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A critical parameter in characterizing the properties of single-domain nanoparticles is their magnetic relax-
ation time. It must be known, for example, to estimate the anisotropy from magnetization versus temperature
measurements. The time it takes for the magnetization to relax also determines the behavior of particles in
various oscillating applied fields, which is critically important for their application in magnetic particle imaging
and hyperthermia treatment. However, an analytic expression for this relaxation time has been generally missing.
Brown’s [Phys. Rev. 130, 1677 (1963)] famous result is only valid for the easy anisotropy axes of each particle
in the ensemble aligned along the external field direction and overestimates the relaxation time. Despite this
overestimation, this expression is most commonly used to extract magnetic nanoparticle parameters such as
anisotropy energy from magnetometry data. Here, we use Brown’s formalism to derive a different, simple, ap-
proximate relaxation time expression that is valid for randomly aligned easy axes. Using parameters appropriate
for magnetite, we compare our results to other results in the literature and with stochastic Landau-Lifshitz-Gilbert
simulations to show that our result is more accurate across a range of applied field strengths and temperatures.
We note that several analytic expressions for the relaxation time do a reasonable job, as long as one uses a full
calculation for the attempt time, rather than the commonly used estimate τ0 ∼ 1 ns.
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I. INTRODUCTION

The magnetic relaxation time for an assembly of magnetic
nanoparticles (MNPs) is the characteristic time it takes for
the net magnetization to change [1]. The magnetization relax-
ation in a particle which is fixed in position is a stochastic
process whereby the magnetic moment, prepared in a par-
ticular state, traverses a potential energy barrier over time.
The energy barrier is determined by intrinsic values of the
MNPs (size, composition, uniaxial anisotropy) as well as by
extrinsic factors of the system (external applied field strength
and temperature) [2]. The magnetic relaxation time plays
an explicit role in characterizing MNPs as it is needed in
the fit of zero-field-cooled/field-cooled magnetization versus
temperature curves [3,4]. It also impacts MNP applications
where timescales are important, including magnetic hyper-
thermia [5,6], magnetic particle imaging (MPI) [7–9], and
electromagnetic shielding [10]. For these applications, os-
cillating electromagnetic fields are applied, and whether the
nonequilibrium response of the MNPs [11] is faster or slower
than the field frequency dramatically affects the heating
rates [12,13], MPI signal [11], or shielding efficiency.

An analytic expression for the MNP relaxation time is
highly desirable for the quick interpretation of experimental
data. In the current literature, the most common expression
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used is the Néel-Arrhenius equation [14,15]

τ = τ0 exp
(
KV
kBT

)
, (1)

where K is the uniaxial anisotropy energy density, V is the
volume of a nanoparticle, kB is Boltzmann’s constant, and T
is temperature. τ0 is the characteristic attempt time, which
is usually estimated as a constant value on the order of
1 ns [16–19]. Note that in deriving Eq. (1) the MNPs are
assumed to be noninteracting and uniform in size V and are
single domain with uniaxial anisotropy K [1]. Furthermore,
the particles are fixed in position, so magnetic relaxation
can occur only by internal magnetization relaxation (“Néel
relaxation”) and not via a physical rotation of the particle
(“Brownian relaxation”) [19]. These same assumptions will
be used throughout this paper.

We note that the Brownian and Néel relaxation mech-
anisms need to be combined in order to accurately model
MNPs in fluids [11,12]. However, here, we focus on the Néel
relaxation time as its calculation can be improved, as detailed
below.

Equation (1) is simple and shows that the ratio of the
energy barrier height KV to the thermal energy kBT is criti-
cally important for determining the relaxation time. However,
the Néel-Arrhenius expression is not always accurate. First,
the attempt time τ0 in Eq. (1) can vary considerably from the
assumed value of 1 ns [20]. In fact, in a seminal paper from
1963 [19], Brown showed that τ0 is given (in SI units) under
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special conditions by

τ ′
0(T ) = µ0Ms

2γK
(1+ α2)

α

√
πkBT
KV

, (2)

where µ0 is the permeability of free space, γ is the gy-
romagnetic ratio in units of Hz/(A/m), Ms is the saturation
magnetization, and α is the Gilbert damping parameter for a
given material. α typically takes on values from 0.1 to 0.001
in MNPs, depending on the coupling of the spin system to the
lattice. Thus, one sees that the attempt time can change by
orders of magnitude simply by varying the damping.

Second, Eq. (1) does not take into account that one is
normally interested in MNP relaxation subject to an external
applied magnetic field H . We have found that Eq. (1) is valid
only for field values below 20 Oe (1595 A/m) for typical MNP
parameters, using simulations that will be described below.

Brown explored this issue and produced an expression
for the relaxation time of an assembly of MNPs in a field,
under the assumption that the easy anisotropy axes of all the
particles are aligned with the applied field [19]. This “parallel
relaxation time” is

τ|| =
τ ′
0(T ) (1 − h2)−1

[(1+ h)e−ε(1+h)2 + (1 − h)e−ε(1−h)2 ]
, (3)

where

ε = KV
kBT

(4)

is a dimensionless measure of the anisotropy energy compared
to thermal energy and

h = µ0MsH
2K

(5)

is the dimensionless applied field strength. Equation (3) is the
result of combining the relaxation time to go from the energy
minimum opposite the field direction to the one aligned in the
field direction [barrier height ε(1 − h)2] and going the oppo-
site way [larger barrier height ε(1+ h)2]. The result is similar
to that by Néel [1] but with different prefactors appearing
in front of the exponential terms. Néel’s expression included
magnetoelastic coupling constants, rather than damping α,
and had a factor of 1/

√
1 − h2, rather than 1/(1 − h2). The

term containing e−ε(1−h)2 dominates the relaxation time, but
we found that the full expression does a better job of matching
simulation results for the relaxation time when easy axes are
aligned with the applied field.

Due to assumptions in its derivation (the so-called high
barrier limit), Eq. (3) is valid for only h < 1. However, this
limitation allows for fields up to around 200 Oe (15 954 A/m)
for typical values based on magnetite Fe3O4 (Ms = 281 kA/m
and K = 16 kJ/m3) [3].

It is regrettable that Brown’s solution has not been used by
more authors because Eq. (3) is easy to calculate and shows
good results. The relaxation time is shorter in a moderate
applied field (say, 100 Oe) than without a field by an order
of magnitude, so Eq. (1) does not work well [21–23]. Hence,
the effect of fields seems important to capture in any analysis
of MNP characterization experiments. Perhaps one of the rea-
sons it is not more widely adopted is because it is uncommon
to align all the easy axes with the external applied field. It is

more common for the easy axes to be randomly distributed.
The natural question is then whether a relaxation time can be
calculated for the case of random easy axes. In other words,
can we find an analytic expression for τrand?

Pfeiffer derived a relaxation time for arbitrary angle ψ
between the applied field and easy anisotropy axis [24]. It
looks very similar to the expression for τ|| in Eq. (3), apart
from an angle-dependent barrier height which scales roughly
as KV (1 − h)κ (ψ ), where κ (ψ ) = 2 for ψ = 0 and π/2, and
is reduced for angles in between and can be as low as 1.5
for ψ = π/4. One way, therefore, to find the net relaxation
time of an ensemble with random easy-axis directions is to
integrate appropriately over all possible angles ψ . This makes
the result for τrand nonanalytic and therefore more difficult to
implement for experimental analysis.

In this paper we argue that τrand can be approximated by an
expression derived for the relaxation time in the case that the
applied field is perpendicular to the easy axis of the particles,
i.e., τrand ∼ τ⊥. The expression for τ⊥ is derived using analytic
methods identical to those developed by Brown. The analytic
expression is shown to match well with simulation results
from the stochastic Landau-Lifshitz-Gilbert (LLG) equation.
Hence, the analytic approximation is shown to be valid. Our
result is compared to various relaxation time expressions that
exist in the literature. Note again that the MNPs are assumed
to be noninteracting, single-domain, monodisperse, and fixed
in position for the entirety of the paper.

In Sec. II we discuss the analytic calculation which is an
extension of Brown’s work, plus the LLG simulations. More
details of the analytic calculation are provided in Appendix A.
In Sec. III we present our results, showing how the magnetic
relaxation time varies with temperature, with field, and with
damping. We compare the predictions of our analytic expres-
sion not only with our own LLG simulation results but also
with other analytic expressions in the literature, none of which
match the simulations as well. In Sec. IV a conclusion is
presented.

II. METHOD

The analytic calculation to find τ⊥ ∼ τrand proceeds in the
same way as Brown’s work [19]. That is, the LLG equation
is first transformed into the Fokker-Planck form. The LLG
equation in Cartesian coordinates is

dM
dt

= −γM ×
[
− ∂V

∂M
− η

dM
dt

+ ξ(t )
]
, (6)

where V is the energy density of a particle, M is the magneti-
zation vector of a MNP, −∂V/∂M is the effective field due to
energy contributions, η = α/(γMs) is a damping parameter,
and ξ is the stochastic field due to coupling to the thermal
bath. The statistics of the thermal field components are taken
to follow the properties of white noise, with a mean thermal
field of zero and a variance that scales with temperature T ,
given by

〈ξi(t )〉 = 0, (7)

µ0〈ξi(t )ξ j (t + +t )〉 = 2αkBT
γMs

δi jδ(+t ), (8)
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where i, j = x, y, z, δi j is the Kronecker delta, and δ(+t ) is
the Dirac delta indicating that the random magnetic field com-
ponents are correlated on only vanishingly small timescales.
Whereas Eq. (6) can be numerically integrated forward in
time to find stochastic trajectories for the magnetization of
individual particles (and we do this later), the Fokker-Planck
equation reworks it into a statistical form that is only valid for
a large ensemble of MNPs.

Before getting to the Fokker-Planck equation, we note that
the key difference between different easy-axis orientations is
a change to the energy landscape, provided through the energy
density V . Following the Stoner-Wohlfarth model for a single-
domain particle, it is given by

V = K sin2 θ − µ0MsH (cos θ cosψ + sin θ cosφ sinψ ), (9)

where ψ is the angle between the uniaxial easy axis and
the applied field, θ is the angle between the magnetic dipole
moment of a MNP and the easy anisotropy axis, and φ is an
azimuthal angle between the projections of H andM onto the
xy plane. This geometry is drawn in Fig. 1(a). Note that the
easy axis for each particle considered is taken to point along a
local z direction. In the case of the easy axis aligned with the
field, ψ = 0, and the mathematics vastly simplifies in Eq. (9)
and subsequently throughout the derivation of τ||. The energy
density is given by

V|| = K (sin2 θ − 2h cos θ ). (10)

V|| is plotted as a function of the magnetization’s polar angle
θ in Fig. 1(c) for parameters appropriate for magnetite and an
applied field of 200 Oe. The two energy barriers that appeared
in the exponents of Eq. (3) are labeled by a circle and a
diamond.

We consider instead the case in which the applied field is
perpendicular to the easy axis (ψ = π/2), and again, Eq. (9)
simplifies, this time to

V⊥ = K (sin2 θ − 2h sin θ cosφ). (11)

One notices that there is dependence on the azimuthal angle
φ in this case, but the lowest energy barrier for reversal of the
magnetization occurs for φ = 0, and so this is the case that we
assume in the following derivation. It is shown in Fig. 1(d),
where V⊥ is plotted with H = 200 Oe for φ = 0 (solid line)
and for φ = π (dashed line, much larger energy barriers). In
other words, the lowest barrier for reversal is in the plane
formed by H and the easy anisotropy axis. This geometry
means that we assume that the ensemble magnetization de-
pends on only the polar angle θ . When the magnetization
dynamics contains a high amount of precession (damping
parameter α is small), this assumption may break down, as
has been discovered by others [25]. In Fig. 1(d), the energy
barriers are identical going from one energy well to the other,
which influences τ⊥ [26], and they are marked by a star.

We now discuss in detail and at a basic level why the
desired quantity τrand can be approximated well by τ⊥. The
probability density for a particle in a random ensemble to
have an angle between ψ and ψ + dψ is drawn in Fig. 1(b).
It goes as sin(ψ ) (solid line), which is a basic result for
spherical polar coordinates. The bars represent binned data
from our numerical simulations. One sees that it is far more

FIG. 1. (a) The nanoparticle geometry. The easy axis (denoted
K) for each particle is aligned along the z direction, and the external
applied field H is oriented in the xz plane at an angle ψ from the
easy axis. The magnetic moment M is allowed to rotate freely with
polar angle θ and azimuthal angle φ. (b) The probability density for
particles in a random ensemble to have a polar angle between ψ and
ψ + dψ . The line shows the sin(θ ) prediction, and the bars represent
binned orientations from a simulation of MNPs. (c) The energy land-
scape for parallel alignment, given by Eq. (9), as a function of polar
angle θ . Note that for MNPs aligned with the applied field there are
two barriers shown by the orange circle and green diamond. (d) The
energy landscape for perpendicular alignment, given by Eq. (11). The
dashed line is for φ = π (maximum barrier), and the solid line is
for φ = 0 (minimum energy barrier, star). (e) Comparing the energy
barrier heights for MNPs that have various orientation angles ψ with
the applied field. The symbols correspond to the limiting barriers
indicated in (c) and (d).

likely for a particle to be found with its easy axis perpen-
dicular to the applied field (ψ = π/2, on the equator) than
along the field (ψ = 0, pointing towards the poles). Therefore,
crudely, we can expect that the relaxation time for particles
perpendicular to the field τ⊥ is weighted far more heavily
than the time for particles that have alignment with the field
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τ|| (Brown’s result) in the total relaxation time of the random
ensemble.

Further to this point, the relaxation time has a dependence
on the angle ψ due to both the attempt time changing and
the energy barrier height changing with applied field angle.
The barrier height is the dominant effect, and it is lowest for
ψ = π/4 [24]. We were unable to calculate an analytic relax-
ation time for MNPs oriented at an angle of π/4 but will show
later that the numerical results are very similar for random
alignment, perpendicular alignment, and π/4 alignment.

The energy barrier height for 5 nm radius magnetite parti-
cles is drawn in Fig. 1(e) as a function of the angle between
the applied field and the easy axis to give a feeling for how the
relaxation time may also vary with angle. The circle and the
diamond refer to the barrier heights K (1± h)2 in the parallel
aligned case in Fig. 1(c), and the star denotes the barrier
heights—identical in size K (1 − h)2—in the perpendicular
case in Fig. 1(d). One can see that the perpendicular barrier is
not only the most likely to occur [see Fig. 1(b)] but also a good
average for all the barrier heights in the system [Fig. 1(e)].
Although the barrier height for reversal is not the only factor
affecting relaxation times, it is the key difference between
aligned (τ||) and random (τrand) MNP systems which otherwise
have identical properties.

Brown’s Fokker-Planck equation [19] describing the tra-
jectory of the probability density W (θ , t ), representing the
probability to find the ensemble magnetization at angles be-
tween θ and θ + dθ , reduces in the φ = 0 approximation to

∂W
∂t

= 1
sin θ

∂

∂θ

{
sin θ

[
j′

∂V⊥

∂θ
W + κ ′ ∂W

∂θ

]}
, (12)

V⊥ ∼ K (sin2 θ − 2h sin θ ), (13)

j′ = α

(1+ α2)
γ

µ0Ms
, (14)

κ ′ = kBT
V

j′ = β j′. (15)

This partial differential equation can be solved by assuming a
separable form and keeping only the lowest-order terms

W (θ , t ) =
∑

n

fn(θ )e−pnt ∼ f0 + f1(θ )e−p1t , (16)

where f0 is a constant. One can see that the prefactor in
the exponent p1 has units of reciprocal time and gives the
characteristic relaxation time of the system according to τ⊥ ∼
1/p1. We know that p0 = 0 due to arguments detailed in
Appendix A. Appendix A details how to obtain an analytic
approximation for τ⊥ from Eqs. (12) and (16). The end result
for the perpendicular relaxation time is

τ⊥ = τ ′
0(T )
2

cos[sin−1(h)]√
1 − h (1 − h2)

eε(1−h)2 , (17)

where the zero-field attempt time τ ′
0(T ) found by Brown

is given in Eq. (2), ε = KV/(kBT ), and h = µ0MsH/(2K ).
Equation (17) reduces to the Néel-Arrhenius equation (1) in
the limit that h → 0. Note that the attempt time in a perpen-
dicular field is reduced compared to that in no field and is

τattempt =
τ ′
0(T )
2

cos[sin−1(h)]√
1 − h (1 − h2)

. (18)

However, the effect of this attempt time on the relaxation time
is weak compared to the modification to the energy barrier,
which is given by K (1 − h)2.

We note that the reduction in the barrier height according to
K (1 − h)2 is the same as theminimum barrier height found for
the case of the easy axis parallel to the applied field [1,19,24]
[see Fig. 1(e)]. Here, the key difference is that rather than two
barrier heights, there is only one. This is the main difference
between Eqs. (3) and (17).

We note that authors have long used expressions of the
form of Eq. (17) with exponent ε(1 − h)2 [4,15,16], but there
was little justification for why it was valid, apart from the
fact that it is the dominant term in Eq. (3) that was derived
for parallel alignment, rather than random alignment. Our
argument that τ⊥ ∼ τrand provides physical justification to this
form of the relaxation time. Also, we emphasize again that
the attempt time may be orders of magnitude different from
τ0 ∼ 1 ns.

We wish to show that Eq. (17) does an excellent job at
approximating the relaxation time of a MNP system with
random easy axes and is better than existing expressions in the
literature. To do this, numerical simulations are performed.

The stochastic LLG equation (6) can be converted to spher-
ical polar coordinates, giving

θ̇ = j′
[
−∂V

∂θ
+ εθ

]
+ g′

sin θ

[
∂V
∂φ

+ εφ

]
, (19)

φ̇ = g′

sin θ

[
−∂V

∂θ
+ εθ

]
− j′

sin2 θ

[
∂V
∂φ

+ εφ

]
, (20)

where g′ = j′/α and the thermal energy densities at a given
time t are

εθ (t ) = µ0Ms(ξx cos θ cosφ + ξy cos θ sin φ − ξz sin θ ),

εφ (t ) = µ0Ms(ξx sin θ sin φ − ξy sin θ cosφ).

The coupled differential equations (19) and (20) are solved
using a fourth-order Runge-Kutta (RK4) method with a time
step of +t = 10−12 s for 5000 noninteracting particles. Their
magnetization projection along the H direction is averaged
to give a magnetization versus time curve for a specified
temperature. (Note that in a real system, the H direction
is constant, and the anisotropy axis varies from particle to
particle, whereas we have the opposite case to simplify the
mathematics.) The magnetization curve is fit to the function

m(t ) = (m0 − yavg) exp (−t/τ )+ yavg, (21)

wherem0 is some initial value for the averaged magnetization,
τ is the relaxation time for the ensemble that we are looking
for, and yavg is the value that the magnetization saturates to at
a given temperature and applied field.

In Fig. 2, an example of the numerical data is shown with
blue dots, and a fit is shown by the dashed line. The fit is made
only to the data past time t = 8.6 ns (vertical line) because the
initial dynamics represent relaxation into regular system me-
chanics from initial conditions on short timescales, rather than
the interwell excursions that Fokker-Planck calculates for.
An automated routine was established to drop the short-time
data for a particular numerical simulation since the intrawell
relaxation has a different time constant in each simulation,
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FIG. 2. Normalized magnetic moment along the applied field
direction of 5000 particles (randomly aligned easy axes) as a func-
tion of time, simulated by the RK4 spherical polar stochastic LLG
equation (19). Here, H = 200 Oe, α = 0.01, and T = 150 K (blue
dots). The trajectory is fitted by the red dashed line starting from the
vertical orange line to find a value of the relaxation time τ . The fit
has a square mean error less than 0.57%.

depending on the damping parameter, applied field strength,
and temperature. Note that occasionally, in simulations, the
net magnetic moment showed oscillations at small timescales,
indicating that a net precession could be seen in some MNP
ensembles. Others have noted that the choice of initial con-
figuration of the magnetic moments affects the relaxation
time [25], but it was found that dropping the short-time in-
trawell behavior eliminated this dependence and one can get
consistent results by starting the magnetic dipole moments
randomly or all aligned (as is the case in Fig. 2). The initial
conditions are also more important to consider in systems with
aligned easy axes than in those with random easy axes.

We checked the numerical simulations a number of ways
before comparing to analytic estimates of the relaxation time.
First, when the energy barrier is small (KV * kBT ), yavg
matches the prediction of the Langevin function for thermal
magnetization as a function of applied field. Second, we nu-
merically integrated the Cartesian form of LLG [Eq. (6)] using
a second-order Runge-Kutta method and found results for the
relaxation time that matched the spherical polar RK4 results.

III. RESULTS AND DISCUSSION

Results are given for 5 nm radius Fe3O4 particles
with Ms = 281 kA/m, K = 16 kJ/m3, and γ = µ01.82 ×
1011 rad Hz/(A/m). Magnetite has cubic rather than uniaxial
anisotropy but is typically treated using theories based on uni-
axial anisotropy apart from a few notable exceptions [26–28].
The gyromagnetic ratio corresponds to g= 2.07, with a g
factor greater than 2 being appropriate for magnetite [29]. The
applied field strength is varied from 0 to 200 Oe (15 916 A/m).
We consider damping parameters of α = 0.1 and α = 0.01,
which are reasonable values taken from experiments and al-
low us to explore the role of precession.

First, the case of all easy axes aligned with the applied
field is considered in order to show that Brown’s analytic work
and our numerical simulations are in agreement. In Fig. 3 we
show Brown’s parallel relaxation time τ|| from Eq. (3) on a
logarithmic scale as a function of temperature using α = 0.01

FIG. 3. The relaxation time for an ensemble of MNPs with easy
axes all aligned along the applied field τ|| as a function of tempera-
ture. Symbols represent results from LLG simulations, and the lines
are the predictions of Eq. (3) from Brown. Damping parameters
α = 0.01 (red/orange palette) and α = 0.1 (green/blue palette) are
considered. The applied field strengths are 50 and 200 Oe.

and 0.1 for H = 50 and 200 Oe. The analytic results are
shown by the four solid and dashed lines, while the numerical
results are shown by the assorted symbols (see the legend).
One notices that there is a good match between Eq. (3) and the
numerical simulation results. There is a separation between
the relaxation time for the larger value of damping (lower
lines, α = 0.1) and the smaller value (upper lines, α = 0.01)
because after traversing the energy barrier for reversal, the
high damping particles have a faster approach to the new
energy minimum and hence the overall τ|| is smaller. This
matches what was found by Kalmykov et al. [25].

Within these two groups of lines in Fig. 3, we also see the
effect of applied field strength on relaxation time, which is
weaker than the effect of damping. A larger applied field value
(200 Oe, dashed lines) tends to decrease the relaxation time
compared to the smaller field value (50 Oe, solid line) as the
barrier to reversal is reduced in size.

Next, we consider the more interesting case of random
alignment of easy axes. In Fig. 4, the magnetic relaxation
time from simulations for α = 0.01 is plotted as a function
of temperature with applied field H = 200 Oe for the cases of

FIG. 4. The relaxation time for parallel (diamonds) and ran-
domly aligned MNPs (dots) as a function of temperature, with results
taken from simulations. Here, α = 0.01, and H = 200 Oe. The lines
represent analytic expressions for τ|| [solid line, Eq. (3)] and τ⊥
[dashed line, Eq. (17)].
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FIG. 5. The relaxation times τrand (from simulations, dots and
squares) and τ⊥ [Eq. (17), lines] as a function of temperature, this
time for α = 0.1. Two applied field values, namely, 50 Oe (solid line)
and 200 (dashed line), are shown.

parallel (diamonds) and random (dots) orientation. First, one
sees that the relaxation time is, in general, smaller for a sample
of randomly aligned particles by half an order of magnitude
compared to the aligned case because the energy barrier for
reversal is lower, on average, for particles that have their easy
axis aligned away from the applied field direction [as seen
in Fig. 1(e)]. This implies that using Brown’s expression for
parallel-aligned easy axes τ|| is obviously in error when there
is a random ensemble of easy axes. Second, the lines drawn
along with the numerical data are the parallel relaxation time
Eq. (3) (τ||, solid line) and the perpendicular relaxation time
derived here and given in Eq. (17) (τ⊥, dashed line). One
sees that the expressions match well with the respective nu-
merical data taken from simulations, which is explored more
below.

In Fig. 5, τrand (from simulations, squares and dots) and
τ⊥ [analytic Eq. (17), lines] are plotted as a function of tem-
perature, this time using a larger damping value of α = 0.1.
The solid line represents results for a 50 Oe applied field,
and the dashed line is for 200 Oe. The analytic expression
shows reasonable agreement with the simulation data in both
cases. We note that the analytic approximation underestimates
the relaxation time, but the agreement is much closer than
other analytic expressions in the literature, as discussed below.
Comparing Figs. 4 and 5, it appears at first that the analytic
expression fits better with the simulation results for lower
damping. However, the vertical logarithmic axis ranges over
different values in these two plots, making the discrepancies
look larger in Fig. 5. In fact, the difference is around 10%
for most data points compared to the analytic curves in both
cases.

In order to properly compare numbers, some representative
data from Fig. 5 are presented in Table I. The first column
gives various temperatures considered, the second column
gives our analytic estimate for τ⊥, and the third column gives
the results of the simulation τrand. One sees that the results
match well. In the best example, at 75 K the analytic estimate
is 37 ns, while the simulations give 39 ns. The main thing to
note is that the analytic estimate τ⊥ is closer to the simulated
result for τrand than the analytic result of Brown for aligned
easy axes (see the last column of Table I). Brown’s results do,

TABLE I. Comparison of relaxation times at different temper-
atures. The first column has temperatures, and the second has our
analytic estimate for τ⊥. The third, fourth, and fifth columns are sim-
ulated results for random alignment of easy axes, easy axes aligned at
an angle of π/4 from the applied field, and all easy axes aligned with
the applied field. The last column is the result of Brown’s analytic
estimate for field-aligned easy axes. The parameters are the same as
those used to make Fig. 5.

SimulatedT τ⊥, Eq. (17) τ||, Ref. [19]
(K) (ns) τrand τπ/4 τ|| (ns)

75 37 39 35 106 92
100 11 15 14 26 26
150 3.3 4.5 5.7 9.6 7.8

however, match well with τ|| found from our simulations (fifth
column).

In the fourth column of Table I, the relaxation times found
by simulating nanoparticles all aligned at an angle of π/4
from the applied field are shown (τπ/4). Comparison of these
values show that τπ/4 ∼ τ⊥. We have claimed in this work
that examining the perpendicular orientation is sufficient to
get an estimate of the relaxation time of a randomly aligned
ensemble of MNPs. The fact that τπ/4 ∼ τ⊥ further supports
this assumption. Notice that for 75 K, τrand = 39 ns, and
τπ/4 = 35 ns, for example.

Various methods were attempted to find an analytic relax-
ation time that properly combined the relaxation times at all
angles for a random ensemble. None of these attempts yielded
an analytic relaxation time. Moreover, none of these attempts
to average yielded results closer to those given by Eq. (17).
We discuss this more later when comparing our results to
Pfeiffer’s work.

In Fig. 6 different literature expressions for the relaxation
time of MNPs are compared to each other and to the simu-
lated results for τrand. All the cases shown assume α = 0.01
and H = 200 Oe, and each of the three panels includes an
identical set of simulated results (black diamonds) for ease of
comparison. Analytic expressions (lines) closer to the black
diamonds represent more accurate methods.

Figure 6(a) shows the difference between using a con-
stant τ0 = 10−9 s (dashed line) and Brown’s temperature-
dependent attempt time τ ′

0(T ) from Eq. (2) (solid line)
in conjunction with the Néel-Arrhenius equation, given in
Eq. (1). Although it may be obvious to the reader now that
this is not the correct expression to use to estimate the relax-
ation time in an applied field, it is included here as it is the
expression most authors use, regardless of applied field value.
The Néel-Arrhenius equation deviates strongly from the true
relaxation time at low temperatures. At high temperatures, it
appears that using a constant τ0 ∼ 1 ns works well, but this
is a happy coincidence because while the attempt time is too
small in this range of temperatures, the energy barrier is too
large, and these two discrepancies cancel each other out.

Figure 6(b) compares our numerical results (black dia-
monds) to what we call “Néel barrier” expressions for the
relaxation time. In this case, the energy barrier in the exponent
is adjusted to take into account the effect of the applied field,
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FIG. 6. Simulated relaxation times (diamonds) as a function of
temperature, with α = 0.01 and an applied field strength of 200 Oe,
are compared to various analytic expressions for relaxation time.
(a) The Néel-Arrhenius equation with constant prefactor τ0 = 1 ns
(dashed line) and Brown’s temperature-dependent prefactor (solid
line). (b) The Néel barrier equation with (i) constant prefactor
τ0 = 1 ns (long-dashed line), (ii) Brown’s temperature-dependent
prefactor (short-dashed line), and (iii) our Eq. (17) (solid line).
(c) Literature results, including those by Coffey and Kalmykov [26]
(pink dotted line), an integration of Pfeiffer’s result [24] (mauve
dashed line), and Victora’s expression (solid purple line) [16]. See
the main text for details.

i.e., KV → KV (1 − h)2. As mentioned earlier, this represents
only one piece of Brown’s Eq. (3), but in our derivation of τ⊥
it pops out as the only energy barrier to be considered. The
attempt time is given by three different expressions: (i) a con-
stant τ0 ∼ 1 ns (long-dashed line), as is commonly assumed
in the literature, (ii) τ ′

0(T ) in Eq. (2) (short-dashed line), and
(iii) our τattempt in Eq. (18) (solid line). One sees that the
constant attempt time does a poor job of fitting the data at high
temperatures. One also sees that the temperature-dependent
attempt time τ ′

0(T ) of Brown and the field-adjusted barrier
height do a great job of matching the relaxation time of a
random ensemble of MNPs. Our method does a slightly better

TABLE II. Ratios of the best analytic estimates of the relaxation
time to numerically calculated τrand. Numbers closer to 1 indicate
a better match. The first column gives the temperature, the second
column gives our perpendicular time τ⊥, the third column gives τNéel,
which is almost identical to our expression apart from the attempt
time, and the fourth column gives the averaged relaxation time in
Eq. (22), based on Pfeiffer’s work [24].

T τ⊥/τrand, τNéel/τrand, τVictora/τrand,
(K) Eq. (17) T dependent Ref. [16]

75 0.96 0.89 0.62
100 0.94 0.87 0.69
150 1.24 1.15 1.05
200 1.06 0.98 0.89
225 0.96 0.89 0.82

job, being closer to the numerical data across a broad range
of temperatures. The reason is τattempt [Eq. (18)] and τ ′

0(T )
[Eq. (2)] differ by very little for applied fields of 200 Oe.

Some authors have used relaxation times of the form
τ ′
0(T ) exp[ε(1 − h)2] in the past [30], but without a strong
rationale to do so. Here, we have shown that this is a good
approximation, and this form is due to most particles having
an orientation perpendicular to the applied field, with the
energy barrier in this configuration scaling as (1 − h)2. Recall
from Fig. 4 that this result is distinct from the case of all easy
axes aligned with the field.

Figure 6(c) displays other contemporary analytic expres-
sions, including one provided by Coffey et al. [21,26] for τ⊥
(dotted line). That expression is detailed in Appendix B since
it is relatively long and has some assumptions built in. It was
derived using a series expansion on an escape rate equation
and is more complicated than Eq. (17). One sees that Coffey
et al.’s expression overestimates the relaxation time for these
parameters.

On the same axes in Fig. 6(c), a version of Pfeiffer’s ex-
pression is shown (mauve dashed line) [24]. It is found by
integrating the relaxation time for a given orientation angle ψ
over all the possible angles in a random ensemble, namely,

τPfeiffer =
∫ π

0
τ (ψ ) sinψ dψ, (22)

where τ (ψ ) = τ ′
0(T ) exp{[ε[1 − h/g(ψ )]κ (ψ )}, g(ψ ) =

(cos2/3 ψ + sin2/3 ψ )−3/2, and κ (ψ ) = 0.86+ 1.14g(ψ ).
This integration needs to be done numerically, and
the results are not as close to the simulation results
as other analytic expressions. One sees that it slightly
underestimates the relaxation time. Finally, Victora’s
claim [16] that the barrier height scales as (1 − h)1.5 for
random ensembles is tested (solid line). This line corresponds
to τ = τ ′

0(T ) exp[ε(1 − h)1.5]. That expression is reasonable
to use as it passes close to the black diamonds. However, it is
not as close to the numerical data as τ⊥ given in Eq. (17), as
seen by comparing it to the solid line in Fig. 6(b).

Table II shows ratios of the best analytic relaxation time es-
timates to the simulated τrand. The closer the result is to unity,
the more in agreement the expression is with the simulated
data. Our expression (second column) is not always the best
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method for predicting τrand but is the best over a large range
of temperatures.

IV. CONCLUSION

We examined the case of an ensemble of single-domain,
noninteracting, uniform-sized MNPs with easy axes randomly
aligned with respect to an external applied field. The particles
are unable to physically rotate. The magnetic relaxation time
of the system is calculated, which represents the characteristic
time it takes for magnetic moments to traverse the energy
barrier from one minimum to another. This quantity is espe-
cially important in experimental evaluation of magnetization
versus temperature curves in order to characterize particles, as
well as being used to predict the behavior of particles under
oscillating magnetic fields of various magnitudes and frequen-
cies. It has application to magnetic hyperthermia treatment
and magnetic particle imaging.

Using the methods of Brown [19], we derived an analytic
expression for the so-called perpendicular relaxation time τ⊥,
which we argue is a good approximation for τrand, the aver-
age relaxation time of the randomly aligned ensemble. This
conclusion is supported by numerical simulations using the
stochastic Landau-Lifshitz-Gilbert equation. Equation (17) is
our main result and is important because it is not only shown
to be accurate but is also very simple to use. We urge re-
searchers not to use the Néel-Arrhenius equation (1) with a
guessed attempt time τ0 and no dependence on applied field
strength, as its results can be incorrect by several orders of
magnitude and better expressions are just as simple to use.
Equation (17) is rewritten below without any shorthand nota-
tion so that it is easy for the reader to find and use:

τrand∼τ⊥=
µ0Ms

4γK
(1+α2)

α

√
πkBT
KV

cos[sin−1(h)]√
1 − h (1 − h2)

e
KV
kBT

(1−h)2
,

h= µ0MsH
2K

. (23)

Our expression for τ⊥ differs from the case of parallel
aligned MNPs τ|| in Eq. (3) both in the attempt time and
in the energy barrier. The attempt time varies strongly with
temperature but only weakly with field up to 800 Oe, which
is beyond the validity of the high barrier assumption used in
the derivation presented. There are two energy barriers in τ||,
namely ε(1± h)2, corresponding to transitions from one local
energy well to the other and back again. However, τ⊥ has only
one barrier height ε(1 − h)2, and this is the key difference that
makes τ⊥ ∼ τrand smaller than τ||.

Equation (1) is routinely rearranged to obtain an ex-
pression for the blocking temperature of MNPs and to
estimate the anisotropy constant K of MNPs using zero-field-
cooled/field-cooled measurements [3]. As shown in this work,
the interpretation of these experiments should be adjusted
if magnetic fields greater than around 20 Oe are used in
the experiment. Note that using Eq. (17) rather than Eq. (1)
not only represents adjusting the energy barrier height by
a factor of (1 − h)2 but also involves changing the attempt
time or prefactor in the relaxation time expression. Both are
important.

Many assumptions used here need to be relaxed in order
to model realistic MNP systems. Most critically, MNPs typi-
cally interact via dipolar fields, which can dramatically affect
their relaxation times [15,18,31,32]. Our results therefore are
valid for only very dilute nanoparticle systems. We note that
increasing their concentration has a nonmonotonic effect on
MNP heating [33], and similarly, it is difficult to predict trends
in other properties, such as the relaxation time, of strongly
interacting MNP systems. In addition, magnetite and other
commonly used materials have a cubic rather than uniaxial
anisotropy, which dramatically changes the magnetic energy
landscape and in turn the relaxation time [26] and MPI perfor-
mance [28]. Real systems are also polydisperse, although this
can be accounted for by integrating relaxation times in an ap-
propriate way over a particle size distribution [3,30]. Finally,
when MNPs are not fixed in position, then the magnetization
may relax via Brownian rotations rather than internal Néel
relaxation, which is the only relaxation mechanism considered
here.

Although spherical particles are considered in this work,
the magnetization switching in square, ellipsoidal, and cylin-
drical elements is also of interest [34]. In that case, an
additional shape or demagnetizing energy contribution must
be considered in analytic and numerical models for magnetic
relaxation.
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APPENDIX A: DERIVATION OF τ⊥

Here, we detail the steps in the calculation for τ⊥ from
the Fokker-Planck equation (12). The steps follow those of
Brown [19] closely, but the magnetic energy landscape is
different from the case of particles with easy axes aligned with
the field, which makes the expressions different.

Substituting x=cos θ and ζn(x)= fn(x)eβV⊥ [β=V/(kBT )]
into Eqs. (16) and (12) transforms the simplified Fokker-
Planck equation into a Sturm-Liouville-type equation,

d
dx

[
(1 − x2)e−βV⊥

dζn

dx

]
+ pn

k′ e
−βV⊥ζn = 0, (A1)

where pn are distinct eigenvalues corresponding to distinct
eigenfunctions ζn(x). Equation (A1) reduces to Legendre’s
equation in the high-temperature limit (β → 0), meaning we
have some insight into the solutions. Here, one sees that for
a zeroth-order polynomial eigenfunction ζ0 (i.e., a constant
eigenfunction), the only eigenvalue possible is p0 = 0, as
mentioned in the main text. As Brown did in 1963, we there-
fore move on to the first-order eigenvalue p1. Finding p1 is
equivalent to minimizing the functional

D[ζ1] =
∫ 1

−1
(1 − x2)e−βV⊥

(
dζ1

dx

)2

dx, (A2)
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subject to the constraints that ζ1 is orthogonal to ζ0 and has a
constant norm H with respect to the Sturm-Liouville weight-
ing function e−βV⊥ [35]. In other words, the constraints are

0 =
∫ 1

−1
e−βV⊥ζ1(x)dx, (A3a)

H[ζ1] =
∫ 1

−1
e−βV⊥ [ζ1(x)]2dx = const. (A3b)

After the minimization is complete, the first-order eigen-
value is given by

p1
κ ′ = D[ζ1]

H[ζ1]
, (A4)

where κ ′ is given in Eq. (15) and depends on the damping
constant α and temperature-dependent term β.

To compute the two functional integrals D[ζ1] and H[ζ1]
for an unsolved ζ1, we make use of the fact that the ex-
ponential terms (e−βV⊥ ) in the integrands vary much more
rapidly than ζ1(x) (approximately linear) and dζ1/dx (approx-
imately constant on the range). In particular, when the energy
landscape V⊥ has a minimum or maximum value, there are
dominant contributions to these integrals [36].

This consideration, together with the orthogonality con-
dition and the Sturm-Liouville equation, allowed Brown to
rewrite the eigenvalue in terms of three regular integrals de-
fined around local energy minima and maxima, namely,

p1 =
κ ′

Im

(
1
I1

+ 1
I2

)
. (A5)

Although we use the same notation as Brown for the three
integrals, I1, I2, and Im, the key difference is that the en-
ergy landscape is changed for the case of the applied field
perpendicular to the easy axis, and so these integrals are
redefined. The energy V⊥ has minima at θl = arcsin(h) and
θu = π − arcsin(h) and a maximum at π/2. The equations are
then

I1 =
∫ θ1

arcsin (h)
sin θe−βV⊥dθ , (A6a)

I2 =
∫ π−arcsin (h)

θ2

sin θe−βV⊥dθ , (A6b)

Im =
∫ θ2

θ1

eβV⊥

sin θ
dθ , (A6c)

where θl < θ1 < π/2 < θ2 < θu but θ1 and θ2 are otherwise
arbitrary angles.

To get analytic expressions for the integrals above,
the energy densities are expanded about their min-
ima/maximum [36]. For example, in the integral I1 we have
that

V⊥(θ ) ∼ V⊥(θl )+ 1
2V

′′
⊥(θ − θ1)2, (A7)

where V ′′
⊥ represents the double derivative or the curvature of

the energy density, which has an analytic form at the minima
and maximum. In addition, one can write sin θ in the vicinity
of the first minimum θl as

sin θ ∼ h+ cos[arcsin(h)](θ − θl ). (A8)

The result for the first integral is then

I1 ∼ cos[θl ]
−βV ′′

⊥(θl )
e−βV⊥(θl ), (A9)

with θl = arcsin(h) being the location of one of the local
minima and V ′′

⊥(θl ) = 2K (1 − h)2.
Substituting the equivalent expressions

I2 ∼ cos[θu]
−βV ′′

⊥(θu)
e−βV⊥(θu ), (A10)

Im ∼
√

2π
βV ′′

⊥(π/2)
e−βV⊥(θm ), (A11)

with θu = π − sin−1(h), V ′′
⊥(θu) = V ′′

⊥(θl ), θm = π/2, and
V⊥(θm) = K (1 − 2h), into Eq. (A5), one arrives at our chief
result for τ⊥ ∼ 1/p1 ∼ τrand, as quoted in Eq. (17).

We note that for the case of applied field parallel to the
applied field (Brown’s axisymmetric case), the energy minima
lie at the two ends of the polar angle’s domain (θ = 0 and
θ = π ), whereas in deriving τ⊥ the range of angles integrated
over is reduced [θl = arcsin(h) to θu = π − arcsin(h)]. This
means that the integrals D and H in Eq. (A4) are evaluated
approximately, and that approximation is valid for only small
h. Applied fields up to 200 Oe do not truncate the range
dramatically, allowing this step to be made.

APPENDIX B: COFFEY’S EXPRESSIONS FOR τ⊥

Coffey and Kalmykov provide an extensive look at the
relaxation times of various MNP systems [26]. The case we
are concerned with (systems of noninteracting, uniform-sized,
uniaxial anisotropy MNPs subject to an external applied field)
can be found in Sec. IV C of that article. It provides the reader
with several expressions which range in generality of use from
one which is valid for all orientations to one which looks at
just the perpendicular oriented scenario. We have tested them
against our simulation results but, for the sake of simplicity,
have included only the best-fitting expression in the method
comparisons of Fig. 6(c).

The expression itself was derived using escape rate theory,
first introduced by Kramers [36], resulting in the so-called
transverse field equation, Eq. (135) of Ref. [26]. This result
gives a τ⊥ versus T curve which matches the shape of our
simulations but predicts much longer relaxation times, so it is
not included in Fig. 6(c).

The authors argue that their Eq. (135) can be further
simplified if the dependence of the perpendicular potential
energy density equation [Eq. (11)] on the azimuthal angle
φ is assumed to be negligible. In other words, the over-
barrier process is roughly equivalent for all escape paths in
this orientation. To account for this, a perturbative method is
employed [37] which gives Eq. (137) of Ref. [26], namely,

τ⊥,C + τB{1+ h2ε2[1+ 2(2εα2e)1/(2εα
2 )1]}−1. (B1)

This relies on their Eq. (138) for the function 1,

1 =
∫ z

0
t a−1e−t dt, a = 1+ 1

2εα2
, z = 1

2εα2
,
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Eq. (79) for a modified Brown prefactor,

τB ∼ τN

√
π

2
eεε−3/2

(
1+ 1

ε
+ 7

4ε2
+ · · ·

)
, (B2)

and Eq. (19) for the so-called Néel attempt time,

τN = µ0VMs(1+ α2)
2γαkBT

.

Here, the dimensionless ε is given in our Eq. (4), and h is
our Eq. (5). Note that we have adjusted the expressions from
Ref. [26] so that they are in SI units.

The results of Eq. (B1) are shown in Fig. 6(c) by the dotted
line, and they overestimate the relaxation time compared to
simulations. We note that it fits more closely to the data if the
eε term in the Brown prefactor (B2) is replaced by eε(1−h)2 .
Equation (B1) comes with a few restrictions on its range of
validity, namely,

h2ε2 * 1, α > 4h2ε3/2, ε > 4.

For our material parameters based on magnetite, ε = 2 at
300 K, and ε = 3 at 200 K. We are therefore not in the true
high barrier limit at these temperatures. However, Eq. (B1)
does not fit well at low temperatures either. As mentioned
earlier, the more general formula provided for τ⊥ in Ref. [26]
is, in fact, much further from the simulation data.
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