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Abstract Based on the spectator expansion of the multiple scattering series we employ a chiral next-to-next-
to-leading order (NNLO) nucleon-nucleon interaction on the same footing in the structure as well as in the
reaction calculation to obtain an in leading-order consistent effective potential for nucleon-nucleus elastic
scattering, which includes the spin of the struck target nucleon. As an example we present proton scattering
off 12C.

1 Introduction

Recent developments of the nucleon-nucleon (NN) and three-nucleon (3N) interactions, derived from chiral
effective field theory, have yielded major progress [1–3]. These, together with the utilization of massively
parallel computing resources (e.g., see [4–6]), have placed ab initio large-scale simulations at the frontier of
nuclear structure and reaction explorations. Here we focus on the use of the ab initio no-core shell model
(NCSM) [7–9] and symmetry-adapted no-core shell model (SA-NCSM) [10,11] to provide the relevant struc-
ture inputs. Our approach to elastic nucleon-nucleus (NA) scattering is based on the spectator expansion of
multiple scattering theory. Specifically, the leading order term in this expansion involves two-body interac-
tions between the projectile and one of the target nucleons which requires a convolution of fully off-shell NN
scattering amplitudes with the nuclear wave functions of the target represented by a nonlocal one-body nuclear
density.

2 Nucleon-Nucleus Effective Interaction

The standard approach to elastic scattering of a strongly interacting projectile from a target of A particles
using a multiple scattering approach is a separation of the Lippmann-Schwinger equation for the transition
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amplitude T = V + VG0(E)T into two parts, namely an integral equation for T and one for the effective
potential U in the problem

T = U +UG0(E)PT and U = V + VG0(E)QT . (1)

In the above equations the operator V = ∑A
i=1 v0i consists of the NN potential v0i acting between the

projectile and the i th target nucleon. The free propagator G0(E) for the projectile+target system is given by
G0(E) = (E − H0 + iε)−1, and the Hamiltonian for the (A+1) particle system by H = H0 + V . Here the
free Hamiltonian is given by H0 = h0 + HA, where h0 is the kinetic energy operator for the projectile and HA
stands for the target Hamiltonian. Defining |�A〉 as the ground state of the target, we have HA|�A〉 = EA|�A〉.
The operators P and Q are projection operators, P + Q = 1. When considering elastic scattering P is defined
such that [G0, P] = 0.

The fundamental idea of the spectator expansion for the effective interaction is an ordering of the scattering
process according to the number of active target nucleons interacting directly with the projectile. Thus in leading
order only two active nucleons are considered. For the leading order term being ab initio means that the NN
interaction for the active pair is considered at the same level as the NN interaction employed to obtain the
ground state wave functions |�A〉. Details of the derivation of the leading order term and how the spin structure
of the NN interaction is consistently taken into account in the reaction process are given in Refs. [15–17]. The
resulting final expression for the ab initio leading order effective interaction is given as [18]
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The term η (q,K,KNA) is the Møller factor [19] describing the transformation from the NN frame to the
NA frame, as is the term cos β [17]. The functions Apα , Cpα , and Mpα represent the NN amplitudes in the
Wolfenstein representation [20]. Since the incoming proton can interact with either a proton or a neutron in
the nucleus, the index α indicates the neutron (n) and proton (p) contributions, which are calculated separately
and then summed up. With respect to the nucleus, the operator i(σ (0) · n̂) represents the momentum space
spin-orbit operator of the projectile. As such, Eq. (2) exhibits the expected form of an interaction between a
spin- 1

2 projectile and a target nucleus in a J = 0 state [21]. The momentum vectors in the problem are given
as
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2

(
k′ + k

)
, n̂ = K × q

|K × q|
KNA = A

A + 1

[
(
p′ + p

) + 1

2

(
k′ + k

)
]

, KA = 1

2

(
A + 1

A
KN A − K

)

,

P = K + A − 1

A

q
2
, P ′ = K − A − 1

A

q
2
. (3)

The momentum dependence in Eq. (2) is quite intricate: Although the potential is needed in the (A+1)-body
frame, its ingredients are derived in the NN frame as well as in the frame of the nucleus. A derivation and
calculation based on the momentum transfer q and the momentum KNA are convenient due to the invariance
of q in all frames. However, these variables may not be as intuitive for visualizing the potential. In this short
contribution we want to concentrate on elastic proton scattering from 12C using an ab initio effective potential
based on the NNLOopt chiral interaction [12] and a NCSM structure calculation based on the same interaction.

In Fig. 1 the elastic scattering observables, dσ/dΩ divided by the Rutherford cross section, analyzing
power and spin rotation function, are shown for two different projectile energies and compared to existing
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Fig. 1 Elastic scattering observables for proton scattering off 12C at 200 MeV (left panel) and 122 MeV (right panel) projectile
energy. Shown are the differential cross section divided by the Rutherford cross section, the analyzing power Ay and the spin-
rotation function Q as function of the c.m. scattering angle θc.m.as well as of the momentum transfer q . The grey dashed line
represents the momentum transfer up to which the NNLOopt chiral interaction [12] entering the calculations is fit to NN scattering
data. The red solid line (ACM) represents the consistent leading order ab initio calculation of the effective interaction, while for
the blue dashed line (AC) the spin of the struck target nucleon is ignored. The NCSM calculations use Nmax=10 and h̄ω=20. The
red band represents the variation in the scattering observables when h̄ω=16 and 24 MeV are employed. The data are taken from
Refs. [13] for 200 MeV and [14] for 122 MeV. This figure is taken from Ref. [15]

Fig. 2 The left panel shows the central effective potential for proton scattering off 12C calculated for 100 MeV projectile energy
as function of the momenta p and p′ for fixed angle θ = 10o. The potential is based on the NNLOopt chiral interaction [12].
The structure calculation employs Nmax=10 and h̄ω=20. The right panel depicts the angle dependence of the central effective
potential for fixed values of p = p′ given in the legend

data. The differential cross sections are very well described up to q ∼2 fm−1, as is the analyzing power at
200 MeV, while at 122 MeV it is slightly over-predicted at smaller q .

The effective interaction from Eq. (2) is nonlocal as well as energy dependent, and depends on two vector
momenta. In order to visualize it in a more traditional form used in solving a momentum-space Lippmann-
Schwinger equation, Fig. 2 depicts the real central part of the effective interaction as function of the momenta
p and p′ and an angle θpp′ = 10o together with the angle dependence at four different p = p′ values. The
effective interaction is clearly peaked in forward direction. For Fig. 3 we perform a partial wave decomposition
of the central part and show the s-wave contribution as function of p and p′. A Fourier transform leads to
coordinate space representation of the central s-wave potential shown in Fig. 4. The radius obtained from the
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Fig. 3 The real (left panel) and imaginary (right panel) s-wave central effective potential for proton scattering off 12C calculated
for 100 MeV projectile energy as function of the momenta p and p′. The calculation is based on the same input as the one of
Fig. 2

Fig. 4 Same as Fig. 3 but for the coordinate space s-wave central effective potential

corresponding NCSM calculation of the ground state is about 2 fm. This is consistent with the figure showing
the potential has its largest contributions for r = r ′ ≤2 fm. It is also worthwhile to note that the largest negative
contributions to the potential are not located along the line (r + r ′)/2.

3 Summary

In this short contribution we concentrate on elastic proton scattering off 12C and a visualization of the ab initio
effective interaction entering the calculation. The effective interaction is complex, nonlocal and a function of
two vector momenta and the energy. We show the s-wave projected central part of the interaction in momentum
as well as in coordinate space. The nonlocal structure of the real central s-wave effective potential for 12C is
quite similar in structure to the one described in Ref. [22] for the heavier nucleus 40Ca, which is based on
folding with a two-nucleon g-matrix. We also want to point out that the overall structure of the real s-wave
potential from Fig. 4 has very similar characteristics to a real s-wave potential calculated from a Green’s
function approach combined with the coupled cluster approach for the nucleus 16O [23].
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