PURELY COSMETIC SURGERIES AND PRETZEL KNOTS

ANDRAS I. STIPSICZ AND ZOLTAN SZABO

ABSTRACT. We show that all pretzel knots satisfy the (purely) cosmetic surgery
conjecture, i.e. Dehn surgeries with different slopes along a (nontrivial) pretzel
knot provide different oriented three-manifolds.

1. INTRODUCTION

Suppose that K C 52 is a knot in the three-sphere and r € Q a rational number.
Let S2(K) denote the effect of Dehn surgery along K with coefficient 7. The
Purely Cosmetic Surgery Conjecture (PCSC for short) asserts:

Conjecture 1.1 (PCSC). For every nontrivial knot K , the orientation-preserving
diffeomorphism S3(K) = S3(K) for s,r € Q implies that s =r.

The conjecture has been verified for 2-bridge knots [5], for connected sums [15], for
3-braid knots [17], for knots of Seifert genus one [19] and for prime knots with at
most 16 crossings [4] 1. By the classification of Seifert fibered spaces, the conjecture
also holds for torus knots. Note that K and its mirror image m(K) satisfies the
conjecture at the same time, since S3(m(K)) = —52,(K).

When we relax the condition that the diffeomorphism is orientation-preserving,
there are some examples of knots admitting diffeomorphic surgeries with different
slopes: for example, for an amphichiral knot K we have that S3(K) and S3,.(K)
are diffeomorphic. See [18] for further results, including theorems for preztel knots.

Suppose that P = P(aq,...,a,) is a pretzel knot with n strands, where a; denotes
the number of half-twists (right-handed for positive and left-handed for negative
a;) on the it" strand, see Figure 1 for an illustration.

Our main result is the verification of PCSC for pretzel knots:

Theorem 1.2. The Purely Cosmetic Surgery Conjecture holds for pretzel knots.

In the following we will always assume that P is a knot, implying that either

e all a; are odd and n is odd, or
e exactly one a; (which can be assumed to be a;) is even, and n is odd, or
e exactly one a; (which can be assumed to be ay) is even, and n is even.

n the proof of this result, Hanselman points out that the argument for four knots rests on
the calculation of Chern-Simons invariants by SnapPy, where the program only offers estimates.
Recently these four remaining cases have been taken care of by other means, for example with the
use of results of [2, 7]
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FIGURE 1. The pretzel knot P(aq,...,a,). In the following we
will assume that ao,...,a, are odd, and a; is either even or odd.
In order to have a knot, if a; is odd, then n must also be odd.

FIGURE 2. The dihedral action is more visible in this dia-
gram of P(aj,...,a,). The boxes are positioned at the vertices
of a regular n-gon.

Note that the order of the a;’s in defining the pretzel knot P = P(aq,...,an)
is important, and in general can be changed only by the action of the dihedral
group (when P is viewed in the isotopic position shown by Figure 2). One notable
exception is that if a; = £1 then it can be commuted with any other strand (by
rotating the two strands together), hence these can be collected at the end of the
string. In addition, there are two cases when the number of strands can be reduced:
if a; =1 and a;41 = —1 then these two strands can be eliminated by a simple
isotopy (a Reidemeister 2 move); and if a1 = 2 and ay = —1 (or if a; = —2 and
as = 1) then the isotopy shown by Figure 3 reduces the number of strands by
one. For this reason, in the following we will always assume that {1,—1},{2,—1}
and {—2,1} are not subsets of {a;}! ;. Furthermore we will always assume that
a; # 0, since when a; = 0, the knot P is the connected sum of alternating torus
knots, and for connected sums the conjecture has already been verified [15]. In a
similar manner, we will always assume that n > 3, since two-strand pretzel knots
are (alternating) torus knots, and for those the conjecture is known to hold true
(and for n =1 the construction of a pretzel knot gives the unknot).

The paper is organized as follows. In Section 2 we collect some obstructions stem-
ming from the Alexander and Jones polynomials for knots to support purely cos-
metic surgeries. In Section 3 we observe that pretzel knots have (knot Floer ho-
mology) thickness at most one. In Section 4 some background regading Seifert
genera of pretzel knots is given. (In the light of a recent result of Hanselman [4] to
be discussed later, Seifert genera are of central importance in deriving statements
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S

FIGURE 3. The isotopy above shows that (2,—1) in any
string (ay,...,a,) defining the pretzel knot P(al,...,an)
can be replaced by (—2).

regarding cosmetic surgeries.) In Section 5 we deal with n-strand pretzel knots
with n # 5, and in Section 6 we deal with five-strand pretzel knots and complete
the proof of Theorem 1.2. We include a short Appendix providing a computational
scheme for the Jones polynomial of some pretzel knots.
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2. OBSTRUCTIONS FOR PURELY COSMETIC SURGERIES

A general result of Ni-Wu [11, Theorem 1.2] provides strong constraints on the
surgery coefficients potentially providing cosmetic surgeries.

Theorem 2.1 (Ni-Wu). Suppose that K C S3 is a nontrivial knot and for r,s € Q
we have that S2(K) and S3(K) are orientation preserving diffeomorphic. Then
s = —r and if r = g with p,q > 0 relatively prime integers, then ¢*> = —1

(mod p). O

The Casson-Walker invariants of the three-manifolds S3(K) and S3 . (K) can be
shown to be different (hence distinguish these oriented three-manifolds) provided
the Alexander polynomial Ak (t) of K satisfies a certain condition. More precisely,
Ak (t) provides the following obstruction for K to admit purely cosmetic surgeries.

Theorem 2.2. ([1, Proposition 5.1]) If K C S3 admits purely cosmetic surgeries,
then for the Alexander polynomial Ak (t) we have A} (1) =0. O

Here Ak (t) is defined by the skein relation

(2.1) Ap (8 = Ar_(8) = (12 —t7%)A, (1)

with (Ly,L_, Lg) forming a usual skein triple, and A being normalized to 1 on the
unknot. (Then Ay satisfies that Ag(1) =1,A% (1) =0 and Ag(t™1) = Ak (t).)
Indeed, this obstruction can be conveniently reformulated in terms of the Conway
polynomial Vi(z) of K, where Vi can be described by the identity

Vi(t? —t77) = Ag(b).
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In fact, the Conway polynomial can also be defined by a skein relation:
VL+(Z) — VL_ (2’) = ZVLO(Z)

for the skein triple (Ly,L_, Lg), normalized as 1 on the unknot. For a knot K,
we have that Vg (z) =1+ Z?zl a2i(K)2z%, and it is easy to see that 2az(K) =
A% (1). For a two-component (oriented) link L = K; U Ky we have that V(z) =
Zf:() aziy1(L)2% 1 and ay(L) = (k(K1, K), the linking number of the two com-
ponents, cf. [10, Proposition 8.7].

The three-manifold invariant Ay discussed in [9], together with the surgery for-
mula of [9, Theorem 7.1] for A2(S2(K)) in terms of the knot invariant w3(K) also
provides an obstruction for cosmetic surgeries, leading to the following result:

Theorem 2.3. ([6, Proposition 3.4]) Suppose that K C S3 is a knot with as(K) =

0 and p,q are postive integers with ¢> = —1 (mod p). Then A2(S3 (K)) = Xa(S2 1 (K))
q q

if and only if w3(K)=0. O

The invariant ws(K) satisfies the following crossing change formula: if (K, K_, K'U
K") is a skein triple involving two knots K+ and the two-component link K'UK",
then

1 1
wy(K) — ws(K_) = 3 (as(K") + as(K")) — +(aa(K.) +as(K_) + (K", K"),

where (as usual) ¢k(K’,K") is the linking number of the two (oriented) knots
K', K",

Remark 2.4. Indeed, both knot invariants above can be conveniently presented in
terms of the Jones polynomial Vi (t) of the knot K. (Here we consider the Jones
polynomial satisfying the skein relation t='Vi, (t) —tVy_(t) = (t2 —t2)Vp, (1),
normalized as 1 on the unknot.) Indeed, since 6az(K) = 3A%(1) = —=VZ(1) and
by [6, Lemma 2.2]

ws(K) = V() + o V()

= VK
holds, the above obstructions can be summarized as was done in [6, Theorem 1.1]:
if K C S admits purely cosmetic surgeries then Vi/(1) =0 and V{/(1) = 0.

3. KNOT FLOER HOMOLOGY OF PRETZEL KNOTS

Heegaard Floer homology can be used in more than one way to verify that a knot
satisfies PCSC. The concordance invariant 7 (introduced in [13]) provides the fol-
lowing obstruction:

Theorem 3.1. ([11, Theorem 1.2(c)]) If the tau-invariant 7(K) of the knot K C
53 derived from knot Floer homology is not equal to 0, then K satisfies PCSC. O

The hat version of knot Floer homology (over the field F of two elements) of a knot
K C S3 is a finite dimensional bigraded vector space HFK(K) = > ara HEK (K A).
By collapsing the two gradings to § = A — M, we get the d-graded invariant

/\6
HFK (K).
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Definition 3.2. The thickness th(K) of the knot K C S? is the mazimal value

0
of the difference |6(x) — §(x')| for homogeneous elements x,2’ € HFK (K). In
particular, if th(K) =0 then K is called thin.

Examples of thin knots are provided by alternating knots, where the difference
A — M of a homogeneous element is equal to half the negative of the signature of
the knot.

Work of Hanselman [4] regarding PCSC is crucial in our discussions. In particular,
a direct consequence of [4, Theorem 2] is

Corollary 3.3 (Hanselman [4]). If a nontrivial knot K C S® has thickness th(K) <
5 and g(K) # 2, then PCSC holds for K .

Proof. By the result of Wang [19] (see Theorem 4.1), together with [4, Theorem 2]
of Hanselman, the orientation-preserving diffeomorphism S3(K) = S3(K) for a
nontrivial knot K and r # s implies that g(K) > 1 and

e either {r,s} = {+2} and g(K) =2, or

o {r,s}= {:i:%} for some positive integer ¢ which satisfies g < %.
For a knot with g(K) # 2 the first option is not possible, and if th(K) < 5 and
g(K) > 3, we get that the positive integer ¢ satisfies ¢ < %, concluding the
proof. O

Proposition 3.4. Suppose that P = P(ay,...,a,) is an n-strand pretzel knot.
Then the thickness th(P) of P is at most 1.

Proof. We will show that there is a §-graded chain complex computing @5
for which the thickness is at most 1, hence the same applies to the homologies.
This chain complex is generated by the Kauffman states of the usual diagram of
the pretzel knot P = P(aq,...,a,); we only need to determine the é-gradings of
these generators. (For the definition and basic properties of Kauffman states, as
well as that they span a chain complex computing knot Floer homology, see [12].)
There are three types of domains in the diagram of P from which the contributions
should be counted: bigons in the strands, domains between the strands, and the
"top domain’. (Notice that the 'bottom domain’ and the outside unbounded domain
does not have to be considered, since these are occupied by the marking, which is
placed on the lower arc of the diagram.) Since the orientation of the strands is
important in these calculations, we distinguish three cases. These combinatorially
different cases (together with the markings, symbolized by a heavy dot) and the
orientations are shown by Figure 4.

Consider now a Kauffman state . The local contributions to § are shown by Fig-
ure 5; notice that the orientations of the strands are important in these calculations,
hence the three cases shown by Figure 4 should be discussed separately.

Case I: All a; are odd. In this case the orientation of P can be chosen as shown
by Figure 4(a). (Since P is a knot, n is odd.) The contribution of the marking of
the Kauffman state x in the top domain, as well as in all bigons is 0. The domains
between the strands, on the other hand, contribute either % or —%, depending
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FIGURE 4. Orientation on P. The three diagrams indicate the
three combinatorially different orientations: in (a) we show the
case when all a; are odd (hence n is odd), in (b) the case when a;
is even and n is odd, and finally in (c¢) the case when a; is even
and n is even. (The difference between the two last cases is the
orientation at the first strand.)

KX XK

~1/2 172
o M 0\ 0
/n AN
F1GURE 5. The local contributions for A, M and § = A— M
at a crossing. The Kauffman state distinguishes a corner at the

crossing, and we take the value in that corner as a contribution of
the crossing in A, M or § of the Kauffman state at hand.

whether the marking is on the strand with positive or negative twisting. The fact
whether the marking of such a domain is on the left or right strand is determined
by the strand distinguished by the marking in the top domain. Therefore the sign
of this distinguished strand determines how many % or f% contributions do we
get. Consequently, if there are k negative and ¢ positive coefficients among the
parameters a; of the pretzel knot P, the d-grading of s is either %(k —0—1) (if
the marking of the top domain is at a strand with negative parameter) or 3(k —
¢+ 1) (if the marking in the top domain is at a strand with positive parameter).
In conclusion, there are at most two §-gradings, which are one apart, hence the
thickness of the knot is at most 1. Indeed, if all a; have the same sign, then the
knot is thin, in accordance with the fact that in that case the knot is alternating.

Case II: Assume now that ay is even and n is odd, shown by the diagram of
Figure 4(b). In this case the first strand (with the even parameter a;) is special.
Bigons in the first strand contribute 0, while in the other strands bigons contribute
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:I:% (the sign depending on the sign of the parameter of the strand). Consequently
the bigons contribute to the §-grading of k a fix value independent of the Kauffman
state, determined by the diagram only. The top domain provides 0 if the marking
is at the first strand, and all the other domains give further 0’s. If the marking
in the top domain is not at the first strand, then its contribution is :I:% (the
sign depending on the sign of the parameter), while now the domain between the
first and the second strand will have a nonzero contribution (which is again 41,
depending on the sign of aj ); call this contribution ¢. Then the total contributions
from the top domain and the ones between the strands is either 0, or f% +c or
% + ¢. Since ¢ = :t%7 the §-grading still takes two possible values which are one
apart, implying that th < 1.

Case III: Finally, assume that ai is even and n is even, cf. the diagram of
Figure 4(c). The only difference between this and the previous case is that the
orientation along the first strand (with a; twists) is different. This case is similar
to Case I: all bigons contribute ﬁ:% (sign depending on the sign of the parameter
of the strand), the top domain contributes :I:% (depending on the fact whether the
marking is on the top of a positive or a negative strand), while the contribution
of the domains between the strands is all 0. Once again, there are two possible
d-values, which are 1 apart, verifying the claim. ([

Remark 3.5. A proof for th(P) < 1 for a pretzel knot P is also given in [14];
note that the above proof provides slightly more information, and for some pretzel
knots can be used to show 7(P) #0.

As a direct consequence of Corollary 3.3 we have

Corollary 3.6. Suppose that P = P(ay,...,a,) is an n-strand pretzel knot. If

the Seifert genus g(P) # 2 then the purely cosmetic surgery conjecture holds for
P. O

4. GENERA OF PRETZEL KNOTS

The Seifert genera of knots play an important role in understanding cosmetic surg-
eries on them. Regarding low genus knots, the following general result of Wang
provides relevant information.

Theorem 4.1. ([19, Theorem 1.3]) If g(K) =1 for a knot K then PCSC holds
for K. |

For Seifert genera of pretzel knots, we quote three results, detailed below. As before,
we will assume that for the pretzel knot P(aq,...,a,) we have that {1, —1},{-2,1}
and {2,—1} are not subsets of {a;}7 ;.

4.1. Three-strand pretzel knots.

Theorem 4.2. (Kim-Lee, [8, Corollary 2.7]) The Seifert genus g(P(p,q,7)) of the
three-strand pretzel knot P(p,q,r) with parameters p,q,r € Z\ {0} (also satisfying
that {1,—1},{2,—1} and {—2,1} are not subsets of {p,q,r}) is equal to

(1) 1 if all p,q,r are odd,
(2) 2(lgl +|7]) if p is even and q,r have the same sign, and
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(3) i(lgl + |7| = 2) if p is even and q,r have opposite signs. O

A three-strand pretzel knot P = P(p,q,r) with all odd coefficients therefore sat-
isfies PCSC by Theorem 4.1. For P = P(2¢,q,r) with ¢,r odd then we have the
following simple consequence of the above statement:

Corollary 4.3. For a three-stand pretzel knot P either the genus g(P) is different
from 2, or up to mirroring it is P(2¢,3,1), P(2¢,3,—3) or P(2¢,—5,1) for some
leZ. O

4.2. All a;’s are odd. The following theorem of Gabai describes the genus of an
n-strand pretzel knot with all coefficients odd for a general (odd) n. Recall that
we always assume that {a;}}"_; cannot contain both 1 and —1.

Theorem 4.4. (Gabai, [3, Theorem 3.2]) Suppose that P = P(aq,...,a,) is an
n-strand pretzel knot with n > 3 and all a; odd, and there are no two indices i, j
with a;a; = —1. Then the genus g(P) is equal to 3(n—1). In particular, g(P) = 2
if and only if n =75. (]

4.3. The first coeflicient a; is even. In this case, work of Kim-Lee provides a
bound (and often a formula) for the genus of P = P(ay,...,a,) (with a1 even and
all a; with ¢ > 1 odd). We will again assume that {a;}?_; does not contain both
1 and —1, a; # 0 and if a; = £2 then there is no further a; which is equal to F1.
By determining the Alexander-Conway polynomial Vp(z) of P and identifying its
leading coefficient, the following bound on the Seifert genus g(P) has been proved:

Theorem 4.5. (Kim-Lee, [8, Theorem 4.1]) Suppose that the pretzel knot P =
P(ai,...,an) has a1 even (# 0), which (by possibly taking the mirror) can be
assumed to be positive. Let o =Y " ,sign(a;) and 6 = > ,(|a;| —1). Then the
genus g(P) of P is bounded from below by

(64 2) if n is odd and o # 0.

0 if n is odd and o = 0.

(a1 +9) if n is even and o # —1.
(a1 +96)—1 if n is even and o = —1.

1
2
1
2
1
2
1
2

In addition, if none of the a; are equal to £1, then the bounds above provide the
precise value of the genus g(P). O

A simple consequence of the above result is:

Corollary 4.6. The pretzel knot P = P(ay,...,a,) with a; # 0 even and a; odd
(i >1) and with n > 4 has genus > 2 unless

(1) all a; with ¢ > 1 is either 1 or —1 (all these with the same sign),

(2) noodd, « 20, a1 =2, ay = +3 and for i > 2 all a; = +1 (all these with
the same sign);

(3) nodd, «a =0, a1 =20, ay ==%3, ag = +3 and for i > 3 all a; = £1 (all
with the same sign),

(4) n even, a # —1, ay =2, ag = £3 and for i > 2 all a; = +1 (all with the
same sign),
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(5) n even, « = =1, a; =4, ay = £3, and for i > 2 all a; = £1 (all with
the same sign),

(6) n even, « = —1, a1 =2, ay = £5, and for i > 2 all a; = £1 (all with
the same sign).

(7) n even, a = =1, a1 =2, ag = +3, az = £3, and for i > 3 all a; = +1
(all with the same sign). O

5. PCSC FOR PRETZEL KNOTS WITH n # 5 STRANDS

In this section we start proving Theorem 1.2. First we deal with those pretzel knots
where n # 5, or when n =5 and the first coefficient a; is even.

5.1. Three-strand pretzel knots. Corollary 4.3 gave a list of those three-strand
pretzel knots which have Seifert genus g(P) = 2.

Suppose that the three-strand pretzel knot has one even coefficient a; = 2¢, which
for simplicity is assumed to be negative. Then by the repeated application of the
skein relation for the Conway polynomial V we have that (with £ < 0)

VP(ngqu)(Z) = Vp(o,qv,«)(z) + |f|ZVT2,q+,,,(Z).

(In the inductive step we used the fact that the 2-component link Lg involved in
the skein triple is the same torus link 75 44, at every step.) Note that P(0,q,r)
is the connected sum of two torus knots T ; and Th .. Since as(T 2n+41) = ("'2"1)
and for the torus link aj(Ts292m) = Ck(T22m) = m, it follows that for {¢,r} =
{£3,£1}, {£3, £3},{£5,+1} (including all the possible cases of Corollary 4.3) we
get either as(P) # 0 or |[¢] so small that P(2(,q,r) is a knot with at most 16

crossing. Since for those the PCSC has been verified, we have

Proposition 5.1. If P = P(p,q,r) is a three-strand pretzel knot, then the purely
cosmetic surgery conjecture holds for P. O

5.2. More than three strands. We start with the case when a; is even (and
NONZEro).

Theorem 5.2. Suppose that P = P(ay,...,a,) is an n-strand pretzel knot with
n >4 and ay even, while all a; with i > 1 are odd. Then P satisfies PCSC.

Proof. Most of these knots have genus more than 2, hence Proposition 3.4 provides
the result. The exceptions (i.e. those pretzel knots considered by the theorem
which have genus at most 2) are listed in Corollary 4.6, and they can be handled
by similar means as we did in the case of three-strand knots: either they have low
crossing number, or the second coefficient of the Conway polynomial provides the
desired obstruction.

Indeed, if we have Case (1) of Corollary 4.6, then P is a two-bridge knot, and
PCSC follows from [5].

For n odd (cases (2) and (3) in Corollary 4.6) the computation of the Conway
polynomial proceeds exactly as for the three-strand case, providing that

VP(%,az,---,an)(Z) = H VTQ,ai (2) + |€|ZVP(az,..-,an)(Z)~
=2
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By multiplicativity of V under connected sum, we have that ag(#] 57%,4;) =
la;l+1
S saz(Tha,) and az(Tae,) = (3 ). Furthermore, for the two-component link

Q = P(as,...,a,) we have a1(Q) = (k(Q) = —4 >_i", a;, where this latter term is
the linking number of the two components of @ (both unknots). In cases (2) and
(3) the ag-invariants of the torus knots are 1 (for T3 3) and 0 (for the trivial knot),
hence the same argument as for the three-strand case shows that either as(P) # 0,
or the knot has crossing number at most 16, concluding the argument.

A similar argument works when n is even. Indeed, we can relate Vp(2¢q,,....a,)(2)
to Vp(0,a,...,a,)(2) by the repeated application of the skein rule, although this
case is slightly different. Because of the change of the orientation pattern on the
strand with even coeflicient, the link in the skein triple will be different in every
step: in the " step it will be P(2¢ — (2i — 1),as,...,a,). The expression for
az(P(2¢,az,...,a,)) (just as before) will involve a term ag(P(0, as, ..., a,)), which
(as before) is the sum of as-invariants of alternating torus knots. The other term
now is a sum of the form Ele a1 (P(2¢—(2i—1),aq9,...,ay)), and here the terms
are equal to the linking numbers of components of the two-component links. In the
cases listed under (4)-(7) in Corollary 4.6 the same scheme will be visible: there
will be only few cases when as is zero, and those correspond to knots with low
crossing number, hence the argument is complete. (Il

We close this section with the case when all a; are odd and n > 6.

Proposition 5.3. If n > 6 odd and all a; are odd, then the pretzel knot P(ay,...,ay)
satisfies PCSC.

Proof. In these cases Theorem 4.4 implies that the genus of the knot is £ (n—1) > 2,
hence Proposition 3.4 concludes the argument. O

6. FIVE-STRAND PRETZEL KNOTS

Suppose now that P = P(as,...,as) is a five-strand pretzel knot with all a; odd.
Depending on the signs of the coefficients, we will distinguish two cases.

6.1. Among the a;’s there are 0,1,4 or 5 negative coefficients.

Lemma 6.1. Suppose that the five-strand pretzel knot P = P(aq,...,as) has only
odd coefficients and among them 0,1,4 or 5 are negative. Then T(P) # 0.

Proof. As the proof of Proposition 3.4 shows, in these cases the two possible §-
gradings are 3 and 2 (if there are only positive coefficients), 2 and 1 (if there is
a unique negative coefficient), and symmetrically —2 and —1 in case of a unique
positive coefficient, and —3 and —2 when there are five negative coefficients. Recall
that 7(P) is the Alexander grading of one of the homogeneous elements of @((P)
with Maslov grading 0. In case 7(P) = 0, there should be an element with §-
grading 0, a contradiction. Therefore in these cases 7(P) # 0. O

Proposition 6.2. Suppose that the five-strand pretzel knot P = P(aq,...,a5) has
only odd coefficients and among the five odd coefficients 0,1,4 or 5 are negative.
Then P satisfies PCSC.
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Proof. Since in these cases by Lemma 6.1 we have that 7(P) # 0, Theorem 3.1
implies the result. O

6.2. There are 2 or 3 negative coefficients among the «;’s. In this case our
arguments will rest on the obstructions stemming from the coefficient ao of the
Conway polynomial, together with the ws-invariant introduced in Section 2. Since
the coefficients of P = P(ay,...,as) are all odd, there is an obvious Seifert surface
of genus two associated to the diagram of the knot given in Figure 1. The Seifert
matrix in the obvious basis is given in [18, Section 2.1], where it has been also
shown that

Proposition 6.3. ([18, Lemma 2.2]) Suppose that P = P(aq,...,a5) is a five-
strand pretzel knot with a; = 2k; + 1 odd. Then

as(P) = so + 251 + 3,

where s; is the value of the it" elementary symmetric polynomial in five variables
evaluated on {ki,...,ks}. O

Using the skein rule, a formula for v3(K) = —2ws3(K) has been given in [18,
Lemma 2.2] for all pretzel knots with odd coefficients. For a five-strand pretzel
knot P = P(2ky +1,...,2ks + 1) the result provides

Lemma 6.4. ([18, Lemma 2.2]) ws(K) = 3(5+ 3s1 + 87 + s2 + (53 + s152)).,
where the values of the elementary symmetric polynomials sy, 2,83 are as given in
Proposition 6.3. (]

Remark 6.5. In [18] the above statements (of Proposition 6.3 and Lemma 6.4) have
been formulated for the case of k; > 0; the proofs of these statements, however, hold
in the wider generality we use them here.

With these preparations in place, we can now turn to the verification of PCSC for
five-strand pretzel knots.

Proposition 6.6. Suppose that P = P(ay,as,as3,a4,as5) is a five-strand pretzel
knot with all coefficients odd. Then the purely cosmetic surgery conjecture holds for

P.

Proof. We can assume that there are two or three negative coeflicients among the
{a;}3_, , since (by Proposition 6.2) in the other cases PCSC holds. If P has as(P) #
0, then Theorem 2.2 implies the result. If az(P) =0 and ws(P) # 0, then Theo-
rem 2.3 concludes the argument. Suppose therefore that P = P(2k1+1,...,2k5+1)
has as(P) = 0 (implying that ss = —2s; — 3) and ws3(P) = 0, implying in the
light of Lemma 6.4 (after substituting s; = —2s1 — 3) that s3 = s1 + 2.

By using the standard identities

5 5
Zk?zs%—?sz, Zkf’:s?—3slsg+333,
i=1 i=1
and substituting so = —2s; — 3 and s3 = s1 + 2, we get
5 5
Dk =siHdsi+6=(s1+2)7+2, > k¥ =s}+6s7+1251+6 = (s1+2)° - 2.
i=1 i=1
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Let S = Zle a;. Since S = 2s1 + 5, we get that

Za?:SQ—FZl, Za?:S?

P={ie{l,...,5}]a; >0}, N={ie{l,...,5}|a; <0}

Let

By our assumption on the signs of the k;, we can assume that both P and A have
two or three elements, implying that

(6.1) Z a; >0, Z a; < 0.
1€P iEN
We can also assume that one of the two inequalities
(6.2) Zaf < 52 Z a? < §?
1€P ieEN
holds, since the violation of both would imply 252 < S? + 4, hence S? < 4, so

Zle a? < 8, therefore P is a knot of crossing number less than 16, for which

-

PCSC holds true.

Assume first that both inequalities in Equation (6.2) are satisfied. In this case

ail < 18], hence
D a <) |Sla} <SP

i€P i€P
and
Soat =Y —Isla? = ISP
1EN iEN

Combining these inequalities with the ones from Equation (6.1) we get
—[SP <Y a <|SP,
i=1
providing a contradiction to Zle a? = S3. This shows, that under the assump-
tions that both inequalities of Equation (6.2) hold, if az(P) = 0 then ws(P) # 0.

Assume now that one of the inequalities of Equation (6.2) is false. This implies
that terms in the other inequality sum up to at most 3, implying that all terms in
this other inequality satisfy a? =1, i.e. a; = £1 (with the same sign). By possibly
mirroring the knot, we can assume that these terms are all equal to 1, hence the
corresponding k; = 0. By our previous assumption, there are two or three such
coefficients.

Case I: Suppose first that there are three positive coefficients a1 = ax = az =1
and a4, a5 < 0. This implies that k4 = ko = k3 = 0, hence when computing as(P),
we get that it is equal to 3 4+ 2(k4 + k5) + kaks, while the expression sz — s; — 2
is equal to —ky4 — ks — 2. If the corresponding pretzel knot violates PCSC, both

expressions need to be zero, and we get ksks = 1, hence ks = ks = —1. Since
(a1,...,a5) = (1,1,1,—1,—1) gives the unknot, we can ignore this case.
Case II: Suppose that there are two positive coefficients a3 = a2 = 1, and

as,a4,a5 < 0. With the usual definition of k; as a; = 2k; + 1, we have that
ki =ko =0 and CLQ(P) = k3k‘4+l€3k5+k4k5+2(k‘3+k4+k‘5)+3 and s3—s1—2 =
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kskaks — k3 — k4 — ks — 2. If one of them is nonzero, then P satisfies PCSC. If both
are zero, then so is their sum:

2kskyks + ksksq + ksks + kqks — 1 = 0.
Writing this sum as
(63) k3/<i4(k‘5 + 1) + k3k5(k‘4 + 1) + kaks — 1,

the first two terms are negative unless k5 = —1 or k4 = —1, in which cases the knot
has (at most) three strands; the same applies if k3 = —1. Since ks(ks + 1) > |ks|
or ks(ky + 1) > |kg| once ks < —1, the expression of Equation (6.3) is negative,
providing the desired contradiction. O

Proof of Theorem 1.2. The proof of the theorem for the case of n = 3 is provided
by Proposition 5.1. When a; is even and n > 4, the result is proved in Theorem 5.2.
When n > 6 and all a; are odd, Proposition 5.3 gives the result. Finally in the
cases when n =5 and all a; odd, Proposition 6.6 verifies the claim. This completes
the proof of Theorem 1.2. O

7. APPENDIX: THE JONES POLYNOMIAL FOR PRETZEL KNOTS

In this section we provide a convenient formula for the Jones polynomial of pretzel
knots with odd coefficients. Recall that the Jones polynomial Vi (¢) is defined by
the skein relation

MV (1) = VL (1) = (82 = £ 2)Vi, (1)
and normalization Vi (¢) = 1 on the unknot U.
Suppose that P = P(aq,...,a,) is an n-strand pretzel knot with a; odd. Let
s =t2, k € Z be an integer and v; € {0,1}. We define functions P,, x(s) as
follows. For v; = 0 take

Po’k(S) = —S_Qk.

If v, =1 and k > 0, take

k
Pry(s) =Y (-1)7-s'7%;

j=1
and if v; =1 and k < 0, take

—k
Pri(s)=> (=1)7 - s 1+2,
j=1
For a fixed vector v € {0,1}" multiply the terms P,, 4,(s) corresponding to the
twisting numbers aq, ..., a, of the given pretzel knot, and multiply the result with
the Jones polynomial of the d(v)-component unlink, where d(v) = |(n — 1) —
> oi, vi], resulting in

Qwahm,an(s) =(-s— 5_1)61(”) ’ Pv17a1(8) “ Pyyas (8)-- Pvn7an(8)'

Finally, add these terms and get Wp(s) = 3_,c10.13» Qu,a1,....a, (5) . The verification
of the fact that we get the Jones polynomial follows the same route as the description
of the Jones polynomial through spanning tree expansion, as given in [16].
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Proposition 7.1. With the substitution t = s> the function Wp(s) provides the
Jones polynomial Vp(t) of the n-strand pretzel knot P with all odd coefficients. [

Remark 7.2. This formula can also be used to prove the formula of Lemma 6.4.
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