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1. Introduction

Energy Harvesting (EH) from ambient vibrations was proposed almost two decades ago as an attractive alternative to
power supplies or as renewable sources of energy for rechargeable batteries. Since then the gaps in the linear theory of EH
have been filled with different methods of energy conversion, based on single-degree-of freedom, multi-degree-of freedom
and/or continuous (rods and beams) linear systems on the nano [1], micro [2] and macro scales [3-5]. The excitement re-
garding the potential of linear EH systems has significantly decreased since then, due to low energy densities of the linear
devices, narrow bandwidth and high natural frequency in nano- and micro-scale systems, which are difficult to match in
many practical applications. These and other adverse factors lead to insufficient output necessary to power or recharge a
battery. The deficiencies in the development of linear EH devices has slowed the proliferation of wireless sensors, particu-
larly critical in the Internet of Things paradigm.

The above limitations in the linear theory of EH have motivated wide-spread efforts on parametrically excited [6-8],
nonlinear [9-11] and non-smooth systems. The idea behind parametrically excited systems is the use of large system re-
sponses near instabilities, e.g. see [12-15], among others. Within the huge range of nonlinear EH systems [16-18], there
are some particular themes of note; natural single-potential nonlinearities (classical continuous nonlinear systems like the
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Van-der-Pol oscillator, Lingala et al. [19], Duffing oscillator, Ghouli et al. [20], Zhu [21], Sebald et al. [22], the pendulum,
etc.), natural or imposed geometrical nonlinearities (systems with double [23-25], triple [26-28] or multiple stable equi-
libriums [29,30]), systems with a nonlinear interaction such as flow-induced vibration systems (see [31-36] and references
therein), and systems with strongly nonlinear or discontinuous nonlinearities like dry friction, piecewise discontinuity or
vibroimpacts [37,38]. It has been shown that the nonlinear mechanisms for EH are far more beneficial than linear ones. This
observation follows from the typical structure of the response amplitude vs. forcing frequency or backbone curve, show-
ing a wider bandwidth with higher response amplitude away from a main resonance frequency. However, the design and
optimization of a nonlinear energy harvester is far more complex, with limited explicit analytical results, thus requiring ex-
tensive complementary experiments or numerics. The available approximation techniques can estimate the response within
only a narrow range of parameters imposed by the mathematical assumptions necessary for the applied averaging proce-
dure, typically based on a weakly nonlinear model with small forcing.

Vibro-impact systems have rich phenomenological behaviors, manifesting a variety of routes to nonlinear phenomena like
bifurcations, grazing and chaos [39-42]. These effects have been studied in deterministic [43-46] and stochastic vibro-impact
systems [47-49]. The models of vibro-impact systems include piecewise linear stiffness [50,51] as well as rigid barriers for
instantaneous impacts leading to a velocity jump for inelastic impacts. EH devices that utilize vibro-impact dynamics as
a main energy absorption mechanism were developed and studied in a number of publications [52-55]. Other interesting
applications of vibro-impact systems include propulsion mechanisms, where the internal impacts are designed to drive the
entire system forward or backward. Such systems can be used for autonomous robots and medical devices [56]. While often
the study of such systems is limited to computational results only, certain settings allow an analytical or semi-analytical
treatment when the motion is composed of a sequence of trajectories described (semi-)analytically. Such an approach trans-
lates the piece-wise continuous behavior into a sequence of maps, amenable to analytical treatment [57] that provides
explicit parametric expressions for a simple periodic motion. This methodology has certain benefits since it allows bifurca-
tion and stability analyses of various periodic regimes that may occur in the system. Of course, for more complex motions
a larger series of maps is necessary, making this particular derivation more tedious and cumbersome.

Recently, Yurchenko et al. [58] proposed a novel vibro-impact energy harvesting (VI-EH) device utilizing dielectric elas-
tomeric (DE) membranes. There it was shown that the performance of such VI-EH depends strongly on the relationship
between the excitation and device parameters, leading to various vibro-impact regimes with a low or high power output.
The device consists of a forced cylinder with a ball moving freely inside of it, impacting DE membranes covering both ends
of the cylinder. Each membrane is composed of the DE material sandwiched between two compliant electrodes, acting as a
variable capacitance capacitor. The impacts of the DE membrane by the ball influence its motion while deforming the mem-
brane, leading to energy harvesting via the properties of variable capacitance. The analytical results of [59] gave parametric
conditions for a simple periodic motion, consisting of two alternating bottom and top impacts per forcing period. Building
on the method of [57], these results considered the asymmetric case of the inclined VI-EH device, providing explicit ex-
pressions for impact velocity, phase shift of impact relative to the oscillatory forcing, and time between impacts, in terms
of parameters such as the length of the cylinder, excitation parameters, and incline angle. Furthermore, the linear stability
of this periodic motion demonstrates the range of parameters where it influences the corresponding VI-EH power output.
However, this study did not consider adjacent parameter regimes where more complex periodic motions, period doubling
bifurcations, and chaotic motion were observed numerically.

Here we consider a broader class of periodic motions of the VI-EH, referred to here as n:m/ pT, where nand m are the
number of impacts on the bottom and top membrane, respectively, per period T of the excitation, and p is the ratio of the
period of the motion of the VI-EH to T. Then, the motion studied in Serdukova et al. [59] is 1:1/1T motion. Throughout this
paper we mainly focus on motions where p = 1,as these types of solutions appear over significant parameter ranges when
the cylinder is inclined. For convenience of notation, throughout we do not include pT when p =1, and include pT only if
p>1.

The goal of this paper is to address a number of problems that have received limited attention for impacting systems of
this type. We develop a generalized semi-analytical approach for analysis of n:1 periodic behavior, applied explicitly to the
2:1 case. This approach is particularly valuable in cases when the transition to n:1 motion follows more complex solutions
appearing from period doubling or chaotic behavior. By using the maps to develop a series of expressions for a single
impact velocity within the periodic solution, it is straightforward to generalize to other types of periodic solutions.This
result moves beyond previous results in Luo and Guo [57]and [59], as the generalized approach avoids the cumbersome
calculations used to get explicit expressions in those studies. These analytical results provide the basis for our stability
analyses of 2:1 solutions and for the comparison of the energy output for 1:1 and 2:1 motions. The comparisons with
computations reveal additional unexplored phenomena, not previously documented in the dynamics of such a system: bi-
stability of 2:1 motion and 3:1 motion, with two different types of transitions between these behaviors. While we postpone
a full analytical treatment of this bi-stability to future work, the results of this paper illustrate the importance of different
types of bifurcations on the energy efficiency of the VI-EH. Thus our analysis here provides a necessary foundation for
parametric comparisons between these different types of bifurcations, and for their impact on the energy output.

The paper is organized as follows. A mechanical model and equations of motion of the VI-EH are described in Section 2,
together with a review of results from [59] for 1:1 behavior, presented within the larger context of new results from this
paper. In Section 3 we outline a semi-analytical method for obtaining parametric conditions for general n:1 periodic solu-
tions, illustrating this method for 2:1 periodic motion. Specifically the results are derived through three nonlinear maps,
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corresponding to the three impacts per period, combined with the impact conditions. A linear stability analysis for this mo-
tion is given in Section 4, and contrasted with additional routes to grazing behavior. The voltage output of the 2:1 periodic
motion is shown in Section 5 and compared with that for the 1:1 periodic motion, together with comparisons of different
metrics for the average energy available for harvesting. Finally, conclusions are drawn together with recommendations for
the device design.

2. Dynamical model of the vibro-impacting energy harvester

The focus of this paper is a nonlinear vibro-impact energy harvesting device comprised of an externally forced capsule
with a freely moving ball inside. Each end of the capsule is closed by a membrane of DE material with compliant electrodes.
The friction between the ball and the capsule is neglected, so that the motion of the ball is driven purely through impacts
with one of the DE membranes and by gravity. The impact of the ball with the DE membrane not only excites the ball
but also causes the DE membrane deformation. Since the DE membrane works as a variable capacitance capacitor, under
the deformation its capacitance increases and at the maximum deformation a bias voltage is applied. After the impact, the
membrane goes back to its undeformed state and at that point the gained voltage is harvested. The equations of motion for
the inclined VI-EH with two DE membranes for harvesting energy from ambient vibrations as developed in Yurchenko et al.
[58], as shown in the schematic of Fig. 1.

The cylinder of mass M and length s is subject to a harmonic excitation F(wt + ¢) with period 27 /. Then the position
of its center X (7) satisfies

d?X  F(wt +¢)

- g 1

dr? M (1)
Between impacts, the ball of mass m (M > m) rolls freely inside of the cylinder driven only by gravity (g = 9.8 m/s? is the
gravitational constant), with position x given by

d2x .
I77 =-G=—gsin B, (2)

until it collides with one of the membranes causing its deformation. Since the impact time is negligible with respect to all
other time constants in the system, we use an instantaneous impact model in terms of the restitution coefficient r of the
membrane. The velocity of the ball changes in sign and magnitude according to [58]

dx\"_m—rM(de)" MM (dx )
dt )] — m+M \dt m+M \dt )
Superscripts ~ and * indicate the velocities of the ball just before and after each impact, respectively. We assume that the
velocity of the cylinder X does not change with an impact for m negligible relative to M,so that we drop m in (3) leading to

e
(5) (&) waen(2) “

In this paper an inelastic impact is considered (r < 1), with most results given for r = 0.5.

To track the dependence of periodic behavior in terms of the parameters, it is valuable to use dimensionless equations
of motion in terms of the relative variables. For this purpose we non-dimensionalize the original system (1), (2) with the
substitutions

. dX ||F|ln
3 X, dt = Mo

XA(@), T==-t, (5)

7 F (wt + @)

Fig. 1. A mechanical model of a vibro-impact energy harvester adapted from [58].
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where || F || is an appropriately defined norm of the strength of the forcing F and ” " indicates the derivative with respect
to t. Then the dimensionless equations of motion in terms of the relative position Z(t) and velocity Z(t) are

Z=X*—x*, Z=X*-—x

- . Mgsin -

Z=X*—x*=F(m+<p)+ﬁT”5=f<t)+g, (6)
where the non-dimensional forcing F has the unit norm, i.e. || F ||= 1, and period 2. Then the impact condition (3) in terms
of the non-dimensional relative variables for the j-th impact at time t =t¢; is

d
Zj ZX*(tj) —X*(tj) = :1:5,
. . sMw?
Zr=—rzo,  d=—2 (7)

| F Il 72

where 0B and OT are the bottom and top membranes of the energy harvesting system. Since the dimensionless length of
the cylinder d includes a set of four dimensional parameters of the system s,M,wand || F ||, we focus our analysis primarily
on different combinations of two parameters 8 and d in order to capture the influence of device length, forcing strength,
and angle of incline.

for x € 9B (0T) the sign is + (-)

2.1. Representation of periodic motion with maps

By integrating (6) for t  (¢;,tj;1) and applying (7), we obtain the expressions for the relative velocity and displacement
between two impacts

2(t) = —rZ; +8(t - t) + R (©) - A1), (8)
20 =27 —rZ; (- t) + 2t~ )’ + BO ~B(E) - RE)E - 1), (9)
where F (t) = [ f(t)dt apd E(t) = [F(t)dt. In the following expressions, the superscripts " ~ “ are omitted, since (8)and

(9) are in terms Z~ and Z~ only. Evaluating (8) and (9) at impact times t = t;,;, we obtain equations defining the four basic
nonlinear maps P, | =1, 2, 3,4 for the corresponding transitions between impacts,

P] . (Z] € BB, Zj, tj) =g (ZjJr] € BB, Z.j+], fj+1),
P2 . (Z] € 88, Zj, tj) = (Zj+1 € BT, Z.]qu, tj+1)?
P : (Z] € 8T,Zj, tj) = (Zj+1 € BB, Zj+1, tj+l)7 (10)

and similarly, for Py for the oT ~ OT transition. Here we restrict our attention to P;,P, and P; transitions, since only these
play a role in the attracting 2:1 motion, as considered in Section 3. The mathematical expressions for these maps take
different forms depending on whether Z; and Z;,; are located on either dBor 9T. Specifically, for t = t;,4,(8) and (9) are
given by

Zj = —1Zj+ &(tj1 —t;) + R (tj1) — Fi (), (11)

Dy = —1Z;(tjs1 —tj) + %(tm —t)? + B (1) - B() - R() (4 — ), (12)

where D; =Dy =0,Dy = —d and D3 =d.

In [59], the expressions (11) and (12) for the maps P, and P; over the time intervals (t,_q, t;) and (&, ty,)are combined
with periodic and impact conditions to derive equations for the triples (Z. ¢, At;)corresponding to 1:1 periodic solutions.
Throughout this paper At, = t, —t,_; for any k, and ¢, =mod (st + ¢, 27) is the phase shift of the k" impact relative to
that of the forcing f(t). The explicit expressions for the triples (Z. ¢y, At,) provide the dependence of 1:1 motion on the
combination of the parameters d.r.g and F.

In Fig. 2(a) and (c) we show the analytical and numerical results for the relative velocity at impact Z;, vs. d for the 1:1 pe-
riodic motion based on the results from [59]. The analytical results shown for the 2:1 motion are obtained in Sections 3 and
4 below, where we restrict our analysis to the derivation of the 2:1 solutions and their linear stability. Numerical results are
compared to these analytical results for the 2:1 periodic motion, and they also provide branches corresponding to period
doubled solutions and chaotic behavior. For decreasing values of d, the 1:1 motion loses stability via a sequence of period
doubling bifurcations to 1:1/2T, 1:1/4T, etc. Eventually, for some parameter combinations, an apparently chaotic motion is
observed for a window of values of d. For smaller values of d these 1:1/pT with p > 1 or chaotic motions are displaced by
asymmetric motions with multiple impacts of dB per period T. Specifically, there is a transition to 2:1 motion at the value
d = dgraz, discussed further in the context of Fig. 4 below. From Fig. 2 we see that 2:1 and other n:1 solutions persist for
d < dgraz,with n increasing with decreasing d. The additional bifurcations to n:1 periodic solutions for n > 2 are discussed
further at the end of Section 4. In the top row, the decreasing values of d follow from decreasing s, while in the bottom

4
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Fig. 2. Numerical (open circles o’s, stars #’s, diamonds ¢'s) and analytical stable/unstable (solid, dash-dotted/dashed lines) values for impact velocities
and output voltages for 8 = /3 and r = 0.5. (a) Impact velocities (blue solid/green dash-dotted lines for bottom/top) for 0.19 <s <0.72 m, || F |=5 N.
The branches for the 2:1 solutions give, from top to bottom, Z following the P;, P;, P, transitions. (b) Output voltage Uy — U;, and average value of output
voltage per impact U, (red stars) and per unit time U (cyan diamonds) corresponding to Z in (a). The branches for the 2:1 solutions give, from top to
bottom, Uy following the Py, P, P; transitions; (c) and (d) Impact velocity and output voltage for s = 0.85 m with varying || F ||between 6 N and 22 N. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Time series of the period-T(T = 2) absolute displacement of the capsule top and bottom X*(t) &d/2 (blue dashed lines) and the absolute ball
displacement x*(t) (red solid line) for to = 0 and Z(ty) = d/2. (a) 1:1 motion for d = 0.38,s = 0.61 m, Z(t;) = 0.8673,¢ = 0.4217; (b) 2:1 motion for d =
0.184,s = 0.30 m, Z(ty) = 0.2164,¢ = 1.21; (c) 3:1 motion for d = 0.137,s = 0.22 m, Z(ty) = 0.2059,¢ = 0.6503. For all figures M = 124.5g, r = 0.5 and w =
57 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

row the decreasing d follows from increasing F. To compare the 1:1, 2:1 and 3:1 motions, Fig. 3 shows the absolute dis-
placements X*(t) +d/2 of the top and bottom of the cylinder under an external force and the motion of the ball x*(t) in
the cylinder, illustrating the number of impacts per period for each case.

In Fig. 2(b) and (d) we show the analytical and numerical results for the output voltage U, — U;, vs. d for the same
range of d as in (a) and (c), respectively. A calculation of the energy output follows directly from (Z,, ¢}, Aty), based on the
deformation of the membrane that depends explicitly on Z',f. Given a constant input voltage, U;,, applied to the membranes,
the change in charge Q across the capacitor is given by AQ = UAC, where C is its capacitance. The charge Q increases as
the membrane’s shape is restored, producing a higher voltage U, at the kth impact, with resulting energy to be harvested
in terms of the difference, U, — Uj,, which we refer to as the output voltage.

Two different averaged output voltages are also shown, average per impact U; and average per time unit Uy, based on
30 (non-dimensionalized) time units in t (t =6 s) for 1:1 motion and 20 time units in t (t =4 s) for 2:1 motion. Note
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Fig. 4. Phase portrait for initial relative position Z(ty) = d/2,M = 124.5g, r=0.3.8 =7 /18,|| F H:_SN, w =57 Hz. (a) 1:1 motion with d =0.24,s =
0.3855 m, Z(tp) = 0.6349,¢ = 0.4579; (b) Grazing bifurcation point with d =0.2025,s = 0.3253 m, Z(tp) = 0.5899,¢ = 0.3040; (c) 2:1 motion with d =
0.2008,s = 0.3226 m, Z(ty) = 0.5644,¢ = 0.2986.

that the transition to different n:1 solutions corresponds to jumps in Ujand Uy, given the change in the nature of the
periodic solution. The additional impacts have low velocity, following naturally from the fact that they are born via grazing
bifurcations, at which Zj =0 and Zj= d/2. For example, at d = dgraz,Zj =0 and Z; = +d/2, and there is a transition to 2:1
motion for d < dgra;. Then the averaged per impact output voltage U; drops for increasing n. The averaged output per unit
time Uy is more complex, since the impact velocities following P, for [ =2, 3 change with the addition of a low impact
velocity from P;. The increase in output voltage is achieved through increased cylinder length s,with other parameters fixed,
or by increasing the forcing strength keeping s constant, up to values of dwhere there are transitions to n:1 periodic motions.
The impact velocity and output voltage in Fig. 2(c) and (d) are obtained for fixed s = 0.85 and the variable strength of the
forcing 6 <|| F ||< 22, in contrast to (a) and (b) for which || £ ||= 5 is fixed and s varies for 0.118 < d < 0.448. The nonlinear

increase for Uy — Ui,.Ujand Uy in (d) as d decreases is due to the inverse dependency of d = HS’FYfl‘;’:Z on the strength of the
forcing. Note that the forcing g = Mi;ilrllﬂ from the gravitational term in (6) is also inversely proportional to || F ||.

Fig. 4 illustrates the possible transition from 1:1 to 2:1 families of solutions in the phase plane, via a grazing bifurcation
at a value of d = dgra; where 7, =0 and Z, =d/2, shown in Fig. 4(b). Note that the grazing transition from 1:1 to 2:1
motions is shown for r=0.3 in Fig. 4, in contrast to the transition to 2:1 solutions shown in Fig. 2(a), (c) for r = 0.5,
where a series of period doubling bifurcations precedes grazing as d decreases. Preliminary observations suggest that, as
d decreases, period doubling bifurcations tend to precede grazing for larger values of r. However, such observations also
depend on the angle 8. Our focus in this paper is on 2:1 periodic behavior, and the influence of 8 and d on its appearance.
In particular, the complex transition from 1:1 to 2:1 behavior for larger values of r motivates the need for an analytical
prediction for the onset of 2:1 solutions, as given in Section 3. There it is shown how the direct calculation of 2:1 solutions
from the maps P; is clearly preferable to determining grazing conditions from the 1:1/pT or chaotic solutions. The interplay
of a range of values of r with the angle § is left for future investigations of period doubling bifurcations, chaotic behavior,
and grazing.

3. Analytical expressions for periodic 2:1 motion

In this section we obtain analytical expressions for the parametric dependence of the 2:1 motion, using the maps P;,P,
and P; for the sequence of impacts over the intervals At; for j =k k+1,k+2.

Note that this calculation is a particular application of the general approach for deriving n:1 periodic solutions for (6)and
(7). An n:1 periodic solution is composed of n — 1 applications of P;, followed by P,and P;. The unknowns needed to define
the motion are n + 1 values of the impact velocity Z,,.¢ =0...,n,the time intervals T; for the n+ 1 maps, and the phase
difference at impact ¢, = mod(st; + ¢, 27). Then these 2n + 3 unknowns are obtained from the Eq. (9) for Z,., and Z,, for
each of the 2(n+ 1) maps P;,and the periodic condition Z?L] T, = T. The values (Zy, ¢y, Ay, ..., Aty n_1) are determined
from n + 2equations for Z, that can be obtained from a generalizable sequence of steps. These steps are:

o summing the equations for the impact velocities from all the maps P;,
« summing the equations for the relative position at impact from all the maps P;,

* n— 1 combinations of successive pairs of equations for impact velocity Z'kﬂ and impact position Zy .4, for j=1,....,n—
1, and
« the expression for Z, given by the equation for the relative position Z;; in the initial map P;.

Using Zj;n41 = Z together with these steps, we get n + 2 equations of the form Zy = hy (¢, Aty ..., Ati,,_q), which can
then be solved simultaneously with a numerical algebraic equation solving package. In addition, the remaining Z_,, for

6
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m=1,...,n can be obtained from a successive application of the equations for the impact velocities from the successive
maps.

Demonstrating this approach for the 2:1 periodic motion, we derive the equations for the quadruples (Zy, ¢y, Aty, Aty 1)
corresponding to the 2:1 periodic solutions of (6) and (7), in terms of the parameters d,r and g with At, and ¢, =
mod(rrt, + ¢, 2m) as defined in Section 2. We focus on a 2:1 motion with three impacts per period T of the forcing f(t),
so that

tiws =T +te .Zx =23 .and Zy3 =7 (13)
The times for the transitions P;,P, and Psare defined as T;,T, and T3, with

i = Aty = teyg —te, T = Al = o — by,

L=Atyy=tys—ta, T=T1 + L+ 1. (14)
The 2:1 motion is then described by the three maps P;,%»and P; from (11) and (12)

Pt (Zx € 0B.Zy. ty) = (Ziy1 € OB, Zy1. i),

Ziy1 = 12+ 8T + Fi (tey1) — R (t). (15)

0= —1ZTy + ET2 + By (t) — Bt) — Ry (@T. (16)

Py i (Zyyq € 0B, Z'k+l? tey1) > (Zygo € 0T, Z.k+2’ tyi2)s
Zk+2 = _erJrl + gTZ +F (tk+2) -k (tkﬂ )7 (17)

—-d= _er<+1T2 + §T22 + F2(tk+2) - F?(tkﬂ) - Fl (tk+1)T2~ (18)

Py (Ziyp € 0T Zyya tiga) = (Ziss € 0B, Zyy3. i),

Ziy3 = —TZkyo + 8T + F (tiy3) — Fi (tes2), (19)
d = ~1ZoTs + 8T2 + Ry (tis) = B(teo) — Fi (6) . (20)

We first use a number of substitutions to eliminate Z1-Zy4» from (15)-(20) and obtain four equations in terms of Z,, from
which we obtain (Z, ¢y, Aty, Aty q).
By adding (15), (17), (19) and using the relationships T =Ty + T, + T3, and F; (t,3) = F (T + t;) = F; (t;),we obtain

. 1 - - Tg

Zy = 112 |:(1’ —1Dgh - &L + (1 = F (&) + rF (te 1) — Fi(te2) + 1”+g]] (21)
A second equation for Z, is obtained from (16)

. 1 1 .

Z = ﬁ[Fz(tm) — B(t)]+ 5[8T — 2F ()] (22)
Substituting (15) into (18) yields a third expression for Z,

. 1. . 1 1 -

Z = ?[gﬂ + B (tee1) — RG] = ﬁ[d + B (tgy2) — B(tga)] - ﬁ[gTz = 2F (tes1) - (23)

Finally, adding (16), (18), (20) and using relationship F,(t;3) = K (T + t;) = K (&) gives a fourth equation for 7,

7 1 g 2 2 2 2
Zy = r3T3—r2T2+rT1|:2(T1 +T+T)+FE@) (- +rL, -T) [+
1 _ -
+m [Fl (tlc+1)(r2T3 -hHh+r5-T) + rngl I —r1gh Tz] +
1

+m[—rgTzT3 — (1 +1BF(t2)] (24)

Then we solve (21)-(24) to obtain (Z;, @, Aty Aty,1), using the Matlab function vpasolve. A specific choice of f(t) =
cos(rrt + @) for which

() = %sin(nH—(p) and E(t) = —% cos(mt + @), (25)
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provides specifics for the equations for (Zy, ¢y, Aty, Aty 1). It is convenient to write the time intervals between impacts in
terms of the parameters q and p, that capture the fractions of the period of forcing corresponding to each of the three
impacts as follows,

Th=2nq, L =2np, s=2n(1-q—p), and T =2n. (26)

We take n =1 for which the period is T = 2. Without loss of generality, we take t; = 0, so ¢, =mod (¢, 27). Then the four
Egs. (21)-(24)take the form of Z, as functions of ¢,q, and p

. - - 1—r . ro.
Zy = W[an(r -1)g—2npg+ p sin(wt, + ¢) + P sin(rr [t + 2nq] + (p)]
1 1 . 2ng
+1_r+r2[—nsm(n[tk+2nq+2np]+<p)+ r+1}’ (27)
. 1 o
Zy = P [nnqg— sin(mwty + @) — I cos(m [ty + 2nq] + @) + I cos(mty + (p)], (28)

. 1 . _ . .
7y = W[sm(n[tk +2nq] + @) + 2nmqrg + rsin(w [t + 2nq] + @) — rsin(wt, + @)]

1 1 1 _ md
+W |:2n7rp cos(m[t, +2nq + 2np] + @) — Innp cos(m [t +2nq] + @) —nmwpg — an} (29)

sin(zwty + @) (=2nr*(1 — p — q) + 2npr — 2nq)
2nr3(1 — p—q) — 2npr? + 2nqr
_2nsin(r [t +2nqg +2npl+ ¢@)(1 —p-q)(1 +71)
2nmr3(1 — p—q) — 2nm pr2 4+ 2nmqr
sin( [ty +2nq] + @) (2nr2(1 — p— q) — 2npr+2nr(1 — p— q) — 2np)
+ +
2nr3(1 — p—q) — 2npr? 4+ 2nqr
4n’r’gq(1 — p—q) — 4ngrpq — 4n’grp(1 — p — @) + §2n*q* + 2n*p* + 2n*(1 — p — @)%)
+ .
2nr3(1 — p—q) — 2npr? 4 2ngr

k=

(30)

Solving (27)-(30) for varying d, one gets the quadruples (Zy, ¢y, Aty, Aty,1) for 2:1 solutions. Then Z, ; is obtained from
(15) and substitution of (15) into (17) gives the equation for Zk+2,

Zyyy = 1?2 — 18T + 86 + TR (t) — (1 + 1)F (ti1) + F (tes2)- (31)

Fig. 5 shows the analytical solutions for these quadruples for different angles of incline 8 and compares them to the
values obtained from numerical simulations of Egs. (6) and (7). The analytical results provide the existence of these 2:1
solutions over a range of d, with the largest value of d corresponding to the transition from 1:1/pT or chaotic solutions for
decreasing values of d. The stability analysis, provided in the next section, also demonstrates that the 2:1 solutions are stable
at these transitions. The stable 2:1 solutions, represented by the solid blue lines (impacts on dB) and green lines (impacts
on JT), agree with the numerical solutions represented by black open circles. The unstable 2:1 solutions represented by
dashed lines are also found analytically. The points Aq, A,, A3, B are the critical points that indicate a change in the type or
stability or instability of the 2:1 solutions, based on the linear stability analysis. For larger values of 8, as shown for the top
three rows in Fig. 5, the solutions lose stability to a period doubling bifurcation as d decreases; specifically, the 2:1 solution
is stable in the ranges of 0.169 < d < 0.22 for 8 = /2 in (a)-(c), 0.159 < d < 0.22 for 8 = /3 in (d)-(f), 0.146 < d < 0.213
for B = /4 in (g)-(i). Note that the value of d for the period doubling bifurcation B decreases with decreasing . A similar
trend was observed for 1:1 solutions in Serdukova et al. [59].

For the case of 8 = 7 /6 in the bottom row of Fig. 5, vertical lines indicate the numerically detected grazing bifurcations
at d = Gy and d = G;, corresponding to Z; = d/2 and Zj = 0. There are two different values, since the bifurcation value
differs depending on whether it is obtained from decreasing the parameter d, yielding a transition from a 2:1 solution to a
3:1 solution at d = G, or by increasing d,yielding a transition from 3:1 to 2:1 solutions at d = G,. These results indicate a
region of bi-stability for the 2:1 and 3:1 solutions, which we discuss briefly in Section 4.2. Here the 2:1 solution is stable
in the ranges of 0.1373 <d < 0.206 (j)-(1). Note the lower value on this range corresponds to the grazing bifurcation at
G1, while the period doubling bifurcation from the linear analysis of the 2:1 solution occurs at d = 0.133 (below G;). The
implications of the location of these bifurcations is discussed further in Section 4.2 below.

4. Stability and bifurcation of 2:1 motion
4.1. Linear stability analysis
The critical points A;,B as shown in Fig. 5 are obtained from a linear stability analysis around the quadruples

(Zi, o1 Aty., Aty 1) corresponding to the asymmetric period-T solutions. A complete review of this method can be found
in Shaw and Holmes [50], Luo and Guo [57], Luo [60].
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Fig. 5. Blue solid and green dash-dotted lines show the analytical results for the 2:1 periodic solutions for 0.2088 < s < 0.3855 m, with numerical results
indicated by open circles. Solid and dash-dotted (dashed) lines correspond to stable (unstable) analytical solutions. Red circles labeled as Aj, or B indicate
critical points from the linear stability analysis, described in Table 1. (a)-(c) Asymmetric branches of the period-Tsolutions for 8 = 7 /2; (d)-(f) Asymmetric
branches of the period-Tsolutions for 8 = m/3; (g)-(i) Asymmetric branches of the period-Tsolutions for g = m/4; (j)-(1) Asymmetric branches of the
period-Tsolutions for 8 = /6. The vertical lines correspond to grazing bifurcations; d = G;(black) (d = G, (red)) for the transition from 3:1 to 2:1 (2:1 to
3:1) solutions with increasing (decreasing) d. In panels (a), (d), (g), (j) the branches for the 2:1 solutions give, from top to bottom, Z, at impacts following
the P;, Py, P, transitions; in panels (b), (e), (h), (k) the branches for the 2:1 solutions give, from top to bottom, At;/2 for the P,, P;, P; transitions ; in panels
(c), (f), (i), (1 ) the branches for the 2:1 solutions give, from top to bottom, the phase difference ¢, before the P, P;, P, transitions. For all figures M = 124.5
g, r=05,] F|=5N and w = 57 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Considering a small perturbation 8Hy to the fixed point H; = (&, Zy), we obtain the equation for §H,,slinearized about

0Hy,3 = DP(H;)dH, = DPs(H;,,,) - DR, (Hf, ) - DPy (Hy) &H, (32)
with

DP = DP; - DP, - DP,

Otyy3 Olis3 Otiin Olisa Oty Bty
My 0Zys2 My 0Zy41 oty 02
— | 925 [ . 021 025 . 0Zys 02)41 . (33)
Otysn Zy42 0ty Zyq aty, 3z,
Ho=H; Hy, =H;,, H,=H;

21 02 L .
The entries ag# , 8;’;‘ ,aa’g‘ , aale for [ =k, k+1,k+2 are given in Appendix A.

Using the trace Tr(DP) (A4) and determinant Det(DP), the eigenvalues of the matrix DP in (33) are computed by
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Fig. 6. Graphs of A (left column), and eigenvalues from the linear stability analysis (right column), showing real eigenvalues A;,(blue solid and green
dash-dotted thin lines) and real part of complex eigenvalues ReA;, (green thick line) to confirm types and stability of solutions. Red circles labeled as
Aj, or B indicate critical points from the linear stability analysis, described in Table 1. In (a) and (b) for 8 =7 /2,0.2088 < s < 0.3534 m; in (c) and (d)
for f =m/3 and 0.2088 < s < 0.3534 m; in (e) and (f) for § =7 /4 and 0.2088 < s < 0.3373 m; in (g) and (h) for 8 = /6 and 0.2088 < s < 0.3373 m.
The red dot-dashed lines for A =0and A;; = —1 represent boundaries of the stability criteria. The left-most red circle in (h) corresponds to A; = —1 from
the stability analysis. For all figures M = 124.5 g, r = 0.5, || F |l= 5N and w = 57 Hz. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Tr(DP) £ VA
)\,112 = f’
A = [Tr(DP)]? — 4Det(DP), (34)

and shown in Fig. 6. The corresponding stability and analytical bifurcation conditions as obtained from the linear stability
analysis are described in Table 1 below.

If A <0, as shown for dsy, <d <da,.d >ds, and in Fig. 6(a), (c), (e), (g), the eigenvalues of the matrix DP are two
complex conjugates. Their corresponding real parts Re(};) = Tr(DP)/2 are shown in Fig. 6(b), (d), (f), (h), depicted by the
thick green line. In these intervals the 2:1 solution is a stable focus since the eigenvalues also satisfy the condition |};| =
/Det(DP) < 1.

If A >0 and min;_; ,(A;) < —1, as in d < dp ranges in Fig. 6(b), (d), (), the period-T solution is an unstable node. The
corresponding critical point B is a period doubling bifurcation. For the angles of incline 8 = 7 /2and B8 = m/3 the stabil-
ity behavior of the periodic motion is very similar revealing the predominance of node stability in the observed range of
d and having critical points of the same type: B period doubling bifurcation, A; node/focus inflection and A, focus/node

10
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Table 1
Conditions for stability as obtained from the linear stability analysis and
shown in Fig. 2, with, for example, da corresponding to the value of d

at Aj.
Interval Criteria Stability
d<dg A >0and |A] > 1 unstable node
dg <d < dp,.dp, <d < dp,, A>0and [X] <1 stable node
dp, <d <da,.d > dg, A <0and |A] <1 stable focus

inflection. For smaller 8, the qualitative behavior of the 2:1 solutions changes; specifically, grazing bifurcations drive the
transition to 3:1 solutions for larger values of d as compared with period doubling. We note that grazing bifurcations of the
2:1/pTsolutions are observed for larger values of 8 as well. They are not shown here since they occur for values of d < dg
in those cases.

4.2. The grazing transition and bistability

In addition to the conditions given in Table 1 above, recall that for smaller 8 the location of the period doubling bi-
furcation occurs at smaller d. Specifically, for 8 =7 /6 in the last row of Fig. 6, the linear stability analysis indicates an
eigenvalue A < —1 for d < 0.133. This stability result is represented by a change from solid to dashed line for the analytical
solutions shown in Fig. 5(j)—(1). However, the linear stability analysis does not capture the grazing bifurcations indicated by
the dash-dotted vertical lines in Fig. 5, which occurs for d > 0.133. Then, in practice, the grazing bifurcation for d > 0.133,
rather than the local linearized behavior, drives the transition from 2:1 to 3:1 solutions. The values of d corresponding to
grazing bifurcations are not included in Table 1, but instead discussed here.

For B = /6 we numerically detect a different type of critical point for the 2:1 solutions, namely, grazing bifurcations
at which Zj =0 and Z; = d/2 on the map P,[46,47,49]. These are indicated by the vertical lines at d = G; and d = G, in
Fig. 5()-(1), at which Zj =0 and Z; = d/2[46,47,49]. Fig. 8 zooms in on the bifurcation branches near these values. At these
values of d there are transitions between 2:1 and 3:1 motions. The transition from 2:1 to 3:1 behavior at d = G; is illustrated
by the phase portrait and time series in Fig. 7. The initial conditions for these numerical simulations are obtained from the
analytical expressions (27)-(30). In Fig. 7(d) the transition P, takes the form of a loop in the Z vs. Z phase plane. As d
decreases, the loop intersects with Z = d/2, corresponding to an impact on dB with Zj = 0. For decreasing d this additional
impact persists as shown in Fig. 7(d), yielding 3:1 solutions with an additional P; transition prior to P.

Fig. 8 compares the grazing bifurcation at d = G; with the grazing bifurcation that occurs as d increases, leading to a
transition from 3:1 to 2:1 solutions at d = G,. Fig. 8(a)-(c) shows the branches for only one 3:1 solution: for increasing d,
it exhibits grazing at G,, at which Z, =0 and Z, = d/2 on the second P;map. Fig. 8 does not show the branches for the
3:1 solution that we might expect to observe, born from grazing behavior at G;(Z, = 0 and Z, = d/2 on the map P, at G).
Numerical explorations for values of dbelow G; indicate that this 3:1 solution is unstable: initial conditions near the grazing
behavior at Gy result in growth away from the corresponding 3:1 solutions. Instead, we observe transients to the attracting
3:1 solutions shown in Fig. 8.

The phase plane behavior for d = G; and d = G, are in panels (d) and (g), respectively. In addition, the bi-stability of 3:1
and 2:1 solutions for G; < d < G, is shown via the bifurcation branches of Z,.¢, and At,, as well as via the different phase
plane behaviors at the value d = .14 in this bistable region. While [57] in chapter 6 explores some conditions for grazing and
sticking and asymmetric behavior in the case with 8 =0, in general this bi-stability of different n:1 solutions via grazing
has not been explored there or in other contexts.

While not the focus of this paper, these results illustrate the importance of grazing bifurcations in driving different
types of transitions in the VI-EH, as well as for the potential for hysteresis between bistable behaviors. The analysis of
grazing bifurcations for the VI-EH, as well as studying parameteric influence on the relative location of different types of
bifurcations, is left for future investigation.

5. Energy output

Here we investigate the output voltage of the 2:1 behavior and compare these results with the 1:1 motion published
in Serdukova et al. [59]. Three variables corresponding to output voltage are shown, output voltage U, — U;, at the k™ im-
pact, average output per impact U;, and averaged output per unit of time Ur. The derivation of Uy, — Uj, is summarized in
Yurchenko et al. [58] and U;,Ur are defined as

g, - ZiciUe=Un) 7 ¥l U= Un)

v N (- (35)

where N is the sample size of impacts and t; —ty = 2 (t; — 7o) is the corresponding non-dimensionalized time interval. We
average over this time interval, since it is just a constant rescaling of the dimensionalized time interval, and then it is easy

to compare U; and Ut on the same plot.

1
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Fig. 7. Phase portrait and time series of period-T motion, with Z(to) = d/2. (a)=(c) 2:1 motion for d =0.16,5s = 0.27 m, Z(ty) = 0.1924,¢ = 1.015; (d)-(f)
Grazing behavior of 2:1 motion for d = 0.1373,s = 0.2206 m, Z(ty) = 0.4149,¢ = 5.840; (g)-(i) (3:1) motion for d = 0.138,5s = 0.23 m, Z(tp) = 0.1845,¢ =
0.7342. For all figures 8 = 7 /6,M = 124.5g, r = 0.5,|| F ||= 5N and w = 57 Hz.

Fig. 9 shows the output voltage for the 1:1 and 2:1 regimes, together with period doubled and chaotic regimes between
these behaviors, for four different incline angles §. Panels (a)-(d) show variation due to cylinder length s with fixed strength
of forcing || £ || and panels (e) and (f) show variations in || F || with fixed s. One obvious difference is the trend in output
voltage, as observed previously in Fig. 2. Away from bifurcations, the output voltage increases with both increasing || F ||
and increasing s. Then in (a)-(d) U, decreases with d since d is proportional to s, while in (e) and (f) U, shows a nonlinear

increasing trend with decreasing d, due to the inverse relationship d = % to || F ||, as well as in the gravitational term
5_ Mgsin 8
="

The bifurcations in the motion also result in changes in the output voltage, which we discuss in terms of the different
measures of averaged output voltage. For 1:1 periodic motion, the average energy per impact U; is equal to the average
energy per unit of time Ur, given that there are exactly two impacts for the 1:1 solutions. For the 1:1/pT,p > 1 solutions, as
well as for more complex and chaotic behavior as shown for smaller values of d > dgra,, We see a slight increase in the rate
of decrease with d of the average output voltage in (a)-(d), due primarily to the combination of values of impact velocities
in the period doubled and more complex solutions that include some low velocity impacts. Following the transition to 2:1
motion for d < dgra; the average energy outputs U; and Urshow jumps in the output value. Averaged output per impact
U, decreases due to the additional low velocity impact on 9B in the period T =2 for 2:1 solution. For the same reason,
Ur increases due to this additional impact per period of the forcing. Similarly, for the transition from 2:1 solutions to 3:1
solutions, the additional low velocity impact results in jumps both in U;, which decreases across this critical value of d, and
in Ur, which increases across this critical transition. Note that here we show the grazing transition only at d = G; for 2:1 to
3:1 solutions, corresponding to decreasing d in producing the bifurcation branches.

We also observe differences in the output voltages for different angles 8 in terms of the location in d and sequence of
period doubling bifurcations and complex or chaotic behavior, and for the value of d at which the transition to 2:1 solutions

12
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Fig. 8. Bi-stable behavior of periodic 2:1 (black open circles o’s) and 3:1 (blue thin lines) solutions in the vicinity of the grazing bifurcation 0.1378 < d <
0.1419 for a) Z,, b) ¢y, ¢) Aty. Phase portraits with Z(ty) = d/2 for d) Grazing point G; for B = 7 /6,d = 0.1373,s = 0.2206 m, Z(t) = 0.4149,¢ = 5.840;
e) 2:1 motion for B = /6,d =0.14,s = 0.224 m, Z(ty) = 0.4185,¢ = 5.855; f) 3:1 motion for B = 7 /6.d = 0.14,s = 0.224 m, Z(ty) = 0.3967.¢ = 5.88; g)
Grazing point Gyfor B =7 /6,d = 0.1414,5 = 0.2271 m, Z(ty) = 0.4085,¢ = 5.864. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 9. Analytical results (solid, dash-dotted and dashed lines) and numerical simulations (open circles 0's, stars *'s and diamonds ¢'s) for output voltage
U; (red) and Uy (cyan) and Uy, — Uy, for (a) B =7m/2,0.19 <s<0.72 m; (b) B=7/3,0.19 <s <0.72 m; (c) B=m/4,019 <5 <0.72 m; (d) B =7/6,0.19 <
s < 0.72 m. For 2:1 solutions, in (a)-(c) the transitions P;, P», P; are located from top to bottom, while in (d), P,, P, P; are located from top to bottom. (e)
For 8 = /2,5 = 0.85 m with varying || F || between 6 N and 22 N. (f) For 8 = /6,5 = 0.85 m with varying || F || between 6 N and 22 N. For all figures
M = 124.5g, r = 0.5, = 57 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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occurs. In general, as 8 increases, so do both the value of d at which period doubling of the 1:1 solution occurs, and the
value of dgraz, the maximum value for 2:1 solutions. Comparing Panels (a)-(d), for which d decreases with s, and Panels (e)-
(f), for which d decreases with increasing || F ||, we observe a larger range of d in (a)-(d) for period doubled and complex
or chaotic behavior. This is partly due to the fact that even though d decreases with increasing || F ||, the coefficient g
also decreases with increasing || F ||. Then for (e)-(f) as d decreases there is a reduced influence of gravity, which would
otherwise generate period doubled and complex behavior. For the transition from 2:1 solutions to 2:1/pT behavior, we
observe different trends, namely, that period doubling occurs for larger d for decreasing s, while it occurs for smaller d for
increasing || £ ||. For the 1:1 motion there is a small variation (less than 1%) with 8 of the output voltage, for the maximum
over the range of d shown in panels (a)-(d), and similarly if we compare maximum output voltages over 2:1 motions for
different angles. However, the parameter values at which these maxima occur differ with the incline angle f.

The result of this investigation suggests that the choice of the most efficient dynamical regime/device design in terms
of the harvested electrical energy depends on the choice of measure for average output voltage and the changes in the pa-
rameter values of the system and the forcing. Our results illustrate some parametric dependencies connected to the relative
location of period doubling, chaotic and grazing bifurcations.

6. Conclusions

In this paper we determine semi-analytical solutions and stability conditions for the 2:1 motion of an inclined vibro-
impacting energy harvester. These results also provide insight into the VI-EH’s energy harvesting potential. The device is
composed of a ball moving in a cylinder with dielectric elastomer material at the cylinder ends. It is driven by a harmonic
forcing with period T, and positioned with an incline angle §. Energy is generated through impacts of the ball with the DE
material characterized by a restitution coefficient r. The device exhibits pT-periodic motions, denoted as n:m/pT, where n(m)
indicates the number of impacts of the ball, per period T, with the DE material on the bottom of the cylinder dB (top of the
cylinder 0T). We develop a new generalized semi-analytical approach for analysis of n:1 periodic behavior, demonstrated for
the 2:1 case, which provides parametric conditions for this behavior. Semi-analytical expressions for the generic period-T
motion are derived through the three nonlinear maps that map the motion between the 3 impacts in the 2:1 motion per
period. These maps, together with conditions that capture jump discontinuities in the velocity at impact, yield quadruples
for the impact velocity, phase shift at impact, and time intervals between the impacts. This approach is particularly valuable
given the nature of the transitions to 2:1 motion from 1:1/pT motion (or nearby chaotic behavior), since these behaviors
are too complex to provide a basis for practical analytical representations that describe the onset of 2:1 motion. We show
that the semi-analytical results for the 2:1 motion provide conditions for this onset, which we illustrate over ranges of
parameters related to device length, forcing strength, and angle of incline.

Similar to [57] and [59], our derivation of this approach is based on a series of maps for a sequence of impacts, but we
move beyond these earlier methods with a new generalizable approach that avoids the cumbersome calculations previously
used to get explicit expressions. The analytical solutions are in excellent agreement with the numerical ones. Bifurcation
points are obtained from a linear stability analysis around the asymmetric 2:1 periodic solutions, from which we conclude:

1. For larger values of the incline angle g, the stability behavior of the 2:1 periodic motion exhibits predominance of
node stability in the observed range of d. These solutions lose stability through period doubling bifurcation for smaller
values of d. This behavior is illustrated for 8 = 7/2,8 =7 /3 and B = 7 /4.

2. For smaller values of incline 8, the transition from 2:1 periodic behavior to 3:1 periodic behavior was observed as d
decreases. This transition occurs via a grazing bifurcation that is numerically detected. It occurs for larger values of
d as compared with the values for period doubling predicted by the linear analysis. These results are illustrated for
B =m/6.

We also obtain analytical results for the energy output for 1:1 and 2:1 motions, based on the existence and stability
results. We can then compare and identify the most energetically efficient operating mode of the harvester, comparing
analytical results with numerical simulations for additional motions, including 1:1/pT and 3:1. We observe that:

3. The n:1 periodic asymmetric motions for n > 1 are less efficient compared to the motion with 1:1 alternating top and
bottom impacts per period of the forcing, when measured in terms of converted electrical energy per impact.

4. The 2:1 periodic motion results in significant differences between the two measures of the harvested energy, averaged
per impact, U;, and averaged over time interval, Uy, giving greater value for Ur. Similar observations for 3:1 behavior
are also shown.

The comparisons with computations reveal additional unexplored phenomena, particularly in the case of smaller S,
not previously documented in the dynamics of such a system.

5. In the case of B = /6, we observe bi-stability of 2:1 motion and 3:1 motion, with two different grazing transitions
between these behaviors. Our preliminary results (comparing Figs. 2 and 4) also suggest that for smaller r, we expect
to see an increased prevalence of grazing bifurcations, transitions from n:1 to (n + 1):1, in contrast to period doubling
bifurcations, transitions from n:1 to n:1/pT,p > 1 solutions.

The analytical results presented here for transitions to 2:1 behavior show important differences in the change of energy
output associated with different types of bifurcations - e.g. period doubling vs. grazing bifurcations. While we focus here on
the influence of the parameters 8 and d on energy output, the preliminary results shown for bi-stability and the influence of
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r indicate important areas for further exploration. The analysis developed here provides a necessary foundation for further
exploration in these directions.
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Appendix A.

Here we give the details for the calculations of the eigenvalues A; ;. The entries in the matrices in (33)are

O _ Z, — 8T — f(t)Ty
Aty rZy — 8T — Fy (tgy1) + Fi (6)
Otyes1 —IT

0Zy rZ — 8T — Fi (tg1) + Fi (t)
aZk-H 8tk+1

A, = o [f(tkrr) + 81— [f (&) + &l

aZI<+1 3tk+1 5
— = T+ — 1y + gl Al

07, 0z, [f(ti1) + &l (A1)
Oy _ 21 — 85 — f(t, )T
i1 12k — 8 — Fi(tky2) + Fi (figr)
8tk+2 _ -1
0Zks1 TZksq — 8D — Fi(tiyn) + Fi (tyr)
07, ot a _
o = o f(te) + 8= [f ) + ],

tk+1 tk+1
aZ.k+2 atk+2 5
= T+ = [f(t2) + 8l (A2)
8Zk-H aZk+1 ’

and

Oliys _ 22 — 81 — f(ti2)Ts
o 1Zgyp — 813 — Fi (tky3) + Fi (tiy2)
3tk+3 _ -1z
2y TZxiy — 8T — Fi (tiy3) + Fi (tiy2)
07, ot i _
o = g () + 8= [f () + 8],

k+2 k+2
aZI<+3 atk+3 5

= = 1+ ——[f(tys3) + &) (A3)
8Zk-¢—2 azk+2 B

For the period-T motion the trace of the linearized matrix DP is
6o

Tr(DP) = r°Z(t) (A4)

" Fi(te2) — Fi (tky3) — T (6e1) + TR (6y2) + 12F; (&) — 12F () + 01

where oy = 13Z(t,) — §T3 + 18T, — r2gT;. The determinant of the linearized matrix DP is a nonlinear function of
1,82t T1, 1, T3, F (&), f (Gey1) f ) Gy 3) F1 (G Fy (Eeiq) Fr (Gey2) and B (8 3).
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