within the family of polarized T

2-symmetric vacuum solutions.
This is consistent with earlier results [27, 54, 26, 1] that strongly suggest that this restriction for K is sharp.
Kasner solutions with −1 < K < 3 and K 6= 1 are expected to be unstable in the contracting time direction
if m > 0 in the sense that polarized T

2-symmetric perturbations of Kasner solutions given by some K in that
range do not converge to Kasner solutions given by some similar value k̃ at t = 0 as in our theorem. The
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properties of the borderline cases K = 3 or K = −1 as well as those of the flat Kasner case K = 1 are far less
clear. The dynamics of this instability are discussed in Section 5 using explicit examples. In this remark here,
we clarify the geometric meaning of the stability restriction |K − 1| > 2.

Recall that each diagonal Kasner solution of the form given by (2.10) and (2.2) and some K ∈ R has six
locally isometric diagonal coordinate representations [55], each of which gives rise to a different value ofK. Each
of these six isometric representations of the same Kasner solution is obtained by taking one of the six possible
permutations of the three spatial coordinates, redefining the time coordinate and finally introducing a new value
of K to bring the metric back to the same structure as the original metric (2.10) and (2.2). In the following we
refer to any such gauge transformation as a Kasner transformation. For the polarized T

2-symmetric perturbation
problem, we consider generic (in general spatially inhomogeneous) polarized T

2-symmetric perturbations of the
Kasner solution given by an arbitrary K ∈ R. Using Kasner transformations, we can, in principle, map any
polarized T

2-symmetric perturbation of the Kasner solution given by K to another (isometric) polarized T
2-

symmetric perturbation of the same, up to isometry, Kasner solution given by some other K. Since we have
fixed the gauge to represent the class of polarized T

2-symmetric geometries in Section 2, however, this can
only work for those Kasner transformations which are compatible with these gauge choices. It turns out that
this rules out all Kasner transformations. This is so because, first, the x-y-coordinate plane coincides with
the geometrically distinguished Killing orbits in our gauge and therefore all Kasner transformations except the
one which swaps the x- and the y-coordinates are incompatible. However, the Killing field ∂x is geometrically
distinguished from ∂y as the unique, up to rescaling, hypersurface orthogonal Killing field in our gauge if m > 0.
Thus, the Kasner transformation that swaps the x and the y coordinates is in fact also incompatible. This shows
that with respect to the gauge choices made in Section 2, the range |K − 1| > 2 geometrically distinguishes the
regime of stable polarized T

2-symmetric Kasner perturbations from the range −1 < K < 3, K 6= 1 of the (as
suggested by Section 5) unstable ones.

Remark 4.5. Keeping in mind Remark 4.4, we now present a fully geometric characterization of the classes
of stable and of unstable polarized T

2-symmetric perturbations, which is equivalent to the gauge dependent
characterization of stability in Theorem 4.1 together with the strong evidence for unstable dynamics in Section 5.
Pick an arbitrary spatially homogeneous Bianchi I solution g(0) on R×T

3 of the vacuum equations (i.e., a Kasner
solution). Let q1, q2 and q3 denote the eigenvalues of the Weingarten map (i.e., the mixed component second
fundamental form) induced by g(0) on the foliation of spatially homogeneous surfaces. Suppose that q1, q2 and
q3 are distinct and have corresponding eigenvector fields X1, X2 and X3. It then follows that we can find τ ∈ R

such that p1 = −τq1, p2 = −τq2, p3 = −τq3 satisfy the Kasner conditions
∑

i pi =
∑

i p
2
i = 1. Consider the set

of all vacuum metrics g on R × T
3 with the properties that, (i), X2 and X3 are Killing vector fields of g, (ii),

g(X2, X3) = 0, and, (iii), X3 is hypersurface orthogonal with respect to g. Theorem 4.1 states that there is an
open subset of stable polarized T

2-symmetric perturbations g of g(0) provided 1 > p1 > p2. On the other hand
if 1 > p2 > p1, Section 5 provides evidence that there is an open subset of unstable polarized T

2-symmetric
perturbations of g(0). Note that according to (2.11), the case 1 > p1 > p2 corresponds to |K − 1| > 2, while
p1 < p2 < 1 yields −1 < K < 3, K 6= 1. The exceptional case p1 = p2 corresponds to K = −1 or K = 3.

Remark 4.6. While the geometric source of the restiction |K − 1| > 2 is described above, the condition also
arises analytically in the application of our method. In the proof of the Theorem 4.1 in Section 6 below, we
introduce first order variables with parameter a ∈ R (cf. (6.14)). By adjusting a, we obtain, in Propositions 6.1
and 6.3, an open ball of solutions of the full polarized T

2-symmetric equations containing the Kasner solution
with a given parameter K, where a = 1

2 (1−K). The inequality |K − 1| > 2 arises as a necessary condition to
obtain the estimate (6.46) on the coefficient matrices for the first order system. In particular, the parameter
must satisfy |a| > 1, which, under the above relation between a and K, is equivalent to |K − 1| > 2.

This condition on K also ensures that an initial time T0 can be found such that the norm of the initial Kasner

data, which scales as T
1
4 (K−3)(K+1)
0 , can be made small, and is thus compatible with the condition (4.1). We

note that given a ball of polarized T
2-symmetric initial data centered on a particular Kasner data with Kasner

parameter K, any other Kasner data with parameter K̃ satisfying |K̃ − 1| > |K − 1| is also contained in the
ball.

Remark 4.7. The estimates specified for the contracting asymptotics in (1) of Theorem 4.1 are sharp in the
sense that we recover the full leading order terms that are identified in the Fuchsian studies of the singular initial
value problem for the polarized T

2-symmetric spacetimes [27, 16, 1]. We note that our results, at least for the
spatial metric, extend the asymptotics obtained in [22] for polarized T

2-symmetric spacetimes considered as a
subclass of the polarized U(1)-symmetric spacetimes, which are considered in that work. In [22] the authors
obtain sharp estimates for the asymptotics of the second fundamental form, whereas asymptotic estimates for
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the frame components are multiplied by a suitably large constant power of t. The more detailed asymptotics
we obtain in this work are likely a benefit of working within a symmetry-adapted gauge.

5. Spatially homogeneous solutions and the nature of the instability for −1 < K < 3, K 6= 1

Before we present the proof of Theorem 4.1 in Section 6, we first derive the general class of spatially ho-
mogeneous solutions of (2.3)-(2.9) explicitly in this section. On the one hand, this class of solutions serves as
an illustration for the theoretical results in Theorem 4.1. On the other hand, it allows us to shed light on the
nature of perturbations of Kasner solutions with −1 < K < 3, K 6= 1, and, in fact, show that such solutions
are unstable. Within the spatially homogeneous subclass of polarized T

2-symmetric spacetimes, this instability
is pure gauge. However, as we explain in Remark 4.4, some of the corresponding gauge transformations are
incompatible with the gauge choices made in Section 2 to represent the full class of generally inhomogeneous
polarized T

2-symmetric perturbations. In this sense, the instability is a geometric feature of the polarized
T
2-symmetric spacetimes, which we anticipate is also present in the spatially inhomogeneous setting.
Consider an arbitrary metric of the form (2.2) for which all metric functions ν, u, α, G and H are constant

with respect to the spatial coordinates (θ, x, y) but may depend on t. Any such metric is spatially homogeneous
of Bianchi I-type [55]. It is a well-known fact [55] that all Bianchi I solutions of the vacuum equations are locally
isometric to Kasner solutions. This allows us to construct the general class of spatially homogeneous solutions
of (2.3)-(2.9) by applying a suitable class of coordinate transformations to the standard diagonal Kasner metric
in the areal coordinate form given by (2.10) and (2.2)

g = t̃
K2

−1
2 (−dt̃2 + dθ̃2) + t̃1−Kdx̃2 + t̃1+Kdỹ2, (5.1)

with the coordinates in equation (5.1) labeled as (t̃, θ̃, x̃, ỹ). A general class of local4 coordinate transformations

from the coordinates x̃µ = (t̃, θ̃, x̃, ỹ) above to a new set of coordinates xµ = (t, θ, x, y) may now be introduced,
where in a first step, we require that the Killing Lie algebras spanned by (∂θ̃, ∂x̃, ∂ỹ) and (∂θ, ∂x, ∂y) are
isomorphic. This implies that the Jacobian M = (∂x̃µ/∂xν) is of the form

M =









M0(t) 0 0 0
M1 A11 A12 A13

M2 A21 A22 A23

M3 A31 A32 A33









, (5.2)

where the submatrix (Aik) is non-singular and constant both in space and time. A direct calculation reveals
that the metric obtained from (5.1) by this coordinate transformation is of the form (2.2) provided we set
M1 = M2 = M3 = 0 (in order to make the shift components zero), A12 = A23 = A32 = 0 (in order to make Q in
(2.1) zero), and G constant in time (which is equivalent to the condition that the first twist constant vanishes
and ∂x is therefore a hypersurface orthogonal Killing vector field), and we define the new areal (with respect to
the x-y-coordinate orbits) time coordinate

t = A22

√

A2
33 t̃

2 +A2
13 t̃

(K−1)2

2 , (5.3)

from which we can determine the function M0(t) in (5.2) implicitly. Observe here that we can, in general, not
express t̃ explicitly as a function of t. For this reason most functions in the following are expressed as functions
of t̃ instead of t. Here, and in all of the following, we also assume that A11, A22 and A33 are all positive.

Given these conditions, it follows from a straightforward calculation that the metric functions in (2.2) ex-
pressed in terms of the new coordinates (t, θ, x, y) take the following form:

e2u = A2
22 t̃

1−K , (5.4)

G =
A21

A22
, (5.5)

H =
A11A13t̃

1
2 (K−3)(K+1) +A31A33

A2
13t̃

1
2 (K−3)(K+1) +A2

33

, (5.6)

e2ν =
A2

22(A13A31 −A11A33)
2

A2
13 t̃

1
2 (K−3)(K+1) +A2

33

t̃
1
2 (1−K)2 , (5.7)

4The coordinate transformations in this section are in general incompatible with the global R × T
3-topology of the spacetime

manifold. If we apply a “local coordinate transformation”, we in fact first go to the universal cover R × R
3, then apply the

coordinate transformation on that manifold, and then finally go back to the original spacetime manifold R × T
3 by making each

spatial coordinate 2π-periodic. This is common practice in the literature.



STABILITY OF AVTD BEHAVIOR WITHIN THE POLARIZED T
2-SYMMETRIC VACUUM SPACETIMES 9

α =
16

(

A2
13 t̃

1
2 (K−3)(K+1) +A2

33

)2

A2
22(A13A31 −A11A33)2

(

A2
13(K − 1)2t̃

1
2 (K−3)(K+1) + 4A2

33

)2 . (5.8)

One can check that (5.4)-(5.8) is a solution of (2.3)-(2.9) for

m =
1

4
A2

13A
2
22A

2
33(K − 3)2(K + 1)2, (5.9)

using (5.3). Moreover, given any spatially homogeneous solution of (2.3)-(2.9) for arbitrary m ≥ 0, one can
determine all parametersK, A11, A21, A22, A31 and A33 and A13 from the data of the solution at some arbitrary
initial time t = T0 and from (5.9) so that this solution agrees with (5.4)-(5.8) for all times t. The functions
(5.4)-(5.8) therefore represent the general spatially homogeneous solution of (2.3)-(2.9) for arbitrary m ≥ 0.
The solution is twist-free (i.e. m = 0) if and only if A13 = 0 (unless K = 3 or K = −1) which follows from
(5.9). The original diagonal Kasner solutions (2.10) correspond to the special case

A11 = A22 = A33 = 1, A21 = A13 = A31 = 0. (5.10)

Observe here that the twist is pure gauge in the spatially homogeneous case. If we interpret (5.4)-(5.8) as a
particular subclass of the family of polarized T

2-symmetric solutions, however, all coordinate transformations
which would take solutions with m > 0 to solutions with m = 0 are inconsistent with the gauge choices in
Section 2, which represent the full class of polarized T

2-symmetric geometries. Specifically, within the spatially
homogeneous class, gauge transformations with an arbitrary value for A13 are allowed as above, while in the
full polarized T

2-symmetric class given in the gauge in Section 2 only gauge transformations with A13 = 0 are
permitted.

Given K ∈ R, and arbitrary parameters k̃ close to K, and A11, A21, A22, A31 and A33 and A13 close to
the values in (5.10), we interpret (5.4)-(5.8) with K replaced by k̃ as a (spatially homogeneous) perturbation
of the original diagonal Kasner solution (2.10) given by the parameter K. We refer to the Killing sub Lie
algebra spanned by ∂x and ∂y for (5.4)-(5.8) as T2-symmetry, and recall that ∂x is by construction hypersurface
orthogonal as required by our choice of gauge for the class of polarized T

2-symmetric metrics. As a consequence,
Theorem 4.1 must apply to these perturbations. The unstable behavior of solutions (5.4)-(5.8) with k̃ close
to K and −1 < K < 3 and K 6= 1 is made manifest in the asymptotic behavior as t ց 0. Notice that as a
consequence of

1

2
(K − 1)2 − 2 =

1

2
(K − 3)(K + 1),

we have, close to t = t̃ = 0, that t = A22A33t̃+ . . . if K > 3 or K < −1 or A13 = 0, and t = A22|A13|t̃
(K−1)2

4 + . . .
if −1 < K < 3, K 6= 1 and A13 6= 0. In the regime K > 3 or K < −1 or A13 = 0, if the dynamics of
polarized T

2-symmetric vacuum solutions is stable according to Theorem 4.1, it therefore follows that t and t̃
are “essentially the same” close to t = 0 (up to a factor) and the limits t ց 0 of (5.4)-(5.8) can be read off
directly:

t−(1−k̃)e2u =
A2

22

(A22A33)1−k̃
, G =

A21

A22
, H → A31

A33
,

t−
1
2 (1−k̃)2e2ν → A2

22(A13A31 −A11A33)
2

A2
33(A22A33)(k̃−1)2/2

, α →
(

A2
13 +A2

33

)2

A2
22(A13A31 −A11A33)2A4

33

.

We see that these limits depend continuously on the perturbation parameters k̃ close to K, and on A11, A21,
A22, A31 and A33 and A13 close to the values in (5.10).

However, in the case −1 < K < 3 and K 6= 1 we find that the limits at t = 0 are significantly different,
depending upon whether or not A13 vanishes. If A13 = 0, then

t−(1−k̃)e2u → A2
22

(A22A33)1−k̃
, G =

A21

A22
, H =

A31

A33
,

t−
1
2 (1−k̃)2e2ν → A2

22A
2
11

(A22A33)(k̃−1)2/2
, α =

1

A2
11A

2
11A

2
33

,

while if A13 6= 0, we have

e2ut
− 4

1−k̃ → A2
22

(A22|A13|)
4

1−k̃

, G =
A21

A22
, H → A11

A13
,
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e2νt
− 8

(k̃−1)2 → A2
22(A13A31 −A11A33)

2

A2
13(A22|A13|)

8
(k̃−1)2

, α → 16

A2
22(A13A31 −A11A33)2(k̃ − 1)4

.

This shows explicitly that in the parameter range −1 < K < 3, K 6= 1, the diagonal Kasner solutions (for
which m = 0) are unstable, and therefore they are, in a sense, bad models for general m > 0-solutions. In fact,
any arbitrarily small deviation from the twist-free case m = 0 leads to drastically different asymptotic behavior
at t = 0.

Given the explicit solutions discussed above, it is conceivable that certain perturbations of the m 6= 0 Kasner
solutions (as opposed to the diagonal twist-free Kasner solutions) within the family of polarized T

2-symmetric
solutions might be stable even if −1 < K < 3. While these Kasner solutions with twist are isometric to the
diagonal twist-free Kasner solutions in the spatially homogeneous setting (as we have shown above), this would
nevertheless constitute a geometrically distinguished perturbation analysis within the general class of spatially
inhomogeneous polarized T

2-symmetric solutions.

6. Proof of Main Result

6.1. Reformulation of the Polarized T
2-Symmetric Vacuum Einstein equations as a First Order

Symmetric Hyperbolic Fuchsian System. As noted above, to carry out the proof of our main result,
Theorem 4.1, we rely on Theorem 3.8 from reference [9], which we re-state in a modified form as Theorem A.1
below. This theorem requires that the Einstein equations for the polarized T

2-symmetric spacetimes be re-
expressed as a first-order symmetric hyperbolic Fuchsian system. We do this in two steps. As shown in the
appendix of [27], equations (2.3), (2.5), and (2.7) can be recast in first-order symmetric hyperbolic form. To do
this, we introduce the variables

(z0, z1, z2) = (u, ∂tu, ∂θu), ζ = ∂θα. (6.1)

The resulting evolution system, obtained as described in [27], is

∂tz0 = z1, (6.2)

∂tz1 = α∂θz2 −
1

t
z1 −

m

2t3
αz1e

2ν +
1

2
z2ζ, (6.3)

α∂tz2 = α∂θz1, (6.4)

∂tα = −m

t3
α2e2ν , (6.5)

∂tν = tz21 + tαz22 +
m

4t3
αe2ν (6.6)

and

∂tζ = −2m

t3
αe2ν

[

ζ + α

(

2tz1z2 −
ζ

2α

)]

, (6.7)

together with (2.8) and (2.9). Eq. (2.6) and (6.1) yield the following constraint equations

∂θν = 2tz1z2 −
1

2
α−1ζ, (6.8)

∂θz0 = z2, (6.9)

∂θα = ζ, (6.10)

which must hold at each t in addition to the above evolution equations. It has been shown in [27] that the
constraint equations propagate; i.e., given an arbitrary time interval I ⊂ (0,∞) and a sufficiently smooth
solution of (6.2)-(6.7) on I with the property that (6.8)-(6.10) are satisfied at one instance of time t0 ∈ I, then
(6.8)-(6.10) are satisfied for all t ∈ I.

While the system of evolution equations (6.2)-(6.7) is now in a useful symmetric hyperbolic form, which gives
rise to the standard local-in time well-posedness of the Cauchy problem, to apply the global-in time existence
Theorem A.1, it is necessary to recast the system in the Fuchsian form. To do this, we define the variables ξ,
ψ, w0, w1, w2 and η via

ν = ln(t) + ln(ξ), (6.11)

α = 1 + ψ, (6.12)

z0 = aw0, (6.13)

z1 =
1

t
(a+ w1), (6.14)
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z2 =
1

t
w2 (6.15)

and

ζ =
1

t
η, (6.16)

where a ∈ R \ {0} is a constant. A short calculation shows we can write (6.2)-(6.7) in terms of these variables
as

∂tw0 =
1

t

(1

a
w1 + 1

)

, (6.17)

2∂tw1 = 2(1 + ψ)∂θw2 +
1

t
ηw2 −

1

t
m(1 + ψ)(a+ w1)ξ

2, (6.18)

2(1 + ψ)∂tw2 = 2(1 + ψ)∂θw1 +
2

t
(1 + ψ)w2, (6.19)

∂tψ = −1

t
m(1 + ψ)2ξ2, (6.20)

4∂tξ =
1

t

(

4a2 − 4 + 8aw1 + 4w2
2(1 + ψ) + 4w2

1

)

ξ +
1

t
m(1 + ψ)ξ3 (6.21)

and

∂tη =
1

t
η − m

t
(1 + ψ)

(

4w2(a+ w1)(1 + ψ) + η
)

ξ2. (6.22)

The constraint equations (6.8)–(6.10) take the form

ta∂θw0 = w2, (6.23)

t∂θξ = 2(a+ w1)w2ξ −
1

2
(1 + ψ)−1ηξ, (6.24)

t∂θψ = η. (6.25)

We note that the equations (6.18)-(6.22) form a closed subsystem of evolution equations for the variables
{w1, w2, ψ, ξ, η}. We therefore focus on this subsystem first, together with (6.24)-(6.25), and then solve the
decoupled equations (2.8), (2.9) and (6.17) together with (6.23) in order to obtain solutions of the full vacuum
Einstein’s equations.

Writing the core evolution system (6.18)-(6.22) in matrix form, we have

B0∂tU +B1∂θU =
1

t
BPU +

1

t
F (6.26)

where

U = (w1, w2, ψ, ξ, η)
tr, (6.27)

B0 =













2 0 0 0 0
0 2(1 + ψ) 0 0 0
0 0 1 0 0
0 0 0 4 0
0 0 0 0 1













, (6.28)

B1 =













0 −2(1 + ψ) 0 0 0
−2(1 + ψ) 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0













, (6.29)

B =













2 0 0 0 0
0 2(1 + ψ) 0 0 0
0 0 1 0 0
0 0 0 4a2 − 4 + 8aw1 + 4w2

2(1 + ψ) + 4w2
1 +m(1 + ψ)ξ2 0

0 0 0 −4m(a+ w1)(1 + ψ)2w2ξ 1−m(1 + ψ)ξ2













, (6.30)
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P =













0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1













, (6.31)

and

F =













ηw2 −m(1 + ψ)(a+ w1)ξ
2

0
−m(1 + ψ)2ξ2

0
0













. (6.32)

The reason for rewriting equations (6.18)-(6.22) in the form of equation (6.26) is to verify that this system
is in the Fuchsian form of Section A in the Appendix, and more importantly, as we show in the next section,
that the system satisfies, for certain choices of the constants a, b, all of the coefficient assumptions stated in
Section A.1 of the Appendix. This establishes via an application of Theorem A.1, the existences of solutions to
the global initial value problem (GIVP)

B0∂tU +B1∂θU =
1

t
BPU +

1

t
F in (0, T0]× T, (6.33)

U = Ů in {T0} × T, (6.34)

under a suitable smallness condition imposed on the initial data Ů , and for a suitable choice of the constant a.

6.2. Global Existence for the Cauchy Problem Near the Singularity for Initial Data near Kasner.

6.2.1. Coefficient properties. To apply Theorem A.1 to the Einstein equations for polarized T
2-symmetric space-

times, we must verify that the coefficients appearing in these equations satisfy the hypotheses of Theorem A.1.
We do this in this subsection. Let a ∈ R \ {0} be given. Suppose that R > 0 and5

U = (w1, w2, ψ, ξ, η)
tr ∈ BR(R

5), (6.35)

where BR is the ball of radius R. Notice that the vector U is at this stage just a collection of real-valued
functions and not yet necessarily a solution of (6.33)-(6.34). First, we note that if

R < 1, (6.36)

then the matrix B0, defined by (6.28), satisfies

min{1, 2(1−R)}1I ≤ B0. (6.37)

It is also clear from (6.28) and (6.29) that the matrices B0 and B1 are symmetric; that is,

(B0)tr = B0 and (B1)tr = B1, (6.38)

while we see from (6.28), (6.29), (6.30) and (6.32) that B0, B1, B and F are smooth in (t, U). In particular, this
is enough to guarantee that the system (6.33) is symmetric hyperbolic, which is, in turn, enough by standard
local-in-time existence and uniqueness theorems to guarantee that the initial value problem (6.33)-(6.34) has
solutions on time intervals of the form (T1, T0] for some T1 ∈ (0, T0) where the initial data can be large, but
typically the size of the interval of existence is small; i.e., |T0 − T1| ≪ |T0|. What we are interested in is the
global initial value problem (GIVP) with T1 = 0, which in general can only hold under a small initial data
assumption.

Next, we note that the matrix P defined by (6.31) is a constant, symmetric projection operator; that is

P
2 = P, P

tr = P and ∂tP = ∂θP = 0. (6.39)

We further observe from (6.28) and (6.30) that

[P, B0] = [P,B] = 0. (6.40)

Letting
P
⊥ = 1I − P (6.41)

denote the complementary projection operator, it follows immediately from (6.40) that B0 satisfies

PB0
P
⊥ = P

⊥B0
P = 0. (6.42)

5In equation (6.35) and below, the superscript “tr” indicates the transpose operation.
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We further observe from (6.27), (6.31), (6.32), and (6.41) that F satisfies

PF = 0 (6.43)

and there exists a positive constant6 λ = O(R) such that

P
⊥F = O

(

λ

R
|PU |2

)

(6.44)

for all |U | < R.
Next, from (6.28) and (6.30), we see that7

κ0B
0|U=0 ≤ B|U=0

where
κ0 = min{1, a2 − 1}. (6.45)

So if |a| > 1, then for any σ ∈ (0, κ0), there exists a R > 0 depending on σ such that

κB0(U) ≤ B(U) (6.46)

for all |U | < R where
κ = κ0 − σ. (6.47)

To complete the verification of the coefficient properties from Section A.1, we observe from (6.26)-(6.32) that
divB, see (A.6), is given by

divB(U, ∂θU) =













0 −2∂θψ 0 0 0
−2∂θψ − 2m

t (1 + ψ)2ξ2 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0













.

From this formula, (6.27) and (6.31), it is clear that there exists a positive constant Θ = O(R) and β such that

divB(U, ∂θU) = O
(

Θ+
β

t
|PU |2

)

(6.48)

for all |U | < R, |∂θU | < R and t ∈ (0, T0].
Together, the results (6.37)-(6.44) and (6.46)-(6.48) imply that the Fuchsian equation (6.33) satisfies all the

coefficient assumption from Section A.1 for the above choice of constants R, κ, λ, Θ and β. Moreover, we note
that by choosing R sufficiently small we can make the constant λ as small as we like.

6.2.2. Global existence. We are now in a position to apply Theorem A.1 from the appendix. Doing so yields,
for a suitably small choice of the initial data, the existence of a classical solution U ∈ C1((0, T0]×T,R5) to the
GIVP (6.33)-(6.34) that satisfies the bound

‖U(t)‖L∞ < R (6.49)

for all t ∈ (0, T0], where R = R(σ) > 0 is small enough to satisfy (6.36) and ensure that (6.46) holds and that
the inequality κ > γ1(λ+ β/2) is satisfied.

Since (6.21) is an ODE that admits the trivial solution ξ = 0, it follows that if ξ|t=T0 > 0 on T, then this
holds for all t ∈ (0, T0]. The following proposition contains the precise statement of the existence result.

Proposition 6.1. Suppose k ∈ Z≥2, T0 > 0, |a| > 1 and σ ∈ (0, κ0) with κ0 given in (6.45), and8

Ů =
(

ẘ1, ẘ2, ψ̊, ξ̊, η̊
)tr ∈ Hk(T,R5)

is chosen so that ξ̊ > 0 in T. Then there exists a constant R0 > 0 such that, if Ů is chosen to satisfy

‖Ů‖Hk < R0, (6.50)

then there exists a unique solution

U ∈ C0
(

(0, T0], H
k(T,R5)

)

∩ L∞
(

(0, T0], H
k(T,R5)

)

∩ C1
(

(0, T0], H
k−1(T,R5)

)

⊂ C1
(

(0, T0]× T,R5
)

6 We use the usual big ‘O’, and little ‘o’ notation: In the limit t ց 0 f(t) = O(g(t)) if ‖f‖ < C‖g‖ for some constant C, and
f(t) = o(g(t)) if limt→0 ‖f‖/‖g‖ = 0 where the norm is chosen according to the context. The notation O is defined as follows:
f(t, v) = O(g(t, v)) for (t, v) ∈ (0, T0]×BR(RN ) if f(t, v) satisfies f(t, v) = h(t, v)g(t, v) for some h(t, v) satisfying |h(t, v)| ≤ 1 and
|∂ℓ

vh(t, v)| ≤ Cℓ for all (t, v) ∈ (0, T0]× BR(RN ) and ℓ ∈ Z≥1.
7Here we write B|U=0 to denote that B is evaluated at the zero vector in the argument corresponding to U .
8Here and below, Hk denotes the Sobolev space encompassing k’th order derivatives, and ‖ · ‖

Hk denotes the corresponding

norm.
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of the GIVP (6.33)-(6.34) such that the limit limtց0 P
⊥U(t), denoted P

⊥U(0), exists in Hk−1(T,R5). Moreover
U satisfies the bound (6.49) on (0, T0]×T, and the component ξ of U satisfies ξ > 0 in (0, T0]×T. Finally, for
0 < t < T0, the solution U satisfies the energy estimate

‖U(t)‖2Hk +

∫ T0

t

1

τ
‖PU(τ)‖2Hk dτ . ‖Ů‖2Hk (6.51)

and the decay estimates

‖PU(t)‖Hk−1 . tκ0−σ and ‖P⊥U(t)− P
⊥U(0)‖Hk−1 . t+ t2κ0−2σ. (6.52)

Observe that, in contrast to Theorem 4, we do not require T0 to be small here. The smallness requirement
for T0 is introduced only in Section 6.5.

6.3. Improved Decay Estimates for the Solutions Approaching the Singularity. Having established
the global existence of the GIVP (6.33)-(6.34) for sufficiently small initial data, the next step is to improve the
information regarding the asymptotic behavior for the solutions (as t ց 0) in (6.52) (at the cost of an order of
differentiability).

Proposition 6.2. Suppose k ∈ Z≥3, T0 > 0, |a| > 1, and σ ∈ (0, 2κ0/3) with κ0 given in (6.45), and

Ů =
(

ẘ1, ẘ2, ψ̊, ξ̊, η̊
)tr ∈ Hk(T,R5) (6.53)

satisfies ‖Ů‖Hk < R0 for R0 > 0 small enough so that by Proposition 6.1 there exists a unique solution

U =
(

w1, w2, ψ, ξ, η
)tr ∈ C0

(

(0, T0], H
k(T,R5)

)

∩ L∞
(

(0, T0], H
k(T,R5)

)

∩ C1
(

(0, T0], H
k−1(T,R5)

)

to the GIVP (6.33)-(6.34) such that the limit limtց0 P
⊥U(t) exists in Hk−1(T,R5), U satisfies the bound (6.49)

on (0, T0]×T, and the component ξ of U satisfies ξ > 0 in (0, T0]×T. Then labeling the components of P⊥U(0)
according to

P
⊥U(0) = (w̃1, 0, ψ̃, 0, 0)

tr, (6.54)

where w̃1, ψ̃ ∈ Hk−1(T), there exist elements w̃2, η̃ ∈ Hk−2(T) and ν̃ ∈ Hk−1(T) such that

‖t−1w2(t)− ln(t)∂θw̃1 − w̃2‖Hk−2 . t+ t2κ0−3σ, (6.55)

‖t−1η − η̃‖Hk−2 . t+ t2κ0−3σ (6.56)

and

‖ ln(ξ(t)) − ((a+ w̃1)
2 − 1) ln(t)− ν̃‖Hk−1 . t+ t2κ0−2σ, (6.57)

for 0 < t ≤ T0.
Finally, if the Cauchy data (6.53) satisfy the constraint (6.24) at t = T0, then the functions w̃1, w̃2, ψ̃, ν̃, η̃

satisfy the following asymptotic form of the constraint equation (6.24)

∂θ ν̃ − 2(a+ w̃1)w̃2 +
1

2
(1 + ψ̃)−1η̃ = 0. (6.58)

Proof. Setting

A :=
(

(B0)−1B
)

|U=0 =













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 a2 − 1 0
0 0 0 0 1













, (6.59)

we can express (6.33) as

∂tU =
1

t
APU +

1

t

(

(B0)−1B −A
)

PU +
1

t
(B0)−1F − (B0)−1B1∂θU.

Multiplying this equation on the left by

e− ln(t)AP =













1 0 0 0 0
0 1

t 0 0 0
0 0 1 0 0
0 0 0 1

ta2−1
0

0 0 0 0 1
t













, (6.60)

a short calculation shows that
V = (V1, V2, V3, V4, V5)

tr := e− ln(t)APU (6.61)
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satisfies

∂tV =
1

t
e− ln(t)AP

(

(B0)−1B −A
)

PU +
1

t
e− ln(t)AP(B0)−1F − e− ln(t)AP(B0)−1B1∂θU. (6.62)

From (6.27)-(6.32), (6.54) and (6.60), we then find after a straightforward calculation that we can express (6.62)
as

∂tV =
1

t













0
∂θw̃1

0
0
0













+
1

t













0
0
0

(2aw̃1 + w̃2
1 + f)V4

hV2 −m(1 + ψ)ξ2V5













+
1

t













1
2ηw2 − m

2 (1 + ψ)(a+ w1)ξ
2 + t(1 + ψ)∂θw2

∂θ(w1 − w̃1)
−m(1 + ψ)2ξ2

0
0













, (6.63)

where

f = 2aw1 + w2
1 − (2aw̃1 + w̃2

1) +
1

4

(

4(1 + ψ)w2
2 +m(1 + ψ)ξ2

)

(6.64)

and

h = −4m(a+ w1)(1 + ψ)2ξ2. (6.65)

The form of (6.63) motivates us to introduce the new variable

W :=













V1

V2 − ln(t)∂θw̃1

V3

t−(2aw̃1+w̃2
1)V4

V5













=













w1

t−1w2 − ln(t)∂θw̃1

ψ

t−(a2−1+2aw̃1+w̃2
1)ξ

t−1η













, (6.66)

which then allows us to express (6.63) as
∂tW = CW + F (6.67)

where

C =













0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1

t f 0
0 1

th 0 0 −m
t (1 + ψ)ξ2













(6.68)

and

F =
1

t













1
2ηw2 − m

2 (1 + ψ)(a+ w1)ξ
2 + t(1 + ψ)∂θw2

∂θ(w1 − w̃1)
−m(1 + ψ)2ξ2

0
ln(t)h∂θw̃1













, (6.69)

both depending on t, and W and ∂θW .
Integrating (6.67) in time yields

W (t) = W (t0) +

∫ t

t0

C(τ,W (τ))W (τ) + F(τ,W (τ), ∂θW (τ)) dτ (6.70)

for 0 < t0 ≤ t ≤ T0. By the triangle inequality, and the Sobolev and product estimates, see Proposition 2.4 and
3.7 from Chapter 13 of [53], we find, since k − 2 ≥ 1 > 1/2, that

‖W (t)‖Hk−2 ≤ ‖W (T0)‖Hk−2 +

∫ T0

t

‖C(τ,W (τ))‖Hk−2‖W (τ)‖Hk−2 + ‖F(τ,W (τ), ∂θW (τ))‖Hk−2 dτ.

From this we conclude via an application of Grönwall’s inequality that

‖W (t)‖Hk−2 ≤ e
∫ T0
t ‖C(τ,W (τ))‖

Hk−2 dτ

(

‖W (T0)‖Hk−2 +

∫ T0

t

‖F(τ,W (τ), ∂θW (τ))‖Hk−2 dτ

)

. (6.71)

But by (6.54), (6.64), (6.65), (6.68) and (6.69), we observe, with the help of the energy and decay estimates
(6.51)-(6.52) and the Sobolev and product estimates, see Proposition 2.4 and 3.7 from Chapter 13 of [53], that

∫ t

t0

‖C(τ,W (τ))‖Hk−2 + ‖F(τ,W (τ), ∂θW (τ))‖Hk−2 dτ .
(

t+ t2κ0−3σ
)

−
(

t0 + t2κ0−3σ
0

)

. (6.72)
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Thus, by (6.71), we have
sup

0<t<T0

‖W (t)‖Hk−2 . 1.

With the help of this uniform bound, we deduce from (6.70) and another application of the product, Sobolev,
and triangle inequalities, that

‖W (t)−W (t0)‖Hk−2 ≤
∫ t

t0

‖C(τ,W (τ))‖Hk−2‖W (τ)‖Hk−2 dτ +

∫ t

t0

‖F(τ,W (τ), ∂θW (τ))‖Hk−2 dτ

.

∫ t

t0

‖C(τ,W (τ))‖Hk−2 + ‖F(τ,W (τ), ∂θW (τ))‖Hk−2 dτ.

From this inequality and (6.72), we deduce that the limit limtց0 W (t) converges to an element of Hk−2(T), and
denoting this element by W (0), we can extend W (t) to a uniformly continuous map on [0, T0]; that is

W ∈ C0
(

[0, T0], H
k−2(T,R5)

)

,

and moreover, that
‖W (t)−W (0)‖Hk−2 . t2κ0−3σ + t (6.73)

for 0 < t ≤ T0. The stated estimates (6.55) and (6.56) are then a direct consequence of (6.66) and (6.73).
We observe that the previous arguments also yield an estimate for ξ (in addition to the estimates (6.55) and

(6.56) for w2 and η, respectively) via the estimate for the component W4 resulting from (6.73). However, since
the equation

∂tW4 =
1

t
fW4 (6.74)

decouples from the rest of the system (6.67), we can establish the estimate (6.56), with improved regularity.
Note that ξ, and therefore W4, is strictly positive everywhere on (0, T0]×T

3 as a consequence of Proposition 6.1
and (6.66). It follows that

ln(W4(t))− ln(W4(t0)) =

∫ t

t0

f(τ)τ−1dτ. (6.75)

From the definition of f , (6.64), and Proposition 6.1, we obtain ‖f(τ)‖Hk−1 . t2κ0−2σ + t, and hence

‖ ln(W4(t))− ln(W4(t0))‖Hk−1 . t2κ0−2σ + t− (t2κ0−2σ
0 + t0) (6.76)

for any 0 < t0 ≤ t ≤ T0. Thanks to the completeness of Hk−1(T), the sequence ln(W4(t)) converges in the limit
t ց 0 with respect to the Hk−1-norm and has a limit, which we call ν̃ ∈ Hk−1(T), such that

‖ ln(W4(t))− ν̃‖Hk−1 . t2κ0−2σ + t, (6.77)

for all t ∈ (0, T0]. The estimate (6.56) follows from (6.77) together with the identity

ln(W4(t)) = ln(ξ(t))− ((a+ w̃1)
2 − 1) ln(t)

obtained from (6.66).
To finish the proof, suppose that the Cauchy data (6.53) satisfy the constraint (6.24) at t = T0. We note that

this constraint propagates as a consequence of the propagation of (6.8) and the algebraically defined variables

(6.11)-(6.16). Hence, (6.24) holds for all t ∈ (0, T0]. For any such t we multiply this equation (6.24) by t−(a+w̃1)
2

to find that

0 =
∥

∥t−((a+w̃1)
2−1)∂θξ − 2(a+ w1)t

−1w2t
−((a+w̃1)

2−1)ξ +
1

2
(1 + ψ)−1t−1ηt−((a+w̃1)

2−1)ξ
∥

∥

Hk−3

=
∥

∥2 ln t∂θw̃1(a+ w̃1)t
−((a+w̃1)

2−1)ξ + ∂θ
(

t−((a+w̃1)
2−1)ξ

)

− 2(a+ w1)t
−1w2t

−((a+w̃1)
2−1)ξ

+
1

2
(1 + ψ)−1t−1ηt−((a+w̃1)

2−1)ξ
∥

∥

Hk−3

≥
∥

∥2 ln t∂θw̃1(a+ w̃1)e
ν̃ + ∂θe

ν̃ − 2(a+ w̃1)(ln t∂θw̃1 + w̃2)e
ν̃ +

1

2
(1 + ψ̃)−1η̃eν̃

∥

∥

Hk−3

−
∥

∥2 ln t∂θw̃1(a+ w̃1)(t
−((a+w̃1)

2−1)ξ − eν̃)
∥

∥

Hk−2 −
∥

∥t−((a+w̃1)
2−1)ξ − eν̃

∥

∥

Hk−2

−
∥

∥− 2(w1 − w̃1)t
−1w2t

−((a+w̃1)
2−1)ξ

∥

∥

Hk−2

−
∥

∥− 2(a+ w̃1)(t
−1w2 − ln t∂θw̃1 − w̃2)t

−((a+w̃1)
2−1)ξ

∥

∥

Hk−2

−
∥

∥− 2(a+ w̃1)(ln t∂θw̃1 + w̃2)(t
−((a+w̃1)

2−1)ξ − eν̃)
∥

∥

Hk−2
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−
∥

∥

1

2

ψ − ψ̃

(1 + ψ)(1 + ψ̃)
t−1ηt−((a+w̃1)

2−1)ξ
∥

∥

Hk−2

−
∥

∥

1

2
(1 + ψ̃)−1(t−1η − η̃)t−((a+w̃1)

2−1)ξ
∥

∥

Hk−2 −
∥

∥

1

2
(1 + ψ̃)−1t−1η̃(t−((a+w̃1)

2−1)ξ − eν̃)
∥

∥

Hk−2 ,

where in deriving this inequality we have used the fact that k − 2 > 1/2. Since |ψ| and therefore |ψ̃| are both

strictly smaller than 1 as a consequence of (6.49) with (6.36), and (t−((a+w̃1)
2−1)ξ − eν̃) = eν̃(exp(ln(ξ)− ((a+

w̃1)
2 − 1) ln(t)− ν̃)− 1), we conclude from (6.52), (6.55)-(6.57) and the Moser inequality that all but the first

line of this previous estimate go to zero in the limit t ց 0. This therefore implies the validity of the asymptotic
constraint (6.58). �

6.4. Solutions to the Full Polarized T
2-symmetric Vacuum Einstein Equations for Perturbations

of Kasner Initial Data. Propositions 6.1 and 6.2 establish the existence of global solutions of the initial value
problem (6.33)-(6.34) of the core evolution system (6.18)-(6.22), the leading-order behavior of the corresponding

variables
(

w1, w2, ψ, ξ, η
)tr

, and the existence of limits w̃1, ψ̃, ν̃ ∈ Hk−1(T) and w̃2, η̃ ∈ Hk−2(T). We have also
addressed the constraint (6.24), which, if it is satisfied by the initial data, propagates and then implies (6.58).
In order to construct solutions to the full vacuum Einstein equations for polarized T 2-symmetric spacetimes, it
remains to solve the decoupled evolution equation (6.17) for w0, (2.8) for G and (2.9) for H together with the
constraints (6.23) and (6.25).

Proposition 6.3. Consider the same conditions as specified in the hypothesis for Proposition 6.2. Let U be
the solution to the GIVP (6.33)-(6.34) determined by Cauchy data Ů with ‖Ů‖Hk < R0. Given any ẘ0, G̊, H̊ ∈
Hk(T), then the Cauchy problems of (6.17) with Cauchy data ẘ0, of (2.8) with Cauchy data G̊, and of (2.9)

with Cauchy data H̊ imposed at t = T0 have unique solutions

w0, G,H ∈ C1
(

(0, T0], H
k(T)

)

∩ L∞
(

(0, T0], H
k(T)

)

,

where G = G̊. Provided R0 is sufficiently small, there exists w̃0 ∈ Hk−1(T) and H̃ ∈ Hk−1(T) such that
∥

∥

∥w0(t)−
1

a

(

w̃1 + a
)

ln t− 1

a
w̃0

∥

∥

∥

Hk−1
. t+ t2κ0−2σ, (6.78)

∥

∥

∥H(t)− H̃
∥

∥

∥

Hk−1
. t2(γmin−1−σ), (6.79)

where γmin = minθ∈[0,2π){(a+ w̃1(θ))
2}. Finally, if the Cauchy data satisfy the constraints (6.23) and (6.25) at

t = T0, then

∂θw̃0 = w̃2, (6.80)

∂θψ̃ = η̃. (6.81)

Proof. The existence and regularity of the solution w0 follows directly from (6.17) and results concerning w1 in
Proposition 6.1. Given that (6.17) also implies

∂t

(

w0 −
1

a

(

w̃1 + a
)

ln t
)

=
1

at
(w1 − w̃1),

it follows that

y(t) := w0(t)−
1

a

(

w̃1 + a
)

ln t = y0 +

∫ t

T0

1

a
(w1(s)− w̃1)s

−1ds (6.82)

for some y0 ∈ Hk−1(T). For any monotonic sequence (tn) approaching zero, we therefore get

‖y(tn)− y(tm)‖Hk−1 ≤
∣

∣

∣

∣

1

a

∣

∣

∣

∣

∣

∣

∣

∣

∫ tn

tm

‖w1(s)− w̃1‖Hk−1s−1ds

∣

∣

∣

∣

.

∣

∣

∣

∣

∫ tn

tm

(s+ s2κ0−2σ)s−1ds

∣

∣

∣

∣

. |tn − tm|+ |t2κ0−2σ
n − t2κ0−2σ

m |, (6.83)

using (6.52). The sequence (y(tn)) is therefore a Cauchy sequence in Hk−1(T) and hence converges to a limit,
1
a w̃0 ∈ Hk−1(T). We choose the rescaling by a for later convenience. Setting tn = t for an arbitrary t ∈ (0, T0]
we can take the limit tm ց 0 to obtain (6.78).

The evolution equation (2.8) for G is trivial. The evolution equation (2.9) for H reads in our variables

∂tH =
1

t

√
m
√

1 + ψ t2((a+w̃1)
2−1)e2ν̃ exp

(

2(ln(ξ)− ((a+ w̃1)
2 − 1) ln(t)− ν̃)

)

,
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and therefore

H(t)−H(t0) =
√
me2ν̃

∫ t

t0

√

1 + ψ(τ) exp
(

2(ln(ξ) − ((a+ w̃1)
2 − 1) ln(t)− ν̃)

)

τ2((a+w̃1)
2−1)−1dτ

for any t, t0 ∈ (0, T0]. Since a2 > 1, we conclude from Propositions 6.1 and 6.2 as well as the Moser inequality
that

‖H(t)−H(t0)‖Hk−1 .

∫ t

t0

‖τ2((a+w̃1)
2−γmin)‖Hk−1τ2(γmin−1)−1dτ

. t2(γmin−1−σ) − t
2(γmin−1−σ)
0

so long as 0 < t0 ≤ t ≤ T0, since ‖τ2((a+w̃1)
2−γmin)‖Hk−1 is uniformly bounded on [0, T0] and since it follows

from Proposition 6.1 that w̃1 can be made so small that γmin > 1. Hence H(t) converges with respect to the

Hk−1-norm in the limit t ց 0 owing to the completeness of Hk−1(T). As a consequence, the limit H̃ lies in
Hk−1(T) and (6.79) follows.

If the constraint (6.23) is satisfied at t = T0, then (6.23) is satisfied at every t ∈ (0, T0] and

0 =
∥

∥a∂θw0 − t−1w2

∥

∥

Hk−2

≥
∥

∥

∥a∂θ

(1

a

(

w̃1 + a
)

ln t+
1

a
w̃0

)

− (ln(t)∂θw̃1 + w̃2)
∥

∥

∥

Hk−2

− |a|
∥

∥

∥w0 −
1

a

((

w̃1 + a
)

ln t+ w̃0

)∥

∥

∥

Hk−1
−
∥

∥t−1w2 − (ln(t)∂θw̃1 + w̃2)
∥

∥

Hk−2 .

According to (6.55) and (6.78), we can make the last two terms arbitrarily small in the limit t ց 0. Similarly,

0 =
∥

∥t−1η − ∂θψ
∥

∥

Hk−2

≥
∥

∥η̃ − ∂θψ̃
∥

∥

Hk−2 −
∥

∥t−1η − η̃
∥

∥

Hk−2 −
∥

∥

∥ψ − ψ̃
∥

∥

∥

Hk−1
,

where it follows from (6.52) and (6.56) that the latter two terms vanish in the limit t ց 0. This implies (6.80)
and (6.81). �

Before concluding this subsection, we establish further estimates on the time-derivatives of eν = tξ and H .
These estimates will be employed in Section 6.7 to obtain decay estimates for the differences between time
derivatives of solutions of the full Einstein vacuum system and of the VTD system.

Lemma 6.4. Suppose the conditions of Proposition 6.2 and 6.3 are satisfied, and let w0, w1, w2, ψ, η, ξ,H,G be
the corresponding solution of (6.17)-(6.22), (6.23)-(6.25), and (2.9)-(2.8). Then the estimates

∥

∥

∥t∂tν − (a+ w̃1)
2
∥

∥

∥

Hk−1
. t1−σ + t2κ0−2σ + t2(γmin−1−σ), (6.84)

∥

∥

∥t∂tH −
√
m(1 + ψ̃)1/2t2(a+w̃1)

2−2e2ν̃
∥

∥

∥

Hk−1
. t2γmin−2−σ(t+ t2κ0−3σ), (6.85)

∥

∥

∥t∂tψ +
√
m(1 + ψ̃)2t2(a+w̃1)

2−2e2ν̃
∥

∥

∥

Hk−1
. t2γmin−2−σ(t+ t2κ0−3σ), (6.86)

hold for σ > 0 that can be chosen arbitrarily small.

The lemma is established by first using (6.52), (6.55)-(6.57), and (6.78)-(6.79) to estimate the leading order
asymptotic behavior of the right-hand-sides of (2.9), (6.21), and (6.21) and then applying the product and
Moser estimates along with Sobolev’s inequality.

6.5. Stability of Kasner Solutions within the Vacuum Polarized T
2-symmetric Class. In this sub-

section, we show that there exists a sub-family of Kasner solutions that fall into the set of solutions whose
existence is guaranteed by Proposition 6.1 and 6.3. The other (non-Kasner) solutions guaranteed by Proposi-
tion 6.1 with the same choice of the parameter a are then interpreted as nonlinear perturbations of the Kasner
sub-family. The Hk estimates proved below strengthen the L∞-bound (6.49) guaranteed by the global existence
result Proposition 6.1. This result provides a notion of stability for the Kasner solutions within the polarized
T
2-symmetric vacuum class.
We note the variables used in Proposition 6.1 can be expressed, due to (6.1) and (6.11)-(6.16), in terms of

the metric fields of (2.2) as

ξ = t−1eν , ψ = α− 1, η = t∂θα, w0 =
1

a
u, w1 = t∂tu− a, w2 = t∂θu. (6.87)
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Using (6.87), we see that the Kasner solutions (2.10) therefore correspond to

ξ(K) = t
1
4 (K−3)(K+1), ψ(K) = 0, w

(K)
0 =

1

2a
(1 −K) ln t, w

(K)
1 =

1

2
(1−K)− a,

η(K) = w
(K)
2 = G(K) = H(K) = 0.

(6.88)

It is easy to confirm that for any K ∈ R, this is a solution of the full Einstein vacuum equations in the form
(6.17)-(6.25) for m = 0. Given an arbitrary T0 > 0, it is in fact the solution of the initial value problem of these
equations for Cauchy data

Ů (K) =
(1

2
(1−K)− a, 0, 0, T

1
4 (K−3)(K+1)
0 , 0

)tr

, ẘ
(K)
0 =

1

2a
(1 −K) lnT0, G̊(K) = H̊(K) = 0, (6.89)

imposed at t = T0; cf. (6.53). In particular it follows that the Kasner solution corresponding to an arbitrary K
with K > 3 or K < −1, i.e.,

|K − 1| > 2, (6.90)

agrees with the solution (U,w0, G,H) of the full Einstein vacuum equations (6.17) – (6.23) for m = 0 asserted
by Propositions 6.1 and 6.3 for the Cauchy data (6.89) provided we choose T0 sufficiently small and

a =
1

2
(1−K), (6.91)

which allows us to satisfy (6.50) because it follows that T
1
4 (K−3)(K+1)
0 can be made as small as necessary to apply

Proposition 6.1. Observe however that these conclusions would be invalid if −1 ≤ K ≤ 3, which is consistent
with our discussion in Section 5. Recall that there is no smallness condition for ẘ0 in Propositions 6.1 and 6.3.
It immediately follows from (6.91) that |a| > 1.

Given an arbitrary K as above, we set a according to (6.91). We then choose m ≥ 0 and a sufficiently small
T0. The solution (U,w0, G,H) of the full Einstein vacuum equations (6.17)-(6.23) asserted by Propositions 6.1

and 6.3 for arbitrary Cauchy data Ů as in Proposition 6.1 and (ẘ0, G̊, H̊) as in Proposition 6.3, which satisfy
the constraints (6.23)-(6.25) at t = T0, can be understood as a nonlinear perturbation of the Kasner solution
given by K, within the class of polarized vacuum T

2-symmetric solutions. In particular, we have from (6.52),
(6.55)-(6.57), (6.78), (6.79) and (6.88) that

∥

∥

∥w0 − w
(K)
0 − 1

a

(

w̃1 ln t+ w̃0

)∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

∥

∥

∥
w1 − w

(K)
1 − w̃1

∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

‖t−1w2 − t−1w
(K)
2 − (ln(t)∂θw̃1 + w̃2)‖Hk−2 . t+ t2κ0−3σ,

‖ ln(ξ(t)) − ln(ξ(K)(t)) − (2aw̃1 + w̃2
1) ln(t)− ν̃‖Hk−1 . t+ t2κ0−2σ,

∥

∥

∥
ψ − ψ(K) − ψ̃

∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

‖t−1η − t−1η(K) − η̃‖Hk−2 . t+ t2κ0−3σ,
∥

∥

∥G−G(K) − G̊
∥

∥

∥

Hk
= 0,

∥

∥

∥H −H(K) − H̃
∥

∥

∥

Hk−1
. t2(γmin−1−σ),

for all t ∈ (0, T0]. Using (6.52), (6.55)-(6.57), (6.78) and (6.79) with t = T0 to estimate the limit quantities in
terms of the initial data and T0, we get

∥

∥

∥
w0 − w

(K)
0

∥

∥

∥

Hk−1
.

∥

∥

∥
ẘ1

∥

∥

∥

Hk−1
| ln(t)|+

∥

∥

∥
ẘ0 − lnT0

∥

∥

∥

Hk−1
+ (1 + | ln(t)|)(T0 + T 2κ0−2σ

0 ),
∥

∥

∥w1 − w
(K)
1

∥

∥

∥

Hk−1
.

∥

∥

∥ẘ1

∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 ,

‖t−1w2 − t−1w
(K)
2 ‖Hk−2 .

∥

∥

∥ẘ1

∥

∥

∥

Hk−1
| ln(t)|+ ‖T−1

0 ẘ2‖Hk−2 + (1 + | ln(t)|)(T0 + T 2κ0−3σ
0 ),

‖ ln(ξ(t)) − ln(ξ(K)(t))‖Hk−1 .
∥

∥

∥ẘ1

∥

∥

∥

Hk−1
| ln(t)|+

∥

∥

∥ẘ1

∥

∥

∥

2

Hk−1
| ln(t)|+ ‖ ln(ξ̊) + ln(T0)‖Hk−1

+ (1 + | ln(t)|)|T0 + T 2κ0−2σ
0 ),

∥

∥

∥ψ − ψ(K)
∥

∥

∥

Hk−1
.

∥

∥

∥ψ̊
∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 ,

‖t−1(η − η(K))‖Hk−2 . ‖T−1
0 η̊‖Hk−2 + T0 + T 2κ0−3σ

0 ,
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∥

∥

∥
G−G(K)

∥

∥

∥

Hk
=

∥

∥

∥
G̊
∥

∥

∥

Hk
,

∥

∥

∥H −H(K)
∥

∥

∥

Hk−1
.

∥

∥

∥H̊
∥

∥

∥

Hk−1
+ T

2(γmin−1−σ)
0 ,

assuming that | ln(t)| ≥ | ln(T0)|. We can then divide the first, the third and the fourth inequality by | ln(t)|
(assuming that T0, and therefore t, is so small that | ln t| ≥ | ln(T0)| > 1) to find

∥

∥

∥(w0 − w
(K)
0 )/ ln(t)

∥

∥

∥

Hk−1
.

1

| lnT0|
∥

∥ẘ0 − lnT0

∥

∥

Hk−1 +
∥

∥ẘ1

∥

∥

Hk−1 (6.92)

+ T0 + T 2κ0−2σ
0 , (6.93)

∥

∥

∥w1 − w
(K)
1

∥

∥

∥

Hk−1
.

∥

∥ẘ1

∥

∥

Hk−1 + T0 + T 2κ0−2σ
0 , (6.94)

‖t−1(w2 − w
(K)
2 )/ ln(t)‖Hk−2 . ‖T−1

0 ẘ2/ lnT0‖Hk−2 + ‖ẘ1‖Hk−1 + T0 + T 2κ0−3σ
0 , (6.95)

‖(ln(ξ(t)) − ln(ξ(K)(t)))/ ln(t)‖Hk−1 .
∥

∥

∥ẘ1

∥

∥

∥

Hk−1
+
∥

∥

∥ẘ1

∥

∥

∥

2

Hk−1
+

1

| lnT0|
‖ ln(ξ̊) + ln(T0)‖Hk−1 (6.96)

+ T0 + T 2κ0−2σ
0 , (6.97)

∥

∥

∥ψ − ψ(K)
∥

∥

∥

Hk−1
.

∥

∥

∥ψ̊
∥

∥

∥

Hk−1
+ T0 + T 2κ0−2σ

0 , (6.98)

‖t−1(η − η(K))‖Hk−2 . ‖T−1
0 η̊‖Hk−2 + T0 + T 2κ0−3σ

0 , (6.99)
∥

∥

∥G−G(K)
∥

∥

∥

Hk
=

∥

∥

∥G̊
∥

∥

∥

Hk
, (6.100)

∥

∥

∥H −H(K)
∥

∥

∥

Hk−1
.

∥

∥

∥H̊
∥

∥

∥

Hk−1
+ T

2(γmin−1−σ)
0 , (6.101)

where we recall that the exact Kasner quantities are given by (6.88). The above inequalities bound the difference
between (1) an arbitrary solution of the full (polarized T

2-symmetric) Einstein vacuum equations (6.17)-(6.23)

as asserted by Propositions 6.1 and 6.3 for arbitrary Cauchy data Ů as in Proposition 6.1 and (ẘ0, G̊, H̊) as in
Proposition 6.3 which satisfy the constraints (6.24)–(6.25) at t = T0, and, (2) the Kasner solution given by K
uniformly for t ∈ (0, T0]. These bounds are given in terms of the size of the initial data and the size of T0. In
particular, this difference is therefore uniformly small provided T0 is small and

1

| lnT0|
∥

∥

∥ẘ0 − lnT0

∥

∥

∥

Hk−1
, ||

∥

∥ẘ1

∥

∥

Hk−1 ,

‖T−1
0 ẘ2/ lnT0‖Hk−2 ,

1

| lnT0|
‖ ln(ξ̊) + ln(T0)‖Hk−1 ,

∥

∥

∥
ψ̊
∥

∥

∥

Hk−1
,

‖T−1
0 η̊‖Hk−2 ,

∥

∥

∥G̊
∥

∥

∥

Hk
,
∥

∥

∥H̊
∥

∥

∥

Hk−1
,

are small.

6.6. Existence of Solutions to the Singular Initial Value Problem for the VTD Equations.

Propositions 6.2, 6.3, and 6.1 above establish the existence of solutions to the full Einstein vacuum equations
of the form

w0 =
1

a
(w̃1 + a) ln(t) +

1

a
w̃0 +O(t + t2κ0−2σ) (6.102)

w1 = w̃1 +O(t+ t2κ0−2σ) (6.103)

w2 = tw̃2 + t ln(t)∂θw̃1 +O(t2 + t1+2κ0−3σ) (6.104)

ψ = ψ̃ +O(t + t2κ0−2σ) (6.105)

η = tη̃ +O(t2 + t1+2κ0−3σ) (6.106)

ν = (a+ w̃1)
2 ln(t) + ν̃ +O(t+ t2κ0−2σ) (6.107)

H = H̃ +O(t2(γmin−1−σ)) (6.108)

G = G̊ (6.109)

where

G̊ ∈ Hk(T), w̃0, w̃1, ψ̃, ν̃, H̃ ∈ Hk−1(T), and w̃2, η̃ ∈ Hk−2(T). (6.110)
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We show below that such solutions are asymptotically velocity term dominated (AVTD). The leading order
terms in the expressions above have heuristically been shown to satisfy the VTD system [16, 27]. To make this
argument rigorous, we prove existence of solutions to the VTD system (3.1)–(3.3) with the above leading order
asymptotics. The technique is standard for Fuchsian ODE; see for example Theorem 5.1 of [32]. The system
of ODE considered here is parameterized by θ ∈ T

1, though no spatial derivatives occur in the main system
of equations. In order to compare the solutions of the VTD system that we obtain with solutions of the full
Einstein system (which does contain spatial derivative terms), below we employ estimates in a Sobolev space.
This comparison, and thus the verification of AVTD behavior, is performed in Section 6.7.

It is convenient to use the variables introduced above in (6.11)–(6.16). In terms of these variables, the VTD
equations (3.1)–(3.3) can be written as

t∂tw0 =
1

a
w1 + 1, (6.111)

t∂tw1 = −m

2
(1 + ψ)(a+ w1)ξ

2, (6.112)

t∂tψ = −m(b+ ψ)2ξ2, (6.113)

t∂tξ =
(

(a+ w1)
2 − 1

)

ξ +
m

4
(1 + ψ)ξ3. (6.114)

Before stating the main result of this subsection we introduce the Banach space

Ek,µ,T = {V ∈ C([0, T ], Hk(T,R4)) : sup
t∈(0,T )

‖t−µV ‖Hk < ∞}, (6.115)

of Hk-valued functions which are continuous on [0, T ] and vanish faster than tµ, µ ∈ R+ as t ց 0. Below, we
assume k ≥ 1 to ensure continuity in space.

Proposition 6.5. Let m > 0, k ≥ 1. Let w̄0, w̄1, ψ̄, ξ̄, H̄, Ḡ ∈ Hk(T), and let µ ∈ C∞(T) satisfy 0 < µ <
2(γ − 1), where γ := (a+ w̄1)

2 > 1 for all θ ∈ T. For any such choice of m, k, µ, w̄0, ψ̄, w̄1, ξ̄, H̄, Ḡ, there exists
a solution of the VTD equations (6.111)–(6.114) of the form

w0 =
1

a
((w̄1 + a) ln(t) + w̄0) + ω0, w1 = w̄1 + ω1, ψ = ψ̄ + ω2, ξ = tγ−1(ξ̄ + ω3), (6.116)

where Ω := (ω0, ω1, ω2, ω3) is in the space Ek,µ,T .
Further, provided w̄0, ψ̄, w̄1, ξ̄ satisfy

∂θξ̄ − 2(a+ w̄1)(∂θw̄0)ξ̄ +
1

2
(1 + ψ̄)−1(∂θψ̄)ξ̄ = 0, (6.117)

this solution of the form (6.116) is a solution to the full VTD system (3.1)–(3.6).

Proof. The system (6.111)–(6.114) implies the following system of equations for the new unknowns Ω:

t∂tΩ(t)− CΩ(t) = Φ(t) +H(t,Ω), (6.118)

where

C :=









0 1
a 0 0

0 0 0 0
0 0 0 0
0 0 0 0









, (6.119)

Φ(t) :=









0
φ1(t)
φ2(t)
φ3(t)









=









0

−m
2 (a+ w̄1)(1 + ψ̄)ξ̄2t2(γ−1)

−m(1 + ψ̄)2ξ̄2t2(γ−1)

−m
4 (1 + ψ̄)ξ̄3t3(γ−1)









, (6.120)

and in the limit t ց 0

H(t,Ω(t, θ)) :=









0
h1

h2

h3









=









0
O(t2(γ−1)(ω1 + ω2 + ω3)) + o(Ω2)

O(t2(γ−1)(ω2 + ω3)) + o(Ω2)
O(tγ−1(ω1 + ω3) + t3(γ−1)ω2) + o(Ω2)









. (6.121)

The O-notation (cf. footnote 6) in (6.121) is with respect to the ‖ · ‖Hk norm. For any T0 < 1, V,W ∈ Ek,µ,T0 ,
and any t ∈ (0, T0), H satisfies ‖H(t, V (t)) − H(t,W (t))‖Hk ≤ ‖tγ−1‖L∞‖V (t) − W (t)‖Hk . We note that
‖tγ−1‖L∞ = tγmin−1 , where γmin := minθ∈T γ(θ).
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Let F[Ω](t, θ) := Φ(t) +H(t,Ω(t, θ)), and formally define

G[V ](t, θ) := tC
∫ t

0

s−1s−CF[V ](s, θ)ds. (6.122)

This quantity is the formal integral solution of (6.118). We show that G[·] is a well-defined endomorphism on
Ek,µ,T , and is a contraction for T0 sufficiently small.

Note that

t−C :=









1 − 1
a ln(t) 0 0

0 1 0 0
0 0 1 0
0 0 0 1









. (6.123)

Since γ > 1, µ > 0, both ∂s(s
−CΩ) and s−1s−CF[V ](s, θ) can be integrated on [0, t], for any t < T0. Moreover,

it follows from µ < 2(γ− 1) that one can show G[0] ∈ Ek,µ,T0 . Thus G[·] is well-defined, and the solution of the
integral equation

Ω = G[Ω], (6.124)

should it exist, is differentiable in time and satisfies (6.111)–(6.114).
We verify G[·] exists by showing that it is a contraction mapping. To show this, let V and W be any two

elements of Ek,µ,T0 . Then,

sup
t∈(0,T0)

‖G[V ](t)−G[W ](t)‖Hk ≤ sup
t∈(0,T0)

{

|tC |
∫ t

0

s−1|s−C |‖F[V ](s)− F[W ](s)‖Hkds

}

,

≤ sup
t∈(0,T0)

{

|tC |
∫ t

0

sγmin−1s−1|s−C |‖V (s)−W (s)‖Hkds

}

≤ sup
t∈(0,T0)

{

|tC |
∫ t

0

sγmin+µ−1s−1|s−C |‖(V (s)−W (s))s−µ‖Hkds

}

,

≤ sup
t∈(0,T0)

{

|tC |
∫ t

0

sγmin+µ−1s−1|s−C |ds
}

sup
t∈(0,T0)

‖(V (t)−W (t))t−µ‖Hk .

In the last step, the factor ‖(V −W )t−µ‖Hk is bounded on [0, T0] since V,W ∈ Ek,µ,T0 . The positivity of µ and

γmin − 1 implies that Z(t) := |tC |
∫ t

0 sγmin+µ−1s−1|s−C |ds in the last equation above is bounded and vanishes
as t ց 0. Taking T0 sufficiently small it follows that supt∈(0,T0) Z(t) < 1, and thus that G[·] is a contraction on

Ek,µ,T0 . This shows existence of a unique solution to (6.124) and by the arguments above, a time-differentiable
solution to (6.118) in Ek,µ,T0 , and finally the existence of solutions to the VTD system (6.111)-(6.114) of the
form (6.116).

It remains to prove that the solution satisfies the full set of VTD equations (3.1)–(3.6). Let V := ∂θν −
2t∂tu∂θu + 1

2∂θ ln(α). A short calculation shows that ∂tV = −m
2 αt

−3e2νV . Thus, the SIVP has a unique zero

solution provided Ṽ = limtց0 V = 0. Analysis similar to that in Proposition 6.2 for the constraint in the full

Einstein system shows that Ṽ = 0 if and only if (6.117) holds. This shows that the constraint is propagated by
the VTD system under the assumption (6.117) on w̄0, ψ̄, w̄1, ξ̄. Solutions of the SIVP for the auxiliary equations
(3.5), (3.6) have been shown to exist in [1]. The results of that work apply here with A ≡ 0 (the metric field A
is denoted Q in (2.1) above). �

The following corollary is the analogue of Lemma 6.4 that holds for solutions of the VTD equations.

Corollary 6.6. Assume that the conditions of Proposition 6.5 hold. Then the time derivatives t∂t(ν
(V TD)),

t∂tH
(V TD), and t∂tψ

(V TD) satisfy
∥

∥

∥t∂tν
(V TD) − (a+ w̄1)

2
∥

∥

∥

Hk
. tµ + t2(γmin−1−σ), (6.125)

∥

∥

∥
t∂tH

(V TD) −
√
m(1 + ψ̄)1/2t2(a+w̄1)

2−2ξ̄2
∥

∥

∥

Hk
. t2(γmin−1−σ)+µ, (6.126)

∥

∥

∥t∂tψ
(V TD) +

√
m(1 + ψ̄)2t2(a+w̄1)

2−2ξ̄2
∥

∥

∥

Hk
. t2(γmin−1−σ)a+µ, (6.127)

for any σ > 0 which can be chosen arbitrarily small.

The proof of Corollary 6.6 follows essentially the same steps as the proof of Lemma 6.4.

6.7. Completion of the Proof of the Main Result. In this section we combine the results of the above
subsections in order to complete the proof of Theorem 4.1.
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6.7.1. Existence, Decay, and Uniform Bounds. Suppose K satisfies |K − 1| > 2 and σ ∈ (0, 2κ0/3), where

κ0 = min{1, 14 (K−3)(K+1)} are fixed. Let T0 > 0 and R0 > 0 be sufficiently small so that |T
1
4 (K−3)(K+1)
0 | < R0.

Set a = 1
2 (1 −K). Clearly |a| > 1 is as required for Proposition 6.1 and 6.2.

Given any set of functions (̊u, ω̊, ν̊, α̊, G̊, H̊) ∈ Hk(T,R6), which serve as initial data for the polarized T
2-

symmetric Einstein equations at T0 in the sense that (u, ∂tu, ν, α,G,H)|t=T0 = (̊u, ω̊, ν̊, α̊, G̊, H̊), and which
satisfy the Einstein constraint equations (2.6), we define

ẘ0 =
1

a
ů, ẘ1 = T0ω̊ − a, ẘ2 = T0∂θů, ψ̊ = α̊− 1, η̊ = T0∂θα̊, ξ̊ = T−1

0 eν̊ . (6.128)

Note that ξ̊ > 0. Assume that ‖Ů‖Hk < R0 for Ů =
(

ẘ1, ẘ2, ψ̊, ξ̊, η̊
)tr

. We may thus apply Proposition 6.1, 6.2,
and 6.3. This establishes the existence of a solution u, ν, α,G,H to the full set of Einstein vacuum equations,
and in addition the existence of functions (w̃0, w̃1, ψ̃, ν̃, H̃) ∈ Hk−1(T), and w̃2, η̃ ∈ Hk−2(T) such that

w̃2 = ∂θw̃0, η̃ = ∂θψ̃, and ∂θ ν̃ − 2(a+ w̃1)w̃2 +
1

2
(1 + ψ̃)−1η̃ = 0. (6.129)

Moreover, defining the asymptotic data

ũ = w̃0, k̃ = 1− 2(w̃1 + a), and α̃ = ψ̃,

the following decay estimates hold: From Proposition 6.1
∥

∥

∥t∂tu(t)−
1

2
(1− k̃)

∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

∥

∥

∥α− 1− α̃
∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

from Proposition 6.2

‖∂θu(t)−
1

2
ln(t)∂θk̃ − ∂θũ‖Hk−2 . t+ t2κ0−3σ,

‖ν(t)− 1

4
(1− k̃)2 ln(t)− ν̃‖Hk−1 . t+ t2κ0−2σ,

‖∂θα− ∂θα̃‖Hk−2 . t+ t2κ0−3σ,

and from Proposition 6.3
∥

∥

∥u(t)− 1

2
(1− k̃) ln t− ũ

∥

∥

∥

Hk−1
. t+ t2κ0−2σ,

∥

∥

∥H(t)− H̃
∥

∥

∥

Hk−1
. t2(γmin−1−σ),

noting that in terms of k̃, 2(γmin − 1 − σ) = minθ∈[0,2π){ 1
2 (k̃ − 3)(k̃ + 1)} − 2σ. In terms of these asymptotic

data the constraints (6.129) become

w̃2 = ∂θũ, η̃ = ∂θα̃, and ∂θ ν̃ − (1− k̃)∂θũ+
1

2
∂θ ln(1 + α̃) = 0.

In order to establish (4.2), we notice that ‖k̃−K‖Hk−1 = ‖2w̃1‖Hk−1 , using the definition of k̃ and the choice
of a above. Estimate (4.2) then follows by taking the limit to t = 0 of the estimate (A.7) which one obtains as
part of the proof of Proposition 6.1.

Let SK,m,R0 denote the set of solutions whose existence is established by the above application of Proposi-
tions 6.1, 6.2, and 6.3. The discussion in Section 6.5 shows that each solution in SK,m,R0 can be considered a
perturbation of the Kasner solution parameterized by K. The estimates (4.3)–(4.8) are obtained by converting
the estimates (6.92)–(6.101) back to the original metric variables.

6.7.2. AVTD Property. Fix a solution in SK,m,R0 (as introduced above in Section 6.7.1) given by (u, ν, α,G,H)

and having asymptotic data w̃0, w̃1, ψ̃, ν̃, H̃ , and initial datum G̊. Proposition 6.5 yields the existence of a family
of solutions of the form (2.2) to the velocity term dominated system (3.1)–(3.6) parameterized by functions
w̄0, w̄1, ψ̄, ξ̄, H̄, Ḡ. We show that the solution of the full Einstein vacuum equations asymptotically approaches
the solution of the VTD system specified by the following choice of asymptotic data functions

w̄0 = w̃0, w̄1 = w̃1, ψ̄ = ψ̃, ξ̄ = eν̃ , H̄ = H̃, and Ḡ = G̊.
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As a result of this choice, and the results of Propositions 6.1, 6.2, 6.3, and Proposition 6.5, as well as
Lemma 6.4 and Corollary 6.6, the right-hand sides of the following estimates are dominated by a positive power
of t. For any t ∈ (0, T0],

∥

∥

∥(u, α, ν,H,G)−(u(V TD), α(V TD), ν(V TD), H(V TD), G(V TD))
∥

∥

∥

Hk−1

≤
∥

∥

∥u− (w̃1 + a) ln(t) + w̃0

∥

∥

∥

Hk−1
+
∥

∥

∥u(V TD) − (w̃1 + a) ln(t) + w̃0

∥

∥

∥

Hk−1

+
∥

∥

∥α− 1− α̃
∥

∥

∥

Hk−1
+
∥

∥

∥α(V TD) − 1− α̃
∥

∥

∥

Hk−1

+
∥

∥

∥
ν − (w̃1 + a)2 ln(t)− ν̃

∥

∥

∥

Hk−1
+
∥

∥

∥
ν(V TD) − (w̃1 + a)2 ln(t)− ν̃

∥

∥

∥

Hk−1

+
∥

∥

∥H − H̃
∥

∥

∥

Hk−1
+
∥

∥

∥H(V TD) − H̃
∥

∥

∥

Hk−1
,+

∥

∥

∥G− G̃
∥

∥

∥

Hk−1
+
∥

∥

∥G(V TD) − G̃
∥

∥

∥

Hk−1
,

(6.130)

∥

∥

∥t∂tu− t∂tu
(V TD)

∥

∥

∥

Hk−1
≤
∥

∥

∥t∂tu− 1

2
(1 − k̃)

∥

∥

∥

Hk−1
+
∥

∥

∥t∂tu
(V TD) − 1

2
(1− k̃)

∥

∥

∥

Hk−1
(6.131)

∥

∥

∥t∂tH − t∂tH
(V TD)

∥

∥

∥

Hk−1
≤
∥

∥

∥t∂tH −
√
m(1 + ψ̃)1/2t2(a+w̃1)

2−2e2ν̃
∥

∥

∥

Hk−1
(6.132)

+
∥

∥

∥t∂tH
(V TD) −

√
m(1 + ψ̃)1/2t2(a+w̃1)

2−2e2ν̃
∥

∥

∥

Hk−1
(6.133)

∥

∥

∥t∂tν − t∂tν
(V TD)

∥

∥

∥

Hk−1
≤
∥

∥

∥t∂tν − (a+ w̃1)
2
∥

∥

∥

Hk−1
+
∥

∥

∥t∂tν
(V TD) − (a+ w̃1)

2
∥

∥

∥

Hk−1
, (6.134)

∥

∥

∥t∂tα− t∂tα
(V TD)

∥

∥

∥

Hk−1
≤
∥

∥

∥t∂tα+m(1 + ψ̃)2t2(a+w̃1)
2−2e2ν̃

∥

∥

∥

Hk−1
(6.135)

+
∥

∥

∥t∂tα
(V TD) +m(1 + ψ̃)2t2(a+w̃1)

2−2e2ν̃
∥

∥

∥

Hk−1
(6.136)

Recall that ∂tG = 0, and note that Proposition 6.5 and (6.11) imply that ν(V TD) = (w̄1 + a)2 ln(t) + ln(ξ̄) +
ln(1 + ω3/ξ̄). This establishes the AVTD property in a weighted norm with β = 1 (cf. Definition 3.1).

6.7.3. Curvature Blowup. Finally, we show that each solution in SK,m,R0 is inextendible as a C2 metric past
t = 0. The Kretschmann scalar K can be straightforwardly computed with the help of computer algebra [30, 17].
Evaluating K near t ց 0 using the expressions for the VTD expansion near the singularity, we find

K ∼ (k̃2 − 1)2(3 + k̃2)e4(ũ−ν̃)

4α̃
t−3−k̃2

. (6.137)

Recall definition (6.7.1) of k̃, ũ, ṽ, α̃. Clearly K is unbounded as t ց 0, which implies that the spacetime is
inextendible as a C2 manifold. The blow-up rate at each θ = const hypersurface is the same as a Kasner
spacetime with Kasner exponent given by K = k̃(θ). In fact, this calculation shows that any polarized T

2-
symmetric spacetime which is AVTD is inextendible as a C2 manifold in the contracting direction.

Appendix A. The Global Initial Value Problem for Symmetric Hyperbolic PDE Systems in

Fuchsian Form

As noted in the introduction, our results in this paper depend crucially on Theorem 3.8 from [9], which
establishes the existence of solutions of the “Global Initial Value Problem” (GIVP) for symmetric hyperbolic
partial differential equations systems in Fuchsian form. In particular, this theorem shows that for a PDE system
in the form

B0(t, u)∂tu+Bi(t, u)∇iu =
1

t
B(t, u)Pu+ F (t, u) in (0, T0]× Σ, (A.1)

with initial data

u = u0 in {T0} × Σ, (A.2)

specified at a time T0 > 0 on a closed manifold Σ, the solution u(t) exist for all time from T0 to the singular
time t = 0. Observe that in this general context T0 is not necessarily required to be small. Further discussion
and applications of the GIVP for PDE’s in Fuchsian form can be found in [42, 20, 35, 37, 38, 39, 57, 43]. The
particular form of the GIVP theorem which applies to our work in this paper is specified in Theorem A.1, which
we present below. For general Fuchsian PDE systems, there is a rather long set of coefficient assumptions – see
[9, §3.1.] – that need to be verified in order to apply this existence theorem. For the convenience of the reader,
we state in Theorem A.1 a simplified version of Theorem 3.8 from [9] that is sufficient for the application
considered in this article. The main point of this simplification is that it greatly reduces and simplifies the
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coefficient assumptions that need to be checked. Observe that the convention in the presentation in [9] is that
the times t and T0 are negative. Since we work with the positive time convention in this paper exclusively we
present all results in this appendix in terms of positive time intervals of the form (0, T0) or [0, T0].

For our application here, the Fuchsian GIVP takes a simplified form as follows:

B0(t, u)∂tu+Bi(t, u)∂iu =
1

t
B(t, u)Pu+

1

t
F (t, u) in (0, T0]× T

n, (A.3)

u = u0 in {T0} × T
n, (A.4)

where ∂i = ∂/∂xi, i = 1, 2, . . . , n are the partial derivatives with respect to the standard periodic coordinates
x = (xi) on T

n and the coefficients of the Fuchsian PDE system (A.3) are assumed to satisfy the following
hypotheses. We state these for PDE systems of general dimension, but note that in our application above
N = 5 and n = 1.

A.1. Assumptions on the Coefficients of the PDE System.

(i) T0 > 0 and u(t, x) is an R
N -valued map.

(ii) P ∈ MN×N is9 a symmetric projection operator; that is,

P
2 = P, P

tr = P, ∂tP = 0.

For use below, we define the complementary projection operator ; that is

P
⊥ = 1I − P,

which by our above assumptions, is also a constant, symmetric projection operator.
(iii) There exist constants R, κ, γ1, γ2 > 0 such that the matrix valued maps

B0 ∈ C0
(

[0, T0], C
∞(BR(R

N ),MN×N )
)

∩ C1
(

(0, T0], C
∞(BR(R

N ),MN×N )
)

and B ∈ C0
(

[0, T0], C
∞(BR(R

N ),MN×N )
)

satisfy

1

γ1
1I ≤ B0(t, v) ≤ 1

κ
B(t, v) ≤ γ21I ,

[P,B(t, v)] = 0,

B0(t, v)tr = B0(t, v)

and

P
⊥B0(t, v)P = PB0(t, v)P⊥ = 0

for all (t, v) ∈ (0, T0]×BR(R
N ).

(iv) The vector valued map F ∈ C0
(

[0, T0], C
∞(BR(R

N ),RN )
)

satisfies

PF (t, v) = 0 (A.5)

and for all (t, v) ∈ [0, T0]×BR(R
N ) there exists a constant λ ≥ 0 such that

P
⊥F (t, v) = O

(

λ

R
|Pv|2

)

for all (t, v) ∈ (0, T0]×BR(R
N ).

(v) The matrix valued maps Bk ∈ C0
(

[0, T0], C
∞(BR(R

N ),MN×N )
)

, k = 1, 2, . . . n, satisfy

B(t, v)tr = B(t, v)

for all (t, v) ∈ (0, T0]×BR(R
N ).

9We denote by MN×N the collection of constant N ×N matrices with real entries.
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(vi) There exist constants θ, β ≥ 0 such that the map

divB : (0, T0]×BR(R
N )×BR(R

N×n) −→ MN×N

defined by (I, J, . . . = 1, . . . , N ; i, j, . . . = 1, . . . , n; the Einstein summation convention is assumed)

(divB)IJ (t, v, w) := (∂tB
0)IJ (t, v) + (∂vKBi)IJ(t, v)w

K
i

+ (∂vKB0)IJ (t, v)((B
0)−1)KL (t, v)

[

−(Bj)LM (t, v)wM
j +

1

t
BL
M(t, v)PM

S vS +
1

t
FL(t, v)

] (A.6)

satisfies

divB(t, v, w) = O
(

θ +
β

t
|Pv|2

)

for all (t, v, w) ∈ (0, T0]×BR(R
N )×BR(R

N×n), where v = (vI), w = (wI
i ).

Note: It is not difficult to verify that

divB(t, u(t, x), Dxu(t, x)) = ∂t(B
0(t, u(t, x)) + ∂i(B

i(t, u(t, x)))

for solutions u(t, x) of (A.3).

A.2. Existence and Uniqueness Theorem for the Global Initial Value Problem for the Symmetric

Hyperbolic Fuchsian PDE System. We are now ready to state the existence theorem for the Fuchsian
GIVP that we employ in this article. It is a special case of Theorem 3.8. from [9], where we are using the
improvement to the decay estimate as discussed in Remark 3.10.(a).2 from [9]. One important difference to
notice in the theorem below compared to that of [9, Theorem 3.8.] is that the regularity requirement is lower
(i.e., k ∈ Z>n/2+1 versus k ∈ Z>n/2+2). This is due to the matrix terms Bi being regular in t (as specified
in condition (v) above) for the Fuchsian systems that we are considering, and it is this feature that allows the
application of [9, Lemma 3.5.] to be avoided in the existence proof, which leads to the reduction in the required
regularity.

Theorem A.1. Suppose k ∈ Z>n/2+1, σ > 0, u0 ∈ Hk(Tn,RN ), assumptions (i)-(vi) from Section A.1 are
fulfilled, and the constants κ, γ1, and λ from Section A.1 satisfy κ > γ1(λ + β/2). Then there exists a δ > 0
such that if ‖u0‖Hk(Tn) ≤ δ, then there exists a unique solution

u ∈ C0
(

(0, T0], H
k(Tn,RN )

)

∩ L∞
(

(0, T0], H
k(Tn,RN )

)

∩C1
(

(0, T0], H
k−1(Tn,RN )

)

of the GIVP (A.3)-(A.4) such that the limit limtց0 P
⊥u(t), denoted P

⊥u(0), exists in Hk−1(Tn,RN ).

Moreover, for 0 < t ≤ T0, the solution u satisfies the energy estimate

‖u(t)‖2Hk(Tn) +

∫ T0

t

1

τ
‖Pu(τ)‖2Hk(Tn) dτ . ‖u0‖2Hk(Tn) (A.7)

and the decay estimates

‖Pu(t)‖Hk−1(Tn) .

{

t if κ > 1

tκ−σ if 0 < κ ≤ 1

and

‖P⊥u(t)− P
⊥u(0)‖Hk−1(Tn) .

{

t if κ > 1

t+ t2(κ−σ) if 0 < κ ≤ 1
.

It is important to be aware that the constant δ as well as the implicit constants in the estimates in this
theorem, in general, depend implicitly on the choices of k, σ, and all the quantities introduced in assumptions
(i)-(vi) from Section A.1, in particular, T0, R, and κ. The proof of Theorem A.1, allowing for the change in
regularity noted above, follows essentially the same steps as the proof of Theorem 3.8 in reference [9].
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[17] D. Yllanes and J. M. Mart́ın-Garćıa. xCoba: General component tensor computer algebra. URL http://www.xact.es/xCoba .
[18] T. Damour, M. Henneaux, A. D. Rendall, and M. Weaver. Kasner-Like Behaviour for Subcritical Einstein-Matter Systems.
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19:2157–2243, 2018. doi:10.1007/s00023-018-0686-2.

[39] C. Liu and C. Wei. Future stability of the FLRW spacetime for a large class of perfect fluids. 2019, arXiv:1810.11788.
[40] J. Lott. Kasner-like regions near crushing singularities. 2020, arXiv:2008.02674v2.
[41] J. Lott. On the initial geometry of a vacuum cosmological spacetime. Class. Quantum Grav., 37(8):085017, 2020.

doi:10.1088/1361-6382/ab77eb.
[42] T. A. Oliynyk. Future stability of the FLRW fluid solutions in the presence of a positive cosmological constant. Commun.

Math. Phys., 346:293–312, 2016. doi:10.1007/s00220-015-2551-1. See the preprint [arXiv:1505.00857] for a corrected version.
[43] T. A. Oliynyk. Future global stability for relativistic perfect fluids with linear equations of state p = Kρ where 1/3 < K < 1/2.

2020, arXiv:2002.12526.
[44] H. Ringström. Strong cosmic censorship in T 3-Gowdy spacetimes. Ann. Math., 170(3):1181–1240, 2009.

doi:10.4007/annals.2009.170.1181.
[45] H. Ringström. Instability of spatially homogeneous solutions in the class of T

2-symmetric solutions to Einstein’s vacuum
equations. Commun. Math. Phys., 334(3):1299–1375, 2015. doi:10.1007/s00220-014-2258-8.

[46] H. Ringström. Linear systems of wave equations on cosmological backgrounds with convergent asymptotics. Astérisque, (420):1–
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