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Abstract

A fundamental question in wave turbulence theory is to understand how the wave kinetic equation describes the
long-time dynamics of its associated nonlinear dispersive equation. Formal derivations in the physics literature,
dating back to the work of Peierls in 1928, suggest that such a kinetic description should hold (for well-prepared
random data) at a large kinetic time scale Ty, > 1 and in a limiting regime where the size L of the domain goes to
infinity and the strength « of the nonlinearity goes to O (weak nonlinearity). For the cubic nonlinear Schrodinger
equation, Ty, = O (a_z) and « is related to the conserved mass A of the solution via @ = A2L ™4,

In this paper, we study the rigorous justification of this monumental statement and show that the answer seems
to depend on the particular scaling law in which the (@, L) limit is taken, in a spirit similar to how the Boltzmann—
Grad scaling law is imposed in the derivation of Boltzmann’s equation. In particular, there appear to be two
favourable scaling laws: when @ approaches 0 like L~ or like L1-%+ (for arbitrary small €), we exhibit the wave
kinetic equation up to time scales O (T, L™ ?), by showing that the relevant Feynman-diagram expansions converge
absolutely (as a sum over paired trees). For the other scaling laws, we justify the onset of the kinetic description at
time scales T, < Tij, and identify specific interactions that become very large for times beyond 7. In particular,
the relevant tree expansion diverges absolutely there. In light of those interactions, extending the kinetic description
beyond T, toward Ty, for such scaling laws seems to require new methods and ideas.
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1. Introduction

The kinetic framework is a general paradigm that aims to extend Boltzmann’s kinetic theory for dilute
gases to other types of microscopic interacting systems. This approach has been highly informative, and
became a cornerstone of the theory of nonequilibrium statistical mechanics for a large body of systems
[43, 44]. In the context of nonlinear dispersive waves, this framework was initiated in the first half of
the past century [41] and developed into what is now called wave turbulence theory [51, 39]. There,
waves of different frequencies interact nonlinearly at the microscopic level, and the goal is to extract an
effective macroscopic picture of how the energy densities of the system evolve.

The description of such an effective evolution comes via the wave kinetic equation (WKE), which
is the analogue of Boltzmann’s equation for nonlinear wave systems [46]. Such kinetic equations have
been derived at a formal level for many systems of physical interest (nonlinear Schrodinger (NLS) and
nonlinear wave (NLW) equations, water waves, plasma models, lattice crystal dynamics, etc.; compare
[39] for a textbook treatment) and are used extensively in applications (thermal conductivity in crystals
[45], ocean forecasting [31, 49], and more). This kinetic description is conjectured to appear in the
limit where the number of (locally interacting) waves goes to infinity and an appropriate measure of
the interaction strength goes to zero (weak nonlinearity!). In such kinetic limits, the total energy of the
whole system often diverges.

The fundamental mathematical question here, which also has direct consequences for the physical
theory, is to provide a rigorous justification of such wave kinetic equations starting from the microscopic
dynamics given by the nonlinear dispersive model at hand. The importance of such an endeavour stems
from the fact that it allows an understanding of the exact regimes and the limitations of the kinetic theory,
which has long been a matter of scientific interest (see [20, 1]). A few mathematical investigations have
recently been devoted to studying problems in this spirit [23, 7, 35], yielding some partial results and
useful insights.

This manuscript continues the investigation initiated in [7], aimed at providing a rigorous justification
of the wave kinetic equation corresponding to the nonlinear Schrédinger equation,

i0v—Av+|v]*v=0.

As we shall explain later, the sign of the nonlinearity has no effect on the kinetic description, so we
choose the defocussing sign for concreteness. The natural setup for the problem is to start with a spatial
domain given by a torus TZ of size L, which approaches infinity in the thermodynamic limit we seek.
This torus can be rational or irrational, which amounts to rescaling the Laplacian into

L
Ap =5 ;ﬁiﬁiz, B:=(B,....Ba) € [1,2]7,

and taking the spatial domain to be the standard torus of size L, namely Ti = [0, L]¢ with periodic
boundary conditions. With this normalisation, an irrational torus would correspond to taking the 8; to
be rationally independent. Our results cover both cases, and in part of them f is assumed to be generic —
that is, avoiding a set of Lebesgue measure 0.

The strength of the nonlinearity is related to the characteristic size A of the initial data (say in the
conserved L? space). Adopting the ansatz v = Au, we arrive at the following equation:

i0u—Agu+22ul*u=0, xeT¢=1[0,L],

(NLS)
u(0,x) = uin(x).

The kinetic description of the long-time behaviour is akin to a law of large numbers, and therefore
one has to start with a random distribution of the initial data. Heuristically, a randomly distributed,
L?-normalised field would (with high probability) have a roughly uniform spatial distribution, and

1t is for this reason that the theory is sometimes called weak turbulence theory.
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consequently an LY norm ~ L~4/2_ This makes the strength of the nonlinearity in (NLS) comparable to
A2L~ (at least initially?), which motivates us to introduce the quantity

a=1L"1

and phrase the results in terms of « instead of A. The kinetic conjecture states that at sufficiently long
time scales, the effective dynamics of the Fourier-space mass density E [ii(z, k)|* (k € zd = L7179) is
well approximated — in the limit of large L and vanishing « — by an appropriately scaled solution n(t, &)
of the following WKE:

0in(1,€) = K (n(1,-)) ,
11

1
KO = [ o oy a 9010203 (5= 5o
G v

1
E) 5s (16113 - 1&213 + 16313 - 1€13) drdadgs,

(WKE)

2
where we used the shorthand notations ¢; := ¢ (£;) and |§|fg = Z;i:l Bj (5(1)) forge = (€M, ... D),

. . o T _ d
More precisely, one expects this approximation to hold at the kinetic timescale Ty, ~ @2 = L/1—4, in the

sense that
—~ t
Elu(t,k)lzzn(—,k) as L — oo, — 0. (1.1
Tkin

Of course, for such an approximation to hold at time # = 0, one has to start with a well-prepared
initial distribution for i, (k) as follows: denoting by n;, the initial data for (WKE), we assume

ﬁm(k) = Vnin(k)nk(w)’ (1.2)

where 77 (w) are mean-0 complex random variables satisfying E |nx|> = 1. In what follows, nx (w) will
be independent, identically distributed complex random variables, such that the law of each 7y, is either
the normalised complex Gaussian or the uniform distribution on the unit circle |z| = 1.

Before stating our results, it is worth remarking on the regime of data and solutions covered by
this kinetic picture in comparison to previously studied and well-understood regimes in the nonlinear
dispersive literature. For this, let us look back at the (pre-ansatz) NLS solution v, whose conserved
energy is given by

1 1
Ev] ::/ 5|Vv|2+zlv|4dx.
¢

We are dealing with solutions having an L®-norm of O (v@) (with high probability) and whose total
mass is O (Q'Ld) , in a regime where « is vanishingly small and L is asymptotically large. These bounds
on the solutions are true initially, as we have already explained, and will be propagated in our proof.
In particular, the mass and energy are very large and will diverge in this kinetic limit, as is common in
taking thermodynamic limits [42, 37]. Moreover, the potential part of the energy is dominated by the
kinetic part — the former of size O (@®L9) and the latter of size O («L?) — which explains why there
is no distinction between the defocussing and focussing nonlinearities in the kinetic limit. It would be
interesting to see how the kinetic framework can be extended to regimes of solutions which are sensitive
to the sign of the nonlinearity; this has been investigated in the physics literature (e.g., [22, 25, 50]).

2Formal derivations of the wave kinetic equation often involve heuristic arguments (like a propagation of quasi-Gaussianity of
the initial data through time) which effectively imply that the strength of the nonlinearity stays ~ 22 L~<. Such heuristic arguments
are hard to justify rigorously; however, this bound on the nonlinearity strength will be propagated and proved as a consequence
of our estimates.
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1.1. Statement of the results

It is not a priori clear how the limits L — oo and @ — 0 need to be taken for formula (1.1) to
hold or whether there is an additional scaling law (between « and L) that needs to be satisfied in the
limit. In comparison, such scaling laws are imposed in the rigorous derivation of Boltzmann’s equation
[34, 10, 26], which is derived in the so-called Boltzmann—Grad limit [27]: namely, the number N of
particles goes to co while their radius 7 goes to 0 in such a way that Nr¢~! ~ O(1). To the best of our
knowledge, this central point has not been adequately addressed in the wave-turbulence literature.

Our results seem to suggest some key differences depending on the chosen scaling law. Roughly
speaking, we identify two special scaling laws for which we are able to justify the approximation
(1.1) up to time scales L™ ®Tyj, for any arbitrarily small & > 0. For other scaling laws, we identify
significant absolute divergences in the power-series expansion for E |u(, k) |2 at much earlier times. We
can therefore only justify this approximation at such shorter times (which are still better than those in
[7]). In these cases, whether or not formula (1.1) holds up to time scales L™¢Ty;, depends on whether
such series converge conditionally instead of absolutely, and thus would require new methods and ideas,
as we explain later.

We start by identifying the two favourable scaling laws. We use the notation o+ for any numerical

constant o (e.g., 0 = —goro = -1 — % where ¢ is as in Theorem 1.1) to denote a constant that is
strictly larger than and sufficiently close to o.
Theorem 1.1. Set d > 2 and let B € [1,2]? be arbitrary. Suppose that ni, € S(Rd — [0,00)) is
Schwartz’ and ni (w) are independent, identically distributed complex random variables, such that the
law of each ny. is either complex Gaussian with mean 0 and variance 1 or the uniform distribution on
the unit circle |z| = 1. Assume well-prepared initial data u;, for (NLS) as in equation (1.2).

Fix 0 < € < 1 (in most interesting cases € will be small); recall that A and L are the parameters
in (NLS) and let & = AL~ be the characteristic strength of the nonlinearity. If a has the scaling law

a~LES* o ~ L(*1*§)+, then we have

B0 O = () + K () 5 oge [
Bt O = mk) + oK) () + o (7] 13

forall L% <t < L™®Ty4,, where Tiin = a2 /2, K is defined in (WKE) and ore (T;n )L is a quantity

that is bounded in {;° by L ﬁ for some 6 > 0.

We remark that in the time interval of the approximation we have been discussing, the right hand sides
of formulas (1.1) and (1.3) are equivalent. Also note that any type of scaling law of the form a ~ L™°
gives an upper bound of t < L™?Ti, ~ L?*~# for the times considered. Consequently, for the two scaling
laws in Theorem 1.1, the time  always satisfies # < L?, and it is for this reason that the rationality type
of the torus is not relevant. As will be clear later, no similar results can hold for 7 > L2 in the case of a
rational torus,* as this would require rational quadratic forms to be equidistributed on scales <« 1, which
is impossible. However, if the aspect ratios 8 are assumed to be generically irrational, then one can
access equidistribution scales that are as small as L=¢*! for the resulting irrational quadratic forms [4, 7].
This allows us to consider scaling laws for which Ty, can be as big as L4~ on generically irrational tori.

Remark 1.2. Strictly speaking, in evaluating equation (1.3) one has to first ensure the existence of the
solution u. This is guaranteed if d € {2,3,4} (when (NLS) is H'-critical or subcritical). When d > 5
we shall interpret equation (1.3) such that the expectation is taken only when the long-time smooth
solution u exists. Moreover, from our proof it follows that the probability that this existence fails is at

most O (e‘LH), which quickly becomes negligible when L — co.

3In fact, only a finite amount of decay and smoothness is needed on nj,. We chose nj, € S to simplify the exposition and avoid
minor distracting technicalities.

“4Even at the endpoint case where ¢ ~ L2, the number-theoretic components of the proof would yield different answers to those
anticipated by the theory; see Section 5.
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Figure 1. Admissible range for (a, L,T) in the (log, (a™'),log, T) plot when d > 3. The coloured
region is the range of Theorem 1.3 (up to & endpoint accuracy). The red line denotes the case when
T = Tiin = @2, which our coloured region touches at two points corresponding toT ~ 1 and T ~ L?.

The following theorem covers general scaling laws, including the ones that can only be accessed
for the generically irrational torus. By a simple calculation of exponents, we can see that it implies
Theorem 1.1.

Theorem 1.3. With the same assumptions as in Theorem 1.1, we impose the following conditions on
(a, L, T) for some § > 0:

120 if By is arbit LT fT<L,
if Bi is arbitrary,
< {Ld5 P o a<{L'% fL<T<I? (1.4)
if Bi is generic, LT T s L2,

Then formula (1.3) holds for all L® <t <T.

It is best to read this theorem in terms of the (log; (e~!),log, T) plot in Figure 1. The kinetic
conjecture corresponds to justifying the approximation in formula (1.1) up to time scales T < Tiin = @~ 2.
As we shall explain later, the time scale T ~ Ty, represents a critical scale for the problem from a
probabilistic point of view. This is depicted by the red line in the figure, and the region below this
line corresponds to a probabilistically subcritical regime (see Section 1.2.1). The shaded blue region
corresponds to the (@, T) region in Theorem 1.3, neglecting & losses. This region touches the line

T = a2 at the two points corresponding to (@~',T) = (1, 1) and (L, L?), whereas the two scaling laws
of Theorem 1.1, where (@~',T) ~ (L*~,L*") and (™!, T) ~ (L]J’%‘, Lz‘), approach these two points

when g is small.

These results rely on a diagrammatic expansion of the NLS solution in Feynman diagrams akin to a
Taylor expansion. The shaded blue region depicting the result of Theorem 1.3 corresponds to the cases
when such a diagrammatic expansion is absolutely convergent for very large L. In the complementary
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region between the blue region and the line 7' = Ti;,, we show that some (arbitrarily high-degree) terms
of this expansion do not converge to 0 as their degree goes to co, which means that the diagrammatic
expansion cannot converge absolutely in this region. Therefore, the only way for the kinetic conjecture
to be true in the scaling regimes not included in Theorem 1.1 is for those terms to exhibit a highly
nontrivial cancellation, which would make the series converge conditionally but not absolutely.

Finally, we remark on the restriction in formula (1.4). The upper bounds on 7 on the left are necessary
from number-theoretic considerations: indeed, if 7 > L2 for a rational torus, or if 7 > L9 for an
irrational one, the exact resonances of the NLS equation dominate the quasi-resonant interactions that
lead to the kinetic wave equation. One should therefore not expect the kinetic description to hold in those
ranges of T (see Lemma 3.2 and Section 4). The second set of restrictions in formula (1.4) correspond
exactly to the requirement that the size of the Feynman diagrams of degree n can be bounded by p" with
some p < 1. In fact, if one aims only at proving existence with high probability (not caring about the
asymptotics of E |u(z, k) |2), then the restrictions on the left of formula (1.4) will not be necessary, and
one obtains control for longer times. See also the following remark:

Remark 1.4 (Admissible scaling laws). The foregoing restrictions on 7 impose the limits of the ad-
missible scaling laws, in which @ — 0 and L — oo, for which the kinetic description of the long-time
dynamics can appear. Indeed, since Ty, = @2, then the necessary (up to L® factors) restrictions
T < L*9 (resp., T < L% %) on the rational (resp., irrational) torus already mentioned imply that
one should only expect the previous kinetic description in the regime where & 2 L™ (resp., 2 L™%/?).
In other words, the kinetic description requires the nonlinearity to be weak, but not too weak! In the
complementary regime of very weak nonlinearity, the exact resonances of the equation dominate the
quasi-resonances — a regime referred to as discrete wave turbulence (see [36, 32, 39]), in which different
effective equations, like the (CR) equation in [24, 6], can arise.

1.2. Ideas of the proof

As Theorem 1.1 is a consequence of Theorem 1.3, we will focus on Theorem 1.3. The proof of
Theorem 1.3 contains three components: (1) a long-time well-posedness result, where we expand the
solution to (NLS) into Feynman diagrams for sufficiently long time, up to a well-controlled error term;
(2) computation of E Iiik(t)l2 (k € ZZ) using this expansion, where we identify the leading terms and
control the remainders; and (3) a number-theoretic result that justifies the large box approximation,
where we pass from the sums appearing in the expansion in the previous component to the integral
appearing on the right-hand side of (WKE).

The main novelty of this work is in the first component, which is the hardest. The second component
follows similar lines to those in [7]. Regarding the third component, the main novelty of this work is to
complement the number-theoretic results in [7] (which dealt only with the generically irrational torus)
by the cases of general tori (in the admissible range of time 7 < L?). This provides an essentially full
(up to L? losses) understanding of the number-theoretic issues arising in wave-turbulence derivations
for (NLS). Therefore, we will limit this introductory discussion to the first component.

1.2.1. The scheme and probabilistic criticality
Though technically involved, the basic idea of the long-time well-posedness argument is in fact quite
simple. Starting from (NLS) with initial data of equation (1.2), we write the solution as

u :u(o) +---+u(N) + Rn+1s (1.5)

where u(® = ¢7"85y, is the linear evolution, u(™ are iterated self-interactions of the linear solution
u(® that appear in a formal expansion of u and Ry, is a sufficiently regular remainder term.

Since u(? is a linear combination of independent random variables, and each «"” is a multilinear
combination, each of them will behave strictly better (both linearly and nonlinearly) than its deterministic
analogue (i.e., with all n; = 1). This is due to the well-known large deviation estimates, which yield a
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‘square root’ gain coming from randomness, akin to the central limit theorem (for instance, ||uiy ||~ is
bounded by L™%/% - ||u;]| ;2 in the probabilistic setting, as opposed to 1 - ||uiy|| ;> deterministically by
Sobolev embedding, assuming compact Fourier support). This gain leads to a new notion of criticality
for the problem, which can be defined as the edge of the regime of (a,T) for which the iterate u‘"
is better bounded than the iterate x(?). It is not hard to see that (! can have size up to O(aVT) (in
appropriate norms), compared to the O(1) size of u(?) (see, e.g., formula (2.25) for n = 1). This justifies
the notion that 7' ~ Ty, = @2 corresponds to probabilistically critical scaling, whereas the time scales
T < Txin are subcritical.®

As it happens, a certain notion of criticality might not capture all the subtleties of the problem. As
we shall see, some higher-order iterates u " will not be better bounded than «*~1) in the full subcritical
range T < a2 we have postulated, but instead only in a subregion thereof. This is what defines our
admissible blue region in Figure 1.

We should mention that the idea of using the gain from randomness goes back to Bourgain [3] (in
the random-data setting) and to Da Prato and Debussche [14] (later, in the stochastic PDE setting).
They first noticed that the ansatz u = u?) + R allows one to put the remainder R in a higher regularity
space than the linear term «(?). This idea has since been applied to many different situations (see, e.g.,
[5,8, 11, 15,21, 33, 38]), though most of these works either involve only the first-order expansion (i.e.,
N = 0) or involve higher-order expansions with only suboptimal bounds (e.g., [2]). To the best of our
knowledge, the present paper is the first work where the sharp bounds for these (/) terms are obtained
to arbitrarily high order (at least in the dispersive setting).

Remark 1.5. There are two main reasons why the high-order expansion (1.5) gives the sharp time of
control, in contrast to previous works. The first is that we are able to obtain sharp estimates for the terms
u'/) with arbitrarily high order, which were not known previously due to the combinatorial complexity
associated with trees (see Section 1.2.2).

The second reason is more intrinsic. In higher-order versions of the original Bourgain—Da Prato—
Debussche approach, it usually stops improving in regularity beyond a certain point, due to the presence
of the high-low interactions (heuristically, the gain of powers of low frequency does not transform to the
gain in regularity). This is a major difficulty in random-data theory, and in recent years a few methods
have been developed to address it, including regularity structure [29], para-controlled calculus [28] and
random averaging operators [18]. Fortunately, in the current problem this issue is absent, since the well-
prepared initial data (1.2) bound the high-frequency components (where |k| ~ 1) and low-frequency
components (where |k| ~ L~!) uniformly, so the high-low interaction is simply controlled in the same
way as the high-high interaction, allowing one to gain regularity indefinitely as the order increases.

1.2.2. Sharp estimates of Feynman trees
We start with the estimate for u"”. As is standard with the cubic nonlinear Schrodinger equation, we
first perform the Wick ordering by defining

a2
w = e Moty My = |ul?.
Td
L

Note that M) is essentially the mass which is conserved. Now w satisfies the renormalised equation

TL

i@tw—Agw+/12(|w|2—2fd |w|2)w=0, (1.6)

50ne can interpret the usual scaling criticality for (NLS) in the same way: it corresponds to the minimum regularity s for

d
which the first iterate of an H*-normalised rescaled bump function like N ~*2 ¢ (N x) is better bounded than the linear solution

(compa.ring |u|P u to Au for such data gives the critical regularity Scpiical = % - % .

6It may be supercritical under deterministic scaling. See [18] for a discussion of these notions in the more customary context
of Sobolev regularity of local well-posedness in deterministic versus probabilistic settings.
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(re=+)
(n,tn)

(1’11, Lnl) (n27 an) (1‘13, L“‘s)

([f+) (1o, =) (I3, 1) (1, =) (I5,+) (Tg, =) (I, +) (=) (o, +)

Figure 2. On the left, a node n with its three children ny,np, M3, with signs 1} = 13 = t = —1p. On the
right, a tree of scale 4 (s('T') = 4) with root t, four branching nodes (t,n,ny,n3) and | = 9 leaves,
along with their signatures.

and Iv’v\k(t)l2 = IﬁZ(t)lz. This gets rid of the worst resonant term, which would otherwise lead to a
suboptimal time scale.

Let w™ be the nth-order iteration of the nonlinearity in equation (1.6), corresponding to the u"”) in
equation (1.5). Since this nonlinearity is cubic, by induction it is easy to see that w (™) can be written (say,
in Fourier space) as a linear combination of terms’ J7, where 7 runs over all ternary trees with exactly
n branching nodes (we will say it has scale s(7") = n). After some further reductions, the estimate for
J7 can be reduced to the estimate for terms of the form

Sei= o > e, (6 = (), (), (1.7)
(k1s--eskans1) €S

where 77; (w) is as in equation (1.2), (k1, ..., kou41) € (Z‘Z)znﬂ, S is a suitable finite subset of (Zi)zwrl

and the (2n + 1) subscripts correspond to the (2n + 1) leaves of T (see Definition 2.2 and Figure 2).8
To estimate Xy defined in formaul (1.7) we invoke the standard large deviation estimate (see Lemma
3.1), which essentially asserts that |Z¢| < (#S)'/2 with overwhelming probability, provided that there
is no pairing in (ky, ..., kon+1), Where a pairing (ki, kj) means k; = k; and the signs of 7y, and urs
in formula (1.7) are opposites. Moreover, in the case of a pairing (k;, k j) we can essentially replace

n;—;ni]_ = |77ki |2 ~ 1, so in general we can bound, with overwhelming probability,

2
2
e XS s X w3
(unpaired k;) (paired k;): (kiyeees kop+1) €S (unpaired ;) (paired k;):
(kt,....kon+1) €S (kt,..,kons1) €S

It thus suffices to bound the number of choices for (ky, ..., ky,+1) given the pairings, as well as the
number of choices for the paired & ;s given the unpaired k& s.

In the no-pairing case, such counting bounds are easy to prove, since the set S is well adapted to the
tree structure of 7; what makes the counting nontrivial is the pairings, especially those between leaves
that are far away or from different levels (see Figure 3, where a pairing is depicted by an extra link
between the two leaves). Nevertheless, we have developed a counting algorithm that specifically deals
with the given pairing structure of 7 and ultimately leads to sharp counting bounds and consequently
sharp bounds for X, (see Proposition 3.5).

7We will first perform rescaling and conjugation by the linear Schrodinger flow (see Section 2.1); for simplicity we still use
JT to denote these terms.

8In reality one may have coefficients m = m(k, ki, . .., ko41) in the expression of My in formula (1.7), but one can always
reduce to the form of formula (1.7) by restricting to the level sets of m.
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(t,ee=+)

Figure 3. A paired tree with two pairings (p = 2). The set S of single leaves is {11,14,16,17,1o}.
The subset R C SU {r} of red-coloured vertices is {t,1y,l4,1g}. Here (I, p,r) = (9,2,4). A strongly
admissible assignment with respect to this pairing, colouring and a certain fixed choice of the red modes
(kr, ky,, kIG) corresponds to having the modes ky, = ky,, ki, = ki, and k(| < LY for all the uncoloured
leaves. The rest of the modes are determined according to Definition 2.2.

1.2.3. An £? operator norm bound

In contrast to the tree terms J7, the remainder term R y 41 has no explicit random structure. Indeed, the
only way it feels the ‘chaos’ of the initial data is through the equation it satisfies, which in integral form
and spatial Fourier variables looks like

Ryt = TN +L(Ry+1) + Q(Ry+1) +C(Rn+1),

where .y is a sum of Feynman trees [J7 (already described) of scale s(7) ~ N, and £, Q and C are,
respectively, linear, bilinear and trilinear operator in R 5 +1. The main point here is that one would like to
propagate the estimates on J.n to R+ itself; this is how we make rigorous the so-called ‘propagation
of chaos or quasi-Gaussianity’ claims that are often adopted in formal derivations. In another aspect,
qualitative results on propagation of quasi-Gaussianity, in the form of absolute continuity of measures,
have been obtained in some cases (with different settings) by exploiting almost-conservation laws
(e.g., [48]).

Since we are bootstrapping a smallness estimate on Ry, any quadratic and cubic form of R+
will be easily bounded. It therefore suffices to propagate the bound for the term £L(R y+1), which reduces
to bounding the £ — ¢* operator norm for the linear operator £. By definition, the operator £ will have
the form v — ZW (jTl I v), where 7 is the Duhamel operator, YV is the trilinear form coming from
the cubic nonlinearity and J7,, J7, are trees of scale < N; thus in Fourier space it can be viewed as
a matrix with random coefficients. The key to obtaining the sharp estimate for £ is then to exploit the
cancellation coming from this randomness, and the most efficient way to do this is via the 77" method.

In fact, the idea of applying the 77* method to random matrices has already been used by Bourgain
[3]. In that paper one is still far above (probabilistic) criticality, so applying the 77" method once already
gives adequate control. In the present case, however, we are aiming at obtaining sharp estimates, so
applying TT* once will not be sufficient.

The solution is thus to apply T7T* sufficiently many times (say, D > 1), which leads to the analysis
of the kernel of the operator (£L*)P. At first sight this kernel seems to be a complicated multilinear
expression which is difficult to handle; nevertheless, we make one key observation, namely that this
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Figure 4. Construction of the tree TP by successive plantings of trees T1 and T» onto the first two
nodes of a ternary tree, starting with a root v and stopping after 2D steps, leaving a leaf node t'. In the
figure, D = 2.

kernel can essentially be recast in the form of formula (1.7) for some large auxiliary tree 7 = 7 2,
which is obtained from a single root node by attaching copies of the trees 7 and 7 successively a total
of 2D times (see Figure 4). With this observation, the arguments in the previous section then lead to
sharp bounds of the kernel of (£L£*)?, up to some loss that is a power of L independent of D; taking
the 1/(2D) power and choosing D sufficiently large makes this power negligible and implies the sharp
bound for the operator norm of £ (see Section 3.3).

1.2.4. Sharpness of estimates

We remark that the estimates we prove for J7 are sharp up to some finite power of L (independent
of 7). More precisely, from Proposition 2.5 we know that for any ternary tree 7 of scale n and possible
pairing structure (see Definition 3.3), with overwhelming probability,

sup (TPl < L p", (1.8)

where p is some quantity depending on @, L and T (see formula (2.24)), k is the spatial Fourier variable
and h is a time-Sobolev norm defined in equation (2.22); on the other hand, we will show that that for
some particular choice of trees T of scale n and some particular choice of pairings, with high probability,

sup | (Tl = L™p". (1.9)

The timescale T of Theorem 1.3 is the largest that makes p < 1; thus if one wants to go beyond 7T in cases
other than Theorem 1.1, it would be necessary to address the divergence of formula (1.9) with p > 1 by
exploiting the cancellation between different tree terms or different pairing choices (see Section 3.4).

1.2.5. Discussions
Shortly after the completion of this paper, work of Collot and Germain [12] was announced that studies
the same problem, but only in the rational-torus setting. In the language of this paper, their result
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corresponds to the validity of equation (1.3) for L < ¢ < L?>7%, under the assumption o < L7!79,
This is a special case of Theorem 1.3, essentially corresponding to the rectangle below the horizontal
line log; T = 2 and to the right of the vertical line log; (a‘l) = 1 in Figure 1. We also mention later
work by the same authors [13], where they consider a generic nonrectangular torus (as opposed to the
rectangular tori here and in [12]) and prove the existence of solutions (but without justifying equation
(1.3)) up to time ¢ < L™°Tj, for a wider range of power laws between a and L.

While the present paper was being peer-reviewed, we submitted new work to arXiv [16], in which
we provide the first full derivation of (WKE) from (NLS). Those results reach the kinetic time scale
t = T Tkin, Wwhere 7 is independent of L (compared to Theorem 1.1 here, where 7 < L™¢), for the scaling
law a ~ L~! on generic (irrational) rectangular tori and the scaling laws & ~ L™ (where y < 1 and is
close to 1) on arbitrary rectangular tori.

Shortly after completing [16], we received a preprint of a forthcoming deep work by Staffilani and
Tran [47]. It concerns a high-dimensional (on T¢ for d > 14) KdV equation under a time-dependent
Stratonovich stochastic forcing, which effectively randomises the phases without injecting energy into
the system. The authors derive the corresponding wave kinetic equation up to the kinetic time scale, for
the scaling law a ~ L™ (i.e., first taking L — oo and then taking @ — 0). They also prove a conditional
result without such forcing, where the condition is verified for some particular initial densities converging
to the equilibrium state (stationary solution to the wave kinetic equation) in the limit.

1.3. Organisation of the paper

In Section 2 we explain the diagrammatic expansion of the solution into Feynman trees, and state the
a priori estimates on such trees and remainder terms, which yield the long-time existence of such
expansions. Section 3 is devoted to the proof of those a priori estimates. In Section 4 we prove the
main theorems already mentioned, and in Section 5 we prove the necessary number-theoretic results
that allow us to replace the highly oscillating Riemann sums by integrals.

1.4. Notation
Most notation will be standard. Let z" = z and z~ = Z. Define |k|z by |k|f; = ﬁlk% + .- +Bdk§l for
k = (ki,...,kq). The spatial Fourier series of a function u : T¢ — C is defined on Z¢ := L™'Z% by
- . 1 . .
Uy = / u(x)e 27X gothat u(x) = Td Hpe>mikex, (1.10)
d
L kezg

The temporal Fourier transform is defined by

o) = /R 2T £ (1) dr.

Let 6 > 0 be fixed throughout the paper. Let N, s and b > % be fixed, such that N and s are
large enough and b — % is small enough, depending on d and ¢. The quantity C will denote any large
absolute constant, not dependent on (N .8, b — %), and 8 will denote any small positive constant, which
is dependent on (N ,8, b — %), these may change from line to line. The symbols O(+), < and so on will
have their usual meanings, with implicit constants depending on 6. Let L be large enough depending on
all these implicit constants. If some statement S involving w is true with probability > 1 — K e L’ for
some constant K (depending on 8), then we say this statement S is L-certain.

When a function depends on many variables, we may use notations like

f=f(xi:i€A,yj:ISj§m)

to denote a function f of variables (x; : i € A) and yi,..., ym.
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2. Tree expansions and long-time existence
2.1. First reductions

Let iy () be the Fourier coefficients of u(z), as in equation (1.10). Then with c (¢) := ez”ilkllz*’ﬁk (1) =

(.FTd eithp u) (k), we arrive at the following equation for the Fourier modes:
L

2
.. {(a — . 27iQ(ky Ky k3, k)t
le—(L—d > Ck, Chy Cry @2 T K1 2 K3, K)

(k1o k) e(Z4)’ 2.1
k—ki +k2—k320

ck(0) = (cr)in = ur (0),

where Q(k1, ko, k3, k) = |k; |/23 — |k Ilzg + |k3|§ - |k|/23 . Note that the sum can be written as

2 TRt )
3 = =kr=
(kl,kz,ks)E(Z‘Z) ki=k ki=ky=ks  ki,k3#k
k—k1+k2—k3=0

which, defining M = %, |ck3 |2 (which is conserved), allows us to write

2 X
. Pl _
icy = (ﬁ 2Mcy - |Ck|2 cr + E Ckl_CkZCk3€2mQ(k"kz’k3’k)t )
(k1,k2,k3)

Here and later, ),* represents summation under the conditions k ; € ZZ, ki—ko+ks =kandk ¢ {ky, k3}.

Introducing by (1) = cx (1)e™% (L72) s , we arrive at the following equation for by (¢):
- )2 2 - T 2miQ(k ko ks k)t
iby = (ﬁ) —1bil"br+ X bibibre 12525
(k1,k2,k3) 2.2)
b (0) = (b )in = ux(0).

In Theorem 1.3 we will be studying the solution u(¢), or equivalently the sequence (b (7)), ezd > ON

a time interval [0, T']. It will be convenient, to simplify some notation later, to work on the unit time
interval [0, 1]. For this we introduce the final ansatz

ay(t) = b (T1),

which satisfies the equation

X
P T 2 - 27iT Q(ky, ko, k3, k)t
lak—(i_d) —larPar+ X aagage*™ Tk kek k)
(k1,k2,k3) 2.3)

ax(0) = (ar)in = ur (0).

Here we have also used the relation @ = A?L~¢. Recall the well-prepared initial data (1.2), which
transform into the initial data for ay:

(ak)in = VNin * Nk ("-))s 24
where 77; (w) are the same as in equation (1.2).

https://doi.org/10.1017/fmp.2021.6 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.6

Forum of Mathematics, Pi 13

2.2. The tree expansion

Leta(t) = (ax (1)), ezd and aj, = a(0). Let J = [0, 1]; we will fix a smooth compactly supported cutoff
function y such that y = 1 on J. Then by equation (2.3), we know that for r € J we have

a(t) = y(t)ai, + IW(a, a, a)(t), 2.5)

where the Duhamel term is defined by

t
176 = x() [ ()Pt 2.6)
‘T —_— . -_— b4
Wb, e.dn(t) i= = | = (biTkd) (0 + D (biTiadsy) (e T2k 27)
(k1,ka2,k3)

Since we will only be studying a for ¢ € J, from now on we will replace a by the solution to equation
(2.5) for t € R (the existence and uniqueness of the latter will be clear from a proof to follow). We will
be analysing the temporal Fourier transform of this (extended) a, so let us first record a formula for Z
on the Fourier side:

Lemma 2.1. Let 7 be defined as in equation (2.6), and recall that G means the temporal Fourier
transform of G, then we have

1 1

_ 2.8
(t = do ) (o) 8)

fﬁ(‘r) = ‘/R(IO+11)(T, o)F(o)do, |6Ta’a.ld(‘r, 0')| Sa.A

Proof. See [17]. m]
Now define 7, recursively by

Jo(t) = x(1) - @in,
T = D DV ( T T Ts) (0, 2.9)

ni+ny+ni=n—1

and define

Jen =), T Ryn=a-Jen. (2.10)

n<N

By plugging in equation (2.5), we get that R 5. satisfies the equation
R+t = TN+ L(RN+1) + Q(Rn+1) + C(Rn+1), (2.11)

where the relevant terms are defined as

Tn= D DV, T Tis) (2.12)

ny,np,n3 <N
ni+ny+n3 >N

‘C(V) = Z (2IW(\7n]n7n2, V)+IW(L7n1,V, jnz)), (2.13)
ny,np <N
QW) == Y. DV (1,v,Tn,) + DV (v, Ty v)) (2.14)
n <N
C(v) :=IW(v,v,v). (2.15)
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Next we will derive a formula for the time Fourier transform of 7,,; for this we need some preparation
regarding multilinear forms associated with ternary trees.

Definition 2.2.

1. Let T be a ternary tree. We use L to denote the set of leaves and [ their number, N'= T\ L the set
of branching nodes and n their number, and t € N the root node. The scale of a ternary tree 7T is
defined as s(7") = n (the number of branching nodes).® A tree of scale n has [ = 2n + 1 leaves and a
total of 3n + 1 vertices.

2. (Signs on a tree) For each node n € N, let its children from left to right be 1, n», 113. We fix the sign
tn € {£} as follows: first ¢, = +, then for any node n € N, define ¢y, = by =ty and ¢y, = —ty.

3. (Admissible assignments) Suppose we assign to each n € 7 an element ky, € Z‘Z. We say such an
assignment (ky : 1 € T) is admissible if for any n € N we have ky, = ky, — kn, + ky, and either
kn & {kn . kn, } of ky = kn, = ky, = ky,. Clearly an admissible assignment is completely determined
by the values of k; for [ € L. For any assignment, we denote Q, := Q (km,knz, ks, kn). Suppose
we also fix'1© d;, € {0, 1} for each n € N; then we can define g, for each n € T inductively by

gn=0ifn €L or gu=duqn — dnyGn, + duyqns +Qu if 1 € N (2.16)

Proposition 2.3. For each ternary tree T, define Jr inductively by
Jo(0) = x(1) - @in,  TH(t) = IV (T73, T1» T75) (1), (2.17)

where o represents the tree with a single node and T, T», T3 are the subtrees rooted at the three
children of the root node of T. Then we have

Ju= ). Ir (2.18)
s(T)=n
Moreover, for any T of scale s('T") = n we have the formula

(«77)]{ (1) = (aT)" Z Kt kn:meT) 1—1 Vnin (ky) - 1_[ [ ()], (2.19)

7d
L (knmeT) lel lel

where the sum is taken over all admissible assignments (ky : 1 € T) such that ky = k, and the function
K = K7(1, ky : 1 € T) satisfies

0¢K] S Y. (x=Tdigd)™ - [ ] (Tg)™, (2.20)
(dymeN) neN

where qy, is defined in equation (2.16).

Proof. First, equation (2.18) follows from the definitions in equations (2.9) and (2.17) and an easy
induction. We now prove formulas (2.19) and (2.20) inductively, noting also that (ag)in = vnin(k) -
ni(w). For T = e, equation (2.19) follows from equation (2.17) with Cr(7, k;) = x(7) that satisfies
formula (2.20). Now suppose formulas (2.19) and (2.20) are true for smaller trees; then by formulas
(2.7) and (2.17) and Lemma 2.1, up to unimportant coefficients, we can write

) o= 33 [ueol]|(F@), o

def{0,1} (ki,ka,k3)

L
dr js

where )" represents summation under the conditions & ; € Z‘If, k1 —ko+ks =k and either k ¢ {ky, k3}
or k = ki = kp = k3, the signs (L],LZ,L3) = (+, —,+), ando =11 -m+13+ TQ(kl,kz,kj,,k). Now

9By convention, the scale of a single node is 0.
10This assignment is arbitrary but will usually be omitted, since there are finitely many choices.
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applying the induction hypothesis, we can write (%—)k (1) in the form of equation (2.19) with the
function
3

Kr(r by :meT)= > /Id(r,n—rz+73+mr)]_[[/c7j (tj. kn i€ T;)]¥ dr;,  (2:21)
defo,1} /B j=1

where t is the root of 7 with children ry, t», r3 and Tj is the subtree rooted at r;.

It then suffices to prove that K7 defined by equation (2.21) satisfies formula (2.20). By the induction
hypothesis, we may fix a choice d,, for each nonleaf node n of each 7, and let d; = d. Then plugging
formula (2.20) into equation (2.21), we get

0K San [

t#neN

1 1 1
(an> R3 (T—d(ﬁ_Tz + 73+ TQr»A <T1 —Tt+13+ TQI> j <Tj—Tdrthj>A’

de

3
=1
which upon integration in 7; gives equation (2.20). This completes the proof. O

2.3. Statement of main estimates

Define the h? space by

1

()l = ( /R (e |27(r>|2dr)2 , 22

and similarly the /*-? space for a(r) = (ak(t))keZLL: by

(ST

lalls =\ L4 D, | @ R ax(Pdr| . (2.23)

kezg

We shall estimate the solution u in an appropriately rescaled X*-? space, which is equivalent to estimating
the sequence a(t) = (ax(t)) kezd in the space h*-?. Define the quantity

aT ifl<T<L,
p:={al if L<T<L? (2.24)
aTL™" if T > L? and j3; is generic.

By the definition of § > 0 in formula (1.4), we can verify that aT'/? < p < L79.

Proposition 2.4 (Well-posedness bounds). Let p be defined as in formula (2.24); then L-certainly, for
all1 < n <3N, we have

sup (Y (Tl < LCC ! (78] < L0 1, 229)
IRNs1llpse < " (2.26)

Proposition 2.4 follows from the following two bounds, which will be proved in Section 3:

Proposition 2.5 (Bounds of tree terms). We have, L-certainly, that

sup kY (TPl < LOC(P=3) o] (aT%) < L0+C(b=1) pn 2.27)

for any ternary tree of depth n, where 0 < n < 3N.
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Proposition 2.6 (An operator norm bound). We have, L-certainly, that for any trees Ty, T, with |’T,| =
3nj+1and 0 < ny,ny < N, the operators

Pi:vis INV(TI7. I7.v) and P-:v e IW(TI7,v, I71) (2.28)

satisfy the bounds
I Pellpso s < LOp"H1243. (2.29)

Remark 2.7. The bound (2.29) is a result of the probabilistic subcriticality of the problem. Similar
bounds are also used in recent work by the first author, Nahmod and Yue [19] to get sharp probabilistic
local well-posedness of nonlinear Schrodinger equations. The proof in both cases relies on high-order
TT* arguments, although in [19] one needs to use the more sophisticated tensor norms due to the
different ansatz caused by the inhomogeneity of initial data.

Proof of Proposition 2.4 (assuming Propositions 2.5 and 2.6). Assume we have already excluded an
exceptional set of probability < ¢’ The bound (2.25) follows directly from formulas (2.18) and
(2.27); it remains to bound R 5. Recall that R 5 satisfies equation (2.11), so it suffices to prove that
the mapping

vie J.on+ L)+ Q(v) +C(v)

is a contraction mapping from the set Z = {v : ||v||;;s. < p™'} to itself. We will prove only that it maps
Zinto Z, as the contraction part follows in a similar way. Now suppose ||v||,,s.> < p™; then by formulas
(2.18) and (2.27), we have

_ _1 2 _
ITw s ~ L7 ™ ITn el < (LHCE DN pod 3 (72 < p2V,
keZf kezg
$0 [| T llpsr < pN. Next we may use formula (2.29) to bound
L)l < L0 - Wl < LOp3 - pN < p™.
As for the terms Q(v) and C(v), we apply the simple bound

IV, v, willpso < IV, v, W)t 12V, v, W)llpso + 1. DA (u, v, w) [0

aT
7] Z lleellpso Ve @t oo lwWe @Ol 1 oo S aT L |[ull s V] pso (W]l seo (2.30)

cyc

(which easily follows from formula (2.7)), where ., means summing in permutations of (u, v, w). As
aT < L9, we conclude (also using Proposition 2.5) that

1Q) s + ICON s € @TLO¥HE(B=2) 2N o pN

since p < L™% and N > ¢~!. This completes the proof. O

3. Proof of main estimates
In this section we prove Propositions 2.5 and 2.6.
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3.1. Large deviation and basic counting estimates

We start by making some preparations, namely the large deviation and counting estimates that will be
used repeatedly in the proof later.

Lemma 3.1. Let {n;(w)} be independent, identically distributed complex random variables, such that
the law of each ny is either Gaussian with mean 0 and variance 1 or the uniform distribution on the unit
circle. Let F = F(w) be defined by

n
Fw= Y awx, | [, 3.1)
K j=1

where ay, ...k, are constants; then I can be divided into finitely many terms, and for each term there is
a choice of X = {il, R ip} andY = {jl, . ,jp}, which are two disjoint subsets of {1,2, ...,n}, such
that

P (|F(w)| >A- M%) < CechR (3.2)

holds with

M = Z Z lak, 1| | - (3.3)
(ke): XY \ pairing (kig.kjg ):1<s<p
where a pairing (k;, k ;) means (v; + ¢j, ;ik; +jk;) = 0.

Proof. First assume 1y, is Gaussian. Then by the standard hypercontractivity estimate for an Ornstein—
Uhlenbeck semigroup (see, e.g., [40]), we know that formula (3.2) holds with M replaced by E |F (w) |2.
Now to estimate E |F(w)|?, by dividing the sum (3.1) into finitely many terms and rearranging the
subscripts, we may assume in a monomial of equation (3.1) that

ki=- =k k= =k ki ==k LS i< <jr=n, (34

and the k;, are different for 1 < s < r. Such a monomial has the form
. be [——\Cs . . .
l_[ M, (nkjs) s bytes=js—jso1 (Jo=0),
s=1

where the factors for different s are independent. We may also assume by = ¢5 for 1 < s < ¢ and
by #csforg+1 <s<r,andfor 1 < j < j, we may assume ¢; has the same sign as (—1)/. Then we
can further rewrite this monomial as a linear combination of

)4 q
[To TT (b - 1) ﬁl"’é;z ()

s=p+1 s=q+

for 1 < p < gq. Therefore, F(w) is a finite linear combination of expressions of the form

p q r cs
a by! i, P2 = by b (-
k.f] """ kj] """ kjr""kjr s nk.fs s nk_,'x nij :
s=1 K 1

kfl ..... kj, =p+ s=q+1

Due to independence and the fact that E (|n|2b - b!) = E (n” (7)) = 0 for a normalised Gaussian 7
and b # ¢, we conclude that
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) (3.5)

2
E|F(w)|” < Z Z |ClkjI ..... Ky seeesky sk
K T

which is bounded by the right-hand side of equation (3.3), by choosing X = {1, 3,0 . jp— 1} and
Y ={2,4,...,jp}, as under our assumptions (ky;—1, k2;) is a pairing for 2i < j,.

Now assume 7 is uniformly distributed on the unit circle. Let {g (w)} be independent, identically
distributed normalised Gaussians as in the first part, and consider the random variable

H(w) = Z |ak,.. k|1_[gk

.....

We can calculate
9 4q n A
(k‘;,f‘;) i=1 i=1 j=1 7 7
where 1 <i < gand1 < j < n, and similarly for H,

() - 3 1]

(ki.c1) i<

akt kl

q n
gt | HH siey |- 3.7)
L

The point is that we always have

~

E

:-Q

a_ r _
M 1y || < ReE 8181
i=1 j=1 ! i=1 j=1 7/
In fact, in order for either side to be nonzero, for any particular £ we must have
#{(i,j) K=kt :+} +#{(i,j) =k = —}
:#{(i,j) K=k = —}+#{(i,j) =k =+}.

Let both be equal to m; then by independence, the factor that the 77;’s contribute to the expectation on
the left-hand side will be E |5;|*™ = 1, while for the right-hand side it will be E |gx|*" = m! > 1.

This implies that E (|F |2") <E (|H |2") for any positive integer ¢; since formula (3.2) holds for H,
we have

E (|H|2q) < (Cq)" M1

with an absolute constant C. This gives an upper bound for E (|F |2q), and by Chebyshev inequality, we
deduce formula (3.2) for F. O

Lemma 3.2. Let 8 = (B1,...,B4) € [1,2]% and 0 < T < L%. Assume that B is generic for T > L?.
Then, uniformly in (k,a,b,c) € (Z”LI)4 and m € R, the sets

3
Ss :{(x,y, e (2f) cx—yaz=k |- 0B+ 12 - kG- m| < T,

x—al <L |y-bl <L |z—c|<L?andk ¢ {x,z}}, (3.8)
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3
Szz{(x,y)e(z;‘) cxky =k |Ix G - kG —m| < T

|x—a| < LY, |y—b|SL9andx¢yifthesigniis—} (3.9)
satisfy the bounds
Ld+0 lfT <L,
#S3 < L*OT7, #S, < JLHHOTN T e L, L], (3.10)

L4140 if T > L* and B; is generic,

where in the first inequality of formula (3.10) we also assume |k|, |a|,|b| < LY.
Moreover, with p defined as in formula (2.24), we have
Ld
max ((#33)%,#52) <1%, 0=-2F 3.11)
aT
without any assumption on (k,a,b).

Proof. We first consider S3. Let k —x = p and k — z = g; then we may write p = (L‘lul, ey L‘lud)
and similarly for ¢, where each u; and v; is an integer and belongs to a fixed interval of length O (L”(’).
Moreover, from (x, y, z) € S3 we deduce that

LT}
< )
2

d 2

L“m
§ Biuivi + ——
i=1

We may assume u;v; = 0for 1 <i < r,and o; := u;v; # 0 for r + 1 < i < d; then the number of
choices for (u;,v; : 1 <i <r)isO (L”g). It is known (see [17, 18]) that given o # 0, the number
of integer pairs (u,v) such that u and v each belongs to an interval of length O (L1+9) and uy = o is

O (LY). Therefore, if |k|, |al, |b| < LY, then #S3 is bounded by O (L"*?) times the number of choices

for (0741, ..., 04) that satisfy
d L*m
oy <L el j<d). Y poi= -S40 (L2T—1) . (3.12)
Jj=r+1
Using the assumption T < L, it suffices to show that the number of choices for (o741, ..., o)

satisfying formula (3.12) is at most O (1 + Lz(d_’)+9T_1). This latter bound is trivial if d —r = 1 or
L?>T7! > 1, so we may assume d —r > 2, T > L? and f3; is generic. It is well known in Diophantine
approximation (see, e.g., [9]) that for generic 8; we have

d
Z Bini

i=r+l

—(d-r-1)-0
) if ; are not all 0,

2( max  {(n;)

r+l<i<d

so the distance between any two points (o : ¥ +1 <i < d) and (07 : r + 1 < i < d) satisfying formula

(3.12) is at least (LZT‘I)fﬁﬂg. Since all these points belong to a box which has size O(1) in one
direction and size O (L2+9) in other orthogonal directions, we deduce that the number of solutions to
formula (3.12) is at most 1 + L¢L2(d==D 1271 a5 desired.

Next, without any assumption on (k, a, b), we need to prove formula (3.11). By definition (2.24) we

can check that Q% > L2? (min (7, Lz))_l, so it suffices to prove the first inequality of formula (3.10),
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assuming T < L. But this again follows from formula (3.12), noting that now ‘O’j| < L**? is no longer
true, but each o; still has at most 12+ possible values.

Finally we consider S5, which is much easier. In fact, formula (3.11) follows from formula (3.10), so
we only need to prove the latter. Now if 7 < L, we trivially have #S, < L9*? as y will be fixed once
xis; if T > L, then we may assume xg — yg # O if the sign + is —, and then fix the first coordinates
xj(1 <j<d-1)andhencey;(1 < j < d-1). Then we have that x4 + y is fixed, and xfl iyz belongs
to a fixed interval of length O (T‘l). Since x4, vq € L~'Z, we know that x4 has at most 1 + L>T~!
choices, which implies what we want to prove. O

3.2. Bounds for 7,

In this section we prove Proposition 2.5. We will need to extend the notion of ternary trees to paired,
coloured ternary trees:

Definition 3.3 (Tree pairings and colourings). Let 7 be a ternary tree as in Definition 2.2. We will pair
some of the leaves of 7 such that each leaf belongs to at most one pair. The two leaves in a pair are called
partners of each other, and the unpaired leaves are called single. We assume ¢ + ¢y = O for any pair
(I, 1"). The set of single leaves is denoted S. The number of pairs is denoted by p, so that |S| = [ — 2p.
Moreover, we assume that some nodes in S U {r} are coloured red, and let R be the set of red nodes.
We shall denote r = |R]|.

We shall use red colouring to denote that the frequency assignments to the corresponding red vertex
are fixed in the counting process. We also introduce the following definition:

Definition 3.4 (Strong admissibility). Suppose we fix ny € ZZ for each m € R. An assignment
(kn : m € T) is called strongly admissible with respect to the given pairing, colouring and (ny, : m € R)
if it is admissible in the sense of Definition 2.2, and

km =nm YM e R, k| < L VI e L, ky = ky V pairs of leaves (I,1’). (3.13)

The key to the proof of Proposition 2.5 is the following combinatorial counting bound:

Proposition 3.5. Let T be a paired and coloured ternary tree such that R + @, and let (ny, : m € R)
be fixed. We also fix oy € R for eachnt € N. Let | = |L| be the total number of leaves, p be the number
of pairs and r = |R| be the number of red nodes. Then the number of strongly admissible assignments
(ky : € T) which also satisfy

Qn—om| <T'VneN (3.14)

is — recalling Q defined in formula (3.11) — bounded by

0 Hl-p-r -
o < {L o'-r ifR #SU {r}, 515)

LOQI-P=+1 ifR = SU {r}.

Proof. We proceed by induction. The base cases directly follow from formula (3.11). Now suppose the
desired bound holds for all smaller trees, and consider 7. Let r1, 12, 3 be the children of the root node ©
and 7 ; be the subtree rooted at r;. Let /; be the number of leaves in 7, p; the number of pairs within
T and p;; the number of pairings between 7; and 7, and let r; = ‘R N ’Tj‘; then we have

l=ll+12+l3, p=p1+p2+p3+pi2+pi3+p, r=r|+r2+r3+lr€7g.

Also note that |ky| < LY foralln € 7.
The proof will be completely algorithmic, with the discussion of a lot of cases. The general strategy
is to perform the following four operations, which we refer to as O;(0 < j < 3), in a suitable order.
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Here in operation Oy we apply formula (3.11) to count the number of choices for the values among
{kr, k), ky,, krz} that are not already fixed (this step may be trivial if three of these four vectors are
already fixed —i.e., coloured — or if one of them is already fixed and k; = ky, = ky, = ky;). In operations
O;(1 < j < 3), we apply the induction hypothesis to one of the subtrees 7 and count the number
of choices for (kyn : 1 € 7). Let the number of choices associated with O;(0 < j < 3) be M, with
superscripts indicating different cases. In the whole process we may colour new nodes n red if ky is
already fixed during the previous operations, namely when n = r and we have performed Oy before,
when 1t = r; and we have performed Oy or O; before or when n is a leaf that has a partner in 7; and
we have performed O; before.

(1) Suppose r ¢ R; then we may assume that there is a red leaf from 7."" We first perform O; and
get a factor

MV = Logh-rn,

Now 1 is coloured red, as is any leaf in 7, U T3 which has a partner in 7. There are then two cases.
(1.1) Suppose now there is a leaf in 75 U T3, say from 7>, that is red. Then we perform O, and get
a factor

Mz(l-l) = LHerPz*rz*Plz.
Now 1, is coloured red, as is any leaf of 73 which has a partner in 7. There are again two cases.
(1.1.1) Suppose now there is a red leaf in 73; then we perform O3 and get a factor

L11) ._ 7 60 l—p3-r3—pis—
M3( ) — [ QB=p3r3mPi=Pn

then colour 13 red and apply Oy to get a factor Mél-l-l) = 1. Thus
(1) 2, (1.1) 3 o (1.1.1) 3 (1.1.1) _ yI=p—r+6
M<M M, "M, M, = [P0,

which is what we need.

(1.1.2) Suppose after step (1.1) there is no red leaf in 73; then r3 = p13 = p23 = 0. We perform Qg
and get a factor Mél'l'z) := LYQ!' (perhaps with slightly enlarged 6; the same applies later). Now we
may colour 13 red and perform O3 to get a factor

M3(1.1.2) = 190l Pl
Thus
O < 0

which is what we need.

(1.2) Now suppose that after step (1) there is no red leaf in 7, U 73; then r, = r3 = p1p = p13 = 0.
There are two cases.

(1.2.1) Suppose there is a single leaf in 7, U 73, say from 7;. Then we will perform Oy and get a
factor Mél‘z‘l) := L?9Q?. Now we may colour r; and t3 red and perform O; to get a factor

M§1'2'1) = L0QhPT,

Now any leaf of 7, which has a partner in 73 is coloured red, so we may perform O, and get a factor

M2(1.2.1) — L()le—pz—ms—l )

IStrictly speaking, the roles of 7 and 7> are not exactly symmetric, due to the sign difference, but this will not affect the
proof, because formula (3.11) includes all choices of signs.
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Thus
(1) 5 g (1.2.1) 3 2(1.2.1) 2 ,(1.2.1) _ 1 0 Al—p—
M<M M, M, M, =LYQ"P7",

which is what we need.

(1.2.2) Suppose there is no single leaf in 7, U T3; then all leaves in 7, U T3 are paired to one another,
which implies that ky, = ky, and that v, and r3 have opposite signs, and hence by the admissibility
condition we must have k; = ky, = ky, = ky,. This allows us to perform Op and colour 1, and r3 red with

Mél'z'z) := 1, then perform O3 and colour red any leaf of 7, which has a partner in 73, then perform
O, (for which we use the second bound in formula (3.15)). This leads to the factors

M§1.2-2) = L(‘)ng,*pg,fl’ M2(1.2.2) S L9Q127p27p23,1+]’
and thus
M < Ml(l)Mél,z,z)Mél.z.z)Mz(l.zz) _ LBQl_p_"l,

which is better than what we need.
(2) Now suppose r € R; then r = ry +rp +r3 + 1. There are two cases.
(2.1) Suppose there is one single leaf that is not red, say from 7. There are again two cases.
(2.1.1) Suppose there is a red leaf in 72 U 73, say 7. Then we perform O, and get a factor

M2(2- 1.1) =19 le—Pz—rz )

We now colour red 1, and any leaf in 77 U T3 which has a partner in 7;. There are a further two cases.
(2.1.1.1) Suppose now there is a red leaf in 73; then we perform O3 and get a factor

M3(2111) = L9Q13—p3—r3—p23.

Now we perform Op and get a factor Méz'l'l'l) := 1, then colour red r; as well as any leaf of 7] which
has a partner in 73, and perform O, to get a factor

M1(2.1.1.1) = LHQI]*[)]*V]*PIZ*PIS*I.
Thus
(2.1.1) 5y, (2.1.1.1) 5 7 (2.1.1.1) 5 ,(2.1.1.1) _ 7 0 Al—p—
M <MDy p =L°Q7PT,

which is what we need.
(2.1.1.2) Suppose after step (2.1.1) there is no red leaf in T3; then r3 = pp3 = 0. We perform Oy and
get a factor Méz'l'l'z) := L?Q"'. Then we colour r; and 13 red and perform O3 to get a factor

M3(2'1'1'2) = [0QhPT,
Finally we colour red any leaf of 77 which has a partner in 73, and perform O to get a factor
M](2.1.1.2) .= LOQh-Pin-pr-pi-l
Thus
M < Mz(z'l’l)Méz‘l‘1'2)M3(2‘1‘1‘2)M1(2'1'1'2) — LGQl—p—r,

which is what we need.
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(2.1.2) Suppose in the beginning there is no red leaf in 7, U 73; then r, = r3 = 0. There are again
two cases.

(2.1.2.1) Suppose there is a leaf in 7, U T3, say from 7>, that is either single or paired with a leaf
in 71. Then we perform Oy and get a factor Méz'l'z'l) := LYQ2. After this we colour 11, 12, 13 red and
perform Os to get a factor

M§2~]-2-1) — L9Q13_p3_1.

‘We then colour red any leaf of 77 and 7, which has a partner in 73, and perform O, to get a factor

M2(2.1.2.l) = LOle—pz—p23—1.
Finally we colour red any leaf of 7 which has a partner in 7>, and perform O; to get a factor

(2.1.2.1) ._ 70 pli-p1-r1—-p12—pi3—1

1‘/11 =LYQ" pi—r—pr=pi3—1
Thus
(2.1.2.1) 3 7 (2.1.2.1) 5 1(2.1.2.1) 3 ,(2.1.2.1) _ 10 Al-p—
M < M, M, M, M, =L7Q"P T,

which is what we need.

(2.1.2.2) Suppose there is no leaf in 7, U T3 that is either single or paired with a leaf in 77; then in
the same way as in case (1.2.2), we must have k; = ky, = ky, = ky,. Moreover, we have p1» = pj3 = 0.

Then we perform Oy and get a factor Méz'l'z'z) := 1. After this we colour 1y, 1, r3 red and perform O;
to get a factor

M3(2.1.2.2) — L0k,
We then colour red any leaf of 7, which has a partner in 73 and perform O, to get a factor
M2(2-1-2-2) < LQQZZ*PZ*PZS*]‘H.
Finally, we perform O, again using the second part of estimate (3.15), to get a factor
M1<2'1'2'2) = [0Qh-P1ni-1
Thus
(2.1.2.2) 3 7(2.1.2.2) 3 7(2.1.2.2) 3 (2.1.2.2) _ 70 Al-p-r-1
M < M, M M, M, = L7,

which is better than what we need.

(2.2) Now suppose that in the beginning all single leaves are red — that is, R = S U {tr}. Then we
can argue in exactly the same way as in case (2.1), except that in the last step where we perform Oy, it
may happen that the root r; as well as all leaves of 7 are red at that time, so we lose one power of Q
in view of the weaker bound from the induction hypothesis. However, since R = SU {tr}, we are in fact
allowed to lose this power, so we can still close the inductive step, in the same way as in case (2.1). This
completes the proof. O

Corollary 3.6. In Proposition 3.5, suppose R = {t}. Then formula (3.15) can be improved to
M < LQtP3p%r 1, (3.16)
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Proof. In the proof of Proposition 3.5, we are now in case (2.1.2). In each subcase, either (2.1.2.1) or
(2.1.2.2), we perform the operation Oy first. In case (2.1.2.1), by formula (3.10) — noting that the extra
conditions are satisfied — we can replace the bound Méz'l'z']) by M := LOL*T! so we get

M < M6M3(2.1.2.1)M2(2.].2.1)M1(2.l.2.1) — Lng_p_3L2dT_1.

In case (2.1.2.2) we get an improvement: we have M < LYQ!~P~2, which also implies formula (3.16),
since we can check Q < L?4T~! < Q? by definition. o

Now we are ready to prove Proposition 2.5.

Proof of Proposition 2.5. We start with equation (2.19). Let |T] = 3n + 1. Due to the rapid decay of
\/Min, We may assume in the summation that |k;| < L? for any [ € £, and so |k| < L? also. For any
fixed value of T, we may apply Lemma 3.1 to the L-certain estimate (z—)k (7). Namely, L-certainly, we
have, for some choice of pairing and with colouring R = {t} and n, = k,

2

el () 3| 5 wesmen]. o

<k>4x Ld
(ki:1eS) | (ki:1eL\S)

where Y.™ represents summation under the condition that the unique admissible assignment determined
by (k;: 1€ S) and (k; : [ € £\S) is strongly admissible. Next we would like to assume formula (3.17)
for all T, which can be done by the following trick. First, due to the decay factor in formula (2.20) and
the assumption |k{| < LY, we may assume |7| < L%*?; moreover, choosing a large power D, we may
divide the interval [—Lg, Lg] into subintervals of length L= and pick one point 7; from each interval.
Due to the differentiability of IC7 (see formula (2.20)), we can bound the difference

|[KH(tky :meT) = Kr(tj kn :n € T)|

by a large negative power of L, provided 7 is in the same interval as 7;. Therefore, as long as formula
(3.17) is true for each 7;, we can assume it is true for each 7 up to negligible errors. Since the number
of 7;s is at most O (L*P) and formula (3.17) holds L-certainly for each fixed 7;, we conclude that,
L-certainly, formula (3.17) holds for all 7.

Now, by expanding the square in formula (3.17), it suffices to bound the quantity

*% wx

/Rmz’? >0 > Ktk sne T - Ky (r ki moe T dr,

(keleS) (keleL\S) (ki:1eL\S)
where (ky, : 1 € T) is the unique admissible assignment determined by (k; : [ € £) and (k; : [ € £\S),
and (kj : € T) is the one determined by (k; : [ € £) and (kf S E\S). The conditions in the

summations ;" and Z**/ correspond to these two assignments being strongly admissible. By formula
(2.20), we have (for some choice of d)

@Ktk s e T - Ky (v, k) e T

S (0 (r = Tdege)™ (v~ Tdegl) " [ | Taw)™ (1) ™"
neN

where g, and g}, are defined from the assignments (ky) and (kj,), respectively, via equation (2.16).
Thus the integral in 7 gives

max ((Tqe), (Tqi)) " (T (g —q0))" [ | Taw) " (Ta})™".

r#neN
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and it suffices to bound

3k *ok

7\ —2+2b A\—5 _ J\—
max (<qu>’ <th>) ’ <T (Qr - 6]r)> l_l (T'qn) ! <an> l :
(ki:1€8S) (ki:1e£L\S) (k[’;[e[:\s) t#neN

Since all the gs are bounded by LY, and T < L4, we may fix the integer parts of each T'q,, and Tq/, for

each 1t € NV, and reduce the foregoing sum to a counting bound, at the price of losing a power LE(-2),
Now by definition (2.16), each g, is a linear combination of €,s, and conversely, each Q, is a linear
combination of gys. So once the integer parts of each T'qy and T'g;, are fixed, we have also fixed oy € R
and o, € R, such that

|Qn — o] <T7, Q) — oy <T7". (3.18)

Therefore we are reduced to counting the number of (ky : [ € S), (k( : 1 € £L\S) and (k[’ :le E\S)

such that the assignments (k) and (k;) are both strongly admissible and satisfy formula (3.18). Now
let |[£| =1 =2n+ 1 and p be the number of pairs; then |S| = 2n + 1 — 2p. First we count the number
of choices for (k; : I € S) and (k; : [ € £\S), where we apply Corollary 3.6 with R = {r} and get the
factor M := LYQ?"P~2L24T~1; then, with k; fixed for all [ € S, we count the number of choices for
(kl’ :le ,C\S) by applying Proposition 3.5 with R = SU {r} and get the factor M’ := L?QP. In the
end we have, L-certainly,

o a2

sup (k)*
k
2n
< [0+C(b-3 (‘Z_Z;) 22! = L6)+C(b7%)p2n72 (a2T)

by the definition of Q in formula (3.11), as desired. m]

3.3. Bounds for P.

In this section we prove Proposition 2.6. The proofs for both P, are similar, so we consider only P,.

Proof of Proposition 2.6. There are three steps.

Step 1: First reductions. We start with some simple observations. The operator P.(v) =
w (jTl . J7,,v), where Z and VW are defined in formulas (2.6) and (2.7). Now in formula (2.7) we may
assume |k1|, [ky| < LY, for the same reason as in the proof of Proposition 2.5. We thus have

(k)*

L 9< >l _<?
= (k3)*

so instead of 4% bounds we only need to consider 4%? bounds. Next notice that if 7 is defined by
equation (2.6) and 7 is defined by Z)F = y - (sgn = (y - F)), then we have the identity 27F (¢) =
T\F(t)— x ()L, F(0),so for b > % we have || ZF||ps.0 < || Z1F||ps.» . Therefore, in estimating P, we may
replace the operator G that appears in the formula for Z by Z;. The advantage is that Z; has a formula

TF() = /]R 1 (r, ) F(or)dor,

where [ is as in Lemma 2.1, so we may get rid of the Iy term. From now on we will stick to the renewed
definition of Z. Next, by Proposition 2.5 we have the trivial bound
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||7D+V”h(”l ~ ||7D+V”t’iL,2 + ”61"P+V||gth2

aT
S ||V||e,§L,2 "d Z H(jTl)kl

ki,kz

d+9+C(b-1
L (‘77_2)k2HLm s alL o ( z)pn1+n2 . ||V||h0,0.
t T

Note also that a7 < L% and p < L%, so by interpolation it suffices to L-certainly bound the #%* —
h%1=> norm of (the renewed version of) P, by L?p™+m+1,
Now, using Lemma 2.1 and noticing that the bound (2.8) is symmetric in o and 7, we have the formula

. . T _ Ed , ,
(P+V)k(T):%<T> 1 Z ‘/Rj%](T,O'1—0'2+T +TQ(my, my, k', k))

(my,my, k")

X (%)ml (0'1)(:7‘72)’”2 (02) - Vi (t')dorpdondr’, (3.19)

where J = J(t,7) and all its derivatives are bounded by (r — )~'°. By elementary estimates we have
Wi (DllLie < (I63% Wk(T)”[iLg , )8 ()t Wk(T)”gl%L% SIwe(@lizge (3.20)

and thus it suffices to L-certainly bound the £ — £? norm of the operator

*

T
X:(Xv)k=% Z ka-/J(‘r,cr]—0'2+T'+TQ(m1,m2,k',k))

2
(my,ma,k") R

x (3?1 )m] (m)(i};)mz (o2)dorydors 3.21)

uniformly in T and 7’.

Step 2: Second reductions. At this point we apply similar arguments as in the proof of Proposition 2.5.
Namely, we first restrict |7, |7/] < Lo (otherwise we can gain a power of either | 7| 3(6-3) or ked| 3(b-3)
from the extra room when applying formula (3.20), which turns into a large power of L and closes the
whole estimate), and then divide this interval into subintervals of length L 9" and apply differentiability

to reduce to O (ch_l) choices of (7, 7’). Therefore, it suffices to fix 7 and 7" and L-certainly bound

|| X p2—p2- Let T — 7/ = £ be fixed.

Now use equation (2.19) for the J7, factors, assuming also |k{| < L? in each tree, and integrate in
(o1, 07). This leads to further reduced expression for X, which can be described as follows. First let the
tree 7 be defined such that its root is r and three subtrees from left to right are 77, 7, and a single node
t’. Then we have

(X = Z Xewver,
k!

where the matrix coefficients are given by

aT ni+ny+1 Z ) ) 1 l_[ 1 1_[
ka/:(—d) ’C(lklﬁ_|k’|ﬂ’ kr:l”iIEE)-—S T][L([,
L (ke (Tqr =0 wepney 9 1epywy

where the sum is taken over all admissible assignments (k;, : n € 7") which satisfy k, = k, ky = k” and
lkn| < LY forn ¢ {r,1’}, and the coefficient satisfies |KC| < LY and |0K| < LPT. Moreover, we observe
that K and g, depend on the variables k, = k and kv = k' only through the quantity |k|g — |k’|;.

Next we argue in the same way as in the proof of Proposition 2.5 and fix the integer parts of T'¢y for
n € N\ {r}, as well as the integer part of Tq, — , at a cost of (log L)) All these can be assumed to
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be < L9 due to the decay (T'qr — ¢ )™ and the bounds on 7 and 7’. This is equivalent to fixing some
real numbers oy, = O (L(’f]) and requiring the assignment (k, : 1 € 7) to satisfy |Q, — 0| < T7!
for each n € NV. Let this final operator, obtained by all the previous reductions, be G. Schematically, the
operator G can be viewed as ‘attaching’ two trees 7 and 7> to a single node t’.

Step 3: The high-order GG* argument. For this, we consider the adjoint operator G*. A similar
argument gives a formula for G*, which is associated with a tree 7* formed by attaching the two trees
T> and T (with T, on the left of 77) to a single node t’, in the same way that G is associated with
T. Given a large positive integer D, we will consider (GG")P, which is associated with a tree 77. The
precise description is as follows.

First, 7P is a tree with root node 1t = r, and its first two subtrees (from the left) are 7 and 7. The
third subtree has root r1, and its first two subtrees (from the left) are 75 and 7. The third subtree has root
12, and its first two subtrees (from the left) are 7 and 75, and so on. This process repeats and eventually
stops at Top = t’, which is a single node, finishing the construction of 77. As usual, denote by £ and
NP the set of leaves and branching nodes, respectively. Then the kernel of (GG*)? is given by

((gg*)D)kk, = > k® (\kdz kg ly 0 <2D -1 kit # e L‘D)
(knmeT?)
T 2D (ny+ny+1)
(Z—d) ni. (3.22)
v#lecP

where |IC(D )| < LY and ‘6IC(D )’ LT, and the sum is taken over all admissible assignments
(ky :m € TP) that satisfy (ky, ky) = (k, k'), k(| < L forv’ # 1 € £ and |Q, — 0| < T7! for

n € NP, where on =0 (L‘gfl) are fixed. Moreover, KP) depends on the variables k, = k and kv = k’

noIA

only through the quantities |krj |2 - ‘krjﬂ ‘; forO0<j<2D-1.
Now note that each ((QQ*)D ) i is an explicit multilinear Gaussian expression. Since for fixed k (or
k’) the number of choices for k’ (or k) is O (Ld+9), by Schur’s estimate we know

s\ D d+0 s\ D
168l < 1 (19917, |
So it suffices to L-certainly bound |((GG*)P) k k,| uniformly in k and k’. We first consider this estimate

with fixed (k, k). Applying Lemma 3.1, we can fix some pairings of 7 and the set S” of single leaves,
and argue as in the proof of Proposition 2.5 to conclude L-certainly that

L,

oT 4D (nj+ny+1) *% s
Kk’ Ld

2
(@g)”) | st (—
(ki:1e8P) (ki1e£P\SP) (ky:1eLP\sP)
where the condition for summation, as in the proof of Proposition 2.5, is that the unique admis-

sible assignment (ky : 1 € TP) determined by (ky: 1€ SP) and (ki : [ € £LP\SP) satisfies all the
conditions already listed, and the same happens for (k/, : 1 € TP) corresponding to (k : [ € S) and

(kI’ ‘lefP \SD). We know that 7P is a tree of scale 2D (n; +n,+1),, and so ‘LD| =4D(n1+ny+1)+1;
let the number of pairings be p, and then |SD| =4D(n;+ny+ 1) —2p. By Proposition 3.5 we can bound
the number of choices 2 for (k; : [ € SP) and (kI' ‘lefP \SD) by M = LOQ*P(m+m+1)=p and bound

the number of choices for (k[’ :le ED\SD) given (ky: 1€ SD) by M’ = L?QP. In the end, for any

2Strictly speaking, we need to modify Proposition 3.5 a little, as we do not assume |k’| < L. But this will not affect the
proof, which relies on the translation-invariant inequality (3.11).
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fixed (k, k"), we have that L-certainly,

Ld+9 Sup’<(gg*)D) ’ < Ld+9 (g (MM/)1/2 < Ld+9p2D(nl+n2+1)_

2D(n] +n2+1)
k,k kk’ L4 )

Finally we need to L-certainly make this bound uniform in all choices of (k, k"). This is not obvious,
since we impose no upper bound on |k| and |k’|, so the number of exceptional sets we remove in the
L-certain condition could presumably be infinite. However, note that the coefficient X depends on k and

k’ only through the quantities |k|fg - |kr |5 Let D = L\{x'}; then |k{| < LY for | € D, and the condition

\2

5
. L 2 -1 . e

for summation creates the restriction that ||k|/23 - |krj | B‘ < LY. The reduction from infinitely many

possibilities for k (and hence k) to finitely many is done by invoking the following result, whose proof
will be left to the end:

Claim 3.7. Let k € Z‘If, and consider the function
-1
Sy :m e |k[p = lk+mlz,  Dom (fu) = {m eZ¢ :im| < LY, ‘|k|,§ — |k +m|§] <L’ } :

. . . co! d
Then there exist finitely many functions fi, ot fa, where A < L , such that for any k € Z7 there
exists | < j < A such that | fix) - f;| < L7% on Dom (f(x)).
Remark 3.8. We may view Claim 3.7 as a ‘finiteness’ or ‘compactness’ lemma. Similar results are also
used in [18] and [19] for similar purposes.

Now it is not hard to see that Claim 3.7 allows us to obtain a bound of the form proved that is uniform

in (k, k"), after removing at most O (chq) exceptional sets, each with probability < e’ This then
implies

D d+6 2D 1
([ P A
hence
d+0
Gl 2y s L70 p"i#tL,

By fixing D to be a sufficiently large positive integer, we deduce the correct operator bound for G, and
hence for X and P,. This completes the proof of Proposition 2.6. O

Proof of Claim 3.7. We will prove the result for any linear function g(m) = x - m + X, where x € R¢
and X € R are arbitrary. We may also assume m € Z¢ instead of ZZ; the domain Dom(g) will then be
the set E of m such that |m| < L'*% and |g(m)| < L2+¢™".

Let the affine dimension dim(E) = r < d; then E contains a maximal affine independent set
{g;:0<j <r}. The number of choices for these g; is at most L¥*!, so we may fix them. Let £
be the primitive lattice generated by {g; — g0 : 1 < j <r}, and fix a reduced basis {¢; : 1 < j < r}

of L. For any m € E there is a unique integer vector k = (ky,...,k,) € Z" such that |k| < L'*9,
m—qo = kif; +- -+ k,{,, and as a linear function we can write g(m) =y -k +Y, where y € R" and
Y =g(qo) €R.

Now let the k € Z" corresponding to m = g, be k), where 1 < j < r; then since go € E and
q;j € E, we conclude that |y kU )| < 1307 As the k) are linear independent integer vectors in Z"
with norm bounded by L!*¢, we conclude that |y| < L€+, and consequently [Y| < LE*¢"". We may
then approximate g(m) for m € E by y; - k +Y;, where y; and Y; are one of the LE9™" choices that

approximate y and Y up to error L ,and choose g(j) =y - k+Y;. O
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Figure 5. A tree of scale s('T) = 6 and p = 6 — 1 = 5 pairings. The pairings force |y — z| = |ns — 5] =
Ing — s =+ =k —x].

3.4. The worst terms

In this section we exhibit terms 77 that satisfy the lower bound (1.9). These are the terms corresponding
to trees 7 and pairings (see Remark 3.9) as shown in Figure 5, where 7 is formed from a single node by
successively attaching two leaf nodes, and the ‘left’ node attached at each step is paired with the ‘right’
node attached in the next step. Let the scale s(7) = r; then 7 has exactly r — 1 pairings. For simplicity
we will consider the rational case §; =1 and T < L9 the irrational case is similar.

Here it is more convenient to work with the time variable ¢ (instead of its Fourier dual 7). To show
formula (1.9), since b > 1/2, we just need to bound (J7)x () from below for some k and some ¢ € [0, 1];
moreover, since y = 1 on [0, 1], and using the recursive definition (2.17), we can write

r r—1
(I (1) = (aT) Z Z B- l_[ nin(gj) |77t’j|2 “NxlyNz - ‘/nin(x)nin(y)nin(z), (3.23)
1 J=1

Ld x-y+z=k \{y,..., Oy
where (due to admissibility) the variables in the summation satisfy
k—x=m-ti=m-bO=-=n_1-6_1=y-2:=¢q
and the coefficient B is given by

B= 2T (nQut Q) gy oy, (3.24)

t>t1>-->1,>0
with €; being the resonance factors, namely

Q] =2q . (k—nl),Qz = 2q . (l’l] —nz),...,Q,_l =2q . (nr,2 —nr,l),Qr =2q . (nr,l —Z).

In equation (3.23) we may replace |77{?,- |2 by 1, so the factor in the big parentheses, which we denote
by Akxyz, involves no randomness. Therefore, with high probability,

2r
(TP ~ (j—f) 2 Mol

x-y+z=k
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In the sum, we may fix g € Z‘Li with 0 < |g| < L', which has O(1) choices, and write

Aprye = / AT [0 (k=) ¥ty (q-2)]
t>t1>--->1,.>0

r—1
x Z AT [(a=t1)q -+ +(tr=tr-1)q 61 ] H Rin (g,) dty - - - dt,
[T A Jj=1

By Poisson summation, and noticing that |thq| < L' we conclude that up to constants,

r—1 r—1
Z AT (=) q-Cite 4t ~1r-1)q - 6r1] 1_[ nm = (r=hd 1_[ Min Tq (tj+1 )) +0(L™™).
ST Jj=1 Jj=1

By making change of variables s; =¢; —#;,1(1 < j <r—1)and sg =t —t1, s, = t,, we can reduce to

r—1
Ay zL(r—l)d/ AT =gtk vsra-a=2)) [ i (Tgs ) ds - - do,

So+--+Sp-=t J:1

By choosing some particular (k, g,z), we may assume g - (k —q) = ¢ - (¢ — z) = 0, and if we also
choose ny, such that 7y, is positive, say ny, (k) = eIk ‘2, and ¢t = min (1, LT‘I), then we have

,
Miese] ~ LD min (1,771

and hence, with high probability,
sup | (JPk ()| 2 L™ min(aT, L) = L™p"
k,t

for any fixed r — thus formula (1.9).

Remark 3.9. Here, strictly speaking, we are further decomposing J7 into the sum of terms J7 p,
where P represents the pairing structure of 7. In the proof of Proposition 2.5, we are actually making
the same decomposition (by identifying the set of pairings) and proving the same bound for each J7 p.
On the other hand, the example here shows that individual terms J7 p can be very large in absolute
value. Thus to get any improvement on the results of this paper, one would need to explore the subtle
cancellations between the J7 p terms with different 7 or different P.

4. Proof of the main theorem

In this section we prove Theorem 1.3 (which also implies Theorem 1.1). Since we may alter the value

of T, in proving Theorem 1.3 we may restrict to the case T/2 <t < T.

First note that E Iii(k,t)l2 = E|ax(s)|*, where s := 7 € [1/2,1]. By mass conservation, we have

Ly, ezd lax)? = O(1) and hence ||ag||;~ < L%/2. Therefore, if we denote by I the intersection of
all the L-certain events in Propositions 2.4 and 2.5, we have, for 0 < s < 1 (denoting by ErG = E1rG),

BI(k,T5)” = Br | [(J0k ()2 + 1 (T () + 2Re(To)i(5) (T () + 2Re(To)i (5) (o) )]

+ > 2ErRe(Jo)k () (JTak (s) + D B (T () (T ()
3<n<N 1<n;,ny<N;nj+ny >3

+ 3 2ErRe(Ry s () (T () + Br | (Ruvs ()P +.0 (). 1)
n<N
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By using Proposition 2.4, we can bound the last three terms by

— T
|EF(jn1)k (s) (jnz)k (S)‘ < L0+c(b—1/2)pn1+nz—2 (a/2T) < L—6/1OT i
kin

\ErRe(RNH)k(s)(Jn)k(s) +Er [(Ry+1)i(s)]> < LOTCE1D pN < =104,

As with the first term on the second line of equation (4.1), since (Jo)x (s) = x (£)vnin - 7k (w), by direct
calculations and similar arguments as in the proof of Proposition 2.5 we can bound, for any tree 7 with

s(T)=n,

E(J0)k () (T (s)

gaTn
<L FM’

where M is the quantity estimated in Proposition 3.5 (i.e., the number of strongly admissible assignments
satisfying formula (3.14)), with all but one leaf of T being paired, and R = {r}. By Corollary 3.6 we

have
[E T )Tk (5)] < L (g) QLT < L0p" 2 (oT) < L7010
L4 Tin

It then suffices to calculate the main term, which is the first line of equation (4.1). Up to an error of size
(0] (e‘Le), we can replace Er by E; also, we can easily show that Re E( Jy)x (s)(J1)x (s) = 0. For |s| < 1,

clearly E | (Jo)x (s) |> = nyy; as for the other two terms, namely E |[(J1)x (s) | and 2BRe(Jo)k (5) (T2 )k (),
we compute as follows: Recall that (ai)x = v/nin (k)nx (w) and

x y
aT e27rtTQs -1

e ==7g | D, (@ (@i (@m0
(k1,k2,k3);Q+0

fis Y (@) (@i (@in)e = 75 |(@in)e | (@) |

(k1,k2,k3);Q=0
and therefore we have
2.272 X . 2
as°T —_— sin tQT's
BIWOP =5 | D 20 ()ty (miniy | ==
(kl,kz,k3);9¢0
>< ——
D (i (i) (min)es + 1 mine P (min)i
(kl,kz,k3);9=0
2.2 X . 2
a‘t P sin wQt T
=2— - - ks |[————| +0|=—L°|,
2d Z (nm)k] (nm)kz (”m)kg ey (Tkin )

(ki,k2,k3):Q#0

where we used T < L2479 for the third term and estimated the second term by L>?~2*¢ for general Bj
and by L4 if B ; are irrational (e.g., using Lemma 3.2 withm =0 and T = L? and L9, respectively).

A similar computation for 2ERe( 7o) (s)(J2)k (s) (see [7]) gives

20212

2 (100 + RG] = 5 810 +0 (727

12d
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where

1 1 1 sm( Q_(lz)) | @2
k

S (@) = b br.
() kizezld P Piy Py Py [¢k b, o b, ¢k3] ntQ
k=K1 +kp—k=0

w1thQ( ) Q(k, ky, ka, k3) = ki[5 — |ka|j + |ks|§ — |k[5. Therefore, we conclude that

- 20,2 2 T
E (k1) = ni + =S (i) + O (Tk' L 5/10) .
mn

In the following section, we derive the asymptotic formula for the sum &§; — namely, we show that
S(9) = Hi(¢) + O (7 L*=9) for some 6 > 0, where %, is given by

_ r2d 1 1 B 1 }
H(d) =L /&_M§¢<§)¢<§1>¢(§2>¢<§3>[ I R
a2
sin(ntQ(f))
X |————5—| d&1dérdés. (4.3)
ntQ(f)

Finally, the proof is complete by using the fact that for a smooth function f,
'

5. Number-theoretic results

51n(7rtx)

f@de=f©0)+0 (). o

The purpose of this section is to prove the asymptotic formula for &, defined in formula (4.2). The sum
& should be regarded as a Riemann sum that approximates the integral %; in formula (4.3). However,

(’”_Q(";)) ?, which makes

this approximation is far from trivial, because of the highly oscillating factor ol
it

the problem intimately related to the equidistribution properties of the values of the quadratic form Q.

Theorem 5.1. Set ¢ € S (Rd) with d > 3. For any § > 0, there exists 6 > 0 such that the asymptotic
holds:

1. (General tori) For any B; € [1,2]¢ and any t < L*>~9,
(\S)t = ‘%t + 0 (de?atil) .

2. (Generic tori) For generic B; € [1,2]% and any t < L¢79,

St = k%t +0 (de_at_]) .

It is not hard to see that %; = O (L>?) +~!, which justifies the sufficiency of the error-term bound.

Remark 5.2. It is interesting that in the case of the rational torus for which 8; = 1, this asymptotic
ceases to be true at the end point r = L2. This corresponds to u = 1 in formula (5.1), whose asymptotic
was studied in [24, 6] and yields a logarithmic divergence when d = 2 and a different multiplicative
constant for d > 3 compared to the asymptotic in our theorem.
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Proof of Theorem 5.1. The proof of part (2) is contained in [7], we will focus only on the first part,
which is less sophisticated. To simplify the notation, we will drop the subscript ¢ from &; and %;.

We use a refinement of [7] which basically covers the case ¢ < L'-%. First, observe that Q (/2) =
—-20Q(ky—k, k3—k), where Q(x, y) := Zj.lzl Bjx;y;. Therefore, changing variables Ny = L(k1—k) € z4
and N> = L(k3 — k) € Z¢, we write the sum & in the form

. 2
N sin rx 1 _
s= ), W (f) (4pQN)).  g(x) = R N CAY
N=(N|,N2)€Zz‘1
where W € S (R??). Thus we have
=12 / W21, 22)g(4uz1 - 22)dz1dza. (52)
(z1,22) €R?

Step 1: Truncating in N. We first notice that the main contribution of the sum & (resp., the integral
') comes from the region |N| < L'*91 (resp., |(£1,&)| < L°'), where 6, = 735 This uses the fact that
W is a Schwartz function with sufficient decay. We can therefore without loss of generality include in

the sum & (resp., the integral K) a factor y (L) (resp., X (ﬁ)), where y € C° (Rd) is 1 on the

L1+
unit ball B (0, %) and vanishes outside B (O, 1%)

Step 2: Isolating the main term. We now use the fact that the Fourier transform of g is given by the
tent function g(x) = 1 — |x| on the interval [—1, 1] and vanishes otherwise to write (using the notation

e(x) = e27)

1
§ = Z W(ﬁ))((%) [1 g(1)e(4urQ(N))dr

L
N=(N,,N,)ez?d

4 N N H_ (T
w5 () [

N:(Nl,Ng)EZZd
=(‘S)A + oS’B,

where A is the contribution of |7| < L~'79 and B is the contribution of the complementary region,
which could be empty if 4 < L~!79 in which case we assume B = 0. This decomposition can be
understood as the analogue of the classical minor versus major arc splitting in the circle method. For
the major arc §4, we use Poisson summation to replace the sum in N by an integral which will give the
needed asymptotic up to acceptable errors:

Sa=p" ./|T|gmm(;z,L“’1) §(£) C;d ./zeRZd w (%) X (%) e(419(2) — ¢ - 7)dzdt
e _/|T|<min(;4,L‘l'51) §(£) /zeRZd W(z)x (%) e (4TL2Q(Z)) dzdt

_ ~| T
+u ILZd/ 2 (_) Z
IT\Smin(ﬂ,L'l'51) M

cez?d
c#0

i [ ) ol e
|

~172d ,\ z ,
+u L / g(—)/ W()x |— ) e |47L"Q(z) ) dzdt
min(p, L7171 )<|T|§l1 M) Jzer2d (L51 ) ( )
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[ o) 2 L WO e 2000 )

cez?d
c#0

=X+ Al + a2,
where 841 and $4 are respectively the second and third terms in the second-to-last equality.

The remainder of the proof is to show that $'41, S42 and &5 are error terms.
Step 3: Showing that Sa1 and Sy are error terms. To estimate §41, we use the stationary phase

estimate
-d
< (TLZ)

[ o () e sreo) o

and the fact that the term is only nonzero if x4 > L~!79! to bound

_ ~[ T
|Sa1l S p 1/ _ g(—)
L% <|7|<u H

For 842, we use nonstationary phase techniques relying on the fact that the phase function ®(z) =
41L*Q(z) — Lc-z satisfies |V, ®(z)| = |L(47L(z2,21)—¢)| = L|c| for ¢ # 0, since |z| < L . Therefore,
one can integrate by parts in z sufficiently many times and show that |§4;| < L?¢%¢7! as well.

Step 4: Showing that S is an error term. Here we assume without loss of generality that L~!-91 <
Hn< L% (otherwise &g = 0). Therefore,

N N
S5 = -1/ A(i)F( ydr, F(r) = W(—) ( ) 4rQ(N)).
o L_1_6'<|T|S”g # o ' N—(NhZNZ)GZZd YRV A

Recall that Q(N) = Z;l:l Bj(N1);(N2);, so we perform the following change of variables:

|T|_d dT $ /l_lL(1+5l)(d_1) — t—lLd+1+6] (d—l) < LZd_5t_1.

pjtq;
2 9

Pj—4j;
2 b

(Ny)j = (N2); = pj=¢q; (mod?2).

Therefore, the sum in (Ny);, (N2); € 72 becomes a sum

20 T T ) ),

(Pj,qj‘) €72 pj€2Z,q;€L pj€L,q;E2L (Pj,qj') 272

We will estimate the contribution of the first sum, and it will be obvious from the proof that the
other sums are estimated similarly. Also, by symmetry, we only need to consider the sums for which
pj-qj = 0, which reduces us to

Fo= Y ~((”’LQ)) ((L”Hgl))ﬁe(rﬁjpﬁ)e(—rﬁ,-qi).

Pj, ‘1/>0 Jj=1
Jj=l,....d

LetG(s,n) = Zﬁ:o e (sp2) be the Gauss sum, and abusing notation, also denote by G (s, x) = G (s, [x])
for x € R, where [x] is the floor function. Then

d
F@= [ (S22 [0 (810006 e
J

=1,....d Jj=1
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Integrating by parts in all the variables (or equivalently, performing an Abel summation), one obtains

F(T)—/ By, 0 W((x y)) ((x y))ﬁc (tB;.x;) G (B;.y;) + Lot
T Jxj.yiz0 yd L L1+61 . 7 j i Yi T
i

Jj=1,...d

where ‘L.o.t.” is lower-order terms that can be bounded is a similar or simpler way than the main term.
Here and in what follows, 8y, - - - dy, W ( (xiy)) is understood as dy, - - - 9y, (W ((x—y)))

L
We now recall the Gauss sum estimate for G (s,n):let 0 < a < g < n be integers such that (a,gq) = 1

and

s — ?1 < an (for any s and n, such a pair exists by Dirichlet’s approximation theorem); then

n

\/21(1+an e

|G (s,n)| <

1/2) %

Here s = 78;, with 7 € [L""S‘ L"S] B € [1,2]. This means that either |n| < L?9 or 62[ < L ¢

(= g > L%), and in either case we get |G (s, n)| < LU1*91-%) since |n| < L*9' (note that this argument
works when a > 0; if a = 0 we have the better bound |G (s, n)l < s|” 12 < L*).
As a result, we have

(1+6,-2) (2d-4)
IFmI <L i Xj»yj 20

j=l,end

17 (7 ) ~ (’ )
ax1 "'BMW( xLy )X(LXH)(;])

<[ 116 (=8, [x;DIIG (=85, [y;])]-

J=1

[\S]

This gives

L Ll+61

o, 6ydW((x y)))?((x y))’

~.

I
R
o

/| H|G B85, [ )16 (285, [y5])] dr.

TIsp o

Now using Hua’s lemma (compare [30]), we have ||G T,n; ||L4 0] S n]l./Z“S1 < L(1+61)(%+51)’
which gives

|S8| < L(1+51—g)(2d—4)#—1L(1+51)(2+451) _ 211 -6(d-2)+61(2d-2+461) L2d‘9t‘1,

provided that # < min (1, %) and recalling that §; = Wd(y o
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