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Abstract

Interest in functional time series has spiked in the recent past with papers covering both methodology
and applications being published at a much increased pace. This article contributes to the research in this
area by proposing a new stationarity test for functional time series based on frequency domain methods.
The proposed test statistics is based on joint dimension reduction via functional principal components
analysis across the spectral density operators at all Fourier frequencies, explicitly allowing for frequency-
dependent levels of truncation to adapt to the dynamics of the underlying functional time series. The
properties of the test are derived both under the null hypothesis of stationary functional time series and
under the smooth alternative of locally stationary functional time series. The methodology is theoretically
justified through asymptotic results. Evidence from simulation studies and an application to annual tem-

perature curves suggests that the test works well in finite samples.
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1 Introduction

The aim of this paper is to provide a new stationarity test for functional time series based on frequency
domain methods. Particular attention is given to taking into account alternatives allowing for smooth variation
as a source of non-stationarity, even though non-smooth alternatives are covered within the simulation study.
Functional data analysis has seen an upsurge in research contributions for at least one decade. This is reflected
in the growing number of monographs in the area. Readers interested in the current state of statistical inference
procedures may consult Bosq (2000), Ferraty & Vieu (2010), Horvath & Kokoszka (2012), Hsing & Eubank
(2015) and Ramsay & Silverman (2005).
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Papers on functional time series have come into the focus more recently and constitute now an active area
of research. Héormann & Kokoszka (2010) introduced a general weak dependence concept for stationary func-
tional time series, while van Delft & Eichler (2018a) provided a framework for locally stationary functional
time series. Antoniadis & Sapatinas (2003), Aue et al. (2015) and Besse et al. (2000) constructed prediction
methodology that may find application across many areas of science, economics and finance. With the ex-
ception of van Delft & Eichler (2018a), the above contributions are concerned with procedures in the time
domain. Complementing methodology in the frequency domain has been developed in parallel. One should
mention Panaretos & Tavakoli (2013), who provided results concerning the Fourier analysis of time series in
function spaces, and Hormann et al. (2015), who addressed the problem of dimension reduction for functional
time series using dynamic principal components.

The methodology proposed in this paper provides a new frequency domain inference procedure for func-
tional time series. More precisely, tests for second-order stationarity are developed. In the univariate case,
such tests have a long history, going back at least to the seminal paper Priestley & Subba Rao (1969), who
based their method on the evaluation of evolutionary spectra of a given time series. Other contributions build-
ing on this work include von Sachs & Neumann (2000), who used local periodograms and wavelet analysis,
and Paparoditis (2009), whose test is based on comparing a local estimate of the spectral density to a global
estimate. Dette et al. (2011) and Preuf} et al. (2013) developed methods to derive both a measure of and a test
for stationarity in locally stationary time series, the latter authors basing their method on empirical process
theory. In all papers, interest is in smoothly varying alternatives. The same tests, however, also tend to have
power against non-smooth alternatives such as structural breaks or change-points. A recent review discussing
methodology for structural breaks in time series is Aue & Horvath (2013), while Aue et al. (2018) is a recent
contribution to structural breaks in functional time series.

The proposed test for second-order stationarity of functional time series seeks to exploit that the Discrete
Fourier Transform (DFT) of a functional time series evaluated at distinct Fourier frequencies are asymptot-
ically uncorrelated if and only if the series is second-order stationary. The proposed method is therefore
related to the initial work of Dwivedi & Subba Rao (2011), who put forth similar tests in a univariate frame-
work. Their method has since been generalized to multivariate time series in Jentsch & Subba Rao (2015) as
well as to spatial and spatio-temporal data by Bandyopadhyay & Subba Rao (2017) and Bandyopadhyay et al.
(2017), respectively. A different version of functional stationarity tests, based on time domain methodology
involving cumulative sum statistics (Aue & Horvath, 2013), was given in Horvith et al. (2014).

The intrinsic variation of a functional time series is always larger than any sample size, and standard results
known from univariate and multivariate time series analysis do not directly apply. From a practical perspective
this brings to the fore the question of how to compress this infinite-dimensional variation to finite dimension
in a meaningful way, as there is a complex interplay between dynamics occurring across frequencies and the
function space. This means that dimension reduction has to be done jointly across estimated spectral density

operators at all Fourier frequencies, yet separately as the exact level of dimension reduction has to be decided



per frequency. The proposed test statistics collect these different sets of projections, obtained via functional
principal components analysis, into a quadratic form encapsulating the second-order dynamics. To derive the
large-sample behavior of this statistic under both the null hypothesis of a stationary time series and the alterna-
tive of a locally stationary functional time series requires new, and perhaps independently interesting, results
on distributional convergence of a cross-periodogram operator in function space, where verifying existence of
the limit process and tightness are nontrivial tasks. The subsequent proofs of distributional convergence of the
test statistics which require taking into account the pecularities of fPCA estimators, are also complex and new.
The main results are derived under the assumption that the curves are observed in their entirety, corresponding
to a setting in which functions are sampled on a dense grid rather than a sparse grid. Differences for these two
cases have been worked out in Li & Hsing (2010).

The remainder of the paper is organized as follows. Section 2 provides background, gives requisite nota-
tions, introduces properties of functional version of the DFT and gives intuition for the test. The exact form
of the hypothesis test, model assumptions and the test statistics are introduced in Section 3. The large-sample
behavior under the null hypothesis of second-order stationarity and the alternative of local stationarity is es-
tablished in Sections 4. Empirical aspects are highlighted in Section 5. The proofs are technical and relegated
to the Appendix. Several further auxiliary results are proved in the supplementary document Aue & van Delft

(2019), henceforth referred to simply as the Online Supplement.

2 Notation and setup

A functional time series (X, : t € Z) will be viewed as a sequence of random elements on a probability space
(Q, A, P) with paths in a separable Hilbert space. Without loss of generality, we shall focus on processes
taking values in Hg = L%&([O, 1]), the space of equivalence classes of real-valued, square integrable functions
on the unit interval [0, 1]. Because the methodology introduced in this paper is based on a frequency domain
approach, we shall make extensive use of the complex Hilbert space H = LZ([0, 1]). We briefly introduce
notation and relevant properties of this space and associated operators. The complex conjugate of z € C is
denoted by Z and the imaginary number by i. For f, g € H, the inner product and the induced Ls-norm on H

are respectively given by

1
<f,g>=j0f<f>g<r>df and  [fla= T @.1)

Two elements of H are understood to be equal if their difference has vanishing Lo-norm. More generally,
for measurable functions g: [0, 1]¥ — C, the LP-norm shall be denoted by | g, and the supremum norm by
lgllcc = supcfo,1)x lg(T)].

Next, some properties of linear operators on H are stated. Denote by S, (H ) the Banach space of bounded
linear operators A: H — H equipped with the operator norm [ A[[oc = supjg|,<1 [ Aglle- Forall f,g € H,
the adjoint operator of A, denoted by AT, is defined by (Af, g> = {f, ATg) and the conjugate operator of A



is given by Ag = (Ag). An operator A is called self-adjoint if (Af, g) = {f, Ag) for all f,g € H and non-
negative definite if (Ag, g) > O forall g € H. For v € H, define the tensor product f®g: H® H — H as the

bounded linear operator (f ® g)v = (v, g)f. A compact operator A admits a singular value decomposition

A= Zl $n(A) 1y ® bn, (2.2)

where (s,(A): n € N), are the singular values of A, (¢,,: n € N) and (¢,: n € N) orthonormal bases
of H. The singular values are ordered to form a monotonically decreasing sequence of non-negative num-
bers. A compact operator A is said to belong to the Schatten p-class S,(H) if and only if the sequence
s(A) = (sp(A): n € N) of singular values of A belongs to the sequence space /P, so if and only if
A, = &, sE(ANYP < o0, where | Al is referred to as the Schatten p-norm. Relevant here are
S1(H), the space of trace-class operators, and particularly Sy(H ), the space of Hilbert—Schmidt operators.
The latter is also a Hilbert space with inner product (4, B)s = >.2,(Av;, Bt;) where A, B € So(H)
and (¢,: n € N) is an ONB of H. The mapping T: H ® H — Sy(H) defined by the linear extension of
T(f®g) = f®7 is an isometric isomorphism and defines a Hilbert—Schmidt operator with kernel in H x H
given by (f ® g)(r,0) = f(7)g(0), 7,0 € [0,1]. As a consequence, A € Sy(H) if and only if there exists
a € H x H such that || A|2 = |a]2. Further useful properties needed in the proofs of the various statements

of this paper are relegated to the Appendix and the Online Supplement.

2.1 Dependence structure on the function space

Let LZ(£2) be the Hilbert space with elements satisfiying E[|X[3] < oo and denote by E[X] the mean
function of X, where the expectation should be viewed in the sense of a Bochner integral. For X,Y € LZ(1),
the covariance operator Cxy: H @ H — H is defined as Cxy = E[(X — E[X]) ® (Y — E[Y])] and
belongs to So(H). A functional time series X = (X;: t € Z) is called strictly stationary if, for all finite sets
of indices J — Z, the joint distribution of (X4 ;: j € J) does not depend on ¢ € Z. Similarly, X is weakly
stationary if its first- and second-order moments exist and are invariant under translation in time. Without
loss of generality, it is assumed throughout that E[X;] = 0 and that X; € L(Q) for all ¢ € Z. The lag-h

covariance operator between X; and X;, is denoted by
Cipn = E[Xiyn ® Xi]

which reduces to €, = E[X}; ® Xp]| in case of weak stationarity. Note that this object is a non-negative
definite element of S;(Hg) for h = 0. The covariance operator Cj, can be shown to form a Fourier pair with a
non-negative Hermitian element of S, (H ). Provided sufficiently fast decay of the second-order structure, the

spectral density operator F,, is well-defined and given by the Fourier transform of Cj,

1 —iwh
F, = o Z C, e wh, (2.3)
heZ



A sufficient condition for the existence of F,, in S,(H) is > ;.7 [|Crllp < 0.

Higher-order dependence among the functional observations is defined through cumulant mixing condi-
tions (Brillinger, 1981; Brillinger & Rosenblatt, 1967). For this, the notion of higher-order cumulant tensors is
required; see Appendix B for their definition and a discussion of their properties for nonstationary functional

time series.

2.2 The functional discrete Fourier transform

The starting point of this paper is the following proposition that characterizes second-order stationary behavior

of a functional time series in terms of a spectral representation. Its proof is in Appendix A.

Proposition 2.1. A zero-mean, H-valued stochastic process (X;: t € Z) whose spectral measure is trace
class admits the representation
T .
Xy = f evdz,  as., (2.4
—Tr
where (Z,,: w € (—m,m]) is a right-continuous functional orthogonal-increment process, if and only if it is

weakly stationary.

If the process is not weakly stationary, then a representation in the frequency domain is not necessar-
ily well-defined and certainly not with respect to complex exponential basis functions. However, a time-
dependent functional Cramér representation exists if the characteristics of the process are captured by a
Bochner-measurable mapping that is an evolutionary operator-valued mapping in time direction (van Delft
& FEichler, 2018a). Assume that the functions X1, ..., X7 have been observed. If the process is weakly

stationary, the functional Discrete Fourier Transform (fDFT) evaluated at frequency w, given by

p _

—1wt (25)

Mﬂ

27TT

can be seen as an estimate of the increment process Z,, and exists almost surely as an element of H. The

functional time series itself can then be represented through the inverse fDFT as

T
2 :
_ “n (T) it
Xt =1/ j_g 1 ij elwit (2.6)

Under regularity conditions, a set of fDFT's evaluated at distinct frequencies yield asymptotically independent
Gaussian random elements in H and, for fixed w, one has Var(Dé,T)) — JF_, (Panaretos & Tavakoli, 2013).
The fDFT sequence of a Hilbertian-valued stationary process is in particular asymptotically uncorrelated at
the canonical frequencies w; = 2mj/T. Consequently, provided the series is weakly stationary, for j # j' or
j # T — 7', we have \HCOV(DO(J?, Dg,)) ll2 = O(1/T). In other words, the lag-h covariance operator of the
fDFT converges in norm and hence weak operator topology to the zero operator as 7' — oco. Similar to the

above, the reverse argument (uncorrelatedness of the functional DFT sequence implies weak stationarity) can



be shown by means of the inverse fDFT. Using expression (2.5), the covariance operator C; j, of X;j and X;

can be written in terms of the fDFT sequence as

T
Cen = % Z ®D(T it = Z E[D{}) @ D] h = €,
where the equality holds in an L?-sense. This demonstrates that the autocovariance kernel of a second-order
stationary functional time series is obtained and, hence, that an uncorrelated fDFT sequence implies second-
order stationarity up to lag 7'— 1. The fDFT thus captures exactly the defining property of a weakly stationary
process and provides a natural starting point for a test of stationarity. It is, however, a nontrivial task to
construct a test statistic that optimally extracts the information contained in the infinite-dimensional process to
finite dimensions. Not only can the dependence structure and the resulting dynamics of a functional time series
be of a complicated nature (see Figure 5.1 and the example given in Section S8 of the Online Supplement),
but the process will vary along both frequency and functional directions. To construct a powerful test it is
therefore crucial to understand how the fDFT’s behave when weak stationarity is violated. In accordance with
aforementioned time series literature, the theoretical behavior of the fDFT sequence under smooth alternatives
is studied. These properties will then be exploited to verify large-sample results for a testing framework for

functional stationarity.

3 The functional stationarity testing framework

This section gives precise formulations of the hypotheses of interest, states the main assumptions of the paper

and introduces the test statistics. Throughout, interest is in testing the null hypothesis
Hy: (X;: t e Z)is a weakly stationary functional time series
versus the alternative
Ha: (Xy: t € Z)is alocally stationary functional time series,

where locally stationary functional time series are defined as follows.
Definition 3.1. A stochastic process (X;: t € 7) taking values in Hy is said to be locally stationary if

(1) X, = X" fort =1,...,T and T € N; and

(2) for any rescaled time u € [0, 1], there is a strictly stationary process (Xt(u) : t € Z) such that
P = xfl, < (|f o+ 1)PE as.

where P(T) is a positive, real-valued triangular array of random variables such that, for some p > 0,

E[|P(u |P] < o forall t and T, uniformly in u € [0, 1].



Note that, under H 4, the process constitutes a triangular array of functions. Inference methods are then
based on in-fill asymptotics as popularized in Dahlhaus (1997) for univariate time series. The process is then
considered to be observed on a finer grid as 7' increases such that more observations are available at a local
level. A rigorous statistical framework for locally stationary functional time series was recently provided in
van Delft & Eichler (2018a). Note that weakly stationary processes are included in Definition 3.1, which then
reduces to standard asymptotics.

Based on the observations in Section 2.2, a test for weak stationarity can be set up exploiting the uncor-

relatedness of the elements in the sequence (Dg) :

sample covariance operator 7'~ Z Df}; Y Dw ;+n Which should be centered at the zero operator in S for

j = 1,...,T). This could be done considering the lag-h

allh = 1,...,T7 — 1. Here, two statistics based on the coefficients in the Karhunen—-Loéve decomposition
of the fDFTs are considered. For j = 1,...,7, let ( : 1 € N) be the orthonormal basis of eigenfunc-
tions of &, and observe that for this choice of basis Var(<ij,¢l ) = <f7"wj( )7y = N7, where
(A7 : 1 € N) € R, are the eigenvalues of F.,- Then, for any j, 5, (¢ ® qS‘;j/ : 1,1' € N) is an orthonormal
basis of L2([0,1]?) and, by definition of the Hilbert-Schmidt inner product on the algebraic tensor product
space H Q@ H,
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for sufficiently large L and L’. The foregoing motivates to set up tests based on the score products

T NG
A1) = (DD, 677D, gty (3.2)
or on the standardized score products
T

In practice, the unknown spectral density operators &, and &,

Wj+h
tors I, (T) and 3"5) J)r ,» which will then yield respective sample eigenvalues 5\;‘” and eigenfunctions QAS‘Z'JJ . The

Py (11 = 3-3)

are to be replaced with consistent estima-

estlmated quantities corresponding to (3.2) and (3.3) will be denoted by 'SIJ(:}FL) (1,1") and ﬁgTh) (1,1"), respectively.

As an estimator of F,, take

F(T) _

R

T
2 b(w —w;) (DD @ D), (3.4)

where K () is a kernel with bandwidth b satisfying the following conditions.

Assumption 3.1. (a) Let K: [—3, 2] — R, be symmetric with { K (z)dz = 1 and § K (z)*dz < o.



(b) Let b = by be a bandwidth such that T~Y/2 « by « T~Y4,
(c) Let Ky(x) = b~1K((2wb)~'z) and and extend the kernel periodically such that Kj(x) = K(z + 27)

in order to include estimates for frequencies around +m.

To set up the test statistics, it now appears reasonable to extract information across a range of directions
l=1,...,Ljand ' = 1,..., L;yy, as well as a selection of lags h = 1,..., h, where h denotes an upper
limit. The truncation parameters L; = L(w;) and L;,, = L(wj;p) are explicitly allowed to depend on
the j-th and (j + h)-th Fourier frequencies in order to accommodate heterogeneity in the Karhunen—Logve
decompositions across the spectral domain. Set

T L L]+h

LSS0 i

gllll’l

I MQ_

i (1,1 (3.5)

where the subscripts u and s refer to the un-standardized and standardized forms, respectively. In the follow-
ing, the subscript z will be used to refer to any of these two versions when no confusion can arise.
Choose next a collection hy, ..., hys of lags each of which is upper bounded by A to pool information

across a number of autocovariances and build the vectors

~(T (T (T T
g\J)J? (%Bhl x) T §}E/th\j J?’C\ﬂlgl,)x""’%ﬁ}(l]\/j),x) )

where R and < denote real and imaginary part, respectively. Finally, set up the quadratic forms

A~ T T ~

Qirh = T8, "S5, b51 (3.6)
where 3 M,z 18 an estimator of the asymptotic covariance matrix of the vectors bg\:;)x which are defined by
replacing 7( h) (1,1') and p(T)(l ") with 'yj(.?(l,l ) and p(T) (1,1") in (3.5) and then using the resulting 6,(LT) in
place of ﬁh ., in the definition of bg\?x. The foregoing provides the two test statistics QS\? and Q that
will be used to test the null of stationarity against the alternative of local stationarity. Note that both quadratlc
forms depend on the tuning parameters L;, L;j and M, the selection of which will be evaluated empirically
in Section 5.

To facilitate the derivation of large-sample results, the following assumptions are made: for the un-

standardized respectively standardized test require

Condition Cy: Let L; ~ log T and lim; inf,, A" > 0;

Condition C;: Let inf, A7 > 0 for some L> > sup; L;.

In keeping with the above arrangement, the respective conditions will be referred to as C,, if no confusion
arises. Condition C,, for the un-standardized test allows to send the truncation levels L; to infinity in a
coordinated manner as long as the divergence is slow (here, logarithmic) compared to 7'; see Fremdt et al.
(2014). Condition C; for the standardized test on the other hand requires a finite truncation level, to ensure
that the smallest eigenvalues of the compact operators F,,; are bounded away from zero as these show up in

the denominator of (3.3).



4 Large-sample results
4.1 Assumptions

The following gives the main requirements under both stationarity and local stationarity in terms of cumulant
tensors of the functional time series (Appendix B) that are needed to establish the asymptotic behavior of the
test statistics under both hypotheses. Note that the null hypothesis is nested within the alternative. Because
of this basic fact, we start with the general assumptions under local stationarity before specializing to the

stationary case.

Assumption I (k, (). Assume (Xt(T): t <T,T €N) and (Xt(u): t € Z) are as in Definition 3.1. Suppose
sup, E[[| X Hgﬁn(k’u)] < o0 and that there exists a a positive sequence K.y, . 1, in L ([0, 1]%), independent

of T such that, forall j = 1,...,k — 1 and some £ € N,

k

Yo O ko ll2 < oo @.1)

t1, 0tk 1€Z
Suppose furthermore that there exist representations

(T)

xI - xWD v ™ ang XM - x = (u—0)y ™, (4.2)

for some processes (YI;(T): t <T,T € N)and (Y;(u’v): t € 7) taking values in Hg whose k-th order joint

cumulants satisfy

(i) |\CUH1(Xt(1T)7 e 7X§2173Q1T))H2 < FBhsty—to i1 —ti]|20

(ii) Jeum (X", XS Y | < kgt
(iii) sup,, chm(Xt(f), .. '7Xt(:,)17Xt(:))H2 < | Bkesty —tgo by —ti |22
(iv) sup, Haa—:ecum(Xt(f), . 7X75(:,)17X1€(:))H2 < Bty —tgr ity —ti ll2-

Assumption I provides Lipschitz conditions that are generalizations of those in Lee & Subba Rao (2016),
who investigated the properties of quadratic forms of stochastic processes in a finite-dimensional setting. The
above conditions enable to express the behavior of the fDFT’s of a k-th order locally stationary process in
terms of k-th order time-varying spectral density tensors (Lemma B.1). This is convenient in order to derive
explicit expressions of the distributional properties under the alternative and to understand departures from
stationarity. Under H 4, we can uniquely characterize the second-order stucture of the stochastic process

(Xt(T) :t < T,T e N) via the time-varying spectral density operator

1 —i
?u,w = % Z Gu,he wh’ (43)
heZ
where €, ;, = cum(X ,(1“) , X, (()u)) denotes the local cumulant tensor at fixed time u of the stationary approximat-
ing process (Xt(u) : t € Z). Note that the parameter ¢ and (iii)-(iv) in Assumption I, influence the smoothness

of the operator-valued mapping (u,w) — F, . Under Assumption 1(2,2), derivative maps are well-defined



elements of So(H) and w — F, is uniformly continuous in w with respect to ||-||2. We refer to Lemma
S2.2 for details. More generally, under k-th order local stationarity, these properties carry over to the local

k-th order cumulant spectral density tensor

1 R e ey
Fuswr,wp 1 = @n)F1 Z Custr,ty 1€ P2 it 4.4)
t1,e.stpy_1€EZ
where wq,...,wg—1 € (—m, 7] and Cyuy,, ¢, , = cum(Xt(lu), e ,Xt(:El,Xt(:)) is the corresponding local

cumulant kernel tensor of order k at time ug. Observe that, for k > 1, (4.4) can be viewed as an element of
So(H @lk+L/2] ,H |2l ). Under k-th order stationarity the above objects become independent of local time wu,

sothat Fy., . wr 1 = Fur,... o, » and Assumption I specializes to the following.

Assumption I* (k, (). Let (X;: t € Z) be a k-th order stationary functional time series with values in Hy
such that (i) E[| Xo[l3"" "] < o0 and (ii) Y A+ 1659 1Cty ot |2 < 0 foralll < j < k—1.

yt—1=—00

Because the test statistics require estimators of the eigenelements of &, it is of importance to consider
the properties of the estimator (3.4) for both null and alternative hypotheses. The next theorem shows that it

is a consistent estimator of the integrated (in a Bochner sense) time-varying spectral density operator

1
G, = J ?u,wduv
0

where the convergence is uniform in w € [—m, ] with respect to ||-||2. This therefore becomes an operator-

valued function in w that acts on H and is independent of rescaled time u. Under Hg, G, thus reduces to F,,.

Theorem 4.1 (Consistency and uniform convergence). Suppose (Xt(T) : t < T, T € N) satisfies Assumption
I(4,2). Consider the estimator ﬁ’&T) in (3.4) with smoothing kernel K fulfilling Assumption 3.1(a) and (c).
Then,

@ E[IFE) — Gu|I2] = O((bT)~" + b%), uniformly in w € [—, 7).
(b) If, in addition, Assumption 3.1(b) holds and K has bounded derivative on (—1/2,1/2) then,
(T
SUPef_rn 1557 = Gull2 2 0.

The proof of Theorem 4.1 is given in Section C.3 of the Appendix. Since the theorem shows consistency of
F,.a self-adjoint element of So(H ), it follows from Mas & Menneteau (2003) that the sample eigenelements
(5\3", ngSf | € N) of F,, provide consistent estimators for the eigenelements (;\‘l", <Z>7J l e N)of G,. If Hyis

satisfied, then the stated consistency holds for the eigenelements (A, ¢’ : [ € N) of F,.

4.2 Properties under the null of stationarity

The asymptic results under H( are collected in this section. The first theorem establishes that the scaled

difference between 3 i(sz) and B ,(172 is negligible in large samples. Note that the assumptions here and for other
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theorems in this section are formulated imposing stationarity on certain moments for the null hypothesis via
Assumption I*. To verify the results, typically further assumptions on higher-order cumulants are required.

These are controlled via Assumption 1.

Theorem 4.2. Let Assumption 3.1, Assumption 1(12,2) and C,, hold. Then, under Hy, for any fixed h,
AT T 1
VBT - B0 - op<bT " b2> (T - o).

The proof is given in Section D.2.2 of the Appendix. In view of Assumption 3.1, Theorem 4.2 shows that
the distributional properties of B;LYB are asymptotically the same as those of ﬁ,(f;) Note that these rates are
necessary for the estimator in (3.4) to be consistent, as is seen from part (a) of Theorem 4.1, which reduces
to the stationary case if the process does not depend on u. They hence do not impose an additional constraint
under Hy.

The next theorem derives that, under the additional assumption of fourth-order stationarity, the asymptotic
variance is uncorrelated for all lags h and that there is no correlation between the real and imaginary parts.

Forn e N, set [n] = {1,...,n}.

Theorem 4.3. Let Assumption 3.1 and C,. hold. Suppose further that Assumption 1*%(4,2) is satisfied. Then,
for hl = h2 = h,

(@) 7 Cov(RAT) RET)) =1 Cov (357, 3517

= w’ W' +wj w wtw 1 o ot
— MJJ Z (Foo,—w—wn,—w( I ®¢l’2 h)7¢ll ®¢l2+ Mdwdw + %jZ)\ll)\l;_ hdo,
(

LINeLx L/ tet
() T Cov (AT, RAT) = T Cov (34T, SHT)

! !
W' +wy,

1 <9:w,—w—wh,—w’ ((b?/i/ ® ¢l’2 )7 ﬂ ® ¢§’;+Wh>
~w )]z

1
dwdw’ + — O 1,d
/ / wtw r\w tw) i QWJZ ll7l2 “
LIelx L >“ld1/\l2 h)\cﬁ >\l’ h lel
1 2
where I = (I1,12), I = (I1,15), £ = [L(w)] x [L(w + wy)], £ = [L(W')] x [L(W 4+ w),)], and 6; ; = 1
it i = j and 0 otherwise. If hy # hy, T Cov(RB, RA)) — 0, T Cov(IB 3B)) — 0 and

ha,x
TCOV(S‘EB(T) %B(T) ) — 0.

hi,x ¥ Pho
The proof of Theorem 4.3 is given in Appendix C.2. Observe that the results in part (b) imply that the
standardized test statistics is pivotal if the data is Gaussian. Note also that the results in the theorem use at
various instances the fact that the k-th order spectral density operator at frequency w = (wy,...,w)! € R¥
is equal to the k-th order spectral density operator at frequency —w in the manifold Z?Zl wj mod 2.
With the previous results in place, the large-sample behavior of the quadratic form statistics Qg\;)x defined

in (3.6) can be derived. This is done in the following theorem.

Theorem 4.4. Let Assumption 3.1 and C; hold. Suppose further that Assumption 1(k,2) is satisfied for all
k = 3. Then, under H,
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(a) For any collection h1, . .., hyr bounded by h,
VIBG), 5 Nows(0,%0,0) (T — 0),

where = denotes convergence in distribution. Under the additional assumption of fourth-order station-

arity, Napr(0, X0 5) is a 2M-dimensional normal distribution with mean 0 and diagonal covariance

matrix %o, = diag(aam,gci m =1,...,2M) whose elements are
2 . . R
O—Ovmym = TL%TCOV(%ma,$7§R/ma7x)7 m = 1,...,M,

and aa Mimaz = Ug,m,:r:‘ The explicit form of the limit is determined by Theorem 4.3. If fourth-order

stationarity is violated, then the limiting normal distribution has a non-diagonal covariance structure.

(b) Using the result in (a), it follows that for the statistic defined in (3.6)

QMx_)XQM (Tﬂw%
where X% M isa x2-distributed random variable with 2M degrees of freedom.

The proof of Theorem 4.4 is provided in Appendix D. Part (b) of the theorem can now be used to construct
tests with asymptotic level «. Note that the application of the test requires an estimator of )y M,z- This will be
discussed in Section 4.4.

To explicitly compute the limiting covariance structure in part (a) of Theorem 4.4 under second-order
stationarity but fourth-order nonstationarity, the source of nonstationarity needs to be specified. For example,
the results put forward in the next two sections allow for the computation of Y ., if the process is fourth-order
locally stationary. Then, in the covariance structure of the covariance operator of the fDFT’s, the fourth-
order cumulant tensor component will, for hy # ho, (quadratically) decay in norm as the distance |hy — hs|
increases (see Lemma B.1, Corollary B.1 (ii) and equation (C.2)). As a consequence of this term being present
in the covariance structure, the real and imaginary part of the projections are no longer uncorrelated but the
correlation decays with increasing distance |h; — ho|. In this scenario, a small loss of power is to be expected

when the test statistic is built under the assumption of a diagonal covariance structure.

4.3 Properties under the alternative

This section contains a generalization of the results in Section 4.2 to locally stationary functional time series.

The following theorem is the counterpart to Theorem 4.2 under the null hypothesis.

Theorem 4.5. Let Assumption 3.1, Assumption 1(12, 2) and C,; hold. Then, under H 4,
1
E[ B(T>]=o Ly~ b2VT T

where .
1 o .
By = 7 2 2, aElDu, ® Doy, | ELG @ 6 54k _ g @ guithy

J=11el

is a stochastic bias term satisfying \/TB%TQZ = Op(1),and G, = 1and G s = (N, A5y Tom) 712,
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The proof of Theorem 4.5 is given in Section D.2.2 of the Appendix. In view of Assumption 3.1, the
theorem shows that B]Sj;) has the same asymptotic sampling properties as B}(Lj;) up to a stochastically bounded
bias term (after scaling with /7). Note that |B}(£) - E[ﬁ,(i,)“ £ 0, where

1 21 rl B ot
E[8)] — f f M G (Fuwe ™2™, G @ 62T s dudw = piny 4.5)
7 2m 0 0 1ec

is an noncentrality parameter (see Appendix C.1) that will have to enter the limit distribution of QES;)CB as a
consequence of the violation of weak stationarity. We discuss this term in some more detail below.

A precise formulation of the asymptotic properties under H 4 is given in the next theorem.

Theorem 4.6. Let Assumption 3.1 and C; hold. Suppose further that Assumption 1(k,2) is satisfied for all
k = 2. Then, under H 4,

(a) For any collection Ay, ..., hys bounded by h,
- D
VIO, 3 Noas(pz, Eae) (T — o0),

where Nops(fez, X4 ) denotes a 20/ -dimensional normal distribution with mean vector p,, whose first
M components are $p,, . and last M components are Sy, -, Where pup,, o is defined through (4.5),

and non-diagonal block covariance matrix

$(11) $(12)

> Ax Ax

Az =
’ (21) «(22)
EA,$ EA,:):

whose M x M blocks are determined by the results in Appendix E and Section S6.2 of the Online
Supplement.

(b) Using the result in (a), it follows that for the statistic defined in (3.6)

A(T) D 9
QSM,)z - X,um,2M7 (T - 00)7
where Y2 denotes a generalized noncentral y2-distributed random variable with noncentrality pa-
X;LI 2M g X Y p

rameter i, = ||pt.||3 and 2M degrees of freedom.

The proof of Theorem 4.6 can be found in Appendix E. Observe that the limiting noncentrality parameter
Lz of the statistic Qg\?x measures the aggregation of the functions in (4.5). Under H 4, the operator in (3.1)
no longer converges in norm to the zero operator but instead to the operator % gﬂ Sé "J"u,we*i%“hdudw. The
properties of the latter, which are extracted to finite dimension via py, ;, carry some meaningful information

on the behavior of the test under the alternative. Firstly, denote a general term in the limiting expansion of
Ih,a bY
1 2m 1 . B _
Mh,:}c(l) = o f j Cl7x<3'~u;w67127Wh, of ® ¢{Z})+wh>sdudw.
o Jo
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For fixed directions I = (I,"), this function can be seen to approximate the (h, 0)-th Fourier coefficients of

the function (u,w) — Cl7x<:}'u7w(qg?j+wh)’ ng , 1.e., for small h and T" — o0 they approximate

Lt TwHwn  Jw\ i2ruh—ijw
ﬁhvjvz(l) = %L J;] gl,z<9~u,wd)l/+ h,¢l >€2 h=ij dudw

with j = 0. In other words, pp, »(I) ~ Up0(l). If the process is weakly stationary then the integrand
of the coefficient does not depend on v and all Fourier coefficients are zero except 9 j (). In particular,
Y0,0,s(1) = 1. Following Paparoditis (2009) and Dwivedi & Subba Rao (2011), the mean functions can
thus be seen to reveal long-term non-stationary behavior. Unlike testing methods based on segments in the
time domain, the proposed method is therefore able to detect smoothly changing behavior in the temporal
dependence structure.

Secondly, the operator Sé ?uwe_i%“hdu can be viewed as the h-th Fourier coefficient of the operator-
valued function (u) — F,,, for fixed w (Lemma B.1), which exhibits a quadratic decay in norm as a function
of h such that the sum of the norms of these coefficients is finite (Corollary B.1). Since this behavior carries
over to the projections, the contribution to f, of the functions iy, , in (4.5) for larger values of /4 will become
negligible. Intuitively, utilizing large values of M in the statistic Qg\?z is hence expected to increase the
likelihood of a type II error; see also Section 5.

The results in this and the previous section require an understanding of the estimator ) M,z used in the

definition of the test statistics Qg\?z in (3.6). The corresponding results are part of the next subsection.

4.4 Estimating the fourth-order spectrum

The estimation of the matrix X.j, is a necessary ingredient in the application of the proposed stationarity test.
Generally, the estimation of the sample (co)variance can influence the power of tests, as has been observed
in a number of previous works set in similar albeit nonfunctional contexts. Among the contributions more
closely related to this paper are Paparoditis (2009) who used the spectral density of the squares, Dwivedi &
Subba Rao (2011), who focused on Gaussianity of the observations, and Jentsch & Subba Rao (2015), who
employed a stationary bootstrap procedure. A different idea was put forward by Bandyopadhyay & Subba Rao
(2017) and Bandyopadhyay et al. (2017). These authors utilized the notion of orthogonal samples to estimate
the variance, falling back on a general estimation strategy developed in Subba Rao (2018).

In order to utilize the results of Theorem 4.4, we require an estimator of the tri-spectral density operator
F v, —w—wy, —u» Which can then subsequently be projected onto the (standardized) empirical eigenfunctions and

integrated over w, w’. As an estimator, consider

. (27)3 Wj, — Wk wj, — Wk T
§, . = K( e U 7 4><1> o)D) 46
T (b T)? MZk B by iy (46)
where
(7) T
Iwk17wk2 Whg s Why %D"Jkl ® Dwk2 ® D“’k?, ® Dwk4
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denotes the tri-periodogram tensor and where Ky (x1, ..., xz4) is a smoothing kernel with compact support on
R* and where

O(ag, az,a3,a4) =1

if Zizl ap =0 mod 27 such that >, _; o, # 0 mod 27 where J is any non-empty subset of {1,2, 3,4}
and equals 0 otherwise. This function therefore controls that we are only working with those combinations
of frequencies that lie on the principal manifold but do not lie in any proper submanifold. The reason for this
is that, for k£ > 2, the expectation of k-th order periodogram tensors evaluated at such submanifolds possibly
diverges (see also Brillinger & Rosenblatt, 1967, for the Euclidean case). As the next theorem shows, the
estimator in (4.6) can be shown to be consistent if the bandwidth b, satisfies by — 0 but bf’T — 00 as

T — o0.

Theorem 4.7. Suppose Assumption 1%(4,2) and Assumption I(8,2) hold. Then the estimator (4.6) of the tri-

spectral density operator satisfies

2 |’ L
E T2 Z Fusgy sy eni—wsy — Fo,~wtwn,—w dwdw ) =0 bfTT+b4 : “.7)

Ji,g2=1
The section is rounded out with large-sample behavior under the alternative.

Theorem 4.8. Suppose Assumption 1(8,2) holds. Then,

T
@) |E (2m)" M g | la dwdw' — 2
T2 Wiy s— Wiy +hy— Wiy w,—w+wp,—w’ h

J1,j2=1

1
, = O(M + b4)7
A A 2 1
(0) [|CoV(Ty, sy 052 Ty wwsyriosy) 2 = O W)

where Gy, _ 4w, —. denotes the time-integrated tri-spectral operator and where Zy, € So(H ® H) is a bias

term of order O(||Zr||2) = 1.

The proofs of Theorems 4.7 and S7.2 are given in Section S7 of the Online Supplement. Using continuity
of the inner-product, Theorem 4.1(a) and the continuous mapping theorem imply projecting onto the empirical

eigenfunctions will not affect the rates.

S Empirical results

This section reports the results of an illustrative simulation study designed to verify that the large-sample
theory is useful for applications to finite samples. The test is subsequently applied to annual temperature
curves data. The findings provide guidelines for a further fine-tuning of the test procedures to be investigated

in future research.
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5.1 Simulation setting

To generate functional time series, the general strategy applied, for example, in Aue et al. (2015) and Hérmann
et al. (2015), is utilized. For this simulation study, all processes are built on a Fourier basis representation on
the unit interval [0, 1] with basis functions 1)1, ...,%15. Note that the /th Fourier coefficient of a pth-order

functional autoregressive, FAR(p), process (X;: t € Z) satisfies

oo P
<Xt7 zﬂl> = Z Z <tht’7 wl><At’ (wl)v zﬂl’> + <6t7 ¢l>
I'=1t'=1
Lmax P

~ 0 YK, Y A (), i) + (e ), .1)

=1 =1
the quality of the approximation depending on the choice of L,,,x. The vector of the first L,,,, Fourier coef-
ficients Xy = ((Xy, 1), ...,{X¢,%r,..»)" can thus be generated using the pth-order vector autoregressive,
VAR(p), equations

p
X = Z Ay Xy + &y,
t'=1

where the (1,1') element of Ay is given by (A (1), vp) and &; = ({4, 91, ..., {es,¥r,...>) . The entries

(

of the matrices Ay are generated as N(0, tl,)) random variables, with the specifications of v, ;» given below.

k]

To ensure stationarity or the existence of a causal solution, the norms ~ of Ay are required to satisfy certain

P

conditions, for example, > _,

Ao < 1, which might be of more complicated nature (see Bosq, 2000;
van Delft & Eichler, 2018a, for the stationary and locally stationary case, respectively). The functional white
noise, FWN, process is included in (5.1) setting p = 0. All simulation experiments were implement in R and

any result reported in the remainder of this section is based on 1,000 simulation runs.

5.2 Specification of tuning parameters

The test statistics in (3.6) depends on the tuning parameters L; = L(w;), determining the dimension of the
projection spaces, and M, the number of frequency lags to be included in the procedure. In the following, a
criterion will be set up to choose L, while for M only a limited number of values were entertained because
the selection is less critical for the performance as long as it is not chosen too large. Figure 5.1 shows that
it can well be of interest in practice to choose L; in a frequency-dependent way, as the eigenvalue decay
might vary significantly between different w;. The left part of the figure shows the situation for a functional
white noise sequence. The spectral density operators are constant operator-valued functions of frequency
and consequently their spectral decompositions coincide, producing relatively straight lines in the sample
eigenvalue plots. In this case, one would not necessarily have to resort to determining the various truncation
levels L; individually. However, the right part of the figure shows a time series with a significant level of
dependence, in fact DGP (b) introduced in Section 5.3 below. The functional variation of this second-order

autoregressive process receives drastically different contributions from different frequency bands, yielding

16



0.4

arwn =
o
o

~©o®~N®

o

=)
AR WL =
RN

~om~N®

=)

@

0.6
1

}

0.2
Il
0.4

0.2

0.1

o | ° =
o o
T T T T T T T T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6
. . Wi . . .
Figure 5.1: Plot of sample eigenvalues \;” across Fourier frequencies w; for [ = 1,...,15 for a functional

white noise process (left) and a second-order functional autoregression (right).

large differences also in the spectral decompositions: sample eigenvalues plotted against frequency are far
from constant. Note also how the plot of the top sample eigenvalue resembles the univariate spectral density
of a scalar second-order autoregression with levels of dependence determined by the operator norm ||-|||o-
Both plots taken together highlight that some flexibility in choosing the L; is desirable.

To accommodate the previous observation, the following arrangements were made for the standardized
test based on Qg\?s In the first part, a reasonable level of variation explained at each frequency w; is ensured
through requiring that 0.5 < TVE; < 0.9 for all j. In the second part, the procedure adapts to different

eigenvalue decays by choosing

A 1
L; = max{l: ij > .2 — \/ﬁ}
subject to the TVE criterion being satisfied. If no such L; exists, choose L; = 1. The unstandardized test
statistics is very stable in practice and does not require the specification of tuning parameters.

Estimation of the spectral density operator and its eigenelements, needed to compute the two statistics,
was achieved using (3.4) with the concave smoothing kernel K (z) = 6(0.25 — 22) with compact support
on x € [—~1/2,1/2] and bandwidth b = T~-26. The fourth-order estimation is done with Ky(x1,...,74) =
H?:1 K(zj), where K is same as before, and bandwidth by = T—1/5. 1t should be noted that the outcomes
were not overly sensitive with respect to bandwidth choices for b respecting Assumption 3.1. It is worthwhile
to mention that the computational complexity of the fourth-order estimator is considerable for larger sample
sizes. The implementation was therefore partially done with the compiler language C++ and the Rcpp-

package in R.
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5.3 Finite sample performance under the null

Under the null hypothesis of stationarity the following data generating processes, DGPs, were studied:

(a) The Gaussian FWN variables ¢1, . . ., e with coefficient variances Var({e;, ¢;)) = exp(—(l — 1)/10);

(1)

(b) The FAR(2) variables X7, ..., X7 with operators specified through the respective variances vy =

exp(—l — ") and Vl(?,) =1/(1+ l’3/2) and operator norms x1 = 0.75 and k3 = —0.4, and innovations
€1,...,&7 asin (a);

(c) The FAR(2) variables X1, ..., X7 as in (b) but with operator norms x; = 0.4 and k2 = 0.45.

The sample sizes under consideration are 7' = 2" for n = 6, .. ., 10, so that the smallest sample size consists
of 64 functions and the largest of 1024. The processes in (a)—(c) comprise a range of stationary scenarios.
DGP (a) is the simplest model, specifying an independent FWN process. DGPs (b) and (c) exhibit significant

second-order autoregressive dynamics of different persistence.

% level % level % level % level

T s Js Yos o $s
(a) 64 1.33 5.80 1.40 8.93 9.10 2.60 1.29 430 1.50 826 7.80 2.70
128 141 590 1.20 9.03 7.20 2.10 1.36 5.70 1.00 896 570 2.10
256 1.26 5.10 0.90 9.15 530 1.70 1.27 520 140 9.02 5.10 1.00
512 1.37 4.80 1.30 9.27 6.80 1.40 1.40 4.60 1.30 9.16 6.30 1.30
1024 1.32 470 1.20 9.19 520 1.50 1.33 540 0.60 933 4.60 1.10
(b) 64 1.58 6.00 1.50 9.50 9.40 3.50 1.35 5.70 1.40 8.65 6.10 2.70
128 1.44 570 1.60 9.35 8.90 2.80 1.30 4.70 1.50 872 630 1.70
256 1.28 420 0.90 9.11 6.20 2.30 1.32 470 0.60 8.78 7.00 1.70
512 1.32 5.00 1.70 942 6.70 1.90 1.26 4.70 0.90 9.11 6.10 0.90
1024 1.44 440 0.80 9.26 540 1.10 1.32 4.70 0.50 8.87 4.80 0.90
(©) 64 142 5.60 1.90 850 7.60 3.30 1.20 5.70 0.90 8.36 820 2.60
124 1.31 5.20 1.00 9.05 6.20 2.50 1.29 4.00 0.50 877 570 2.00
256 148 6.10 1.20 9.19 6.70 1.90 142 520 1.70 890 6.10 1.30
512 1.35 5.60 0.70 948 490 1.00 1.41 4.50 0.60 899 530 1.40
1024 1.34 690 1.60 9.26 5.70 1.30 1.35 4.60 1.10 9.10 4.40 0.90

Table 5.1: Median of test statistic values and rejection rates of Qg\?u and QS\?S at the 1% and 5% asymptotic
level for the processes (a)—(c) for various choices of M and T'. All table entries are generated from 1000
repetitions.

The empirical rejection levels for the processes (a)—(c) can be found in Table 5.1. It can be seen that the
empirical levels for both statistics with M = 1 are generally well adjusted with slight deviations in a few
cases. The performance of the statistics with M = 5 is similar, although the empirical rejection levels tend
towards the nominal ones with increasing sample size. Some evidence on closeness between empirical and
limit densities for the statistics Qéz;) and QéTs) are provided in Figure 5.2.

Figure 5.3 shows the average choices of L over the 1000 repetitions for the various DGPs for the sample

sizes T' = 64 and T' = 1024. First, one can see that the average L increases with the sample size, as
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more degrees of freedom become available. For the small sample size 7' = 64, choices of L; under the
null hypothesis are more similar both across frequencies and across the three DGPs because the form of
dependence is not yet entirely evident. With increasing sample size, the average L; increases uniformly for
DGP (a), while for DGPs (b) and (c) L; in certain frequency bands are accentuated while others are attenuated
according to their contributions to the spectral analysis of variance of the underlying functional time series.
For DGP (b) the shape of the curve w; + L; might also be compared to the shape of the curve w; — )\ij in

the right panel of Figure 5.1.

5.4 Finite sample performance under the alternative

Under the alternative, the following data generating processes are considered:
(d) The tvFAR(1) variables X1, ..., X1 with operator specified through the variances ul(},) = exp(—1 —1)

and operator norm 1 = (.8, and innovations given by (a) with added multiplicative time-varying

1 27t 2mt
o?(t) = cos <2 + cos <;> + 0.3sin (;)),

(e) The tvFAR(2) variables X7, ..., X7 with both operators as in (d) but with time-varying operator norm

4t
K1t = 1.8 cos (1.5 — cos <;>>,

constant operator norm x2 = —0.81, and innovations as in (a);

variance

(f) The structural break FAR(2) variables X1, ..., X7 given in the following way.

— For t < 3T/8, the operators are as in (b) but with operator norms x; = 0.7 and k3 = 0.2, and

innovations as in (a);

— For t > 3T/8, the operators are as in (b) but with operator norms x; = 0 and ko = —0.2, and

innovations as in (a) but with variances Var({e¢, ¢;)) = 2exp(—(l — 1)/10).

All other aspects of the simulations are as in Section 5.3. The processes studied under the alternative provide
intuition for the behavior of the proposed tests under different deviations from the null hypothesis. DGP (d)
is time-varying only through the innovation structure, in the form of a slowly varying variance component.
The first-order autoregressive structure is independent of time. DGP (e) is a time-varying second-order FAR
process for which the first autoregressive operator varies with time. The final DGP in (f) models a structural
break, a different type of alternative. Here, the process is not locally stationary as prescribed under the
alternative in this paper, but piecewise stationary with the two pieces being specified as two distinct FAR(2)
processes.

The empirical power of the various test statistics for the processes in (d)—(f) are in Table 5.2. Power results
are roughly similar across the selected values of M for both statistics. For DGP (f) and to some extend for

DGP (d), power is low for the small sample sizes T = 64. It reaches 100% for all T" larger or equal to 256
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Figure 5.2: Empirical density of Qéj;) (black) and ng;,) (blue) for T' = 64 (left panel) and T' = 512 (right
panel) for DGPs (a)—(c) (top to bottom). Red: The corresponding chi-squared densities predicted under the
null.
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respective standard deviations (dashed lines) for T' = 64 (left) and 7' = 1024 (right).

% level % level % level % level

T @ 1 o s 1 s 1 o s 1
(d) 64 984 77.80 54.30 20.33  57.30  39.80 8.61 7130 46.70 17.92  48.80  30.70
128 19.55 99.00 94.40 3334 9410 84.10 1826 9820 9140 30.44 9020 76.30
256 36.70 100.00 100.00 5407 99.90 99.70 34.40 100.00 100.00 50.27  99.80  99.40
512 69.49 100.00 100.00 94.47 100.00 100.00 62.90 100.00 100.00 84.75 100.00 100.00
1024 140.53 100.00 100.00 179.75 100.00 100.00 118.18 100.00 100.00 152.12 100.00 100.00
(e) 64 3338 100.00 100.00 131.80 100.00 98.10 33.46 9950 99.20 100.13  99.30 99.20
128  49.04 100.00 100.00 118.13 100.00 100.00 6648 99.70 99.30 17230 99.80 99.70
256  98.43 100.00 100.00 393.65 100.00 100.00 151.44 9970 99.60 568.55 9990 99.80
512 173.35 100.00 100.00 763.11 100.00 100.00 302.51 100.00 100.00 1257.93 100.00 100.00
1024 286.54 9990 99.90 1311.08 100.00 100.00 579.00 99.80 99.80 2484.54 100.00 99.90
® 64 5.64 4650 25.40 15.02 3370 19.90 438 3520 16.50 1236 2440 12.70
128 1090 82.80 60.90 21.65 6430 43.00 8.93 83.10 4840 18.37 5040 29.30
256 1829  98.20 90.50 3040 90.00 77.50 1571 9570 85.20 27.03 84.70  66.00
512 31.81 100.00 100.00 4749 9990 99.20 30.71 99.90 99.80 4571 99.80 98.50
1024 6272 100.00 100.00 83.82 100.00 100.00 62.29 100.00 100.00 83.18 100.00 100.00

Table 5.2: Median of test statistic values and rejection rates of QS\;)U and Qg\;)s at the 1% and 5% asymptotic
level for the processes (d)—(f) for various choices of M and T. All table entries are generated from 1000
repetitions.

for all DGPs but (f), where close to perfect detection is reached for 7' = 512. Generally, the standardized
statistics is slightly more unstable than its unstandardized counterpart for DGP (e), while both statistics behave
remarkably similar for the other processes. The results for DGP (f) indicate that the proposed statistics have
power against structural break alternatives. This is intuitive since the second-order structure is in this case not
invariant under translations of time and hence induces a non-zero mean in the test statistics.

Figure 5.4 exhibits exemplary the empirical densities for DGP (d). It can be seen that the deviation from

the chi-squared distribution predicted under the null hypothesis grows with increasing sample size. Figure
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5.3 contains the average choice of L; for DGPs (d)-(f) under the alternative. While processes (d) and (f)
display behavior more similar to the null DGPs, process (e) is significantly different, as almost always only

one principal component is chosen at each frequency for both the small and the large sample size.
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Figure 5.4: Empirical density of ng;) (black) and ng;) (blue) for T' = 64 (left panel) and T' = 512 (right
panel) for DGP (d).

5.5 Finite sample performance under non-Gaussian observations

In this section, the behavior of the eigenbased test under non-Gaussianity is further investigated through the

following processes:

(g) The FAR(2) variables X1, ..., X7 as in (b) but with both independent ¢;9-distributed FWN and inde-
pendent 3(6, 6)-distributed FWN;

(h) The tvFAR(1) variables X1, ..., X7 as in (d) but with independent ¢;9-distributed FWN and indepen-
dent (6, 6)-distributed FWN.

For direct comparison, both t19- and 3(6, 6)-distributions were standardized to conform to zero mean and unit
variance as the standard normal. All other aspects are as detailed in Section 5.3. The additional simulations
were designed to shed further light on the effect of estimating the fourth-order spectrum in situations deviating
from the standard Gaussian setting. Note in particular that the ¢;9-distribution serves as an example for
leptokurtosis (the excess kurtosis is 0.4) and the (6, 6) distribution for platykurtosis (the excess kurtosis
is —0.4). Process (g) showcases the behavior under the null, while process (h) highlights the performance
under the alternative. The corresponding results are given in Table 5.3 and can be readily compared with
corresponding outcomes for the Gaussian processes (b) and (d) in Tables 5.1-.5.2.

It can be seen from the results in Table 5.3 that the proposed procedures perform roughly as expected.

First, under the null hypothesis for levels for both types of innovations, both sets of tests and both choices of
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% level % level % level % level

T Q" s 1 ’ s 1 o s 1 ’ s 1
(g).t 64 1.58 5.60 0.70 9.46 7.70 2.70 1.40 2.90 0.60 8.65 6.20 1.40
128 1.42 4.50 1.30 9.37 6.90 2.00 1.30 3.60 0.40 8.81 4.80 1.30
256 1.40 4.40 0.80 9.17 5.50 1.70 1.29 4.90 0.90 8.89 5.70 1.20
512 1.47 4.70 0.70 9.33 4.70 1.30 1.44 4.10 0.50 9.32 4.30 1.20
1024 1.53 5.90 0.40 9.52 5.00 1.00 1.43 5.40 0.90 8.92 4.70 1.10
(2), 8 64 1.31 3.10 0.80 9.00 6.70 1.60 1.29 3.40 0.80 8.66 5.50 1.10
128 1.37 4.80 1.10 9.13 6.10 1.90 1.25 3.70 0.60 8.89 4.50 0.90
256 1.39 4.70 1.00 9.13 4.10 1.30 1.32 4.70 1.10 8.57 3.40 0.60
512 1.30 3.90 0.70 9.22 4.50 1.00 1.32 4.50 0.90 9.13 5.80 1.40
1024 1.43 5.00 0.90 9.57 4.40 0.80 1.34 4.20 1.20 9.37 4.90 0.70
(h), t 64 9.07 77.10 49.00 18.95 53.10 29.10 8.16 6930 4130 16.82 43,50 22.10
128 1721 9830 9280 2878 91.10 7430 1647 98.00 89.70 26.52 87.00 66.70
256 31.12 100.00 9990 4594 100.00 99.70 30.12 100.00 99.70 43.54 99.70 98.60
512 57.81 100.00 100.00 7895 100.00 100.00 53.14 100.00 100.00 71.69 100.00 100.00
1024 11295 100.00 100.00 146.21 100.00 100.00 98.88 100.00 100.00 127.16 100.00 100.00
(h), 8 64 9.17 7780 49.60 18.30 50.00 28.10 820 6940 4020 16.86 42.60 21.60
128 1749 9840 9140 29.06 91.30 7410 1631 97.20 88.50 2721 87.00 67.70
256 31.05 100.00 100.00 46.75 99.90 9930 29.58 100.00 100.00 44.06 99.90 98.60
512 5790 100.00 100.00 7897 100.00 100.00 5297 100.00 100.00 71.40 100.00 100.00
1024 114.13 100.00 100.00 146.75 100.00 100.00 100.95 100.00 100.00 128.45 100.00 100.00

Table 5.3: Median of test statistic values and rejection rates of Qg\?u and QS\?S at the 1% and 5% asymptotic
level for the processes (g) and (h), where ¢ and 3 indicate ¢19- and 3(6, 6)-distributed innovations, respectively.
All table entries are generated from 1000 repetitions.

M are well adjusted and observe similar patterns as their normal counterparts in DGP (b) in Table 5.1. Second,
under the alternative for process (h), powers align roughly as for the Gaussian case in Table 5.2. Overall, the
simulation results reveal that the estimation of the fourth-order spectrum does not lead to a marked decay in

performance.

5.6 Application to annual temperature curves

To give an instructive data example, the proposed method was applied to annual temperature curves recorded
at several measuring stations across Australia over the last century and a half. The exact locations and lengths
of the functional time series are reported in Table 5.4, and the annual temperature profiles recorded at the
Gayndah station are displayed for illustration in the left panel of Figure 5.5. To test whether these annual
temperature profiles constitute stationary functional time series or not, the proposed testing method was uti-
lized, using specifications similar to those in the simulation study. To get an idea of the spectral structure
of these different temperature curves, the left-hand side of Figure 5.6 shows the averaged eigenvalue decay
standardized with respect to the largest eigenvalue at each frequency. More precisely, %Z?:l )\fj / )\ij is
plotted against [. Figure 5.7 displays in addition the plots of the [-largest sample eigenvalues )\fj against j
for [ = 1,...,15. It can be seen that frequency-specific contributions are heterogeneous for each of the four

stations. There are also substantial differences in the eigenvalue plots across different stations. The choices of
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L; across frequency w; as used by the standardized test procedure are shown in the right-hand side of Figure
5.6.

The p-values for the standardized test statistics are essentially zero for all stations and all M = 1,...,5.
The testing results for the unstandardized statistics are summarized in Table 5.4. Stationarity is rejected in
favor of the alternative at the 1% significance level at all measuring stations for QS\?U with all specifications
of M, with one notable exception: no choice of M leads to a rejection of the null hypothesis at Boulia station.
Additionally, rejection at Melbourne and Sydney stations is not possible at the smallest significance levels for
several M. At all other measuring stations rejection of the null is very strong. Note that Boulia station showed
the slowest eigenvalue decay in Figure 5.6 and the spectral behavior most separated from the other stations in
Figure 5.7. It is particularly interesting that around frequency  there is little to no separation between first and
second sample eigenvalues. The lack of estimation accuracy in the case of tied eigenvalues might help explain
why Boulia station delivers results at odds with the findings at the other stations. In the future, it might
be worthwhile looking into running the stationarity tests only in certain frequency bands, excluding those
frequencies for which separation of sample eigenvalues is not sufficiently large. This is, however, beyond the

scope of the current paper.

Station T M=1 M =2 M =3 M=4 M =5
Boulia 120 0.71 0.17 0.20 0.36 0.44
Robe 130 0.01 0.00 0.00 0.00 0.00
Cape Otway 150 0.00 0.00 0.00 0.00 0.00
Gayndah 118 0.00 0.00 0.00 0.00 0.00
Gunnedah 134 0.00 0.00 0.00 0.00 0.00
Hobart 122 0.00 0.00 0.00 0.00 0.00
Melbourne 158 0.03 0.04 0.02 0.01 0.01
Sydney 154 0.15 0.01 0.00 0.00 0.00

Table 5.4: Summary of results for eight Australian measuring stations. The column labeled 7" reports the
sample size, the other columns report p-values for the given choices of M for QS\:;)U
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Figure 5.5: Annual temperature curves at Gayndah station.
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Figure 5.6: Average eigenvalue decay standardized with respect to the largest eigenvalue at each frequency,
% Z;‘-le )\fj / )\ij (left) and truncation level L; across w; (right) across different measuring stations.
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Figure 5.7: Plots of the 15 largest sample sample eigenvalues across Fourier frequencies at Boulia (top left),
Cape Otway (top right), Gayndah (bottom left) and Gunnedah (bottom right) stations.
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6 Conclusions and future work

In this paper methodology for testing the stationarity of a functional time series is put forward. The tests are
based on frequency domain analysis and exploit that fDFTs at different canonical frequencies are uncorrelated
if and only if the underlying functional time series are stationary. The limit distribution of the quadratic form-
type test statistics has been determined under the null hypothesis as well as under the alternative of local
stationarity. Finite sample properties were highlighted in simulation experiments with various data generating
processes and an application to annual temperature profiles.

The empirical results show promise for further applications to real data, but future research has to be
devoted to a further fine-tuning of the proposed method; for example, an automated selection of frequencies
hy, outside of the standard choice h,, = m for all m = 1,..., M. This can be approached through a more
refined analysis of the size of the various Bg}x in (3.5) whose real and imaginary part make up the vector
Bg\?x in the test statistics ng?x

A A functional Cramér representation

Proof of Proposition 2.1. Let (X;: t € Z) be a zero-mean, weakly stationary H-valued stochastic process. It
has been shown (van Delft & Eichler, 2018b, Thm 4.4) that for processes with a trace-class spectral measure
F, there exists an isomorphic mapping between the subspaces Sp(X;: t € Z) of L4(Q2) and sp(e'’: ¢ € Z) of

L3([~m, 7], B, ur). As a consequence, X admits the representation in (2.4). Conversely,

s us T
Cov(Xy, X,) = E [ J e™Mdzy, @ | e dzh] = J Ny = €,
—T —T —T
showing that a process that admits representation (2.4) must be weakly stationary. O

B Properties of functional cumulants

For random elements X1, ..., X} in a Hilbert space H, the moment tensor of order k can be defined as

k
Ei@--0X]= Y E|[Ju)|ene--ou),

l1,...lpeN t=1
where the elementary tensors (¢, ®- - -®4y, : l1,...,l; € N) form an orthonormal basis in the tensor product
space ®§:1 H if (¢;: | € N) is an orthornormal basis of the separable Hilbert space H. Similarly, define the

k-th order cumulant tensor by

Cum(Xla"'7Xk) = Z Cum(<X1,¢ll>a~--7<Xk7¢lk>)(¢l1®"'®¢lk)7 (Bl)

ll,..‘lkEN

where the cumulants on the right-hand side are as usual given by

p
Cum(<Xlawl1>7""<Xk71/)lk>) = Z (_1)17—1 (p_ 1)' HE[H<Xt7wlt>]7

v=(V1,...,vp) r=1 tev,
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the summation extending over all unordered partitions v of {1,...,k}. The following is a generalization of

the product theorem for cumulants (Brillinger, 1981, Theorem 2.3.2).

Theorem B.1. Consider the tensor X; = ®3]’;1th for random elements Xy; in H with j = 1,...,J; and

t=1,...,k Letv = {v1,...,vp} be a partition of {1, . . ., k}. The joint cumulant tensor is given by

p
cum(Xy, ..., Xk) = Z Z chm(<th,z/J”j>\(t,j) € vy) Vry @ @Yy,

T115 Tk Iy v=(V1,...,vp) N=1

where the summation extends over all indecomposable partitions v = (v1, ..., vp) of the table
(171) (17<]1)
(kv 1) (kat)

Formally, abbreviate this by
cum(Xy, ..., Xk) = Z Sl,(®£:1 cum (Xy;1(t, §) eun)),
v=(v1,....vp)
where S, is the permutation that maps the components of the tensor back into the original order, that is,
Sy (@1 Q. jyev, Xij) = X11® - @ Xpg,.
Next, expressions and bounds for cumulants of the fDFT are given in both locally stationary and stationary

regimes.

Lemma B.1 (Cumulants of the fDFT under local stationarity). Ler (X;7:t < T,T € N) be a k-th order
locally stationary process in H satisfying Assumption I(k, 1) for arbitrary fixed k. The cumulant tensor of the

local fDFT satisfies

(271.)1@/2—1 T-1

_iVvk .
Cum(DEufl), ceey DS‘ZZ) = W Srt/T?"lev--ijk_l e 12[:1 tUJ]l —+ Rk,T (BZ)
t=0
(27r)k/2_1 N
- W Jie kW Wi g + Rk,T7

where | Ry, 7l = O(T~"/?) and the operator

1
T _ —i2msu
?s;wjl,...,wj-k_l _J;) ?u§wj1v'"7wjk_1e du (B.3)

denotes the s-th Fourier coefficient of F,.,, e and belongs to So.

k1

The proof can be found in Section S2 of the Online Supplement. Lemma B.1 provides a relation between
the k-th order cumulant tensor of the local fDFT and the Fourier coefficients of the k-th order time-varying
spectral density tensors, which induce Hilbert—Schmidt operators. The proof of (B.3) makes apparent that
the dependence structure of the local fDFT behaves in a very specific manner that is based on the distance of
the frequencies. The Fourier coefficients additionally provide an upper bound on the norm of the cumulant

operator.
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Corollary B.1. If Assumption I(k,2) holds for arbitrary fixed k, then

C 1
: (T) —=|;
(1) |||Cum(ij1 RN w;k)m? TR2=1j1 + -+ j3)? + O<Tk/2>’
(i) sup 3 ||
SEZL

Note that if Zle wj, = 0 mod 27, then (B.2) yields approximately a time average of the k-th order
time-varying spectral density tensor. In case the process does not depend on time u, grs;wjl W = Op for

s # 0. That is, the operator ;. maps any 1) € L2([0, 1]*, C) to the origin for s # 0. Consequently,

,(.Ujl ""’ijk'—l

under k-th order stationarity the following corollary holds.

Corollary B.2 (Cumulants of the fDFT under stationarity). Ler (X;: t € Z) be a k-th order stationary
sequence taking values in Hy that satisfies Assumption 1*(k,1) for arbitrary fixed k. Then the cumulant tensor
of the fDFT satisfies

(@m)*2 (S

T T
Cum(Déle), e 7D( )) = Tk/Q T Wi reesWip_q

Wy

+ RT,k; (B.4)

where the function Ag‘f ) = Tforw = 0 mod 2, Agﬁu i) 0 for j % 0 mod T and the remainder satisfies
| Bz k]l = O(T+72).

C First- and second-order dependence structure

C.1 Expectation

From Lemma B.1, for h # 0 mod T

|7 5208 0 08),)

1 G 1w i o) under Hy.
‘2 - H‘T; T;?t/ﬂwje e RT’2M2 B {O(h2 + T~ under Hy4.

In particular, using that the operator-valued functions (u,w) — F,, are Lipschitz continuous in (u, w), yields

that, under H 4,
11y ” 1 (% _—
- - F, o e TR, T F —171'udd7

where the convergence is in Sz (H ). Since E[|| D, )12 3] < oo, the Cauchy—Schwarz inequality implies Fubini’s

theorem can be applied. Together with the above, it follows that the expectation of 3 g‘,;) satisfies

T 1 S _
E[B] = 7 2, E(DP®D),). 6" ® 67 ")s
=1 =1 =1
1 X L(w;) L(wj+n) 1 T=1 1 1
—itw TWith
:fz <f Ft/rw,€ "+ Ror, ¢ @b s 0(h2>+O<T>
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1 L(w) L(w-‘rwh)

27 ~ _
J J Z <5Fu,we_127mh7 gb;u ® ¢£;+Wh >5dudw,

=1 U=1

where the stated order O(+) for the projections follows from the previously stated convergence in norm. Sim-

SCARE Ny

under Condition CJ.

ilarly,

1 L(w) L(w+wh <9_~u w((bWJHUh) éclu>efi27ruh

z 1 l': S AL N

dudw.

C.2 Covariance structure

Theorem B.1 implies that the covariance structure of the cross-periodogram operators is given by

Cov(D @D D@D | ) =cum(p), DE) DY) DI (C.1)

WJ +hy? w]Q WJ +ha TWiithy T T Whg T T Wigthg

+ S1324 (cum (D (Tl) pY) )®cum(D( ) p®d )

w Wiy +hy? T Wig+hg
T T
+ S1423 (cum (D), Dggw) ® cum(D&JhMl : DEU}D ),
where S;jx; denotes the permutation operator on ®}_; L ([0, 1]) that permutes the components of a tensor
according to the permutation (1,2,3,4) — (4,7, k,1), thatis, Sjjp (21 ® - @ 4) = 2; ® - - - ® ;. Under

Assumption 1(4,2), we obtain from Lemma B.1,
T)
Cov( ED me WZD ® wth) (C.2)

- —it(wWhy—Wh, )
Z ( Z t/T wjy =Wy +hy ‘*’J’ze : ! +RT’4

]1,J2

1 i v ws
+ 51324< Efft/T wj, € tHwjy —wjip) 4 Ry 2) ® (f 2fft/T:_ijhle_‘t(_wJ1+h1+ Jathy) 4 RT,2)>
t

1 o
+ S1a03 ( 2 ?t/T w“ H(wjy +Wjg+hy) + RTQ (T Z :Tt/T:_wjl+h1 e t(—wjy +hy —Wiy) + RT,2)> .
t

Using Minkowski’s inequality and Corollary B.1(ii) it follows that, for all T, hy, ho,

1 d T (T
mcov(ﬁz D)@ D) | IZD%)@) “’”)+h2)H2:O(1>’ (C.3)

Ji

both under H 4 and Hy. The focus is here on the covariance structure under fourth-order stationarity. The

more general expression is derived in Section S6 of the Online Supplement.

Proof of Theorem 4.3. Under Assumption 1*¥(4,2), Corollary B.2 implies that (C.2) becomes

COV(IZDWJ wgl+h1 \FZD W32)+h2>
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(th _whl)
7 Z ( w]17_wJ1+h1 s Wiy AT’ + RT74

]1»]2

Wi Wir+hy

+51324<(? N 12)+RT,2>®(31 N J2+h2)+RT,2))

Wi, tw 1 —w; —wj
+ S1a03 ((95%1 TA( 1 TWig+ho) + RT,2) ® (?*wjfrhl ng“ 1 +h1 —Wia) + RT,2)) )

By the properties of A(f)’ the term on the second line is of lower order unless h; — ho = 0 mod T, while
the third line requires j; — jo = 0 mod 7" and hy — hy = 0 mod T'. For the fourth line to not be of lower
order we require j; + jo + ho = 0 mod T and —j; — hy — jo = 0 mod T which give the constraints
J1+j2 =T —hoand j; + jo = T — hy, implying we must have j; + jo = T — h. It follows therefore that the
covariance is of order O(T~!) in Hilbert-Schmidt norm if A1 — hy # 0 mod T. If hy — ho = 0 mod T,
then

T T
1 1« (27)
- 1) & T) _ 2y e
Cov< TEDWH w]ﬁh, WZD% ®D w] +h> == > T Jwsy iy pn—wsy T B2

J Ji,J2

fares

N \

T

Z ( wy, T Rr2)®(F, wien T Rr2) + (gwh + Rr2) Q7 (5, wiyn, T RT,2)>, (C4)
J1

where Definition S1.1 was used. Thus, as T' — oo, this converges in norm to

1 , ~ ~

o Fo—w—wpy,—wdwdw” + | Fo®F 4wy, + Fo®TFwyw, dw.

Consider then the covariance structure of B;(LTJ, which is obtained by projecting the fDFT onto the eigenfunc-

tions of F,,. Write this covariance structure as
T T
ov(ﬁﬁ,ﬂl?u, VTR, =

T
(T) (1) (1) Wy Wio+h wWj Wi1+h
Z 3 {cov(DD @D, DD @ DI ) (677 © 87272, 65 @ g2,
1,J2 lie[L(wjp )] l2€[L(wjq +nq)],
l3€[L(wj,)]la€[L(wjp+hy)]

Under the conditions of Theorem 4.3, (C.4) yields that the summand of the above expression reduces to

_en,

O G o 62 @ G7272), 652 @G AL ) 1 0
+[a i ¢§fl>fA$’h‘“fz> +O() |[pe s e pagen ) o 1))
[ i (gt gony L L gt o(;)] [ Lo (g gy L LG =) O(T)]’
where self-adjointness of the spectral density operator gave

< " (¢wJ2) ¢ZJ1> _ <¢Zj2’ i, (¢w31 )> _ )\WJ1<¢‘Z";32’¢Z11 >
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Self-adjointness of F,,, orthogonality of the eigenfunctions and 27-periodicity of the eigenelements imply that

T
T T 27T wj w Wi w
Cov(VTBI) NTBI) =25 Y D (Fogy gy ooy (B2 @ B2, 0, @ M)
Jr,j2=1lie[L(w;; )] l2€[L(wjy +n)],
I3€[L(wjg)],la€[L(wjn+n)]

+ = Z D AN+ 0(5),

J1 hie[L(wj )] l2€[L(wjq +n)]

in case hy = hy = h and Cov(fﬂh u,\ﬁ,@hQ ') = O(TY) if hy # hy mod T. It can then be derived
similarly that TCov(Bh1 " th u) = O(T~ ') for hy # T — hy mod T. Since

T 1 T T) T
RO\, = S (B0, + B0 and S0, = (B0, ~ BT,

it follows therefore that
(T _
TCov(RB,,,3B5L)) = O(T™Y)

uniformly in hq, ho and thus T’ Cov(§)‘ﬁ,6h1 w §R,6h2 u) T Cov(\s,Bh1 w \s,@hz ) = %Cov(ﬁg)u, ﬁ}(g)u). Fi-
nally, using Lipschitz-continuity of w — F, and of its eigenelements to replace the Riemann approximations

with their limits completes the proof. O

C.3 Proof of Theorem 4.1

Proof of Theorem 4.1. (i) In order to prove the first assertion of the theorem, introduce the bias-variance

decomposition

E[[|557 - E[FD] + E[FD] - Gu|ly| - ]

The cross terms cancel because E[<§'1(UT) — ]E[AL(UT)],IE[GZ(JT)] — Guw)pep) and E[G’&T) - E[G’U(JT)]] = Ogy.
Now, by Corollary B.2,

5O~ B[] |l;] + E[E[FD] - Gully| €9

—(IJ

cum(DLEJT),D(T T Z ?t/Tw + RT2 = GEJT) + RT,Q,

where | Rrsl2 = O(T1). Note that the integral approximation in time direction does not change the error
term because of Lipschitz continuity of the mapping (u,w) — J,, in u. Convolution of the cumulant tensor

with the smoothing kernel, replacing the integral approximation with the limit and a change of variables give
o & (T)
=7 Z Kp(w — wj)cum(Dg), D,wj)

= JK(x)Gw—xbdx + Ry + R,

_ . 2 .
where | Ry 7|2 = O(bT ). Since supy, | Fuwll2 < oo and sup,, ,, ]Ha%.’f%wa < o0, the mapping w — G,
is twice differentiable and sup,, || aa—;sz |l2 < oo. Therefore, a Taylor expansion around w and symmetry of

the kernel then lead to
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A 2 1 -aiG
E[g:L(UT)] = fK(x)Gw—xbdx = Gu + Z ﬁ(b)z 81/;
i=1""

J:EzK(:c)cm =G, +er,

vV=w

where |e,7[2 = O(b* + (bT)) L. Thus, the second term on the right-hand side of (C.5) satisfies

. 1\2
E[IEF - Lllg] - 0¥ + 57 ) c6)

uniformly in w € [—, 7]. To bound the first term of the right-hand side in (C.5), observe that, for j; + jo = 0

mod 7', Lemma B.1 with k£ = 2 yields

Wiy 7T Whp

T 1
1 ) ) L -
cum(D), D)) = T Z rft/Te_l(wj1 @il 4 Ry — fo ?u;wjle_zzm(hﬂﬂd“ = Fjitjaws,
t=1

Furthermore, from Corollary B.2 and Minkowski’s inequality

1)1 &= 1
<* jp— 31 / O p——
<27 & Tremenr], +0( )

1 1

The last equality follows since supy o, 1547, w12 < Sy o acz F3ihiasia 2 = O(1) by Assump-

(@) (1)

,DD))

w

H’cum(D&,T)7 D

- 3o

tion I. Theorem B.1 hence implies that

T
A 1 W — W W — Wg T (T) (1) T
Cor@und) = gz 31 (55 ) (252 ) [em(0D) DT, 01T, )

+ S1324 (cum(DL(};z p") )@ cum (D) D(T)))

T Wk TWhy T Wk
+ 1y (cam(DE), DI)) @ eum (D), , DY) )]
Using Lemma B.1, this equals

T
1 W — Wi, W — Wy ~ ~
777, 2, K () R (55 [ o, 0Tt )
1,h2=

+ S1423 (g'"kﬁkz;wkl ® fﬂkrl@;wkl) + Rz,T]~ (C.3)

where we used (C.7) is of order O(%) in Sy uniformly in —7 < w,w’ < 7. Using a change of variables, the

properties of the smoothing kernel, Holder’s inequality and Corollary B.1, it follows that

T
! W T Wiy W— Wk, \ 5 ~~
H' (bT>2 k1%=1K< b >K< b >?k1—k2;wk1®3r_k1+k2;_wkl

T 2
1 W — wy - -
N [y G DL |
1 S

2
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sup Z |||3"

SEL

e (252) o (ir)

A similar argument holds for the remaining term of (C.8). Hence,

o090, = |(F) 2 it - it -pcma 180, - o(i7).

UJ]I

Fubini’s theorem together with the above implies that the first term of (C.5) satisfies

A . ~ 1
E[| 5 — EFD||3] = trace(Var(F()) = O (bT)

uniformly in w € [—, 7]. This establishes (i).

(ii) This part of the proof requires the following lemma verified in Section S1 of the Online Supplement.

Lemma C.1. Let Y, v € [a,b] be a zero-mean L*([0,1]%)-valued stochastic process of which the derivative
mapping v — iYV is well-defined in L?([0, 1]¥) for any v € [a,b]. If E|Y, |2 < o0 and E|| 83/” H% < o0, then

28 sup 1Y, ]3 < IElevLEIYblvaf \/EH*Y I3/ EIYal3 + f \VE[Yal %da\/EH ~Yal3da
axv

Lemma C.1 with £k = 2 applied to the spectral density kernel function fw implies — due to the norm

equivalence with the operator F,, — that

E sup 2||F, — EF, |3 <El|Fo — EFo|l3 + E||Fr — EF4I3

O<sw<m

w2 [ R B3 B L 3 - B

— TrVar(Fo) + TrVar(F,) + QJ A/ TrVar(F,)4 / TrVar ai w)dw

of)+o{czen)- O(W> @

where the latter follows from part (i). The rate for the covariance structure of the operator-valued function
w — a%f;‘"w follow as before, noting that an application of the chain rule of the derivative will lead to an extra

O(b%) term in Sy (H ) in comparison to the covariance of F,,. Minkowski’s inequality therefore implies

P sw 150 - Gulle> )< P _sup 50 BRIl 5} swp B -Gl 5 ).

we|[—m,7] we[—m,7] we[—m,7]

Using Markov’s inequality together with (C.9), for any € > 0,

) . 1
P FO _BF,lly> <) <O e | —

as b>T — co. Similary, Markov’s inequality together with (C.6) yields

HT) ¢ 2, 1y
P(wesup IEF Gull2 > 2> <O< (b bT) > 0

[_ﬂ—vﬂ—]

as bI' — oo and b — 0 as T' — oo. The result therefore holds provided Assumption 3.1 is satisfied. g
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D Weak convergence

The proof of the distributional properties of ,@,Sj;) as stated in Theorem 4.4 and 4.6 are established in this
section. The proof consists of several steps. First, the distributional properties are derived for B,(g;,), when
spectral density operators and their corresponding eigenelements are known. For this, we investigate the
distributional properties of the operator

T
Z D@D h=1,.T-1 (D.1)

Wi+h
J=1

Theorem D.1 below shows that v/T T (w,, (T) Ewé )) converges weakly to a functional Gaussian process both
under the null and the alternative. The distributional properties of Bh, . immediately follow from this result
and thus converge weakly to a Gaussian process under both hypotheses. Focus is finally on B,ST;, where
the effect of replacing the eigenelements with their empirical counterparts on the distributional properties is

clarified. In particular, Theorems 4.2 and 4.5 are established as well as the orders of
A(T T A(T T
EVT|B,") — B\")| and EVT|B)") - B\")].
D.1 Weak convergence on the function space

To demonstrate weak convergence of (D.1), the following result by Cremers & Kadelka (1986) is used, which
considerably simplifies the verification of the usual tightness condition often invoked in weak convergence

proofs of Banach space-valued random variables.

Lemma D.1. Let (7, A, u) be a measure space, let (B, | - |) be a Banach space, and let X = (X,,: n € N)

be a sequence of random elements in L%(y , 1) such that

(i) the finite-dimensional distributions of X converge weakly to those of a random element X in L’é(ﬂ L))

(ii) Timsup E[|| X ] < E[[ Xo|[] < cc.
n—00
Then, X converges weakly to X in L% (7, ).

To apply Lemma D.1 in the present context, consider the sequence (E,(lT) : T € N) of random elements in
L%([0,1]?), for h = 1,...,T — 1 defined through

(T T T
E}(L ) = \/T(’U);L ) — E[w( )]> Z <E( 7wll’>wll’
LI=1
where the second equality uses a representation with respect to an L(zc([O7 1]?) orthonormal basis ¥ = 1 @
1;. From this representation it is easily seen that the finite-dimensional distributions of the basis coefficients
T)

provide a complete characterization of the distributional properties of E}(l

functional E}(l ) in duality with (£ By )* € LZ([0,1]%)" through the pairing E;LT)(qb) = <E,(ZT), ¢) for all

. To formalize this, we put the

¢ € LZ([0,1]?)*. This leads to the following result, which is stated under the more general Assumption I,

which encompasses the stationary case.
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Theorem D.1 (Weak convergence). Ler (X;: t € Z) be a stochastic process taking values in Hg satisfying

Assumption 1 with £ = 2. Then,
(RED,SE i =1, k) S (Rug Jps i = 1, k), (D.2)

where Ry, I, hy B € {1,...,T — 1}, are jointly Gaussian elements in LZ ([0, 1]?) with means E[R, (/)] =
E[J} (¢yr)] = 0 and covariance structure
L. Cov(Rp(tr,1r)s R (Yr0,)) =
i['fh,h’(whl’l 525/2) + Yh,h’(wlll’l 12;/2) + Th,h’ (Tﬁllz'l Jng) + Th,h’ (wlll’l 121’2)]
2. Cov(In(np), R (Y1) =
%[Th,hf (Ui 1) + T (V1 11) — Th,h'(%blllfl niy) = Tow (U 11
3. Cov(Rn(Yr,1,), Ine (Vi) =
%[Th,h/ (V1,0 101,) — Th,h'(%ll’l biy) Yh,h’(wlﬂ’l taty) = o (Y, 1oty
4. Cov(In(¥y1), I (Y1) =
%[Th,h’(d)lll'l taty) = T (st atg) = Yo Vg vay) + T (st 1oty
for all h, b’ and Iy, 4, Iz, I}, and where Y, j, Ty pr, T and T, s are given in (S6.3)~(S6.5).

Proof. It remains to verifiy the conditions of Lemma D.1. For the first, the following theorem establishes
that the finite-dimensional distributions converge weakly to a Gaussian process both under the null and the

alternative.

Theorem D.2. Under the conditions of Theorem D.1, we have forall l;,1; e N, h; = 1,.... T—1,i=1,...,k
and k = 3,

cum (B (1), By () =o(1) (T = o).

The proof of D.2 can be found in Section S3 of the Online Supplement. Note that, for the second condition

of Lemma D.1, Parseval’s identity and the monotone convergence theorem yield

i; ™ ()] —

with Ej, denoting the limiting process. Observe that, from (C.3) and the Cauchy—Schwarz inequality, the

B[l En(u) ] =E[|El}] (T —®), D3
1

T8

terms Y, 5/, ’fh,h/, T h,h and Th, n are finite. Condition (ii) of Lemma D.1 is then satisfied, since

E[|ED 3] = J Var(ED (r,7))drdr’ = TE|wi" |3 — Tr(Var(Rs)) + Tr(Var(J,)) < oo,
[0,1]?
where Tonelli’s theorem was applied to obtain the first equality. This completes the proof. O
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D.2 Replacing eigenelements with estimates

D.2.1 Invariance under rotation

We now focus on replacing the projection basis with estimates of the eigenfunctions of the spectral density
operators. It can be shown (Mas & Menneteau, 2003) that for rates of the bandwidth b for which the estimated
spectral density operator is a consistent estimator of the true spectral density operator, the corresponding
estimated eigenprojectors [ = gﬁlw ® qglw are consistent for the eigenprojectors II}’. However, the estimated
eigenfunctions are not unique and only identified up to rotation on the unit circle. In order to show that
replacing the eigenfunctions with estimates does not affect the limiting distribution, the issue of rotation has
to be considered first. More specifically, when estimating, a version 2;@32‘” , where Z; € C with modulus
|2;] = 1, is obtained which cannot be guaranteed to be close to the true eigenfunction (;S‘fj . It is therefore

essential that the test statistic is invariant under rotations. To show this, write

\I’h(jvlvl/) = <Dc(uj;)7¢ ><ij+h7¢w]+h>

and let W (h) = vec(¥y(4,1,1',)) be the stacked vector of dimension H]T:_1h L(w;)L(wj+p). Note that then

B,(f;) = ¢ W(h). Construct the diagonal matrix

5J

ZL(WJ)

the block diagonal matrix Z}L:g; )= diag(ij.;(wv): j = 1,...,T) and the Kronecker product Z(h) =
J
Zi(z )h ®Z Z(T - This is a diagonal object of dimension (H]T:_Ih L(w;)L(wj+n))?, whose diagonal elements

are given by {zl‘zl,Jrh}. Rotating the eigenfunctions on the unit circle, yields versions
A(T
B = T Z(h) B (h).

For these versions, write \/TzMISﬁ)u = \/7(3‘%,8,“ W C‘BhM w C‘,Bhl W %ﬁ}gf) u)T, where the block

diagonal matrix is given by 2y = diag(RZ(h1),...,RZ(har), SZ(h1),...SZ(har))". The same rota-

tion, however, also implies that )y M,u becomes 2y )y M7UZX4 and hence

TG (2an) T ZarSaraZn 1 2arbly, = QU7

thereby showing that the value of the test statistic is not affected by rotation of the estimated eigenfunctions.
In the rest of the proof, focus is therefore only on estimates QASTJ " and gZA);‘fJ " and their respective unknown

. ~7 —=j+h .
rotations 3/ and 2}, are ignored.
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D.2.2 Limiting distristributions of BISTU) and /é,(LTS)

We now investigate the rate of convergence of the statistic when the eigenfunctions as a basis are replaced
with their empirical counterparts, and prove Theorems 4.2 and 4.5. For this, it is sufficient to derive the order

of the difference
VTE|B)") - B})]. (D.4)

In the following we shall focus on B}(LT) and postpone the derivation for B,(LT) to Section S5.2. In order to

bound (D.4), relate gf) '® (;Sw] th gZ) '® gf)w”h with S" ®S"w wﬂ@ﬂfwh ., from noting that

1 +h
~ i i w i+h h
(T, 8Ty, ) (6 @ B H") = Z N NS @ il (6177 @ by T @ 6
_ "JJ )\"*’J-%—h ((;5 ' ® ¢w1+h)
where we used Definition S1.1(i). Similarly, (T, ®F..,,,)(¢;” @ &7 ") = NN ()7 @ 6,7 ") A first-
order Taylor expansion of the eigenvalue-eigenvector equation yields (e.g., Hall & Hosseini—Nasab, 2006)

¢ @y — <<z> '® ¢, ") (D.5)

B Z ""J )\w9+h _ /\wj ij+h <( WJ1®?WJ+h - 9:“’3 W7+h) (¢ (;Swﬂ—h) ® ¢wj+h>¢ ® ¢wj+h +R,
m;él mim/
m/ £l

where the remainder R is of order ||R[|2 = Op(|| w]1® i on — Fuy ®F o, ., [13) and will be of smaller
order than the first term on the right-hand side of (D.5). In the proof we require thus that

NN = XX = NI = X+ (A = MDA >0, (D.6)

m

which implies no multiplicity of eigenvalues. It is also required that the spectral density operators are strictly
positive definite, a condition needed to ensure that their eigenfunctions form a complete orthonormal basis
of H. Note, however, that the assumption of no multiplicity is without loss of generality as one can group
multiple eigenelement pairs into blocks and apply the same techniques over these blocks (e.g., Mas & Men-
neteau, 2003). Given (D.6) holds true, linearity and continuity of the inner product imply that the error can be

rewritten as

e N X (D@D 8 @0, (8,706 ,7 s,

P(\/*Z 1Zl l/stﬁl <Dw ®ij+h7¢m ®p J+h>s<(3: ®St g:w]®9:w]+h)(¢7]®¢;J+h)7¢:‘i§®¢::f/+h>s)
m/#l’
=0p (3T, 3 1 D, @Dy (T, ®F v, ~ T, ®F s, ) (& T @8, T7M)) (D.7)
P\ YT &j=1 2l \Pwj O wi g\ —wj “j+h wj Yith/) 7l v s)’

using that (A, B)s = > (A, Ymm ) 5{WVmm, B)s for any orthonormal basis {{ym/ }m,msen of So. In other
words, the order of the difference is completely determined by the order of the difference when replacing the

Kronecker products of the estimated spectral density operators with their empirical counterparts. This finding
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can be utilized to determine the order of (D.4) by decomposing it as follows, and considering each of the terms

separately:
1 < -
h :ﬁ Z Z<DWJ ® ij+h (ij ® Dw,7+h)7 ¢ ® ¢w]+h - IE(qbll’JJ wj+h)>57 (D8)
=1Ll
1 < o
2 :ﬁ Z Z<DWJ ® Dwa+h (ij ® D‘*’y+h>>E(¢ ® ¢wj+h) qb‘luj w]+h>5’> (D9)
=1Ll
1 < o
Ty = 3 SB(De, ® Day) 477 @ 67" — B @657 ). (D.10)
j=11
1 I
Ti == 3 S E(De, © Dy ) B @57) = 6 @37 (.11

<
Il
—_
o~
~
S

The following lemma contains the order of these four terms.

Lemma D.2. Under Assumption 1(12,2),

1
E|Ji| = (b— +b?), (D.12)
O + 0 under Hy,
E| 3| —{ (le )t (1T) " (D.13)
O(;7) + OGr) under H 4,
0] + 2 under Hy,
E| Js| :{ (bl V7) 0 (D.14)
O(W b ’\/>) under HA,
O(—+ nder H.
Ej| = 4 O Gar)  under Ho (D.15)
0O(1) under H 4.
The proof is relegated to Section S5 of the Online Supplement.
E Limiting distribution under f 4
Theorem E.1. Under the conditions of Theorem 4.6, we have, for all h;,h; € Zwithi,j = 1,...,k,
T 2cum,, (B}, B1) = o(1) (T - ), (E.1)
where cumn,r(ﬁ}(LT), BIS,T))) denotes the joint cumulant
T
cum(8", ... BT ,gsh, ),...,Bg,)i)
n times T times

with0 < n,r < k such thatn +r = k.

Proof. We will show that \/T,B,(LT) and \/TB%T) are jointly normal. Using (D.7) and hence that the order of
B;LT) is determined by the order of

VD) 2@ (D ® Do), (Fi 8oy — B @, ) (67 © 657 s,
j 1
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we will show that, for k > 2,

Tk/chmm«( ,(LT), V,(LT))) = cum(?,(lT), . ,,B,ST), }7?)), e VIST))) = o(1),

n times T times

where 0 < n,7 < n such that n + r = k. First note that the operator E[D,, ® D,,,,] is compact and
therefore separable. Without loss of generality, in order to ease notation, write therefore DL(UI j)k = <D£2 1)
and St (fm) <5th (¥m), 1), where {1 }en forms a basis of H. Using then Theorem B.1

Tk/chm (,3 (1) V(T)))

k/2 L) L) 1) H(h) lns1mn (1M 1) (1 5 (lmy,)
=T / ) Z Cum(D(Jl)D_wnHL e DS‘)jn)D_wjn+hn gj‘g]n++11m +1)3'“ Jn++11+h:41—1 T ?Lfkmk)?wfk+lzk)
J1yeJk
k/2 27N\ 2r i d Wig = Way(g—ny—1 Wig+ha — Waaa—n)
=T ) (zTT) [T 2 & A b =)
J1y-sJk d=n+1qq=1

X Zcum(D(;;z): sePp)--- cum(ij;SS) s € Pg),

..
where the summation extends over all indecomposable partitions P = {P;, ..., Pg} of the array
L1 (12
(n, 1) (n,2)

(n+1,1) (n+1,2) (n+1,3) (n+1,4) (52
k1 (k2)  (k3)  (k4),

using similar notation as in the proof of Theorem D.1. In particular, the value s = #i’ corresponds to entry

(4,1") of (E.2). For a partition P = {P, ..., Pp}, the elements of a set P, will be denoted by s,1, ..., SuIP,|»

with | P, | being the number of elements in P,. In this case, we associate with entry s the frequency index

js = jir = (D" + h?*l) for i < n; for i > n we associate the frequency index j; = gy
(—1)i/*1q2(i_n)_1+“//3j such that \;, = 2’;?5 and the basis function index vy = v = l?_i/lgil_l for ¢ =
.,kand i = {1,2}, while for ' = {3,4} we set vy = vy = m?‘i’m;i,_g.

For the array to be indecomposable, the rows must hook (Brillinger, 1981, pp. 20/21). Since interest is
only in a bound for the partition of highest order, only partitions have to be considered for which each set
satisfies | P,| = 2, since all other partitions will be of lower order. Without loss of generality, consider that
row ¢ hooks with ¢ + 1 for¢ = 2, ...k — 1 and let the first and the last row hook. In particular, a partition of
highest order would be one for which P; = {(i,2) u (i + 1,1)} fori = 2,...kand P, = {(1,1) u (k,2)}
and where the 27 variables in the third and fourth columns of the last r rows are decomposable, meaning that
Poii = {(n+14,3)u(n+i4)}fori =1,...7, s that these latter r sets form proper submanifolds of the

frequency manifold. Using Lemma B.1 such a partition can be written as

7k/2 Z ( ) 1—[ Z K( Wijg qu(d n)— I)K(wjd""hd_bWQQ(dfn))

J1yeesJk d=n+1qq=1
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k n+r
(Vs 1 (Vs 1
X 11 [(?(Zs)js%kjs: s € P,,) + O<T>] H [(?S;Azsz S € P,,) + O(T)]'

v=n+1

In exactly k sets of the partition there are exactly £ — 1 equations of the form y, = > _ js. In the above

partition, the first k sets yield the following set of equations

By Corollary B.1 these equations correspond to £ — 1 summations out of the total k£ + 2r summations that are
bounded. It can be verified that the above set of equations and an iterative change of variables shows that the
other 27 + 1 free variables are interrelated via the 2r kernel functions. These means that 27 sums can at most

be of order b7", while one of them can be of order 7I". Consequently,
T 2cum,,, (8, Vi) = O 241 (01) T) = O(T 2+,

which converges to zero for k > 2 as T' — o0, for any choice of n and r such that n + r = k. 0
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Abstract

This supplement contains additional technical material necessary to complete the proofs of theorems
of the main paper Aue & van Delft (2019). Section S1 provides notation and results used both in the
Appendix and Supplement. Section S2 contains the proofs of several auxiliary lemmas stated in Appendix
B of the main paper. Section S3 deals with convergence of the finite-dimensional distributions. Section
S5 contains auxiliary results to finish the proofs on the limiting distributions of B,(LTJ and ﬁA,(ng . Section
S6 establishes the asymptotic covariance structure of the test under local stationarity. Section S7 derives

properties of the tri-spectral density operator estimator, while Section S8 contains an example highlighting

differences between functional and multivariate mehtods.
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S1 Additional notation and auxiliary results: random S,-valued operators

Definition S1.1 (Bounded maps of operators). For A, B,C € Sy(H), define the Kronecker product, transpose

Kronecker product and Hilbert tensor product, respectively, by
i. (A®B)C = ACBT;
ii. (A®TB)C = (ABB)C';
iii. (A® B)C ={C,B)A.
The following lemma introduces a convenient representation of certain moments of Hilbert—Schmidt inner

products.
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Lemma S1.1. For a probability space (Q, A, P), let X;,Y;, i € N, be measurable mappings from (2, A)
into (S2(®F_,H,),#B), where B denotes the Borel o-algebra in S>(®%_ Hy), i.e, E||[Yi|l2 < o« and
E|| X2 < o0. Moreover, let A; € (S2(®%_, Hy,). Then, for any iy,is € N,

(i) E(<1/11 > Ai2>5) = <EY11 ) Ai2>5’;
(ii) E(Yi,,Yi,)s) = Tr(E(Y; ®Ys,)).

If moreover, E||Y;||3 < o0 and E|| X;||3 < oo, then

(iii> COV(<}/;1 ) Ai1 >Sa <Y;23 Ai2>S) = <COV(1/Z'1 ) 1/1'2)’ Ail ® A12>S;
(IV) COV(<Xi1 ) }/i1>5’ <X12 ) }/i2>5) = Tr(COV(Xil ® }/i1 ) Xiz ® }/12)) .

Proof. (i) Follows directly from Fubini’s theorem and the Cauchy—Schwarz inequality. For (ii), note that a
basis expansion for each of the two operators A, B € S (®ﬁ:1Hn) yields
(A, B)g, = Tr(AB")
= (A, Y1)y, By

Lk

= YA B, (h @vr) ® (i @ vn))s

Lk

=Y {(A® B) (1 ® ), 1 ® )

Lk
=Tr(A® B).

The interchange of race and expectation follows again from Fubini’s theorem and the Cauchy—Schwarz in-
equality. For (iii), Fubini’s theorem implies that, for sequences (X;: j € N) and (Y;: j € N) of random
operators satisfying E|| X;[|3 < oo and E||Y; |3 < oo,

Var(Z<Xj’ Yj)s) = Z Cov({Xjy, Y] )s,{ X}, Yjz)s)

N jlaj?

= Z Tr(E[le ®le ®ng ®Xj2] - E[le ®le]®E[YJ2 ®Xj2]>
Ji,J2

= Z ’I‘I‘(COV(X]l ®}/jl7Xj2 ®Y72)>
J1,J2

Additionally note that, for a sequence of deterministic operators (A;: j € N) with [|4;||3 < oo,

Var<Z<Aj’YJ'>S> = Z COV(<Aj1’}/}1>S,<Aj271/jz>S)

J J1.J2
= 2 E(<Aj1 ®Aj,, Y ® Y}2>S - <Aj1 ® Ajy, EYj, ®EYJ'2>S
J1,J2
= Z <Aj1 ® Ajy, COV(YJi ) Yj2)>57
jl:jZ
and similarly Var(Zj<Yj, Aj)s) = 2j17j2<Cov(le Y, ), Aj ® Ajy)s. O
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Proof of Lemma C.1. Integration by parts with respect to v yields

2 v - b
20Y, (T)? = [Ya(r)2 + V2 ()2 + iYa(T)Ya(T)da - J iYa(T)Ya(T)da

for any a < v < b. This implies in particular

9 sup f 1Y, () 2dr < f Y, (r )|2dT+f V() 2dr
a<v<b J[0,1]* 1]k [0,1]%

L, ()Va (7 dadr + o) 2
fOlk o Oa J[o,l]kL

Y. .
P (1)|dadT

Taking expectations on both sides yields

9 sup J Y, () Pdr < Ef Y (r )2d7-+Ej V() 2dr
a<v<b J[0,1] 0,11 [0,1]

b 0
~|—Ej f |— Yo (7)|dodT +EJ j Yo (7)=—Yo(7)|dadT.
0,1]% [0,1]F Ja da
Tonelli’s theorem allows to interchange the integrals in the last two terms from which we find
2E sup [Y,[3
a<v<b
9 9 b 0 (3’
<E|Y,3 + E|Y 3 +f Ef Ly, (r)Ya |d7'doz+f J 2 Yo@)ldrda
o Joapr da 0,1]% 5

b 0 — -
< BV + B+ [ /B Vel BT + [ y/ElYalidoy/ Bl L Folgn
a « a «
where the Cauchy—Schwarz inequality was applied twice to obtain the last inequality.

S2 Properties of functional cumulants under local stationarity

Lemma S2.1. Let Assumption I(k,1) be satisfied and let C,;¢, ...+, , be asin (4.4) . Then,

k—1
k t; — tk
- (T i ‘T’) stttz

Proof. By linearity of the cumulant operation, consecutively taking differences leads, by equation (4.2) of the
main paper and Minkowski’s inequality, to

T T
chm(Xt(l ), oo Xt(k )17X( )) - etl/T§tl_tka---7tk—1_tk

k
chm(Xt(lT), .. ,Xt(;[)) cum(X(tl/T) ,Xt(;k/T)) H2 < KTH:‘%;tﬁtk,...,t,ﬁ,l—tkH2a
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using part (i) of Assumption 1. By (4.2),

(t,/T) /Ty _ (tj = 1) (6T 0/ T)
X0 - x [T - ey (S2.1)
Similarly,
(/) (t1/7) N It — )
Jeumn (XY X)) s, < D sttt
j=1
which follows from part (iii) of Assumption I. Minkowski’s inequality then implies the lemma. O

Lemma S2.2. Consider a sequence of functional processes (Xt(T): t < T,T € N) as in Definition 3.1
which satisfies Assumption 1(2,2). Then, (Xt(T) : t < T,T € N) uniquely characterizes the time-varying local

spectral density operator

1 .
Fuw = 5 > Cupe (S2.2)
heZ
which belongs to So(H ). Denoting by (u,w) — %S’U,w the derivative map of the operator-valued function

Fuw of order ¢ in u-direction and of order j in w-direction, we have

@) supy, || Z5Fuw]|, < oo fori = 1,2,

2 Fyul, <oofori=1,2,

(ii) sup,, |
(i) supy g | 555 Fu |, < -

Proof. Using Lemma S2.1, it can be shown that (X : ¢t < T,T € N) uniquely determines the time-varying

spectral density operator, that is,

U
| I = SuslBdw = o) (7o) 523
—T
Existence of the derivatives follows from the dominated convergence theorem, justified by Assumption I (iv)
and (4.1), and the product rule for differentiation in Banach spaces (Nelson, 1969). O
Proof of Lemma B.1. The first line of (B.2) follows on replacing the cumulants cum(Xt(lT), ceey Xt(l?l , Xt(;f ))

with €, 1y iy .., and Lemma S2.1. The second line follows because the discretization of the integral

lp—1—tg

is an operation of order O(T~2).

Using part (iv) of Assumption I, it is seen that the kernel of u — %?u;wl ey satisfies

The dominated convergence theorem therefore yields

0

au fu,W1,...,Wk71 2

0

Sllle %fu;wl,...,wk,l

- 1
2 = (27T)k_1

D Ikttt s il < 0.
Lyt

< . (S2.4)

sup
UyWT 5 Who—1
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Finally, integration by parts for a periodic function in L?([0, 1]*) with existing n-th directional derivative in

u, yields

| Foswsyonsosy_, 12

anfl

f {awmfu;wjl,...,wjkl (T) —is27ru]1 J~1 6—1527ru o f ( )d 2d
B € T oL WS yeer u| dT

[0,1]% (-iQ?TS)n_l 0 0 (—1271'8) oun G100 Wi

1 i2ws(u—v 82 62
= J[O 1]k+2 We ( )au2 fu§wj1,...,w]‘k_1 (T)ﬁfv;wjlv-"ywjk_l (T)de’U,d’U
1 02

< WJ[O 12 aUQfUW717 Wik H vawjl Win 4 2dudv

><oo,
2

where the Cauchy—Schwarz inequality was applied in the second-to-last equality. The interchange of integrals

1 2
< W blqip @fu?wh"“""jk_l

is justified by Fubini’s theorem. Thus,

~ 1 mn
su o . < su — fuws . s|=" S2.5
wl,-.ﬁiq Hf&wjl,m’wjk_l H2 (27[-)271 U,w1:~~I~)7wn ou” fuwjlw,w%_l ’ ’ ( :
and the proof is complete. O

Proof of Corollary B.1. Part (i) follows directly from equation (S2.5), the isometry with the Hilbert—Schmidt

class, and part (iv) of Assumption I. To elaborate on part (ii) of the corollary, observe that

1 Fowllz < Sup 1Fuwllz <
h

The p-harmonic series for p = 2 then yields

1 2
sup N [EZ 5 <1 + e 3) < o, (S2.6)
SEL
where the constant (277)~* is implied by (S2.5). O

S3 Proof of Theorem D.2: Convergence of finite-dimensional distributions

We shall now prove Theorem D.2, which is repeated here for convenience.

Theorem S3.1. Under the conditions of Theorem D.1, we have for all l;, lg eN h =1,...,T — 1,7 =
L kandk =3,

Cum( ) (), - E,S?(wlkl;c)) _ol) (T — ).
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Proof. We first provide the outset and then derive the result under local stationarity as this encompasses the

stationary case.

Preliminaries. As explained in Section D of the Appendix, it will be shown that the finite-dimensional distri-
butions of E(T) converge to a Gaussian distribution by proving that the higher-order cumulants of the terms

ED () = (BT 4pyy> vanish asymptotically. To formulate this, consider an array of the form

(1,1) (1,2)
: : (S3.1)

(k1) (K, 2)
and let the value s = 4i’ correspond to entry (z,4). For a partition P = { P, ..., Pg}, the elements of a set P,
will be denoted by 541, . . ., Sqm, Where | Py| = m, is the corresponding number of elements in P,;. Associate

with entry s the frequency index js = j;;v = (—l)ilfl(jz‘ + hg_l), Fourier frequency \;, = 275?3 and the basis

=27 Vori=1,... kand = 1,2.

function index vy = v;y

Proof. To ease notation, write ij <Dw] , ¢y and ( i;i}) N, 5 € Py) = {foyr:,

m
®i/ i 1 wvsqi/ >

where, by Corollary B.1, the latter quantities are well-defined both under H 4 and Hj since the convergence

Jq1me quq,17

in norm implies convergence of the coefficients. Furthermore, since X; € L*(Q), we have E| D, ||3 < o and
therefore the fDFT’s are in L2 ([0, 1]). Therefore, we can consider an application of the product theorem for

cumulants yields on the coefficients,

T
Cum( Z ngll) (_w)“_'_hl Z ngkk) (_(w])k+hk)

Ji1=1 Jr=1
| Z Zcum(DE\:z): sepPp)--- cum(Dg\Zz) :se Pp),
J1se-5Jk T.D-
where the summation extends over all indecomposable partitions P = {P,..., Py} of (S3.1). Because X

has zero-mean, the number of elements within each set must satisfy m, > 2 and thus () < k. By Lemma B.1

we obtain we obtain

1 : . (vs)
THZ 2 Zchm(D)\k‘s ©SE Pq)

Jisyenjk=11.p. ¢=1

27{ mq/2

1 w) 1
) ST e, eem 0(5is )]

Jxk=li.p.q=1

Note that, by Corollary B.1 and the Cauchy—Schwarz inequality,

S ~(
; Zsjm Ajs

forallg =1,...,Q.IfQ < korif @ = k and there are h;, and h;, such that h;, # h;, foriy,is € {1,...,k}

SUPZ H?J wl2 H [thvg:ll2 < oo, s € Py,

JEZ

within the same set, then there is dependence on ) of the k sums ji, . .., j,. On the other hand, if the size of
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the partition is equal to k and h;, = h;, forall i1,i5 = 1, ..., k, then there are () — 1 constraints on ji, . . ., jn.

Thus it follows that the order is
O(T—k/2Tk—Q+1T—2k/2+Q) — O(T_k/2+1).

The cumulants of order £ > 3 will therefore tend to 0 as 7" — 0. O

S4 Dealing with condition C,

Condition C, regulates how to handle the number of fPCs included in the unstandardized test statistics. It
specifically allows the number of fPCs to be increased logarithmically with sample size. This small section
provides a heuristic argument for why this does not change the asymptotics. Note that one can focus without
loss of generality on the fixed L = min; L; in place of the frequency-dependent truncations L;, as the

difference is asymptotically negligible so that
1 I 1 L L e
ws i ws ws
T 2. DI ®DL), ~ T 2020 2D b X Dy 8700, @y
j=1 j=11=11=1
Subsequently sending L to oo in logarithmic fashion does not alter the limit distribution.

S5 Auxiliary proofs for Theorem 4.2 and Theorem 4.5

S5.1 Proof of Lemma D.2
In the proof of Lemma D.2, we shall make use Lemma of S1.1 and of the following result.

Lemma S5.1. If Assumption 1(4, 2) is satisfied, then

N N 1
SUp [|EF 1 8y — Foy 8F oyl = o(bT N bz).
w1,wW?2

Proof. The proof mimics the first part of the proof of Theorem 4.1 and is therefore omitted. O
Proof of Lemma D.2. We provide the proof for each of the four terms separately below. To ease notation,
we shall derive the result for fixed [,{’. Note that this is without loss of generality under conditions C,, and
Cs. Under Cj, the number of directions L; and L;, are finite, whilst under C,,, the number of directions are

allowed to go to infinity in a controlled manner, in which case the directions become independent of frequency

and can be taken out of the sum over frequency; see Section S4.

Proof of (D.12). Using (D.7) we obtain for (D.8)

T
1 wa W o s
J1 = ﬁ Z<ij ®ij+h - E(ij ®ij+h,)7¢lj ®¢11J+h - E(d)l] ®¢1/J+h)>3 = Op(Jl)v
Jj=1
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where

Jl \F Z <DWJ ® DW7+h (ij ® ij+h)v (?—wj &){}»‘_th _E(é—wj&)ét—wﬁh))(gél_wj ® ¢17wj+h)>5'

Note that E|.J;| < \/E[J1]2 = y/Var(J1) + (E[J1])? and therefore consider bounds on EJ; and Var(.J;).
Using Lemma S1.1(1) it is immediate that EJ; = 0. Secondly, using S1.1(iii)

y 1 &
Var(Jl) = T Z <COV(ij1 ®ij1+h B E(ijl ®D°"j1+h) Wijo ®D“’J +h ( Wio ® “’12+h))’

Ji,j2=1

~ ~ A~

(Eg"’h@?‘%ﬁh ‘rfwu@?w]ﬁh)(qbwh ® ¢w]1+h) ( %2@:}1@2% - ?w12®?wj2+h)( 2 ® ¢w]2+h)>s

As shown in Section C of the main paper,

— Z ICov(Du,, ® D, 41s Dssy ® Duy )l = O(1).

.717.72

Therefore, the Cauchy—Schwarz inequality, separability of the tensor in norm, and Lemma S5.1(i) imply

|HC " " ’ ’ h)||| H‘( ? J1®§ j1+h - 35"‘] "] +h)( ’ : ] h) ‘3
.] ‘72
2) ~9 2 Yjo+h
H‘ J2 jo+h 95(*)72()9 wj h)( J ®¢ J ) ‘

T
C
< T ‘HCOV Dw] ®Dw]1+haDw12 ®D Wig+h
Ji,j2=1

- 0(1)0(1); + b2>2.

Consequently, both under Hy and H, E|J1| = O + b?). O

‘ Sup H‘E?w®97w+h - w®?w+hm

Proof of (D.13). Use the above to write (D.9) as
1 S [Wj+h ij w3+h
= DDy ® Das, (D, ® D). E G @67 ) =07 @ 6735 = Op(o)
j=1
where

Jo = (Du; ® Duy;.., —E(Duy ® D,y (B(F - @F o, 1) = F o, ®F — ) (0 7 @ 0 7))

)
To consider first the order of Ejg, use Lemma S1.1(ii) which requires to consider the order in S of the operator

E(ij ® DW.7'+h - E(ij ® ij+h) ® (Eﬁ—wj@ﬁ—wj+h - gj—wj&)ét—wﬁh))
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= COV(ij ®Dw.+h, (é'le@)élwﬂh))

~

ko
bT (bT)? Z ( > < b >COV (Dw] ® Dw3+h’ Dw’ﬁ*]’ ® th*j@Dka*j*h ® Dwszj*h>.

Using then Theorem B.1, we are looking for all indecomposable partitions of the array

Dw]’ D*‘*’j+h
R/_/ ;_\/__/
1 2
D""’Cl*j D*“"szj*h ij*kl Dwkz*jfh :
3 4 5 6

Careful consideration shows that many terms are of lower order. Those that remain are second-order cumulant
tensors with a partition that hooks the rows but keeps as many elements with conjugate pairs in the same set.
We focus on the partitions of highest order. These are of the same order as the partition S(;3)(25)(46)- Lemma

B.2 implies under Hy that we obtain

(Wky) A (Wry+n)
kq ko A 1 A !
K B T
5(13)(25)(46) ((bT)2 2 ( b ) ( b ) T2

k1,k2

X (gjwj + RT,Q) ® (fffwj+h + RT,Z) ® (?Wj+h—k2 + RT,2))
which is of order O(b~!7"~2) in Hilbert-Schmidt norm since h # 0. Under H 4, this partition is given by

1 k1 ko ~
S(13)(25)(46) <(bT)g ZK<b>K< 2 )(fﬂcl w; + B12) @ (Foby—himw;yy, + Br2) ® (Guyyyy, + RT,2))
k1,k2

and using Corollary B.1 and a similar derivation as in the proof of Theorem 4.1 this is of order O((bT)~1)
in Hibert—-Schmidt norm under H4. By Lemma S1.1(ii), an application of the Cauchy—Schwarz inequality

therefore implies that |E.J5| is bounded by

‘ <bT2Z < > <k62>

€ C0v(Day © Deyr Dy, © Do, 8Dty 114 ® Doy )0 05,7 )|

- <b\FT sup [|Fufl2l|Fe (7)1 Fe (¢l/)2> = (bTi/T)'

Using Corollary B.1, a similar reasoning shows that EJy = O(b_lT_l/ 2), under H 4. We now investigate the

variance of Jo. Using Lemma S1.1, this equals

Tr<Var<\/17 i Dy ® Dy

ji=1

o E(ij ® D""jJrh) ® (E(ﬁj—wh ®§—Wj+h) o éj_wj®§'_wj+h)(¢l_wj ® ¢;w]+h)])> '
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Observe that the correction for the means implies a covariance structure of the form

Cov(X —EX)@(W —EW), (Y —EY)® (Z —EZ))
=cum(X @ W —E[X|W — X QE[W]),Y ® Z -E[Y]|® Z -Y ®E[Z])
=cum(X @ W, Y ® Z) — Sg124cum(Y) @ cum(X @ W, Z) — cum(X ® W, Y) ® cum(2)
—cum(X) @ cum(W, Y ® Z) — Sozacum(W) ® cum(X,Y ® Z)
+ Si2azcum(X) ® cum(W, Z) @ cum(Y) + cum(X) ® cum(W,Y) ® cum(2)
+ Sorazcum(W) @ cum(X, Z) @ cum(Y') + Sgizscum(W) @ cum(X,Y) ® cum(Z2).
The last four terms will be cancelled by subsets belonging to the second to fifth terms while other subsets

of these terms themselves will cancel several partitions of the first term. In particular, we are interested in

decomposable partitions of the array

D""h D*""j1+h D*wh*’ﬁ Di""h“b*kz D‘”J’l*h thHL*kQ
—— —_— — — —
1 2 3 4 5 6
X w
D_"JJQ ij2+h D“’Jé—ks D“’j2+h—k4 D_“’J'2—k3 D_“’J'2+h—k4’
—— N
7 8 9 10 11 12
. ~- . S/
Y Z

but where we only have to consider the partitions that are not cancelling out, i.e., we can disregard those
partitions where at least one of the sets X, W,Y or Z form a proper set within the partition. In other words,
elements in the sets X, W, Y and Z must hook with an element from one of the other sets. Taking into account
the above constraints, we look for the structure with highest order, i.e., that allows as a partition of which as
many sets form a proper submanifold. These partitions are of the form S(;3)(28)(46)(5,11)(7,9)(10,12)- Under
Hjy, Lemma B.2 yields the constraints k&; = 0,52 —j1 =0 mod T,j1 — k1 —jo+ k3 =0 mod T, k3 =0
mod T due to A(Tw ’“), which implies we are left with only jo, ko, k3 as free variables. Via a similar derivation
as for the expectation one obtains Var(.Jy) = O(%Tﬁ) = O(ﬁ) under Hy. Similarly, using Lemma
B.1 and Corollary B.1(ii) we also obtain under H4 that Var(J2) = O(
E|Jy| = (ng/Q) + O(55) under Hy and E|Js| = O(

(b71~)2 ). All together we obtain that
bf) + O(35) under Hy. O

Proof of (D.14). Write (D.10) as

T
J3 = T; (Du; ® Dus, ), 61" ® 637" — E(¢” ® &7 )>s = Oy(J3),

where

v

1 < 3 3 G —Wj —Wj
I = \/TE <E(ij ® Diojn); (9—%@?—%% - E(?—wj®§—wj+h))(¢l ® ¢y +h)>s’
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By the Cauchy—Schwarz inequality and Holder’s inequality we obtain

¥ 1 T SA wHw
E|J5] < \/7 Z IE Dw] ®ij+h)m2511p \H( w®?w+wh _E(§w®?w+wh)) (o7 ®¢ " "2
T
< L E(D,, ® D Foiwr — E(FLBF, @il [ Ten
< Z IE(D.; ® wﬁh)HbSHP (Fo®F s, — E(Fu®@F wiw,)) ool df [2ll05 7" |12
1 & s
< —0= Z IE(Dw; ® D)2 sup (Fo®F wotwn — E(Fu®F o)) ll2-

Recall that under Hy, we have sup; [|[E(D; ® Djp)|l2 = O(7) for h # 0 whilst under the alternative hy-
pothesis sup; ||E(D; ® Djp)|l2 = O(75). The bounds in (D.14) therefore immediately follow from Lemma
S5.13). O

Proof of (D.15). Write (D.11) as
1 « .
- E(D,,. ®Dw-+h ,E ® “JJ+h wj Wj+h _

where

v

Ji = f Z (E(Duy ® Dy (B0 8Fy) = Tty 8F0) (07 @0, 7))

Under Hy, (D.15) the result follows now from an application of the Cauchy—Schwarz inequality and Lemma
S5.1(ii). Under the alternative, we consider a bound on E.J; and Var(j4). It is immediate from Lemma S1.1(1)

that EJ; = 0. Theorem E.1 with n. = 0,7 = 2 then implies that Var(.J;) = O(1). O

The four previous steps complete the proof. O

S5.2 Bound on /T EHB;STS) - Bf(L,Ts)’

Proof of Theorem 4.2 and Theorem 4.5 for ,é}(f;) Note that in this case we are interested in the difference
T T 1 _ &
R Wi 1/2 AW AW T s
\/TEHB;(MS) *B}(l,s) | = ﬁE Z<D9Jﬂ> DL(UTLN ()\;JJ )\l,J‘*" ) 1/2¢‘l"’1 ®¢ll1+h - ()\;"J )\l/J+h) 1/2¢;‘)J ®¢11J+h>s~
j=1
Observe that

(5\7;’ 5\;};‘+h) 1/2¢wg ® ¢wj+h (A;Jj )\;fj+h)—1/2¢wj ® ¢‘Z/’j+h
= WINPT TRGY @G — o @ o+ [ AT = PN T e @6y

Using a Taylor expansion of (A7 \;7*")~1/2 around (X;7\;7*")~1/2, yields

1

(5\‘;}]’5\(;]'%)—1/2 :(/\‘ldj)\;’j+h)—1/2 N 5()\;&')\?%)73/2((5\73'5\71+h) . ()\71)\?1'%))
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F SO TGP — 0P

Additionally, it follows from solving the perturbed eigenelement approximation (see e.g., Kato, 1966),
(5\71 S\;jj+h) - ()\(ld] )\(l‘/)j+h) = <(§:wj®§jwj+h - gwj®gjwj+h)¢l ® ¢wj+h7 gb(ld] ® ¢;jj+h>s + RUJj,h?

where R, j, is a remainder term that satisfies O, (Ry,; 1) = Op( |||§r”wj®§"wj o ?wj@)fr”w ). We therefore

nll3

decompose
T
1 wj Y Wi — Wi i Wi\ Wj — W W
ﬁ Z<Dw @DwTihy ()‘lj/\l’ﬁh) 1/2¢l j ®¢l/y+h . (/\l J)\Z/JJrh) 1/2¢lj ®¢1/Hh>s

7j=1

< ‘ sl| + |Js2| + |Js3| + |JR|
where

Jo1 = f Z<D(T @D (NN TR (67 @y — ¢ @7 ))s,

7=1

T D(T)®Dw) nw oy w
ia = 5 L (00 @077 = 07 @07));

x <(3A:wj®§:wj+h - ?wj®?wj+h) ® ¢wj+h wJ ""Jwth>s7

T ) (T)
1 Dy;” ® Dg
Jog = S (T D e ® G+
o~ ovr LGy O @)

X <(§wj®§wj+h - ?‘”ﬂ'@?‘“ﬂh)(b ®¢)w3+h7¢‘lﬂj ®¢;‘/’j+h>s7

T
Z AW )\wﬁ—h 3/2RWj7h,l,l’<D£u€) ®D£)7;J)rh7 (QE(ZJJ ® qg‘l’-/’j-kh B ¢ ¢W]+h)>

for some constant C' > 0. Note that, using (D.7), we have |Js 1| = O,(J1 + J2 + J3 + Jy), from which the
respective order follows from Lemma D.2. The same holds for J, 3. A similar decomposition as in Lemma
D.2 will show that J; 2 and J, g are of strictly lower order. The proof follows along the lines of the proof of

Lemma D.2 and is therefore omitted. O

S6 Covariance structure under alternative hypothesis of local stationarity

S6.1 Completion of covariance structure of Theorem 4.6

. . . . A(T
Completion of covariance structure of Theorem 4.6. We now derive the covariance structure of ,8}(192 under

H 4 and focus on ,C:}}(LJB We have
COV(\/TB}(Z?U, \/T,B,(Lf?u) =
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15 S (en{oent, pent, ) (6 e ) i o)

Ji,g2 lie[L(w;y )], l2€[L(“"J1 +h1
lJE[L(‘*’Jg )]7146[14(“]2 +ho )]

where now (A, ¢’ : [ > 1) are the eigenelements of the time-integrated spectral density operator G,,. Lemma

B.1 implies the h-lag covariance operator of the fDFT’s has covariance structure as in (C.2). Hence, we find

that
Cov(VTB, NTBL ) = (S6.1)
- 2m Wio Wio+ho Wit Wi +hy 1
T Z Z T <3’h2 hl Wi _W]1+h1 —Wijy (qb ® ¢ ) ¢ ® (;Sl > + O( )
Ji,2 li€[L(wjy )] l2€[L(wjq +rq)]s

ISG[L(WJ'Q)]7Z4G[L(Wj2+h2)]
wj w ~ —Wis1h —Wi1h 1
(i, 662+ O(2) ) (oo 01,8, + O()

Wig+hy Wjq 1 P “With 1
(it 0,767 4 0(3) ) (T, 6201 >+0(T)}.

and

T

1 Wi Wy Wiy \ Wy
Cov(VT By, VTBl,) = 7 3 3 (NI NI N =12 (S6.2)

J1.g2 li€[L(wjy )] l2€[L(wjq +hq)]s
13€[L(wjy)]la€[L(wjn+ny)]

2 w; w w;
y { 7T<3:,h2 hy w031 =y, =, (¢ j2 ®¢ 12+h2) ¢ 71 ®¢l J1+h1> + O( ))
Wj w] Wy Wi 1
<<3rj1 —j2wj, ((25 2 1> + O( )) (<EF]1 hi+ja2+ho:—wj +hy (¢l4 2+h2) ¢ 1+h1> + O(T)>

(<3~]1+]2+h2 Wiq (¢_wj2+h2 wjl> + O( )> <<?_Jl h1—j2i—wj, 4 hq (¢w]2) _wjl+h1> + O( ) }
Note then once more that
() _1gm , 5@ ) _ 1 (g0 5D
%’Bh,x :i('gh,x—’_'gh@) and %Bh,x :£<ﬁh,x_ﬁh,x>'
Under the alternative, these are in fact correlated and four separate cases will have to be considered:

(S6.1.1) Cov(%ﬁh1 . §Rﬁh2 x) = [ (Bhl x,ﬁhQ m) + Cov(ﬁh1 ;m/Bhg z)
+ Cov(,@h1 o Bh2 x) + Cov (ﬂhl . BhQ x)]

(56.12) Cov(RBL,SBL)) = [ ov(8, B0 ) — Cov(a,, 8
+ COV(IBhl m’ﬁhg :E) (’6h1 m’ﬁh% )]
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. -
(56.13) Cov(38" R = —T[Cov(ﬁg)i, B ) + Cov (B, B )

—cov(a(D,. 81, — cov(Bi,. A1)

1 I
(s6.14) Cov(38],,9B1L),) = 7| Cov(B]). B1L),) — Cov(8])),. B1L)
COV(’Bh1 I’th I) + COV(’Bh1 I’th, )]

These expressions can be easily obtained from (S6.1) and (S6.2) by taking the appropriate conjugates. The
four terms on the right-hand sides of the above four equations are derived for arbitrary basis functions in
Section S6.2. It then remains to replace the basis functions with the (standardized) eigenfunctions of the

integrated spectral density operators and the sum over the dimensions. O

S6.2 Covariance structure of Theorem D.1

Lemma B.1 implies the h-lag covariance operator of the fDFT’s has covariance structure as in (C.2). Observe
that the covariance structure of the real and imaginary parts are linear combinations of the four different com-
binations of the covariances with their conjugates similar to (S6.1.1)-(S6.1.4). Therefore, a tedious derivation

shows that we obtain for the covariance structure of the projections in Theorem D.1:

T
) 1 ~ ~
T ho (13 100) = Am = Z (<9j1—j2;wj1 (V1)s 1y ){TF s — by tso-thoi—wgy o, Wi)s Pur )
J1,J2=1
+ <*{Tj1 +j2+ha;w;j; (U)zg)a wl1><?—j1—h1—j27—wg’1 +hy (wlz)v ¢l’1>
2m
T i thaton o g Py V1) ), (56.3)
. 1 & - N
Ty ho 1y 101) = Jm Z (<5j1+j2;wj1 (1), 01 )T s~ b o —h—aoy, o, (W) o0 )
Ji,52=1
+ <3~j1—j2—h2;wj1 (1!)1'2)7 ¢l1><gj—j1—h1 +925=Wjy +hy (Y1), 77Dl’1>
27
+ 7<‘rf —h1—ho;wj, ,—Wj; +hyWis) (wbl ) whl' >> (56.4)
~ 1 & . .
Thl,hz (¢l1l/1 lglé) = ']12;[(1)0 T Z (<3~*J1 +j2;*w]'1 (¢l2)7 Ql)ll><3‘j1 +h1 —jz—hz;w]-1+h1 (7/11’2)7 wl/1>
Ji,52=1

+ (T g1 ooy, (C)s V1 )Ty thr oo, o, (V) W)
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2r -
T s oy ooy (U1, Y 1) (36.5)

and
1 & - -
Th17h2 (¢l1l/1 121'2) = Ylggo T Z (<?—j1 —J2;—wjy (¢12)» 77Z)l1><g:]'1 +hi+j2+heiwj; +ry (wlé)v wl/1>
J1,J2=1

+ (Tt gothai—ws, () 00 X T gy by ooy, oy (V)5 o0

2

+ ?<5F(h1 +ho;—wjq Wiy 4y —Wijsy) (ﬂ)lg l’2)7 1/)11 A >> . (866)

S7 Estimation of the integrated tri-spectral density operator
S7.1 Consistency under H,

Theorem S7.1. Suppose Assumption 1*(4,2) and Assumption I(8,2) hold. Then the estimator in (4.6) of the

tri-spectral density operator satisfies

A 1 2
H‘E\{,:ijl Wig Wig ?‘*"jl WjgHWig |||2 =0 <M + b4> )

a A 1
“‘COV(?wjl Wiig sWjg Hjo.)jl Wiig Wig ) ‘H% = O <b3T> .
4
Consequently,
27 2 I ~ 2 1
E”) (TQ) Z gjwjly—wjﬁh,—wb - JJ?W,—erwh,—w/dew/ =0 (b?’T + bi) (87.1)
Ji,j2=1 2 It

which is therefore mean square consistent for bandwidths satisfying b4 — 0 such that b37 — o0 as T — oo.

Proof of Theorem S7.1. Consider first the expectation of f;"w‘

51 Wiz Wiz

which is given by

A _ (277)3 Wiy — Wiy Wiy + 2?:1 Wk; (1)
95“’]'17‘*’]‘27"-’3'3 - (b4T)3 i ka K4< by yer by )Eq)(wk)lwkl,wkg »Wk37*2?:1 w,
1,k2,k3

(27r)3 T Wi — Wy wj, + Z:‘);l Wi,
= TP, ka K Tt - VE(®(wk) Dy, ® Dy ® Dy @Dy, ),
1,~R2,~R3

where we used in the second equality that the tri-periodogram tensor can be expressed in terms the cumulant

tensors of the upscaled fDFTs. Using then Theorem B.1, we have

T T T T
E[(wi)I s, e ] = & (@(wk)cum(pgjf, ~...D{M)
+ @ (wg)cum (Dgl), DSJQ) ® cum (DSJQ, chj)
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+ @(wk)Slgm(cum(D& ) D(T)) ® Cum(DgQ), DL(UZ)))
+ ®(wp) Stazs (cum (D), DD)))) ®cum(D§2,D£2)). (S7.2)

Note that, due to the inclusion of the function ®, only those terms are to be considered for which the frequen-
cies satisfy j4 = —j1 — j2 — j3 in such a way that j; # jo2 j1 # j3 and jo # j3 and j; # j4 T-periodically.
For those values not contained on a proper submanifold, the products of second-order cumulant tensors are at

most of order O(T~2) in an L? sense under the null hypothesis. Using Lemma B.2, it follows therefore that

o(F)-o(3)

and hence is asymptotically unbiased. Additionally, the smoothing kernel is defined as a product of one-

T 27
(271’) T Wi Wi Wig

H’E[@(wk)lm, o] -

Wj1WigH Wiz Wiy

dimensional smoothing kernels with compact support. Denote by V.?(K) the total variation on [a, b] of the

function K, then a standard argument gives these kernels satisfy

_ 1 zj ToofLo( -\ _pnl L
z)de b4T2K(b4)‘<TVa(b4K<b4>>_O<b4T>’

where we used that Vb( 5 K (17)) = O(bi) This together with a change of variables yields

3
w1 — al Z@ Q — Wy
H’ UJ1,UJ2,UJ3 ff b3 K4 ceey b ?a17a27a3da1da2da3
4 4 2

3
1
| (D, ] j J JK4<:U1,...,*b42xi)3"w_wb4dm1da:2dx3 =0<b4T>,
i 2

using the more compact notation w — by := (w1 — T1by,ws — Taby, w3 — w3b4) € R3. For o € R3, note

that Assumption I* with £ = 2 implies that the operator-valued derivative mappings o ~— D'F,, are well-
defined elements of S(H ® H). Hence, a Taylor expansion of the operator-valued function F, at the point

W = (wl, w9, (,U3) y161dS

Utilizing that the smoothing kernel is symmetric in each argument, we obtain for (4.6)

= o(b3).

Ty — (fﬂ,,o + [b4w]TDw3'"w’ + [baz] T D2 T, ] m])

w=wo w=wo

2

. 1
LT g 0] = Ty ol = 0<b Tt b4>

Consequently,

T / /
E J J ?w,—w-i-w;“—w/,w’-i-w;L dwdw” — J J g'w,—wﬂ—w;b,—w’,w/-&-w;LdeW

Consider next the covariance structure of 9’%1 WigWjg *

By definition,
Cov (9?“’.7‘1 Wig Wiz 35‘*”1 Wiy *‘*’l3> (87.3)
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2r)3 R : 3 .
— COV< ( ﬂ-) Z K4(w]1 b wkl w]4 +Zz=1 wkz)@(wk)I(T)

(bsT)* k1 ki ks s by Wiy Wiy Wiy s~ X Wy
3
Z K (Wll — Wsy “.7(*]14 +Zi:l w%)(I)( )I(T) )
81,582,583 b4 W1 Wagoeg™ ZI 1%
2 6 Wi — wi, + 3_ W
- ((b T)')ﬁ COV 2 Ky ( = = Y %)QD(LW")DWM ® Dwkz ® D‘”’% ® D_Z?:l Wk ?
4 k1,ka,k3

3
— Wy + 3w,
Z K4((UI1 ; Wsy o Wiy, szl Ws; )(b(ws)Dw51 ®Dw52 ® Dwsa ® DiZ?:l Wsi)

S81,82,83 4 b4

3
Wi, — wj, + Z —1 Wk Wy, — Ws wi, + Zizl Ws;
b°T4 Z K( LYk ) 3 K( LY » )

k1,k2,ks $1,82,83

x Cum (@(wk)D% ® Dy, ® Dy @ D g1, ®(wa) Dy, ® Dy @ D_yy, ® Dy w)

By Theorem B.1, the cumulant term implies we are looking for all indecomposable partitions of the array

Dwkl Dwk2 Dwk3 D—Zg’zl Wk,
—— N ——
1 2 3 4

(§7.4)

i=1Ws;

D_y,, —Du,, D—y,, Dys
—_—— —— ——

5 6 7 s

We shall ignore the ®(wy) and ®(w,) as this will not change the order of the variance. Indecomposability
implies the rows must hook so at least one tensor from the first row must be in the same component with an
element from the second row. Observe that for partitions of which one element consists of a at least 4 fDFT
tensors, Lemma B.2 implies at least two constraints on the summation will enter. Moreover, such an element
. -1 a7t 1 :

is at most of order O(7~") in norm. Hence, (S7.3) is at most of order O(béT4 ) = O(b?TT) in S(H® H).

We therefore only have to consider those partitions consisting of tensor products of two fDFT’s. Notice that
we at least will have to impose three restrictions in order to make such terms not disappear. For example,

S(15)(26)(37)(48)

implies the restrictions k1 —s3 =0 mod T, ks —so =0 mod T and k3 —s3 =0 mod T . Consequently,
the covariance becomes

3 3
Z K, <w]1 — Wk Wiy + Zi:l Wk, >K4 (wll + Wk Wy, — Zi:l Wk, ) ’

Fw
sup 5 o et T

k1,k2,k3

1
33
O<bGT4 x T ) :O(biT)’

showing the estimator is consistent as by — 0 in such a way that biT — 00. The last statement (S7.1)
now follows from a bias-variance decomposition as in the proof of Theorem 4.1(i) and from noting that the
Riemann-approximation does not change the order. O
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S7.2 Distributional properties under H 4

Theorem S7.2. Suppose Assumption 1(8,2) holds. Then,

. 1
‘H grwj17—wj1+h’—wj2 - J\JG(A},—M-FUJ}L,—wldew, - Z’h ) = O(M + b4>

Ji,g2=1
(ZZ) |||COV(§:WJ'17WJ'27WJ'3’§FWJ’1 Wi Wig |||2 = O<b3T>

where G, _ .+, —w denotes the time-integrated tri-spectral operator and where Z;, € S(H ® H) is a bias

term of order O(|||Z][2) = 1.

Proof of Theorem §7.2. Using Theorem B.1 and Lemma B.1 we find for the expectation of the tri-spectral

operator estimator

- (2m)? Wy, — Wk, Wiy — Wy Wjs — Ws wj, + 20 we,
E?wjl Wiig s Wig bZT2 Z K ba K by K T K b—:

k1,k2,k3
27
x ®(wy) T2 tflgjt/T;wh’wkz iy T Bar
+ <1 i F, o e Wk TRy 4 R > ® (1 i T elswr o) LR >
Tt—l t/Tiwky 2,7 Ts_l 5/ Tiwong o7
( Z&"t/kal —it(wk; +9ks) 4 Ry T) ( Z?s/Tw@ is (g, +Why ) +R2T>
t=1

I T
1 i 1 s
+ <T ;?t/T;wklet(wk2+wk3) + RQ,T) T <T Z;?S/T;%e s(why Twhs) 4 R2,T>
- =

For the first term we note that a similar argument as in the stationary case yields

@2 & . / !
E T2 Z Stwjl,—wjl+h7—wj2 - Gw,—w+wh7—wldew 9 =0 b4T * b4

J1,J2=1
We now turn to the three terms consisting of operators of second-order cumulant tensors of

T
(2m)? A
E T2 Z ‘ffwhv_wjﬁhv_“’h’

J1,J2=1
which can be written as
27)2 I —w —W; —w —Wi, — W w; + WE, + Wey + W
(77;) Z Z K k1 )K( J1+l;l k2 )K( J2b k3 )K( j2+h k1b ko k3 )
J1.j2=1 biT 2 by ko 4 4 4

X B(wi) | (Fay ko, + B2.1) @ (Fty ko, + Bo1)
+ (Fhy ko, T Ro )T ks —kssuon, +eon, + Bo1)
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+ (g:szfkg;wkl + RQ,T) ®T (grk2+k3;wk2 + RQ,T)] .

Let us focus on the first term. Using a change of variables and Corollary B.1 this becomes
T
(27)? Z (27)? Z K(wjl — Wk, )K(—wj1+h — W + Wi, )K(—wj2 — Wiy )K(wj2+h +w + wks)

& b3T2 b b b b
J1.g2=1 "4 ki,l,ks 4 4 4 4

X D (wpy Wy — Wy, Wy, Wy + Wkg)(gjl;wkl + Ro7) ® (gjfl;wk?) + Ro7)

< (277)2 i (277)2 Z K(wh — Wiy )K(_wjﬁ-h + Wk, )K(_ij — Wiy )K(sz-i-h + wk:s) SUPZ H‘gy H2
ST 4 g bs by by by o etz
Ji,j2=1 k1,k3 l

1 11 1 6374

O(=b"T? )+ O0(5 A

" (T2 b1 T) - (TQ bf;T3)

1
=0(1+b —

where the second error term is a consequence of the remainders Ry 7 and where the third term follows from
replacing the arguments in the second and fourth smoothing kernels. To prove (ii) note that we are also in this
case looking at the indecomposable partitions of the arrary in (S7.4). It is immediate that the terms of highest
order are those with second-order cumulants and those with one fourth-order tensor and two second-order
cumulant tensors. The latter is easily verified to impose two constraints on the summations by Corollary B.1

. . biT4 1
this will be of order O(3i777) = O(
4

ﬁ). The highest second-order partitions contain two sets with each
4

one element from distinct rows. The remaining two sets are decomposable and take their elements in the same

row. In particular, we find that Corollary B.1(ii) implies in this case at least three bounded summations from

which the result follows. O

S8 Functional versus multivariate methods

Functional results are non-trivial extensions of their counterpart multivariate statements, even though the
results are, as in this paper, often based on projections. This can be seen, for instance, through a simple

example. Define the first-order functional autoregression X; = ®X;_1 + ¢; with
®(x) = a((x, e1) + (x,e2))e1 + alx, e1)es, r € H,

where a € (0,1) and ey, €2 € H orthonormal. Assume E[(c;, e1)?] > 0 but E[(g;, e2)?] = 0. Then, the first

fPC score series satisfies
<Xj, 61> = a<Xj_1, €1> + a2<Xj_2, €1> + <€j, €1>.

It is seen that the projection of this FAR(1) process is an AR(2) process. So there is a complex interplay

at work between functional time series and their projections onto finite-dimensional subspaces, even at the
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population level. The relationship becomes more intricate if population quantities are replaced by their sample
counterparts. The extension to the functional level is therefore complicated, as the dynamics of a functional
time series may not be captured by its finite-dimensional projections and further refinements and extensions

of methods known for the latter case are needed.
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