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1 Introduction

Narain theories, two-dimensional conformal theories of free fields compactified on a multi-
dimensional torus, have enjoyed renewed attention recently. Both in the context of holo-
graphic correspondence and the modular bootstrap program, Narain theories play the
Goldilocks role of theories rich enough and simple enough to be studied. Holographically,
the emphasis is on the bulk description of the ensemble of Narain theories [1-8]. As a
parallel development, the spectral gap of Narain theories has being studied numerically
using the modular bootstrap approach [1, 9, 10]. In both cases, the hope is that lessons
learned for Narain theories, which exhibit U(1)” x U(1)" symmetry, will be relevant for the
conventional “Virasoro” CFTs without extended symmetries.

Two years ago spinless bootstrap constraints for theories with U(1)™ x U(1)" symmetry
were shown in [9] to reduce to linear programming bounds of Cohen and Elkies on the
density of sphere packings [11]. This remarkable result establishes a connection between 2d
CFTs and a well-known problem in discrete mathematics. More recently, a certain family
of Narain theories was found to be related to quantum stabilizer codes [12, 13]. These
developments are conceptually similar. First, in both cases a subset of modular bootstrap
constraints reduces to a well-known problem, the linear programming bounds of [11] in the
case of sphere packings and those of Calderbank et al. in the case of quantum codes [14].
Second, the problems of maximizing the CFT spectral gap, sphere packing density, and code
Hamming (or other appropriate) distance are qualitatively similar, which can be utilized
e.g. to shed light on holographic properties of Narain theories [14]. We further elucidate
this point below.

In the context of classical codes, a central unsolved problem is of finding codes [n, k, d]
of fixed length n and rank (encoding code capacity) k with the maximal possible Hamming
distance d. Such codes are called optimal. The asymptotic value of maximal d/n for
fixed k/n and n — oo are not known. Maximal d is constrained by linear programming
bounds. If a code saturates a linear programming bound it is called extremal [15]. An
extremal code is automatically optimal but not vise versa. Historically in the context of
double-even self-dual binary codes, for which k& = n/2, extremal codes were defined as
those saturating a particular analytic linear programming bound d = 4[n/24] + 4. As the
linear programming bounds improved, some authors call the code extremal if it saturates
any subset of necessary constraints — the nomenclature we follow. It is an open question if
the optimal code(s) for n > 1, say optimal double-even self-dual linear binary code(s) with
n = 72, are extremal. A very similar situation and nomenclature applies to quantum codes.

For Narain CFTs, we propose to call a theory optimal if it maximizes the spectral
gap for the given central charge ¢ and extremal if it saturates (any subset) of the modular
bootstrap constraints. A conjectural list of optimal theories for 1 < ¢ < 8 was given in [1],
together with optimal (densest) lattice sphere pickings in 2¢ dimensions, see table 1. A
brief examination reveals that the picture for maximal spectral gap and sphere pickings is
similar — for certain small dimensions optimal lattices are related to codes. This is most
known for the densest sphere pickings in 8 and 24 dimensions, which are related to Eg and
Leech lattices (Hamming [8,4, 4] and Golay [24,12, 8] codes) correspondingly. But in fact



c| A theory/lattice A1 lattice

1| 1/2  SU(2); WZW V1/3 A

2| 2/3 SU) WZW | /1/2 Dy

3| 3/4 SU@4); WZW v/1/3 Es

4 1 SO(8); WZW 1 Eg

5 1 SO(10); WZW /4/3 Ao

6 | \/4/3  Coxeter-Todd 4/3  Coxeter-Todd
71 V4/3 /64/3 A1y

8 V2 Barnes-Wall V2 Barnes-Wall

Table 1. Table of hypothetical optimal Narain theories [1] (left panel) and densest lattice sphere
pickings in R?¢ [16] (right panel). Density of sphere packings in measured in A, which is half of
the shortest vector length squared.

for other dimensions optimal lattices are related to codes as well! [16]. For the Narain case,
conjectural optimal theories with ¢ = 3,4,5 from the table 1 are the code CFTs associated
with quantum stabilizer codes of [12, 13]. Up to T-dualities such codes/CFTs can be
parametrized by graphs on ¢ = n nodes. For ¢ = 3,4, 5 the optimal theories are code CFTs
associated with the fully connected graphs. Among them is the ¢ = 4 theory, associated
with the Fg lattice understood as a Narain lattice, which saturates the numerical Virasoro
bootstrap constraints and hence it is extremal and optimal among all 2d CFTs [1, 9, 17].

All optimal theories from table 1 exhibit “quantized” spectrum, i.e. the conformal
dimensions of U(1)¢ x U(1)¢ primaries are integer in some appropriate units,

A=kA*, keZT,

where A* may be irrational. This hints optimal theories beyond ¢ = 3,4, 5 might be related
to codes as well. In this paper we introduce a novel construction, complementary to the
construction of [12, 13] which maps a certain class of isodual codes over Fy, which we call
codes of N-type, to a family of Narain CFTs. We will call these theories code CFTs. The
spectrum gap of code CFTs is quantized in the units of A* = 1/4/3 which implies that
these are non-rational theories [18]. This is quite remarkable given that code CFT partition
functions exhibit a simple algebraic structure, hinting at a finite number of “characters.”
The spectral gap of a code CFT associated with the code C is given by

_ min{d,4}
1= 2\/§ ?

where d is the Hamming distance of C. Using this construction, we will show optimal
Narain theories from table 1 with ¢ = 6,7 are code CFTs.

(1.1)

'For example, lattice D4 which is optimal in R?, is the construction A lattice of the linear binary code
consisting of all codewords of even weight; the Coxeter-Todd lattice optimal in R® is the construction A
lattice of the Hexacode, as is reviewed in section 6.1.



Similarly to the case of [12, 13] where the CFT torus partition function had a closed-
form expression in terms of the code’s enumerator polynomial, in the present case the
partition function can be expressed in terms of extended enumerator polynomial W*, de-
fined in equation (4.16),

S W} (Uay)) )
>
Here 9, and 1), are particular Seigel theta functions defined in (4.19) and (4.20). Modular
invariance of Z is guaranteed by the algebraic properties of W*, outlined in (4.26), (4.31).
In fact any polynomial Wg satisfying those properties gives rise to a modular invariant Z,
serving as a useful ansatz solving the modular bootstrap constraints.

The paper is organized as follows. In section 2 we remind the reader the basics of codes
and their relation to lattices. In section 3 we define the codes of N-type and construct an
explicit map from these codes to Narain lattices. In section 4 we parametrize all N-type
codes and calculate their Seigel theta series in terms of the extended enumerator polynomial
WS, We also discuss algebraic symmetries of W*° and how they are solved by a ring of
invariant polynomials. Section 5 lists explicit examples, and in section 6 we construct the
optimal theories for ¢ = 6,7 using N-type codes. We conclude in section 7.

2 Background

In this section we review relevant background for codes over Fy and Narain CFTs. For a
more detailed pedagogical introduction see [13].

2.1 Codes and lattices

A linear binary code C is a k-dimensional vector space in F3' over the field F5. The field
F, = {0,1} consists of two elements with the conventional operations and 1+ 1 = 0. In
other words C is a set of 2¥ binary vectors, also called codewords. Elements of codewords
¢ € C are called letters. The vector space F3' is equipped with the Hamming norm (weight)
w(c) which evaluates the number of non-zero letters of ¢ € C C F3'. The Hamming distance
of a code is defined as the minimal Hamming weight of all of its non-trivial codewords,
d= i . 2.1
B () @1)
A code C C F§ of size 2F and Hamming distance d is said to be of type [n, k, d].
We define an inner product (-,-)p for binary codewords in the obvious way:

n
(c1,¢0)B = Zcilcé (mod) 2, c1,00 € F3 . (2.2)

i=1
This allows us define a dual code C* as the vector subspace in F3' orthogonal to C, i.e. con-
sisting of the binary codewords which are orthogonal to every codeword of C. A code is
self-orthogonal if C* C C, and self-dual if C* = C. The simplest example of a self-dual code

is the [2, 1, 2] “repetition” code consisting of two codewords, the trivial one ¢y = (0,0) and
= (1,1).



A mapping from a code to a lattice is called a Construction. The most basic one is
called Construction A: for additive codes over F; the lattice A(C) associated with the code
C is given by

AC) ={0/V2|T e (Fy)", =c(mod)2, z €C} CR". (2.3)

The normalization by /2 is necessary to ensure the lattice of the dual code is just the
dual lattice,

A(C) = (A(0))" . (2.4)

Certain properties of the code C translate to the properties of the lattice A(C). In particular,
if C is a self-dual code, then A(C) is a self-dual lattice. In addition, if C is an even code,
then every vector of A(C) has integral norm-squared.

To proceed further we define Fy, the field of four elements {0, 1,w,w}. It satisfies the
conventional algebra 0z = 0, x + 0 = 0, and 1z = x for any « € Fy. In addition, it also
satisfies x + & = 0; the sum of any two non-zero elements is equal to third one: 1+ w = @,
140 =w,w+w=1; and ww = 1. F; admits an external automorphism conjugation
which exchanges w <> @.

An additive code over Fy is defined as a k-dimensional vector subspace C € Ff'. It
consists of 2F codewords and is denoted [n, k, d], where the Hamming distance d is defined
as in (2.1) with the Hamming weight w(c) counting the total number of non-zero elements
of ¢ € C. There are many different ways to define an inner product on Fj'. Throught the
paper we will use the Hermitian inner product

n
(c1,02) = Zﬁﬁc’é + e, e,d €C. (2.5)

i=1
All algebra is understood in the sense of F; and therefore (cj,c2) is either zero or one.
As in the case of binary codes, for codes over Fy a dual code C* is defined as the vector
subspace in Fj' orthogonal to C with respect to the inner product (2.5). For a [n, k, d| code
C, the dual code C* would be [n,2n —k, J] The simplest example of a self-dual code would
be the [1,1,1] code consisting of a trial codeword Cy = (0) and ¢; = (z) where x is either

w,w or 1.

The algebraic properties of Fy become apparent if we identify elements z € Fy with
points on the complex plane. Namely 0,1 € F; are mapped to 0,1 € C, while w,w are

mapped to eF2m/3

. Upon imposing the equivalence condition 2x = 0 we obtain Fjy. This
simple observation is the idea behind Construction A, which is a mapping from codes over
F} to lattices. First, any element = € Fj can be represented as x = aw+bw where a,b € Zs.
This defines an invertible map, called Gray map, from Fy — F§ and codewords ¢ € C can

be represented as binary vectors in F2". The lattice associated with C is defined as
A(C) = {Gw+b@| (@,b) (mod)2=ceC} CC" =R, w=e™3 G =23 (26)

For a self-dual code C, the corresponding lattice (2.6) is 3-modular [15]. If we further
rescale it by 1/3'/4 the resulting lattice

A(C) = A(C)/3'/4 (2.7)



will be iso-dual, in the sense that the dual lattice is related to JNX(C) by a /2 rotation in
each complex plane of C™ [13]. More generally, for an arbitrary code (see appendix 8.1 for

a proof),
A(C) = OU)A(CY) . (2.8)
Here O™ acts in each complex plane C = R? with

w/2

and in (2.8) we abuse the notation by denoting both the lattice and its generating matrix
by A(C). It should be noted that lattice generating matrix is not unique, an action by
GL(2n,Z) defines the same lattice. Hence (2.8) could be understood either in the sense
of the equivalence under GL(2n,Z) or that one can find representatives A*(C) and A(C¥)
satisfying (2.8) as the matrix identity.

In the rest of the paper we will use somewhat different coordinates to represent INX(C ) C
R?". The first n coordinates will be the x-coordinates of the n complex planes of (2.6),
while the last n coordinates will be the y-coordinates,

A) = { (R(dw + %), 3(@w +5@)) ‘ (@5) (mod)2 = ¢ c} CR™ . (2.10)

2.2 Narain CFTs

Narain CFTs are theories describing compactificsation of n free scalars on a torus
parametrized by a metric G and a B-field. Mathematically, each Narain theory is uniquely
specified by a Narain lattice A, which is an even self-dual lattice in R™™. With the conven-

_ 2.11
n—( _1n> (2.11)

lattice vectors are usually denoted as (pr,pr) € A. The partition function of a Narain

tional metric

CFT on a Euclidean torus 7 is given by

1

20D = o

3 PLI2GPRIZ | g = 2T g = e 2T (2.12)
PL.PR)EA
Clearly orthogonal transformations O(n) x O(n) C O(n,n) which individually rotate pr,

and pr do not change the theory, although they change the lattice.
It is convenient to introduce coordinates to («, ) defined by

prL + PR PL — PR
o=t 0 g fLT IR 2.13
V2 5 V2 ( )

In these coordinates the metric becomes

= In 2.14
g—(ﬂn > (2.14)



It is always possible to apply O(n) x O(n) transformations and choose a lattice generator
matrix in the form (here and below we use A to denote both the lattice and its genera-

A= (V* BV) , (2.15)
v

tor matrix)

where v* = (v™1)7 is the dual lattice to 7. The matrix v generates the lattice which defines
the compactification torus, G = 77+ while B is an antisymmetric B-field. The form of
A (2.15) is convenient because it manifests self-duality of A; as a matrix A € O(n,n)
and obeys

ATgA = g € GL(2n,2) , (2.16)

and so the lattice is self-dual with respect to the metric g.

The central question of the modular bootstrap program is to determine the maximal
value of the spectral gap among all theories with a particular value of the central charge c.
For Narain theories, the question is about U(1)” x U(1)™ primaries, i.e. the length squared
of the shortest non-trivial lattice vector

2 4 2
Ay= min PLEPR (2.17)
(pL.PR)EA, 2
p7 +pR#£0

which one would like to maximize among all Narain lattices of the same dimension 2n = 2c.

3 Constructing Narain CFTs from codes over F}

In this section we describe construction N, which maps certain codes over F; to Narain
CFTs. As discussed in the section above, any code C over Fy can be mapped to a lattice
A(C) via (2.7). We might then expect that provided certain conditions on the code C are
satisfied, the resulting lattice will be a Narain lattice with respect to a properly defined
Lorentizan metric.

3.1 General construction

We start by discussing the most general case. Assume C is an additive code over Fj of
length n, and define its conjugate C to be the code C with each letter w replaced by @ and
vice-versa. Also define A(C) € R?" to be the lattice obtained via construction A from C
and rescaled by 1/3'/4 (2.10).

An important element of the construction will be a permutation of the letters of the
code. Define S to be a permutation of the letters which only permutes letters in pairs,
S~1 = S. We can think of S as an n x n orthogonal integral matrix, which then obeys
S = ST = §=1. We denote by S(C) the code C where we have permuted the letters of each
codeword according to S. We now claim the following.

Self-duality. If C* = S(C), then A(C) is self-dual with respect to the metric

1 S
gs=<1 >®S:(s ) (3.1)



Evenness. FEach letter ¢ of a codeword ¢ € C can be written as ¢¢ = a'w + b'@w for
a',b" € Zy. Then if
> (6% — a'aD) (mod)4 =0 (3.2)
=1

for every c € C, then the lattice A(C) is even with respect to the metric gs.

To use these claims to construct a Narain CFT from a code over Fy it would be
enough to show that g, is a Lorentizan metric with the signature (n,n) in R?". Indeed, gg
is related to (2.14) by a similarity transformation, g5 = O7 gO, with the orthogonal matrix
0 = (1" S)' The lattice OA(C) is then even and self-dual with respect to g, and hence
defines a Narain CFT.

Construction N. IfC obeys C* = S(C) and each codeword ¢ € C obeys (3.2), then A(C) =
A(C)/3'Y* is a Narain lattice with respect to gg.

Construction N specifies a certain class of codes over Fy satisfying Self-duality
and Evenness. We will call such codes “N-type codes”, and corresponding CFTs obtained
via this construction “code CFTs”. Since permutation and conjugations are transforma-
tions from the code automorphism group [14], N-type codes are isodual [n,n, d] codes over
Fy.

Before we proceed to prove the claims, let us explain why the pairwise permutation S
can not be easily generalized to an arbitrary permutation. The condition S? = 1 is crucial
for the metric (3.1) to satisfy g% = 1, a necessary condition provided gs is related to g by
an orthogonal transformation.

Let us prove the claims. We start with Self-duality. Following (2.8), the dual lattice
A* is related to A by

A1) = OV A () . (3.3)
We will abuse notation and denote by A also the generator matrix for the lattice /~X, in
which case A* = (]X_l)T. Then we can interpret (3.3) as matrix multiplication.

Since C* = S(C), we find that

Ay =0, PMoA(C) (3.4)

P(n):<_1 >®1n:<_ﬂ" ) a:112®5=<5 > (3.5)
1 1, S

Specifically, P(™ performs a conjugation in each complex plane, while o interchanges n

where

complex planes according to the permutation S. Note that

1,
7r/2Pn =g = (]ln ) ’ (36)
and that ¢ commutes with S. Then we have found
A*(C) = gsA(C) (3.7)

where gs = 0g = (4 ). Equation (3.7) manifests that 1~\(C) is self-dual with respect to gg.



Next we prove Evenness. The norm of a lattice vector 7 € A(C) is
|0* = v"gsv . (3.8)

Vector v can be also written as an n-dimensional complex vector with the coordinates

vi= 2 g’f;gzw for a’, b’ € Z such that

1> s oo
-2 _ - i1.S5() o i,.5(7)
15 _22<bb a'a®?) . (3.9)
i=1
It is enough to show that |]? (mod)2 = 0. First we show that we can restrict to a;,b; €
{0,1}. Indeed, shifting a’ — a’ + 2 for a particular i we find

172 = |72 + %@ + 0@ = |52 (mod) 2, (3.10)

where we used S = S~!. A similar argument works for b’. However, if a’, b’ € {0,1}, then
v is also a codeword of C. It is thus enough to have

> (6570 — a'a¥D) = 0 (mod) 4 (3.11)
i=1

for any codeword ¢, which is exactly our assumption (3.2).

3.2 Simplified construction for self-dual codes

The general construction simplifies for self-dual codes C = C*. Then the condition described
above reduces to the following one:

Construction N'. Consider a self-dual code C. For every c € C, define the weight wy(c)
for x € Fy to be the number of letters in ¢ which are equal to x. Then if for all codewords
c € C satisy

wz(c) — wy(c) =0 (mod) 4 , (3.12)

the lattice A(C) = A(C)/3'/* is a Narain lattice with respect to the Lorentzian metric g.

The construction N’ is equivalent to construction N (with a trivial permutation S = 1)
when it applies. To prove the claim we first show that A is even. The condition Evenness
in this case reduces to .

> ()~ (a)?) = 0 (mod) 4, (3.13)

i=1
for all codewords. Since a’,b’ € {0,1}, we can set (a’)? = @’ and similarly for b". Also
note, if the letter ¢! is equal to 1, it has a; = b; and so it does not contribute to this
sum, so that (3.13) can equivalently be reformulated as (3.12). To finish the proof, we
must show the lattice is also self-dual with respect to g. Since C is self-dual, to reduce it
to Self-duality, it would be enough to show that C = C. Indeed it can be shown that any
self-dual code that obeys (3.12) is invariant under conjugation, see appendix 8.2.

Construction N’ can be compared to another construction of Narain CFTs from codes
over Fy, called “new construction A” in [13]. While the conditions on the codes are slightly



different in the two constructions, there are still codes which obey both sets of conditions,
so that one can generate two CFTs from them. In this case, the corresponding Narain
lattices are related by a linear transformation (corresponding to the Gray map on Fj)
together with a rescaling.

4 Analyzing code CFTs

4.1 Universal properties of code CFTs

There are universal properties which are common to all N-type codes and code CFTs
obtained via construction N. We describe them below.

4.1.1 The binary subcode

For any code C over Fjy, we can define its binary subcode Cg C C which consists of only
those codewords whose letters are either 0 or 1, so that

Cp={clceC ceF}. (4.1)

For N-type codes, this will be some linear [n, k, dp| binary code, for some k,dp € N. This
subcode is usually much easier to study than the full code, and so it is useful to discuss its
properties in some detail.

As a reminder, we use (-,-) to denote the standard Hermitian inner product over
F, in equation (2.5) and (-,-)p to denote the standard binary inner product over F» in
equation (2.2). In addition, we will define an additional inner product (-,-)p,s which
denotes the binary inner product combined with the permutation S, i.e. (c1,¢2)Bs =
(c1,S(c2))p for binary codewords ¢y, co C F3'.

Now consider some N-type code C C F}', with Cp being its binary subcode. Denote
by Cj its binary dual with respect to the standard binary inner product (-,-)p. Then

Ch={S(c+0o)|ceCt={+7|deC"}. (4.2)

we prove this equation in appendix 8.3. It can be also shown Cj is even with respect to
the inner product (-,-)p,s, see appendix 8.4.

We can use this result to show that a certain codeword must always be part of C. By
rearranging letters in our code we can always bring the pairwise permutation S to the form

Ox




where o, = (; 1). S acts trivially on the first m letters and permutes the last n —m letters
in pairs (n —m must be even). Now, consider the codeword g = (1™,0"" ™). Note that
since C}; is even with respect to the inner product (-, -)p,g, this implies (8, ¢)p = 0 (mod) 2
for every ¢ € Cj. Therefore § € Cp C C, and so § = (1™,0""™) must always be a codeword
of our code C.

In the simpler case when we use construction N’; the code C always contains the
codeword b = (1"), so that C% is even. In addition, in this case the dual binary subcode is
self-orthogonal with respect to the usual inner product (-,-)p, so that C; C Cp C C.

4.1.2 Bounds on the spectral gap

There are universal bounds on the spectral gap of any lattice obtained via construction N
from a code C C F}'. Since the Narain lattice is given by a construction A lattice from
some code (up to a rescaling by 3'/4), the spectral gap is always given by (1.1):
min{d, 4}

23

For example, the lattice always includes the vector (2,0, ... ,O)/31/4, and so A1 < ﬁ.

Ay = (4.4)

For codes with large n, it is hard to find the Hamming distance d. However, there are
simpler bounds on A; which can be obtained. For example, the binary subcode of C is
usually much simpler than C itself, and dp = d(Cp) is an upper bound on the hamming dis-
tance

d(Cp)
A1 < 23

Similarly, we found above that if the permutation S keeps m > 0 letters invariant, the

(4.5)

code includes a codeword with m ones and zeros otherwise. This gives an upper bound
m
on Al < m
When the code is self-dual the bound is stricter. In this case Cj itself is also a subcode
of C, and therefore its Hamming distance also imposes an upper bound on the spectral gap,
so that in addition to the bounds discussed above, we also have d(Cg) < d(Cjy).

4.2 Generator matrices for code CFTs

First we note that the lattice 3/4A(C) is the construction A lattice obtained from a code
over Fy, see (2.10). As a result, each vector (371/47,3'/4@) € A(C) must have the fol-
lowing property: wu;,v; for each i are simultaneously integer or half-integer. This fol-
lows from the image of the elements x € Fj via Construction A, which maps 0,1, w,w to
(u,v) = (0,0),(1,0),(-1/2,1/2),(—1/2,—1/2) respectively. Accordingly, the description
of all lattices associated with codes via Construction N is as follows. A Narain lattice with
every vector (37147, 31/4%) satisfying

2u;, 205,V + u; € 7 (46)

can be unambiguously mapped back to an N-type code. Permutations of letters, at the
level of lattices, are the T-duality transformations permuting coordinates u; and v;. There
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are other T-duality transformations, namely orthogonal transformations Oy x Opg, which
commute with the metric gg and preserve the condition (4.6). In case of [13] all T-dualities,
at the level of codes were code equivalences. We leave open the question if this is also the
case for the codes/theories of N-type. Furthermore, in the case of binary stabilizer codes,
they and corresponding theories can be parameterized by graphs, with the T-duality induc-
ing equivalence conditions on the latter. It would be interesting to develop an analogous
formalism for the codes of N-type. We take first steps in this direction below.

We show that for N-type codes, the corresponding lattices and hence code theories can
be effectively parametrized by a handful of matrices satisfying simple constraints. This is
essentially a generalization of the “canonical form” applicable both to codes and associated
lattice. To derive it, we start by reminding basic properties of the Narain lattices. Every
Narain lattice A which is even and self-dual with respect to the metric g admits a generator

A= (7* BV) (4.7)

gl

matrix of the form

where v* = (y~1)7T is the dual lattice to  and B is an antisymmetric matrix. Now, since

(1n 1, A
93—( S)Q( S>, (4.8)

then if A is even and self-dual with respect to g, then A" = (™ ()A(™ o) is even and

self-dual with respect to gg, and vice-versa. Thus we learn for every lattice A(C) obtained
via construction N, the generator matrix can always be brought to the form

) “ ByS
AC) = (V ?js) (4.9)

For convenience, we will redefine v and B such that the generator matrix 1~\(C) takes

- _ ~* BvS 1/
A(C) = ( \/3575> /3% (4.10)

the form

We may now use lattice equivalences to bring A(C) to the simplest form possible, by
bringing v*,~ and B to their “canonical” forms. We perform this analysis in appendix 9.
The result is that the generator matrix A for a code theory associated with a given pairwise
permutation S can always be brought to the form (4.10), where v*,~,S and B are given
as follows:

e ~* is obtained by taking the generator matrix for the construction A lattice obtained
from the binary subcode Cp C C via (2.3), and further multiplying it by /2. The
binary subcode is an [n, k, dg] linear code, and so y* can always be brought to the form

o (2 Ln—k bT) (4.11)

1y
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for some k x (n — k) matrix b which takes values in {0,1} and which completely
specifies the binary subcode. This means that

y=0"N"= (éﬂnk ) : (4.12)

—1b 1,

o After putting v* into this form, S is not necessary in the canonical form (4.3); instead,
it is equivalent to the form (4.3) up to permutations of the rows and columns. Thus,
S is some matrix whose elements are 0,1 and which obeys S? =1 and ST = S. We
can represent S as a block matrix:

S S
5:< . 12) : (4.13)
Sta S22

where S17 is an (n — k) X (n — k) matrix, and Sy is k X k.

e B takes the form

B+ bS8ty — S1ab b7'Sa — S
B:< 12 12 22 12 ’ (4.14)

ST, — Saob 0
with B an integer (n — k) x (n — k) antisymmetric matrix defined mod 4.

In addition, due to the constraint (4.6), we must have

B + bTSE — S19b — bTSQQb + 511 = B + (]ln,k’bT) S (jlnbk) =0 (mod) 2. (4.15)
This is a complicated constraint in general. But if we focus on the diagonal, we find that
since B is antisymmetric, this reduces to the constraint that the matrix (1,_|b")S( E"b*’“ )
has 0’s on the diagonal. This means that the code Cp must be even with respect to the
inner product (-,-)p,s, which was indeed proven to be the case in section 4.1.1.

To summarize, we have found that generating matrices for code CFTs obtained via
construction N are completely fixed in terms of the given permutation S (i.e. a matrix
whose elements are 0,1 and which obeys S? = STS = 1), along with a k x (n — k) binary
matrix b and an antisymmetric integral (n — k) x (n — k) matrix B defined mod 4 and
obeying (4.15). In terms of these matrices, the matrix v* is given by (4.11), B is given
by (4.14), and the full generator matrix is given by (4.10).

We thus have a full classification of all possible generator matrices, and so one can find
all code CFTs, up to T-duality, by generating all possible building blocks S,~*, B obeying
these constraints. Specifically, the procedure is the following. Start by choosing a kx (n—k)
matrix b which takes the values 0 or 1, which specifies v* using (4.11). Next, choose a
permutation matrix S. This is an n x n symmetric matrix which obeys S? = S7§ = 1 and
takes the values 0 or 1, such that in every row and column exactly one element is nonzero.
This defines a permutation of the bits. Finally, we must choose a matrix B. This is an
(n—k) x (n—k) integral antisymmetric matrix defined mod 4. This matrix must also obey
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the condition (4.15). Since we have already chosen b and S, this constraint can be easily
solved, and allows for two choices for the value of each element of B. Specifically, if the
corresponding element of (1,,_x[b7)S( ﬂ"b"“ ) is zero mod 2, then the element of B can be 0
or 2. Otherwise, the element of B can be 1 or 3.

Finally, we discuss the simplifications that occur for the construction N’. In this case,
S =1, and so in equation (4.13) we find S7; = 1j, So2 = 1,,_ and S is the zero matrix.
The main simplification is in the constraint (4.15). Using the fact that the dual of the
binary subcode Cj is self-orthogonal in this case, the constraint reduces simply to the
requirement that the elements of B must be even. Thus to generate all code theories of
this type we choose b as above, and in addition choose an (anti)symmetric (n—k) x (n—k)
matrix B which is defined mod 4 and can take only even values.

4.3 Partition functions

The partition function of a code CFTs is related to enumerator polynomial of the corre-
sponding code C, similarly to the discussions in [13]. However, our construction relates
the partition function to an extended enumerator polynomial W* which depends on the
permutation S. W¥ is defined for a pair: a code and the pairwise permutation S. It is a
polynomial in 14 variables:

WE ({ta}, {tayh) = > T 6@ T 1, (4.16)

ceC xeFy z,yeFy

where Hlx,y means that only ordered pairs (z,y) are included in the product. We thus
have 4 variables ¢, and 10 variables ¢, (because of symmetry t,, = ty;). w(c) counts
how many non-permuted letters z € Fj appear in each codeword ¢, while wgy(c) counts
how many pairs of letters (x,y) are permuted into each other. In the case of a trivial
permutation S = 1, wyy = 0 for all codewords, and WCS reduces to the standard full
enumerator polynomial W ({t;}).

The partition function (2.12) of a code CFT can be written in terms of W,

Zne) = VITQCWCS (e}, {¥ay}) (4.17)

where the ¢’s are defined as follows. We define k = (ki, ko) € Z2, and define g(z) for
x € Fy to be the Gray map:
9(0)=(0,0),  g(1) =(1,1),

- (4.18)
g(w) =(1,0), g@)=1(0.1).

In the language of the condition (3.2), we have = = a,w + b,w and g(x) = (ay,b,). Then

Py = Z exp[vi Qav] , v=2k+g(x), (4.19)
kez?

Yoy = Y explv Quv],  v=2k+(9(z),9(1)) (4.20)
kez4
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where

iTg _ T1  _ 4T _ iT2 0 TL
Oy = im (‘/3 s ) L Qu=ar| 2OV 2L (g9
_ 1792 T + 172 _Q 0 172 _ 172
2v/3 2 V3 2 V3 2V/3
0 T _ 1Ty T2
2 2v/3 V3

and we have written 7 = 1 + i1y for 7, » € R.

Now we would like to verify modular invariance of the partition function (4.17). First
we discuss S-transformation 7 — —1/7. We start with Poisson resummation of a general
theta-series of the form

Z e(2ﬁ’+€)TQ(2fi+8) _ Z 6§w2mTQ*1m+mmTc . (4.22)

1
iezN V det (—42/) mezN
where Q is an N x N matrix Q and c is an N-dimensional vector. Using (4.22) and the
fact that both Q2,4 obey Q71(7) = %Q(—l/T) up to signs which can be removed by

redefining some of the integers in the sum, we find transformations of the v’s. To write
them concisely we introduce auxiliary variables

o+t +tw+tw

th = 5 ,
¢ — to+t1 —ty —tg
2 )
4.23
tlit()_tl-i-tw—tw ( )
w 2 )
oo to—t1 —tu + 1z
w 9 )
as well as
, 1
to = Z(too —t11 — tow + tww + 2two — 2tz1),
1
tmo = Z(too —t11 + tow — tww + 2tmo — 2tw1)
1
tho = Z(too +t11 — tom — tww + 2t10 — 2t5w),
1
tlww = Z(tOO + 11 — tgg — tww — 2t10 + 2tww);
1
tllw = Z(tOO —t11 + tog — tww — 2tg0 + 2tw1)7
1 (4.24)
ty = 7 (to0 = 11— o+t — 2t + 211),
1
too = 7 (foo + 111 + tom + tuw + 2o + 2t + 2t10 + 2tz + 21 + 2tz),
1
th = Z(too + t11 + tom + tww — 2tm0 — 2two + 2t10 — 2t — 2tw1 + 2tmw),
1
b = Z(too +t11 + tom + tww + 2tm0 + 2two — 2t10 + 2t51 — 2t — 2t5w),
1
tow = Z(too + t11 + tom + tww + 2tz0 + 2two — 2t10 — 2tm1 + 2t — 2tgw)-
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In terms of these variables the analog of the MacWilliams identity takes the form

WE ({ta} {tay}) = WE (L}, {5, }) - (4.25)

Note that for S = 1 this reduces to the standard MacWilliams identity for codes over

Fy [15]. For the N-type codes satisfying C* = S(C) this yields

WE ({ta}, {tay}) = WE ({1} {t55}) - (4.26)

We can now write down the transformation of the ¢’s under 7 — —1/7. Transforma-
tions of 1), are exactly the same as the transformation t, — t! in (4.23), supplemented by
the conjugation w <> @, i.e. the interchange of ¢, with ¢z etc. in the r.h.s. of (4.23), and
also multiplied by /77. For example, compare with (4.23),

(o) = Y R Rl ), (427
Similarly, 1., transforms just like ¢, in (4.24), supplemented by the interchange of w,@w
on the r.h.s. and multiplied by 77. For example, compare with (4.24),

o (—1/7) = Zj@ﬁoo — P11 — Yow + Yoz + 2050 — 2¢01),

VYow (—1/7) = TZ?(%O + Y11+ Yuw + Yoz + 2¢w0 + 2050 — 29010 — 2901 + 2051 — 2Uw).
(4.28)

Due to these transformations, we can immediately check that the partition function is
invariant under S-duality. Using the Macwilliams identity (4.26), we find

WE((rm) ™ Pu(=1/1) 1 A7) ay (—1/7)}) = WE ({0 (M)} g (1)) . (4.29)

Next, using the fact that WCS = Wg(c) (since a permutation does not change any of the

weights w,, wsy), and C* = S(C') for N-type codes, we find
WE ({0 (=1/7)} {ay (=1/7)}) = (77)"PWE ({1 (1)}, {thay (T)}) - (4.30)

This ensures invariance of the CFT partition function (4.17) under the S-transformation.

Next we discuss T-transformation 7 — 7 4+ 1. Looking at 9,4, we find it acts on
¥, by introducing a phase, ¥, — exp(Z(b* — a?))ib, where g(z) = (a,b), and similarly
Ygy — exp(im(byby —azay))yy. Thus, the contribution from every codeword ¢ corresponds
to a phase exp(J >i(bs@iybi — aggyai)). Due to the evenness condition (3.2), this phase
is always 1, and so the partition function is invariant under the T-transformation. This
corresponds to the following symmetry of W*:

WE ({ta}, {tey}) = WE ({Te} {Eay}) (4.31)
where N -
£, = —ity, o = ito
tiw = —t1w, tiz = —tim, (4.32)
tow = ~tww,  tom = —tom -

and all other ¢’s are invariant.
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4.3.1 Classification of enumerator polynomials

We now attempt to classify the extended enumerator polynomials of the codes of N-type.
In fact, our task is broader, it is to classify all homogeneous polynomials of 14 variables
which are invariant under the S-transformation (4.26) and the T-transformation (4.31).
In general, the two transformations generate a group G acting on the polynomials of 14
variables, and so we are looking for the ring of polynomials invariant under G. One can write
down a generating function describing the dimension of the space of invariant homogeneous
polynomials of degree n, called the Molien series

o0
M(r)=">_ dim(RS)r" . (4.33)
n=0
Here RS is the space of all polynomials of degree n invariant under G. Molien’s formula
(see e.g. [19]) gives a simple expression for this generating function:

]G\ Z det(1 —rg) (4:34)
Here, |G| is the number of elements in G, and g is a 14 x 14 matrix acting on the individ-
ual variables.

We start by classifying polynomials associated with codes of the simpler construc-
tion N’. In this case there is no permutation, and so W* reduces to the standard enumer-
ator polynomial of 4 variables,

W (to, t1, tw: tm) - (4.35)
The symmetry group G is generated by two matrices acting on the vector (to,t1,tw, tm)
as follows
11 1 1 100 0
1111 —-1-1 0100
S== , T = . . (4.36)
211-11 -1 007 0
1-1-11 000 —¢

These matrices obey S? = 1,74 = 1 and (ST)® = 1, and so the group generated by all
possible products of T', S is finite and consists of 48 elements. The Molien series is

1
M(r) =

(r) (r—1)%r +1)3 (r + 27 +2r2 + 1)

=14+r+2r +283 + 4t v 4 + S+ T (4.37)

The Molien series gives the total dimension of the space of invariant polynomials of
degree n, yet we are interested in finding the generators of the polynomial ring invariant
under G, i.e. those polynomials which cannot be written as a product of the lower-order
ones. We denote by m/, the dimension of the space of invariant polynomials of degree n
which cannot be written as sums and products of lower-order invariant polynomials. Then
m,, can be obtained using a recursion formula:

k—1
mpy=mpy— Y. ] (wZ( p)+m; - 1) . my =dim(RY) . (4.38)

pEPy,,p#(k) i= wi(p)
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Here Pi denotes all integer partitions of k, and we are summing over all partitions apart
from the trivial partition (k). In addition, w;(p) counts how many times the number i
appears in the partition p.

In the case at hand the nonzero values of mj, are m/, mj, m/, mg, which are all equal
to 1. This means the ring of invariant polynomials is generated by four polynomials of
dimensions 1,2,4,6. We can find them explicitly,

p1 =ty +1t1,
po =t2 + 13 + 2ty
pa =15+ 6313 + 11 + 1L + 6212 12 (4.39)

pe =13 + 24tot t2t2 + 3tats + Stot? + 3t3tT + 6t3t2t2
+ 3242 - 3621 + 613242 + 3t3tL + 33t 445 .

To conclude, any full enumerator polynomial of a code over Fy; which obeys the conditions
outlined in construction N’ can be written in terms of the four polynomials above. In
particular, each p; corresponds to a specific N-type code, and we explicitly describe the
codes for i = 1,2,4 in section 5. The code for 7 = 6 is also known, but not discussed in
this paper.

We can now discuss the more general case of isodual N-type codes, for which permuta-
tion S is non-trivial. The symmetry group is again generated by two matrices T, S, which
are now 14 x 14 matrices, and which again obey T% = S? = (ST)% = 1. The group again
consists of 48 elements, but the Molien series in this case is more complicated:

1
M(r) = 1+ 3r2 + 1213 + 26r* + 30r° + 56r°
(r) (r=DMr+162+1)(r2+r+1)* (
+5877 + 60r® + 5877 + 56110 + 30rt + 267'% + 12713 4 301 4 7‘16) . (440

The values of mfc for small k£ are
m), = {4,8,16,21,-6,...} . (4.41)

We emphasize that k here is not the length of the code, but is the order of the polynomial
in terms of the variables ¢,,t;,. For example, at £k = 1 this includes the polynomial g,
which corresponds to a code with n = 2.

There are two things to note here. First, even at small k£ there are many generators
of this ring. Second and more surprising, there are now also negative values of mj. This
means the generators of the ring are not independent, and in fact there are relations
between them. To the extent of our knowledge, this is the first example when the ring of
invariant polynomials associated with the class of codes is not a freely generated one, but
involves non-trivial relations between generators. The first relation occurs at order k = 5
and involves many dozens of polynomials of smaller degree. It is way too cumbersome to
be written down here.

To conclude the discussion, we write all independent enumerator polynomials for n = 2
codes (of course the choice of independent polynomials is ambiguous). Without permuta-
tion, i.e. with S = 1, there is only one such polynomial, which is just py defined above.
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Next, we consider the permutation of the two bits. The corresponding polynomial is of de-
gree one, i.e. it has k = 1, and so we must look at m/ which is equal to 4. This includes all
possible polynomials of degree one, including those without a permutation, and so we must
subtract polynomials without a permutation, of which there is one — p; defined above.
Thus, there should be three independent invariant polynomials of degree k£ = 1 involving
a permutation of two letters:

q1 =too + t11 + 2to1
g2 =too + 11 + 2t (4.42)
g3 =too + tow + toz + tuw -

5 Simple examples

In this section we describe a number of examples of using the constructions N and N’,
including an explicit form for the generator matrices for the corresponding Narain CFTs.

5.1 Binary codes over Fj

Define the code B,, = F3' over Fy, i.e. B, includes all possible codewords whose elements
are either 0 or 1 (in particular, B, is equal to its own binary subcode). Its enumerator
polynomial is

Pl = (to+t1)" . (5.1)

This code is an N-type code for any choice of permutation S, and so for any S we can
use Construction N to generate a Narain CFT from it. We note that for any n, B, is the
unique N-type code whose letters are all either 0 or 1.2

The lattice ]\(Bn) obtained via construction N includes all n-dimensional vectors of
the form (3_1/427, 31/41_[) where v;, u; € Z. We can construct its generator matrix explicitly
following section 4.2. There we demonstrated that the generator matrix can be brought to

. (7 ByS 1/4
A(Bn)—< \/3575) /377, (5.2)

with v* the generator matrix of the construction A lattice of the binary subcode of B,

the form

multiplied by an additional factor v/2. In our case,

Y= =1y, (53)
and we can use T-dualities to set B = 0 by adding columns of (%) with v* = 1, to
(\g;fs) The generator matrix is thus especially simple and takes the form

A(B,) = (l” /31 ) /314 (5.4)

The spectral gap is always A = ﬁ

2To see this, note that any N-type code must have 2" codewords, and the only way to generate this
number using binary codewords is to include all possible binary codewords.
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5.2 Codes withn =1

We now describe all N-type codes with n = 1. There is only one such code, which is the
binary code discussed in 5.1:

Bi = {(0)7 (1)} ) (55)

with enumerator polynomial p; = £y 4+ ¢t; and the generator matrix, up to T-dualities, is

B 31/4
- (M) .

Corresponding theory is a compact boson at radius R = +/23Y% which is a
non-rational theory.
5.3 Codes with n = 2

We now describe all N-type codes with n = 2 up to the automorphisms discussed in
section 4.3. At n = 2, there are two options for pairwise permutations: no permutation
and the permutation interchanging the two letters. We discuss each one separately.

5.3.1 No permutation

If there is no permutation, then there are two N-type codes (and for both we can apply
the simple construction N’ instead of the general one). One is the binary code B defined
in 5.1, with enumerator polynomial p? = (to + t1)2. The other code is

Co = {(0,0), (1,1), (w,w), (@,w)} . (5.7)
It has enumerator polynomial
po = t2 4+t 4+ 2ts . (5.8)

This code is self-dual and has w,,(c) = wg(c) for every codeword ¢, and so we can apply
construction N’ to construct a Narain lattice A(Cz) from it. The generator matrix takes
the form

A(Ca) = ('Y* f;y) J3v/4 (5.9)

where v* is the generator matrix of the construction A lattice of the binary subcode of Cy
times /2, 7y is given by v = (v*~1)T, and B takes the form outlined in the equation (4.14)
with S = 1. We now construct this generator matrix explicitly.

First we find v*. The binary subcode of Cy is {(0,0), (1,1)}, and so v* can be brought

to the form
21
v = ( 1) ) (5.10)

In particular, comparing 7* to the canonical form (4.11), we find that b = 1. Next we
study the matrix B. Following equation (4.14), it must take the form

B "
B= (_b ) : (5.11)
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with B being an antisymmetric 1 x 1 matrix. This means B = 0, and so the final form of
the generator matrix is

21 -1 1

. 01 -3 0

A(Co) = 00 B /344 (5.12)
00 -3 3

The spectral gap of this CFT is A = .

&

5.3.2 With a permutation

If we include a permutation of the two letters, there are four N-type codes up to automor-

phisms:
B, {(070)7(0> 1)?(170)7(171)} )
Co ={(0,0),(1,1), (w,@), (W,w)},
2= {0,011, (4,2), @) 1)
C2 = {(070)7 (Oaw)? (wa 0)7 (waw)} )
Cé = {(070)7 (0’ 1)’ (va)7 (0,@)} )
Their extended enumerator polynomials are
W9 (B2) = q1 = too + 2tor + t11
W3(C2) = g2 = too + t11 + 2tus
] (5.14)
W5(Ca) = g3 = too + tow + tow + tuw ,
S (! 1 1
W=(Cy) = ol — 5% + g3 = too + to1 + tow + tow -
We can find the generator matrices of the corresponding Narain lattices:
1 21 1 —3
AB)=| i ae=| o a e
2 \/g ) 2) — \/g _\/g
v e
(5.15)
2 3 2 1
A(ég) _ 2 _% /31/4 A(C’) — 1 _% /31/4
V3 V3
2 2
The spectral gaps of these CF'Ts are respectively
1 1 5 1 1
A(By) = —, A1(Co) = —, A1(C) = —=, A(Ch) = —=. 5.16
1(B2) Ve 1(C2) NG 1(C2) 23 1(C2) W (5.16)

We would like to note that By in (5.13) is exactly the same as in the section 5.3.1, but
its extended enumerator polynomial is different: p? and ¢;. This is because this code is
invariant under permutations and, ammended with different .5, gives rise to different CFTs.
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5.4 An n = 4 code

We now describe an N-type code with n = 4 for which the simple construction N’ applies.
The code is

(0’0’070) (1’ 17070) (170’1’0) (1’0’ 0’ 1)
0,1,0,1) (0,1,1,0) (0,0,1,1) (1,1,1,1
Cr— ( ) ) ( ) ( . (5.17)
(@, w,w,w) (Ww,w,w,w) (W,ww,w) (W,w,o,w)
(W, w,w,w) (W,w,w,w) (W,www) (W,u,w,u)

Its enumerator polynomial is py from (4.39). This code is self-dual and has w,,(¢c) = wg(c)
for every codeword ¢. Applying construction N, we get a Narain lattice A(C4). Its generator
matrix takes the form

A(Cy) = (7*)52;;> /314, (5.18)

where
2111 0111
0100 1000
. _ B . 1
U 0010’ 1000 (5.19)
0001 1000

The spectral gap is Ay = %

6 Constructing optimal CFTs

In this section we construct the hypothetical optimal Narain CF'Ts with the central charges
¢ =6 and ¢ = 7. Both of these were found in [1]. For ¢ = 6, there is an obvious guess for
the code associated with it. The corresponding Narain lattice is the Coxeter-Todd lattice
understood as a Lorentizan lattice; the latter is known to be related to the hexacode —
the unique self-dual [n, k,d] = [6,3,4] code over Fy. For ¢ = 7 the code we find is less
well-known, and we dub it the “septacode.” Finally, we discuss optimal CFTs at other
values of central charge and their possible relations to codes.

6.1 ¢ = 6 and the hexacode

Consider the hexacode H, which is a linear® [6,3,4] code over Fy. We can choose the
generating matrix to be [16]

001
010
100
111

lww©

1w w

3Linear means code generator matrix is multiplied by the elements of Fy. For an additive code over Fj
it is 5.
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The hexacode is even and self-dual. Its Hamming distance is d(#H) = 4, and its binary
subcode is

Hp = {(0%),(12,0%,1%), (0%,1%), (1%,0%)} . (6.2)

The corresponding construction A lattice A(#) is the Coxeter-Todd lattice K2 [16].

We now show that we can apply construction N to the hexacode with a permutation S
that permutes the last two letters, so that the lattice A(H) = K12/3Y/* is a Narain lattice.
The extended enumerator polynomial of the hexacode with respect to this permutation is

Wf{ = tétoo + 150075:“u + tooté + titoo + Stitotortuls + Stitotoututs + Stitotostuts
+ 2411282 + 26313y + ATty t2 + MGt te + Attt + Attt (6.3)
+ 422t + 2Tt + 2 b + 2t tatan + 25 et + ATt -

The hexacode obtained using the generating matrix (6.1) obeys H = S(H), where S
interchanges the last two letters, and so using Self-duality we find that ]\(’H) is self-dual with
respect to the metric gg (3.1). One can check explicitly that the hexacode obeys Evenness
conditions with the same permutation S, and so A(H) is also even with respect to the
metric gg. H is thus an N-type code, and so using construction N we find that /N\(H) is
a Narain lattice. The corresponding spectral gap is A; = /4/3, which was conjectured
in [1] to be the maximal value for Narain CFTs with ¢ = 6. Indeed, the Narain lattice
discussed there is just the Coxeter-Todd lattice rescaled by 3!/4. We thus have reproduced
the optimal Narain CFT at ¢ = 6 using construction N.

Explicitly, the generator matrix of the Narain lattice can be brought to the form (4.10)

with .
214 b B b7
* _ 7 B = , 6.4
v ( 112) (_b 0 (6.4)
where
0 -1 1 -1
1101 ~ 1 -1 1
p= (P10} po 0 , (6.5)
1110 -1 1 0 2
1 -1-20

and where the permutation matrix S is different now, and is given by

100000
010000
001000
000010
000100
000001

i.e. it interchanges the fourth and fifth letters.
We note that representation of the lattice above is different from that one in [1], but
must be related to it by a O(6) x O(6) transformation.
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6.2 ¢ = 7 and the septacode

The conjectured optimal Narain CFT with ¢ = 7 has spectral gap A = 1/4/3 [1]. We note
there are no n = 7 self-dual codes over Fy with d = 4, and that the maximal Hamming
distance in this case is d = 3 [14]. Should we want to use our construction to obtain optimal
¢ =7 CFT from a code, we must therefore consider isodual codes, with C* = S(C). It
turns out this only requires C* = C, i.e. one can take S = 1.

Consider the n = 7 code Cy generated over F3 by the matrix

1w00010
11w0100
100w111
G=]1101wo01 (6.7)
10111wo0
111101 w
lvwwwww

We will call this code the “Septacode”. The septacode is additive but not linear, it has 27
elements and its Hamming distance is d = 4. Its enumerator polynomial is

We, =t0 4+ 2163t3t Jto + 21t t22 12 + 21833t ot + THot £

(6.8)
+ 212t0t2 2 + Thto 12 + Tt + Tt + 73 d 4 Tk 44T
Its binary subcode is
Cp ={(07), 1"} cCr, (6.9)
so Cp is just the n = 7 binary repetition code. In addition, the septacode obeys
Ci=Cr. (6.10)

and so in particular it obeys Self-duality with a trivial permutation S = 1. It is also simple
to check it obeys the Evenness conditions. It is thus an N-type code, and we can use
construction N to obtain a Narain lattice A(C;) from it.

Let us construct the generator matrix for the Narain lattice explicitly, following sec-
tion 4.2. The generator matrix is given by the general form (4.10) with S = 1. +* is the
generator matrix for the construction A lattice of the binary subcode Cp C C (times v/2),
so in the case at hand it is

v =22"0 (227 +(1,...,1)) = 2D; . (6.11)

We can bring this to the standard form of

7' = A(Cp) = (”6 " ) Lob=(1. (6.12)

As discussed above, B can be brought to the form

B (i b0T> , (6.13)
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with B being some integral antisymmetric matrix. In the case at hand we find

0 1 -11-11
-10 -1-11 1
11 0 —-1-1-1
-11 1 0 1 -1
1 -11-10 1
-1-11 1 -1 0

3
Il

(6.14)

This is the same lattice as was found in [1], the generator matrices are identical. So we
have found that the conjectural optimal Narain CFT with ¢ = 7 and Ay = \/4/3. can be
obtained from an N-type code using construction N. We have checked, there are no other
[7,7,4] N-type codes besides this one.

6.3 Other central charges

Having found that the optimal Narain CF'Ts for ¢ = 6,7 are code CFTs, we move on to the
case ¢ # 6,7. As we now explain, we do not expect to be able to obtain an optimal Narain
CFTs using construction N for any other values of c.

First we discuss ¢ < 6. The corresponding optimal Narain CFTs were oullined in [1]
(see table 1). These CFTs cannot be reproduced from a code using construction N, since
the spectral gap for any lattice obtained via construction N must take the form A; = ZHW
for some n € N, and this is not the case for any of the optimal CFTs for ¢ < 8, ¢ # 6, 7.
For ¢ > 7, we again do not expect to be able to obtain optimal CFTs due to the bound
A1 < 2/4/3. This bound is saturated for ¢ = 6,7, while for ¢ = 8 the optimal CFT has
A1 > 2/+/3. Since we expect A; to be an increasing function of ¢, we conclude it would
be impossible to construct any optimal ¢ > 7 CFT using the construction developed in
this paper.

However, it is possible that other constructions can reproduce optimal CFTs at other
values of ¢; indeed, the optimal CFTs with ¢ = 3,4,5 are related to codes and follow
from the construction of [13]. That construction maps codes over Fy to Narain CFTs,
and for ¢ = 3,4,5 the optimal Narain lattices have the generator matrix (2.15), with
%'y* = /2y = I and with the B matrix corresponding to a fully connected graph on c
nodes, B;; = 1 for ¢ > j. In general, we expect that all CF'Ts from the table 1 can be
reproduced using codes; for example, the ¢ = 8 lattice is the Barnes-Wall lattice, which
can be related to a code over Fy [16].

An important step would be to develop a sequence of constructions which would yield
optimal theories for larger values of ¢. On this path, the first step may not even be the
explicit relation to codes, but a new algebraic ansatz for the partition function along the
lines of (4.17), amended with the analogs of the algebraic conditions (4.31), (4.26), which
would ensure modular invariance.

7 Conclusions

In this paper we constructed a mapping from the family of codes over F; which satisfy the
conditions of Evenness and Self-duality to the space of Narain theories. We call codes satis-
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fying these conditions N-type and the corresponding CF'Ts code theories. Starting from an
N-type code we explicitly construct the Narain lattice and evaluate its theta-series, i.e. the
corresponding CF'T torus partition function, in terms of the code’s extended enumerator
polynomial, see (4.16) and (4.17). Modular invariance of the partition function reduces to
the algebraic identities (4.26) and (4.31), which can be solved in terms of invariant poly-
nomials, as discussed in section 4.3.1. Quite interestingly, the associated ring of invariant
polynomials is not freely generated, in contrast to other known examples [15]. All N-type
codes can be parametrized by a binary classical code, specified by matrix b, a pairwise per-
mutation matrix S and an antisymmetric matrix B obeying (4.15). As a result we could
construct all codes of small length n and found many interesting examples. In particular,
we found that the conjecturally optimal Narain theory with ¢ = 6, based on the rescaled
Coxeter-Todd lattice, also known as K2, understood as a Narain lattice [1] is associated
with the Hexacode, the unique [6,6, 4] self-dual code over Fjy. Furthermore, the conjec-
turally optimal Narain theory with ¢ = 7 is associated with the “septacode” introduced in
section 6.2, the unique [7,7,4] N-type code.

Our construction is similar in spirit to previous works relating classical codes and chiral
theories [20-22] as well as those relating quantum codes to Narain CFTs [12, 13]. At the
same time there are important novelties which we would like to emphasize. This is the
first construction, to our knowledge, that maps codes to non-chiral non-rational theories.
A natural question to ask is how general the relation between codes and CFTs could be.
In all known examples of code theories the partition function is a sum of a handful of
“characters” suggesting the theories in question are rational. Now we clearly see this is not
necessarily the case. It thus remains an open question to chart the space of theories with
the code counterparts, see [23], and investigate if this relation can be extended beyond
Narain theories.

Among the code theories constructed in this paper are the conjecturally optimal Narain
CF'Ts, i.e. those with the largest value of spectral gap, for ¢ = 6,7. Together with the con-
struction of [13] we find that the optimal theories for 3 < ¢ < 7 are related to codes. This
is likely to be true for ¢ = 1,2 and ¢ = 8 as well: in the former cases the partition function
is a sum of “characters” and in the latter case the lattice is the Barnes-Wall lattice, which
can be constructed using a code over Fy. More generally, any rational Narain CFT can
be related to codes [23], and this likely extends to any finite CFT [24]. This observation
prompts the question if the optimal theories for larger ¢ could also be related to codes
and if perhaps there are appropriate series of constructions which could describe optimal
theories with an arbitrarily large central charge. This question can be reformulated in
terms of the modular bootstrap program. The present construction, as well as that one
of [12, 13], reduce the modular bootstrap constraints to algebraic constraints at the space of
polynomials. While the present construction is somewhat nontrivial and involves polyno-
mials of 14 variables, the core idea remains the same. The modular bootstrap becomes the
question of identifying invariant polynomials and applying straightforward linear algebra.
The question we would like to pose is to formulate a continuous or large discrete family of
the appropriate Ansétze which would reduce the question of maximizing the spectral gap
to the question of identifying the optimal algebraic identity and the “characters” such that
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the optimal partition functions for various ¢ would be given by some appropriate general-
ization of (4.17). We hope to address the question of formulating such a meta-bootstrap
approach in the future.
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8 Proofs

8.1 Isoduality of construction A lattice of codes over Fy

We prove that
Ar(c) = O (8.1)
for a construction A lattice A(C) where C is a code over Fy of length n.
For convenience, we define A(z) = (Re(z),Im(z))/3'/* € R?" for any « € F}. Then
for example a vector a € A(C) takes the form a = A(c+ 2n - z) for x € F}',n € Z™ and

¢ € C. An important identity is that for x € F},

n 1
M@)OUA(y) = 5(@y) (mod) 1. (8.2)
First we prove
OA(C) € A*(C) . (8.3)

Take o € A(C*) of the form a = A(¢* + 2n - ) for ¢* € C*. Now take § € A(C) of the form
B = Ac+2m-y) for ¢ € C. We must show that (07(:;)204) -8 € Z. Using (8.2), we find

(c*,¢) (mod)1. (8.4)

| =

(07(:;)204) B =

Since ¢* € C*, we must have (¢,¢*) =0 (mod)2, and so (OEFT;)Qa) - € Z as required.
Next we show

A*(C)  OU)A(CY) . (8.5)

Take o € A*(C). Then since A\(2z) € A(C) for any = € Fy', we learn that a - A\(2z) =
0 (mod)1. Considering = such that all elements are zero apart from one, we learn that o
must take the form \(¢' + 2n - y) for ¢,y € Fj. Now take ¢ € C, then \(¢) € A(C) and so

Ae)OM =0 (mod) 1, (8.6)
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but on the other hand due to (8.2) we find

1 n
5(ed) = Me)O 0 (mod) 1, (8.7)
and so (¢,¢) = 0 (mod)2 , so ¢ € C*. As a result, a € Ofr%A(C*). Combining (8.3)
and (8.5) we learn that
A*(€) = 07 (88)
as required.
8.2 Proof that a self-dual code with w,(c) — wgz(c) = 0(mod) 4 is invariant

under conjugation

We want to prove the following: assume C is a self-dual code over Fy and Ve € C,
m(c) = wy(c) — wg(c) =0 (mod) 4 . (8.9)

Here wy(c) is the number of letters in ¢ which are equal to = € Fy. We want to prove that
P(C) =C.

It is enough to show that if ¢ € C then for all ¢y € C, we have (¢, cg) = 0 where ¢ is the
conjugate of c. We denote by w¥ the number of positions where ¢ has the letter z and ¢y
has the letter y. Then for example

> wl = wu(c) . (8.10)

S
So for example we have
(¢,c0) = w) + wl +w¥ +wP + w¥ + w2 =0 (mod) 2 (8.11)
and we want to show that
(¢ co) = wh + wl +wy +wf +w +w? =0 (mod) 2 . (8.12)

The important point is that since ¢ + ¢g € C, we must have
m (co+¢) = wy, (c+ co) —wg (c+cp) =0 (mod) 4 . (8.13)
Explicitly this means that
(w{’j +wd +wg + wlw) - (wolj +wi + wd + wow) =0 (mod)4 . (8.14)

Using the contraints of the form (8.10), we can write

Wy = we(€) = wy, — wiy — wg
w2 = wz(c) — wh — w — w2
wg = Wy (co) —wf —wl —we
Wi = wa(co) — wi —wi —wg
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plugging this in we find
m(co+c¢) = (ww(co) —w¥ —w? — w4+ w,(c) — wl — w? —w? 4wk + w?)

- (wi +wf + wz(e) — wh — w — w4+ wy(cp) — w§ — w? — ww)

=0 (mod)4 .
Using m(c) = w,(c) — wz(c) = 0 (mod)4 and similarly for m(cp), this can be simplified to
m(co + ¢) = 2wy — 2w — 2w} + 2wl + 20wy 4+ 2w = 0 (mod) 4 , (8.15)

which we rewrite as

m(co+¢)/2 = w¥ 4+ w) +wl +wf +w? + w2 =0 (mod) 2. (8.16)

but comparing to (8.12) we find that m(cp+c)/2 = (¢, ¢p) (mod)2, and so (¢, cp) = 0 (mod)2
as required.

8.3 Proof of the expression for the dual binary subcode
Consider an N-type code C with a binary subcode Cp. Define
T={S(c+e)|ceC}={c"+c"|c"e€C}, (8.17)

where we used the fact that C* = S(C). Then we would like to show that 7' = Cj, where
Cy is the dual of Cp with respect to the conventional binary inner product (, )p. To show
this, we will prove T* = Cp.

First show T* C C. Take b € T* € F},c* € C*, then it is enough to show that
(b,c*) = 0. Calculate:

(b,¢*) = (b,c*)g + (b,c*)g = (b,¢* + ) =0 (8.18)

where we used b = b and the fact that ¢*+c¢* € T. So T* C C. Next we show that all binary
codewords in C are also in T*. take binary ¢ € C, and take ¢* + ¢* € T for ¢* € C*. Then

(e, +c*)p=(c)p+(c,c¥)g=(c,c) =0 (8.19)
since ¢* € C*. So any binary ¢ € C is also in T™. So we have proven that T* = Cp.

8.4 Proof that C}; is even

We now show that Cj; is even with respect to the inner product (-, -)p g for an N-type code
C. Take b € Cp, then b = S(c+¢) for ¢ € C. Then

(b,b)p.s = (c+¢,c+7¢)ps = (c,S(c)) + (¢, 5(c)) . (8.20)

since C+ = S(C) due to Self-duality, the term (c, S(¢)) vanishes. We are left with showing
that (¢, S(c)) is 0 mod 2. Note that (using the notation around (3.2)),

(¢, S(c) = ZbibS(i) — a;ag(;) (mod)2 (8.21)

which vanishes due to (3.2), as required.
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9 The generator matrix

The generator matrix for the Narain lattice is given by

AN = (7* gl;j) /344 (9.1)

This A’ is self-dual with respect to ¢’. Note that we can also write this as

, (1n v V3By\ (1n 14
= (") () () 02

Now we can try to find the minimal form for v*, B. Note that in (9.2), we can ignore
the matrix on the r.h.s. since it is in GL(2n, Z). We will now simplify the matrix by adding
certain columns of the matrix to other columns, which amounts to multiplying on the right
by elements of GL(2n, Z).

First, since the columns involving v* correspond to elements of Z[w] which are only
elements of Z, we find that the columns of v* (mod)2 correspond to binary codewords.
In addition, no other column can correspond to a binary codeword, and so all binary
codewords can be generated by the columns of v*. We thus learn that +* must be the
generator matrix of the construction A lattice of the binary subcode Cg C C. As a result,
~* can be brought to the form

21, bT
, (9.3)

7 =A(Cp) = < 1

where b7 is an (n — k) x k matrix. We immediately find (by definition)

_ *71T_1 I]'"_k
T=0"") —2<_b 21k>- (9:4)

Next, since B is antisymmetric we write it as
Bi1 B
B = < T . (9.5)
—Biy Ba2

Finally, S can be written as

(9.6)

S S
S:ST:5—1:< ! 12).

ST, Sao
So the explicit form for the generator matrix A is

21, b7 L (Bi1 — Bi2b)  Bio

1 (pT
A= <’Y* By ) _ = (Bh+ Bab) B . 9.7)
V35y § (S11 — S12b) V3S12

v3 (5%2 — 52217) V3829
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Consider some column on the far right hand side in terms of elements of Z[w]. Since the
elements of S are integers, each element of the column must take the form ¢+ 2w for some
¢ € Cp. But then we can add the columns of +* to this vector to being every element to
the form 2w. This amounts to setting Bis = S12 and Begy = Sos. Next, since Bayo is now an

to ( B2 ) 74

integer matrix, we use the colums of v* to set Bas to zero by adding (‘fTiﬂ) B
so we get
21, b7 % (B11 — Bi2b) S12 — b7 Sao
N (’Y* By > _ 1y —% (BTZ + BQQb) 0 (9 8)
V3Sy \ég (S11— S12b)  V3S12 ' '

V3 (ng - 5225) V3829

2

Before moving on we will use the columns (21%—k) to flip the sign of the final colums, so

we have
21, 7 L(By — Biab) 7Sy — Sia
e (,y* B ) ) 1, —3 (BE + Basb) 0 09)
V38y @ (S11 — Si2b) V3512 ' '
@ (ng — 5221?) V352
Next, consider the columns of
3 (B11 — Bi2b)
—~3 (Bl + Basb)
@ (11— S1ab) . (9.10)

3 (ST — Saob)

2
Due to the general constraints on the column vectors (4.6), this row obeys
1 1
3 (Bi1 — Bizb) = 3 (S11 — Si2b) + Y1, (9.11)
(9.12)

1 1
—5 (Bly+ Basb) = 5 (S, — Sb) + Yo
We once again use the columns of +* to simplify this by adding (_ET;,;/?) to

1(B11—B12b)
5(B11—DBi2 5

and we get
(—;<Ba+me) ! &

21, b7 % (Bi1 — Bigb) — bTYs b1 Sa — Sio

1z 1 SE — Sa99b 0

A= 23< ) . (9.13)
Y2 (S11 — S12b) V3512
@ <5?2 — 5225) V352

41t is crucial that So is an integer matrix, since as a result this amounts to multiplying on the right by
an element of GL(2n, Z).
Sagain, it is crucial that Y5 is an integer matrix so that this amounts to multiplying on the right by an

element of GL(2n,Z).
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We have thus effectively set Bos = 0, and we are close to setting Bis = bT' S99 — S19. To
finish, write % (B11 — Bi2b) — bTYs explicitly:

% (Byy — Buob) — bTYs = % (Byy — Buob) — b7 <_; (BL + Banb) - (; (8% - 522b))>
_ % [Buy — Biab+ 57 Bl + 7 By +675%, —b750| . (9.14)
Define the antisymmetric matrix
B = By — Biob + b BL, + b1 Basb (9.15)
then we find

1/~
(Bn — Blgb) — bTY2 = 5 (B + bTS?Z — S12b+ S12b — bTSQQb) . (9.16)

N

This finally allows us to set Bis = b7 S99 — Si2, in which case
1 T L/x T oT
5 (Bu— Bizb) —b'Ys = 2 (B +b7ST; — S1ab — Busb) (9.17)

To summarize, our final result is

21,k pT %(B + bTS?z — S19b — Blzb) Bis

o[~ By 1y —-iB, 0
A = e . (9.18)
v Y52 (S11 — S12b) V3512
§ (S;’Fz - 5225> V3529

where Big = bT Sa9 — S12 . Comparing to the general form we started with, we find that
we can always bring B to the form

1 [ B+0b7S{, — Siob b7'S9 — S
B ( 12 = P12 22 12) (9.19)

V3 ST, — Syob 0
with B an integral antisymmetric matrix.
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