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We provide new gradient-based methods for efficiently solving a broad class of ill-conditioned
optimization problems. We consider the problem of minimizing a function f : R? — R which
is implicitly decomposable as the sum of m unknown non-interacting smooth, strongly convex
functions and provide a method which solves this problem with a number of gradient evaluations
that scales (up to logarithmic factors) as the product of the square-root of the condition numbers of
the components. This complexity bound (which we prove is nearly optimal) can improve almost
exponentially on that of accelerated gradient methods, which grow as the square root of the condition
number of f. Additionally, we provide efficient methods for solving stochastic, quadratic variants of
this multiscale optimization problem. Rather than learn the decomposition of f (which would be
prohibitively expensive), our methods apply a clean recursive “Big-Step-Little-Step” interleaving
of standard methods. The resulting algorithms use @(dm) space, are numerically stable, and open
the door to a more fine-grained understanding of the complexity of convex optimization beyond
condition number.
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1. Introduction

Smooth, strongly-convex function minimization is a fundamental and canonical problem in optimiza-
tion theory and machine learning. Given an L-smooth, p-strongly convex f : R — R it is well
known that gradient descent and accelerated gradient descent minimize f with O(x) and O(y/k)
gradient queries respectively for x := L/u.! Further, any first-order method, i.e. one restricted to
accessing f through an oracle which returns the value and gradient of f at a queried point, must make
Q(y/k) queries (Nemirovski and Yudin, 1983) in the (dimension-independent) worst case (even if
randomized (Woodworth and Srebro, 2017)). Consequently x, the condition number, nearly captures
the worst-case complexity of the problem.

In this paper, we seek to move beyond this traditional measure of problem complexity and
obtain a more fine-grained understanding of the complexity of smooth, strongly convex function
minimization. In the special case of quadratic function minimization where V2 f has a small number
of distinct eigenvalue clusters, it has long been known that methods like conjugate gradient can
efficiently solve the problem with far fewer gradient queries than would be indicated by the condition
number of the problem (Trefethen and Bau, 1997). This fact has been leveraged in a variety of
contexts for improved methods (Polyak, 1969; Nocedal, 1996; Saad, 2003; Nocedal and Wright,
2006b).

The central question we ask in this paper is whether there is an analog of this phenomenon for
non-quadratic and stochastic optimization problems. Although methods like non-linear conjugate
gradient (Fletcher and Reeves, 1964; Hager and Zhang, 2006) and limited-memory Quasi-Newton
methods (Nocedal, 1980; Liu and Nocedal, 1989) are prevalent and effective in practice, we currently
lack a complete theoretical understanding of when they are (provably) effective. In this work, we
answer this question in the affirmative and give efficient first-order methods for solving natural
classes of non-quadratic and stochastic multi-scale optimization problems.

We focus on the problem of minimizing a function f which is decomposable as the sum of
m non-interacting smooth, strongly convex functions f; each with condition number ;. When
each k; is small and the smoothness of each component, L;, is similar, the overall function is well-
conditioned and can be solved efficiently. However, when the components are at different scales,
i.e. the L; vary, the overall function can be ill-conditioned. We provide methods that depend only
poly-logarithmically on the overall condition number and polynomially on the «;, improving almost
exponentially on the complexity of AGD in certain cases. We complement this result with novel and
nearly matching lower bounds which show that our methods are close to optimal for the class of
first-order methods.

The motivation for considering the specific setting of a sum of non-interacting functions that are at
different scales is largely theoretical. This model serves as a natural starting place when considering
what types of structure can be algorithmically leveraged to go beyond guarantees in terms of the
(global) condition number. Still, the setting we focus on is not too removed from the types of
structure one might encounter in practice. Indeed, many optimization problems possess structure
at unknown and widely varying scales, and optimization approaches designed to gracefully handle
such scaling, such as AdaGrad (Duchi et al., 2011), have proved to be extremely useful in practice.
Our assumption that the components of the objective function are completely non-interacting may be
unrealistic, but we are hopeful that our techniques might extend to more general classes of structured,
poorly conditioned, optimization settings.

1. @() hides factors poly-logarithmic in the function error of the initial point, desired accuracy, and condition numbers.
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1.1. Setup and overview

Definition 1 The multiscale (convex) optimization problem asks to approximately solve the prob-
lem that can be implicitly decomposed as follows:

min f(x) = Y fi(Pix) where P; € R%* with P;P] =

xcR4

icim] 04, xd; otherwise,
the projections P; and functions f; are unknown, each f; : R% — R has condition number
k; = L;/u; where f; is L;-smooth and p;-strongly convex with L; < ;1 for all i < m.2

We focus on optimizing such objectives given only a gradient oracle for f. We also note that though
the above problem (and our yet to be introduced algorithms) are well-defined for any m € [d], we
will treat m as a constant when stating the asymptotic bounds of our algorithms for simplicity.

For intuition, one simple case of Theorem 1 is the quadratic minimization problem f(x) =
1x" Ax — b x where A is positive-definite and its eigenvalues are all located in Uiepm [1is Li]. To

see this, note that the spectral decomposition of A can be written as A = Zie[m] PZTAZ-PZ- such
that A; is a diagonal matrix with diagonal entries within [, L;], and that the matrices {P;}", are
pairwise orthogonal. By setting f;(y) := %yTAiy — bTPZTy one can cast the problem in the form
of Theorem 1.

Since any objective f satisfying Theorem 1 must be y;-strongly-convex and L,,,-smooth, one
may directly apply gradient descent or accelerated gradient descent to minimize f within @(chlob)
or O(\/m) gradient queries, where kg1, 1s the global condition number L, /1. However, as
we show in Appendix F.4, gradient descent with constant step-size or line-search does not take
full advantage of the additional structure beyond the 1i1-strong-convexity and L,,-smoothness from
Theorem 1. In this work, we aim to leverage the structure of Theorem 1 to develop faster algorithms.

Our first contribution is to develop a new algorithm “Big-Step-Little-Step” or BSLS (Algorithm
1) which takes advantage of the structure of Theorem 1 and as a result solves the problem within
@(Hie[m} ki) gradient queries of f (see Theorem 6). Since 11 < Ly < pg < Ly < -+ < iy < Ly
by Theorem 1, it is always the case that Hie[m} ki < Kglob. Therefore, BSLS asymptotically out-

1

performs gradient descent (which has complexity @(nglob)). Moreover, if the clusters [u;, L;] are
well-separated, i.e. Hie[m} ki < Kglob, the complexity of BSLS can significantly outperform ac-
celerated gradient descent. Indeed, in the case where m and each k; are constant, the asymptotic
performance (with respect to sglon) Of BSLS is almost an exponential improvement on the per-
formance of accelerated gradient method; see Fig. 1 for a small experimental comparison in the
quadratic minimization setting . We also show in Theorem 14 that BSLS is numerically stable under
finite-precision arithmetic.

The BSLS algorithm consists of a natural interleaving of steps at different sizes. Intuitively,
BSLS alternates between taking a bigger step-size to make progress on an objective f; which has
a smaller scale (i.e. a small value of L;), followed by a sequence of smaller steps to fix the errors
caused due to this large step in the objectives f; which have a larger scale (i.e. all j > 7). The entire
framework is recursive — the sequence of smaller steps for j > ¢ are themselves defined recursively,
see Section 3 for further intuition.

2. This is without loss of generality (up to logarithmic factors in our claimed bounds) by re-defining any f;, f; pair with
[i, Li] N [ps, Lj] # O as a single f;, sorting the L;, and noting that u; < L; (by known properties of smoothness
and convexity).



KELNER MARSDEN SHARAN SIDFORD VALIANT YUAN

Next, we develop an accelerated version of BSLS, namely AcBSLS (Algorithm 2), that solves the
problem within O([ ;¢ ,,,) v/%4) gradient queries of f (see Theorem 15). Again, as [ |

AcBSLS complexity is never worse than the O(\/@ ) complexity of AGD and can significantly
improve when the clusters are well separated. We also show in Theorem 21 that AcBSLS is
numerically stable under finite-precision arithmetic.

We conclude the study of the multiscale optimization problem (Theorem 1) by developing a
lower bound of Q(Hie[m] V/Fi) across first-order deterministic methods (see Theorem 10). This
shows that AcBSLS is asymptotically optimal up to poly-logarithmic factors. Our proof framework
consists of 1) a novel reduction of a first-order lower bound to discrete /5 polynomial approximations
on multiple intervals and a further reduction to a uniform approximation, 2) a standard reduction to
Green’s function based on potential theory Driscoll et al. (1998), and 3) a novel estimate of Green’s
function associated with multiple intervals.

We summarize the main results in the following theorem.

i€[m) Ki < KRglobs

Theorem 2 (Informal version of Them:ems 6,10, 14, 15 and 21) BSLS solves the multiscale op-
timization problem to e-optimality with O(Hie[m] k;) gradient evaluations. The accelerated version

AcBSLS solves to e-optimality with @(Hie[m] /FKi) gradient evaluations. Both BSLS and AcBSLS

only require logarithmic bits of precision and use O(d) and O(md) space, respectively. Further,
ACBSLS is worst-case optimal across first-order deterministic algorithms up to poly-logarithmic
factors.

In the case where the objective in Theorem 1 is quadratic, we show that the conjugate gradient
method (CG) (Hestenes and Stiefel, 1952) also solves the problem with @(Hie[m] V/Fi) gradient
queries and is numerically stable (see Appendix F.6). AcBSLS matches this performance in the
quadratic setting and further extends the guarantee to a much broader class of non-quadratic problems.
We discuss this implication further in Section 4.

Remark 3 We provide several remarks on the setup of the multiscale optimization and our results.

(a) Theorem I does not assume knowledge of the decomposition. If in addition one assumes that the
decompositions (i.e., f; and P;) are individually accessible, the problem can be solved much
more efficiently (and more trivially), using O(Zz‘e[m} ki) sub-objective gradient queries (see

Appendix F.2), in contrast to @(Hie[m] VEi)-

(b) Given the existence of efficient algorithms if the decomposition is known, one may be tempted to
first recover the decomposition ( f; and P;) before solving. However, we show in Appendix F.3
that recovering the P; with access to a gradient oracle is costly, in that it takes Q2(d) queries in
the worst case.

(c) Theorem 1 assumes orthogonality conditions on {Pi}ie[m]' We remark that some amount of
disjointness is critical to obtaining these upper bounds. In Appendix F.5 we show a Q(,/Fglob)
lower bound on the complexity of the problem without such an orthogonality assumption.

(d) Our algorithms do not necessarily require the knowledge of all the j; and L;’s. In fact, due to
a simple grid-search, our theorems only require that m, p1, L., and Hie[m] ki are known to
obtain the claimed asymptotic query complexity (see Appendix F.1).
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10 | Figure 1: A numerical example demonstrating the effi-
0] T ciency of BSLS and AcBSLS. Our objective is f(x) =
5 107 GD (constant step-size) %XTAxbex, where A has eigenvalues in [0.0001, 0.0002]U
gm-“- ob fexact line search) [1,10]. This objective satisfies Theorem 1 with x; = 2,
B s BSLS kg = 10 and Kglo, = 105. We compare BSLS and AcBSLS

AcBSLS . . . . .
c with Gradient Descent (GD) with constant step-size, Gradi-

10—19 -
ent Descent with exact line search, and Accelerated Gradient
S Descent (AGD). Observe that AcBSLS and BSLS clearly out-

(I) 20‘00 40‘00 60‘00 80‘00 10600 .
number of gradient queries perform the other algorithms.

10-23

Next, we consider the following stochastic, quadratic variant of the multiscale optimization.

Definition 4 (Stochastic Quadratic Multiscale Optimization Problem) The stochastic
quadratic multiscale optimization problem asks to approximately solve the following prob-
lem minycpa Eqp)~p [%(aTx —b)?], where b = a'x* for some fixed, unknown x* and the

eigenvalues of the covariance matrix Epl[aa'] can be partitioned into m “bands” such that for

i=1,...,mandj=1,...,d; each eigenvalue \;, satisfies \;; € [pi;, Li] with L; < j1;11 Vi < m.

This objective is a special case of the multiscale optimization problem in Definition 1 where
each f; is a quadratic function of x (we make the connection explicit in Section E). Therefore, in
the non-stochastic case where we have access to noiseless gradients of f(x), our guarantees for
AcBSLS imply that the problem can be solved with @(Hie[m] V/ki) gradient evaluations. In the
next theorem we show that St ochBSLS provides similar performance guarantees which are robust
to stochasticity.

Theorem 5 (Informal version of Theorem 11) Under certain second-order independence and fourth
moment assumptions on D, St ochBSLS solves the stochastic quadratic multiscale optimization
problem in expectation with e-optimality using d - Hie[m} (’}(Hf) stochastic gradient queries and
O(d) space.

2. Prior work

There is a vast literature on designing and analyzing first-order methods. Here, we survey several
lines of research that are most closely related to our contributions.

Complexity measures for first-order methods. There are many results which consider notions
other than smoothness and strong convexity for first-order methods. Some examples of this is work on
star-convexity (Guminov and Gasnikov, 2017; Nesterov et al., 2018; Hinder et al., 2020), quasi-strong
convexity (Necoara et al., 2019), semi-convexity (Van Ngai and Penot, 2007), the quadratic growth
condition (Pang, 1997; Anitescu, 2000), the error bound property (Luo and Tseng, 1993; Fabian
et al., 2010), restricted strong convexity (Zhang and Yin, 2013; Zhang and Cheng, 2015) and Holder
continuity (Zhang and Yin, 2013; Devolder et al., 2014; Yashtini, 2016; Grimmer, 2019). However,
we are unaware of notions of fine-grained condition numbers for non-linear or stochastic problems
appearing previously in the literature.
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Structured linear systems. As mentioned before, the conjugate gradient method also solves the
quadratic, noiseless version of the multiscale optimization problem. We refer the reader to some of
the surveys for more discussion, including various preconditioning procedures (Greenbaum, 1997;
Saad, 2003; Nocedal and Wright, 2006b). There is also work on improving the condition number
dependence of first-order methods to an average condition number (ratio of the average of the
eigenvalues of the Hessian and the smallest eigenvalue), which can be smaller than the condition
number (Johnson and Zhang, 2013; Shalev-Shwartz and Zhang, 2013; Musco et al., 2018b). There
is also work on preconditioning the matrix by deflating large eigenvalues and hence reducing the
average condition number in cases with a few very large eigenvalues (Gonen et al., 2016; Musco
et al., 2018b).

Nonlinear CG. Various nonlinear versions of CG have also been proposed such as Fletcher-Reeves
(FR) method (Fletcher and Reeves, 1964) and Polak-Ribi¢re (PR) method (Polak and Ribiere, 1969).
These methods are effective in practice and have been widely applied by the numerical optimization
community (Nocedal and Wright, 2006a; Hager and Zhang, 2006; Dai, 2011). However, for nonlinear
CQG, there is still a substantial gap between its practical performance and our theoretical understanding.
On the negative side, it is known from Chap. 7 of Nemirovski and Yudin (1983) that the FR and PR
method do not match the accelerated GD rate @(\/m ).

Adaptive step sizes for gradient descent. Similar to BSLS and its variants, previous works have
also explored the use of an adaptive step size sequence. For example, the Barzilai-Borwein method
(Barzilai and Borwein, 1988) is a chaotic method which makes progress by making large step sizes
and then correcting errors. Malitsky and Mishchenko (2019) provide a gradient descent method
with step sizes that adapt to local geometry, without the use of a line search. Agarwal et al. (2021)
show that for quadratic objectives, vanilla gradient descent with interlaced small and large step sizes
achieves acceleration without the use of momentum. However, these papers do not consider our
multiscale optimization problem setup and as far as we are aware these algorithms cannot recover the
same complexity results. We also note that cyclical learning rate schedules such as those employed
by BSLS have also been applied in deep learning (Loshchilov and Hutter, 2016; Smith, 2017; Fu
et al., 2019) and it could be interesting to extend the present work to provide a theoretical grounding
to these methods.

Leveraging second-order structure via first-order methods. There is a large body of work on
methods to approximate second-order information including quasi-Newton methods such as DFP
(Davidon, 1991), BEGS (Broyden, 1970), L-BFGS (Nocedal, 1980; Liu and Nocedal, 1989), methods
based on subsampling and sketching the Hessian (Pilanci and Wainwright, 2017; Xu et al., 2020;
Roosta-Khorasani and Mahoney, 2019), methods which learn diagonal preconditioners such as
AdaGrad (Duchi et al., 2011) and Adam (Kingma and Ba, 2014), stochastic second order methods
(Agarwal et al., 2017) and Newton-CG (Royer et al., 2019; Curtis et al., 2021). Carmon and Duchi
(2018) also provide accelerated methods that only use gradient and Hessian-vector queries and
improve on the complexity of gradient descent for finding stationary points for certain non-convex
problems. However, it is not known whether any of these algorithms achieves a worst-case complexity
that does not depend polynomially on the overall condition number.

Stochastic methods. Stochastic gradient methods are the workhorse for large scale optimization
and machine learning problems (Bottou and Bousquet, 2008) and there is extensive work on stochastic
gradient algorithms for solving linear systems, including randomized Kaczmarz (Strohmer and
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Vershynin, 2006; Needell et al., 2016), variance reduction techniques (Johnson and Zhang, 2013;
Zhang et al., 2013; Schmidt et al., 2017) and accelerated methods (Liu and Wright, 2016; Allen-Zhu,
2017; Jain et al., 2018). However, the complexity of all these methods depends polynomially on
some measure of eigenvalue range or conditioning of the underlying matrix.

Lower bounds. Starting with the seminal work of Nemirovski and Yudin (1983), there is a rich
body of work on lower bounds for first-order methods. More recently, several works have extended
these results to randomized algorithms (Woodworth and Srebro, 2017; Simchowitz, 2018; Braverman
et al., 2020; Woodworth, 2021), and we use these results to show necessity of the orthogonality
assumption in the multiscale optimization problem. To show query-complexity lower bounds for
first-order methods for the multiscale optimization problem, we show a reduction from a first-order
lower bound to a polynomial approximation problem on multiple intervals. There is extensive
literature on polynomial approximations we leverage here, especially the work of Widom (1969)
(more references appear in Section D). We also note that there is a long history of relating the
convergence rates of optimization algorithms to polynomial approximation problems, including the
work of Greenbaum (1989a); Musco et al. (2018a) on convergence of Lanczos and CG.

3. Approach and results

In this section we give an overview of our algorithms and results.

3.1. Big-Step-Little-Step Algorithm (BSLS)

We begin by introducing our main algorithm “Big-Step-Little-Step” (BSLS) for the multiscale
optimization problem (Theorem 1). As the name suggests, BSLS adopts the idea of running a series
of gradient descent steps with alternating step-sizes ranging from L, ! to Ll_l. To see the rationale
behind alternating step-sizes consider the simple case of m = 2 sub-objectives. If we were to run
one step of GD on f, the smoother sub-objective f; would favor a “big step” of size L; *, while
the less smooth fy would favor a “little step” of size L, ! In fact, the “big-step” will decrease f;
considerably (by a factor of 1 — Kl_l), but it may also increase fo (by no more than a factor of nglob).

On the other hand, the “little-step” will decrease fo considerably (by a factor of 1 — x5 1), but will
not decrease f; substantially (though it will not increase f; either). Thus, in order to make progress
on both f; and f5 efficiently, one could run one big step, followed by multiple little steps to fix the
increase in f5 from the previous large step-size. The BSLS algorithm is a careful interleaving of
these big and little steps. This intuition extends readily to the case of m > 2 sub-objectives with a
recursive framework (see Algorithm 1). We begin by executing BSLSl(x(O)) on the initialization
x(©), We explain the recursive procedure via an illustrative example in Fig. 2.

The following theorem characterizes the convergence rate of BSLS. The proof appears in
Appendix B.1.

Theorem 6 [In the multiscale optimization (Def. 1), for any x©) and e > 0, BSLSl(x(O)) returns
an e-optimal solution with O ((Hie[m] /{i> . (logm_1 Kglob) -log (M)) gradient queries
when { (i, L;),i € [m|} are known. Moreover in the case where {(u;, L;),i € [m]} are unknown
and only m, p1, Ly, and m,, = Hie[m} ki are known, we can achieve the same asymptotic sample

complexity (up to constant factors suppressed in the O(-)).
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Algorithm 1 Big-Step-Little-Step Algorithm

Procedure GD(x; L)
I: return x — 1 - Vf(x)

Procedure BSLS; (x(?)
[m log <wﬂ ifi=1,
1: T; < ‘

[Ki - (2log Kglob + 1)]  otherwise.
2: fort=0,1,...,7; — 1 do
3 x® « BSLS;1(x®) if i < m, or x(*) otherwise.
4 xt)  gp(x®; L)
5: return BSLS;1(x(TV)) if i < m, or x(7¥) otherwise.

Figure 2: An illustrative example of BSLS (Algorithm 1)
with m = 3,7y = 2,71, = 1, T3 = 3. The algorithm starts | ‘
1/Lq 4! . . !
by executing BSLS; (x(?)) at initialization x(?). BST.S; will !

invoke BSLSy for 77 + 1 = 3 times, with two “big” steps /L 4

step size

(GD of step-size 1/L1) in between. Within each invocation of

BSLSo, it will invoke BSLS3 for T + 1 = 2 times, with one e e e M e
“medium” step (GD of step-size 1/Ls) in between. BSLS3 only
consists of T35 = 3 little steps (GD of step-size 1/L3) since
m = 3 is the final layer. Therefore, BSLS; effectively consists

iterations
T BSLS1 BSLS2 [ BSLS3

of 3 types of gradient steps structured in an interlacing order.

Given the rationale behind BSLS, it is natural to ask whether such a careful step-size sequence is
necessary to obtain fast convergence. Perhaps by simply performing line-searches in the direction
of the gradient we can obtain a method which automatically finds the appropriate scale to make
progress? As we also mentioned earlier in Section 1.1, Appendix F.4 shows that this is not the
case; indeed, we show instances where gradient descent with exact line search or constant step-sizes
require {2(kglon) gradient evaluations to solve the problem while BSLS only requires O(log(xglob))
gradient evaluations. This illustrates that it can be difficult to directly guess the right step-size and
suggests the need for a step-size schedule such as that employed by BSLS.

3.2. Stability of BSLS and why interlacing order matters

For methods like conjugate gradient, there are known gaps between the best-known theoretical
performance with infinite precision and finite-precision arithmetic (Paige, 1971; Greenbaum, 1989a),
and there are related robustness issues in the face of statistical errors (Polyak, 1987). Consequently,
when designing methods for the multiscale problems we consider, care is needed to ensure methods
perform efficiently even without infinite precision arithmetic. Here, we discuss the stability properties
of BSLS. We first note that under exact arithmetic any reordering of the GD steps in BSLS; attains
the same convergence rate:

Proposition 7 In the multiscale optimization (Theorem 1), assume all operations are performed
under exact arithmetic. Then any reshuffling of GD steps in BSLS; (Algorithm 1) attains e-optimality.
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In contrast, we show that under finite-precision, the interlacing order defined by recursive BSLS
(Algorithm 1) is essential to guarantee the stability. Specifically, we show that our recursive BSLS;
only requires roughly logarithmic bits of precision (per floating-point number) to match the rate of
convergence achieved under exact arithmetic, in contrast to potentially (at least) polynomial bits of
precision for problematic orderings.

To understand why order matters in finite-precision, let us again consider simply m = 2 sub-
objectives. Theorem 7 suggests a total of © (k) big steps and O (k1) little steps are needed to
attain e-optimality under exact arithmetic. Consider a problematic ordering: begin with é(m) big

steps altogether and end with little steps altogether. With this ordering, the initial O (k1) big steps

will amplify the error of fs by th()f]?)‘ Under finite-precision, one needs é(m) bits of precision to

keep track of this growth, which is polynomial in the condition numbers. The same arguments apply
if one runs all the (:)(,«;1/12) little steps first — polynomial bits of precision are needed to secure
the progress made by the little steps in f; before the big steps bring the error up. In contrast, our
recursive BSLS (Algorithm 1) overcomes this issue because the progress of all sub-objectives is
balanced thanks to the interlacing step-sizes. We demonstrate this phenomenon in Fig. 3 with a
numerical example. We formally prove the stability of (recursive) BSLS in Appendix B.2.

A ' ' ' ' Figure 3: Importance of interlacing order in BSLS un-
10 N . . .

% L N der finite-precision arithmetic. Our objective is f(x) =
5 e ! ixTAx — b x, where A has eigenvalues in [0.001,0.002] U
g |~ Interlacing order - BSLS [0.5, 1]. We consider three different step-size orderings, each
S 1024 1 Bad order | - small steps first
— 1

I

-~-- Bad order Il - big steps first running 20 big steps and 240 little steps in total. The first

1010~ =
s 10 1 T (solid) line runs BSLS; (Algorithm 1), namely every big step
s . is followed by 12 little steps. The second (dotted) line runs all
5 107 little steps before the big steps. The third (dashed) line runs all
§ 10719 4 big steps before the little steps. Observe that only the princi-
- 10-14 L . . . i . pled BSLS converges under finite arithmetic (double-precision
0 50 100 150 200 250

# gradient queries floating point format).

3.3. Accelerated Big-Step-Little-Step algorithm (AcBSLS)

We provide an accelerated version of BSLS algorithm, namely Accelerated BSLS (AcBSLS), which

with O ((Hie[m} \//7,> log™~! Kglob * 10g <w)> gradient queries solves the multiscale
optimization problem (Theorem 1) up-to e-optimality. As we will see below, AcBSLS is optimal
across first-order deterministic methods up-to poly-logarithmic factors.

AcBSLS shares the similar motivations of adopting alternating step-sizes as in BSLS. Instead of
running GD, AcBSLS runs Accelerated Gradient Descent (AGD) with various “step-sizes”. Formally,
we use AGD(x, v; L, 11) to denote one-step of AGD with smooth estimate L and convexity estimate
1 (see the first block of Algorithm 2 for definitions). The AcBSLS algorithm (the second block of
Algorithm 2) then follows a similar recursive structure as in BSLS defined in Algorithm 1.

The major difference between AcBSLS and the (un-accelerated) BSLS lies in the difficulties of
fixing the larger (less-smooth) sub-objectives after executing the big step-sizes. To understand this
challenge, let us consider the simple case with only m = 2 sub-objectives. Recall that in BSLS, after
executing one big GD step, we run 7> little GD steps to fix the surge in f5. This is backed by the
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fact that little GD steps will not increase the smaller (smoother) sub-objective f1, as suggested by
Theorem 12. Unfortunately, this relation does not trivially extend to the accelerated setting, because
AGD(x, v; Lo, pu2) may not keep the joint progress of x, v in f;. Consequently, we adopt a more
sophisticated branching strategy that fixes x and v separately, see Line 5 of AcBSLS; in Algorithm 2.
We refer readers to Appendix C.3 for a numerical example on the non-convergence of naive AcBSLS
without branching.

Algorithm 2 Accelerated Big-Step-Little-Step Algorithm

Procedure AGD(x,Vv; L, )
1: /{(—L/ﬂ;&(—%;ﬁ(—l—ﬁ
2y ax+(1-a)vi vi v+ (1= y - Vi) x4y V).
3: return (X+,V+)

Procedure AcBSLS; (x(0),v(0)
I: fort =0,1,..., 7, — 1do

VAt log (OCDIN g =1,

2. T+
\/n»i(log(élﬁglob) + 1)-‘ otherwise.
3 (x®,v0) — acp(x®,v®: L;, 1))
4:  if i < m then
5: (x| )« AcBSLS 41 (X1, %)), (L, v+ — AcBSLS; 1 (v, v®)
6: else
; (x () (D) (500, (D)
g: return (x(72) v(T:))

We specialize the initialization x(*) and v(9) to be the same to simplify the exposition of
the theorem. We present and prove a general version of Theorem 8 with arbitrary x(0) v jn
Appendix C.

Theorem 8 (Simplified from Theorem 15) In the multiscale optimization (Theorem 1),
for any xO and ¢ > 0, ACBSLS(X(O),X(O)) returns an e-optimal solution with

O <(Hi€[m] \/E) - (log™ ™! Kglop) - log <M)) gradient queries when { (i, L;),i € [m]}
are known. Moreover in the case where {(j1;, L;), i1 € [m]} are unknown and only m, j1, L, and
T = Hie[m] K; are known, we can achieve the same asymptotic sample complexity (up to constant
factors suppressed in the O(-)).

Similar to (un-accelerated) BSLS, under finite-precision arithmetic, AcBSLS can also attain the
same rate of convergence with only logarithmic bits of precision. We defer the formal discussion to
Appendix C.2.

3.4. Lower bound for the multi-scale optimization problem

We demonstrate the optimality of AcBSLS (up to poly-logarithmic factors) by establishing the mini-
max complexity lower bound of the multiscale optimization problem (Theorem 1) across first-order
deterministic algorithm. We start by introducing the formal definition of a first-order deterministic
algorithm from Carmon et al. (2021).
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Definition 9 (Definition of first-order deterministic algorithms from Carmon et al. (2021)) An
algorithm A operating on f : R* — R is a first-order deterministic algorithm if it produces it-
erates {xD}2, of the form x®) = AW (f(xM) Vf(xW), ... f(xED), VF(xED)), where
A®)  REFD(E-D) s Re is measurable (the dependency on d is implicit).

Note that the algorithm class considered in Theorem 9 is fairly general. For example, the definition
does not require the algorithm to query points in the span of the previous gradients as in the some
classic literature (Nemirovsky, 1991, 1992; Nesterov, 2018) (we refer readers to Carmon et al. (2020)
for more detailed discussions on the generality of this function class). The formal statement of our
lower bound is as follows and the proof is relegated to Appendix D.

Theorem 10 (Lower bound of first-order deterministic algorithms for multiscale optimization)
For any i, Lj such that minc,,) £ > 2, for any deterministic first-order algorithm A defined in
Theorem 9, for any t € N, there exists an objective f satisfying Theorem 1 with ||V f(0)]|2 < Agrad
such that

8t
[Licpm) % - Tlicpm-1) (003 : 108;(16%1))

i 7))l > exp | - Agrad
TE

Theorem 10 shows that our proposed AcBSLS is optimal up-to a poly-log factor due to the
shared polynomial dependency ©(] [, efml V/ki). Theorem 10 also reveals the necessity of the poly-
logarithmic dependence on Kgjop. For example, when the spectrum bands are evenly spaced such that

1 -1
Mit1 — . m—1 Hitl ~o m—1 m—1Y\ __ log™ (Hglob) : :
I, — Rgap and K K Rgap» then Hi:1 log L, log (ﬁglob ) =11 which ylelds

the same asymptotic dependency on kg1, as in the upper bound of AcBSLS (Theorem 15).

3.5. Stochastic BSLS

Recall the stochastic version of a quadratic multiscale optimization problem from Theorem 4. We
find that a variant of the BSLS algorithm efficiently solves this problem. We define the stochastic
analog of BSLS in Algorithm 3, which we call StochBSLS.

Our proofs require that the distribution D generating samples (a,b) must satisfy a kind of
“second-order independence” in the projected space Pa; for any triple of distinct ¢, j, £ we must
have that E[(Pa);(Pa)?(Pa),] = 0. Note that this assumption is satisfied for natural distributions
such as a ~ N(0,X) whenever P diagonalizes the covariance ¥. For a few more non-trivial
examples of distributions which satisfy this assumption see Theorem 95. We define Kurt(D) as the
kurtosis of the distribution, which is the smallest constant such that for any w € R%, E[(w "a)4] <
Kurt(D)E[(w "a)?]2. In the case where a ~ N(0,X) we have Kurt(D) = 3. The kurtosis of
the distribution will play a role in the necessary number of stochastic gradient queries taken by
StochBSLS. We establish the following theorem, the proof of which is relegated to Appendix E.

Theorem 11 Consider the stochastic quadratic multiscale optimization problem from Definition 4.
Suppose D is such that for any i, j, k € [d], E[(Pa);(Pa)i(Pa);] = 0, unless i = j and for any
w € R% E[(w'a)!] < Kurt(D)E[(w'a)?]%. If m < log(kgion)/3 and {4, Li};c,, are known,

then given any x©) let T = [m log(9 HX(O) - X*Hz /e)—‘ , T; = 8[k;ilog(kglob)] , fori =

2,...m, and ngyg > Kurt(D)dm? (H [m] TZ) (maxie[m] E) . Then StochBSLS; (X(O)) returns

1€
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Algorithm 3 Stochastic Variant of BSLS Algorithm
Procedure SGD(x; L)

1: g+ 0
2: fori=1,...,n5, do
3. Receive (¥, b)) and update g + g + njvg (@9 Tx) - b@)al®

1
4 return X — 7 - g

Procedure StochBSLS; (x()
0 2 e
T [/ﬁlog(9Hx( )—X*HZ/E)—‘ ifi=1
8 [ ki log(Kglob)] otherwise

—_

2: fort=0,1,...,7; — 1 do

30 xM) StochBSLSiH(x(t)) if i < m, or x; otherwise
4 xUH)  sep(x®); Ly)

5. return StochBSLSiH(x(Ti)) if i < m, or x(T?) otherwise

an e-optimal solution in expectation using @(d) space , with a total of O (navg AL Hie[m} E)

queries of (a,b) ~ D. If only ji1, Ly, and [ [;c,,, ; are known and there exists some K such that

H2*1/23H2 <K (Ea@ Hgl/zaHDl/Z, 3.1)

then we can solve the stochastic quadratic multiscale optimization problem with an extra multiplica-
tive factor of O (K?dlog %d (1+ /%)) more queries of (a,b) ~ D.

4. Implications and future directions

We view the multiscale optimization problem and our algorithmic results as promising first steps
towards obtaining a more fine-grained complexity of convex optimization which goes beyond
condition number. Though we give near-optimal rates for solving a class of smooth strongly-convex
optimization problems, our work still leaves a number of open directions. Key among them are
whether we can design methods with the full practical flexibility and applicability of methods like
non-linear CG and limited-memory Quasi-Newton methods that have theoretical grounding as well,
in the sense that they solve the types of problems that this work proposes. For instance, is there
a variant of non-linear CG or limited-memory Quasi-Newton methods that provably solves our
multiscale optimization problem, or a stochastic version of CG which solves the stochastic quadratic
problem? More broadly, our work raises several intriguing questions regarding the role of memory in
optimization, and when it is possible to achieve the convergence rates of second-order methods with
only linear memory. Further, though we have established lower bounds on multiple modifications
of our multiscale optimization problem, there are several natural related problems for which it
remains open to develop fast methods—for example, problems for which the Hessian has some sort
of consistent multi-scale structure and cases where the problems at different scales interact instead of
being completely orthogonal.
We now further elaborate on some of these implications and directions.

12
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Space limited optimization. Recall that both BSLS and St ochBSLS work in O(d) space, and
AcBSLS uses @(dm) space. Despite using linear memory, our algorithms only suffer a polyloga-
rithmic dependence on the overall condition number rg)o1. In this context, they serve as a bridge
between quadratic-memory second-order methods which achieve a logarithmic dependence on the
condition number, and previous linear-memory first-order methods which usually have a worse
polynomial dependence on the condition number. For the stochastic case, we are unaware of any
previous algorithm which only uses linear memory but still has a polylogarithmic dependence on
Kglob- In fact, some recent work (Sharan et al., 2019; Woodworth and Srebro, 2019) conjectures that
a polynomial dependence on kgop is in general unavoidable for sub-quadratic memory algorithms.
Our work shows that, at least for the structured problems we consider, it is possible to match the
polylogarithmic dependence on k1.1 Of second-order methods, while only using linear memory, and
raises the question of whether this is possible for a larger class of problems.

History and structure in accelerated methods. Our near-optimal accelerated method stores up
to 2m points at a time; this is in contrast to CG, non-linear CG, and standard accelerated methods
(Nesterov, 1983) which store at most two points. It is an interesting open problem as to whether our
space bound for accelerated methods could be improved. If not this raises several questions about
the power of using additional history and memory in first-order methods.

Stochastic CG. We note that the St ochBSLS algorithm for the stochastic quadratic version of the
multiscale optimization problem does not obtain an accelerated convergence rate. We suspect that the
natural stochastic analog of CG where we approximate any matrix-vector products over a sufficiently
large set of samples does obtain an accelerated convergence rate for the stochastic quadratic problem,
and showing this is an interesting direction for future work. This algorithm would additionally have
the desirable property of not needing to guess the eigenvalues of the quadratic problem nor requiring
a step size schedule.

Optimization problems with diagonal scaling. Another interesting direction is to consider non-
linear, convex optimization problems which are diagonally scaled (x — Dx for a diagonal matrix
D). This does not directly fit within our framework of Theorem 1 because the different scales could
interact, but we believe the ideas in this paper may extend to this setting. We remark that our results
do apply to the quadratic version of this problem and believe that methods like Newton-CG may be
applicable in the non-quadratic case. Further understanding and extending this setting could pave the
way for developing algorithms beyond AdaGrad for handling scaling in optimization problems.
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Appendix A. General notation

Let [n] denote the set {1,2,...,n}. We use bold lower-case letter (e.g., x) to denote vectors, bold
upper-case letter (e.g., A) to denote matrices. We use I to denote identity matrix, 1 to denote all-1
vector, 0 to denote all-zero vectors or matrices, e; to denote ¢-th unit vector (i-th column of I).
When comparing two vectors or matrices, the ordinary inequality signs (<, >) denote element-wise
inequality. For example, A > 0 means A is a non-negative matrix. When comparing two matrices,
(=, ») denote spectrum inequality. For example, A > 0 means A is a positive semi-definite matrix.
We use || - ||1 to denote vector ¢; or matrix ¢;-operator (row-sum) norm, || - ||2 to denote vector o
norm or matrix ¢s-operator (spectrum) norm. For any function f we use f* to denote the optimum
(minimum) value of f.

Appendix B. BSLS algorithm for multiscale optimization
In this section, we provide the formal proof of Theorem 6 in Appendix B.1, and then formally

establish the stability of BSLS in Appendix B.2.

B.1. Proof of Theorem 6 and Theorem 7: BSLS under exact arithmetic

Here we formalize the aforementioned intuition and prove Theorem 6. To begin, we first study the
effect of GD(x; L;) on various subspaces j € [m].

Lemma 12 In the setting of Theorem 6, for any x and i,j € [m],

1 j<i
fi(PieD(x; Li)) — f7 < (fi(Pjx) = ff) - q1—w; ' j=i
’%glob jZZ

Proof [Proof of Lemma 12] Let x denote the result of GD(x; L;). By L;-smoothness of f;, we

have
1 L
[i(Pyxy) — f7 < fj(Pyx) — f7 + <_Li + 2Lj?> IV £ (%) (B.1)

Now we consider the three possible cases j =4, j < ¢ and j > ¢ separately.

(a) For j = 1, the inequality Eq. (B.1) becomes
1
Fi(Pyxe) = f5 < f5(Px) = 7 = 5 [V £(Px)ll3.
J

By p-strong-convexity of f; we have ||V f; (ij)Hg > 24 (f;(Pyx) — f7). Thus f;(P;x4) —
fi < U=k )(F(Pyx) = £7).

(b) For j < 1, the coefficient of the second term of Eq. (B.1) is non-positive since L; < L;. Hence
fi(Pyxy) — fr < fi(Pjx) — fF.
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(c) For j > 1, first observe that by p;-strong convexity and L;-smoothness of f;, one has
2L;(fi(Pjx) = f7) = IVf;(Pjx)]l; = 2u;(f;(Pjx) — f;). Therefore by Eq. (B.1), we
have

* 2#3' L? * 2 *
fi(Pyjxy) — f} < <1 -t L2> (fi(Pyx) = 1) < (=1 + ko) (fi(Px) — f7),

7

where the last inequality is due to p; > L; and L—” < Kglob by definition of Kglop,.

Summarizing the above cases completes the proof of Theorem 12. |

With Lemma 12 at hand we are ready to prove Theorem 6.
Proof [Proof of Theorem 6] By expanding the BSLS procedure, we observe that BSLS1(-) consists
of Tj - ch;ll(Tk + 1) steps of GD(+; L) in total, for j € [m]. Therefore, by Theorem 12, for any
i € [m], the following inequality holds

PR B (g o) TILAEHD (fp () _ gy

fi(PBsLs1(x ) — fF <k Kglob i

i—1 j—1 i—1
<exp | 2logrgon - T3 [[ (T + 1) = s ' T[T + 1) | (i®@x®) = £7).
J=1 k=1 j=1

denoted as y;
(sincel —z <e™ %)

It remains to upper bound ;. For i = 1, by definition, we have ; := —Hl_lTl <log <W)—f*>
due to the choice of T3. For ¢ > 1, we observe that
-2 i—1 i—2
% = Yie1 = 210g Kgiob - Ti1 - H )=k T[T+ 1) + 5T [ (@ + 1
j=1 j=1 j=1
-2
< | Ty HT—|—1 Ky Ty + Ky + 210g Kglob) -

Since T; > k;(2log Kglon + 1) (due to the choice of T;) we obtain 7; — v;—1 < (Hl ! T)

( 14k 1) < 0. Consequently, v, < Y1 < -+ < 71 < log (W) Therefore for all
€ [m], fi(PBsLs1(x)) — fF < exp(v) (fi(PiX N —fr) < O (fi(Px(©) — 7).
Summing over all i € [m] gives f(BSLS;(x(V)) — f* <e.
To show the last part of Theorem 6 regarding the setting where the parameters {(y;, Li), i € [m]}
are unknown, we do a black-box reduction from the case where the parameters are known to when
only m, u1, Ly, and 7 are known.

Proposition 13 Let 7, = Hie[m} Ki. An algorithm A which solves the multiscale optimization
problem in Definition 1 to sub-optimality € with T (T, Kgloh, M, €) gradient queries when the
parameters (p;, L;) are known, can be used to solve the multiscale optimization problem with
T(m.25™, Kglob, M, €) - O(log™ (Kglob)) gradient queries when only m, (1, Ly, and 7 are known.

24



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

The proof Proposition 13 works by simply doing a brute force search over all the parameters over
a suitable grid and appears in Appendix F.1. The last part of Theorem 6 now follows. |

The re-ordering Theorem 7 holds because Theorem 6 only leverages the fact that BSLS:(-)
consists of © (][ _, Tk) steps of GD(+; L;) in total, for j € [m).

B.2. Theory on the stability of BSLS: why interlacing order matters

Now we verify the intuition above and theoretically justify the stability of BSLS (Algorithm 1).
For clarity, let GD be the finite-precision implementation of GD, and BSLS; be the finite-precision
implementation of BSLS; by replacing GD with GD. To understand finite-precision behavior without
going into excessive details of low-level implementation, we impose the following Requirement 1
that GD returns a d-multiplicative approximation of the exact GD. Requirement 1 is reminiscent of
the “correct rounding” requirement on basic operations in IEEE standard (c.f. Chap. 6 of Overton
(2001)). Technically, if GD operator is well-conditioned (and no overflow or underflow occurs), then
Req. 1 can be satisfied by a floating-point system with O(log(1/4)) bits (c.f. Chap. 12 of Overton
(2001)).

Requirement 1 There exists a § < 1 such that for any x and i, for x4 < GD(x; L;) and X} +
GD(x; L;), it is the case that |xX5 — x| < §|x|, where | - | denotes element-wise absolute value.

—

In the following Theorem 14, we prove that finite-precision BSLS; can match the exact arithmetic
rate under only logarithmic bits of precision in that § only has to be polynomially small. As
a conclusion, BSLS can be implemented stably with @(d) bits of memory. We specialize the
initialization x(%) to 0 to simplify the exposition of the theorem. In Appendix G, we provide and
prove the general version with arbitrary x(0),

Theorem 14 (BSLS under finite-precision arithmetic) Consider multiscale optimization problem
(Theorem 1), for any € > 0, assuming Requirement 1 with

6> m - (10kgen)*™ - YO -7, H T,

€
1€[m]

then min{ f(0), f(BSLS1(0))} — f* < 3¢ provided that Ty, . .., T, satisfy
Ty > Ky log <f(0)_f> ; T; > 51(2 1Og(’{glob) + 1)7 fOI"i =2,... U
€

when {(u;, L;), i € [m]} are known. We can also achieve the same asympototic sample complexity
(up to constant factors suppressed in the O(-)) when {(wi, L;), i € [m]} are unknown and only m,
p1, L and . =[] k; are known.

The proof of Theorem 14 is relegated to Appendix G.
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Appendix C. Accelerated BSLS algorithm for multiscale optimization

In this section, we first state and prove the extended version of Theorem 8 on the complexity of
AcBSLS with general (x(9), v(9). Then we establish the stability result of AcBSLS in Appendix C.2.
Finally, we discuss in Appendix C.3 on the necessity of branching procedure in AcBSLS.

We will use standard potentials from accelerated GD to monitor the progress of AcBSLS. For
any ¢ € [m] and x, define

Ai(x) = filPix) = f, rilx) = Sy — x|,
For any x, v pair, define

Gi(x,v) =A%) +ri(v), P V)= Y di(x,v).
i€[m]

We establish the following theorem.

Theorem 15 (AcBSLS with exact arithmetic) Consider multiscale optimization problem defined
in Theorem 1, for any initialization (x(9,v(9) and € > 0, then ¥ (AcBSLS;(x(?),v(0)) < ¢
provided that T, . . ., Ty, satisfy

(X(O), V(O))

€

ﬂzﬁm%w ) T > rilog(rh) + 1), fori=2,...,m, (C.D)

when {(ui, L;), i € [m]} are known, and the total number of gradient queries which AcBSLS makes
is (’)(Hie[m} T;). We can also achieve the same asymptotic query complexity for finding an e-optimal
solution (up to constant factors suppressed in the O(-)) when {(;, L;),i € [m]} are unknown and
only m, u1, Ly, and 7, = H:il K; are known.

C.1. Proof of Theorem 15: AcBSLS under exact arithmetic

The proof plan is as follows. We first study the effect of one AGD step with various “step-sizes”
on each sub-objective in Appendix C.1.1. Then we inductively bound the progress of AcBSLS;
for all ¢+ from m down to 1, with ¢ = 1 being the ultimate goal (see Appendix C.1.2). Then we
finish the proof of Theorem 15 in Appendix C.1.3. Note that the last part regarding the case where
{(wi, L;),i € [m]} are unknown follows from our black-box reduction in Proposition 13 (in the
same way as in the proof of Theorem 6).

C.1.1. EFFECT OF ONE AGD STEP WITH VARIOUS “STEP-SIZES”

In this subsection, we study the effect of AGD on all sub-objectives f;’s. The main goal is to establish
the following Lemma 16.

Lemma 16 (Effect of one AGD step with various “step-sizes”) Consider multiscale optimization
(Def. 1), for any x,v and i € [m), consider (xy,v4) = AGD(x,v; L;, u;), then

(a) (apply the right step-size) V¥; (x4,v4) < (1 - \/%T) i (%, V).

(b) (apply small step-size) For any j < 1, the following two inequalities hold
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(i) max {Aj (X-i-)? Aj (V+)} < max {Aj (X)7 Aj (V)};

(ii) max {rj(xy),rj(vy)} < max{r;(x),r;(v)}.
(c) (apply large step-size) For any j > 1, the following three inequalities hold

(i) max{r;(vy),rj(x4)} < "élob max {r;(v),r;(x)};
(ii) max {A;(v), Aj(x4)} < kg, max {A;(v), Aj(x)}s

(iii) (x4, vy) < 2/<;j/-i§;10b(x,v).

Remark 17 Lemma 16 is supposed to be the counterpart of Lemma 12 (the progress of one-step

GD in (un-accelerated) BSLS). One may be tempted to establish the following (stronger) version of
Lemma 16(b)

w] (X-‘r? V+) < % (X7 V), lf.] <. (C.2)

If this claim Eq. (C.2) were true, we would be able to guarantee the convergence of naive AcCBSLS
(akin to BSLS) without using the branching procedure. Unfortunately, we can show that Eq. (C.2)
is not always true, even for quadratic objective f. That is to say, the potential vp; may not be
conservative under AGD(+, -; L;, ;) with i > j (a.k.a. AGD with “smaller step-sizes”). We provide
more details on this topic in Appendix C.3, including a numerical experiment against naive AcBSLS.
In Lemma 16, we instead show that max{A(x4), A(vy)}, max{r(xy),r(vy)} are non-increasing
under AGD with smaller step-sizes. Since Lemma 16 (a) and (b) keep track of different quantities, we
end up requiring the recursive branching procedure defined in AcBSLS (Algorithm 2).

We now prove Lemma 16.
Proof [Proof of Lemma 16]

(a) The proof of (a) follows by standard accelerated gradient descent analysis Nesterov (2018),
which we state here for completeness. For clarity, let x; = %, o = %, B =1— \/% be
the corresponding x, a, 3 in applying AGD(+, ; L;, ui;). Let us restate the recursion for clarity (we
introduce an auxiliary variable z for ease of exposition).

y=a;-x+(1-a)-v, z=0-v+(1-5) vy,

1=5 Vfly), xy=y-— Li -Vf(y)

Vi =272 —

7

By definition of z, one has

Pz~ )3 < AP — )3+ (1 B[Py —x)  (by convenity)
<AIPs (v =+ 2 g7 fiPiy) + (P Pily — ).

(by p;-strong-convexity of f;)
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By definition of v, one has

IPs v = x) I = [Py (2

2

. _A.\2
“IPita = %) - X ) Pita - x) + (1) sl
<alPilv =) + 2P (g — fi(Py) + PV, Paly - )
2(1-5)

2
—(PNf(.V),Pz'(Z—X*)H( ) 1PV

1-8;
Hi Hi

Pl ) + 22 {f? ~ [i(Piy) + (PiVS(y), Pily - z>>]

(2

®
1-6\?
+< A ) 1PV ()3 (C3)
AN T
Next we bound @ and @ in (C.3). First note that by definitiony — z = 3;(y — v) = Bi(ai(x — v)),
andx —y=(1—q;)(x—vVv),wehavey —z = fi—i‘;(x —y). Therefore @ is bounded as
Bic; Bic;
(PVH(). Pily ) = 2 (PVF) Pilx = y)) € s ((Px) — £i(Py)).
(C4)
where the last inequality is by convexity of f;.
To bound @, we note that x; =y — L%_V f(y), which implies (by L;-smoothness of f;)
1 Li|1 2 1
FPix,) < (P~ (VAP LRV )+ 5 | PV = AP - 5 IPTIBIE.
7 7 2 7
Thus @ is upper bounded as
1PV F(y)ll3 < 2Li (fi(Piy) — fi(Pixy)). (C5)

Plugging the upper bound (C.4), (C.5) down to (C.3) yields

L L)

2(1 - /Bz) ﬁiozi 2Li(1 _ 51)2
T U—ay VP — filPay) + =

(fi(Piy) — fi(Pixy)).

Substituting o; = VAL and Gi=1—

1 .
\/K—i+1 \/771 gives

22 (o) - £ < (1- 1) (IPy -2 4+ 2 (P — £
Pitvs =X+ iPox) = 1) < (1= 2 ) (IPv ==+ 2 (P - ).

which implies 1 (x4, v4) < (1 — \/1,?) 1 (x,v), completing the proof of (a).
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Ly m be the corresponding , v, 3 in applying AGD(-, -; Ly, f4;).

(b) Let/ii:‘u‘iz7ai_\/*+1’/87¢_1
For clarity we restate the algorithm AGD with an auxiliary state w
1
y=0a;-x+(1—-aq)-v, w=y——Vf(y),
- (C.6)
vy =Biv+(1-Bi)w, Xy =y =7 VI(y)
7
Since « € [0, 1] we have (by convexity)
Aj(y) = f(Pjy) = [} < max {f;(P;x), f;(Pjv)} = fi = max{A;(x), A;(v)} .
Since the step-size of the w-step satlsﬁes by assumption j < 7, we obtain
1 L1 2
fi(Piw) < f;(Pjy) — o (VIiPiy), BV f(y) + = ;Pjvfj@’) < [i(Pjy).
% % 2

For the same reason we have f;(P;x;) < f;(P,y) since the x,-step takes an even smaller
step-size. These imply A;(w) < Aj(y) < max{A;(x),A;(v)} and Aj(x4) < Aj(y) <
max {A;(x), Aj(v)}. By convexity we have A;(vy) < max {A;(v),A;(w)} <max{A;(x),A;(v)},
which completes the proof of the first inequality. The second inequality holds for the same reason.

L

(¢) Letr; = #—Z o = \/gl ;= 1—\/% be the corresponding «, v, 3 in applying AGD(-, -; Ly, f4;).

For clarity we restate the algorithm AGD with an auxiliary state w, as in (C.6).

First note that r;(y) < max {r;(x),r;(v)} since y is a convex combination of x and v. Now we

analyze r;(w)
2

2

2 it = |5 (v = 29500 - %)

1Py — <)% — j PV f(y), Pily —x*) + : 1P,V i)

Nj) . * (]2 ( 1 1> 2
<(1-—=]|P;(y —x +|—++ = ) P;Vfly
(1= 22) 1Pyt =)+~ + o ) IR SO

(2

<( —’“‘f) Pty —x) 2+ [~ 2+ ) Py —x) 2
o 22 J 2 i ,U/Zz / 2
2 ) L2
<Py — x5 = 37i(y),
M’LZ J 2 NZQ J

Since v is a convex combination of w and v, we obtain

max {r;(x), 75(v)} .

Fal &

)

.2
rj(vy) <max {r;(w),r;(v)} < max {M%"”J‘(Y)ﬂ“j(v)} <

Similarly we have
L? L?
rj(xs) < 757i(y) < 75 max {r;(x),r;(V)},

[ )
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which yields the first inequality of (c). The second inequality of (c) holds for the same reason. The
third inequality holds because

Vi(xg,ve) = Aj(xy) +7(ve) < max{A;(x4), Aj(vy)} + max{rj(x4),7(v4)}
<K/glob (max{A;(x),A;(v)} + max{r;(x),r;(v)}) (by the first two inequalities)
<Ko (A5(X) + A;(v) 4+ 75(x) +75(v))
<hgiob (K5 + 1(A;(x) +75(v)) < 2650k (%, V).

C.1.2. ESTIMATING THE PROGRESS OF AcBSLS

Lemma 18 Under the same settings of Theorem 15, for any (x,v) and i € [m], let (X4,v4) <
AcBSLS;(x, V), then for any j < i, it is the case that

(a) max{A;(x+), Aj(v4)} < max{A;(x), A;(v)}.
(b) max{r;(x:),r(v4)} < max{r;(x),r;(v)}.

Proof [Proof of Lemma 18] We will fix j and prove both statements by induction on ¢ in descent
order (from m to j + 1). Throughout the proof we denote (x(*), v(0) %(0) (0 ... (T (T3)
the sequence generated by running AcBSLS;(x, V).

Induction base: for i = m, note that ACBSLS,,(-,-) is equivalent to AGD™™ (-, ; Ly, fim)-
Since j < m, Lemma 16(b) suggests max{A; (X)), A;(¥®)} < max{A;(x®), A;(v(")}. Since
i = mwe have x("t1) = ) and v(**1) = ¥()  and consequently max{A;(x(+1)) A; (v} <
max{A;(x®"), A;(v®)}. Telescoping ¢ from 0 to T} yields max{A; (x4 ), A;(v4)} < max{A;(x), A;(v)}.
The same arguments hold for (b) as well.

Now suppose the statements hold for ¢ + 1 < m and we study i. Since j < z’ we can ap-
ply Lemma 16(b) to show that max{A, (x(t)) A ( )} < max{A;(x®),A;(v")}. By in-
duction hypothesis we have A;(x#1) < A;(%x®)) and A;(v#HD) < A (¥ ()) Consequently
max{A;(xED), A; (v} < max{A; (x(t)) (vl )} Telescoping ¢ from 0 to 7; yields
max{A;(xy),A;(vy)} <max{A;(x),Aj(v)}. The same arguments hold for (b) as well. [

Lemma 19 Under the same settings of Theorem 15, for any (x,v) and i € [m], let (x4,v4) <

AcBSLS;(x, V), then ¥;(x4,vy) < (1 - ﬁ)Ti Ui (x, V).

Proof [Proof of Lemma 19] Let (x(?), v(0) %(0) (0 ... x(T) () be the trajectory generated
by running AcBSLS;(x,v). For i = m, AcBSLS,,(-,-) is equivalent to AGDT™ (-, ; Ly, fim).
Lemma 16(a) suggests that t; (x(+1) v(t+1)) < (1 — \/%m)il}i(x(t), v(®). Telescoping ¢ from 0 to
m shows ;(x1,v4) < (1= —=)Tmai(x, v).
For i < m, we first note that Lemma 16(a) suggests 1;(x®), v(1) < (1 — —2=)ap;(x®, v(®)),
Ay(x®). For

3

Since (x(), ) = AcBSLS 11 (3", %)), Lemma 18 suggests that A, (x(1)

IN
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the same reason we have 7;(v(*T1)) < r;(¥(®)). Consequently 1; (xt+1D v(tH1)) < o (%0 v1) <
(1- \/%Tn)wi(x(t), v(®)). Telescoping t from 0 to T; completes the proof.
|

Lemma 20 Under the same settings of Theorem 15, for any (x,v) and i € [m], let (X4,v4) <
AcBSLS;(x, V), then for any j > i, the following inequality holds

J J—1 k
Yj(x4,v4) < exp (-\/1/7 117+ (ZH%) log (455521010)) ¥i(x, ).

J k=i k=i =i

Proof [Proof of Lemma 20] We will fix j and prove by induction on ¢ in descent order (from j to 1).
Induction base: for ¢ = j, the statement (b) follows by Lemma 19

bilxe,ve) < (1 - 1>Tj < exp (—T) bi(x,v).

Now assume the claim holds for ¢ + 1 < j, and we study the case of 7. Denote
(x©, v %0 O ... x(T) y(T)) the sequence generated by running AcBSLS;(x, v). Since

(x®,v®) « acp(x®,v®); L;, u;) and i < j, Lemma 16(c) suggests that
max {r; (%), 1;(v9) } < oy max {r; (<), 75 (v ) }
Since f; is kj-conditioned we have ; < A; < k;r;, which implies
B (&0, 90) = A;&O) 4 15(30) < sy (EO) £y (90 < 20 mae [y (), 5 (v}
and
max {rj(x(t)), rj(v(t))} <ri(x®) +75(v) < A;(xO) 75 (v) =, (x®, v D).

In summary we have
(%W, 31) < 2ot (x 1, v ) ()

Since (x| ) « AcBSLS;41(x%®),%®), by induction hypothesis of (a) we have
1 J Jj-1 k
A () <y (Y, ) < exp (—ﬁ, I &+ ( S TI Tz) 1og(4n§n§10b)> ;(x0, %0).
Vi k=i+11=i+1
(C.8)
For the same reason we have
L -1k
ry (v < (L vOHD) <exp (—m I] 7+ ( S I1 Tl> 10g(4l€§l€§10b)> (v, 50,
VEI W2 k=i+11=i+1
(C.9)

Since 1; (X, x®) = A;(xO) +7;(x®) < 2A;(%®) and ¢; (v, v = A;(¥O) +7;(¥®) <
(1 + 1)r;(v(®)) we have

P (xD % O) 4 (v vO) < 2559050, v1) (C.10)
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Combining (C.8) (C.9) and (C.10) gives
%’ (X(t-i-l)’ V(t+1)) _ Aj (X(t-i-l)) +r (V(t—‘rl))

1 J =1k
<2kj - exp <_\//<T H Ty + ( Z H Tl> log(4/<c]2/<cglob)> P (x0, 1), (C.11)
Tk

=it+1 k=i+1l=i+1
By (C.7) and (C.11) we arrive at

1 J =1 K
1/1j(x(t+1),v(t+1)) < 4“?521013‘6}@ <_\//<T H Ty, + ( Z H T, IOg(4“g2‘"élob) wj(x(t),v(t)).

J k=i+1 k=i+11=i+1

Telescoping ¢ from 0 to 7; yields

-1 k
¥ (xT) vy < exp (—f HTk+< Tl> 1og(4n§-m§10b)> Pi(x vy,

. k=i l=i

completing the induction proof of Lemma 20. |

C.1.3. FINISHING THE PROOF OF THEOREM 15

With Lemma 20 at hands we are ready to finish the proof of Theorem 15. This part of proof is almost
identical to the proof of Theorem 6 presented in Appendix B.1.
Proof [Proof of Theorem 15] Applying Lemma 20 yields (for any i € [m])

i i—1 k
1
i (AcBsLS; (x(@,v(0)) < exp N HTk + ( E HTZ> log 4Hglob) i (x©, (),
k=1 k=11=1

denote as y;

Observe that forany i = 2,...,m,

i—1 L =
Yi — Yi-1 :log(4ﬁélob) ) H 15—k, ? H Tj+ k5 H T}
Jj=1 J=1

J=1
i—1 1
= H T] . ( 2T + K 2 + log(4/€g10b)>
J=1

Since T; > /ki(log(4#g,,) + 1) we have

i1 )
—%'—1<HT]--< 1+ &, 21><0.
=1

For v; we observe that v; = \/%_T1 < log m
log m Therefore for all ¢ € [m)] it is the case that

Hence v < ym-1 < -+- < m <

Yi(x,v) < exp(y) - i(x,v() < i(x, ()

%Z)(X( ,v()
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Taking summation over ¢ gives

(acBsLs; (x(V, vi?)) < -

1€[m)|

completing the proof of Theorem 15. |

C.2. Stability of AcBSLS

Similar to (un-accelerated) BSLS, under finite-precision arithmetic, AcBSLS can also attain the
same rate of convergence with only logarithmic bits of precision.

Formally, let AGD be the finite-precision implementation of AGD, and Aﬁsi be the finite-
precision implementation of AcBSLS by replacing AGD with AGD. We impose the following
requirement such that AGD can return a d-multiplicative approximation of AGD in both x and v:

Requirement 2 There exists a 6 < 1 such that for any x, v, and i, considering (X4+,vy) <
AGD(x,V; L;, i;) and (X5,vy) < AGD(x,V; L;, 1), it is the case that |x5 — x| < §|x4| and
Vi —vy| < |vil|. (Weuse |- | to denote element-wise absolute values).

We specialized the initializations to O to simplify the exposition of the theorem. In Appendix H,
we provide and prove the general version with arbitrary x(©), v,

Theorem 21 (AcBSLS under finite-precision arithmetic) Consider multiscale optimization prob-
lem defined in Theorem 1, for any € > 0, assuming Requirement 2 with

)2m—1 . 1/1(07 0)

€

)

st =am | I T | - (10K20
1€[m]

then min{y(0,0), (ACBSLS1(0,0))} < 3e provided that Ty, ..., Ty, satisfy Eq. (C.1) (with
x(0) = v = 0), when {(ui, L;),i € [m]} are known. We can also achieve the same asymptotic
sample complexity (up to constant factors suppressed in the O(-)) when {(pi, L;),i € [m]} are
unknown and only m, p1, Ly, and 7, = H:zl K; are known.

The proof of Theorem 21 is deferred to Appendix H.

C.3. Why do we need branching for AcBSLS

In this subsection we demonstrate why naive AcBSLS may not converge. Specifically, we consider
the following Algorithm 4. The only difference compared with the principled AcBSLS (defined in
Algorithm 2) is the replacement of the branching procedure with a naive recursion.

C.3.1. THEORETICAL EVIDENCE

Following the discussion after Lemma 16, we provide a simple result suggesting the potential for
AGD may not be “backward compatible” (specifically, the potential governing small [x;, L;] may not
be conservative under AGD with larger [, L], although the latter takes smaller step.) Therefore one
cannot replace Lemma 16 with Eq. (C.2). Formally, we prove the following proposition.
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Algorithm 4 Naive Accelerated Big-Step Little-Step Algorithm (may not converge)

Procedure NaiveAcBSLS; (x(0), v(0)
1: fort=0,1,...,7; — 1do

2 (%0, 5W) « AGD(xy, vi; Li, ;) I> AGD is the same as the original one (Algorithm 2)
3:  if i < m then

4 (x®D (D)« AcBSLS; 1 (%x®), v®) i> Naively recurse instead of branching
5:  else

6 (X(H_l),v(H_l)) «— (i(t)7‘~,(t))

7: return (x(T), v(Ti))

Proposition 22 There exists a function f : R* — R that is pi1 -strongly-convex and L1-smooth, but
for certain (x©),v0) it is the case that

1 (AGD(xO, v Ly, 1)) > by (x(O, v(@).

for some o, Lo such that Ly > ps > L. Here 11(x, V) is the potential associated with f, namely
da(x,v) = ) = 15+ Bl v = 73

Remark 23 Although Proposition 22 does not rule out the possibility of other conservative potentials,
we conjecture that such a potential may not exist given the inherent instability of accelerated GD
(c.f., Section F of Yuan and Ma (2020)).

Proof [Proof of Proposition 22] Consider the following objective f : R? — R: f(x) = 0. 5:1}1 + 53
Apparently f is 1-strongly-convex, 10-smooth. Consider initialization x( ) = (0,0)T,v® =
(1,1)7. Then one can verify that 11 (x(?), v(?)) = 1 but ¢; (AcD(x(?),v(D); Ly, yn)) > 1.18 for
Ly =200 and pp = 100. |

C.3.2. NUMERICAL EVIDENCE

Next, we provide numerical evidence against the convergence of naive AcBSLS, see Fig. 4. We
synthesize a quadratic objective with eigenvalues belonging to [10~#, 1073] U [0.5, 1]. We implement
both the principled AcBSLS (with branching, see Algorithm 2) and naive AcBSLS (Algorithm 4)
with the corresponding 1, p2, L1, L2. We observe that the principled AcBSLS (with branching)
converge with 75 = 8, as expected. On the other hand, the naive AcBSLS fails to converge for any
T, € {8,16,32,64}. The implementation details can be found in the accompanying notebook in
supplementary materials.

Appendix D. Lower bound for multiscale optimization

In this section, we prove our lower bound results (Theorem 10) of the multi-scale optimization
problem.

D.1. Proof structure of Theorem 10

We will separate the proof of Theorem 10 into three parts.
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Figure 4. Numerical evidence that Naive AcBSLS (Algorithm 4) may not converge. Observe
that the principled AcBSLS (with branching) converge with T, = 8, but the naive AcBSLS fails to
converge for any T, € {8,16,32,64}.

Part I: Reduction to uniform polynomial approximation. In the first part, we reduce the prob-
lem of a lower bound over arbitrary first-order deterministic algorithms to a constrained polynomial
uniform approximation problem on S = | J; e[m] [, Li] across P,g, where (throughout this section)

PP = {p: pis a polynomial of degree at most k and p(0) = 1}. (D.1)
The result is as follows.

Lemma 24 (Reduction to a uniform polynomial approximation problem) For any first-order
deterministic algorithm A, for any k € N and Agraq > 0, there exists an objective f satisfying
Theorem 1 with ||V f(0)|2 < Agraq such that

i () i .
feu[kn]llvf(x N2 > (prrelgérggglp(k)o Agrad-

The rough proof idea of Lemma 24 is to 1) first reduce the general first-order deterministic algorithm
class to the construction of a tri-diagonal objective for which zero-respecting algorithm (see Carmon
et al. (2021) for definition) is hard , then 2) reduce to the problem of discrete weighted /5 polynomial
approximation over S, and finally 3) reduce to uniform polynomial approximation over S. The
detailed proof of Lemma 24 is relegated to Appendix D.2.

Part II: Reduction to Green’s function. In the second part, we cite classic results from potential
theory literature to reduce the uniform polynomial approximation problem raised in Lemma 24 to
the estimation of Green’s function. The results are as follows.

Lemma 25 (Reduction to Green’s function) Let S = Uie[m] [ti, Li], then for any k € N, the
following inequality holds

;frelg,lg max|[p(A)| > exp(—kgs(0))

where gs(0) is the Green’s function associated with S (with pole at 0c), see Theorem 37 in Ap-
pendix D.3 for formal definition.

The detailed reference of Lemma 25 is relegated to Appendix D.3.
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Part III: Estimating (upper bound) the Green’s function. In the last part, we provide a bound
of gs(0) as follows. We identify that this estimate may be of independent interest.

Lemma 26 (Estimating the Green’s function) Let S = (UL, [u;, L;], and assume i—j > 2 for
J € [m]. Then the Green’s function associated with S satisfies

8

gs(0) < — _—
iegm 3ii - igm— (0'03 : log(16%))

The proof of Lemma 26 is relegated to Appendix D.4.
The Theorem 10 then follows immediately from Lemmas 24, 25 and 26.

D.2. Proof of Lemma 24: Reduction to uniform polynomial approximation

In this subsection we will prove Lemma 24 on the reduction from the lower bound of arbitrary
first-order deterministic algorithms to the uniform polynomial approximation problem.
We will prove Lemma 24 in three steps.

Step 1: Reduction to a first-order zero chain (or hard tri-diagonal quadratic objective). Fol-
lowing the techniques of Carmon et al. (2021), we first reduce the lower bound across all first-order
deterministic algorithms to the construction of a “first-order zero chain” Carmon et al. (2021). Specif-
ically, we reduce to the existence of tri-diagonal quadratic objectives with “large” gradients under
limited supports.

Lemma 27 (Reduction from arbitrary first-order deterministic algorithms to first-order zero-chains)
Let S = Uz‘e[m] (i, Li], suppose for some Agraq > 0, € > 0 and k € N, there exists a symmetric tri-
diagonal matrix T € RETm)X(k+m) yish eigenvalues all belonging to S, and suppose the objective

flx):= %XTTX + Agrad - e]—x satisfies

min IVf(x)|2 > e.

X1 =Th42=""=Th+m =0

Then for any first-order deterministic algorithm A, there exists a function f satisfying Theorem 1
with |V £(0)||la < Agraq such that the trajectory {x®}5° | generated by A on f satisfies

i F(x(]|y > e.
Té?klgullvf(x )2 > €

The proof of Lemma 27 is similar to the original proof of lower bounds in Carmon et al. (2021). We
first reduce the range of arbitrary deterministic first-order algorithms to zero-respecting algorithms
via the equivalency result in Carmon et al. (2021), and then show that any zero-respecting algorithm
can only reveal one dimension per step for the tri-diagonal quadratic objective. The detailed proof of
Lemma 27 is relegated to Appendix D.2.1.

Step 2: Reduction to discrete weighted /> polynomial approximation. Next, we reduce the
problem raised in Lemma 27 to the following constrained weighted discrete /5 polynomial approxi-
mation problem.
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Lemma 28 (Reduction to discrete weighted /> polynomial approximation) Let S = Uie[m] (i, L),
then for any k € N, for any Agaq > 0, there exists a symmetric tri-diagonal matrix T €
RE+m)x(+m) ypish eigenvalues all belonging to S such that the objective fx) = %XTTX +
Agrad - e]—x satisfies

min HVf( M2 > Agraqa - max max  min Z

Xl 1 = =Thypm = AL Aktm €5 37y ) V7 =1 PEPY i)

Recall 77,8 is defined in Eq. (D.1) as the set of polynomials p of degree at most k with p(0) = 1.

The proof of Lemma 28 is constructive, where we explicitly construct a symmetric tri-diagonal matrix
T with large miny.,  ,=...—z; ., =0 || V.f(x)||2. The detailed proof is relegated to Appendix D.2.2.

Step 3: Reduction to uniform polynomial approximation on .S. Finally, we reduce the discrete
weighted />-approximation problem raised in Lemma 28 to a uniform polynomial approximation
over S across Pp.

Lemma 29 (Reduction to uniform polynomial approximation on S) Let S = U [,uz, L),
then for any k € N, the following inequality holds

max max min E $)vi)? > min max [p(\)].
A1, ,Ak+meS Zze (ktm] v 2—1 pEP k—&-m} pE’P AES

Recall 73,8 is defined in Eq. (D.1) as the set of polynomials p of degree at most k with p(0) = 1.

The proof of Lemma 29 is based on the fact that the best uniform approximation over .S, denoted as
Py, is also the best discrete weighted /2 approximation over the extreme points on p; with appropriate
weights. To this end, we will show that p; is orthogonal to low-degree polynomials under these
weights. The detailed proof of Lemma 29 is relegated to Appendix D.2.3.

The proof of Lemma 24 then follows immediately from Lemmas 27, 28 and 29.

D.2.1. DEFERRED PROOF OF LEMMA 27

Proof [Proof of Lemma 27] Since T has all its eigenvalues within S = U [ul, L;], the objective
f(x) satisfies Theorem 1. Since T is tri-diagonal, for any zero-respecting ﬁrst order algorithm A,
(see Carmon et al. (2021) for definition) initialization at 0, the first k + 1 iterates x(1), ... x(*+1)
are all supported in the first k£ coordinates. Hence

min V()2 2 min IVF )z > e

€lk+1] XiTp 1 =Tpt2="""=Tgim=0

Let F(Agraq) denote the union, over d € N, of the collections of C*>* convex functions f : R?Y - R
satisfying Theorem 1 and ||V f(0)||2 < Agraqa. Since F(Agraq) is orthogonally invariant, by
Proposition 1 of Carmon et al. (2021), the time complexities over all first-order deterministic
algorithms are lower bounded by the zero respecting first-order algorithms, completing the proof.
|
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D.2.2. DEFERRED PROOF OF LEMMA 28

We introduce the following definition for ease of exposition.

Definition 30 A symmetric tri-diagonal matrix is non-degenerate if none of its sub-diagonal entries
are zero.

We first show that for any distinct {\; };c x4, and positive {v; };c[x+m], One can construct a desired
tri-diagonal matrix.

Lemma 31 Let A\j, A2, ..., \grm be a set of distinct positive numbers, and vy,va, . .., Vk+m be
another set of positive numbers with Zie[k +m] v? = 1. Then there exists an orthogonal matrix

Q e REAm)x(k+m) gy ch that
1. Qe; =V, where vV := [v1,V2, ..., Vktm] .

2. Q" AQ is non-degenerate tri-diagonal, where A = diag (A1, X2, . . ., Aot )-

Proof [Proof of Lemma 31] We construct Q = [q1, 92, - - . , Q-] column by column as follows:
(@ qi =v.
(b) Forany j =2,...,k+m,letq; = (I— Zie[jfl} a:q; )AQ;-1, q; = \\f:?llz'

One can verify that
(i) Foranyi € [k + m], ||q;|l2 = 1.
(ii) Forany i < j, q; @; = 0 and thus q; q; = 0.

(i) Forany ¢ < j — 1, ql Aq] 0 (To see this, first observe that span (qi,q2,...,q;) =
span <v Av,... AI~ V> for any j. Thus Aq; € span{(qi,...,q;+1). Consequently we
have q; Aq] = 0 by point (ii) above for any ¢ < j — 1).

By (i) and (ii) we know Q is orthogonal. By (iii) we know Q" AQ is tri-diagonal. The non-
degeneracy of T follows by the linear independence of {v, Av,..., A*¥*™ 1} sincev > 0, A >0
and the distinctness of {\; }se[4m)- [ |

Next, following Lemma 31, we show that the tri-diagonal objective has large ||V f(x)||2 when the
last m coordinates of x are zero.

Lemma 32 Under the same settings and notation of Lemma 31, let T = QTAQ, and consider
objective f(x) = 3x ' Tx + Agaq - € x. Then

min VIl = g - min [p(A)Qerll2 = Agaa- min [ 37 (0

XoThA1 =" =Th4m= pEPy i€k+m)]
Proof [Proof of Lemma 32] By non-degeneracy of T we have
{x:2p41 =" =2Tpym =0} = {p(T)ey : degp < k — 1}.
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Thus the following sets are identical

{VIx):zpp1 = = Tpym = 0} = {TxX + Agrad " €1 : Thg1 = *** = Thgorn, = 0}
:{Agrad . p(T)el 'pE 731(3}

It follows that
min va( )||2 = Agrad - min ||p(T)el||2 = Agrad - min ||p(A)Qel||2
X Tp41="""=Tk4+m= pE’Pg Pepg
The last equality is due to Qe; = v. |

Now we finish the proof of Lemma 28.
Proof [Proof of Lemma 28] By Lemmas 31,32, for any distinct A1, ..., Ay € Sand vy, ..., Vg >

0 such that 35,y v = 1, we have
min IVF()]l2 > Agrad - mln Y (@
X Tgp4+1="""=Lk4+m=
i€lk+m]
If A1, ..., Ag+m are not distinct, then one can find another set of distinct A;’s such that the RHS is

not smaller. The same arguments hold if one of the v; is zero. Hence

min IVf(x)||2 > Agrad - . max max min Z

: —= - 0
X Tht 1 Thm =0 ALy Aem €S 3y 4y V7 =1 PEPY ielorm]

D.2.3. DEFERRED PROOF OF LEMMA 29

We first cite the following Lemma 33 that characterizes the uniform approximation on S within 73,8.
Recall 73,8 is defined as the set of polynomials p of degree at most k£ with p(0) = 1.

Lemma 33 (Characterization of uniform approximation on S, adapted from Schiefermayr and Peherstorfer (199
Let S = Uie[m] (i, Li], denote I; = [p;, L;| then for any k € N,

* k ] k
Hz k HS : Hlax)\GS ‘pk(A)’ net ei”afle'.

(b) |pi| attains ||pills in S for s € {k +1,...,k + m} times, denoted as \1 < Xy < ... < A
(That is to say |p;,(M)| = |pp(A2)| = -+ = [pE(As)| and \; € S fori € [s]). The \;’s are
called “e-points” in the literature.

(c) pr(A), ..., pE(As) change signs for exactly k times, namely
{7 - sgn(pi(A;)) # sgn(pr (A1) =k
(d) If \j and \j 1 belong to the same interval I;, then sgn(pi();)) - sgn(py(Xj+1)) < 0.
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(e) If \j and \j i1 belong to two different intervals I;, , I;,, and sgn(pj();)) - sgn(pi(Aj+1)) > 0,
then \j = L;,, \j11 = [,

(f) If \j and \j11 belong to two different intervals I;, , I;,, and sgn(py(A;)) - sgn(p(Aj+1)) <0,
then maxy; < x<x;,; |[PE(A)| = [|pglls. Therefore py is also the best unifrom approximation
within P,gfor LHU---UlLi; 1 U [Mileig] Uljytr - Ul

(a-c) extends the well-known Chebyshev equioscillation theorem to the union of multiple intervals.
These results were originally developed by Achieser (Achieser, 1928, 1932, 1933a,b, 1934) for the
union of two intervals and later generalized by Grear (1981). We adapt the statements from Schiefer-
mayr (2011a). (d-f) is adapted from Schiefermayr and Peherstorfer (1999). Similar characterizations
can also be found in Widom (1969); Nevai (1986); Lubinsky (1987); Fischer (1992); Peherstorfer
(1993); Fischer (2011).

Next, we show that the best uniform approximation pj € 73,8 is also the best discrete /o approxi-
mation on the e-points A1, ..., As with a specific set of weights v;’s.

Lemma 34 Under the same setting and notation of Lemma 33, define

) v =

o {3 irsEni0n) sen(i(y)) > 0orj = Torj = /%
1 otherwise Zie[s] ci/Ai

Then for any p € 73,8, the following inequality holds
> (wip(A))* = IpklIE-
Jj€ls]

Proof [Proof of Lemma 34] Repeat the interval-merging procedure in Lemma 33(f) until there isn’t
any consecutive pair \;, A; 1 that belongs to two different intervals but sgn(py (\;))-sgn(py (\j+1))
0. After merging, there are exactly s — k intervals left, denoted as S’ = Uiers—x) Ji-

A

By definition, pj is a (un-normalized) T-polynomial on S’ (see Schiefermayr and Peherstorfer
(1999) for definition). By Theorem 2.3 of Schiefermayr and Peherstorfer (1999), for any polynomial
q with deg g < k, it is the case that Zje[s ¢;pi(Xj)g(Aj) = 0. Since both p, p} € Py, we know that

M/\m() is a polynomial with degree < k (since p(0) = p;(0) = 1). Hence

S 2O E0) ~ i) = ey 3 eipiny) PO I

- ; '
jels] 2.jels) % jels] J

Therefore (by orthogonality)

D p(A))? =2 wipi () (PO =P+ D (i (N))? = Y (i (A)? = IIpil3-

J€ls] J€ls] J€ls] J€ls]

|
The proof of Lemma 29 is immediate once we have Lemma 33 and Lemma 34.
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Proof [Proof of Lemma 29] Apply Lemma 33 and Lemma 34, one has for some s € {k+1,...,k+

m}.
max max min Z vip(A; > min max |p(A)].
VL yenes U‘S?ZiE[S] q}?:l /\1,,)\S€Sp€732 ]E[S]( .]p( ,7)) pg’Pg \eS |p( )‘
Since s < k + m, we have therefore
max max  min Z v;p(A5))2 > min max [p(\)].
vl""7vk+m7zi€[k+m] U%:l Al,,)\kerESpepg ( Jp( ])) pepg AES ‘p( )’

JE[k+m]

D.3. Reference of Lemma 25: Reduction to the estimation of Green’s function

In this section, we will cite literature from potential theory to reduce the uniform approximation
problem raised in Lemma 24 to estimating Green’s function, as stated in Lemma 25. Most of the
results in this subsection are classic (c.f., Widom (1969); Grcar (1981); Aptekarev (1986); Nevai
(1986); Lubinsky (1987); Driscoll et al. (1998); Embree and Trefethen (1999); Shen et al. (2001);
Andrievskii (2004); Kuijlaars (2006); Saff (2010); Fischer (2011)). We follow the statements from
Driscoll et al. (1998).

The following lemma gives the lower bound of uniform approximation by asymptotic convergence
factor pg.

Lemma 35 (Asymptotic convergence factor as non-asymptotic lower bound, slightly adapted from Driscoll et al. (
Let S be a compact (possibly not connected) subset of complex planes C. Then the following limit
exists

®
li i A =pg <1
¢&<£%%gw>0 ps <1,
where the limiting value pg is called the asymptotic convergence factor of S. Moreover, for any
k € N, the following inequality holds

i )| > k. D.2
g%ggm(ﬂ_% (D.2)

Recall 73,8 is defined in Eq. (D.1) as the set of polynomials p with degree at most k and p(0) = 1.

k
Remark 36 Schiefermayr (2011a) shows that the RHS of inequality (D.2) can be improved to 1ipps2k

S
in the case that S is the union of a finite number of real intervals. We will still use the loose bound
(D.2) for simplicity since they gave the same order of bound asymptotically.

The asymptotic convergence factor of S can be analytically represented by the Green’s function
of S. We formally define the Green’s function as follows.

Definition 37 (Definition of Green’s function, borrowed from Driscoll et al. (1998)) Let .S be a
compact (possibly not-connected) subset of C with no isolated points. Then the Green’s function
associated with S (with pole at o) is the unique R-valued function defined on C\S such that
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(a) gs is harmonic at C\S.
(b) gs(z) = 0asz— IS.
(c) gs(z) —log|z| = C as |z| — oo for some constant C.

The following result establishes the fundamental connection between Green’s function of S and the
asymptotic convergence factor of S. This result is classic and we cite the statement from Driscoll
et al. (1998).

Lemma 38 (Representation of asymptotic convergence factor via Green’s function, slightly adapted from Driscoll
Let S be a compact (possibly not-connected) subset of C with no isolated points. Let gs(z) be the
Green’s function associated with S. Then the asymptotic convergence factor of S is given by

ps = exp(—gs(0)).

The proof of Lemma 25 then follows immediately from the above two lemmas.

D.4. Proof of Lemma 26: Estimating the Green’s function

In this subsection, we will establish Lemma 26 on the upper bound of g5(0) for S = U, ¢y [14, Lil-
Our startpoint is the following classic results due to (Widom, 1969) on the explicit formula of gg.

Lemma 39 (Green’s function with respect to the union of real intervals, adapted from Section 14 of Widom (1969
Let S = U;n:l[,uj,Lj] C R forsome 0 < py < Ly < -+ < iy, < L. Let q(2) be the polynomial

a(z) = [[ = m)(=— Ly).

J€[m]

Let h(z) be the unique (m — 1)-degree monic polynomials satisfying

/M+1 MO o =1, .
Ly Q) C

Then the Green’s function for S (with pole at o) at 0 is given by

M R(Q)dC
o 4q(<)

Remark 40 Although Lemma 39 by Widom (1969) gives an exact formula to compute gs(0) (up to
integration), it is hard to read off the dependency of gs(0) with respect to the condition numbers of
the problem (local condition number k; and global condition number Kg1,). Numerous follow-up
works have attempted to establish more concrete estimates of the Green’s function when S has two
or more intervals (Grear, 1981; Lubinsky, 1987; Fischer, 1992; Peherstorfer, 1993; Shen et al.,
2001; Andrievskii, 2004; Schiefermayr, 2008, 2011a,b; Alpan et al., 2016; Schiefermayr, 2017).
Unfortunately, to the best of our knowledge, the existing estimate is either not sharp or not explicit
for our purpose.

gs(O) — (_1>m+1

We will give an explicit upper bound of gs(0). This estimate is novel to the best of our knowledge.
Starting from Lemma 39, the proof of Lemma 26 relies on the following three technical lemmas. The
first lemma upper bounds gs(0) with the product of the roots of A determined in Lemma 39.
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Lemmadl Let S =JjL,[u;, L;] C R, and assume ﬁ—j > 2 for j € [m]. Let h(z) be the unique
polynomial determined in Lemma 39, then h(z) has m — 1 real roots 1,7, ..., rm—1 such that
Tk € [Lk, pr+1], and the following inequality holds

7 er[m—l} M;iil
L
1 eepm)
7

Remark 42 Note that Lemma 41 immediately implies a coarse bound of gs(0) < \/jL since
k€[m] E

9s(0) <

Tk < Mk
The second lemma establishes the following upper bound of r; by the ratio of two integrals.

Lemma 43 Under the same settings of Lemma 41, the k-th root of polynomial h satisfies the
following inequality.

K41 ¢d¢
<4. L \/(C=p)(C—Li) (s 1—C) (L 1—C)
Tk = K41 d¢ :

L \/(¢=1) (C—Li) (rs1—C) (L1 —C)

The third lemma upper bounds the ratio encountered in Lemma 43.

Lemma 44 Assume l% > 2 (for any j € [m)), then the following inequality holds for any k €
[m —1],

fﬂk+1 ¢d¢
Lk /(C=px) (C—Li) (k11— (L 1—C) < s

Bkt1 d¢ - Bt )
ka V(=) C—Li) (a4 1 =) (L 1—C) log (16 L )

The proof of Lemmas 41, 43 and 44 are standard yet tedious estimation of definite integrals,
which we defer to Appendix I.
The proof of Lemma 26 then follows immediately from Lemmas 41, 43 and 44.
Proof [Proof of Lemma 26] By Lemmas 41, 43 and 44,
28

r 7 —
Teim—1) ey [iem— log(165511) 7

< < .
[Thepm 1= /e &  kepm) 2 - Tiepmn) (0-03 108"(16“27:1))

Appendix E. Stochastic BSLS algorithm for quadratic multiscale optimization

In this section we prove Theorem 11, showing that a variant of BSLS, which we call StochBSLS, ef-
ficiently solves the stochastic version of a quadratic multiscale optimization problem from Theorem 4,
restated below for convenience.
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Definition [Restated Theorem 4]The stochastic quadratic multiscale optimization problem asks to
approximately solve the following problem

1

5

T 2
nin ax—b)},
X

min E(a b)N’D |:

where b = a' x* for some fixed, unknown x* and the eigenvalues of the covariance matrix Ep [aaT]
can be partitioned into m “bands” such thatfori=1,... mandj =1,...,d; each eigenvalue

Ai; satisfies Ni; € [pui, Li] with L; < piy1 forall i < m.

We introduce some additional notation. Let nya.x = MaX;e ] d;. Welet H; := diag(Ai;, Aig,y -+ -5 Ad di)
be the diagonal matrix with eigenvalues that lie in the band [u;, L;] and P; be an orthonormal matrix
such that P; P, = H;. Let P = (P{ ... ,P;)T and H = diag (Hy, ..., H,,). We will use the
notation that for matrices and vectors, M® or x(t) refers to the t™ element of a sequence, while M,;;
or x; refers to the index of that matrix or vector. We note that this problem can be translated to the
multiscale optimization problem formulation as per Def. 1. Indeed,

1 1
E [Z(aTx - b)2] = §XTZX — (=x") " x + || Zx*|2

= ( (Px) H; (Pix) — (H;Px")| (Px) + % HEX*HS)

1€[m]

1 1
= 3" f(Pix). for fi(v) = 3v Hy — (HPx) v+ — |2,

1€[m]

where each f; : R% — R satisfies the constraints of Def. 1. Therefore the problem from Def. 4 can
be thought of as a stochastic version of the general problem from Section B.

E.1. Proof overview of Theorem 11

In what follows we prove Theorem 11, guaranteeing the convergence rate of StochBSLS in expec-
tation for the stochastic quadratic multiscale optimization problem (Theorem 4). First, Section E.2
uses our distributional assumptions to establish that if St ochBSLS; takes N; steps then

2
E [HStochBSLS(X(O)) —x*

J (%@ ) TDO) (x(0) _ 5y,

Ny . . . . .
where {D(t) } +—o 18 a sequence of matrices with a clean recurrence relation. Next, Section E.3 uses

this recurrence relation to bound the spectral norm of each D®). This is where the band structure
of the eigenvalues plays a role and the stochasticity poses an obstacle. Finally in Theorem 54 we
use the previous work to prove Theorem 11 without too much effort since Section E.3 guarantees
that D(V1) has sufficiently small spectral norm. Finally in Section E.4 we extend our analysis to the
setting where only m, 1, Ly, and HiEm K; are known.

To this end, we introduce some notation in addition to the notation from the beginning of
Appendix E. We let A := =37, a@a@T denote the empirical covariance matrix and b =

avg
L ZiEnavg bMa®) be the emplrical approximation to Xx*. For convenience we introduce § :=

TNavg

Kurt(D)nmax /Mave, Which (very roughly) corresponds to the noise induced by stochasticity.
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Assumption 45 (Distribution assumptions) For a ~ D we assume

(a) Foranyi,j,k € [d) withi % j it is the case that E[(Pa);(Pa)?(Pa);] = 0. (Recall that in this
section, X; refers to the i index of vector x.)

(b) There exists a constant Kurt(D) such that for any w € R?, E[(w'a)*] < Kurt(D)E[(w 'a)?]%

E.2. Simplifying the stochasticity

With the notation and assumptions in place, we begin with Lemma 46 which bounds the degree to
which stochasticity poses an obstacle. For motivation, first suppose that we had no stochasticity in
that instead of approximating 3 by A = % Y ien a;a, , we had access to X itself. Then in SGD(x; L)
we would have instead

g = B(x - x*),

and

SED(X; L) — X' = X — ~%(x —x*) — x* = (1 - iz) (x — x*).

Therefore if ¢ denotes the total number of calls to SGD and 7*) is the stepsize taken at step ¢ we have

< _ yx — (1 _ 77(02) (x@*l) _ x*) _ (1 _ n(t)z) .. (1 _ 77(1)2) (Xw) _ X*) .

Critically, since 3 commutes with itself we can simplify the above to

X et (ﬁ (1- L) N’) x _x).

i=1 t

Therefore

i

z = (P(X(O) — x*))—r (ﬁ <I - iH) Ni) 2 P(x —x*).

=1

Then using the fact that for each eigenvalue of 3 we have \;; € [u;, L;] we have,
2 S lpT (x© 2T (1= 2\ S [T (x©

0 * J 0 *

<R (0= LTI (- 2) < e (0 -%)

Written this way we see that for some constant C' we can bound by HX(N U — x*Hz by eif N; >
Crijlog(kgiob) D i ;1 Ni and Ny > Clog(||x© — x*|,, /€)r1 log(kglob) ity Ni. This would
give an overall query complexity of O (([T;c,, #:) 108" (Kglob) log ([|x(®) — x*||,, /€)). Instead, in
the stochastic case we have

z _ <X<o> _ X*>T (ﬁ (I e A(s>>> (E{l (I =) A(ts>)> (Xm) _ X*) ‘

s=1
(E.1)

o

o

The random instances A() do not necessarily commute with each other and so simplifying their
product is not as simple as the non-stochastic case. The following lemma roughly shows we can
replace the above A () with a perturbation of 3.
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Lemma 46 (Understanding Second Moments) Recall a %D and A. Suppose some matrix D
commutes with the covariance matrix X. Then E]ADA] also commutes with ¥ and

DX + Kurt(D)

Nayg Nayg

Nayg — 1

E[ADA] < tr (DX) 3.

Next we can simplify Eq. E.1 by sequentially conditioning on AM . A®=D and then invoking
Lemma 46 for A®). Lemma 47 does this explicitly and in doing so constructs the aforementioned
sequence {D(t) }f;lo. After Lemma 47 the purpose of the remainder of the proof is only to bound the

spectral norm of D(V1).

Lemma 47 Recall a ~ D and the definitions of A and b. Recall we use g = Ax — b in the
subroutine SGD(x; L). Define

D(t) — E[(I _ n(N_t+1)A(N_t+1))D(t_1) (I _ T](N_t+1)A(N_t+l))], D(O) — L

Then if N denotes the total number of calls to SGD(x; L) we have

2
E [HStochBSLSl(X(O)) —x*

2:| — (X(O) - X*)TD(N)(X(O) - X*).

Proof [Proof of Lemma 47] We begin our proof by noting that for g as defined in SGD(x; L) we

have ]
g = Z a®alT(x —x*).

Navg

ienavg

Thus we have

1 1
SGD(x; L) —x* =x — EA(X —x") —x" = (I - LA> (x — x¥).

Therefore if ¢ denotes the total number of calls to SGD, A(®) denotes the random matrix generated in
the t™ call to SGD, and n(® is the stepsize taken at step ¢ we have

<) _x* — (1 _p® A(t)) (Xu—l) _ X*) _ (1 _p® A(t)) ... (1 — W A(l)) (X(0> _ X*) ,

Therefore,
HX(N) _x* L= (X(N) _ X*)T(X(N) —x*) (E.2)

—(x® _ 5T (I _ 77(1>A<1>>T o (1 _ n<N>A(N>)T (I _ n(mA(N)) o (1 N 77<1>A(1>) (x© _ x*).

Let D® :=Tand D® := E [(I — W AN —+D)DE(T — n® AN For short let
MO = (T—yWAM) .. (1-p®AD) and MY = (T—nDAD).. (T-nWAD). Using
this notation and using the independence of A(M) ..., A(N) we have for any k > 1,

2

E _(X(o) ) TM DD =D NN k1) (5 (0) _ X*)}
=E »E [(X(o) _ X*)TM(N7k+1)D(k71)Mr(e]ka+1)(X(O) —x*) | A ,A(N*"’)”

—F '(X(o) —x")TMNFE [(I _ n(t)A(N—k+1)) D=1 (I _ n(t)A(N—kH))] M?X;’f(x“) _ X*)}

-F '(X(o) _ X*)TMN—kD(k)MIJgV—k(X(O) _ X*)}
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Therefore using Eq. E.2 in the first equality and the above recursion in the second equality we have
E {HXN . X*||;:| —F |:(X(0) . X*)TMND(O)MTJXV(X(O) - X*)T:| — (X(O) - X*)TD(N) (X(()) - X*).

E.3. Bounding the spectral norm of D(*)

This section is where we address the difficulty posed by stochasticity. From Lemma 47 we see that
it suffices to bound the spectral norm of D™V, To that end, in the following lemma we construct a
clean recursive form to analyze the sequence {D(t) }

Lemma 48 For D as defined in Lemma 47 we have that D) commutes with 3. Moreover we
have the following spectral upperbound,

N Kurt(D)n()?

Navg

D® < (I—-7®x)?DED tr(DEVE)s.

Proof [Proof of Lemma 48] Recalling the definition of D® from Lemma 47,
D® = E[(I — n®WADED (1 — 51O A®)] DO —1.
we have

D® — ((I —pOSDEN(I — n(t)z)) + n®? (]E[A(t)D(t_l)A(t)} _ ED(t_l)E) )

Lemma 46 allows us to bound E[A D ~D A®] from above. Using this we have,

(t)2

DO < ((I O DD - n(t)g)) L

Navg

(Kurt(D) (D) - ZD(H)z) .

By Lemma 46 3 and D=1 commute and thus we have more simply,

)2

(
DO < (1 yOx)2pt-D ¢ T (Kurt(D) (DD - D<t—1>22)
Navg
(t)2
< (I —-nWx)?DED 4 Rurt(D)n™” tr(D¢V3E)s. (D132 js PSD)
Navg
|

Remark 49 Recall that PEP T = Hand H = diag(Hy, ..., H,,), where H; = diag(Ni1, ... Xig;)
represents the it eigenvalue band. By Lemma 48 each D® commutes with 3. Therefore if
D® = PDP" then DW is diagonal and

(t-1) | Kurt(D)y")

~ ~ 2 o~
D® < (1—5®H)?>D tr(DUVH)H. (E.3)

Navg
Thus the structure on H induces structure on matrix f)(t),

D® = diag(D{", ..., DY)
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Lemma 50 Let g;(n) = max {(1 — )2, (1 — 77Li)2} . Define the “update” matrix from stepsize

(Unm) = 1(277) (E.4)
ij om“L;L; else.
Define the following vector to represent the maximum entry of each f)gt),
t = (t
o],
oo
(and note that since DO =1 then r(® = 1). Then foranyi=1,...,m we have fort > 1,

r® < Un(t) r(t=1,

Proof [Proof of Lemma 50] From Lemma 48 we can bound the growth of r(*). Let o(k,¢) € Z
denote the index corresponding to the /" smallest eigenvalue of the k" band so that H, k0 = Ake-
Letting

gi(n) = max {(1 —nu;)?, (1 = nL;)*},
we have (using Eq. E.3),

Kurt(D
I‘Etﬂ) = Imax {(1 - n(t))\i,j)zrl('t) Z Z Da(k ook )N j }

j=1,....d; navg

k=1 ¢=1
Kurt(D n(t)Q “
< 1— <t>A.A2} ® 4 di
< max {( M)y T Mg Z ey Li | L
Kurt(D (t “
< e {(1 - 0p)2, (1= 01,2} 20 4 KPP (Z dir Ly | L
Navg
Kurt(D)n ®2 [
< gin®)el0) 4 KD e vL, ) L.
avg &
Inspecting the definition of U, ) finishes the proof. |
Remark 51 For simplicity, let U;, denote Un(” where i, is the index belonging to {1, ..., m} such

that the stepsize in the t™ step corresponds to the i"* eigenvalue band; that is: n(t) = 1/L;,. Recall

that Lemma 50 guarantees that for rz(»t) = 13?)

rlt) < Uitr(t_l).

al

N-
We ultimately want to bound Hr , however the evolution of {r(t) } t:l[) is difficult to track exactly.

Instead we can analyze the evolution of {u(t) }t]io where
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Taking this another step further, for convenience we define

pNett (u®) | ifj = kand j < 1,
Vi, lf]:k;andjzlv
2p (O e s and k=1,

7

(Vi)jk =
0, else.
and
(Wi)jp, = {z{f?;jk,:ekls: "

Suppose we now re-define {u(t) }i\io where either

u® = max {Uiiu(tfl),Vitu(tfl)} ul® = r(o), (E.5)
or
u® = max {Uitu(tfl), Witu(tfl)} u® =0, (E.06)
Then since
r® < u®

we can analyze {u(t)}ivzlo and bound Hu(Nl) HOO to get a bound on HrN1 HOO This is convenient
because the evolution of u® is easier to track while capturing the critical behavior of the evolution
of v Towards this end, we introduce Algorithm 5 which we call as StochBSLSRes (Res for
“residuals”) and which mirrors the structure of StochBSLS. Lemma 52, which bounds Hu(Nl) HOO
from Algorithm 5, is the heart of the proof of Theorem 11.

Algorithm 5 BSLS Residuals [For analysis of the stochastic variant]

Procedure StochBSLSRes; (u)
1: fort =0,1,...,7; —1do

2 if © < m then
3: ) « stochBSLSRes; ;1 (u)
4:  else
5 a® «— u®
6: ift > [log~ < L Li ul('g)l)—‘ and 7 > 2 then
Yi 65\71'4-1 (u(o)) L; ul(_O) =
7: u*Y « max {U;a¥), W;aD} (for W; as defined in Eq. E.6)
8: else
9: w1« max {Uiﬁ(t)7 Viﬁ(t)} (for U; and V; as defined in Egs. E.4, E.5 respectively )

10: return StochBSLSRes;;(ul?)
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Lemma 52 Foranyi = 1,...,m define ; = 1 — (2k;)~. Fix some i € {2,...,m} and let
T; = [8k;log(Kgiob)]. Let N; = H?;@TZ + 1) and Typay = max; T;. Define
Bo (u) == inf {t
p () i= 1+ 36m - o (u)

Bt () = p () TrsN1HDTHL {1}

L; L
w, < tmax{ L, =2k u; forany j, k € [m]
Li' L

cem] |77
Suppose that
m—i+1 < mi Kglob 1 1 1 BT
Po (u) total (u) = { P (u)Nl ’ 144]\71T,ﬁ,mx(sﬂ”b7 2 MaXpe[m] Ke 6(N1 + 1)5m - (ED

Further suppose that

2 9xO x|, .
Navg > Kurt(D)m nypmax H K; <?€1%m> log = log™ (Kglob)-

1€[m]

Then if i = StochBSLSRes;(u) we have that for all j > 1,

. Li
u; < lz/ijllifla
and for all j < 1,
u; < plVi (u) - uj.

The proof of Lemma 52 requires careful and somewhat tedious analysis of the evolution of ul®,
The difficulty lies in controlling the error induced by stochasticity. For a full proof see Appendix J.2.
With Lemma 52, we can now easily bound the convergence of u® which then allows us to bound
the spectral norm of D®,

Lemma 53 Suppose that m < log(kglob)/3 and

Navg = Kurt(D)m*nmax H Ki (max ﬁi> log <9 HX(O) _x*

i€[m] i€[m]

2
9 /E> logm(/@glob).

©0) _x*||?
Fori = 2,...,m let T; be as in Lemma 52 and let T7 = {2%1 log <9Hx€x”2)—‘ Then if
U = StochBSLSResq(1) we have for all i
€

N 0 =
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Proof [Proof of Lemma 53] First we show that Eq. E.7 holds for u(®) = 1. We bound 3, (1), p (1),
and By, (1). Using that maxye|y,| {7%} < 4 to bound f3,,,,; (1) we have
L

Bo(1) <1

L;
p(l):1+35m(max )§1+35m
i<m—1 L1

Biowar (1) <4 (1 + 35m)Tmax(N1+2)2+1 .

To show Eq. E.7 holds we must show

1 1 1
A (14-36m)™ (T (N142)241) 14 Figlob .
(1+30m) = A+ 30m)M TN, Togndm’ 2 maye ) {5} 6(N1 + 1)om
(E.8)
Since
2 9[|x —x*|;
Navg > Kurt(D)m Tmax H Ki <{2% fii) log 8—22 logm(mglob)>
1€[m]

then recalling that § = Kurt(D)nmax/Nave and noting that N1 < 2k log (9 HX(O) — x*Hi /52) [T, 8kilog(kgiob)
we have

5 < mi { 1 1
min { — ,
o 3m Tmax(Nl + 2)2 +1

(48mT2, (N7 +2)%) 7,

1
6m(4™)

1 ) 5 —1/2
s (i ) T 27)

This guarantees that Eq. E.8 holds; to see the details please refer to Appendix J.1. Next we show

9 [x© — x|
Ty =z logi /) <6> :
Indeed, using that log(1/(1 —x)) > xandy; =1 — ﬁ
) log <9Hx(0)—x*H§> . )
10g(1/4,) (9 L X*H2> = : < 2C1k1 log (9 [ _X*H2> :
€ log (1/71) €

Next recall Claim 98 from the proof of Lemma 52 which shows that

af™ < yftaf”.

The proof holds in this case as well and so we have that

(T1) < T1..(0) < € .
BT PR
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Note that St ochBSLSRes; (1) = StochBSLSResy(ul™)). So we have that if it = St ochBSLSRes (1)

then
€

H x0 — 2

Finally we use that for any 57 > 2,

Finally we can combine the previous results to give the proof of Theorem 11.

Theorem 54 Suppose Assumption 45 holds. Fori = 2,...,m let T; = [8k;log(kgion)] and let

T = {2#@1 log (9 Hx(o) — X*H; /e)-‘ Let nyqy denote the maximum number of eigenvalues lying in
any single band region [p;, L;| and further suppose

Navg = Kurt(D)mQHmax H T; (max Tz) .

i€[m] i€lm]
Then
E {H(StochBSLSl(x(o)) —x¥)

2
< e.
| =

Therefore since StochBSLSy requires O (navg2m Hz‘e[m] TZ> queries of (), b)) we conclude

that StochBSLS] can return in expectation a e-optimal solution with

O | nnaxKurt(D) H K7 (max {m}) logzm(nglob) log? (Lm HX(O) —x*

i€[m] i€lm

0

first order queries.

Proof [Proof of Theorem 54] By Lemma 46 and Lemma 47 we have that for Ny = [/~ (27; + 1)
and for

D(t) — E[(I _ 7](N1_t+1)A(N1_t+1))D(t_1) (I _ n(Nl—t+1)A(N1—t+1))] D(O) — I,

then
E [HStochBSLSl(X(O)) —x*

2
2] _ (x© — x)TDO) (x0) _ . (E.9)

Recall that D := PDP . As in Lemma 50 we define the following vector to represent the maximum
entry of each DY

7

rl® =1,
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By Remark 51 it suffices to argue about the convergence of StochBSLSRes(1). Applying
Lemma 53 with error €/ L,,, we have that

|StochBSLSRes (1)]|

<
0o =

L [[x© = x5

From Remark 51 this implies that if r(M) is our residuals vector at the end of St ochBSLS; we

have,
€

<

= -
7 L [[x© =l

Therefore using that P is an orthonormal matrix,

€

" T <O [

< I.(Nl)

o0

o

proee] <o

o0

Thus by Eq. E.9,

E [HStochBSle(x(O)) -

2
] _ (x0 — x TDO) (O _ x*) < /L,
Note that

1 T 2 1 T * *|2
_— —_— = — —_ - < - < .
Eap)~p [2 (a X b) ] 2(x x*) ' ¥(x —x*) < L,E [HX x ”2} <e

This concludes the proof. |

E.4. Setting where only m, 1, L,,, and Hiem K; are known

To extend to this setting we have the following proposition, similar to Theorem 13,

Proposition 55 Let 7, = [[,,,
up to a multiplicative constant factor C with T (p, C') oracle queries; that is we can construct some
f such that for any x,

Ki. Suppose with failure probability at most p, we can evaluate f

f(x)/C < f(x) < Cf(x).

A randomized algorithm A which, in expectation, solves the stochastic multiscale optimization
problem in Definition 4 to sub-optimality € with T (7, Kglob, M, €) gradient queries when the
parameters (p;, L;) are known, can be used along with the approximate function evaluation to
solve the stochastic multiscale optimization problem with failure probability at most C*e + p with
T(p,C) - T(m:25™, Kiglob, M, €2) - O(log™ (Kgion,)) oracle queries when only m, i1, Ly, and m,, are
known.

To apply this proposition to St ochBSLS requires guaranteeing first that f (St ochBSLS(x(?))) <
e with good probability (for this we use Markov’s inequality since we have bounded E f (St ochBSLS (x(9)))
and second that we can estimate f(x) up to a multiplicative constant factor (this is why we must
include the assumption from Eq. (3.1)). This results in the following corollary,
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Corollary 56 Assume the setting from Theorem 11 except that only m, u1, Ly, and m are known.
Suppose that D is such that for a ~ D there exists some K where

[, = 5 (2mmaf)

Then with failure probability at most §, St ochBSLS can be used to solve the stochastic quadratic
multiscale optimization problem from Definition 4 with O(d) space and an extra multiplicative factor

of O <K2dlog %d (1 + \/%>> queries of (a,b) ~ D.

The proofs of Theorem 55 and Theorem 56 are in Appendix F.1.

Appendix F. Extended results regarding the multiscale optimization problem
F.1. Black-box reduction from unknown (y;, L;) to known (u;, L;)

In this subsection, we show that the assumption in BSLS that the u;, L; parameters are known is
essentially without loss of generality, since we can reduce from the case where these are unknown
to the case where they are known without changing the asymptotic complexity. The reduction is
black-box and does not utilize any special properties of our algorithm.

Proposition 57 (Restated Theorem 13) Let 7, = HiEm

most p, we can evaluate f up to a multiplicative constant factor C with T (p, C) oracle queries; that
is we can construct some f such that for any X,

Ki. Suppose with failure probability at

f(x)/C < f(x) < Cf(x).

A randomized algorithm A which, in expectation, solves the stochastic multiscale optimization
problem in Definition 4 to sub-optimality € with T (7, Kgloh, M, €) gradient queries when the
parameters (p;, L;) are known, can be used along with the approximate function evaluation to
solve the stochastic multiscale optimization problem with failure probability at most C*¢ + p with
T(p,C) - T(7:2°™, Kiglob, M, €2) - O(10g™ (Kglon)) oracle queries when only m, ji1, Ly, and 7, are
known.

Proof Let {(u;, L;),i € [m]} be the original parameters of the multiscale optimization problem.
The proof relies on a simple brute force search over these parameters over a suitable grid. In the
first step, we will do a brute force search for the parameters x; V i € [m]. Then, we do a brute
force search over the the parameters (14;, L;) V i € [m] and run the algorithm with every instance of
these parameters. One of these choices will be guaranteed to work because of the guarantees of the
algorithm. The full procedure is given in Algorithm 6.
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Algorithm 6 Brute force search over (u;, L;) parameters

Procedure Search(m, p1, L, T, €)
I: Ty log < [logo(ms)] +4m
20 W1 )og UOgQ(Ml)L Lm,log <~ DOgQ(Lmﬂ
3: for all {K;10g : 7 € [M], Kilog € [Tk,log]} such that > 7" K;10g = Ty 10g dO
4: for all {,uuog NS {2, . ,m}, Hilog € {Ml,loga e aLm,log}a Hilog < Hi+1,log Vi<m-— 1}
do
Vie [m]’ Li,log — Milog + Kilog
(m/7 {Ni,loga Li,logai € [m/]}) — MergeOverlapping(m, {Mi,loga Li,logai € [m]})
Vi € [m], py < 2Midos L — 25408,
M), < 27rilog
Let x’ be result of running Algorithm A with parameters {(uy, Ly),i € [m']} for
T (), Kglob, M, €) gradient steps, and €’ be the function error of x’.
10: if ¢ < ¢ then
11: return x’.
12: return (.

A A

Procedure MergeOverlapping(m, {1t log; Lilog, % € [Mm]})
m' < m
2: foralli € [m' — 1] do
if Li,log > Hi+1,log then

4: Lijog < Lit110g
foralli+1<¢ <m-—1do
o: i log € Mi’+1log
Li’,log < Li’+1,log
8: m —m' -1

return (1, {4 1og, Lilog, @ € [M']})

We first remark that at least one of the runs of Algorithm A has the property that for all i € [m]
there exists some ¢’ € [m/] such that uy < p; and Ly > L;, i.e. the original function f(x) is a
multiscale optimization problem with parameters {(u;, L;7),7 € [m/]}. Note that it is sufficient to
show that this is true for the choice of parameters before the MergeOverlapping function is called,
since the MergeOverlapping function will preserve this property. To verify that the property is
true before the MergeOverlapping function is called, note that one of the choices in the brute force
search satisfies (a) V i € [m], [logy(ki)] + 1 < Kijlog, (b) Vi € [m], plilog = [logo(1s)]. (a) and
(b) together ensure that L; 1o, > logy(L;), which verifies that V i € [m], p1;105 < logo (i) and
Li,log > logQ(Lz)

Finally, we claim that Algorithm 6 runs with at most T'(7.2°™, Kglob, m, €) + O(log™ (Kgiob))
gradient evaluations. This follows because (a) each run of Algorithm A runs for T'(7/,, Kglob» m’,e)
steps where 7, < 2™, and m/ < m, and (b) there are at most O(log™ (kglob)) choices for the
brute force search over the parameters.

|

Next we extend Theorem 13 to the stochastic setting. Recall Theorem 55, restated here for
convenience:
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Proposition 58 (Restated Theorem 55) Let 7, = []; em
most p, we can evaluate f up to a multiplicative constant factor C with T'(p, C') oracle queries; that
is we can construct some f such that for any x,

Ki. Suppose with failure probability at

f(x)/C < f(x) < Cf(x).

A randomized algorithm A which, in expectation, solves the stochastic multiscale optimization
problem in Definition 4 to sub-optimality € with T (T, Kgloh, M, €) gradient queries when the
parameters (p;, L;) are known, can be used along with the approximate function evaluation to
solve the stochastic multiscale optimization problem with failure probability at most C*e + p with
T(p, C) - T(m,2°™, Kglob, M, €2) - O(log™ (Kglob)) oracle queries when only m, p1, Ly, and 7, are
known.

Proof [Proof of Theorem 55] Consider Algorithm 6 with the change in line 9 of Search that the
function error is estimated using f . First note that if Search(m, w1, Ly, Tk, 62) returns any x’, it
satisfies that f(x) < €/C and so with failure probability at most p f(x') < e. Next we want to show
it will return an x’ with probability at least 1 — C2¢. By the proof of Theorem 13 we know there is
at least one run of algorithm A with parameters {(u,, L), € [m’]} such that the original function
f(x) is a multiscale optimization problem with respect to these parameters and 7/, < 2°"r,.. Thus
with T'(7);, Kglob, M/, €2) many oracle queries, algorithm A returns some x such that in expectation
(over the randomness of the algorithm’s output x) f(x’) < €2. Then by Markov’s Inequality,

E/() _ o,

PI() 2 ¢/C%) < =50 <

Therefore with failure probability at most C?¢, f(x’) < ¢/C?. Then since for any X,

f(x)/C < f(x) < Cf(x),

we have that with f (x') < €/C and so Search(m, p1, Ly, Ty, €?) will return this x’ if it hasn’t
already returned another x’. |

Next recall Theorem 56, restated here for convenience:

Corollary 59 (Restated Theorem 56) Assume the setting from Theorem 11 except that only m, 1,
L,,, and 7, are known. Suppose that D is such that for a ~ D there exists some K where

[mma < o (= [mmal)

Then with failure probability at most §, St ochBSLS can be used to solve the stochastic quadratic
multiscale optimization problem from Definition 4 with O(d) space and an extra multiplicative factor

of O <K2dlog %d (1 + \/%» queries of (a,b) ~ D.

In the proof of Theorem 56 we will make use of the following Theorem 5.6.1 from Vershynin
(2019) which we state for the reader’s convenience.
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Theorem 60 Let x be a random vector in R%, d > 2. Let ¥ = E[xx '] and ¥,, = LS ien xix]
foriid. x;. Assume that for some K > 1,

x|, < K (E[||x]3)*? almost surely.

Then, for every positive integer n and any t > 0,

. K2d(loed+t) 2KZ2%d(logd+t
Hzn—2H§< (logd+t) (f +>>umm

n

with probability at least 1 — 2e7".

8K?2dlog(2d/p)
(1-&)°

(a,b) ~ D we can construct f to estimate f up to multiplicative error C'. Recall

1

f(x) = §E(a,b)~p [(aTX - b} = %(X —x")"2(x — x).

Proof [Proof of Theorem 56] We will show that for T(p, C) = oracle queries of

We construct f,,(x) as

A~

fa(x) = % Z %(a;rx — b))% = %(x —x*) "3, (x — x¥).

€N

For a ~ D, consider the random vector & = X ~'/2a. Note that by assumption
9\ 1/2
e, < ()
2 2

almost surely. Suppose for C' > 1
8K2dlog(2d/p)
n= 1y
(1-2)

Then by Theorem 60, with failure probability at most p,

. 1-2 L2 1
[=s, s g < L t-g) ., L (F.1)

Note that Eq. (F.1) holds if and only if

1

> =<3, =<(2+=).
- —<+C>

C
Therefore for C > 3 since 2 + % < C,

SI69 < ) < Cr (o)

To conclude the proof of Theorem 56 we simply recall Theorem 11 and apply Theorem 55.
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F.2. If decomposition is known, then can solve with O (3 iem] Vi) gradient queries

In this subsection we show that when the gradient of sub-objectives are known, then the multiscale
optimization problem (Theorem 1) can be solved in @(Zie[m] V/Ki) queries. To prove this claim,
consider the algorithm that run accelerated gradient descent on each sub-objective f; independently.
Since each sub-objective f; takes O(,/k;log(m/e)) to converge to ;- -optimality, we only need a
total of 3.1, O(y/K;j log(m/e€)) gradients for f to converge to e-optimality.

However, as we will see in the next subsection (Appendix F.3), recovering the projection P; is
costly.

F.3. Recovering the projections P; is costly

In this subsection we show that recovering the projections P; in the multiscale optimization problem
(Theorem 1) requires €2(d) gradient evaluations in the worst-case.

Proposition 61 Consider the multiscale optimization problem in Theorem 1 for m = 2. There exist
functions f1, fo such that recovering P1, Py requires Q)(d) gradient evaluations in the worst-case,
even if f1, fa are known.

Proof [Proof of Proposition 61] Let P1, Py € R%4%?_Consider the following multiscale optimiza-
tion problem:

fix) = Pix]*,  fa(x) = (1/kgob) [IP2x[*,  f(x) = f1(x) + fa(x).

Note that by our choice of f; and f2, k1 = k2 = 1 and Koy, is the overall condition number. Now
we can write,

Vf(X) = 2P1|—P1X + (2/Hg10b)P;P2X.

Let S1, So be the d/4 dimensional subspaces spanned by P{ and P2T respectively. Note that P| P1x
is the projection of x onto .S, and similarly for Sy. Therefore V f(x) is a linear combination of the
projections onto .S7 and S5, and with every gradient evaluation we get a single vector in the span
of S; and Ss. Since the union of Sy, Sy is a d/2 dimensional subspace, any algorithm needs d/2
vectors from the subspace to learn it. Hence any algorithm needs at least d/2 gradient evaluations
to learn S1, Sz, and hence also to learn Py, Po. We note that it could be possible to extend this
argument to approximately learning the subspaces S; and S3 using bounds on quantization on the
Grassmann manifold Dai et al. (2007). |

F.4. GD with exact line search or constant step-sizes cannot match the guarantee of BSI1.S

In this subsection we prove that gradient descent with exact line search or any constant step-size
cannot match the guarantee of BSLS (Algorithm 1) given by Theorem 6.
Formally, gradient descent with exact line search has the form:

x+D « argmin {f(x)‘x = x® — v f(x®) for some n € ]R} .
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Proposition 62 Consider the objective f(x) = %XTAX — b "x with

A1 0

A= [0 Ao

BN

Let \; < Ao and note that Kglor, = A2/A1. Then

(1/>\1);r6(1/>\2))J

(a) Gradient descent with exact line search initialized at x(0 =0 requires at least Vgé‘)b log (

gradient queries to attain e-optimality.

(b) If Kglon, = 2, gradient descent with a constant step size requires at least Fg% log (%N)J

gradient queries to attain e-optimality.

Remark 63 Theorem 6 states that BSLS only requires (21og(kglon + 1) log (W) gra-

dient queries which compares favorable to gradient descent with exact line search and constant
stepsize.

Proof [Proof of Proposition 62 - Exact Line Search] Assume we initialize x(?) = 0. For exact line
T g(t)

search we update x(‘'t1) = x(®) — 5,g(®) with s, = m. It is a fact that
N 1
PO = ) = (1 1) (£ - ). F2)

where if g = V f(x®),
g(t)TAg(t) g(t)TA_lg(t)
gDl gOTgl

Rt ‘=

7)

Our goal is to show that a large portion of the gradients g .. g are such that r; is close to k.

Note g = A (x(*) — x*). For simplicity define

t t—1 t t—1
up = gg) =\ (xg ) x’f) v = gg) = Ao (xg ) X§> . (E3)
We can rewrite k; as,
2 2
(Aluf + )\21)?) (/\%uf + /\izvf) uf +vf + nglobufvf + n;ob uZv? (%3 + %) + Kglob 1 H;Db
Ry = = =
uZ + 07 u? + 7 (uf +v7)? (Z—§+Z—§) +2
(F4)
; : iy 012 /002 (t) 2 (t) A @
This motivates us to understand the ratio u; /v; or rather <X1 — x1> / <x2 — x2) . Since
xtD —x* = (I - 5,A)x,
we have
2 2
t t 0
(= xt) Tl = s (60 - xi) (E.5)

() =x3)" Tl = s (x) - xs)
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Define
1 — Sg/\l
(1— Sg/\Q

:“

z=1
Notice that
gt = (I-5,A)g".
Therefore since g(¥= — b = —1,

g§t+1)2 (t+1)2

S +1 —
1 =

_ (M- seW) + ([They (1 — se02)?)
At ([Toms (1 = s0A0)2) + Aa ([Tomy (1 = s022)?)
_ (et 1) (ITp—1 (1 = seX2)?)
(Aot + A2) (TTj=y (1 = ser2)?)

(t+1)

_ (41
(Mpt + A2)
Therefore,
(pe+1)
L-shi 1o MGpng - apetde) —Mlpe+1) - do—M 1
L—sho 1 AQ% (Aipe +A2) = A2(pe + 1) pe(M — A2) Pt
Then since
1-— St)\l 2
Pt+1 = 11— sy W >
we have
1
DPt+1 = —-
Dt

Finally since s; = 2/(A1 + A2) we have p; = 1 and therefore for any ¢, p; = 1. Thus, recalling

Eq. E.5 we have
t 2 0 2
() —x) (") e

(X;t) B x§)2 - <X§O) B x§)2 - ;;2 = Hglob.

Recalling the definitions of u; and v; in Eq. F.3 we have

w M)

v )\2< (t— 1)—x§>2

Finally, recalling Eq. F.4 we have

Kglob
Ky = 4 g > /‘iglob/4
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Therefore we can lower bound the progress made by exact line search. Using Eq. F.2 we find

) (Fx) = 7).

D)~ fa) > (1 -

Kglob

Thus exact line search requires at least Vgé"b log (f (O)j (x*)>J gradient queries. Since f(0) —

f(x*) = 1((1/A1)+(1/X2)) we conclude exact line search requires at least Vgéc'b log ((1”1);(1/)‘2)”

gradient queries. |

Proof [Proof of Proposition 62 - Constant step-sizes] We make use of the equality
F69) — F0) = 5 Ix = I (E6)
where ||x|3 = x" Ax. Since
Vf(x) = Alx—x"),
we have that the gradient descent algorithm with constant stepsize o produces the recursion,
xT) —x* = x® — aVf(x) = 1 - aA)x? —x*) = I - aA) T (xO — x).
Therefore using Eq. F.6 we find,
F®) = F(x*) = (@ = x) (T - aA) AT - aA) (xO) - x*).

Using the definition of A, the fact that x(0) = 0, and finally the fact that x* = [1 /A1 1/ )\2] T, we

have

FO) = ) = 3 (1= @A) + 1 (1 —ad)*
)\1 )\2

In order to have the function error decrease we must choose « € [0,2/Az]. For « in this range we
have,

Suppose t < K%% log (ﬁ) Using that (1 — %)x > % for all x > 2 and our assumption that
Kglob = 2 we have

2 Kglob log %
f(X(t)) _ f(X*) > i <1 _ 2)‘1> > i <1 _ 2)\1> 2 (2>\1 ) > 2.

This concludes the proof. |
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F.5. The orthogonality assumption in Theorem 1 is necessary

In this section we show that without the assumption in Theorem 1 that

I, .0 ifie=9
T dl Xdz .]’
dixd; otherwise,

Theorem 2 does not necessarily hold. Indeed, in Theorem 64 we show that any first-order method
(even if randomized) must have query complexity at least €2(,/Kglob/ polylog(d)).

Proposition 64 There exists a distribution over instances

4

fx)=>_ fi(Pix),

i=1

where P; € RY2%4 js such that
PP/ #0

fori # j and each f; is well conditioned with k; < 10 and kKgo1, = O(d?) such that any first-order
method (even if randomized) which returns a ﬁ-optimal solution with probability at least 0.9
glo

needs at least Q) /Rglob/ Polylog(d)) first-order queries.

Proof We use the following result from Braverman et al. (2020) which establishes a hardness result
for solving linear systems. Let x(M) denote the condition number of any matrix M.

Theorem 65 (Theorem 6 of Braverman et al. (2020)) Let dy be a universal constant. Let d > dj
be any ambient dimension and let A be any linear system algorithm. Suppose A is such that for

all positive semi-definite matrices A with condition number x(A) < d? and for all initial vectors
xo € R and b € RY,

5 12 1 1
Pr||x—A 1bHA§W >1--

Then A must have query complexity at least Q(k(A)/ polylog(d)).

We prove our lower bound by showing that the hard instance in Braverman et al. (2020) admits a
decomposition as a multi-scale optimization problem.

The hard distribution over matrices A is A = (y—1)I+(1/5)W, where W is sampled from the
Wishart distribution, i.e. W = XX where X € R4 and X, ; is distribution as i.i.d. N(0,1/d),
and v = 1+ ©(1/d?). We show that with high probability A admits a simple decomposition into
the sum of four well-conditioned matrices, hence proving our bound.

Let X; € R%*4/2 pe the submatrix of X corresponding to its first d/2 columns and Wy =
XX/ . Similarly, let X5 € R9*4/2 be the submatrix of X corresponding to its last d /2 columns and
W, = XQXQT. Note that W = W + Wy, therefore,

v—1 1 v—1 1
A=—-T+-W;+—I1+-W,.
5 +5 1+ 5 +5 2

U1 U2
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Let & be the event that all the non-zero eigenvalues of W1 and Wy, lie in the interval [0.2, 2].
By concentration bounds for the spectrum of Wishart matrices (see for example Corollary 5.35
of Vershynin (2010)), for sufficiently large d, £ happens with probability at least 0.99. Let&s be
the event that k(A = ©(d?). By similar concentration bounds for Wishart matrices (for example
Corollary 12 of Braverman et al. (2020)), &2 happens with probability at least 0.99. We condition on
the events £ and &, for the rest of the proof.

Let W = PITElPl denote the singular-value decomposition of W;. Let Py € R%/2xd pe
the matrix whose rows form an orthonormal basis for the orthogonal space to the column space
of W7. Then we can decompose U as U; = A + Ay, where A; = PI(WT_lI + %21)P1 and
Ay, = VT_IP;PQ. Let Al = %_II =+ %21 and Al = %_II. Note that the eigenvalues of Al lie in
the interval [0.2 + 7771, 2+ 7771] and all eigenvalues of A, are 7771 Therefore, m(Al) < 10, and
H(AQ) =1.

Similarly, let Wo = P;E;:,Pg denote the singular-value decomposition of Wy. Let P, €
R%/2%4 be the matrix whose rows form an orthonormal basis for the orthogonal space to the column
space of W5. Then we can decompose Uy as Uy = Ajg + Ay, where Ag = P;Ang and
A, = P[A,P,, where A3 = 2T + 155 and Ay, = 271 As before £(A3) < 10, and
Ii(A4) =1.

For any matrix A and vectors x, b, let (A, b, x) = x" Ax — 2b " x. Using the decomposition
of A = Z?Zl PZTAZ-Pi and the fact that x = P1x + Pox = P3x 4+ P4x we can write,

f(x) = g(A,b,x) = g(A1,b/2,P1x) + g(As,b/2, Psx) + g(A3,b/2,P3x) + (A4, b/2, Psx).

Note that for any 1 < i < 4 the condition number of g(A;, b/2, P;x) is (A;) < 10. The condition
number of g(A, b, x) is k(A) = O(d?).

Since £ N & happens with probability at least 0.98, we have the above decomposition with
probability at least 0.98. Note that any X which is a ﬁ—optimal solution to the above problem
satisfies,

1
10d?
Therefore, any algorithm which solves the multi-scale optimization problem probability at least

0.9, also solves the hard instance of A in Braverman et al. (2020) with probability at least 0.8. By
Theorem 63, this requires at least (k(A)/ polylog(d)) gradient queries. [

%~ A7"b|fy <

F.6. Complexity of conjugate gradient for quadratic multiscale optimization

In this section, we give a simple proof that the conjugate gradient algorithm can stably solve the
multiscale optimization problem in the special case when f is quadratic in a number of iterations
that is comparable to what our accelerated BSLS algorithm requires. More precisely, we show:

Theorem 66 (Complexity of conjugate gradient for multiscale quadratic optimization) Consider
an instance of the multiscale optimization problem (Def. 1) in which each f; is quadratic. For any
x(©) and € > 0, the conjugate gradient method started at x\9), can return an e-optimal solution with

0)y_ f*
(Hie[m} (’)(./m)) -0 ((logm*1 Hglob) - log (ﬂxo#)) gradient queries. This remains true if
all operations are performed using a number of bits of precision that is logarithmic in the problem
parameters.
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The conjugate gradient method is usually discussed as an algorithm for solving linear systems,
so we begin by rephrasing our quadratic optimization problem in this form.

We can write our quadratic objective function as f(x) = x' Ax — 2b"x for some A € R9*4
and b € R?. The assumption that f is strongly convex corresponds to the requirement that the matrix
A be positive definite, and the assumption about the existence of a decomposition of f in terms
of f; with the given smoothness and convexity properties corresponds to the assumption that the
cigenvalues of A all lie in the set S = (¢, (144, La]-

Since Vf(x) = 2(Ax —b), f is minimized at x* = A~'b, and the function error at some other
point x is given by

f(x) — f(x*) = (x"Ax — 2b"x) — (x*TAx* — 2b"x*)
= (x"Ax — 2x* T Ax) — (x* Ax* — 2x* T Ax¥)
=x'Ax — 2x* T Ax + x* T Ax*

=(x— X*)TA(X —x") =|x - x*||‘2A.

Minimizing f is thus equivalent to solving the linear system Ax = b, and the function error at a
point equals its distance from the optimal solution in the A-norm. To prove Theorem 66, it thus
suffices to bound the convergence rate in the A-norm of the conjugate gradient method applied to
matrices with eigenvalues in S.

Our proof relies on the connection between the performance of the conjugate gradient algorithm
and polynomial approximation. If the algorithm uses exact arithmetic, the classical analysis of the
conjugate gradient algorithm asserts that, after k iterations, the algorithm returns a vector x(¥) such
that

I — x*|a < [Ix®) = x*||z - min max p(A(A)],
peP? i€(d]
where 73]8 denotes the set of polynomials of degree at most k& with p(0) = 1.

To prove Theorem 66 under exact arithmetic, it thus suffices to construct a polynomial p € 77,2
for k less than or equal to the given bound on the number of gradient queries with |p(z)| < e for all
xeS.

For finite-precision arithmetic, we apply the following theorem of Greenbaum, which says that
the convergence rate of the conjugate gradient method applied to a matrix A with eigenvalues in
S using precision that is logarithmic in the problem parameters can be bounded in terms of its

convergence rate under exact arithmetic on a matrix with eigenvalues in a slightly enlarged set
S’ D 8.

Theorem 67 (Greenbaum (1989b), as simplified in Musco et al. (2018a)) Given a positive defi-
nite matrix A € R™"™™ and a vector b € R", let x be the result of running the conjugate gra-
dient method for k iterations on the linear system Ax = b with all operations performed using

Q (log %) bits of precision.

Let A = min (77, /\m%m)) There exists a matrix A with eigenvalues in S := Ui [Ni(A) —
A, \i(A) + A] and a vector b with HA‘IBHA = ||A~'b||a such that, if X is the result of running
the conjugate gradient method for k iterations on the linear system A% = b in exact arithmetic, then

[A™'b —x[a < 12[A7'D — %[ 5.
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Replacing S with S’ does not change the asymptotic behavior of the bound asserted in Theo-
rem 66, so it suffices to show the existence of polynomials with the properties required in the exact
case. The following Theorem asserts the existence of such polynomials, from which Theorem 66
follows.

Theorem 68 (Existence of good polynomials for unions of intervals) Let S = |J, e[ml [, Lil,
where 1 < Ly < po < Lo < .... For any € > 0, there exists a polynomial P such that P(0) = 1,

|P(z)| < e forall € S, and deg(P) < (Hie[m} O(m)) -0 (log™ ™ (kgop) - log (1/e)).

We devote the remainder of this section to constructing the polynomials required by this the-
orem. Note that our goal here is to present a simple construction that has the desired asymptotic
behavior rather than to optimize the constants, and the polynomials given are not the exactly optimal
polynomials for S.

F.6.1. CONSTRUCTING GOOD POLYNOMIALS FOR UNIONS OF INTERVALS

The basic building blocks of our construction are Chebyshev polynomials. Simple transformations
of Chebyshev polynomials give optimal polynomials for individual intervals. We construct good
polynomials for unions of intervals by multiplying such polynomials together. The main technical
difficulty is that the polynomial for one interval can be quite large on another interval, so naively
multiplying together the polynomials for the individual intervals will not produce something that is
small on all of S. Instead we will carefully choose the degrees of the polynomials on the different
intervals to manage the error caused by these interactions.

We begin by reviewing the definition of Chebyshev polynomials and providing some standard

d d
bounds on their magnitude. Let T(z) = 3 (:n + Va2 — 1) +3 (x —Va? — 1) be the degree-d
Chebyshev polynomial (of the first kind). This defines a degree-d polynomial with the following
well-known properties:?

1 If 2| < 1, |Ty(z)| < 1.

2. If || > 1,
1 d
5 (14 V2Rl =D) < [Tu(@)] < |22

and |Ty(x)| for such z is a monotonically increasing function of |x|.

To construct a polynomial p with p(0) = 1 that is small on a single interval, we can simply
compose Chebyshev polynomials with a linear function that maps our interval onto [—1, 1] and then
normalize to get p(0) = 1.

To this end, let

b+a—2x
Uap)(2) = ————
be the linear function that maps [a, b] to [—1, 1] with £(, 3)(a) = 1 and £}, ;)(b) = —1, and define
p@ () = Ta(lfap) (x))_
[a.0] Ta(lia (0))

3. For an introduction to Chebyshev polynomials and their basic properties, see Mason and Handscomb (2003)
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Lemma 69 Foranyb > 2a > 0, if pfj)b} (x) is the polynomial defined above, and k. = b/a, then

Play(0) =1

and
1 ifz €0, a
@] <02(1+ 2)" Freat
(%) ifr>b

Proof The fact that pfj)b] (0) = 1 follows immediately from the definition.

For the bound on |pfi)b} (2), lets first suppose that = € [0, a]. In this case, {1, 5)(x) € [1,£]44(0)]
with £,3)(0) > 1. By the monotonicity assertion in property 2 of Chebyshev polynomials,
d d .
Tullfag) (2)) < Ta(€1a.)(0)), 50 [p( ()] < [p, (0)] = 1, as claimed.
Now, suppose € [a,b]. In this case, note that £ 3(z) € [—1,1], so [Ty({jqp ()] < 1 by
property 1 of Chebyshev polynomials. For the denominator, we have

b+a 2a 2
bia(0) b—a +b—a +f<;—1’

s0, by property 2 of Chebyshev polynomials and the fact that T;;(xz) > 0 for z > 1,

Ta(lia ) (0)) =Ty (1+ I:1> > % <1+ 2 (L))d > % (1+ \;)d

Combining our bounds on the numerator and denominator gives the asserted bound on ‘ pfj)b] (m)‘ for
x € |a,b)].
Finally, suppose > b, and let v = /b > 1. We have |{[, (=) > 1, so, by property 2 of

Chebyshev polynomials,
d _ o5 +1-2z/a\ |
N k—1

Ta(lpap) ()] < |2€[a,b] (x))’d = ‘2 <b+ba_—a2x>

K+ 1—2ky d 1 d d
=2 — || =|-2(14+2v-1D) |1+ —— =24+4(v-1) 1+ ——
‘( k1 ) ‘ (H'y )<+fe—1>> A =D
Our assumption that b > 2a implies that x > 2, so we have

d d 8x d 8x d
Talllap(@)l < 2+ 8(y =" = [87 = 6" = |- 6] < ()

Combining this with the fact that T;({[,;(0)) > 1 by the monotonicity in property 2 gives the
desired bound on ‘ pfi)b] (x)’ forx > b. [
Proof [Proof of Theorem 68] To simplify the calculations, we assume that x; > 2 for all . By

enlarging and combining our intervals as necessary, we can easily reduce the general theorem to this
case.

66



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

Let dy(e) = v/k[log(2/€)], and note that, for k > 2 and € > 0,

9 —d(€)
2(14 = .
( *ﬁ) =

Let S = Uie[m] (i, Li), where py < L1 < po < Lo < ..., and assume that k; := L;/p; > 2
for all 4.

We will obtain a good polynomial for S by multiplying together the polynomials for the different
intervals with carefully-chosen degrees. To this end, let

Pdl’ dm H p;ufu 7, 7

1€[m]

and note that Py, _4,.(0) = 1.
By Lemma 69, for x € [uj, Lj], we have

(di) 2 \ 7% .
Pay @)l = TT @) < T {2 (14 ) ifee oL
i€[m)] i€[m] (%{:) ifr> L
SI(E) () (e ) TGS

If we want | Py, 4, ()| < eforall z € S, it thus suffices to choose the d; so that, for all j,

() = I(E)

1<)

We can achieve this by setting d; = d,., (¢) = \/k1]log(2/€)] and then recursively setting

8z \ ~%
dj = d/-gj € H (L>

i<j ’

o s 1)) - o e (3

i<j ! <]

Since x/L; < Kglob/k1 and di > (/k1log(2/€), and using the fact that \ /K1 log(9x1/8) > 1 for
k1 > 2, we have the bound

o 2 9
dj < \/@ log + 1 gl b Z d = I-{j log E - log % Z di + 10g(9l-€glob) Z di
1<j 1<j 1<j

2 Ik 2
< F; |log P log ?1\//11 log - + log(9Kglob) Z di | < \/Rj [log(9kgion)] Z d;.

1<j 1<j
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Since our recurrence guarantees that d;+; > 2d;, we have EZ <j d; < 2d;j_1, so our bound
becomes

dj < VE;- 2 [log(QKglobﬂ dj_l.
Applying this recursively gives

4 < <Hf) Mlog(9rigan) )~ (Hf) [log(Igion) 1)/~ (v log(2/)])

(H f) og(9rg) 11~ Tog(2/)].

and the total degree is then bounded by 2d,,,, which obeys the desired asymptotic bound. |

Appendix G. Proof of BSLS under finite-precision arithmetic

In this section we prove BSLS with finite-precision arithmetic (subject to Requirement 1).
In Theorem 14, we specialized our initialization of x©) t0 0 to simplify the exposition of the

theorem. In fact, we can (and will) prove the following general (but less clean) version with arbitrary
(0)
X .

Theorem 70 (BSLS under finite-precision arithmetic, general initialization) Consider multiscale
optimization problem defined in Theorem 1, for any initialization x) and e > 0, assuming Require-
ment I with

(0)y _ f* * (|12
(] n max{(10/<;g10b)2m1m, (10rigop)2m 1y - LD =S g g I ||2}

€ €
[m]

then f(BSLS1(x(")) — f* < 3¢ provided that Ty, . . ., Ty, satisfy

FEE) - 1

Tl > K1 IOg <
€

) : T; > ri(2log(kglob) + 1), fori=2,...,m. (G.1)
We can also achieve the same asymptotic sample complexity (up to constant factors suppressed in the
O(-)) when {(;, L;), € [m]} are unknown and only m, 1, Ly, and m,, = [ [~ k; are known.

Theorem 14 is clearly a corollary of Theorem 70.
Proof [Proof of Theorem 14 based on Theorem 70] Follows by the fact that
* (|2 * *
0) — 0) —
|

From now on we focus on the proof of Theorem 70. The proof of Theorem 70 is structured as fol-
lows. We first study the progress of one (inexact) GD step in Appendix G.1, and inductively estimate
the progress of BSLS; by matrix inequalities for all ¢ € [m] in descent order (see Appendix G.2).
The proof of Theorem 70 is then finished in Appendix G.3. Note that the last part regarding the case
where {(;, L;), 7 € [m]} are unknown follows from our black-box reduction in Proposition 13 (in
the same way as in the proof of Theorem 6).
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Additional notation. We introduce notation to simplify the exposition. For any x and ¢ € [m)],
define function A;(x) = f;(P;x) — f. Define vector potentials

T
A(X) = [Al(x)’ AQ(X), - ,Am(X)] c R™.
We will monitor the progress via this vector potential A. Recall that when comparing two vectors or

matrices, we use plain inequalities (<, >) to denote element-wise inequality.

G.1. Progress of one GD step under finite arithmetic

In this subsection, we study the effect of one (inexact) gradient step GD on the vector potential A
under finite arithmetic (subject to Requirement 1). The goal is to establish the following Lemma 71.

Lemma 71 (Progress of one GD step under finite arithmetic) Consider multiscale optimization
(Def. 1), and assuming Requirement 1, then for any x and i € [m), the following inequality holds

A(GD(x; L;)) < (I - 5anglob1ﬂ) D; A(x) + 26||x*||3Ly, - 1, (G.2)

where D; is an m X m diagonal matrix defined by

1 ifj<i,
(Di)jj =<1 /fi_l if7 =1, (G.3)
Hglob ifj > 1.

To simplify the notation we will define (throughout this section) that

—

D, — (I n 55/<g10b11T) D;. (G.4)
Then Eq. (G.2) becomes
A(ED(x; L)) < DyA(x) + 205 |3Ln - 1.

Remark 72 The key observation from Lemma 71 is that under finite-precision arithmetic, the
function error in j-th subspace (i.e., A;) also depends on the the errors from other subspace, as well
as an constant additive term. If the error in one of the subspaces is too large, it could flow into the
other subspaces and ruins the progress elsewhere. Consequently, the order of step-size schedule is
crucial in finite-precision arithmetic.

To prove Lemma 71, we first study the sensitivity of potential A under multiplicative perturbtaion.

Lemma 73 (Sensitivity of vector potential A under multiplicative perturbation) Assuming X,x
satisfies
% — x| < d]x| (G.5)

for some 6 < 1, then for any j € [m),

AG(R) < Aj(X) + BOkgion ¥ Ag(x) + 20L;|1x*[J3.
k=1

In vector form we have (in a looser form)

A(R) < (I + 50kgion11T)A(X) + 26 L[| x*[|31.
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Proof [Proof of Lemma 73] For any j € [m],

Aj(x) = f;(P;x) — f] (by definition of A ;)
<fi(P;x) — 7 + (Vf] (P;x),Pj(x —x)) + JHP (X —x)||3  (by L;-smoothness of f;)
<HP) ~ I+ 57 IVHPIE + 52 P&~ %) + 2 P5(% — )3

j

(by Cauchy-Schwartz inequality)

) L; . .
<[i(Pyx) = fi + 5~ IV £5(Px)[5 + TJ IP;(% — x)|l5 (since < 1)
J
L; .
<A +0)(f(Pyx) — f7) + Fj |Pj(x — X)||§ . (by Lj-smoothness of f;)
<(1+6)Aj(x) + %Hi—xng (by definition of A )

By assumption Eq. (G.5)
1% — x||3 < 6%[x[|3 < 20%||x — x*||3 + 262 ||x*||3, (by Cauchy-Schwartz inequality)

and strong convexity of f;’s

Ix —x*[3 = IPi(x—x")|3 < Z A

1€[m)| ze[m]
we arrive at
Lj o 2 *12 45Lj *112
L& = %)l < 26L X8 + Y L Ai(x) < 26L, X7 + Ao Y Ailx)

(2

i€[m] i€[m]

where the last inequality is due to - < Kglopb by definition of Kgjop. In summary

A(R) < (1+5)A (%) +40kgon Y Ai(x) + 26L;[|x* |3
'LG[ ]

< Aj(X) + 50kgiob Y Ai(x) + 20L;|[x*|J5.

i€[m]
In vector form we have (since L1 < Ly < --- < L)
A(X) < (I +50kgob11T)A(X) + 20 L ||x*||31,
completing the proof. |

With Lemma 73 at hands we are ready to prove Lemma 71:
Proof [Proof of Lemma 71] Apply Lemma 73, we have

A(GD(x; L)) < (T4 50kglob11 ") A(GD(x; Li)) 4 20 L ||x*||3 - 1.
By Lemma 12 from exact BSLS analysis we have
A(GD(x; L;)) < D;A(x).

Combining the two inequalities above yields Lemma 73. |
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G.2. Inductively bound the progress of inexact BSLS by matrix inequalities

In the following Lemma 74, we iteratively construct the bound of A after executing BSLS;.

Lemma 74 (Estimate the progress of B/S\Lsi by matrix inequalities) Considering multiscale op-
timization problem (Theorem 1), and assuming Requirement 1, define the following three sequences
of m x m matrices {F; Y"1, {E; Y"1 {Z, 3™ as follows:

Fn =1, Ep+1 =0, Zypi1=0
and for i = m, m — 1 down to 1, define
_ _\T; .
F; = (Fi;1D)" Fiy1, Ei:= ((Fz‘+1 + Ez‘+1)Di> (Fir1 +Eip1) — (Fi D))" Fip.

and
T—1 .
Z; = ((Fip1 + Ez’-i—l)]/)\i)TiZi-i-l + Z ((Fi—i-l + Ei—i—l)]/)\i) "(Ziy1 + Fip1 + Einr),
;=0
where D; and f)\l were defined in Egs. (G.3) and (G.4). Then,
(a) Foranyi € [m + 1), ¥;, E; and Z; are non-negative matrices.
(b) For any i € [m)], the following bound holds

A(BSLS;(x)) < (Fy + Ej) A(%) + 20 Ly |x*[3Z:1.

Proof [Proof of Lemma 74]

(a) We first prove (a) by induction in reverse order (from m + 1 down to 1).

For i = m + 1 the statement apparently holds. Now assume (a) holds for ¢ + 1, then we study the
case of 7. For F; we have F;, = (FiHDi)TiFiH > 0 since both F;;; and D; are non-negative. For
E; we have

E; = (Fit1 + Eit1) (T + 50kg0p11 7 )Dy) (Fiq + Eiy1) — (Fi1 D) Fipq > 0.

The non-negativity of Z; is obvious from the non-negativity of F; and E;.

(b) Next, we prove (b) by induction in reverse order. To simplify the induction let us define
BSLS;+1 := Id and prove (b) for all ¢ € [m + 1]. The inequality holds trivially for i = m + 1. Now
assume the inequality holds for the case of 7 + 1, then we study the case of <.

By definition of B€\LSZ (including i = m),

— — — T; — — — — — —
BSLS; = (BSLSZ»+1 o GD(*; Li)) oBSLS 11 = BSLS;41 0GD(+; L;) 0+ --0BSLS;41 0 GD(+; L;) oBSLS;11

T; iterations of BSLS; 11 0 GD(+; L;)
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By induction hypothesis, for any x,
A(BSLS11(x)) < (Firs + Bip1) A(X) + 20 Ly [X*]3 - Ziga 1.
For GD(-; L;) step we have by Lemma 71 (for any x)
A(GD(x; L;)) < DA (X) + 26 Ly ||x*[|31.

Combining the above two inequalities, we obtain

A(BSLSi11(GD(x; L)) < (Fiy1 + Bi1)DiA(X) + 20 Ly [x*3 (Zi 11 + Fig1 + Big) 1.
Telescoping

A(BSLS;(x))
<(Fr + B, (Fin + B A)

T;—1 N\t
(Firr +Eip)Di) " Zia + ) ((Fi+1 + Ei-i-l)Di) (Ziy1+Fip1 +Eip)| 1

t;=0

+ 20 L |3

=(F; + E)A(X) + 26 L,,||x*[|3Z;1. (by definition of F;, E; and Z;)
|

Next, we estimate the upper bounds of ||F;||; (in Appendix G.2.1), || E;||1 (in Appendix G.2.2),
and ||Z;||1 (in Appendix G.2.3).

G.2.1. UPPER BOUND OF F

We first bound ||F;||; with the following lemma.

Lemma 75 (Upper bound of ||F;||1) Using the same notation as in Lemma 74, and in addition
assuming 11, ..., T, satisfies Eq. (G.1), then the following statements hold

Drfni_i(ml))

(a) Foranyi € [m + 1], F; is a diagonal matrix of the form H;n:z ( i

(b) Foranyi € [m], |F;-1Di|; <1

(c) Foranyi € [m], |F;|1 < 1.
(d) ||Fy1]1 < Oy
Proof [Proof of Lemma 75]

(a) The first statement (a) follows immediately by definition of F;’s. We prove by induction in
reverse order from m + 1 down to 1. For ¢« = m + 1 we have F,,, 1 = I which is consistent. Now
assume the statement holds for the case of 7 + 1, then the case of ¢ also holds in that

m

T;
11 (D]rj HHH(THD) ~Di)

F; = (Fip D) " Fiy =
j=i+1

=i+l j=i

where the last equality is due to the commutability among diagonal matrices.
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(b) Follows by the same analysis as in the exact arithmetic proof in Theorem 6.
() By (), [Fills = [[(Fis1 Do) "Fipalli < |(FiaDy)|I{ [Fapalh < 1.

(d) Follows by the same analysis as in the exact arithmetic proof in Theorem 6.

G.2.2. UPPER BOUND OF E

Before we state the upper bound of ||E;||;, we first establish the following Lemma 76, which is
essential towards the bound for E;’s and Z;’s.

Lemma 76 Using the same notation of Lemma 74 and assuming the same assumptions of Lemma
L__then for any t > 0, the following inequality holds

75, and in addition assume 6 < ———
10mKglob

H((Fi+1 +E;11)D)) — (Fi+1Di>tH1 < {@(5t5mﬁglob) i=m

Lp(2t/<c§10bHEi+1H1 + 5t5mmglob) i <m,

where p(x) = ze®.

—

Proof [Proof of Lemma 76] Denote Z; := (F;11 + E;4+1)D; — F;11D;, then

(Fip1 + Eip1)Dy)' — (Fi+1Di)tH = [[(FiaDs + &))" — (Fipa D),

(by definition of E;)

t t
£ _ £\ .
<3 (D)1 Pt < 3 ()=l Gince [FasaDil, < 1by Lenma 75
s=1 s=1

t—1
t—1
<|[Zlx¢ Z < > (i=Alk (by helper Theorem 100)
s=0 5
==t (1 +1Zill)" ™ < (1l exp((1Eillit). (G.6)

It remains to bound ||Z;||;. For i = m we have E;,11 = 0, Fp,i1 = L || Dy, |1 < 1, which suggests
IZmlls = D — Danll1 < 50kg10n[[ 11" |1 = 5dmsgion-

For other i < m, note that |D;|; < nglob, |Fis1lli < 1 (by Lemma 75), [|[117||; = m, we
have

||Ez”1 = H(Fi+1 + Ei+1)(1 + 5(5Hg10b11T)Di —F;1D;

1
§||55I€g10b11TDi||1 + ||El+1(I + 56/6g10b11T)Di”1 < 55mmglob + 1~5K§10b”Ei+1H1~
(since § < —L—)

10mKglob

Substituting back to Eq. (G.6) completes the proof. |
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Lemma 77 (Upper bound of |E;||1) Using the same notation of Lemma 74 and assuming the
same assumptions of Lemma 75, and in addition assume
1

5 < , G.7
- m(loﬁglob)2m_1 HZE[m] E ( )

then the following inequality holds for any i € [m],

m
[Eill1 < ém - (105g10b)2(m_z)+1 . HTJ
Jj=t

Proof [Proof of Lemma 77] First observe that

~\T; )
|Eill1 = H <(Fi+1 + Ei+1)Di) (Fiy1 + Eiy1) — (Fi D) Fiyy

1

_\T: .
< H ((Fz’+1 + Ez’—l—l)Di) (Fiz1 + Eiy1) — (Fz‘+1Dz‘)T’ (Fiz1 +Eit1)

+ H(Fz‘—i-lDi)Ti Ei—i—lHl
1

_\T; _
< (i + B Be) = D 14 B + Bl

1

where in the last inequality we applied the fact that | F; 1 D;|; < 1.
Next, we prove by induction in reverse order from m down to 1.
For ¢ = m, by definition of E,,,

[ually < ||((Frns1 + Epns1) D)™ = (Fri D)™ |
<5dmEgiobTrm exp(50megionTrm) (by Lemma 76)
§5\/E<5mmglobTm < 10dmEgob Tim- (since § < ——————by assumption Eq. (G.7))

IOmnglobTm

Now suppose the statement holds for the case of 7 + 1, we then study the case of 7. By definition
of E; we have

1Eill1 < H((Fz‘+1 +Ei41)D)T — (Fi D)) . (14 1Eigall) + [[Eirall

<|Bigllr + (1 + |1 Eixall1) QI Eig1 1 + 56megion) £aop T - exp (20| Eisallt + 56megion) £216n75)
(by Lemma 76)

By induction hypothesis ||E;;1[|1 < (10kg0n)*™ D=1 - 6m [T, | T}, we obtain
IEis1lls + 1+ [[Eigal1) QUEisall1 + 50megion) raionTs

m
<dtigiop | (10sg1n)* ™07 om [] 75 | Ti + 50mafyo, T
=it

m
<10KZj0p - (105g100)* "~ Lom - T [ T
j=i
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Also by 6 bound Eq. (G.7)
) m
exp ((2[|Eis1/l1 + 50mkgiob) glObT) < exp 9f<aglob (1Omglob)2(m_’)_15m : HTJ < 907,
j=i

Since 9¢%-97 < 10 we have

< 0.1(10kg10p) >~ om - T[Ty (G.8)

[Bill < [[((Fisn + Ei) D) = (FiaD)"
J=t

completing the induction proof. |

G.2.3. UPPER BOUND OF Z
Finally we bound ||Z;||; with the following Lemma 78.

Lemma 78 (Upper bound of | Z;||1) Using the same notation of Lemma 74 and assuming the same
assumptions of Lemma 77, then the following inequality holds for any i € [m]

m m
1Zil <27 [T+ 1) <4 ] T
j=i Jj=1
Proof [Proof of Lemma 78] Recall the definition of Z;

A —\ ti
Zi = ((Fip1n +Ei1)Dy) " Zi + Z < it1+ Ei+1)Di) (Zis1 +Fip1 + Eiq),

Therefore

(1 Zigall + [Fogalls + 1 Bivall1)
1

1Z:]]x <

T .
Z ( it1+ Ei+1>Di)

We will bound |[S27% (i1 + Biga) Do)
The former is bounded as
T;

S ((Fi1 + Eip1)Dy)t
t;=0

) and (||Ziy1]l1 + |Fitall1 + [[Eiy1]l1) separately.

(by triangle inequality)

T;
<> H((Fm +Ei)Dy)" |
1 t;=0

T,
Z (H Fip D) ||, + H Fii1+Eiy1)D)" — (FiuqDy)" 1) (by triangle inequality)

(since ||F;+1D;]j1 < 1 by Lemma 75)

(Fit1 + Ez’+1)]/3\z')ti — (FipDy)" .

<(Ti+1) | 1+ 0.1(108gep)* " om - [ T (by Eq. (G.8))
j=i
<1L.U(T; +1) (by 6 < gy Mo see Ba- (G.7)
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For HFZ'+1 +Ej1 + Zi+1H1 we have

IFiv1 +Eit1 + Zigalli < [|Fipall + B lls + 1Zialh

<1+ (10kgon)* ™97 - om [ T5 + 1Zisalls < 1.01+ |Zijals  (by & bound Eq. (G.7))
J=i+1

Consequently ||Z;||; < 1.1(T3+1) (1.01 + ||Zi11]|1). By induction we have ||Z;]|; < 2™~ ¢+ [T (T5+
1). |

G.3. Finishing the proof of Theorem 70

We are ready to finish the proof of Theorem 70 (general initialization).
Proof [Proof of Theorem 70] By Lemma 74 we have

A(BSLS (x0) < (F1 4+ E))A(x) + 26L,, |x*[|3Z11.
Since f(x) — f* = ||A(x)||1, we obtain
FESTEI(D)) = £ < (|F1[l1 + [[Bal[) (f(xO) = £%) + 26m L [x*[3]|Z1 11

Plugging in the bound of ||F;||; (from Lemma 75),
Lemma 78), we obtain

E1|; (from Lemma 77), and ||Z1||; (from

f(BsLS1 (xV)) — f*

€ 2m—1 . : <O _ > qm X*Q_m :
s( Fomy = e+ (10%gn) 5m[[T) (1) = 1)+ 2-4m5m L - T 7

By 4 bound

1 € €
6 < T mi
= H i mm{m- (10K g1ob)>™ =1 m(10kg10h) 2™~ 1 - (f(x(O)) — f*)7 4m+HIm Ly, ||x*||3 } 7

1€[m]

we immediately obtain f (B?\le(x(o))) — f* < 3¢, completing the proof of Theorem 70. |

Appendix H. Proof of AcBSLS under finite-precision arithmetic

In this section, we will prove AcBSLS under finite-precision arithmetic.

In Theorem 21, we specialized our initialization of %) v both to 0 to simplify the exposition
of the theorem. In fact, we can (and will) prove the following general (but less clean) version with
arbitrary x(0) v(0),

Theorem 79 (AcBSLS under finite-precision arithmetic, general initialization) Consider mul-
tiscale optimization problem defined in Theorem 1, for any initialization (X(O)7 V(O)) and € > 0,
assuming Requirement 2 with

glob €
1E€[m]

(0)_(0) .2
51> (H T) -max{2~(10/£§10b)2m1,2-(10/£2 ety YLV gme -mmeglob”’l”?}
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then w(ACESTSl(X(O) ,v(0)) < 3¢ provided that Ty, . . ., Ty, satisfy (C.1), which we restate here
for ease of reference

(X(O) 7 V(O))

; ) , T > ﬁ(log(4m§leb) +1), fori=2,...,m.

T1 > vV K1 log <w
We can also achieve the same asymptotic sample complexity (up to constant factors suppressed in the
O(-)) when {(;, L;), i € [m]} are unknown and only m, i, Ly, and 7., = [~ k; are known.

Theorem 21 is clearly a corollary of Theorem 79 since

* |2 0.0
HX H2 < 4m(10H§10b)2m71w( Ea )

4- 3™ Ly Kglob

The proof of Theorem 79 is structured as follows. We first define two vector potentials and
establish their relations in Appendix H.1. We then study the progress of one (inexact) AGD step on
these vector potentials in Appendix H.2, and inductively estimate the progress of ACBSLS; by matrix
inequalities for all ¢ € [m] in descent order (see Appendix H.3). The proof of Theorem 79 is then
finished in Appendix H.4. As before, the last part regarding the case where {(u;, L;), 7 € [m]} are
unknown follows from our black-box reduction in Proposition 13 (in the same way as in the proof of
Theorem 6).

H.1. Introduction of vector potentials and their relations
We introduce a few more notation to simplify the presentation. For any (x,v) and i € [m], define

AP (x,v) = max{Ai(x), Ai(v)}, P, v) = max{ri(x),ri(v)}. (HD

7

Define a series of vector-valued potential functions ¢1A, e qbnAqL and @¢7,..., @] :
(AP (x v)] [rmax(x v)]
AP (x ) riax(x,v)
A . i—1 % r . i—1 \ %
~(x,v) = , (x, V) = . H.2
PV = L) | PO ) (2
_%¢m(X,V)_ _%’(ﬁm(X,V)_

We establish two lemmas on the relations of vector potentials ¢Z-A and ¢ for varying ¢. Lemma
80 bounds the maximum of two vector potentials; Lemma 81 bounds the sum of two vector potentials.

H.1.1. BOUNDING THE MAXIMUM OF TWO VECTOR POTENTIALS
Lemma 80 Consider multiscale optimization problem defined in Theorem 1, for any x, v, for any
i € [m — 1], the following two matrix inequalities hold (recall < denotes entry-wise inequality)

max {9 e o vo)} < [T, ebeav),

2’fglob Lyt

Ii—l 0

max { @7, 1 (x,%), ¢l (v,v)} < [ 0 } @i (x,v).

2"’@glob : Im—i+1

Proof [Proof of Lemma 80] We study ejT max { @2 | (x,x), ¢, (v, v)} for three possible cases:
j<ij=i,0rj>i.
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Case of j < i. By definition of ¢ we have ejT@AH(x, x) = Aj(x) for any x. Thus

ef max { @7 (x. %), ¢ (v, v) } = max {A;(x), 4;(v)} = e] & (x, v),
where the last equality is by definition of ejT(j)iA (x,v).
Case of j =i. Again by definition of (biA
e max { @7 (x, %), ¢ (v, v) } = max {A;(x), Ai(v)}
<max{A;(x), kiri(v)} < kit (x,v) (by definition of ;)
=2r; - €] ¢ (%, V),

where the last equality is by definition of ¢2 (x, v) since e, ¢ (x,v) = i (x, V).

Case of j > 7. By definition of ¢iA+13

e;»r max {qbiA_H(x, x), qbiA_H(V, v)} = % max {1;(x,x),¥;(v,v)} (by definition)
1 1
=g max {A;(x) +1;(x), 8;(v) + 1 (v)} < 5 (1 + #5)95(x,v) < Kj9;(x, v)
:2/<cjequ.')iA (x,v) (by definition)

Concatenating the above three inequalities yields the first statement of the lemma. The second
statement holds for the same reason. |

H.1.2. BOUNDING THE SUM OF TWO VECTOR POTENTIALS

Lemma 81 Consider multiscale optimization problem defined in Theorem 1, for any x, v, for any
i € [m — 1], the following two inequalities hold

A 2ﬁgloin A
Git1(x,%x) + @i (v, v) < 2 éi (x,v),
2’£g10bIm—i—1

N 2Kglobl;
¢i+1(x¢ X) + ¢;+1(V,V) S 2 ¢;‘N(X7V)'
2HglobIm—i—1
Proof [Proof of Lemma 81] We study e?(q.’)ﬁl (x,%x) + @7, (v, V)) for three possible cases: j < i,
j=1,0rj5 >1.
Case of j < i. By definition of ¢ and @} we have ejT(biA_H(x, x) = Aj(x) and echﬁf_H(v, V) =
rj(v). Thus
e (9711 (%, %) + ¢f11 (v, v)) = Aj(x) +75(v)
<Aj(x) + k5A;(v) < 265 max{A;(x), A;(v)}
=2Kje] 7 (X, V). (by definition of ¢2)

Similarly ejT(qbiAH(x, X) + @i (v, v)) < 2nje;—¢>;'(x, V).
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Case of j =i. Similarly
e (p21(x.x) + ¢, (V,V)) = Aj(x) +15(v) (by definition)
=i(x, V) = 2e; 7 (x,V) = 2e; ¢} (x, V). (by definition)

Caseof j > i. By definition we have e] ¢2 | (x,x) = $¢;(x,x) and ejT ra(vov) = (v, v).

J
Thus

1 1 .
e (SR (6, %) + BLa (¥, V) = S15(x,%) + 515(v, V) (by definition)
1
=5 (8;(x) +75(v) + Aj(v) +75(v))
1 T A T
S5+ w)Y;(x,v) < Kjthi(x,v) = 265 - € @7 (%, V) = 25 - € @} (X, V).
Concatenating the above inequalities completes the proof. |

H.2. Progress of AGD step under finite arithmetic

In this subsection, we study the effect of one inexact AGD (also denoted as AGD step) on the vector
potentials qbiA and ¢;. The main goal of this subsection is to prove the following Lemma 82.

Lemma 82 (Progress of one AGD step under finite arithmetic) Consider multiscale optimization
problem defined in Theorem 1, assuming Requirement 2, then for any x,v and i € [m), the following
two inequalities hold

(a) 2 (AGD(x,v; Li,pi)) < (T4 105mglob11T)Di¢wiA(x, V) + 40 Ly, || x* |31

(b) ¢} (AGD(X,v; L, i) < (I+106k2,,,117)D;if (%, v) + 46 Ly | x*[|31.

where D1, Do, ..., D,, are m x m diagonal matrices defined by

D, = 1 w2 (H.3)
2Hglob]:m_i

To simplify the notation we will define (throughout this section)
D; = (I + 106x2,,11")D;. (H.4)

We will prove Lemma 82 in three steps. First, we first bound the perturbation of residual r; and
functional error A j under multiplicative error in Lemma 83. Then we bound the potential 7", AT,
and ;, and the vector potential ¢; and ¢]-A in Lemma 84. The proof of Lemma 82 is finished in

Appendix H.2.3.
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H.2.1. SENSITIVITY OF RESIDUAL AND FUNCTIONAL ERROR UNDER MULTIPLICATIVE ERROR

In this subsubsection, we establish the first supporting lemma for Lemma 82.

Lemma 83 (Sensitivity of residual and functional error under multiplicative error) Assuming
X, X satisfies
% — x| < d]x| (H.5)

for some 6 < 1, then for any j € [m),
(a) Aj(R) < Aj(x) + 5kgion S5y Ax(x) + 20L; %" 2
(b) 3(R) < () + 56Kgion Sy 1 (%) + 20715113
Proof [Proof of Lemma 83]
(a) Same as Lemma 73.
(b) Let € := X — x, then by Cauchy-Schwartz inequality,

1P (% = x5 = [Pj(x — x* + €)ll3 < (1+0)[Pj(x = x*)[I3 + 257 [|Psell3  (H.6)
By assumption (H.5) we have

m
1Pjell3 < llell3 < 0%|x[13 < 26%lx —x*|3 + 20%|x*[|3 < 26% Y | P(x —x*)[13 + 26°(|x" |13

k=1
(H.7)
Combining (H.6) and (H.7) yields
IP;(% = x)[3 < (146)|[Pj(x —x )||2+45Z 1Py (x — x*)13 + 46]|x*3 (H.8)
k=1
It follows that
~ 1 ~ ..
ri(X) = §Mj||Pj(x —x*)||3 (by definition of ;)
1 m
<(1+0) - SalIPy (¢ = x5 + 2010 Y 1Pk (x — x*) 3 + 205113 (by (H.8))
k=1
=(1+ 8)r;(x) + 452 “J ) + 205]|%* )2 (by definition of ;’s)

<(1+ 8)7j(x) + 40K g10b Zrk(x) + 20p5|%*13 (since 5L < kgop, for any j, k € [m))
k=1

m
<rj(x) + B0rgion k(%) + 2615 |x* 13-
k=1
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H.2.2. SENSITIVITY OF POTENTIALS UNDER MULTIPLICATIVE ERROR

In this subsubsection, we establish the second supporting lemma for Lemma 82.

Lemma 84 (Sensitivity of potentials under multiplicative error) Assuming X,x,V, Vv satisfies
X — x| <dlx|, |[v—v|<d|v]

for some 6 < 1. Then for any j € [m],

(@) TR, V) < rP(x, V) 4 50Kglob Yy TR (X, V) + 265]1x*]3.

(b) APX(R, V) < ATX(x, V) + 5driglob Y gy A (x,v) + 20 L |x*|3.
(c) (R, 9) < (%, V) + Bdrgion Dokt Yi(X, v) + 4L [[x*|3.

(d) ¢ (X, V) < (T+100k34,117 )3 (x, V) + 40 Lo | x*[31.

glob
() #7(X,V) < (T+10053,,117) ] (%, V) + 46 Ly || x*[|31.
Proof [Proof of Lemma 84]

(a) By Lemma 83, for any j € [m],

(X, V) = max{r;(X), r;(X)} (by definition of 7** (H.1))
m
<max{ +5(5l€g10b27“k ) 4 2605 ]1x*|3, 75 (v) +55F6globz7°k(V) +25Mj”x*’%}
k=1 k=1
<ri*™(x,v) + 50Kglob Z max(x v) + 200 ]|x* |13 (by definition of 7"*)
k=1

(b) Holds for the same reason as (a).

(c) Forany j € [m], by Lemma 83,

VX, V) = A;(X) +7;(V) (by definition of 1);)
<AG(X) + 50kgiob D Ap(x) + 26 L;|[Ix* |13 + 75(v) + 56kgion D mr(V) + 20151 x* 3
= = (by Lemma 83)
<1;(x, V) 4+ 5Kglob i (%, v) + 40 L; || x*[|3. (by definition of ¢; and p; < Lj)
k=1
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(d) We will prove (d) by considering e;»r@A for two different cases: j < i or j > 1 (recall e; is
defined as the j-th unit vector). For j < 7, by definition of d)iA (H.2), we have

e] o (X, V) = AT™(X, V) (definition of ¢2)
SAPH(x, V) + Bkgion 3 AR (x,v) + 20 Lj|[x*|3 (by (b))
k=1

SAP(x,v) + Bkigion | D AR(X, V) + Fgiob 3 Pr(x,v) | + 20L;]|x*|3
k<i k>i
(since AP (x,v) = max{Ay(x), Ap(v)} < Ap(x) + Ap(v) < Ap(x) + ke (v) < Krti(x, v))

SAP™(x, )+ 50kgon | Y AF(x, V) + D dn(x,v) | +20L;]1x* 13

k<i k>i
m
:e;rqﬁf(x, v) + 55/@210]0 Z e} ¢ (x,v) + 25L;||1x*|3 (definition of ¢2)
k=1
For j > 1, by definition,
e/ PP (X, V) = ¢(X, V) (definition of ¢2)
m
S¢j (Xa V) + 5(Sﬁglob Z ¢k (Xa V) + 45LJ ||X*H% (by (C))
k=1

<v;(x, V) 4 5Kglob QZAmaX x,v)+ Z1/Jk x,v) | +40L;||x*|3
k<t k>i
(since g (x, V) = Ag(x) + 15 (v) < Ap(x) + Ag(v) < 2A0%%(x,v))

<45(%, V) + 100kgi0n | > AF™(x,v) + Y ve(x,v) | +46L;]1x*3

k<i k>i
m
=e; ¢ (x,v) + 100kg10n Y _ e ¢ (x,v) + 40L;[[x*|3 (definition of ¢2)
k=1

In matrix form we arrive at

¢ (X, V) < (T4 100K510, 117 )7 (x, V) + 40 L ||x*||31.

(e) Holds for the same reason as (d).

H.2.3. FINISHING THE PROOF OF LEMMA 82

We are ready to finish the proof of Lemma 82.
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Proof [Proof of Lemma 82] By Lemma 16 from exact AGD analysis we have
¢ (BGD(x, v; Li, i) < Dih(x,v),

then applying Lemma 84 shows (a). (b) holds for the same reason. |

H.3. Inductively bound the progress of inexact AcBSLS by matrix inequalities

In the following lemma, we iteratively construct the bound of vector potentials ¢ and ¢" after
executing AcBSLS;.

Lemma 85 (Estimate the progress of Ac/BﬁSi by matrix inequalities) Consider multiscale op-
timization problem defined in Theorem 1, and assuming Requirement 2, define the following three

sequences of m x m matrices {F;}7t (B}t {7,741

Frn =1, Ep41 =0, Zppi1=0

and for i = m,m — 1 down to 1, define

I . . . Iiil 0
[Lie110G—1)x(m—i+ )] (Fis1 + Eir1) |7 igiop - Inio 1

Fis = . Fglobli
e, (Fiq1+Ei11) 1
’{globImfifl
[0(m—i)xilTm—i] (Fit1 + Eit1)

F; = (KFi1D)", E;:=(KF1D)" - (KFiDy)h,

Ti—1
Z; = Z (K;F;11D;)" (KiFiJrl + 2Zi+1) .
ti:()

where D, ]/3\, were defined in Egs. (H.3) and (H.4), and K;; is defined by

L
K, =|"
! |: 2""ZglobIm—zV:|

Then,

(a) For any i € [m + 1|, F; are non-negative diagonal matrices, E; and Z; are non-negative
matrices.

(b) Forany i € [m], the following bound holds
dR (ACBSLSi(x,v)) < (Fy 4+ E) @ (x,v) + 40 Ly, ||x*[|2Z:1,

&} (ACBSLS;(x,v)) < (Fi 4 Ep) @} (X, V) + 46 Ly, ||x*[|3Z:1.
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Proof [Proof of Lemma 85] The proof of (a) is the same as the proof for Lemma 74(a). We will prove

the first inequalities in (b) by induction in reverse order (from m back to 1). The second inequality
holds for the same reason.

The induction base apparently holds. Now assume for any x, v,

S84 (ATESLSi11(x,v)) < (Fir + Birt)d2 (%, v) + 46 Ly %3211,

then we will show that

T;—1
¢ (ACBSLS;(x,v)) < (KFi1Dy) ¢ (x,v), +40 L x|} - Y (KiFi1Dy)% (Fipy + 2Zi41)1,
t;=0
) xO7 %) x(T¥) —
To this end, let vO 7 5@ @ be the trajectory generated by running AcBSLS;.

Since (), v = AGD(x"),v(®); L;, 1), we have by Lemma 82,
¢ (%1, v1) < (T4 106k34,11 " )Dygp (x), vI) + 46 L, |[x7 31,
We study the x(+1) | v(t+1) by considering 3 cases. For j < 1,

e ¢ ( (t+1) (t+1)):A?1ax( (t+1) (H'l)):max{A-( (t—i—l)) Aj(v(t—i—l))}

SmaX{A?ﬂaX(ACBSLSHl(f{(” %)), AmX(AcBSTS, 1 (vY, ()))}

—ej max{¢}, (AcBSTS 1 (X" ))), ¢2 1 (AcBSTS; 1 (v, ¥())} (by definition of ¢ )
ge;r max{( i+1 T EZ+1) z+1(~ )) ( i+1 + Ez+1)¢z+1( ( (t )} + 45Lm||x*|| Tzi+11
el (i1 + B mac( (2. 50), g8, (5, 50} + 46 L [ 3] Zo 1

I 0 A

<e/ (Fij1 +Eip) ¢ (XD, 70) 4+ 45 L, || x* 3] Zita1.

0 2"<'7glob : Im—i+1
(by Lemma 80)

For j =1,

1 1 1
e ¢A( (t+1 (H—l)) _ §¢¢(X(t+l),v(t+1)) _ 5Ai(x(t-l—l)) + 5T,i(v(t-&-l))
AmaX(AcBSLSHl( ® %®)) + %r}“aX(Aﬁsm({z(t),{z(”)

2 )
1 —_—
—2° :<¢Z+1(ACBSLS@+1( ), (t)))+¢§+1(AcBSLsi+1(v<ﬂ,{z<t>)))
1
=3

ef ((Fit + Ein)pf (K0, 50) + (Fipy + Biga)ol,, (90, 90)) + 46 L, 3] Zia1

Kglobli
<e/ (Fir1+ Eij1) 1 ¢ (%O V) 4 46 L, ||x*||2e] Zis 1.
’{globImfifl
(by Lemma 81)
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Forj > 1

Ly (x(®+D) D)

2
1 — )~ 1 — () ~
=5t (ACBSLS 41 (x1, %)) + 51/)j(AcBSLSi+1(V(t), vMy)

1

1
e]T¢iA(x(t+1),v(t+1)) - = 5AJ.(X(m)) + irj(v(t—i—l))

—e; (#81(AcBSTs 11 (%, X)) + ¢, (4TBELSi (v, 1))

<e/ ((Fz‘+1 +Ei) i (XY, %) + (Fipr + Ei+1)¢§+1(‘7(t)a‘~’(t))> + 83 Ly |[x*[[3e] Zis11

2Kglobl
<ej (Fir1+ Eij1) 2 7 (%1, v0) + 80 Ly |[x*|13e] Zis11
2"ﬁglobImfifl
SQHglobe;r(Fi+1 + Ei+1)d)iA()~((t), {/(t)) + 8(5Lm||X*H%e;rZi+11.

In matrix form we obtain

o () v (D) < KFy 0 ¢R (X0, 90) + 80 L, |x*|3Z411.

Hence
P2 (xHD | vty < Kiﬁ-:]i(ﬁ?(X(t)yV(t)) +45LmHX*H%(KiF/‘iE +2Z;41)1.
Telescoping
o (x4 vy < (KiF; 11D:) ¢ (x O, vO) 446 Ly [ x*][5- )~ (KiFi1Dy)" (KiFi14+2Zi41)1.
t;=0

Next, we estimate the upper bounds of F'; (in Lemma 86), E; (in Lemma 88) and Z;’s (in Lemma
89).

H.3.1. UPPER BOUND OF F

We first bound || F;||; with the following lemma.

Lemma 86 (Upper bound of |F;||1) Using the same notation as in Lemma 85, and in addition
assume 11, ..., Ty, satisfies (C.1), then the following statements hold,

(a) Foranyi € [m+ 1], F; is a diagonal matrix of the form [, ((K D)L i Tk).

(b) Foranyi € [m),

Fir1Difls < 1.
(c) Foranyi € [m+ 1],
(d) IF1]h < Jnm oy

Proof [Proof of Lemma 86]

Fil1 <1
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(a) The first statement (a) follows immediately by definition of F;’s. We prove by induction in
reverse order from m + 1 doewn to 1. For ¢ = m + 1 we have F,,,,; = I by definition, which is
consistent. Now assume the statement holds for the case of ¢ + 1, then the case of ¢ also holds in that

T;
m

= (KiFin D)™ = | K H ( KD )Di =11 <(Kij)Hi:iTk>7
j=i+1 i
where the last equality holds because of the commutability among diagonal matrices.

(b) By (a) we have

m

K;F;11D; = K; ﬁ <(Kij)Hi=i+1Tk> D; = H ((Kij)Hi:“’lTk) ;
j=it1 j=i

By definition of D; we can write the [-th diagonal element of K;F;, 1D, as

1 [ <1,

( +1 )ll {(1—& )Hk i1 T (4,{”0)22 ZH/@ it1 Tk l>i.

Note that

j
1 -1 717 1
(1 =y 2o T (Ar o) == =i T < oxep | =i, 2 H T, + log(4kigiop,) - E : II
k=i+1 7=t k=i+1

[un

denoted as y;

Observe that v; = —K;l < 0. For [ > 14, it is the case that

Vi1 — M
1 I+1 1 g L -1 3
=—r3 H Ty, + log( 4/£g10b Z H Ty + k2 H Ty — log(4nglob) . Z H T
k=i+1 j=t k=i+1 k=i+1 j=t k=i+1
1 I+1 1
— KA H Ty + kK 2 H Ty, + log( 4/{glob H Ty,
k=i+1 k=i+1 k=i+1
_1
— H Ty <—Hl+21Tl+1 + K&l +log(4mglob)> <0
k=i+1

1
(since Tj1 > w7 (1 + log(4figlob)) by (C.1))

Hence v, < Ym—1 < --- < 7; < 0. Consequently we have (K;F;;1D;); < 1 for all /, and thus
|KFi 1Dy < 1.

(¢) By (b, [|Fy|l1 = [|[(KiFi1Dy) o1 < [[(KiFi1Dy)|]" < 1.

86



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

(d) Follows by the same argument as in the exact arithmetic proof Theorem 15, which we sketch here
for completeness. By (a),

" j | -1 74
Fou=[]] ((Kij)H’“:lTk) = (1= ry D) em T (dgy ) 2i=i TTim T
=1 1l

-1 j

<exp H Ty, + log( 4mglob Z H Ty
k=1

Jj=1k=1

denoted as y;

1 1
Since T > k7 log(w), we have y1 = —ry 211 < — Iog(w). Following the same

argument as in (b), we have v, < vp,—1 < -+ < ;1. Consequently, for any [ € [m)]

(0) +(0)
(F1)u < exp <—10g(M)> < m’

which implies ||F1|; < m since F is diagonal (by (a)).

H.3.2. UPPER BOUND OF E

Before we state the upper bound of E;’s, we first establish the following Lemma 87, which is essential
towards the bound for E;’s and Z;’s.

Lemma 87 Using the same notation of Lemma 85, and assume 11, ..., T,, satisfies (C.1), and
assume § < W, then for any t > 0, for any i € [m], the following inequality holds
glob

gp(lOt&mﬁéob) i=m

(KiFaDy) — (KFia Do) < '
H iF i 1L 7l @(40t5m”glob+12tﬂ§10b”Ei+1||1) 1< m,

where p(x) = ze®.

Proof [Proof of Lemma 87] Let &; := K;F;1D; — K;F;11D; (which is non-negative), then

H(KiFHlDi) (KiFi11D;) H = |(KiFi11D; + &) — (KiFi Do) ||,
Lo/t t
<3 (1) 1=l D < 3 BT (since | KFy Dy < 1)
s=1 s=1
_ —(t=1\ = s = =1 \E—1
<lIElit Y- (7 ISl = Il (L + 1Sl (by Theorem 100)
s=0
<|IZs 1t exp(|[Eil12). (H9)
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It remains to bound ||Z;||;. For i = m we have Ey,, 11 = 0, F i1 = L Fyp; = I K, = I, which
implies [|2,,[|1 = [|[Dm — I||1 < 10(5m/<;§10b.
For other ¢ < m, first note that (since F'; is diagonal)

[IZ—l‘O(ifl)x(mf’i+l)]E’L+1 0 2Hglob . Im—’i+1

TR ’{gloin
Fip=Fopr + TEin , (H.10)

”globImfifl
[0(m—iyxil m—i] Bt

denoted as %

thus
Fi+1f)\i —F,1D; = (FiJrl + *)(I + 106ﬂglob11T)Di —F,11D;

Since ||#%[|; < 2kg10b||Eit1]1 and [|D;]| < 2I€glob we have bound

HFiJrlDi —Fi1D;

) < 206mkQp + Ahgiop | Big1 [[1(1 4 106mk2,p,).
Thus (for ¢ < m)

1Zill1 < 26gion (205m/f§10b + 4H§10b”Ei+1|’1(1 + 1057”/‘%1010))

<400mED g, + 8kgion [Birll1 (1 + 106megyy,) < 400mklyy, + 12650 | Eisa 1
(since § < —L1—)

2
20mnglob

Substituting back to Eq. (H.9) completes the proof. |

Now we state the bound for E;’s.

Lemma 88 (Upper bound of |E;||1) Using the same notation of Lemma 85, and assume T, . .., Ty,

satisfies (C.1), and assume
1

(10’i§10b)2m_1m H;nzl T’

0 < 3 (H.11)

then for any t > 0, for any i € [m], the following inequality holds then the following inequality holds

[Eill < 2+ (1063,) 2™ om [ [ ;- (H.12)
j=t

Proof [Proof of Lemma 88] We prove by induction in reverse order from m down to 1.
For ¢ = m, by definition of E,,,

1Bl = || (K Fri1 D)™ = (K P D)™ |

<100mk 3 g, T exp(106mk, Trn) (by Lemma 87)
<10Vedme o Tm < 176mkop T, (since § < W)
glo
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which satisfies the bound (H.12).
Now suppose the statement holds for the case of 7 + 1, we then study the case of 7. By definition

of EZ‘,

Il = |(KF D)™ - (KFiaD)" |

< (400magion, + 1265101 | Eiyill1) T - exp [(406mnfyor, + 12k 5105 it 1) T
(by Lemma 87)

Observe that

(405m/<aglob + 12H§1ob||Ei+1H1) T;

m
<406m g Ty + 24k g0, (10k54,) D 6m [[T;  (by induction hypothesis (H.12))

Jj=t
) m
<28k (106255 2D sm T T3 (H.13)
Jj=t

and thus

m
exp [ (406med gy, + 126300 1 Eir1l1) Ti] < exp |28k, (10k2,,) 2" D om T 75

Jj=t
(by (H.13))
m
=exp |0.28(10k2,,)"™ '6m [ T;| < exp(0.14) < 1.16 (by § bound (H.11))
j=1
Consequently
) m
IEilly < 28105 (10K20,) > 6m [ [ 7 x 1.16
Jj=t
<45k (10K210,) 2D sm T [ Ty = 045 - (1062, em [ [ T3
j=i j=i

m
<2+ (1063, 2" om [ 7.

j=i

H.3.3. UPPER BOUND OF Z

Lemma 89 (Upper bound of | Z;||1) Using the same notation of Lemma 85 and assuming the same
assumptions of Lemma 88, then the following inequality holds for any i € [m),

m
1Z:]l1 < 3™ kg [ [ T5-
Jj=t
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Proof [Proof of Lemma 89] Recall the definition of Z; from Lemma 85,
Ll — —
Z; = Z(Kz‘Fi—&-lDi)ti (KiFi-i-l + 2Zi+1>
t;=0

We will bound || ZZZ&(KzE;B\z)tl |1 and HKZ-F{Z-J:—i—QZiH |1 separately. The former is bounded
as

T;—1 T;—1
S (KFLD) | <Y H (K;Fip1 D))t H1 (by triangle inequality)
t;=0 1 ti=

Ti—1
<> (’\(Kin'+1Dz‘)t"||1 + H(Kz’Fi—HDi)ti — (KiFiy1D;)"

) (by triangle inequality)

t;=0
Tzl — —
STz + Z ”(Kz‘Fi+1Di)ti - (Kl‘Fi_,_lDi)ti (since ||KiFi+1DiH1 < 1 by Lemma 86)
t;=0
] m
<T;{1+045- (lOmglob)Q(m_z)Hém H T; (by the proof of Lemmas 87 and 88)
j=i
<1.23T; (by 6 bound (H.11))

The second term is bounded as

| &P+ 22| < K- [P+ 2012

<2fgiob - (1 + 2kgob|| Eit1l1) + 2| Zi41 (1 (by (H.10))

<2.04kg10b + 2(|Zi1 ()1 (since ||Eit1]1 < ﬁ by Lemma 88)
glo

00m

In summary ||Z; |1 < 1.237T;(2.04kKg10b + 2||Zi41]|1). By induction we can show that ||Z;||; <
Bm_H_zﬁglob H;n:1 T’] ]

H.4. Finishing the proof of Theorem 79

We are ready to finish the proof of Theorem 79.
Proof [Proof of Theorem 79] By Lemma 85 we have

¢ (2cBSLS; (x0, v0)) < (F1 + E) o2 (0, v(0) + 46 L, |x*||3Z1 1.
By definition of vector potential ¢ we have ||¢{ (x, v)||1 = ¥(x, v) for any x, v. Consequently

Y(acBSLSs (x0, v(O))
< H(F1 +E1)¢P (x,v) + 45LmHX*H§Z11H1 (by Lemma 85)
<([|[F1]|1 + [|E1|1)v(x,v) + 46mLme*H§HZ1||1 (triangle inequality)
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, ||E1]| (from Lemma 88), and ||Z; ||; (from Lemma
89), we arrive at

Y(acBSLS; (x0, v(0))

€

< m +2. (10/{210b)2(m—i)+15mH T; 1/}(X(0), V(O)) +4. 3m+15m“globLm||X*||g H 1.

j=i

By § bound

ZE m

1 € €
|| 7! ’ ’
( ) " { 2+ (10K2),,)2™=tm” 2+ (1062),,)2™ 1 - (x(O), v(0) "4 3mFL Ly, Kglon || x*[|3 }

we immediately obtain 1/(AcBSLS; (x(9), v(0))) < 3e. |

Appendix I. Deferred proof of supporting lemmas of Lemma 26

In this appendix section we provide the proof of several supporting lemmas toward Lemma 26.

1.0.1. DEFERRED PROOF OF LEMMA 41

Proof [Proof of Lemma 41] Apply Lemma 39, since for any k € [m — 1],

[y,

Ly q(¢)
we conclude that h(z) has m — 1 real roots r1,72, ..., 7m—1 such that ry, € [Lg, pg+1]. Therefore
_ /Ml er[m—l] (Tk - C) dc
\/er[m](:uk - Ok =0
By monotonocity,
/”1 er[m—l] (re = ¢) er [m—1] Tk ) /”1 d¢ dc
v gy (1 = O (L — mke[m] — ) Ty — ) Jo Vi =¢
_ [Tecpm—1) 2 Tkepm—1) 1=
\/er[m}(Lk — H1) - H;":2(,uk — 1) \/er[m] Lk ) Hk o(1— M)

By assumption L& # — B> (1- i)% Hence

u Pk 2k

H(Lk‘m),}i(l“”)z a) (a2 I a2

ke[m] Hk Hk Mk ke[m] Hk ke[m] k€[m—1]
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Since []32,(1 — 27%) > 0.288 (see Theorem 101) we arrive at

0 < 2 kepm—1) s o Mligm-y e
i L *
V0288 Ty 2/ Tieim 12

completing the proof. |

gs

1.0.2. DEFERRED PROOF OF LEMMA 43

Proof [Proof of Lemma 43] Since h(z) = H;”:_ll(z — ;) satisfies

[ R(C) I laas Hje[m](C —75)
a /Lk q(¢) 1= /Lk Q(C)

we have for any k € [m — 1]

dc,

/”’c+1 e [ lpe(C—rs) e CI L (C = 15)
Ly q(¢) Ly q(¢)
Thus .

Hht+1 ane[k—l](rj )H;n (S T])dC
Li \/Hje[m](C*NJ)H]e[m](g Lj)
Hk+1 Hje[kfl](TJ_C)'H;'”:_quq(C_Tj) dC '
L \/Hje[m](cfﬂj)Hje[m](C*Lj)

T =

Rearranging

Kr41 ¢

‘ ¢—ry m—1 ri—¢ d
L /=) €= Le) (1= Lk p1—0) <HJ€[’HI \/(c—qu)(c—Lj)) (H1:k+1 \/<uj+1—<><Lj+1—c>> ¢

Tk =
K41 1 ] ¢—ry 7.rL71 ri—¢ d
Li \f(C=m) (€= L) (o1 =€) (L1 =€) (Hﬂe[k*” \/<<—u_,»>(<—Lj>) (H1:k+1 \/<u_7-+1—c><L_7~+1—<>> ¢
Observe that
¢—rj

(C=p;)(C=Ly)
since wi < Lj <7Tj.

e Forany j < k, is non-negative and monotonically increasing in ¢ € [Ly, ft511]

r;—C
. » /(C—mi11)(C—Ljs1)
[Lie, prre1] since 75 < pjp1 < Lyt

e For any j > k is non-negative and monotonically decreasing in ( €

Consequently
Hi+1 ¢d¢ uk+1 Tj
L \/(C—mr) (C—Li) (r+1—C) (Li41—C) vV kgr =) (kg1 —Lj)
Tk S M1 d¢ H Lk Ty @1
Lk \/(C—mr)(C—Li) (r41—C) (Lig1—C)  JEIR—1] (L—nj) (L —Ly)

~
denoted as ;

92



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

Note that
Hk+1—T5 r 1 L
= V(g1 —p) (1 —L;) 1- Mkil ) \/( B fi)(l B fi) < 1
) Li—r; o1 W L v\ 1= 1
(Lie—pj)(Lx—Ly) L \/(1 o #kil )(1 = Mkil) L

and by mmje[m] . > 2 one has

Ty <”J+1<2 (k=3)
Ly — L

We arrive at (by Theorem 101, []52, 1 — 274 > .288)

1 1
I w= 11 [ 29 = 0288 =

jEk—1] jelk—1]

Substitute back to Eq. (I.1),

Hie+1 ¢d¢
< L \/(¢—1)(C—Ly) (pr1—C) (L 41—C)
Tk = fﬂk+1 d¢ :

V (C=111) (€= L) (i +1—€) (Lo 1—C)

1.0.3. DEFERRED PROOF OF LEMMA 44

We will prove Lemma 44 by analyzing the integrals in the numerator and denominator. In particular,
we will apply the tools from elliptic integral theory. We adopt the following Legendre forms of
elliptic integrals, defined as follows:

o F(o|p) fo \/7 denotes the (incomplete) elliptic integral of the first kind.

e K(p) := F(5|p) denotes the complete elliptic integral of the first kind.

e E(Pp) : f0¢> V/1 — psin? #df denotes the (incomplete) elliptic integral of the second kind.

e &(p) := E£(Z|p) denotes the complete elliptic integral of the second kind.

do

o II(n; plp) : fo (1—nsin? 6)\/(1—psinZ )

denotes the incomplete elliptic integral of the third kind.

II(n|p) := II(n; §|p) denotes the complete elliptic integral of the third kind.

To simplify the notation, throughout this subsubsection we assume without loss of generality that
k = 1. The result apparently holds for any k& € [m — 1].
Denote (throughout this subsubsection) that

¢(2) == (2 — p1)(z — L1)(p2 — 2) (L2 — 2).

The following Lemma 90 analyzes f 512

e
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Lemma 90 Forany 0 < p1 < L1 < pgo < Lo, the following equality holds

(L2—p1)(p2—L1)
(= =),

1 Ve(©) V(Lo — L) (pa — )

Proof [Proof of Lemma 90] The antiderivative of —— in [L;, is
[ ] m [ 1 /@]

— —1 resin (= L) (L2 — pr2)
Q(¢) = 2\/(L1—u1)(L2—u2)]:<A (\/ (LQ—L1)(M2—C)>

The lemma then follows by the fact that lim¢_,,, Q(¢) = 0 and

(Lo — L1) (p2 — 1)
(L1 —p1) (L2 —p2) )

(L2—p1)(p2—L1)
- _ 1 (Ly— ) (2 — L)) 2K ((LZ*LI)(.UQ*/H))
lim Q(¢) =2 K- = .
C—hz (L1 — pa) (L2 — p2) (L1 — pa) (L2 — p2) V(Lo — L) (2 — 1)
|
The following Lemma 91 analyzes [/* C%(CO.

Lemma 91 Forany 0 < p1 < L1 < pe < Lo, the following equality holds

e, 1 :
L Ve(C) (p2 — p1)(Le — Lq)

(L2 — pa)(pu2 — L) po — Ly
(LZIC ((L2 — Ly)(p2 — Ml)) ~ L=l (Lz - I

Proof [Proof of Lemma 91] The antiderivative of —— in [L1, yi2] is

)
P(¢) :—2\/ 1 :
(n2 — p) (L2 — L1)
(L1 — ) (L2 — N2)>

; - (L2 — L1) (p2 — ¢
<1L1.7: <Arcsm (\/_ (C—Ly) (Lo — po (Ly — L1)(p2 — 1)

)

)

. Ly—p2 o [ | (L2—L1) (p2 = Q) || (L1 — 1) (L2 — p)
“(“Q‘L”H<L2—L1’A (\/ (C—Ll)(Lz—M2)> <L2—L1><uz—m>>>'

The lemma then follows by the fact that lim¢_, ,, P(¢) = 0 and

. _ 1 .
Cli>HL11 () _2\/(M2 —p1)(Le — Ly)

(Lo — pu1)(p2 — L) p2 — L
<_L2K ((L2 — L1)(p2 — u1)> + Lo =)l <L2 — L

(Lo — pu1) (2 — L1)>>
(Ly — L1)(p2 — 1) ) )

(L2 — p1) (p2 — Ll)))
(Lo — L1)(p2 —p1) ) )
[ |

Next, we establish the following inequality regarding elliptic integrals.

94



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

Lemma 92 Forany x € |0, %] and y € (0, 1], the following inequality holds

I(z|1 —y) 1 4z
K1—-vy) = l1—x (1_ log(1y6)> '

Proof [Proof of Theorem 92] We first prove two claims:
Claim 93 The function (1 — z)II(x|1 — y) is concave in x for x € [0,1) and y € (0, 1].

Proof [Proof of Claim 93] By standard convex analysis we can show that 17916;9; 75 Is concave in x

for any 2 € [0,1) and 6 € [0, T]. Thus by linearity of integrals we have that (1 — z)II(z|1 — y) =
3 (1—z)do . . .

Jo RSy eyt prer is also concave in = € [0, 1) provided that y € (0, 1]. [ |

Claim 94 Let p(z,y) := (1 —x)- Mall-y) Then for any y € (0, 1], the following inequality holds

K(1-y)
8@(%, y) > —4
or ~ log %'

Proof [Proof of Claim 94] By standard elliptic integral analysis

Op(zy) _ |, 260 —y) -~ (5,1 -y)
Ox (2y - KA —y)
Expanding the above quantity around y = 0 shows the lower bound 10;—4&. |

Yy
The proof of Theorem 92 then follows by the above two claims. Since (1 — x)II(x|1 — y) is concave
inz € [0, 3], sois ¢(z, y) defined in Claim 94. Thus for any z € [0, 1],
9¢(3.9) - 4z

or — log =2

o(x,y) > ¢0,y) +2

Hence

Mzl —y)  ¢(z,y) 1 dr
Kl-y) 1—=z 21—33(1 >

Finally, the proof of Lemma 44 then follows by applying Lemmas 90, 91 and 92.
Proof [Proof of Lemma 44] By Lemmas 90, 91 and 92,
(L2—u1)(M2—L1)>

-1 po—1Ly
Hz o dg H2(d¢ 1 <L2—L1 (Lo—L1)(p2—p1)
=Ly — (La — pi2) T 7
Ly ¢(C) L Ve(C) K (%)

(L2—L1)(p2—p1)

1 4/22—21
<Ly —(Ly—po) ——7 |1 - Y
_ pe—L1 (p2=p1)(La—L1)
Lo—14 IOg (16m>

(by Theorem 92 and assumption %i < %)
)

(p2—p1)(La—L1) )
log (1622 L))

4(pe — Lq) <L+

(p2—p1)(La=L1)\ —
log (162t (te =t}

=L +
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Since
(w2 — ) (Le — L1) _ 1+%f_1 <1+M2—L1)>1+M2_1:M2
(L1 — p1) (Lo — po2) - Ly—p2) — Ly Ly’
and
L 3
p2 ~ log(1672)’
we obtain

Heode o\ [t CdC Cp e T
() Lo Ve(Q)) ~ 7 log(1672) T log(1672)

Appendix J. Technical details for Appendix E

Remark 95 We can obtain an example of a non-product, non-Gaussian distribution that satisfies
the second-order independence condition by considering any collection of pairwise independent
random variables that take values in {£1}¢ and have expected value 0. As an example: let P be
the d x d identity matrix. Let a € {+1}% be uniform on the subset of the hypercube {+1}* with
even parity: Hfl:lai = 1. Now, note that the distribution of a does not have a product structure but
the second-order independence condition is satisfied: E[(Pa);(Pa)2(Pa);] = 0 since each pair of
coordinates of a is pairwise independent (for d > 2). Note that we could also obtain a candidate
distribution which satisfies the property if P is not the identity: We can choose the distribution over
a such that Pa is still uniform on the subset of the hypercube with even parity as before. Another
different example is any distribution over {a € R? s.t. |Pal|, < 1}.

J.1. Missing details for proof of Lemma 53 Eq. (J.1)

We want to show that if

0 < min L !
- 3m Thax (N1 +2)2 + 17

(48mT2, (Ny +2)3) /2,

6m(4™)

1 , , —1/2
——— (m -mTz (N1 + 2
6m(4™) <é€?720{] (e} - mTna (N1 +2) ) }’

then

1 1 1
4m 1 36 m(Tmax(N1+2)2+1) < : K:glob )
(1+36m) = P A+ 36m)M TAAN, Tondm 2 maye ) {5} 6(N1 + 1)om

Jd.1)

Using that for any 2 > 0, (1 + 1)® < e and that rgio, > (4e)™ we have,

47 (1 + 36m)™(Tra(NIH22H1) < (geym < oy

96



BI1G-STEP-LITTLE-STEP: EFFICIENT GRADIENT METHODS FOR OBJECTIVES WITH MULTIPLE SCALE

therefore

47 (1 + 38m) (T (N1+2)241) o Felob |
(1+36m) = (11 30m)M

Next suppose for some x, p, C' € R we have pr < 1/4, z < \/C/4p, and C,p > 1. Then

(1+$)px§(1+2px)x§“f+%_0

Then letting x = 30m, p = m(Tmax (N1 +2)? + 1), and C = (144N Tinax4™) 1 we have that when
0 < gty (A8mT 2 (N1 +2)%) ™"? then

max

1
4m 1 35 m(Tmax(Nl+2)2+1) < .
(1+36m) = 144N, T 0

Similarly, letting # = 361, p = m(Tnax (N1+2)?+1), and C' = (2maxe, {re} 6(N1 + 1)4™) !

we have that when § < m (maxpe ) {re} - mTmy (N1 +2)%) Y2 then

max

1 1
4m 1 5 m(Tmax(N1+2)2+1) <
(1+39m) T 2maxgepm {me} 6(N1 + 1)dm

Therefore Eq. J.1 holds.

J.2. Proof of Lemma 52

Proof [Proof of Lemma 52] We prove Lemma 52 by induction on ¢. We start with the base case of
StochBSLSRes,, and then we will show that if Lemma 52 is true for St ochBSLSRes;;1 then
it is true for StochBSLSRes;. Let u® denote our input vector u to StochBSLSRes; and u®
denotes the ¢! iteration of St ochBSLSRes;. Before beginning the proof by induction we establish
several useful claims that will be used throughout the proof. First note that if

Nave > Kurt(D)m*nimax (H HZ') log™ (Kglob),

i=1

then since § := Kurt(D)nmax /Nave We have

m -1
6 < <m2 (H Iii> logm(mglob)> . J1.2)
i=1

= Uiugt) we have

u§t+1) <%u <5 Z Ly t) < Z% t) (13)
k=

Z

Note that if ugtﬂ)

k=i+1
t+1) o (L LkL u? s
u; §<Li_1) +5Z , (Forallj > ¢4 1)
: LL
u§t+1)§<1_(}fj > +5Z Pl (Forall j <i—1)
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Finally,
(0)
1 Lz 10
T; > log-. _ 4
= 1085, <5 Nit1 ( (0)) L; uEO) ) J.4)
To see this note,
u'®
1 Li_q
1 1 L1 uZ(O_)l log <pNi+1 (u(o)) Li1 §0)1>
O Vi = ~
O
log (pNi-H (u®) LleuO>>
= i—1
log(1/%:)
(0)
L; u
< ; Nit1 (0) ? )
< 2k log (P (u ) Lioig® >
1—1
(i =1- 5, and log(l/(l —2)) > )

< 7,+1
2k; log ( ( ) Bo ng )
(uio)/uio_)1 < BoLi/Li—1)
< 6K; log (Hglob)
(BopNiJrl (u(o)) < Kglob and Li/Li—l < ﬁglob)
<T.

Base Case. Consider St ochBSLSRes,,. Suppose that 3y (u(®)) satisfies Eq. E.7. Since u(® is
not ambiguous we will shorten 3y (u(o)) P ( © ) and 3,, (u(o ) all to By, p, and 3, respectively.
First we will prove the following claim:

(0)

Claim 96 (Fast Convergence Phase) Recall 7,,. For any t < logim <6Nm+ 11( o LZL 1 u"éo)1> +
m u m

1 we have
u® = vt u®,

m

Moreover, defining
o (59) = o)

we have for any j, k € [m],

( < ¢ 1 Li Li\ ()
Bof 2 max {Lk Lj u;. d.5)

We will prove Claim 96 by induction. The case ¢ = 0 holds immediately. Now suppose Claim 96 is
true for ¢. First we prove that for any ¢ < T},

Bh, < 3. J.6)
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We first bound 3,, by 1 + (1/T5,),

B = (14 30mo) "+
< 14 12(N,, + 2)0mfo
1

<1+ T (Bo < 1/(24N,, T,,6m) by Eq. E.7)

Therefore since sup,~q(1 + (1/x))* < 3 we have that for any ¢ < T5,

1\
6;§6£m§<1+> < 3.
Ty

This concludes the proof of Eq. J.6. Now we can continue with our proof by induction of Claim 96.
Suppose the inductive hypothesis (I.H.) that Claim 96 holds for . Let a**1 := U,,u®. By Eq. J.3
we have,

L
W <) 55 P!
k=1 —™
m—1 L. L
< yul) 458088 S R 2y (LH. of Claim 96 Eq. J.5)
m Lk
k=1
< (Ym + BoBld(m — 1)) uld)
< Apuld), (LH. of Claim 96, Eq. J.6, and Eq. 1.2)
Therefore
uﬁffl) = max {ﬁgfl), <Viu(t)> } = max{ (tH),’ymu(t)} = ﬁmugﬁ). J.7

Next for j < m — 1,

j m
LiL; LiL;
w <l <5 T2 Jui(ct)> +o >

k=1 — ™ k=j+1 — ™
LiyLj L " LyL; L
<5ﬂoﬁfn > T §t>> + (9608t Do Tt

k=j+1 M Y

(I.H. of Claim 96 Eq. 1.5)
= (1+ foBL,0m) ul’
< pu”. (Eq.J.6)
Therefore for j < m — 1,

ug.tﬂ) = max {ug-tﬂ), (Viu(t))j} = max {ﬁ(tﬂ),pug.t)} = pug.t). J.8)
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Combining Eq. J.7 and Eq. J.8 with the LH. of Claim 96 for ¢ shows that u**!) = V&-1u(©), Finally
(0)

to establish Claim 96 we first show that if ¢ < logs, (B N 11 =) Lf_l ui(o)l> — 1 then for all 7, k,
i u Lo

(t) < Boﬁt max {f;] éjk} ug-t).
k &g

ul®
Then we show that this implies that for ¢t = [log;ﬁ (ﬂ N 11( ) L’L_ ! ’(0)1 )-‘ , for all 5, k,
. u g u,;

( < 1 L Lk (®)
If both j, k < m — 1 then
!ty pu(t)

k _ k
NCTIND (Eq. 1.8)
J J
L; L
< BofBt, max{ =L 2k (LH. of Claim 96)
Ly L
L; L
< 3 gt+1 i Zk L >1
< bl maX{Lk’ Lj} (B > 1)

Next suppose £ = m. By Eq. J.7, u(tH) < ugn) and by Eq. J.8 for j < m — 1, u(tﬂ) > g).
Therefore

) _ o)
< —.
t+1) = __(©)
j Y;
Then combining this with the I.H. of Claim 96,
Lj L () (t+1) t+1 Lj Ly | _+1)
<ﬁoﬁ maX{Lm’Lj}uj — < BoB,,  max Lm,Lj u, .
Finall ider th here j = m. First t+1<1 TR PR
inally we consider the case where j = m. First suppose ¢ + 1 < logs, | ﬁﬁm“(uw)) T o |-
By L.H. of Claim 96,
1L L1 1
(t+1) — zt+1,,(0) 5 2 Zm=1 (0) m—1 (t)
u,, =Tm Unm 2 ) Lm Uy > Lm pt+1um—1' (J9)
Therefore for any k < m — 1,
ugt+1) _ pu;(f)
Ly—1 Ly t
< pBoBh, max{ Py } w,)
Ly 1 L L
SpﬂoﬁfnmaX{ e }pt“ AR (Eq. 1.9)
Ly "Ly Ly
= '8, @tnf AR
< Gl . (p** < B,)
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(0)
1 — 1 me umf
Nextif ¢ +1 =logs, <55Lm+1 ) Lml ugg>1> + 1 then we have

Ly 1
1 ~ 1 t)
ulit > 'sz/nimﬁugn—la

and so using the same logic as before,

(t+1) 5 /Bt+l L t+1)

(0)
This concludes the proof of Claim 96. Now we consider the steps for which ¢ > [log% (6 Nt 11 (@) LZL, ! ulw)l > -‘ .
i u oy

We have the following claim.

(0)
Claim 97 (Extraneous Steps Phase) Suppose t > {log% <5 N 11 =) LlL_ - 01(0)1 >—‘ . Then
i u Lo

u®D) — Wy,
Moreover Eq. J.5 holds from Claim 96.

To prove Claim 97 we recall that for T+ := U,,,u® we have t*+1) < V,,,u®. Next since W,
is entry-wise larger than V,,, we conclude

a1 = max {ﬁ(t+1), Wmu(t)} = Wmu(t).

Finally we need to show that Eq. J.5 holds. The same reasoning that Eq. J.5 holds in the case
(0)
t < {log% (B Nt 11 L}:l ui(o)l>-‘ can be used to show that Eq. J.5 holds in the case where
. 4 l_li

(u®)
(0)
t> [log% (/3?’“11(11(0)) LZI ‘::50)1)-‘ and j, k < m — 1. We simply need to consider the case where
7 = m or k = m. First suppose j = m. We have forany k < m — 1,

u™ = pul? (LH. of Claim 97)

L
< pBoft, L—mugﬁ) (LH. of Claim 97)

k

L
= pBoB T uinY (W) = 1)

Ly,
< Boby ' Frw . (P < Bm)
Next suppose k = m and j < m — 1. This case is trivial since u§.t+1) > ugt) and ung) = ugt).

Thus since 3; > 1,
<,80,8 (t N u§t+1) Sﬁoﬁfﬁ{luyﬂ)-

This concludes the proof of Claim 97.
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Conclusion of Base Case To conclude we use Claim 96, Claim 97, and Eq. J.4 which guarantee
that

ﬁ:u

- w0 L
m—1 "m—
10g'ym m+1 (0> ) Lm (O) (0)

- u

m
log~ ~ 1 Lim—1 gn) 1
m Bmm+1 (u(o)) Lm (0) (

< Im un(’)b)
L1 (0
- Lm u’En)— 1

Next since NV,, = T}, we have for any j < m — 1,

ﬁj = ugNm) =P ’”u

0)

This concludes the base case.

Inductive Case Suppose 3y (u(?)) satisfies Eq. E.7.

Claim 98 (Fast Convergence Phase) Suppose we are in the t" iteration of St ochBSLSRes; and

assume
t< 1 1 Lz 1u£0)1
< |logs, ﬁlNH—l (u(o)) L; ()
Then
u® = vin®,
and letting

B () = p () VF D err )51
we have for any j, k € [m],

N (0) :
u® < 4 (u(o>> max {712 3t <u<0>> , p“(“)} max {LJ, L’“} ul?. (1.10)

Vi Ly Lj

We will prove Claim 98 by induction (be careful not to confuse this with the overarching proof
by induction of Lemma 52). Again since u(®) unambiguously denotes the initial vector passed to
StochBSLSRes; for the majority of the proof we will shorten 3y (u(”) , p (u(®), and 8, (u©®)
all to 3o, p, and 3; respectively. Before proceeding with our proof of Claim 98 we show that for any

tgj—‘?,a
1 Nii1
max{~2 t P }33, J.11)
5 Vs

7 K

so that
(t) Lj L)
uk, §3ﬁomaX{LIJ€,LJ}UJ .
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First we bound 3; (u'®)) by 1 + 1/(3T;). Using that (1 + )P < 1 + 2pz if pr < 1/4 and that
(3600m)(2N;+1) < 1/4 we have,

( +360577’L)2N'+1
< (1 +12Nz+1505m)
1+

IN

3T- (Bo < 1/(144N;,10mT;) by Eq. E.7)
1

Therefore for any ¢t < Tj,

1 1\’ 3
:Yzﬁf§2<1+3T> §2<2) <3. (J.12)

)

Next we have

pN1+1 .
< 2pMVitt (% > 1/2since k; > 1)

Vi
<2(1+6N;j11500m) (14 x)P <14 2pxif pr < 1/4 and (35pdm)(Niy1) < 1/4)
3. (12Nj11B800m < 1)

IN

Therefore Eq. J.11 holds. Next note that

(vi + 38o0m) pNVitt <1 — (J.13)

2/% '
Indeed,

2 1
(i + 3Bodm) p™t = (1 -—+ =+ 3505m> Nt
K/

( %

2 1
< (1 - =4 ? + 3ﬁoc5m> (1 +6N;+1806m)

%

(1+2)? <14 2pzxifpr <1/4and (35pdm)(Nit1) < 1/4)

2 2
<1- - + 5+ 6806m + 6N, 1500m (6N;1800m < 1)
1

<1- .
2/%

(6(Nig1 +1)Bodm < 1/(2k;))

With Eq. J.11 and Eq. J.13 in hand we are ready to prove Claim 98 by induction. The base case
t = 0 holds immediately by assumption. Now using the I.H. of Claim 98 at ¢ we will show Claim 98
holds at ¢ + 1. Let u(*+1) = Uy Li)u(t). If Claim 98 holds for u® then the necessary conditions to
apply Lemma 52 to St ochBSLSRes; 41 hold. Indeed, when we call StochBSLSRes 41 to ul)
r(t(a)c)ursive = u® and so we simply need to show that Eq. E.7 holds for

To this end we see by Claim 98

g () < o () 258 (u) < o () B ().
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Therefore

b (0 ie) A U (0, ) = o (w) g T
< (0 (4) B (u®
- (50 (um)) B (u (

< (50 (U(0)> Browr (1 (
1
s}

Now that we have expressed the above only in terms of u® we drop its notation and use our typical
shorthand. Thus we have,

u(t))

) Btotal (i (u(t))
) (s (u0)) ™ (2]
)

< + 3dmpy (u(0)> ;Bf (u(0)>>Tmax(N1+1)+1

\_/ \_/\_//—\

0) (H+1)+1 [ (0) ()41 L\ D
/8 0 (urecursive> 6 total (urecurswe> < /8 06 total ) <1 + 35mﬁ0 ;}/2/31) maX { }
1
=2
4

(i 1 Tmax(N1+1)+
< <505t0ta1( —H)—H) <1 + 96m By ’~Y'2> - max {
B

Le[m]

Then since Eq. E.7 holds for St ochBSLSRes; we can conclude that it holds for StochBSLSRes; 41
with initialization u*). Recalling the notation that i) = StochBSLSRes;;1(u®), by the (origi-
nal) inductive hypothesis that Lemma 52 is true for StochBSLSRes; 1 we have,

s (535 B ) (53 2

k=i+1 l

<yt <5Zu(t)>+p“” <5ZLk t>

k=i+1

i— 1

IN

(oo™t 4 8(m =i — 1) + pN+16i 3 B) u!
< (7 + 3Bo6m) pNittul! (Eq. J.12)
Fiul?, (Eq. J.13)

IN

Then

(2

u* = max {ﬁ(” . (Viu(t))i} = 5. (J.14)
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Now we turn our attention to u§t+1) for j < i — 1. We have

i—1
u§t+l)=<1 ’2”) a (62Lk Ly >+ DD LkL“ (252LkLJN )

k=g t1 L}
J i—1
. ¢ Li.L; « LiL: LyLj Li
S D D S D Dl <5Z 2 “)
k=1 i k=j+1 i
(ILH. of Lemma 52)
J i—1
N; () t LiL; Lj (1) t LyLj Ly (1)
k=1 "t k=j+1
LipLj L; L; ) )
+ (255, kz 7 L —tu; ) (LH. of Claim 98)
J 2 i—1 m
=N [ 1 apt Y 5ot 3 L) w1 (25 3 ul?
=p i 72 i 72 g i g
k=11 k=j+1 ¢ k=i
< pNe i), (Eq. J.12)
Therefore,
u§-t+1) = max {ﬁgtﬂ), (Viu)j} = pNi“Hu;.t). (J.15)

Next we consider uétﬂ) for £ > ¢ + 1. We have,

(t+1 Ly “ LkLé LyLy -
e (1) w0 05 Bal) (0% (>
1 i k Z

k=i+1

e REA

(I.H. of Lemma 52)

< é ((1 +25(m (52 k Nmﬁoﬁfiiugt))) (LH. of Claim 98)
% (1426(m —i — 1) + 365ip"+) ul” (8! < 3byEq.1.12)
< szN"““uEt).
Therefore,
w ) = max {&, (Viu®) } = ZmeHugt). (1.16)

Combining Eq. J.14, Eq. J.15, and Eq. J.16 we conclude
u ) = v,u®,
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Finally we prove Eq. J.10 of Claim 98. First we will prove by induction that if the pair (4, k) is such

(0)
that Case One, Case Two, or Case Three holds in Table 1 and t < logs, <5 N 11 =) Lz‘,l ui(‘o)l) —1,
A u Lo

then we have

ul) < 5yB! max {i éﬂ} ul?. (J.17)

I dift 1 1 Li_1 ui >1 1.1 1 Li_ ug(i)1 1
nstead if ¢ € |logs, Bizviﬂ(u(o)) Li y© — 1,1085, B;Viﬂ(u(o)) Li 4© +

) < BBt Li Lj| ®
W (5 )2 2

After proving this we will show that if the pair (7, k) is such that 7 < i and k > i + 1 then

Niiq
(t) Pt Ly (1)
u,’ < fBp———u;’.
LT P

Table 1: Cases for which Eq. J.17 holds

Case One 5 <1 k<1
CaseTwo j>i4+1 k<1
CaseThree j>i+1 k>i+1

To that end, we begin by considering Case One where j < ¢ and k < ¢. First assume j < ¢ — 1.
Then we have

t+1 . t t
R i ﬁ
u§t+1) - pNi+1+1u§t) u§t)

Therefore since 8; > 1,

Ly L;j L, L;
) < ByB max { 7. Ty } u(t) — u(t+1) < BBt max { L Ly } u(t+1).

(0)

Next we set j = i. Suppose ¢ + 1 < logs, (BNHII( o LlLvl ul(o)l > Then we have
i u Y

(0)
Li—1 %1

logﬁ'( N'+11 L; 0

t+1) - 0) - \B @) oy 0 I Li-1 (o L4 1 ¢

ug )= ’Yz‘tﬂug ) > Vi ug = pNit1 2 ugf)l = 2 P+ (Nig1+1) uﬁ)l.
1 7
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Therefore if j = ¢ and k < 4,

t+1 Niy1+1,.(t
D) < it y®

L;_ L
§pNi+l+1,BoﬁfmaX{ i—1 k } z(t)l

Ly " Li
Li1 L L;
< Nivit+lg gt i—1 k i (1) (Nig1+1) (1)
= p /60/81 max{ Lk bl L/Lfl szlp u’L
A L;
p(t+2)(Nz+1+1)+1506;;7zu1(t+1)
< B 5t+1 t+1) (p(t+2)(N¢+1+1)+1 <5
. — 7

Next we consider Case Two where j > ¢ 4+ 1 and k£ < 7. Using similar reasoning we find,

ul(€t+1) < pNi+1u](€t) (L.H. of Claim 98)
L; -
< pN"“ﬁoﬁf*uz(‘t) (LLH. of Claim 98)
_ Li 1 o
_ Nenig @L <L i (Eq. J.16)
< Bo ﬁf jt+1) (Li < Ly)
< 5o Bm D), B, > 1)

Finally we consider Case Three where j > ¢+ 1 and k£ > ¢ + 1. We have

(t+1) %pNi+1+1u<t)
k i ?

t+1) ~ L, . D
5 +1) TZPN’“H“Z( ) L;

Ly

) O
Now we address the case where t € [log;ﬁ <5N"+11(u<0>) LlL‘il l:ig;) — 1, logs, <ﬁN"+11(u<0>) Li‘il 1::(5)1) + 1] .

For any ¢ in this range
ul®

logs, L iz "1>+1
) _ (0) o 5. (&NH—I (u(0)> L; “z('O) (0) . 1 Liq (0) Li 1 1 (t)
o =i e L7 HEAD N1 +D) i

Qz

Therefore, using the same logic as before we have that if j = ¢ and k& < 4,

All other cases remain the same.

As promised, we now consider the case where j < ¢ and k > ¢ + 1 separately. By I.H. of Claim 98
for t we have

uf Y = LkpN"“u(t) = BpN"“uz(t) - <Pf;‘+1> L

L; ' L; L; t
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(t+1) <

Also note that forany j < 7, u, , and ug-tﬂ)

L,

J
ul? < fou” = u” < goull).

Therefore for any j < 1,

u;

L;
Ly (BOU§~t+1)>

i

L
Nit1
<<%P*)%¢mx

Nit1
u}(:ﬂ) _ <P ) Ly (t+1)

Lj 9

. 0
We conclude that for ¢ < logs, (BN'J’II( o Liy u’@,)l
7 : i u i u;

Nit1 .
() < e P Lj L o
u, _ﬂomax{ﬂl, % max L' L, u;”.

> + 1 and for any j, k,

This concludes the proof of Claim 98. Now we consider the steps for which ¢ > [log% (

We have the following claim.

1

u®

Li—1 Wi

> u'!) and so for any t < logs, <

Claim 99 (Extraneous Steps Phase.) Suppose ¢t > [log% (B e +11 D) Lfl ui(g)l
i u B

utth = Wiu(t).
Moreover, Eq. J.10 holds from Claim 98.

To prove Claim 99 we first need to show that
max { U, wial ) = wial”.
However we have already shown this while proving earlier that
max { U, vial} = v,

All that is left is to note that V; and W are identical except (V)
0

i

ﬁjViJrl(u(o)) L; ul(o)

(L; < Lj)

1

L

(0)
i—1 Yi—1

>_

ﬁj\]i+1(u(0)) L; uEO)

)| mhen

Eq. J.10 holds when ¢ > [log;ﬁ < L Lia ui<5)1>—‘ . Note that forany j <i—1

5;\7i+1(u(0)) Li u

> <Viu(t)> .

J

ug-Hl) = (Wiu(t))

and for any j > 1,

u§t+1) = (Wiu(t)>

J
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Therefore whenever the pair (7, k) is such that & < ¢ — 1 we can recycle the proof showing Eq. J.10
(0)

holds in Claim 98 (i.e. t < {log% <B = 11 (@) Lj:il uzo)l >—‘ ). We simply need to consider the case

where the pair (j, k) is such that & > i. Examining the proof of Eq. J.10 for Claim 98 we see that it

suffices to simply consider k = . First suppose that j < ¢ — 1. Then we are done since uEtH) = ugt)

and u(tH) > ug»j ). Therefore since B; > 1,

L; L; L; L;
( < Bofi maX{L T }u(t) = u(tH) < BBt max{L L} (+1),

Next suppose that 7 > 7 4 1. Then we have for any ¢,

w_ 1 L (t) L (t)
u, _p z+1+1L < .

<.

(0)

Therefore we conclude that Eq. J.10 holds when ¢ > {log;ﬁ (5 N 11 =) Lz‘_l ui(‘o)l )—‘ .
i u Loy

Conclusion of Inductive Case To conclude we recall Eq. J.4,

W
T, > 10g§. 1 Li uz—ol .
T\ BN (u@) Li o

Ly
ogs, | Mty W@
T _ - 8; (u( )) i u (0)
u, =7 u,

%

N0}

logs, | Mg oy i L0
g (@) Ty u®
i

<3
_ 1 Lia (o
= N, Wl

Using this we see,

Next, since we return St ochBSLSRes; 4+ (u(Ti)) we have by the Inductive Hypothesis that Lemma 52
holds for St ochBSLSRes;41 that if t = St ochBSLSRes;41(ul’")) then

: L;_
a; < pNral™ < Pyl
1 l'/Z 1
Then for all 7 > ¢ 4+ 1 we have
- L; () _Li (Li-1_(0) MO
< — a7t — ) <
u] — L]uz — L] Ll ul—l — ; ’L 1

Finally since V; = N;+1(27; + 1), forall j <i—1

U§~Tm) S pTiNi“u;O) S pNZU-;O)
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Appendix K. Miscellaneous helper lemmas

In this section we provide some helper lemmas and that are used throughout the other sections.
Lemma 100 For any integer pairs (p, q) such that p > q > 1, we have ( ) <p- (p 1)

Proof [Proof of Lemma 100] By definition

(2) B qr!(ppi ol p(q—(l)_(;) )! _% (Z:D =P <Z:1>

Lemma 101 -
[](-27)>o0288
j=1

The lemma is standard from combinatoric analysis. We provide an elementary proof here for
completeness.
Proof [Proof of Lemma 101] Decompose the infinity product into two parts

00 10 ' 0o ‘
Q-2 =J[a-27) | exp| D log(1—27)
j=1 j=1 j=11

Since log(1 — 277) > —277%1 for j > 1, we obtain

oo o
exp Z log(1—277) | >exp | — Z 277t =exp (—2_9) > 0.998.
j=11 j=11

On the other hand we know that 1‘[}21(1 —277) > 0.289. Therefore [[52,(1 —277) > 0.289 x
0.998 > 0.288. |

Lemma 102 Suppose for any i, a;, b;, x; > 0. Then for any n,

722:1 it < max {az} .
Yoy biwg T el L b

Proof [Proof of Lemma 102] This follows immediately from the fact that we can write the expression

on left-hand side of the inequality as a convex combination of the fractions 3* (with coefficients
biri
iy bizi?”

Do Qi “a; b { } bix; { a; }
== = — ———— < max = max{ — ;.
Do biz; ; bi Y g bixi ~ el Z Zz 1wy g | by

C; =
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