Applied Mathematics & Optimization (2021) 84 (Suppl 1):5733-5765
https://doi.org/10.1007/s00245-021-09784-6

®

Check for
updates

Exploiting Characteristics in Stationary Action Problems

Vincenzo Basco' - Peter M. Dower' @ - William M. McEneaney? -
Ivan Yegorov3

Accepted: 24 April 2021/ Published online: 6 July 2021
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2021

Abstract

Connections between the principle of least action and optimal control are explored
with a view to describing the trajectories of energy conserving systems, subject to tem-
poral boundary conditions, as solutions of corresponding systems of characteristics
equations on arbitrary time horizons. Motivated by the relaxation of least action to sta-
tionary action for longer time horizons, due to loss of convexity of the action functional,
a corresponding relaxation of optimal control problems to stationary control problems
is considered. In characterizing the attendant stationary controls, corresponding to
generalized velocity trajectories, an auxiliary stationary control problem is posed with
respect to the characteristic system of interest. Using this auxiliary problem, it is
shown that the controls rendering the action functional stationary on arbitrary time
horizons have a state feedback representation, via a verification theorem, that is con-
sistent with the optimal control on short time horizons. An example is provided to
illustrate application via a simple mass-spring system.
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1 Introduction

In recent investigations [6,10], connections between Hamilton’s action principle and
optimal control have been exploited to synthesize fundamental solutions for conser-
vative systems of differential equations, in finite and infinite dimensions, and their
related two point boundary value problems (TPBVPs). In each case, an optimal con-
trol problem is identified whose cost is representative of the desired action, leading
to a characteristic system corresponding to the desired conservative system. The tools
of optimal control, including dynamic programming, semigroup theory, idempotent
algebra, and convex analysis, subsequently provide a pathway for construction of its
fundamental solution, for large classes of boundary conditions, see for example [10].

For short time horizons, convexity of the action functional with respect to the
generalized velocity trajectory is typically guaranteed for finite dimensional dynamics.
This ensures that an associated optimal control problem is well-defined, c.f. [10].
Consequently, stationary action is achieved as least action [9], as characterised by a
corresponding value function, while the associated equations of motion are described
by the characteristic system corresponding to a standard Hamilton—Jacobi—Bellman
(HJB) partial differential equation (PDE).

For longer or infinite time horizons, or for configurations with infinite dimen-
sional dynamics, the equivalence of stationary action and optimal control breaks down,
typically due to a loss of convexity of the action [7,10]. This leads to finite escape phe-
nomena exhibited by the value function, and hence an inability to propagate solutions
beyond these times. This limitation is particularly severe in the infinite dimensional
setting [6,7], and motivates exploration of stationary control problems, as opposed
to optimal control problems, whose value can propagate through these finite escape
phenomena to longer horizons [5,11-13].

An optimal control problem can be relaxed to a stationary control problem by for-
mally replacing the infimum (or supremum) operation in the definition of the attendant
value function with a stat operation [11-13]. As indicated, this stat operation requires
only stationarity of its cost function argument, rather than optimality. In the stationary
action problems considered to date, see for example [5—7,11-14], this has involved
the characterization of open loop controls that render the cost stationary. However,
motivated by the notion of minimax solutions or minimal selections considered in
[4,16,17], it is also reasonable to consider initial adjoint or generalized momentum
variables that render an associated characteristics based cost stationary. An investiga-
tion in this direction forms the basis of this work, as initiated in [8]. The main results
provide an equivalence between two stationary control problems, subject to unique-
ness of solutions of a TPBVP [5], and a verification result for stationary trajectories
posed with respect to a suitable HIB PDE. An illustrative example is included.

In terms of organization, Sect. 2 reviews the connection between least action and
optimal control, and states the main assumptions used throughout. Section 3 relaxes
optimality to stationarity in the minimax solution/minimal selection representation [4,
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16,17] of the optimal control problem encapsulating least action, yielding a stationary
control problem and value function compatible with stationary action. This relaxed
problem is used to characterize the stationary trajectories of interest, both via TPBVPs
as per earlier work [5], and via a verification theorem involving an HJIB PDE. The
paper concludes with a simple example in Sect. 4 followed by a brief conclusion in
Sect. 5. An appendix is included, containing proofs diverted from the main body of
the paper.

Throughout, R, Z, N denote the real, integer, and natural numbers respectively, with
extended reals defined as R = R U {#00}. a Vv b denotes the maximum of a, b € R.
| - | and (-, -) denote the Euclidean norm and scalar product, respectively. The space
of continuous mappings between Banach spaces 2" and ¢ is denoted by C(Z"; %).
The set of bounded linear operators between the two spaces is denoted by L(Z"; %),
or L(Z)if Z and ¥ coincide. The norm on 2 is denoted by || - || ¢, or simply || - || if
contextually clear. If 2" is a Hilbert space, the inner product is denoted by (-, -) -, or
(-, -) again if contextually clear. Given a closed interval / C R and Hilbert space .2,
the space of square summable measurable functions on /, endowed with the standard
inner product, is denoted by .Z 2(I P 2.

Given two Banach spaces 27, %/, a function f € C(Z"; %) is Fréchet differen-
tiable at x € Z°, with derivative Df (x) = D, f(x) € L(Z; %), if the function
dfy + & — % defined by

) 0 Ikl 2 =0,
dfx(h) =\ fGa+h)—f@)—Df)h

1
Al o k]l 2 > 0, (1

satisfies limyp) - o0 ldfx () llw = 0; i.e. f is Fréchet differentiable at x if h +—
dfy(h) is continuous at 0. The function f is Fréchet differentiable (everywhere) if
it is Fréchet differentiable at every x € Z". A function f is continuously Fréchet
differentiable, denoted f € C'(2"; %), if Df : & — L(Z ;%) is continuous.
Higher order Fréchet derivatives are similarly defined, with f € CK(2"; %) if f
is k-times continuously Fréchet differentiable, k € N. The Fréchet derivative Df of
a real-valued function f : 2 — R, where it exists, has the Riesz representation
Df(x)h = (Vf(x), h) forx,h € Z',inwhich Vf = V,f : Z — Z . Where
f is twice Fréchet differentiable, D2 f(x)hh = (DV f(x) h, h) = (V2 f(x) h, h) =
(V2 f(x)h, fz) forall h, h € 2, in which V2f=DVf: 2 — L(Z) denotes the
Fréchet derivative of V f.

2 Least Action and Optimal Control

The action associated with a desired energy conserving motion is classically defined
as the time integral of the Lagrangian formed by the difference of the generalized
kinetic and potential energies involved. Where the action is uniformly bounded below
(or above) with respect to the generalized velocity trajectory, it may be interpreted as
the integrated running cost associated with an optimal control problem, to which a
terminal cost may be added so as to encode desired terminal conditions of the motion.

@ Springer



S736 Applied Mathematics & Optimization (2021) 84 (Suppl 1):S733-5765

Formalizing, let 2~ denote a real Hilbert space of instantaneous generalized posi-
tions of the motion, and let T € R>o and ¢ € [0, T'] denote the final and initial times
of that motion. Let % [t, T = £2([t, T]; Z°) define the space of associated admis-
sible generalized velocity trajectories. Given an initial generalized position x € 27, a
coercive self-adjoint inertia operator M € L(Z), a potential field V : 2"~ — R, and
an artificial terminal cost ¢ : 2~ — R, the cost function Jr (¢, x, ) : Z[t, T] — R
encapsulating the action is defined by

T
Jr(t.x.u) i/ g, Mug) — V&) ds + 9 (Fr) . @
t

in which u € 7%/ [t, T] is the generalized velocity trajectory, and x € C([¢, T]; Z) is
the corresponding unique generalized position trajectory, satisfying

N
)Esix—f—/ Uy do, 3)
t

for all s € [¢, T']. The inertial operator, potential field, and terminal cost are assumed
to satisfy the following throughout:

ImeR.g, K€ Rsg s.t. Vx,he X,
m||h||* = (h, Mh) <0,
IV2V)lleary VIDVAV Ol ey VID*V V@ lor o ey < 5.0 @)
IVl < 5

i.e., the inertia operator M is coercive (and hence boundedly invertible), while the
third and fourth derivatives of the potential field, along with the second derivative of
the terminal cost, are uniformly bounded.

Under assumption (4) and for sufficiently short time horizons T — #, the cost u +—
Jr(t, x, u) is strongly convex, see Lemma 1 below. Consequently, an optimal control
problem defined via (2) encapsulates stationary action as least action, with the value
function Wy : [0, T] x £ — R involved defined for all 7 € [0, T'], x € 2" by

Wr(t,x) = inf Jp(t,x,u). (5)
ue (t,T)

Theorem 1 Given m, K € Rxsq as per (4), T € Rxo, t € [0, T] such that (T —
HV1)(T —1t) <%, and any x € 2, there exists a unique u € % [t, T] such that
Wr(t,x) = Jr(t, x,u) € R;i.e thevalue function (5) is well-defined and real-valued.

The proof of Theorem 1 uses the following lemma.

Lemma 1 Given arbitrary T € Rso, t € [0,T], x € X, andu € %It,T], cost
Jrt,x,:) : Z[t, T] — R is twice Fréchet differentiable, with second derivative
D,V Jr(t,x,u) € L(%]t, T)) given by
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DNV, Jr(t,x,u) 8, = (M — Ar(t, x,u)) (6)

for all 8, € %[t,T), in which V,Jr(t,x,u) € % |[t, T] denotes the Riesz repre-
sentation of the first Fréchet derivative at u, with At (t,x,u) € L(Z[t, T]) given
by

T T
[Ar(t, x,u) 8], = / [/ V2V (%) do — VZW()ET)] [8ulp dp
1 r

vp

forallr € [t,T], 8, € ZIt, T]. Moreover, given m, K € Rxq as per (4),
(8us DuVyJr(t, x, u)du) 1111 = K (% —((T—0v 1T —1) ||8u||2%[tj] (7

forall §, € %|t, T], so that D,V, Jr(t, x, u) is coercive and Jr(t, x, -) is strongly
convex, provided that T — t € Rx is sufficiently small.

Proof Fix T € Rso,t € [0,T], x € Z,and u € %[z, T]. Holder’s inequality and
the second inequality in (4) yield A7 (¢, x, u) € L(Z[t, T]), with

A7, x, w)llgey < KAT —1) v DT —1). ®)

Twice Fréchet differentiability of Jr(f,x,-) : Z[t, T] — R, boundedness of the
second derivative involved, i.e. D, V, Jr (¢, x, u) € L(Z[t, T]), and (6), subsequently
follow by a minor generalization of [5, Theorem 3.6]. Combining (8) with the first
inequality in (4) via Cauchy—Schwartz and (6) yields

(814, DuvuJT(t, X, u) 814)%[1‘,T] = (8147 (M - AT(t7x5 u)) 8%)%[[,T]
= (Bu, (m — K(T —1) v ) (T = 1)) 8u) w111

=K®Z-(T-0vD(T-1) ”(Su“%Z/[t,T]’

for all 8, € % [t, T], which is (7). By inspection, for sufficiently short time horizons,

ie. (T —0) v (T —1) < %, it follows that D, V, Jr(t,x,u) € L(%][s,1]) is

coercive. Given an arbitrary it € % [t,T], and & = & — u € %[t, T], Taylor’s
theorem further implies that

JT(tv X, ﬁ) = JT(t?xs u) + (ﬁ7 vuJT(t’-xv u))ﬂ//[[,’r]
1
+ <[¢, (/ (1—-0)D,V,Jr(t,x,u+ o i) d0> ft>
0

wY1.T]
> Jr(t,x, u) + (i, Vi Jr (8, X, u)) (1.7

+IR® (T -0V )T —1) ||ﬁ||%/[t,T]’

Hence, Jr (¢, x, -) is strongly convex by (4). O
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Proof (Theorem 1) Fix T € Rxp, t € [0, T] as per the hypothesis, and any x € 2.
Lemma 1 implies that the cost Jr (¢, x, ) : Z[t, T] — R of (2) is strongly convex.
Hence, the infimum in (5) is achieved at a unique minimizer u € % (¢, T], thereby
yielding a well-defined and real-valued optimal cost Jr (¢, x, u) = Wr (¢, x). O

Theorem 1 ensures that for sufficiently short time horizons the principle of stationary
action can be formulated as a principle of least action [5,9,10], via the optimal control
problem defined by the value function (5). Applying standard tools from optimal
control [2—4] for finite dimensional 2", this value function may subsequently be
characterized as the viscosity solution of a non-stationary HIB PDE constrained by a
terminal condition. Indeed, by strengthening by (4) to include boundedness of V and
Y, [4, Theorems 5.2.12, 7.4.14] implies that the value function W7 of (5) is the unique
viscosity solution W of

aw
Oz—y(t,x)—i-H(x,VxW(t,x)), (t,x) e [0, T x Z, ©)
W(T, x) = ¥ (x), xe X,

in which the Hamiltonian H : 2" x 2 — Ris

Hx,p) = V@) + L {p, M~ p) = V() + sup {—(p, u) — L (u, Mu)} (10

ueZ

for all x, p € Z . (Alternatively, boundedness of V and ¥ may be replaced with
a restriction on the instantaneous generalized velocities, i.e. uy € U C 2 for all
s € [t, T], in which U is compact; see [4, Theorem 7.4.14].)

In establishing the equations of motion imparted by the least action principle, the
characteristic system for (9) is given by the final value problem (FVP)

Xy = —VyH (s, ps) = —M' py, s elt, T, (11a)
ps = Vi H (%, ps) = VV (%), (11b)
Zs = —(Ps. VpH(E,. py)) + H(Ey. ps) = V(&) — 5 (p. M~ ). (11c)
Ir=y, pr=Vv0), Ir=v0), yeZ, (11d)

in which V, and V,, refer to the Riesz representations of the respective Fréchet deriva-
tives, and terminal generalized position y € 2 is used to parameterize the solutions.
The first two equations (11a), (11b) describe the motion imparted by the principle of
least action, corresponding respectively to the generalized position and additive inverse
of the momentum, while the third equation (11c) describes the temporal evolution of
the cost, i.e. action. As formalized later in Lemma 2, equations (11a), (11b) coupled
with initial data, or terminal data as per (11d), exhibit a unique classical solution, so
that the second derivative )%s is well defined. In particular,

Y= M p=-MTVV(x)
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forall s € [¢, T], which describes Newton’s second law. Observe also that the Hamil-
tonian H of (10) corresponds to the total energy, i.e. the sum of potential and kinetic
energies. As expected, the chain rule implies that

L H (s, ps) = (Ve H (%5, Ps), Xs) + (Vp H (%5, ps), Ds)
= —(VoH (&, ps), Vo H &y, ps)) + (Vo H (s, ps). Vi H (3. ps))
= 0’

for all s € [z, T, i.e. the total energy is conserved.

3 Stationary Action and Stationary Control

The connection between least action and optimal control is known to break down for
longer time horizons, due typically to a loss of convexity of the action encapsulated by
the cost (2), see for example [7, Lemma 1]. This can be glimpsed in Lemma 1, where
the sufficient condition for convexity of the cost (2) is no longer valid, rendering the
optimal control interpretation of Theorem 1 inapplicable. In practice, as the horizon
length increases and convexity of the cost is lost, the value function (5) involved
experiences finite escape phenomena.

However, on longer time horizons, it is well known that the principle of stationary
action (rather than least action) continues to describe the motion of energy conserving
systems [9]. In order to encapsulate this description in a framework that is analogous
to optimal control, the infimum operation appearing in (5) is relaxed to a stat operation
[5,10-12].

Definition 1 The statr operation, along with the corresponding argstat operation, is
defined with respect to a function F € C'(Z; R) by

stat F(¢) = F(g:) g: cargstat F(¢) ¢,
e (e (12)

arg stat F(¢) = {§ € Qf‘oz lim w}
(e v=e oy =<l

in which 2 is a Banach space. The elements in arg stat cez F(¢) are called stationary
points for F.

Relaxing the inf appearing in (5) to a stat gives rise to the notion of a stationary
control problem.

3.1 Stationary Control Problem

With & = % [t, T]and F = Jp(¢, x, -) in (12), define the statignary control problem
[5,6,11,12] corresponding to (5) via the relaxed value function W7 : [0, T]x 2" — R
given by
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Wr(t,x) = stat  Jr(t, x,u), (13)
ue(t,T]

forallt € [0, T], x € 2, in which Jr is the same cost (2), and the stat operation is
as per (12). The utility of (13), relative to (5), in recovering the desired dynamics on

arbitrary time horizons is illustrated via the following standard calculus of variations
result [5].

Theorem 2 Given T € Rxg, t € [0, T], x € 2, the following statements are equiva-
lent:

(1) there exists i € % [t, T such that the cost Jy (¢, x, -) of (2) is stationary, i.e.

u € argstat Jr(t,x,u); (14)
ue(t,T]

(ii) there exist y € 2 and (%, p) € (% t, T1)? that the TPBVP defined by FVP (11)
and x; = x is satisfied.

Moreover, the maps s — ug and s — pg satisfy
iy =—-M""ps ae selt Tl (15)

Proof See for example [5, Theorem 3.9]. O

Consistent with optimal control, dynamic programming is applicable to stationary
control problems, albeit currently in a restricted setting, see [11]. The dynamic pro-
gramming principle obtained yields an HIB PDE analogous to (9), which may be used
for verification of stationarity given an explicit candidate for the value function (13).
However, rather than adopt that approach here, the aim is instead to use an alternative
to cost (2) that explicitly encapsulates the characteristic system (11a), (11b) describ-
ing the motion, and to use the ensuing analysis to explore how TPBVPs involving the
motion might otherwise be solved.

To this end, let (s,y) — (X;T(y), Pir (), Z;T(y)) € 2% x R denote the
solution map for the FVP (11) integrated backwards in time. With Xy = Xir ),
ps = P p(y), and ity = —M'P 7 (y) = =M™ p for s € [t, T], note by (11c)
that

T
Z (=2 =¥+ / P 0). MTUPTL(0)) = VX () dr
T
=Y +/ o M7 By = V(&) dr
T
— v+ [ M) = VG dr, (16)

Hence, Z, (y) = Jr(t, x, u), c.f. (2), when X, r(y) = x. For short horizons, this
motivates an equivalent characterization of the value function W7 of (5) as the minimax
solution [16] or minimal selection [4], i.e.

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5733-S765 S741

Wit x) = inf [ Z20) [ X700 =}, (17)

forallr € [0, T], x € 2. That is, the value function Wr (¢, x) describes the minimal
action accumulated by the family of solutions of the characteristic system (11) as
parameterized by terminal generalized positions x7 = y that is compatible with the
fixed initial generalized position x and terminal generalized momentum constraint
pr = Vir(y) imposed by the terminal cost . As per [17] and in view of (16), (17),
it is reasonable to reparameterize these solutions with respect to the initial adjoint
variable p; = p € 2, rather than the terminal generalized position variable X7 = y.
For short horizons, the alternative value function WT 1[0, T] x 2 — R of interest
is defined by [8]

Wr(t,x) = inf Jr(t, x, p) (18)
peZ

forallt € [0, T], x € 2, in which the associated cost Jr (¢, x, ) : 2 — R from
(16) is

T
J‘T(r,x,p)ﬁf L(pe, M7 ) = V(&) ds + v (ir), (19)
t

and s — X; and s > p; satisfy the corresponding initial value problem (IVP)
involving (11a), (11b), i.e.

);CS = _M_l p_sy s € [tv T]?
ps = VV (&), (20)
Xx=x, pp=p, x,pe .

Consistent with the relaxation of the optimal control value function W7 of (5) for
short horizons to VT/T of (13) for arbitrary horizons, the infimum in the definition (18)
of Wr may also be relaxed to stat (12), yielding the corresponding value function
W7 :[0,T] x 2 — R defined by

Wr(t,x) = stat Jr(t, x, p) 21)
peZ

forall T € R>o,t €[0,T], x € 2, with cost Jr as per (19).

Remark 1 For short horizons as per Theorem 1, the value function W7 of (5), the
minimax solution/minimal selection (17), and the stationary control problem value
function Wy of (13) all coincide. In particular, there exists a unique optimal control
i € % [t,T] as per Theorem 1, so that the argstat in (13), (14) is the singleton {u},
i.e. VT/T (t, x) is single-valued and real. Moreover, Theorem 2 implies the existence
of y € 2 and a solution s +— (X5, ps) of the characteristic system (11) satisfying
X =x,Xr =y, pr = VY (y), withug = —M™! ps forall s € [z, T]. Hence, the set
{ye 2| X;T (y) = x}in (17) is non-empty, i.e. Wr (¢, x) is single-valued and real.
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For arbitrary horizons, convexity of the argstat (if known) is sufficient to guarantee
that the value functions Wr, W of (13), (21) are single-valued and real. O

The subsequent analysis is concerned the relationship between the argstats associ-
ated with (13) and (21), i.e. characterizing the former via the latter. With this analysis in
mind, it is convenient for brevity of notation to define f : 2~ 25221275 R,
and¥ : 22 — Rby

-1
0= (Phet ) x=nw=(1)ea
100 = 5 (p. M7 p) = V). W00 =¥, 22)

Using this notation, observe that (19), (20), (21) correspond to

T
Jr(t,Y) = Jr(t, x, p) = f I(Xs)ds + ¥ (X7), (23)
t
Xg=f(Xy), selt,T], X, =Y =Y,(x), (24)
Wr(t,x) = stat Jr (1, Yp(x)). (25)
peZ

3.2 Fréchet Differentiation of the Cost
The objective now is to characterize the argstat in (21) via differentiation of (19),
(23). With this in mind, some intermediate lemmas are useful. The proofs involved

rely on classical arguments, such as those in [15, Chap. 5], and are delayed to
Appendix A.

Lemma2 Given any T € Rzo,_t €[0,T], Y € 272 the initial value problem (24)
has a unique classical solution X(Y) € C([t, T]; > NCY((t, T); Z?).

Lemma3 The map Y — X (Y) defined via the unique classical solution of Lemma 2
is continuous, i.e. X € C(%2; C(t, TY; 3{2)). In particular, there exists an o € R>q
such that

IX(Y +h) = X(V)lloo < Ikl exp(a (T —1)) (26)

forallY , h e 2.

Lemma4 The map Y +— X(Y) € C(Z% C(t,T1; Z?%)) of Lemma 3 is Fréchet
differentiable with derivative given by

DX(Y) € L(Z? C([t,T); %), [DXXY)hls=Us,(Y)h, selt,T], 27)
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forallY,h € 22, in which Us,(Y) € E(%z), r,s € [t, T), is an element of the
two-parameter family of evolution operators generated by A(Y); € L(Z?), i.e.

S
Usrh=Us,(Y)h=h +/ AWy Usr(Y)hdo, Yr,selt,T], he 2,
r
(28)

in which s — A(Y); is defined uniquely, given Y, by

—1
0 -M ) (29)

d x(Y)
llse[t, T, and X(Y) = "_ .
foralls € [t,T], and X(Y) <p(Y)>
Lemma5 Given T € Roo, t € [0, T), the map Y > Us (Y) of (28) is twice Fréchet
differentiable, uniformly inr,s, € [t, T].

Remark 2 Regularity of the map ¥ +— U, (Y), s, r € [t, T], of (28) is ultimately
determined by regularity of V. If V is k-times Fréchet differentiable with k > 2,
then Y — U (Y) is k — 2 times Fréchet differentiable, uniformly in r, s, € [¢, T'].
Note by (4) that k = 4 is assumed throughout, so that ¥ +— U .(Y) must be twice
differentiable, as stated in Lemma 5. For further details, see the proof of Lemma 5 in
Appendix A. g

By applying these lemmas to (23), Fréchet regularity of the cost (¢, Y) +— .77 (t,Y)
may be demonstrated.

Proposition 1 Given T € Rx, the map~(t, Y) — J~T (t,Y) of (23) is continuously
Fréchet differentiable with derivative D Jr given by

DIJr(t,Y) (8, h) = (D, Jr(t,Y) 8, DyJr(t, Y) h), (30)

where Dy Jr(t,Y)8 = —I(X(Y);)8 and DyJr(t,Y)h = (VyJr(t,Y), h) 42 for
allt € [0,T), Y,h € 2% 8 € (—1,T — 1), in which VyJr(t,Y) € 22 is the
corresponding Riesz representation of Dy JT (t,Y), given by

~ — T —_—
VyJr(t,Y) = Ur(Y) V& (X (¥)r) +/ Us, i (Y) VI(X(Y)s)ds. 3D
t

Moreover, the map (t,Y) — DfT (t, Y) is also continuously Fréchet differentiable.

Proof Fix T € R>0,1 €[0,T],Y,h € 22, and § € (—t, T — 1). Note immediately
that (7, Y) JT (t,Y) is Fréchet differentiable if and only if r — Jr(¢,Y) and
Y — ]T (t Y) are Fréchet differentiable, using for example the norm ||(z, Y)|? =
1112+ Y|| >, - By inspection of (23), t — JT(t, Y) is Fréchet differentiable, with the
derivative indicated in the left-hand equality in (30).
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In order to demonstrate that the map ¥ +— JNT (t, Y) is Fréchet differentiable, with
derivative as per the right-hand equality in (30), the chain rule for Fréchet differenti-
ation [1] may be applied. To this end, in view of (23), define I : C([¢, T]; 22 >R
and7: C([t, T); ) — LC(t, T]; 2%); R) by

T
1(2) ﬁ/ 1(Zs)ds + W (Z7),
! (32)

T
(Z2)é = f (VI(Zs), b5) g2 ds + (VY (Z71),dT) 92
t

forall Z,8 € C([t, T]; 2°%), in which (v, x), (w, y)) 2 = (v, w)o" + (x, y) 2
for all v, w,x,y € 2 . Note in particular that JT(t Y) = ToX X(Y), with X €
cC(Z 2.c ([t, T, & 2)) Fréchet differentiable by Lemma 4, and the candidate deriva-
tive of z — DT(Z) is ((Z) in (32). Fix an arbitrary such Z, 8 € C([t, T]; Z°%). By
inspection,

T
\1(Z +68) - 1(Z) —=UZ) | 5/ I(Zs 4 85) — 1(Zs) — (VI(Zs), 85) 92| ds
t

+ 1V (Zr + 1) =¥ (Zr) — (V¥ (Z71),07) 92|

As LW e C3(Z?% R) by (4), (22), and DI(Y)h = (VI(Y), h), the mean value
theorem implies that

T 1
T(Z+8) - T1(2) -U2) 8] < L= ) (8. V2U(Zs +185) 8) > dn | ds
t

1
+ M) (1 —n) (87, V2 (Zr +773T)3T)y'2d77’

T
< c/ 18511%, 2 ds + C [18711%2 < C (T — 1) v 1[|8]|,
t

in which C < oo is given by

C =4 sup max(|VI(Y)lza2y IV £a2)s
Ye2?

and finiteness follows by (4), (22). Recalling (1) yields |dIZ(8)| < Cmax(T —
1, 1) [[8]loc, 1.e. Tis Fréchet differentiable with derivative DI =T, Hence, JT t,Y)=
T'oX(Y),in which T : C(It, T]; %) — C({t, T]; 2°%) is Fréchet differentiable,

as demonstrated above, and X € C(2°%; C([t, T1; Z?) is Fréchet differentiable by
Lemma 4. The chain rule, along with (27), (32), thus yield

DyJr(t,Y)h = DI(X(Y)) DX(Y)h =TX(Y) U.;(Y) h

T
= / (VI(X(Y)s), Us (Y) h)ds + (V& (X (Y)7), Ur ((Y) h) 92
t
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T
= < / U (Y)Y VIX(Y)5)ds + Ur (Y) V(X (Y)7), h>
t 22

= (VyJr(t, Y), h) 42,

in which Vy J7 (¢, Y) is as per the lemma statement. Hence, the right-hand equality in
(30) holds.

It may be verified that (¢, Y) +— DJr (7, Y) is continuous. In particular, by inspec-
tion of (30) and Lemma 3 that (¢, Y) — D, Jr (¢, Y)iscontinuous,ie.l € C*(2Z%; R)
by (4), (22), and ¢ — X(Y), and Y +— X(Y), are both continuous. Similarly, by
inspection of (30), (31), (#,Y) — DyJNT (t,Y) is continuous as ¥ +— U, (Y) is
continuous, uniformly in s € [#, T], by Lemma 5.

Twice continuous Fréchet differentiability follows similarly, via (4), (27), (30), and
Lemma 5. O

Proposition 1 and (23) may be combined directly to obtain corresponding Riesz
representations for the Fréchet derivatives of the cost function Jr of (19), with respect
to the generalized position and adjoint variable.

P_ropositionZ Given T € R.g, t € [0,T), the maps x +—> Jr(t, x, p) and p +—
Jr(t, x, p) of (19) are Fréchet differentiable with derivatives given by

DyJr(t,x, p) € L(Z;R), DyJr(t,x, p)h = (ViJr(t, x, p), h),

- _ _ (33)

for all x, P h € %, in which the Riesz representatiogs are VXJ_T(t,x, p) =
(20) VyJT (t.Y,(x)) and V,Jr(t,x, p) = (0 L) VyJr (¢, Yp(x)) respectively,
with VJT (t,-), Yp(x) as per (31) (22). Moreover, given (x, p) € 3&”2 and

X\ - % 2 - VxJ:T(Sa Xs, Ps) 2
(p) = XFp(Ns € 27, 4o = (vaT(s,fs,ﬁs)> SR

the map s +— ¢ satisfies

T
¢ = Ur (Y, (x)) V& (X (Y, (x)71) + / U s(Y,(x)) VI(X(Yp(x))s) do, (35)

foralls € [t, T]. Equivalently, {; = Ps ‘; s )for alls € [t, T), where s — (gs)
S S

is the unique solution of the FVP

£ =—-Mmn,, selt,T], (362)
s = V2V (&) &, (36b)
tr =0, 7 = pr — Vy(Er), (36¢)

cf (29).
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F:foof Fix arbitrary T € Rxo,7 € [0, T), x, p, h € Z". By (19), (23), fT(t, X, p) =
Jr (t, Y, (x)), and note that the maps x + Y, (x) and p + Y, (x) are Fréchet differ-
entiable with respective derivatives givenby D, Y,(x) h = (Z 0 ) hand D pYp(X)h =
(0Z) h,with 0,7 € L(Z) denoting the zero and identity maps. Applying the chain
rule, and Proposition 1,

Do Jr(t,x, pyh = DyJr(t, Y,(x)) DiYp(x) h = (Vy Jr(t, Yy (x)), Dy Yp(x) h) 52
={((Z0) VyJr(t,Y,(x)), h),

yielding the first asserted Riesz representation, with the other asserted representation
following similarly.
For the remaining assertions (35), (36a), (36b), (36¢), given (34), note that

= VyJr(s, Yp, (%)) = Vy Jr (s, X (Y, (x))s),

so that (35) follows by Proposition 1. By inspection, s — ¢ of (35) is differentiable,
with the Leibniz integral rule yielding

& = (LU (Y, () V& X (Y, (0)7) — VI (Y (0)),)
T
+/ ({ja_on,s(Yp(x)))/ VI(Y(YP(X))J)dG

= —AY (X)) & — VIX (Y (x))s)
(0 =V2V(xy) V'V (xy)
_(M—l 0 >§s+<_M_lﬁs>’

Ps — T

for all s € (¢, T). Defining s — (7, &) via ( ¢
N

) = { as per the hypothesis,
it follows that

és = M_l(ﬁs — ) — M_l ﬁs = _M_l Ty,
s = ps — [Py — 7] = VV(E) — [=V2V (&) & + VV(E)] = VAV (Xy) &,

for all s € [, T]. That is, (36a), (36b) hold.
Moreover, as Ur (Y, (x)) = Z, and ¥ is as per (22), note by (35) that

o = VU Xy (0)r) = (V‘”éi”> ,

i.e. the terminal conditions (36¢) hold. Uniqueness of this solution follows via argu-
ments as per Lemma 2. O
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3.3 Characterization of Stationary Trajectories

With the Fréchet derivative of the cost J7 of (19) given by Proposition 2, the argstat
in (21) may be further investigated with a view to characterizing the argstat (14)
underlying the stationary control problem (13), via Theorem 2. To this end, given
T € R.og,t €[0,T],x € Z, observe by Proposition 2 that

p € argstat Jr(t, x, q)
qe

the unique solution s — (&g, s) of FVP (36) satisfies

— - - _
0=V,Jr(t,x, p) =VpJr(t,x, pr) =&.
Note that if the left-hand argstat condition holds, the implication is that the unique
solution s +— (&, my) of FVP (36) satisfies its terminal conditions (36¢) and an
additional boundary condition & = 0. However, the totality of these conditions,
ie. & = 0 = &7 and iy = pr — VY (x7), is insufficient to guarantee that 0 =
nr = pr — V¥ (xT), as required by Theorem 2 in order to characterize the argstat
(14). In particular, the TPBVP defined by (36a), (36b), and the boundary conditions
& = 0 = &7, does not necessarily have the trivial solution as its only solution.
However, this is the case if 0 = 1; = p — V, Jr(t, x, p) is also imposed.

This motivates an additional argstat condition involving the cost J7 of (19), allowing
the argstat in (13), (14) to be characterized via the argstat in (21), as formalized by the
following lemma and theorem.

Lemma6 Given T € R.g, t € [0,T), x, p € 2, and (X5, ps) = Y(Y[,(x))s for all
s € [t, T], the following statements are equivalent:

(i) 0= VpJ:T(t, x, p)and p =V Jr(t,x, p);
(ii)) 0=V, Jr(s, Xs, ps) forall s € [t, T];
(iii) ps = VxJr(s, X5, ps) forall s € [t, T].

Proof Fix T € R.q,t € [0,T), x, p € 2. By Proposition 2, recall that

&s - VpJ_T(SJESa Ds)
<7Ts)_<las_vij(ssiSaﬁs)> G7

satisfies (36a), (36b) for all s € (¢, T').

(i) == (i), (iii): Suppose (i) holds, i.e. 0 = V,Jr(t,x, p), p = ViJr(t, x, p).
Consequently, selecting s = ¢ in (37), & = 0 = ;. Hence, by (36a), (36b), it
follows that £, = 0 = 7 for all s € [¢, T'], so that by (37),0 = VPfT(s, Xs, Ps) and
Ps = YV, Jr (s, Xy, ps) forall s € [z, T]. That is, both (ii) and (iii) hold.

(iii) = (ii): Suppose (iii) holds, i.e. 0 = p; — V. Jr (s, Xs, ps) = m, for all
s € [t, T]. Then, by (36a), & = —M !y = Oforall s € [t, T]. Moreover, selecting
s = T in (37) yields &7 = V,,J_T(T,)ET, pr) = V¥ (kr) = 0, see (19). As £, =0
for all s € [¢, T] and &7 = 0, integration yields & = O for all s € [z, T]. That is, by
(37),0 = V,Jr (s, X5, ps), and so (ii) holds.
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(ii) = (iii): Suppose (ii) holds, i.e. 0 = foT(s, Xs, ps) = & foralls € [£, T].
Then, by (36a), —M 'y = & = 0, so that 0 = 7y = py — Vi Jr (s, Xy, py) for all
s € [t, T]. That is, (iii) holds.

(ii) = (i): Suppose (ii) holds. By the preceding implication, (iii) also holds.
Selecting s = ¢ in both (i) and (iii) yields 0 = V, J7 (¢, %;, p;) = V,J7(t, x, p) and
p = pr = VuJr(t, xi, pr) = Vi Jr(t, x, p) respectively. That is, (i) holds. O

Theorem3 Given T € Rso, t € [0,T], and x € X, the following statements are
equivalent:

(i) there exists u € arg statue%[lg] Jr(t, x, u), as per (14);
(ii) there exists p € arg stat, ¢ o~ Jr(t, x,q) such that (X, ps) = X (Yp(x))y satisfies

ps € argstat Jp(s, Xy, q) Vs e[t,T].
qge &

Moreover, u of (i) and (x, p) = Y(Yp(x)) satisfy (15), i.e. ity = —M™! pg ae.
se|t,T]

Proof Fix arbitrary T € R>o, ¢ € [0,T],andx € 2.

(it) = (i): Suppose (ii) holds, i.e. there exists p € argstat,¢ »- Jr(t, x, q) such
that (%, ps) = X(Y,(x))s satisfies 0 = V,Jr(s, Xy, ps) for all s € [¢, T]. That
is, assertion (ii) of Lemma 6 holds, so that the equivalent assertion (iii) also holds,
i.e. ps = Vildr(s, %y, ps) for all s € [z, T1. In particular, pr = Vi Jp (T, X7, pr) =
Vi (pr).Hence, s — (Y(Yp(x))s, Zs),s € [t, T],c.f.(16), solves the TPBVP defined
by FVP (11) with y € x7 and Xx; = x, and so Theorem 2 implies the existence of
u € argstat,cq ;. 1 Jr(t, x, u), with its explicit form (15).

(i) = (ii): Suppose (i) holds, i.e. there exists u € arg stat,eq 11 JIT (t,x,u). By
Theorem 2 and (16), there exists a solution s — (X, ps, Zs) to the TPBVP defined by
FVP (11) with y = X7 and x; = x. Let p = p;, and note that (x5, ps) = Y(Yp(x))s,
s €[t,T]. As pr = Vi (x7) by (11b), (11d), FVP (36) has the trivial solution as its
unique solution, i.e. § = 0 = m, for all s € [t, T]. Consequently, by Proposition 2,
i.e. (34),

VxJ'T(s,is,ﬁs)) <ﬁs —m) (p>
e T = ,  seltTl, 38
(V,,JT(S,xs,Ps) b & 0 2. T] (38)
so that 0 = V, J7 (s, X5, py), i.e. ps € argstat,c o~ Jr (s, X5, q), forall s € [1, T].

O

Theorem4 Given T € R.g, t € [0,T), and x € %, the following statements are
equivalent:

(i) there exists u € argstat,.q, J7(t, x, u), as per (14);
(ii) there exists p € 2 such that

p eargstat Jr(t,x,q),  x eargstat {(y, p) = Jr(t,y,p)}.  (39)
qe yeZ

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5733-S765 S749

Moreover, u of (i) and (x, p) = Y(Yp(x)) satisfy (15), ie. iy = —M™ pg ae.
selt, T

Proof Fix T ¢ R.,t €[0,T),x € Z .

(i) = (ii): Suppose that (i) holds, i.e. there exists i € argstat, .4, Jr(¢, x, u). That
is, assertion (i) of Theorem 3 holds, so that the equivalent assertion (ii) of Theorem
3 also holds, i.e. there exists p € 2" such that (xg, ps) = Y(Yp(x))s satisfies ps €
argstat, c 9- Jr(t, Xs, q) foralls € [t, T]. Hence, s — (X5, ps) satisfies assertion (iii)
of Lemma 6, so that the equivalent assertion (i) of Lemma 6 also holds, yielding (39).
That is, (ii) holds.

(ii) = (i): Suppose that (ii) holds. Reversing the sequence of implications provided
by the equivalences in Lemma 6 and Theorem 3 in the above argument yields (i).

O

3.4 Verification via an HJB PDE

A verification theorem is provided for the cost Jr of (19), (21), formulated with respect
to the extended Hamiltonian H : 2% x 2°2 — R defined by

Hx,p.#,6) =3 (p, M7 p) + V() + (A, M p) — (£, VV(x))  (40)

forallx, p,7,§ € 2.

Theorem 5 Given T € R.q suppose there exists a W € C([0,T] x 2% R) N
Cl(0,T) x 2% R) satisfying the HIB PDE and terminal condition

ow -
— ﬁ(t’ x,p)+H(x, p, VyW(t,x, p), V,W(t, x, p)) =0,

(t,x,p) € (0, T) x 22, (41)

W(T,x,p)=¥((x), (x,p)e2?

in which H is as per (40), and  is the terminal cost appearing in (2), (19). Then,
Jr(t,x, p) = W_/(t, x,p)forallt € (0,T), x, p € X, where Jy is as per (19).
Conversely, Jr of (19) always satisfies (41), and is consequently its unique solution.

Proof Fix T € R.g,t € (0,T), and let W be as per the theorem statement. Fix any
x, p € Z . With X as per Lemmas 2, 3, 4, let (¥;, ps) = X(Y,(x)); foralls € [£, T].
Note in particular that s > (X5, py) is a classical solution of the IVP (20), (24). Hence,
by the asserted regularity of W, s — W (s, Xs, ps) is differentiable, so that the chain
rule and (41) yield

LW (s, X, p) = LW (s, X, Bs) + (Ve W (s, Xy, Ps). X5) + (VW (s, K. ps). ps)
= —[—2W(s. X, ps) + H(x, p. Vi W (s, Xy, ps), Vo W (s, %y py))]
+ I:I(x, P, Vi W (s, X5, ps), VpW(s, X;, Ds))
+ (VLW (s, X, ps), =M p) + (VW (s, &, ps), VV(Es))
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= — 2 (Ps, M7 Bg) + V(E) + (Ve W s, &y, ps), M pg)
—(VpW(s, X5, ps), VV(xs))
+ (Ve W (s, %5, By)s =M1 By) + (VW (s, Xy, py), VV(E))
= —3 (pss M7 pg) + V(E)),

forall s € (¢, T). Integrating with respect to s € (¢, T'), and recalling the boundary
condition in (41), subsequently yields

1p(-)zT) - W(t7-xv p) = W(TviTa ﬁT) - W([,X, P)

T
=f — 5 (ps. M7V pg) + V(Ey) ds.
t

Rearranging, and recalling (19), yields the asserted equality J7 (¢, x, p) = W(z, x, p).
Recalling that r € (0, T'), x, p € 2 are arbitrary yields the first assertion.

For the converse, note by Proposition 1 that Jr € C([0, T1x 2%, R)NCH(0, T) x
2% R). Fix x, p € 2 . Note by (19) that J7 (T, x, p) = ¥ (x), so that the terminal
condition in (41) trivially holds. Fix t € (0, T), and let (x;, ps) = Y(Yp (x)); for all
se[t, T].Fixr € (¢, T]. By (19),

jT(th’p):/ —’—% <ﬁ5, Mil ﬁs>_v(-i5)ds
t
T
+/ +3 (Pss MT! py) = V(&) ds — Y (Er)
B / 3 (P MT! ps) = VE) ds + Tr(r, %, pr)-
t

Dividing through by r — ¢ and sending r — ™, Proposition 1 implies that

— 5 (p. M7 Py + V() = Lt %, pr)
= %J_T(t’x’ p) + <ijT(t,X, p)’ _M7] p) + <VpJ_T(t1x7 p)a VV(X)>,

i.e. Jp satisfies (41), and uniqueness follows by the first assertion. O

Verification Theorem 5 may be used to restate the characterization of stationary
controls provided by Theorem 4. Note in particular that a form of state feedback
characterization of the stationary control is inherited from the earlier theorem, which
mirrors the corresponding characterization provided by a standard verification theorem
for optimal control.

Theorem 6 Given T € R.q, suppose there exists a W € C([0, T] x 22 R) N

C! 0, Ty x & 2. R) satisfying the HIB PDE and terminal condition (41). Suppose
further that, givent € [0, T] and x € 2, there exists a p € X such that
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p eargstat W(t, x,q), x €argstat{(y, p) — W(z, y, p)}. (42)
qex’ e

Then, there exists u € arg stat, e 1.1 Jr(t, x, u) such that

N
% =x +/ iy do, ps € argstat W(s, Xy, q),
' qe 43)

ity = =MV W (s, Xy, py) = —M! g,
foralls € [t, T].
Proof Fix T € Rog, W € C([0,T] x ZZHER)NCLH(O,T) x 2% R), ¢t €[0,T],

x € X, as per the theorem statement. Suppose that p € 2" exists such that (42) holds.
Observe by Theorem 5 that J7 = W. Hence, by (42) and Theorem 4, there exists u €

argstat, e, 71 Jr (1, x, u) satisfying u; = —M! ps for all s € [¢, T]. Moreover,
by Lemma 6, ps = V. Jr (s, Xy, ps) = Vi W(s, %5, ps), and 0 = V, Jr (s, Xy, ps) =
V,W(t, x5, ps) forall s € [, T], so that (43) holds. O

Remark 3 The characteristic system for (41) is the FVP given by

Xy = —ViH(y, Py g, &) = =M™ py, s e [t,T], (44a)
Ias = _ng()es, ﬁs» ﬁ’s, és) = VV(xAs)v (44b)
ﬁs = V)?I:I()em las’ ﬁs, és) = VV()E,\‘) - VZV(),&S) és’ (440)
E = VH Ry, ps. A5, &) = — M1 (ps — 7). (44d)

25 = _<(7%s7é‘:s), (Vﬁl:l()esa ﬁSvﬁs»és)» Vél:l()?s» ﬁhﬁs’és»{@ﬂ
+H(xAS’ pAS9 ﬁ’ssé&‘)

= V(&) — 3 (ps, M7' By, (44e)
ir=y, pr=q, Ar=VyQ), E& =0, ir =),
v,q e Z. (44f)

Fix y € 2 and ¢ = Vi (y) € 27, and let the respective solutions of FVP (11) and
FVP (44a), (44b), (44e), (44f) be denoted by s — (X, ps, Zs) and s — (X, Ps, Zs)
for all s € [¢, T]. Note that they are identical, by choice of g. Note further that the
remaining equations in (44) can be written as the FVP
ps — s = VIV (E) &,
és = _M_l (ﬁs - ﬁs),
pr—7r =0, &r =0,

which has the trivial solution as its unique solution, i.e. ps — 77y = 0 = & for all
s € [t, T). Moreover, by inspection of (10), (40), H (X, ps) = H(Xs, ps, 7Ts, &) for
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all s € [t, T]. That is, the characteristic systems and Hamiltonians for the optimal and
stationary control problems coincide. Recall by Theorem 5 that the HIB PDE (41)
has a unique classical solution W = Jr. Interpreting the associated characteristics
as satisfying 7, = V, W (s, X;, py) and £ = V,W(s, Xy, ps), note that p; = 7, =
VW (s, Xg, ps) = Vi Jr(s, X5, ps) and 0 = & = VpW(Ss X5, Ds) = VpJT(Sv X5, Ds)
for all s € [¢, T, which is equivalent to (39), (42) by Lemma 6. O

Remark 4 Theorem 5 provides a characterization of the cost J7 of (19) via the HIB
PDE (41). With this characterization available, it is possible to provide an auxiliary
statement of Proposition 2 that yields corresponding assertions, and in particular that
(36a), (36b) hold. This auxiliary statement appears in Appendix B. U

4 A One-Dimensional Example

A one-dimensional linear mass-spring system consists of a mass M = m € R.g
located at positionx € 2~ = R whose motion is a consequence of a quadratic potential
field V : R — Rso, V(x) = %K x2, x € R. Suppose that an initial velocity X eR
of this mass is sought, at a fixed initial time 7, so as to achieve a particular terminal
velocity 7 = v € R later, at a fixed final time 7'. The corresponding terminal cost
¥ : R — Rin(19), (23) encapsulating this requirement is defined by ¥ (x) = —m v x
for all x € R, i.e. so that pr = V{(xr) = —muv in (11), (20), (44). Observe by
inspection that assumption (4) holds, with K = 2 x. With a view to determining the
initial velocity required, an explicit solution to the HIB PDE (41) is constructed, and
Theorem 6 subsequently applied. To this end, fix ¢ € [0, T'] and define

(k0 . (0-1
s () (L) 45)

Recalling (40), (45), note that the HIB PDE (41) may be written as

__B_W 1[(X X _ V:W(s, x, p) x
o=-rexn+3{(5) =G -{(wwern) ()

:_Z_VSV(S, Y)+ (Y, ZY) = (VyW(s, Y), T'Y), (46)

forall s € (r,7),Y = Yp(x) =(x,p) € R2. Define a solution candidate W :
[t, T] x R? — R by

W(s,Y) =3 (Y, Py Y)+(Qs. ¥), (47)

in which
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T
P = _f exp(I” (0 — ) T exp(I" (o — 5)) do,

(48)
. —mv
QSZeXP(F/(T_S)) ( 0 )7
forall s € (r, T), Y € R%. Applying Leibniz, note that
Py=X—-T"P—PT, Q5=-I"0;, (49)

for all s € (¢, T'). Differentiating (47) yields
AW, Y)=3(Y, B Y)+ (0. Y),  VyW(s,Y) =P Y + Q.

Substituting these derivatives in the right-hand side of (46), and applying (49), subse-
quently yields

oW .
-5 @+ Y, ZY)—(WyW(s,Y), I'Y)
S

=3, BY)— (0, V) +3(Y, ZY)—(P,Y +Q,, T'Y)
(Y, [P+ X —P T —T"P]Y)+(—0Q;—T" 0, Y)

foralls € (¢, T), Y € R2. Note further that W(T,x, p) = W(T, Y)=(0r,Y) =
—mvXx = Y¥(x). Thatis W of (47) is a solution of (41). Hence, by Theorem 5, the cost
Jr(s, x, p) of (19)is given explicitly by Jr(s,x, p) = W(s, Y,(x)) foralls € [t, T].
Diagonalizing I" and integrating (48) yields

b1 ~5sinQo (T =) 1 - cosQa(T - ) B \/7
$T12 l—cos(2a)(T—S))m—lw sinaw (T —5)) )’ TN
0r = —mv ( cos(w (T —s)) )

—2 sin(w (T —s))

With a view to illustrating Theorem 6, fix x € R, and note that

VW (t,x, p) = (10)VyW(t, ¥,(x)) = (10) (P, (;) + Q,)

—ﬁ sinRw (T —1t))x + % [1 —cosQRa(T —t))]p —mv cos(w (T — 1)),
VoW(t,x,p) = (0 1) VyW(t. Y,(x)) = (0 1) (P, (’;) + Q[)
=3[l —cosQu (T —))]x + 57— sinQw (T — 1)) p+mv (2) sin(w (T —1), (50)

forall p € R. Note that m o = \/k m = 7. Motivated by (42), let p € R be such that
0=V,W(,x,p)and p = V,W(t, x, p) via (50). Collecting and simplifying these
two equations via double angle formulae subsequently yields
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.Qt(x“/:m> -0, (51)

in which
o - sin?(w (T — 1)) sin(w (T — 1)) cos(w (T — 1))
"7 \sin(w (T = 1)) cos(w (T — 1)) cos2(w (T — 1)) ’
o - sin(w (T — 1))
O = —mv (cos(a)(T - t))) ’

By inspection, the matrix (£2; ‘@,) € R%*3 is rank one, i.e. the two equations in
(51) are linearly dependent. Some minor manipulations yield four possible cases for
selecting p, given x, ¢, T, and v, namely,

p=—x+/kmtan (w(T —t)) —mv sec(w (T — 1)),
w(T—1)¢{nm, (n—i—%)n:neZ},

p=D""muv, 0T —t)e{nm:neZ), x eR,

p arbitrary, o(T —t)e{ln+ P :nel} x= (-2,

p doesnotexist, w(T —1) € {(n+3)m:neZ} x# (=",

Note in the second case that p must correspond to the desired terminal generalized
momentum, with sign determined by whether T — ¢ is a period or half-period of the
mass-spring oscillation. In the third and fourth cases, 7 — ¢ corresponds to a quarter
or three quarter period of the mass-spring oscillation, and p is either arbitrary, or does
not exist, depending on the specific choice of x. Where p exists, note that the initial
velocity that achieves the desired terminal velocity X7 = v is given by X, = —p/m.
An example of the third case, where p and hence fct is arbitrary, is illustrated in Fig. 1,
forv=—2andx = (—=1)* (%) ~ —4.47. Note in particular that the desired terminal
X7 = v is achieved for every trajectory, irrespective of its initial velocity, as expected.

5 Conclusions

Connections between stationary action and stationary control are explored with a view
to characterizing trajectories of energy conserving systems with temporal boundary
conditions, evolving on arbitrary time horizons. An auxiliary stationary control prob-
lem is defined with respect to the characteristic system associated with the energy
conserving dynamics of interest, and a verification theorem developed. This verifica-
tion theorem provides a characterization of generalized velocity trajectories that render
the associated action functional stationary for arbitrary time horizons, in an analogous
way to existing verification results available for optimal control problems encapsu-
lating least action on short time horizons. Application of this verification theorem is
illustrated via a simple mass-spring example.
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(a) Time evolution. (b) Phase portrait.

(C) Time evolution of phase portrait.

Fig. 1 State and costate trajectories. a Time evolution. b Phase portrait. ¢ Time evolution of phase portrait
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Appendix
A Proofs of Lemmas 2, 3,4,and 5

Proof (Lemma 2) The proof employs a standard fixed point argument, exploiting global
Lipschitz continuity of f of (22), see for example [15, Theorem 5.1, p. 127]. Note that
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global Lipschitz continuity of VV (x) in (22) follows directly from the second bound
assumed in (4). m]

Proof (Lemma 3) Fix T € Rxo, 1t €[0,T],and Y, h € 2°2. Applying Lemma 2, there
g(ist unique classical solutions X (Y) and X (Y + h) to (24) satisfying respectively
X(Y) =Y and X(Y + h); =Y + h. In integral form,

Xy, = ¥ + / FE(¥)y) do,
o (52)
XY +h,=Y+h+ f FXY +h)y)do,
t

so that
N
XY +h)s—X(X)s=h +/ JFXX +h)o) — f(X(X)o)do
t
forall s € [t, T']. Consequently, as f is globally Lipschitz by inspection of (22),

IX(Y +h)s — XX )|l < |Ih] + f I f(XY +h)e) — F(X(Y)o)ll do
t
<l +a / IX(Y + )y — XDy |l do
t

inwhicha € Rxqisthe associated Lipschitz constant. Applying Gronwall’s inequality,
and recalling the definition of || - ||cc, yields

IX(Y + 1) — X(V)lloe < 2]l expla (T — 1)),

so that (26) holds. As Y, h € 22 are arbitrary, the asserted continuity follows. O

Proof (Lemma4) Fix T € Rsg,t € [0, T],and X € C(22; C([t, T]; 2°?)) as per
Lemma3.FixY € 22 ands — A(Y)y as per (29), and note that (28) follows by [15,
Theorem 5.2, p- 128]. Fixany h € 2 2se [, T], and note by inspection of (22) that
A(Y)s = Df(X(Y),). Hence, recalling (52),
X(Y +h)g = X(Y); = Uy (V) h = f TR + o) = [(X(¥)g) = AY)g Ug, (¥) hdo
= / FXX)g + XY +h)g =X (Vo)) = f(X(¥)g) = DF(X(¥)g) Ugi (Y) hdo
= / TXX)g + XY +h)g = X(V)g]) = [(X(V)g) = DFX X)) XY +h)g — X(¥)g]

+DFXX)) [X(Y + 1o = X(¥)g = Ue (Y) hldo. (53)

Define I : C([t, T1; %) — C([t, T1; 2%) by

Ir(X), = / ' f(Xe)do (54)
t
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forall X € C([t, T]; 2°2). Note that Y +— f(Y) is twice Fréchet differentiable by
4), with D2 f(Y) € L(Z% L(Z%) = LZ > x X% 2% forall Y € 272. Again
by (4), there exists an M € R such that

sup ID*F (V)i pa2x 272272 < M < 00,
Ye2?

Hence, by the mean value theorem, given X,8 € C([¢, T]; 2 2),

Hif(X‘i‘fS)s — Iy (X)s — / Df(Xs)dsdo| < / If(Xo +80) — f(Xs) — Df(Xo) b5 |l do
t t

s 1 1
:/ <./o /o D2f(X"+ﬁ"50)dﬁndn> 60, 65)
t

K 1 1
5/ /O /0 1D2 £ (Ko + 180 20 2 2. 2y ndn 18,12 do
t

do

s
< %/ 18512 do < M (s — 1) 81

That is,

_ _ “)
If<X+a>—1f(X>—/ Df(Xo)dsdo| <M (T —1) 8113,
t

o8]

so that 7 is Fréchet differentiable with derivative

(DI (X) 8], = / " Df(X,) 8, do (55)

t
forall X,6 € C([t, T]; %2), s € [t, T]. So, recalling (53), and (1),
X(Y +1)s = X(¥)s = Ug s (V) h = [l Iz 00y (XY + 1) = XD [XY + 1) = X(V)lloo

s
+/ DfX(Y)o) XY +h)o — X(YV)o — Us, (Y) hldo.
t

Noting that L = sup, [, 77 |l Df(X(Y)s) l £(22) < oo, taking the norm of both sides
yields

IX(Y 4+ h)s = X(Y)s = Us «(Y) |
< dl lgeyy (XY + 1) = X(Y)lloo IX Y + 1) = X(¥)lloo

+ f LUK +h)y — X(V)g = Uy (¥) bl do
t

Hence, by Gronwall’s inequality,
IX(Y +h)s = X(¥)s = U, (V) A
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< IdU gy XY + 1) = X)) loo XY + 1) = X(V)lloo exp(L (T — 1)),
or, with 6y (h) = [d[ 1ty (XY + ) = X(¥) oo

IX(Y +h) = X(¥) = U.,(Y) hllo
<O (W) XY +h) = X))o exp(L (T — 1))
<Oy IXY +h) = X(Y) = U.;(Y) hlloo exp(L (T — 1))
+0y(h) sup [|Us. (Vg2 1Al exp(L (T = 1)).

selt,T]

As Oy is continuous at 0, there exists an » > 0 sufficiently small such that |k|| < r
implies that Oy (h) exp(L (T — 1)) < % Hence, with ||2| < r,

IX(Y +h) = X¥) = U (Y) hlloo <26y (h) sup 1Us.c ()l g2y 1RIF exp(L (T = 1))
selt,T]

= Q Oy () Al

in which Q = 2 SUPselr.T] ||Us,z(Y)||£(gg‘2) exp(L (T — t)). Consequently, taking a
limit,

XY +h —XY)=U.(Y)h
IX(Y + h) (Y) () ||<>oS lim Q6y(h) = 0.
Ih]—0 lI72]] [12]—0

That is, Y — X(Y) is Fréchet differentiable, with the indicated derivative. m]

Proof (Lemma 5) Fix T € R.q, t € [0, T] as per the lemma statement. It is first
demonstrated that ¥ — Uy .(Y) is continuous, uniformly in r,s € [¢, T], as this
motivates the subsequent proof of continuous differentiability. Fix r, s € [¢, T, h, he
2% AsU s (Y) € L(Z 2) is an element of the two-parameter family of evolution
operators generated by A(Y)s € £L(22), see (29),

S
Uy (VY h = h + / Ao Usy (Y) h do,
r

N
Usy(Y +h)h =h +/ A(Y +h)o Us,, (Y +h)hdo,

r

so that

~ s ~ ~
WUs.r (Y +h) = Us,r (N]h = f [AY +h)o Us.r (Y +h) = A(Y)o Us.r ()] hdo
,
s ~ ~
= / [AY +h)o = AV)o 1 Us.r (Y +h) = Us r ()] hdo

.
s N s N

+ f AY)g [Uor (Y +h) = Us r (V)] hdo + f [A(Y + o — A(Y)o1Ug,r (Y) hdo.
r r

(56)

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 1):5733-S765 S759

Hence, by the triangle inequality,

Uy (Y +h) — Us (V)] 4|

N
=< / IAY +h)e = A¥)oll 22y IUo,r (Y + 1) = U (Y)]h| do
r
s
+/ Aol g(22) IWor (Y +h) = Us  (Y)] h| do
.

N
+/ IAY + 1o — Aol £(22) 1Uo,r (Y) hildo. (57
r

Recalling (4), and in particular the uniform bound on x +— DV2V (x), given x, X €
22, the mean value theorem implies that VIV (x)—V2V (%) = (fo1 DV2V (i+n (x—
%)) dn)(x — %), so that [[ V2V (x) = V2V ()l z2) < 5 lx —%||. Hence, by (29), there
exists an o) € Rxq such that A : 2 > L(2?) satisfies | A(Z) — A(Z)||£(5gz) <
a1l|Z — Z| forall Z, Z € 2%. So, applying Lemma 3, there exists an « € Rxg,
Lo = sup, ey 71 1AO)s I 272y < 00, L1 = oy exp(e (T — 1)) < 00, such that

sup [|A(Y +h)g — A(Y)s 22 <o SUP IX(Y +h)e = X(¥)o |l < Ly 1A,
oelr,T] oelt,T]

sup [A(V)ollzeo2) < Lo+ Li Al (58)
o€lt,T]

in which the second inequality follows from the first, via the triangle inequality,
by selecting h = —Y. Note further that as ¢ > A(Y), is continuous, L, =
supg .71 1Uot (V) £(272) < 00, see [15, Theorem 5.2, p.128]. Hence, substituting
these inequalities in (57) yields

I[Us» (Y 4 h) — Us ,(Y)1h] < (Lo + 2Ly IA]) / I[Ugr (Y + h) — Uy (V)] h]| do

+ (T —1) Ly Ly ||A| ||A].

Gronwall’s inequality subsequently implies that

sup 1Us.r(V + ) = Us.r (Nl g 972y = (T = 1) Ly Lo Il exp((Lo + 2 L1 [RID(T = 1) (59)
r,selt,

Continuity of Y + Uy -(Y), uniformly in r, s € [¢, T], thus follows.

Next, Y — U, (Y) is shown to be Fréchet differentiable, uniformly in r, s €
[+, T']. Appealing to the contraction theorem and Picard’s principle, for any t < r <
s < T and Y € 2, consider the two-parameter family of operators V; ,(Y) €
L(Z?; L(Z?)) solving

s N
Ve, (Y)hh =/ A(Y)g Vor(Y) hhdo +/ DyA(Y)e hUy,(Y)hdo  (60)
r r
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forall h,h € 22, r,s € [t,T], in which DyA(Y)y, = DAX(Y)s) Us:i(Y) €
L(Z?; L(Z?)) by the chain rule and Lemma 4. Note in particular by (4), (29), and
Lemma 3 that

L3y = sup [IDAX(Y)o)ll 220022y < 0
o€lt,T]

Applying the triangle inequality to (60), and recalling the definitions of Lg, L1, L2,
yields

)

Ve, (V) h il < /rS<Lo+L1 VRl 1V, (¥) o ] do +/r‘ Ly Al La ] do
< (T =)Ly Ly |||l |h]l + (Lo + L ||/%||>/rs Vs (Y) ko k| do,
so that by Gronwall’s inequality,
Vs (V) iRl < (T =) Lo Ly [l 101 exp (Lo + L Al (T = 1)) .

Ash,h € 2% are arbitrary, it follows immediately that V; .(Y) € LD LX)
for all r, s € [t, T]. Recalling (56), observe by adding and subtracting terms that

[Usr (Y + h) = Ug (Y) = Vs, (V) h] I

= /X[A(Y + 1) Usy (Y + h) — A(Y)o Ugr(Y)1hdo — Vs (Y) R
= f AW Wy (¥ 4 B) — Up (V) — Vo (V) i hdo

- / TAQ 4 R)y — AW 1 Uy (V + ) — Uy (V)] hdo

+ / TAQ 4 Ry — AY)y — DyA(Y)y R1Up (V) hdo

—_ [V“(Y) hin— / A(Y)o Viy (Y) hhdo — / DyA(Y)y h Uy, (Y) hda} ,
(61)

and the last term in square brackets is zero by definition (60) of V; ,(Y). Define
A C(t,.TE2Y — C(t, T L(ZY) by AX)e = A(X,) for all X €
C(t,T]; 2%, and note that the range of A follows by (4), (29). Fix X,§ €
C([t, T1; 2%), and (for convenience) write X, = ([X1ls1, [X2ls]) € 22, 85 =
([81]y, [62)0) € Z 2 forallo € [r, T, with X1, X2, 81,82 € C([r, T]; Z). Combin-
ing (4), (29) with the mean value theorem, there exists @ € Rx¢ such that

IAX +8) — A(X) = DAX) 8ll ¢ 1100272
= sup [[A(X, +8,) = A(Xo) — DAXo) 85 ll 222

oelt,T]
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0 0
i <V2V<[X1]g +[81)0) — V2V ([X1]o)) — DV2V([X110) [81]o 0) cox
=a e IV2V([X11o + [8110) — V2V([X11s) — DV2V([X11e) [811o 1l 22)
o€lt,
1 1
=& sup (f / D*V2V([Xil, +ﬁn[81]a)dﬁndn) (18110 [8116)
oelt,T] 0o Jo L(2)

<& sup sup |D*VEV([Xile + 0810
o€lt,T]7,n€l0,1]

<& 181 122 (62)

2
LA %X LX) GZEPT] 11811511

for all X,8 € C([t, T]; 2°%). Dividing both sides by 181l c(re,7); 2°2) and taking the
limit as |8 ¢(r, 7). 272) — O subsequently yields that A is Fréchet differentiable with
derivative DA(X) € L(C([t, T]; Z%); C(lt, T1; £L(Z?). Hence, taking the norm

of both sides of (61), applying the triangle inequality, (59), (62), and recalling the
definitions of L, Lo, L3,

I[Us,» (Y 4+ h) — Uy (Y) — Vs, (Y) A1 A
<(Lo+Li ||ﬁ||)/ I[Us,r (Y + h) — Uy (Y) = Vi, (Y) k1 | do

+ (T = 1)* LT Ly ||A)1* exp((Lo + 2 Ly |RIN(T — 1)) |||
+(T =)Ly Ao X(Y +h) — Ao X(¥Y) — DAX(Y)) DX(Y) hll¢r1y 02 2y I8

=(Lo+ Ly ||;;||>/ I[Us (Y +h) = Uy o (Y) = Vs, (Y) h1 || do

+ (T =02 L} Ly I|A)1* exp((Lo + 2 L1 [AI)(T — 1)) ||l
+ (T = 1) Ly |d(A o X)y (Wl cr.11: 202 2 121 1AL

in which d (A o X)y(-) is defined via (1). Hence, by Gronwall’s inequality,

Uy, (¥ + h) = Us o (Y) = Vs, (¥) 1A
<(T =1Ly [(T — 1) LT Al exp((Lo +2 Ly [AI)(T — 1))
+ 1d(A o X)y (Wl cir. 1022 N2 1
x exp(Lo + L1 [|A]) (T —1)).

Ash,h e 272 are arbitrary,

sup, seqr. 71 1Us.r (Y 4+ h) = Ug o (Y) = Vo, (V) Bl 2022

lim =
IlA]|—0 (721l
< lim [|d(A o X)y (Wl cqr.r1.00272) = O. (63)

210
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Hence, Y +— Us ,(Y) is Fréchet differentiable, uniformly inr, s € [¢, T], with deriva-
tive V - (Y).

It remains to be shown that Y — Uy . (Y) is twice Fréchet differentiable via (60). To
this end, define u; = V; . (Y) h € £(2Z?) and ws = Dy A(Y); h Uy, (Y) € L(Z?)
for all s € [z, T], and note by (60) that

S
vy = / A(Y)y vy + w, do,
r

for all s € [z, T], recalling that 2 € 2 in (60) is arbitrary. Equivalently, s — vy
is the unique solution of the IVP vy = A(Y), vy + w; for all s € (¢, T'), subject to
ur =0 e L(2?). By definition, s — A(Y), generates the two-parameter family
Us ,(Y),r,s €[t,T],sothat s —> vg = Vs,r(Y)}Az satisfies

s s
Vio(Y)h = v = Us »(Y) v + / Us,o (V) ws do = / Us,c (Y) ws do
r r

- / Uy o (¥) Dy A(Y )y h Uy (V) do 64)

for all r, s € [¢, T], in which the third equality follows as v, = V, ,(Y) h=0c¢
L(Z?), either by (60) or directly as Vir(Y) = DyU, (Y) = Dyl = 0. Hence, by
inspection of (64), the map ¥ +— V. (Y) = DyUs (Y) is also Fréchet differentiable,
with

Dy Ve, (Y)hh = / Voo (V) h Dy A(Y)y b Uy (Y)

r

+ Uy o (Y) DAY )5 hh Uyp p (Y) + Uy 5 (Y) Dy A(Y ) h Vi, (Y) h do,

in which DA(Y)s € L(Z? x 272, L(2°%)), 0 € [t, T, exists by (29) and (4).

O
B An Auxiliary Statement of Proposition 2
Proposition3 Given T € R.g, t € [O,_T), x,p € Z, and (X;, Ps) = Y(Yp(x))s

forall s € [t,T], the maps s — VpJr(s, Xg, ps) and s +— VYV Jr(s, X5, ps) are
continuously differentiable, with derivatives given by
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[Vpdr(s, %, po)] = =M (ps — Vidr (s, s, By)) (65)

d
ds
LV (s, %5, ps)] = VV (&) — V2V (&) VpJr (s, X5, ps). (66)

foralls € (¢, T). Moreover, s — V, jT (s, X5, ps) is twice continuously differentiable,
and satisfies

2 = - - _ - - - -
0= 45 [Vpir(s, X, ps)] + M~ VPV(E) V, Jr (s, %, ps), (67)

foralls € (t,T).

Proof Fix T € R.g, x,p € 2, and let (X;, ps) € 22, s € [t,T], be as per the
lemma statement. Fix & € 2. Applying Proposition 1, (s, x, p) > Jr(s, x, p) is
twice continuously differentiable, and the order of differentiation may be swapped. In
particular,

LDy Jr(s. %5, ps) ]
= 2D, Jr(s. X ps) h] + Dy [Dy Jr (s, %s. ps) h1Xs + Dy [Dp J7 (s, s, ps) k] ps
= (Dp 5% -]_T(S, X, ﬁv) + Dy Dp jT(Ss X, ]Sv)js + Dp Dp jT(57 Xs, f)r) 13?) h. (68)

Meanwhile, J7 satisfies (41) by Theorem 5, i.e.

0=—2Ur(s.x,p) = 3 (p. M7 p)+ V() + DeJr(s,x, py M~ p— DpJr (s, x, p) VV(x),
(69)

foralls € (¢, T), x, p € 2. Differentiating (69) with respect to p,

0=—Dy(&Jr(s,x, p)h— (M p, hy + Dy (Dy Jr(s, x, p))h M~ p
+ Dy Jr(s,x, Py MT b — D, (D), Jr (s, x, p) VV(x)) h
=—(M""(p = ViJr(s, x, p)). h)
—(Dp ZJr(s,x. p) = Dy D Jr(s.x, py M~ p+ D), D, Jr(s. x, p) VV (x)) h.

Evaluating along the trajectory s — (X, ps) corresponding to X (Y »(x)), i.e. as per
(20), yields

(Dp %jT(Sa Xs, Ps) + Dy D), J_T(S»isa ﬁv)iv + Dp D) jT(sv)Es» Ds) p-r) h
= — (M1 (Bs = Vidr (s, %, o)), h).

Substitution in (68) subsequently yields

(VT (s, %5, p)). h) = & [Dp Jr(s. Xy, ps) h]1 = —(M™" (s — Vi Jr (s, %5, pi)). h).
(70)

Recalling that 4 € 2 is arbitrary immediately yields (65).
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Similarly, for (66), observe that

LDy Jr(s, Xy, ps) h]l = 2[DyJr (s, X, ps) h] + Dy [DyJr (s, Xy, ps) h] X,
+ Dp [DxJ_T(S, Xs, ps) h] I;s

= (Dyx L J7r (s, %y, ps) + Dy Dy Jr(s, X5, ps) Xy + Dy DiJr (s, %y by) Ds) h.
(71)

Differentiating (69) with respect to x,

0= —Dy(35Jr(s,x, p)) b + DV (x) h+ Dy (DyJr (s, x, p) h M ™" p
— Dy (DpJr(s,x, p)) R VV(x) — DpJr(s, x, p) DxVV(x)h

= = (Ds (s, %, p) + D Do (5. %, p) (=M™ p) 4 Dy DiJr(s, %, p) V() )
+ (DyV(x) = DpJr(s, x, p) DyVV(x)) h

Evaluating along the trajectory s +— (X5, pg) corresponding to Y(Yp (x)), i.e. as per
(20), yields

(Dx L J7r (5. Xy, Ps) + Dy Dy Jr (s, X, ps) Xg) + Dp Dy J1 (s, X5, ps) bs) h
= (VV (&) — V2V (%) VpJr (s, %, ps). h).
Substitution in (71) subsequently yields
(S [Ve T (s, %5, ps)]. h) = (VV (&) — V2V (%) Vy, J1(s, s, ps), h).

Recalling that 4 € 2 is arbitrary immediately yields (66).
The remaining assertion regarding twice differentiability is immediate by inspection
of (65), (66), with
LN, T (s, Eys p)l = =M™ (Bs = L[V, Jr (s, %, p
252 LY pJT\S, Xs, Ps) | = Ps — g5l Vx T (8, X5, ps)])
= — M (VV(E) — [VV(E) = V2V (&) Vpdr (s, Fo, Bl
= — M VAV (&) VpJr (s, %, By

as required. O
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