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PROPERTIES OF THE CHARACTERISTIC FUNCTION
GENERATOR OF THE TWO-STATE CAUCHY ESTIMATOR*
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Abstract. In order to better capture impulsive noises in dynamic systems, a state estimator in
the presence of Cauchy distributed process and measurement noises has been studied in recent years.
The Cauchy estimator is determined by expressing in closed form the characteristic function (CF) of
the unnormalized conditional probability density functions of the states given measurement history.
The CF is comprised of a sum of exponentials multiplied by a coefficient, both being nonlinear
functions of the measurements and the spectral variable. In this paper, we uncover important
properties of the exponential terms in the CF for the two-state Cauchy estimator. These properties
can be used to simplify the estimator structure significantly.
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1. Introduction. In many engineering, economic, telecommunications, and sci-
ence applications, the underlying random processes or noises have significant volatility,
which are not captured by Gaussian distributions [8]. In fact, heavy-tailed distribu-
tions were shown to better represent such phenomena. For linear systems with additive
Gaussian noises the Kalman filter has been the main estimation paradigm in many
fields of engineering. Its appeal in part is due to its analytic structure. However,
in many practical systems, measurement and process uncertainties that have impul-
sive character are better described by heavy-tailed densities. Rather than light-tailed
Gaussian distributions, heavy-tailed distributions have been shown to better capture
these volatile random fluctuations. Examples from the practical engineering world
include radar and sonar sensor noises [6], air turbulent environment noise [7], and
adversarial motion.

Although no physical process is explicitly Cauchy distributed, since their tails
over-bound other realistic densities, estimators that are based on the Cauchy prob-
ability density functions (pdfs) that have very heavy tails, are hypothesized to be
robust to unknown physical densities. We use robustness in the statistical sense [1],
where it means that the estimator achieves adequate performance when faced with
outliers or unexplained events, which may arise either as large measurement errors,
large process deviations, or due to misspecification of the dynamic model.

For linear dynamic systems, besides additive Gaussian noise, the general recur-
sive and analytical structure of the conditional mean state estimator was developed
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assuming Cauchy distributed process and measurement noises [5], where the initial
condition, and measurement and process noises are Cauchy with infinite variance.
Since there appeared to be no direct method for generating the conditional pdf (cpdf)
of the system state given the measurement history for the general multivariable state
space, our novel approach to this estimation problem is to propagate the characteristic
function (CF) of the unnormalized cpdf. From this CF, the finite conditional mean
and finite conditional error variance can be analytically constructed, both of which
are complicated nonlinear functions of the measurement history.

The essential computational difficulty associated with this estimator is that the
above mentioned CF is expressed as a sum of terms that grows at each measurement
update. It has been observed that many of these terms can be combined. However,
the structural properties of the algorithm that produce these combinations are not
clear for the general multivariable case. To gain insight into the structure of the char-
acteristic function, the two-state dynamic systems are studied here. This work reveals
several important properties of the terms comprising the characteristic function and
in turn allows identifying analytically the terms that can be combined. These prop-
erties and simplifications allow an efficient combination of terms that express the CF,
hence, reducing significantly the memory and computational burdens of the Cauchy
filter.

1.1. Problem statement. This paper studies the two-state linear state space
system

(1) Tp+1 = Py + Twy, 2z = Hay + vg,

where k is the discrete stage time. The state vector is x; € R? and z is a scalar
measurement. The state transition matrix ® € R?*2, the process noise matrix I €
R2*! and the measurement matrix H € R'*? are known. A single input process noise
and a single output measurement restrictions are made to only simplify the subsequent
analysis. The results presented here can be easily generalized to vector-valued process
and measurement signals case. The process noise wy, and the measurement noise vy, are
assumed to be independent Cauchy distributed random variables with a zero median
and scale parameters [ and -y, respectively. Thus, the characteristic functions of the
pdfs of those noise signals are given by ¢w () = exp(—/4|7|) and ¢y () = exp(—v|7|),
respectively, where U is a scalar spectral variable. The elements of the initial state
vector x; are assumed to be independent and Cauchy distributed. The characteristic
function of the pdf of the initial state vector is

2
(2) ¢X1 (V) = €xXp < Zai |€iy| +]j?lj> )

i=1

where v € R? is the spectral vector, e; = [1 0], ea = [0 1], Z; € R? is the median of
the distribution of the initial state z1, and «; € R, ¢ = 1,2, are the scale parameters
of the pdfs. The goal is to construct a minimum conditional variance estimate of zj,
given the measurement history yx = {z1,..., 2}

1.2. State estimation using the CF approach. The traditional estimator
derivation approach for this problem did not directly generate a recursive and analytic
form for the conditional pdf of the state given the measurements, except for the scalar
problem [4]. However, a closed form recursive Cauchy estimator in [5] was formulated
by propagating and updating the CF of the unnormalized cpdf (ucpdf) of the state
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2k given the measurement history yr = {z1,..., 2} at step k, instead of updating
the ucpdf directly.

Using Bayes’s theorem, the cpdf of the state given the first measurement is ex-
pressed as

fv(z1 — Hxy) fx, (21)
le(zl) '

where fx, (-) and fy (-) are the pdfs of z; and v, respectively, and

(3) le\Zl(l‘l\Zﬁ

(4) fz,(z1) / / fv(z1 — Ha) fx, (21)dzy.

The CF of this cpdf is given by

bx,|z, (v / / Ix11z, (x1]|21)e? v g

()
/ / fv zZ1 — Hl‘l)le ($1)6]V $ldﬂi‘l

" I (21

In [5] the Cauchy estimator was derived when propagating the CF of the ucpdf defined
by

(6) (EX1|Z1 (V) = /_oo /_OO fv(21 — H.’El)fxl (g;l)ejVTﬁfld:L‘l-

Using the Fourier transform properties, the above can be expressed as [5, Appendix

Al
(7) Oxy 17, (v / ox, (v — HTn)py (—n)e?* dn,

which is then solved analytically [5, Appendix B].

The CF of the ucpdf was then time propagated and measurement updated at
every step in a recursive manner. Specifically, starting with &Xk‘yk (v) at step k,
where Y}, is the random variable of the measurement history and gy is its realization,
using the state transition equation in (1) and assuming that det(®) # 0, the time
propagated CF is given by [5, Appendix C]

(8) (5Xk+llyk (V) = éXk\Yk((I)TV)QSW(FTV)'

Using the measurement equation in (1), the measurement update of the CF at time
step k + 1 is given by

(9) (z)Xk*llYkJrl 27‘( / ¢Xk+1|yk HTUWV(*??)ejz'”mdﬂa

which is solved analytically [5, Appendix B].

The conditional mean and second moment of the state were then evaluated by
taking the first and second derivatives of the measurement-updated CF when eval-
uated at the origin of the spectral variable. Due to the continuity of the CF, those
evaluations were performed by choosing a priori a fixed direction 7, setting v = ep,
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and letting € — 0. As shown in [5], the conditional mean and second moment of the
state xp given the measurement sequence yj are given by

) 1 8(;_5Xkyk(€ﬁ))T
10 e = B lzelyel = 7 |
(10) k [ [yx] Jfvi (yk) ( o(v) =0
1 0*px, v (€F )>T
" E x ZL‘T = - ( LIRS )
(11) [k, [ys] P2 fyvi(ye) \ 0()o(w)T =0
where fy, (yx) is determined by evaluating the CF at the origin, i.e., fy,(yx) =

)
¢Xk|yk(61>)|€ o. The variance of the estimation error I = x, — I is then given
by E[Z4a7 ly] = Elzgay ly] — Txdy -

1.3. Structure of the CF. In [5] it was shown that the measurement updated
CF, ¢x,|v,(v), obtained by solving (9), is expressed as a sum of terms that are a
product of an exponential and a coefficient, both being functions of the measurement
sequence and the spectral variable, i.e.,

k\k
(12) O, v, (v ZG’“"“ A}

The exponential function is given by

k\k
klk klk | K|k K|k
(13) 81-'( ) = exp Zpl az‘lu‘—kjbl
The coefficient is expressed as
klk klk [ klk
a w) = g™ (vl )
k—1lk—1 ( klk klk k—1lk—1 [ klk klk
(14) . gm‘ (i) +mi*) g (i) = ™)
o Kk |, klk B R AT
2w +d| gzIZ(V) jczl _dzl +ygz!2(y)
with
Nk|k
(15) ysl‘k Z qll ¥ sgn (ak‘l y) c R*
1=1
and

16) 6" (1l 0) = g |Gl " gl @) = (il = @)

All the parameters in (12)—(16) are fully defined in a recursive form in [5], where

K|k

only bklk and ¢;'" are linear functions of the measurement z;, while the others can

be precomputed a priori. We note that at time step k the CF is constructed of N, klk
terms, where each such term involves a sum of N, 4‘ elements (see (13) and (15)). The

coefficient functions gf ‘k(o) are determined by the parameters ck‘k, dklk the offsets
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d the index #*1* of th tt k=1k=1(y in a layered fractional fi
, an e index r; " of the parent term g, () in a layered fractional form

(14). yszlk() and qZ'k are k-dimensional vectors. ysz‘k

hil*

K2
(+) is partitioned into two parts:

the first kK — 1 components of yjlk() construct ysyf(), while the last component of

y];llk() comprises the scalar y];y; ().

It was shown in [5] that for systems with two and more states, Ntk Ik grows rapidly
with k, consequently increasing the processing and storage requirement. This mo-
tivates exploring the properties of the CF so as to simplify the estimator structure
analytically. Some of these properties, determined heuristically, have been presented
in [2] for two-state systems, addressing mainly a simplified structure of the coefficient

functions gf ‘k(o). This structure reduced substantially the number of terms in (12).
Moreover, the estimator was computationally simplified by truncating the measure-
ment sequence by a “sliding window” approximation, allowing an unlimited number
of measurements to be processed while maintaining good performance. In addition,
stochastic robustness was demonstrated where the Cauchy conditional mean and con-
ditional error variance performed very similarly to the Kalman filter in a Gaussian
simulation, but dramatically outperformed the Kalman filter in a Cauchy simulation.
Furthermore, the two-state estimator of [2] was compared in computation time with
the Gaussian sum and particle filters in [3] and was shown to be impressively supe-
rior. In the current study we uncover many additional interesting properties of the CF
for two-state systems and make rigorous the heuristic observations of [2]. Finally, the
current study indicates a methodology that should generalize to higher-order systems.

1.4. Contribution of this paper. This paper focuses on the properties of the
exponential terms of the CF for two-state systems to yield three main contributions.
First, it is shown in section 2 that, after a measurement update, all but one of the
directions af}llk, 1 <1< Ngk, of the term i coalign. The elements with coaligned
directions, easily identified by the element-combination rule presented in section 2,
can be combined to yield terms with only two elements.! Some of these two-element
terms are shown to have an identical exponential. Two term combination rules are
determined and shown generically to be both unique and complete in section 3. Based
on these term combination rules, an indexing scheme that is independent of the system
parameters is introduced in sections 4 and 5 to efficiently identify the terms that can
be combined, reducing the computation burden and memory requirements of the
estimator.

2. Combining elements in a term. In this section we will show that after
a measurement update many directions in the argument of the real part of the ex-
ponential terms in (13) coalign, allowing the respective elements to be combined.
To determine analytically which directions coalign, we examine the relation of the
directions at time step k to those at k + 1.

Suppose that at time step k the measurement updated CF is given by (12),
with exponential and coefficient functions expressed in (13) and (14), respectively.
Moreover, we assume that the directions in the real part of exponentials do not co-
align with each other, i.e.,

T
(17)  det [ajng aflkT}:aﬁL’“Aa’“‘k £0 Y 1#m, (l,m)e[L...,Nk.‘k},

m i,m et

INote that elements with coaligned directions have to be combined to avoid singularity in the

implementation of the recursive estimator [5].
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where
0 1
" TR
The first equality in (17) can be easily verified for any two vectors in R**2. In addition,

we quote here several properties of the skew-symmetric matrix A that will be used
throughout this work. Specifically,

(19) AAT = ATA =1,

(20) AA =1

Moreover, for any ¢; and ¢y in R'*2 and ® € R2%2,

(21) aAc =0,

(22) cieo—cher = (c1Ac) A,
(23) PTAD = DADT = det(®)A

We will concentrate on the ith term in (12), which will be referred to as the parent
term. According to (8), after time propagation to step k + 1, the exponential of this
term becomes

NEIE
(24) EFIEGY = oxp [ - ilpﬁllk 1k ‘Jr ey |
=1
where: pi ' = " and o7 = a7 for 1< 1< NER BN =
k+1’“|‘]f“+1 =T7; and b"'1% = pM*®T . First, using (17) and (23), we note that
(25)

T T
GFUE A LR Kk gT K|k
a;; Aai’m =ay, [0 A<I>a-

€l

— det(@)a! A £0 v 1£m, (z,m)e[L...,N’?"“},

i.e., the first N, k.lk elements in (24) do not coalign. Moreover, since generally those

dlrectlons will not coalign with the new ak;rvlklﬁﬂ = I'T, the elements of the time
updated CF in (24) will not combine. 7
Remark 2.1. In rare occasions, a +1,J|i+1 = I'T may coalign with one of the other

directions in the time propagated term ¢. In this case, the corresponding elements will
combine and the number of elements in this term will reduce by one. Consequently, it
will reduce the number of terms that will be generated from this parent term during
the measurement update. However, it will not affect the analysis and derivation of
the rules for combining elements addressed in this section or the rules for combining
terms discussed in section 3. Hence, for the remainder of the paper we will assume
that no elements are combined after the time propagation step.

A measurement update of the CF at k + 1 is determined by (7). It was shown in
[5] that the associated integral can be solved analytically and expressed in the form

of (12), where each parent term ¢ with the exponential as in (24) produces N:Z-Ik +2
child terms.
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Remark 2.2. Note that the analytical solution is based on the assumption that

+ |k

all directions a; and, in particular, I'", are not orthogonal to H, i.e.,

(26) aftHT 20 v 1<1< NP

If some directions are orthogonal to H, the solution can also be obtained, but will
have a slightly different form. The special case of orthogonality is discussed in [5].

Assuming (26) holds, the exponential of the first N, Zlk

child terms have the form [5]

+ 1 measurement updated

(27)
k+1]k+1
gzl ( )
NEFLL O kragk k+1|k
- im k+1lkT kt1lk k+1kT k+1|k a1V
=exp |- Thrih g [\ G0 Gim ~ %m G A
m=1 a” H ‘ ’L,l H
m#l
T
k+1|k kb kt1lk o kt1k? kt1lk
ZHN”|+H( KT el _ e ”|)
+7 v
IR T
’Ll H
K|k . gy
for 1 <1< N £ 4 1. The exponential of the last child is given by
k\k+1
k+1lk4+1, _ E+1]k k+1|k kt1lk
(28) 54 k\k+2( V) = exp lz; Di +b;

This exponential is identical to that of the time propagated one in (24) and thus this
term is called an old term or an old child. As before, since the directions in (24) are
not coaligned, the elements of this last child will not combine.

Now we turn to the child terms of (27). Using (22), the mth element in the sum
of (27) is manipulated as

k+1]k
29 E+1lk+1 | k+1lk+1_ | Pim k+1kT kt1k k+1|kT k+1]k
( ) i,l,m i,l,m - k+1|k ai,l im ’L m az l v
a2
ZV
k+1]k

T
k+1|k k+1|k
ULV Vi

7,

i,m

|HAv|.

afjllkH T‘
Similarly, the imaginary component in (27) becomes

T

ZkJFla’vl 1l
pEHIE+L
4,0 - ak}-‘rl‘kHT

(30)
k+1lk k+1lk 5 1 k+1|k
zk+1al?_‘ +< +‘Ab"rl )HA
= E+1k
a“+ ko
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The result in (29) implies that the first N, Z‘k elements in any term with an exponential
as in (27) coalign along common directions H A and hence can be combined. Moreover,
testing its relation to the remaining direction ale'k in (27), while using (19) and (26),
reveals that 7

(31) a; T AHA)T = ol TP HT £ 0.

il

This implies that HA does not coalign with af;rllk and thus is called a new direction.
Consequently, the exponential in (27), after combining the elements with co-aligned
directions, becomes

(32)

v

K1k
ai?_lHT‘

ghilk+ k+1]k+1

k+1lk ke+1|k+1
il (v) =exp | —p;, |[HAv| — ! k41,

a; V‘ + jbi,z )

where we defined

' k+1|k
NFIE L pit |

k+1|k+1
(33) Pt =y

m=1
m#l

T
k+1lk x k+1|k
;1 Aa‘i,m

affl kg ‘
Since the exponential above involves the new direction H A, the associated term will
be referred to as a new term or a new child.

The results above constitute the element combination rule for a two-state system
that is summarized in the following theorem.

THEOREM 2.3. In a two-state system, generically,

1. elements of the terms in the CF may combine only after a measurement up-
date;

2. each term of a measurement updated CF with N, elements at time k produces
N.+2 terms with N, +1 elements after a measurement update at k+1, where
the first No + 1 terms of this CF are new and the last one is old;

3. the first N, elements of the new terms are coaligned along a common direction
HA and thus can be combined.

Hence, each parent term with N, elements at time step k produces N, + 1 two-element
new terms and one old term with N, + 1 elements at k + 1.

Once the elements with coaligning directions are combined, the exponentials of the
terms of the CF can be compared empirically to test if those terms can be combined.
It turns out that the term combination property can be described analytically in
closed form by two rules, which are presented in the next section.

3. Term combination rules. It was observed numerically that many expo-
nential terms of (12) are identical after a measurement update. In this section we
determine analytically which terms have identical exponentials and thus can be com-
bined. It will be shown that for two-state systems combining terms are determined
by only two simple rules.

The rules for combining terms were derived by comparing their exponential func-
tions analytically. Starting with a parent term 4 with the exponential 5ik |k(u) at step
S.kﬁlk”(u) of the grandchild terms at

i,l,r
step k 4 2. Note the triple indexing in the subscript of ghialk+z

il,r

k, the combination rules study the exponential

(v). It represents the
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exponential of the rth grandchild term at step k+ 2 generated from the [th child term
with the exponential Sffl‘kﬂ(u) at step k+ 1. The child terms with 5f;r1|k+1(u) for
a fixed i do not combine because they are generated from the same pareﬁt term, while
some child terms may combine across different . The way they combine follows the

two combination rules presented below.

3.1. Combination rule for the first grandchild terms. Suppose, as before,
that at time step k the measurement updated CF is given by (12), with exponential
and coefficient functions expressed in (13) and (14), respectively. Moreover, we assume
that the directions in the real part of the exponential do not coalign (i.e., the elements
with coaligned directions have been combined) and that no terms can be combined
(i.e., terms with identical exponentials were already combined.) As shown in section 2,
each parent term ¢ produces N, Zlk + 1 new two-element terms after a measurement
update at k+ 1, given in (32). We will show analytically that the exponentials of the
first grandchild terms at k + 2 generated by all new child terms at k£ + 1 are identical
and thus the respective terms can be combined.

Using (8) and (32), the exponential of a new term indexed (4, 1), after time prop-
agation to k + 2, is given by

(34) 5k+2|k+1(1/) = exp —pf?l‘k+1 |HA(I>T1/|

il

S S
k+1|k
aij | HT’

ak-‘rl\kq)TV‘ .y |FTV| +jbi?-1\k+1<I)TV

il

Following the result in (27), the exponential of the first grandchild term generated
after a measurement update at k + 2 by the new child term (¢,1) at k£ + 1 is given by

(35) 5k+2|k+2(y)

i1

T
=exp |~ H® (ATHTafl*”’“ — ®al " HA) o7y
o BT | HADTHT| ’ ’
T
- ‘H (@ATHTFT . FHAcpT) u‘ _ ﬂ;VT
[HAGTHT| HAGTH

T
Zk_l,_QHA.(I)T L+ H® (ATHTbZ?-llk-‘rl _ bfjr“k-i—l HA) dT

+J HAOTHT v

Using (22), with the associations ¢; = HA and ¢y = af;r”k, together with (20) and

(23), the v-dependant term in the first line of (35) can be simplified as

. T
= ‘ <HAAafj”’“ ) HPAD Y

. T
‘H<I> <ATHTafl+1'k — e HA) Ty
(36) ’ ’
= |det(®)]

aﬁf”’“HT‘ |HAv|.
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Similarly, using ¢; = HA®T and ¢, = I'" in (22), the first v-dependant term in the
second line of (35) can be simplified as

(37) ‘H ((I)ATHTFT - FHA(I)T) u( — |HA®TAT||HAY|.

For the imaginary part, using ¢c; = HA and ¢ = bffllkﬂ in (22), together with (20),
(21), (23), and (30), the last term in the last line of (35) is manipulated as

H® (ATHTbi_CTHkJrl B bffllkHTHA) o7
T
= (HAAbﬁj”“ ) HOADT = — dev(®) (b} HT) HA
det(® T
— _$ (Zk+1af—li-lkHT n (af;rukAberuk > HAHT> HA
a; HT ' '
= —Zk4+1 det(fb)HA

Substituting (36)—(38) into (35), while combining the first two elements, 5;2—12%-&-2(]/)
is restated as

T T
k2lk+2,  ldet(®)| + B |HADTAT| | HA®TY
(39) &1 T(v) =exp ( HADTHT] |HAv| — ~ TAGTET

,ZkJrQHA(I)T — Zk+1 det(‘b)HAy
J HASTHT '

Equation (39) indicates that this exponential does not depend on the specific parame-
ters of the parent term 7 given in (13). It is determined in a closed form by the system
parameters ®,I", H, 5, and ~ and the last two measurements zx11 and 22, and this

persists for all future k. Consequently, the exponential part of all first grandchild
terms of all new two-element child terms are identical, i.e.,

(10) ST Ew) = el P 0) v Gip e [ NI

k|k
le [1,...,N€) —|—1},q€ [1,...,N§gk+1 ,

and hence can be combined. This constitutes the first term combination rule.

3.2. Second term combination rule. The second term combination rule con-
siders grandchild terms from the same parent 7 and shows analytically that the grand-
child term indexed (4,1, 2) has the same exponential as the one indexed (3, NHIE +2,1),

et
ie., that £ 51" (v) = €7 D12 () for each 1< 1< N 4 1.

7 ed
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Starting with 5k+2|k+1( ) of (34), while following the result in (27), the exponen-
tial of the second grandchlld term generated after a measurement update at k + 2 by
the new child term (¢,1) at k + 1 is given by

(41)
gz]fzi-slk‘-‘rQ(l/)

k+1]k+1
il

= X _—
P ] —
al TP T H

H(I)( k+1|k HA — ATHT, k+1k>

k+1|k
al;r“I)T

k+1|k
aF T HT

B

PR
ol T |

H (@af?_llk rt— FafflkéT) l/‘ -

k+1lk +T k+1|k k+1lk+1  k+1|k+1T k+1lk\ 17T
2420, d —|—H(I>< bz,l _bi,l a; d

+J ket 1|k v
a;, ®THT

We note that the term in the first line of (41) can be simplified by using the result in

(36). Associating ¢; = akﬂ‘k‘bT and c; = I'T in (22), the v-dependant term in the
second line of (41) can bo sunphﬁed as

(42) 'H( A Faf#’“qﬂ)u’_ k+1|k<I>TI“|HAV\

The second term in the imaginary part of (41) is simplified using (19), (21)—(23), and
(30) as

T T
H<I>< ic?—1|k bf?—l\k-&-l 7bk+1|k+1 af;ﬂk) T
— det(®) ( Sk Ap )HA

T
(43) Zk+1af;rl‘k + (affllkAbeIk ) HA
= det(P)

T
k+1k

E+1k ATa z;rl HA

a;, "HT

T
= det(®) (affllkAbf+lk > HA.

Using (36), (42), and (43), while combining the first two elements in (41), the latter

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/19/22 to 131.179.220.18 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

3650 YU BAI, JASON L. SPEYER, AND MOSHE IDAN

can be simplified as

k+1\k+1 |det(®)] ’ k+1|kHT k+1\k®Tr‘

k+2k+2, \ _ _
(44) Eils (v) = exp ‘alﬁ'l‘kchHT’ |HAv|
K]

k+1|k
azf“I)T

k+1|k
aF kT HT

2rza)y 1OT 4 det(®) ( Frk A ) HA

+J E+1k v
a; OTHT

k42| k+2 Ft1]k+1 o . .
To determine & ;k“kiQ,l( v), we start with &£ ,;kl‘k:Q( v) given in (28). Using (8) it

N es et

is time propagated to k + 2 as

k|k+1
k+2|k+1 k+1|k | k+1|k o k+1|k
(@5) e =ep (= 30 A |l eTy| - 07| + Ty
m=1

Similarly to the expression in (27), the exponential of the [th grandchild generated
after a measurement update at k + 2 by the above child term is given by

(46)
k+2]k+2
, ;k“kj—Z l(y)

NEIF 11 k+1]k

I D —
o k+1|k
o o]

il i,m z m 1

T T
k+1|k k+1|k klk k+1|k
H<I><a+| aF ik _ gkl a+|><I)TI/

m=1

m#l

k+1|k T,
zl P

k’—‘rl‘k TI7T
a; TH

B

k+1|k
ot e

H(cbafl“k " —Ta fl“'kch) ‘7

T
1 1 1 1 1
Zeyadyy QT +H<I>( ELRT gl btk a; ) 'k) o7

+J
a; " eTHT

v

for 1 <1< Nk‘k + 1. Using (22) and (23), the v-dependant term in the first line of

(46) can be sunpliﬁed as
(47)

T T |
'H@( ktlkt ktllk _ k+1lk a’?+1|k> dTy| = |det(®)]

i,m i,m 1

ak;,—llkA k1K ‘ \HA|.

Using this result and the definition in (33), the sum in the first line of (46) can be
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manipulated as

k\k

NFF 41
k+1|k k16T k+1)k k1T k+1k\ o7
E Pim |H® <ai,l Aim A, Ay v
m
T
NS k+1lk | k+1|k y k+1|k
(48) kot 1]k Ne; +1 pz m 4,0 i,m
= |det(®)| |a HT |HAv|
i ok T
m=1 zl H
m##l

— pr P et (@) ‘aﬁ”’“HT] |HAv|.

The first term in the second line of (46) is identical to the one in the second line of
(41), and was already simplified in (42). Similarly to the manipulation in (47), the
second term in the imaginary part of (46) is expressed as

r T
(49) H<I>( k+1\k bk+1|k _ bic+1\k afjrllk) 37 = det(d) (afjrnkAberuk ) HA.

Using (42), (48), and (49), while combining the elements with the common |HAv|
expression, (46) is simplified as

k+1\k+1 et (®) k+1|kHT‘ +B‘af71\k¢,T1ﬂ’
(v) =exp | - 7 [HAv|
a1 oTHT|

k+2|k+2
NEF Lo

k+1|k
al';_|<I>T

S e * i
(50) aF T T

T
2szyy OT + det(®) <a§71’“Abf+1"“ ) HA

+J v

k+1|k
al TP T HT

Equations (44) and (50) clearly indicate that the exponentials of the two respective
grandchild terms are identical, thus establishing the second term combination rule

(51) Slk?';‘kﬁ( ) = 5“%‘@122 l(u) foreach 1<1< Nk‘k

3.3. Noncombining terms. Terms that are not covered by the two combina-
tion rules discussed above are the third grandchild term at step k + 2 from the new
child terms at step k+1, the (N, Mk +2)™? grandchild term at step k +2 from the old
child term at step k£ + 1, and all the old grandchild terms at step k + 2. These terms
are shown to be distinct from each other and thus generically could not be combined.

First, we consider the third grandchild term at step k+2 from the new child terms
at step k + 1, Ezk ;r?? ‘k+2, all of which have two elements. Since the new child terms
are expressed by (34), then their third grandchild term generated after an update at
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k+2is
k+1|k+1 |7 T T
k+2|k+2 Diy ‘F AP AH |
(52) 5:',1,3' (v) =exp ( ITTHT| |HAv|
., bk+1\k+1q)TF
|FTHT| |F I/|+] Zk+2F Z/+THAI/
for1>1> N, klk, Therefore, the third grandchild terms at step k£ + 2 do not combine

k+1|k+1

generically, since the parameters p, are analytically different for each I.

Similarly, the two-element (N_; klk +2)" grandchild terms at step k + 2 generated
by old child terms at step k + 1 have the form

(53) 6’“*1‘{2*2 o

k141 |HAv| — T |FTV}
+2,N |

+2(V) = €xXp _p k\k+2

k+1|k:+1 @TF

k\k
+2 HAv

+7 Zk_;,_QFTl/ + HF ,

where pk';[l,J| k‘: is defined in (33) for I = Neki‘k + 2. Generically, this form does not

" led

combine with any other two-element terms derived within the context of the two term
combination rules discussed earlier or the third grandchild terms in (52).

Due to the second condition of Theorem 2.3, old terms have between three ele-
ments, if they are the child of a two element term, to k4 2 if they are generated from
the initial old term. In addressing the old grandchild terms at step k + 2 we assume
that all the identical child terms at k£ + 1 were already combined, i.e., all the terms at
k+1 have distinct fundamental directions. When time propagated to time k+ 2 those
directions are rotated by the nonsingular transition matrix ®” and I is introduced
as an additional direction to each term. Hence, also after time propagation all terms
are distinct. After a measurement updated at time k& + 2 the old grandchild terms
have the same fundamental directions as the terms after time propagation. Since the
latter are distinct, so are the old grandchild terms.

The analysis above verifies that generically, for the two-state systems addressed
in this study, terms can be combined only using the two combination rules presented
earlier in this section. This can be summarized in the following theorem.

THEOREM 3.1. For two-state systems, suppose that at step k the CF of the ucpdf
is given by (12). Then, at k + 2, terms combine based on only one of the following
two rules:

(54)
e ) = e P w) v Gp) e 1 N
ve L. NEF ] ge 1 NEF ],
(55)
s ) =€ ) foreach i€ [ NP re (L N ]
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Remark 3.2. Theorem 3.1 was derived by examining only grandchild terms of
parents at step k, disregarding possible term combinations of child terms at k + 1.
These child terms may combine due to the combination rules of Theorem 3.1 when
applied to the grandparent terms at time k—1. If those child terms were not combined,
they would have produced additional grandchild terms that would combine through
Theorem 3.1 at k + 2 when considering their respective parents. A scheme that tracks
the locations of all terms that combine at k£ + 2 and accounts for term combinations
at k + 1 is presented in sections 4 and 5.

Remark 3.3. It should be noted that the combination rules of Theorem 3.1 imply
that only new, two-element terms can be combined. This will be utilized in the next
subsection that addresses the addition of the coeflicients Gf‘k(y) of the terms with
identical exponentials.

Remark 3.4. Following the conclusions of Theorem 2.3 we note that €k+1|k+1 (v)
1<1< NHE

Ef ;_22 |k+2( ) on the left-hand side of (55) correspond to the second grandchild terms

generated by new child terms at k£ + 1. Similarly, £ k;ﬂf:;( v) correspond to old child

)

+ 1, correspond to new child terms at k + 1. Hence the exponentials

ei

terms at k+1. Consequently, 5.k+i|\§i22 v),1<1< Nklk—i—l7 on the right-hand side of

(55) correspond to new grandchild terms generated at k42 from an old parent at k4 1.
Therefore, the combination rule in (55) involves pairs of grandchild terms, one being
the second grandchild of a new child term and the other being a new grandchild term
generated by an old parent. Moreover, it implies that all combining new grandchild
terms generated from old child terms combine with one of the second grandchild terms
of a new child term.

3.4. Combining the terms. Once the terms with identical exponential func-
tions are identified through Theorem 3.1, those terms can be combined by adding
their respective coefficients. In other words, (12) can be rewritten as

Nk\k Nklk

k\k
(56) Fx, i (v Z Z Gk:\k k\k Z Gk\k k|k W),

where Ntk ¥ is the number of distinct exponential terms, and Ntk lk is the number

of coefficient terms associated with each distinct exponential El-k ‘k(u). As noted in
Remark 3.3, the two combination rules only involve terms with two elements in the
argument of the exponential. It was shown in [2] that the coefficients lek( ) of those
two element terms have a simple form of a weighted sum of sign functlons, ie.,

Kk klk | pklk Kk ok
Gi,ll (v) = 4] ¥+ B! ‘1 sgn( zlz,1V) sgn (ai7|l72u)

(57) K|k K|k K|k K|k
+JC5 bgn( a; v )‘HD 1 5gn< a; 1oV )

K|k K|k S .
where ai‘ll and ai‘l2 are the two directions in the exponent of those terms, and

Af‘lk, Bf llk, C’ik ‘lk, Dfllk are functions of the system parameters and the measurements
yi- For terms with identical exponentials, the directions in all these terms are identical

. . . . . K|k K|k klk k k
with those in the coefficient functions, i.e., alll 1= a; ll and alll2 = l for all
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1 <1< N klk. Therefore, when combining terms, the resulting coefficient function
can be obtalned simply as

k\k
k|k Z Gk|k
k\k
i Z [ k\k k\k ( |k ) ( klk )
lsgn a; 1 V) sgna; o v

+j0ﬂk sgn ( i ‘1 1/) —i—jDkllk sgn ( fgku) ]

k|k

(58) NfLE N}
= Ak‘k + Z Bk‘kbgn( Kk V) sgn (aﬁ&v)

k\k k\k
+7 Z Ck‘lksgn( fllku) +7J Z Dfllksgn( klk )
= A?‘k + Bf‘ksgn ( fllky) sgn < kl ) Jer’k‘ksgn ( fllky)

+ ]DWc sgn (af’lzky) ,

k k k k o~k okl . .
where A; | ! , C; | , Di| are sums of the respective parameters as given above.

3.5. Number of terms. In this subsection, the term combination rules derived
above are utilized to determine the number of distinct exponential terms at each time
step k. It is assumed that at each step terms with identical exponential parts are
combined before being propagated to the next step. The total number of distinct
terms was denoted earlier by N Hk, Among these terms we assume that there are

Ntk lfew new distinct two-element terms and N klk o1q Old distinct terms with three and

more elements, i.e.,

(59) N = N ew + N

Figure 1 illustrates how a general term with m elements at step k produces child
and grandchild terms at steps k4 1 and k + 2, respectively. In this figure, the parent
index is dropped from the notation for simplicity. According to what was discussed
before, at k + 1 the child terms numbered 1 through m + 1 are new two-element
terms. The (m + 2)"¢ child is an old terms with m + 1 elements. Each new child
term produces four grandchildren at k + 2. Among them, for each 1 < j < m + 1,
terms indexed (j,1),] = 1,2, 3, are new two-element terms, and (j,4) is old with three
elements. Similarly, the old child at k£ + 1 produces m + 3 grandchild terms: the first
m+ 2 of them are new with two elements, and the last one, numbered (m + 2, m + 3),
is old and has m + 2 elements.

It was shown in subsection 3.3 that each distinct child term at k + 1 produces
one distinct old grandchild term at k 4 1, depicted by a full black circle in Figure 1.
Using the notation presented above, this is expressed as

k—+2|k+2 k+1|k+1
(60) Nt oldl i Nt | .
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Step k A term with Ne=m elements
J First (m+1) new terms with Ne=2
A A
[ VT |
Step k+1 1t Child .. jt Child (m+1)st Child (m+2)" Old Child
Step k+2
(1,1)(1,2) (1,3) (1,4) (3,1 G,2) (i3) (,4)  (M+1,1) (m+1,2) (m+1,3) (m+1,4)  (M+2,1) (M+2,j) (m+2,m+1) (M+2,m+2) (m+2,m+3)
\ )\ ) \ J
T T T T
First 3 terms: Ne=2 First 3 terms: Ne=2 First 3 terms: Ne=2 First (m+2) terms: Ne=2
Lastterm:  Ne=3 Lastterm:  Ne=3 Lastterm:  Ne=3 Last term: Ne=m+2

Fic. 1. Term combination rules for two-state systems.

Now we examine the number of distinct new terms at k& + 2 determined by the
two term combination rules presented in Theorem 3.1. Here we distinguish between
three different groups of grandchild terms.

1. The first term combination rule in (54) states that the first grandchild terms
of all new child terms have the same exponential and hence are combined into
one distinct new term at k+ 2. This is depicted by the red circles in Figure 1.

2. The second term combination rule of (55) states that the second grandchild
of a new child combines with one of the new grandchild terms of an old child,
as marked by various green symbols in Figure 1. This also implies that each
one of the first m + 1 grandchild terms of an old child will combine with one
of the second grandchild terms of a new child. Since at time k + 1 there are
]\th’f :;JUk+1 new child terms, this will also be the number of such combined
terms at time k + 2.

3. In subsection 3.3 it was shown that the one before last grandchild term of
each child, i.e., the third grandchild of a new child and (m + 2)nd grandchild
of an old term, depicted in blue in Figure 1, are distinct. Hence, at time k42
there will be Ntkﬂ‘kﬂ such distinct terms.

Combining the three conclusions above we deduce that the number of new terms at
time k + 2 is given by

(61) Nk+2\k+2 =1+ Nk+1|k+1 + Ntkﬂlkﬂ'

t,new t,new

The total number of distinct terms at k+2 is a sum of the new terms in (61) and
the old ones give in (60), i.e.,

(62) N2 Rl | GRElr2 g R g kL

t,new t,old t,new

Equations (61) and (62) can be expressed in a discrete linear system form as

falk g 1] [NEHIEL ]
(63) Rk (T g ]| kLI 111

t,new t,new
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Before first measurement:

k=1: Parents

111 . 1 2 3
Nlw=2 N"=3
k=2: Children Uncombined /(4 &E /é &% ({LA &\
New combined terms New non-combining terms New-Old terms 0ld-Old term
i \ \[ [
(1,1&2,1) (1,2&3,1) (2,2&3,2) (1,3) (2,3) (3,3) (1,4) (2,4) (3,4)

k=2: Children Combined
(i,j) denotes (parent,child)

N2~ N =9

tnew

k=3: Grandchildren
Uncombined

New combined terms New non-combining terms New-Old terms  Old-Old terms

| | | |

I V[ V[ \ [ \
k=3: Grandchildren Combined @O[VAOLO 0000000 0®® OOOO000 e00

N, =16, NJ® =25

N
¥t new

F1G. 2. Propagation and combination of terms for k = 1,2, and 3.

The initialization of (63) depends on when the first measurement update is performed.
In this study we assume that the CF is initiated at k = 1 according to (2), i.e., with
one term that has two elements. Moreover, it is assumed that a measurement update
is performed at k = 1 using z;. Following the conclusion of item 1 in Theorem 2.3,

1)1

the measurement updated CF will have a total of N;'" = 3 terms, two of which are

new, i.e., Ntl"nlew = 2, and one old term. All the terms will have two elements. This
is depicted schematically at the top of Figure 2.

The above provides the initial conditions for (63). In addition we note that
although its derivation involved three generations of terms, the end result relates the
number of terms at a given step based on the information at the previous step. Hence,

the total number of terms and the number of new terms can be determined by

Sh41]k+1 k| 11
N, 2 1| | N 1 N,
(64) NASNEE B [1 J Skl (T H ; S = {2}
Nt,new Nt,ne'w Nt,new

It provides a compact form to determine the number of distinct terms at every step.
A sample case of the first three steps is depicted schematically in Figure 2. It can be
easily verified that the number of terms shown in the figure matches the recursion in
(64).

Remark 3.5. The results in (64) were already reported in [2], discovered by ob-
serving the empirical data. In this paper, it is determined from an analytic viewpoint.

4. Indexing matrix. In this section, an indexing matrix S is introduced to
efficiently locate the terms that can be combined using the combination rules of The-
orem 3.1. Since these term combination rules are independent of the system param-
eters, S can be precomputed and reused for any two-state system. It is determined
below explicitly for the first four updates, demonstrating its recursive structure. This
is then utilized in section 5 where S is constructed for any k.

Before explicitly constructing S, the process of repeatedly propagating and com-
bining terms is illustrated by a tree structure depicted in Figure 2 for the first three
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updates. Since the combination rules are dictated by the properties of grandchild
terms, the derivation here is valid for & > 2. As discussed in subsection 3.5, after the
first measurement update, at k = 1 there are two new terms and one old one, i.e.,
Nt{gew =2, Ntl’lolld =1, Ntlll = 3, all of which have two elements. They produce four
child terms each at step k = 2, three pairs of which combine. Red filled circles indicate
two-element terms that combine due to the first rule. The green circle and square
show the two combinations due to the second rule. The third terms, denoted by the
blue filled circle, are new terms that do not combine. The black circles indicate the
old child terms produced by new parents at k = 1. They are termed new-old terms
in the figure. Similarly, the filled black circle shows the old term generated by the
old parent, called here old-old term. It should be noted that both the new-old and
old-old terms have three elements each. After the terms are combined, the remaining
nine terms are shown in the different four groups mentioned above in the second line
that corresponds to k = 2.

The distinct child terms at k& = 2 produce grandchild terms at k = 3: the new
two-element child terms produce four grandchild terms, while the old terms with three
elements produce five grandchild terms. Here again, terms combine due to the two
combination rules of Theorem 3.1: the terms denoted by filled red circles combine into
one term due to rule one, while terms marked by the various green and purple symbols
combine due to the second rule. It is important to point out that since, e.g., the first
new child term at k = 2 was obtained after combining terms numbered in Figure 2
as (1,1) and (2,1), the second combination rule must be applied while accounting for
the two different parent terms. Consequently, the terms marked with green symbols
introduce a combination of three terms. After combining all the terms with identical
exponentials, there is a total of 25 distinct terms, among which 16 are new. This is
consistent with (64). Note that before combining at &k = 2 and k = 3, the last two
child terms of any parent are the only terms that do not combine. This holds for any
step k depicted in Figure 1. Specifically, the last two grandchild terms at k+ 2 do not
combine. They include the m + 2 new two-element noncombining grandchild terms
depicted by blue circles, and m + 2 old grandchild terms depicted by black dots.

It is evident that the complex structure presented above, especially for k = 3,
becomes even more involved for k > 4. The goal of constructing the indexing matrix
S is to provide an effective method to identify the terms that can combine. The
structure of S related to Figure 2 is presented in the remainder of this section. By
considering the first four stages, the construction of S for any stage k becomes clearer
and is presented in section 5.

To enhance the efficiency of combining terms, the latter are indexed such that
terms with an identical index can be combined. Those indexes will be stored in S.
The dimension of S*, i.e., the matrix S at time step k, is determined by the number
of parent terms at k£ — 1 and the maximum number of child terms each of those parent

terms generate at k. Specifically, we assume that at step k — 1 there are Nf —1k—1
distinct terms in (56). Each term i € [1,.. ., Ntk_llk_l] is assumed to have ]\feki_l‘k_1

elements in the argument of its exponent. By Theorem 2.3, all the new terms have
two elements in the exponential, while the old terms will have between three and k

elements, i.e., max; Nfi_l‘k_l = k. Each term ¢ at k — 1 produces NZ_llk_l + 2 child

terms at k. Hence, to store the indexes of all those child terms, S* is constructed to
have ]\fffl‘kf1 rows and mauxi(Nkfllkf1 +2) = k+2 columns. The ith row in S* will

et
carry the indexes of the child terms produced by the ith parent term. For example,

S, the (i, ) element of S* stores the index of the jth child produced by the parent
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term ¢. If a parent has fewer than k + 2 child terms, a zero value will be inserted
in the respective location of S¥. If, by the term-indexing scheme presented below,
Sf; =Sk, the exponents Sﬁk(u) and E,lil(f (v) are equal and the respective terms can
be combined.

The structure of S*, k = 1,2, 3, is illustrated in the following by using Figure 2.
At k = 1, there are three terms after the first measurement update. The terms are all
distinct and do not combine. Assigning ]\~ftk “UE=1 at k = 1 the value of one to account
for the fact that there was one parent that generated the measurement updated CF
at k = 1, the corresponding indexing matrix is given by

(65) st=11 2 3].

Each of the three, two-element terms in the CF at k = 1 will generate four child
terms at k = 2. Hence the dimension of S? will be 3 x 4. Its entries will be determined
by applying the term combination rules of Theorem 3.1 after a measurement update
at k = 2. According to the first rule of (54), the first child terms of the first and second
new parent terms should combine, i.e., 512]12(1/) = 5227‘12(V), as depicted by the red dots
at k£ = 2 in Figure 2. Those terms will be indexed by 1, and thus the corresponding
entries will be S7, = 53, = 1. Due to the second rule of (55), 512]22(1/) = 6';‘12(1/)

and 5227‘22 (v) = 5;'22 (v), i.e., in Figure 2, the green circles and green squares at k = 2,
respectively. The first pair in the above (green circles) will be indexed as 2 and thus
S%Q = 82, = 2; similarly, the second pair (green squares) will be indexed by 3, i.e.,
S35 = S35, = 3. The rest of the terms at k = 2 do not combine and hence are
numbered sequentially. Consequently,

1 2 4 7
(66) S?2=11 3 5
2 3 6

O o

It is important to point out that the indexes in the third column of S? represent the
new, two-element noncombining terms, while the terms indexed in the fourth column
are old and have three elements each.

The structure of S3 is determined by the parents at & = 2 and the term combi-
nation rules. Here we note that some of those parents were obtained by combining
pairs, as indicated in the previous paragraph and depicted in Figure 2 in the form
(7,7 and I, m) for the terms that were combined. This, in turn, will affect the terms
that will combine at & = 3 due to the second rule of (55). Using a similar logic to
that presented earlier, as will be explained next, S? is expressed as

1 2 8 17 O
13 9 18 0

= e
w

(67) SP=11 7 22 0
2 3 5 14 23
2 4 6 15 24
3 4 7 16 25

Due to the first combination rule of (54), the first grandchild terms of the six new child
terms at k = 2 have identical exponentials, depicted by red dots in Figure 2. They
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are indexed by 1, i.e., S3 1 =1,i=1,...,6. Next, the second term combination rule of
(55) is applied six tlmes each 1nvolv1ng the second grandchild of the new child terms
at k = 2. Since the first three child terms were obtained by combining pairs at k = 2,
(55) will yield three combining grandchild triplets, indexed 2, 3, and 4. Specifically,
the sets and their description in Figure 2 are S7, = §2, = S§, = 2 (green circles);
53, =155, =52, =3 (green squares); and S5, = S§, = S5, = 4 (green triangles).
Applymg (55) to the second grandchild terms of the child terms 4,5, and 6 results in
three combining pairs, indexed and depicted in Figure 2 as follows: S4’2 = 5773 =5
(purple triangles); S5, = S35 = 6 (purple circles); and S§, = S§3 = 7 (purple
squares). The remaining grandchild terms, depicted by blue dots, black circles, and
black dots in Figure 2, do not combine and are indexed sequentially: the nine two-
element new terms (blue dots) are indexed 8 through 16; the six three-element old
terms (black circles) are 17 through 22; and the three four-element old terms are 23,
24, and 25. Their location in S? of (67) can be matched with the lineage depicted in
Figure 2. The zeros in the entries 525,i =1,...,6 indicate that the new child terms
have only four grandchild terms, and no fifth one, as do the old child terms.
Combining all the relevant grandchild terms as shown at the bottom of Figure 2
and then generating new children at k = 4 will produce a complex diagram. The ma-
trix S is used as a straightforward pointing process that summarizes these diagrams.
In section 5, using the two combination rules, S* is constructed for any measurement
update k. In particular, at k = 4, where N 4 =42 and N;WL =67, S* is given by

t,new

1 2 18 43 0 O
1 3 19 4 0 0

1 17 33 58 0 0

(68) gt — 2 3 9 34 59 0
2 8 14 39 64 0
3 4 6 15 40 65
3 5 7 16 41 66
4 5 8 17 42 67]

There are many similarities between S* and S® of (67). In particular, we note the
zeros that first appear in the upper part of the right column in (67) and also in
the upper parts of the two right columns of (68), which do not indicate a term but

squares the matrix. Referring to the bottom of Figure 2, the first Nt3 f’ew = 16 new
grandchild terms have only two elements and thus produce only four great-grandchild

terms. Therefore, in (68), the fifth and six columns will be zeros through the top 16

rows. Next, note in Figure 2 that at k = 2 the Nt2 Eew = 6 new-old child terms have
three elements and thus produce five great-grandchild terms at k& = 4. Therefore,
n (68), the sixth column will be zeros through the top N; 313 — 95 rows. Finally, in
Figure 2, the three old-old child terms at & = 2 have four elements and thus produce
six great—grandchild terms at k£ = 4. This is represented by the full nonzero bottom
three rows in (68). In the next section, the staircase structure of zeros in the upper

right corner of the S* will be revealed for any time step k > 3.

5. General structure of the indexing matrix. In this section, the indexing
matrix S introduced in the previous section is constructed recursively for any time step
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k + 2, where the number of rows in S¥*2 equals the number of parent terms at k + 1,

ie., Ntk +1lk+l, and the number of columns is the maximal number of grandchild terms

those parent terms generate, i.e., k+4. The indexing matrix is constructed recursively
by following the term combination rules of Theorem 3.1. This recursion contributes
to the computational efficiency of the two-state Cauchy estimator, since it provides a
priori information about which terms in the CF combine without the need of numerical
comparison. We begin by forming the general pattern of the indexing matrix by
decomposing S*12 according to all of the previous generations that formed it.

5.1. Block structure of S¥*2. In the indexing matrix, we group grandchild

terms that were generated by child terms with the same number of elements in blocks.
In particular, the Z\~ftk :{;Lkﬂ new two-element child terms at k+1 generate four grand-
child terms at k£ + 2. The indices of those grandchild terms are placed in the first
Ntk :;Jf“ rows and first four columns of S**2. Consequently, S**+2 will have an upper

. . C o oklk+1 . - .
nonzero matrix block of dimension N, ;JU 1% 4, while the remaining columns in the

corresponding rows will be filled with zeros to indicate no additional grandchild terms.
The other blocks in S**2 will include indexes of the grandchild terms at k + 2
generated by old child terms at k + 1. Based on the conclusions drawn in section 3,

at k+ 1 there will be k£ groups of old child terms with an equal number r of elements,
where r € [3,..., k+2]. Hence, for example, assuming that at k+1 there are N:;?Z[I:H
old child terms with r elements, each of them will generate r + 2 grandchild terms
Jiasilaz

+oldy  TOWS in Sk+2 will have r + 2 nonzero

at k + 2. Hence the corresponding
columns, i.e., ijly,fﬂ x (r 4+ 2) nonzero subblock, while the remaining columns will
be filled with zeros. In particular, the second block in $**2, populated by grandchild
terms generated by three-element child terms at k£ + 1, will have an Ntk :ly’gﬂ )

nonzero subblock of 5 columns, and k — 1 columns of zeros. The last block in S*+2

will be a fully populated block of dimension ijl;l];i; x (k+4).

Consequently, S**2 has the following staircase structure:

Sk:zimwrl 0Nk+1|k+1><(k)
Nt,new x4 t,new
Sk~+2 0 chtifett
N:;_:zlzz‘g+l><5 Ny oias  x(k=1)
k+2
Sk 0 ghtifrt
k42 Ntk::zld‘iﬂ X6 Nt,j;ldl,4+ X (k—2)
(69) Skt2 — ’
Ll 0 ok
Gh41]k+1 +1|k+1
Nt,jld‘,k‘:lx(k"r?’) Ny ord, ki1 %1
k42
Gh41|k+1
L Nt,old,k+2><(k+4) ]
where Sﬁifn € R™™ indicate nonzero subblocks, while 0,4 indicate subblocks of zero

entries. Not surprisingly, for k = 3,4, S and S* given by (67) and (68), respectively,
fit the structure of (69).

Using the results obtained in section 3 regarding the number of different terms,
kA1 k+1

the number led’r

analytically using a simple recursion. First we note that only the NEE new two-

t,new
element parent terms at k£ will generate Nf ‘nkew = Ntkjl;lg"rl three-element old child

old child terms with r elements at &£ + 1 can be determined
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terms. Similarly, the number of four-element old child terms at k41 can be determined
by

ShHllk+1 _ klk_ rk—1lk—1
(70) Nt,old,4 - Nt,old,3 - Nt,new .
The recurrent relation in (70) can be restated for every r € [3,...,k + 2] as
Ghllk+l _ oklk __ kAerlkdd—r _ gkt3—r|k+3—r
(71) Nt,old,r - Nt,old,rfl - = Nt,old,3 — “Y't,new .

Note that at £ = 1, after the measurement update, there are three terms with two
elements each, regardless if they are new or old. Therefore, there will be NE |021 a3 =

Ntm = 3 old three-element terms at k = 2. Similarly, using (71), for any k + 1, the
number of child terms with r = k 4+ 2 elements will be

Th+1k+1 A1)l
(72) Nt,old,k+2 - Nt,new

=3.
This means that the last full subblock in (69) will have three rows for all k. The

Sh+1lk+1
R

number of rows in the subblocks 5;;31\“1 (r2) forr € [3,...,k+1], i.e., told.r

t,old,r (T

NFEFS-rIkH3=r  an be easily determined by using (64).

t,new

5.2. Recursive structure of S**2. A recursion for constructing S¥*2 from the
indices of S¥*1 is developed in this subsection. The process begins with the first term
combination rule of (54), which states that at k 4 2 the first child terms generated by

the ]\Nf:,felqllf““ new parent terms at step k + 1 will combine. Those child terms will be

indexed by ones. Hence, the first column in the top Z\thk;ell‘uk+1 rows of S¥+2 will be all

ones. This is equivalent to stating that the first column of Sgﬁiukﬂw, the left top
t,new

block of S¥*+2 in (69), is populated by ones. For example, at step k = 2, the number

of new terms is szew

rows of S in (67).

Next, we consider the second column of the top Nf:j&kﬂ rows of S¥*2. The
second combination rule of (55) implies that none of the second child terms from new

parent terms will combine with each other, but with the children of old parent terms.

= 6 and thus there are ones in the first column of the top six

Therefore, we assign the indices 2 through Nt]f;telllukﬂ + 1 in the second column of the
first Ntlfielq‘fﬂ rows of S¥*2. For example, the second column in the szew =6 top

rows of S? in (67) is populated by 2 through 7. These terms combine with children
of old parent terms.

To proceed with deriving the recursive procedure for constructing the S matrix,
we need the following lemma which relates terms that combined at k + 1 to old terms
that combine at k + 2 and follows directly from results derived already in sections 2
and 3.

LEMMA 5.1. If, at step k+ 1, the new lth child term of the ith parent and the new
pth child term of the mth parent combine, then, at step k + 2, the new lth grandchild
term of the old child term indexed (i, NfilkJrZ) will combine with the new pth grandchild
term of the old child term indexed (m, Nekr‘ric +2), ie.,

k+1|k+1 k+2|k-+2 k+2|k+2
(73) EEFIIHL Z ghallkrl o ghiale2  ghi2lyz
i, »D i,N_ 2,0 m,Nem +2,p
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Proof. If Eik?_llkﬂ(y) = gRtHFTL (L) | then their coefficients p??‘”kﬂ = phfllk+
and directions aff”k = afrjf;‘k in (32) as defined in (33), where pfnfpllkﬂ and af,ff,}lk
are defined by an appropriate change of indices. Then, the coefficients and directions

k42| k+2 k+2|k+2
p g2kt (V)and5+|+

|k (v) are equal by inspection of (50), where the index

i NEF 4o m,NER+2,p
variables of these coefficients are appropriately changed. ]

Lemma 5.1 indicates that for all the new child terms that combine at step k + 1,
the corresponding new grandchild terms at step k + 2 that are offsprings of old child
terms will also combine. This is a central result that yields the recursive structure
of the S¥+2. This recursion is derived by noting that the pattern of child terms that
combine at k + 1 repeats for grandchild terms of old child terms at k 4 2 as indicated
in Figure 2. The pattern of terms that combine at k = 2 is the same pattern for the
three old terms at k = 3, where the first two children at £ = 2 combine exactly as the
first two children of old terms combine at k& = 3.

This pattern at k+ 1 is represented by a subarray of indices in S**! that covers all
the new child terms at this time step and repeats as a subarray in S**2. As discussed
earlier, in each block of the form S;til‘kﬂw and Sf(ft‘z“”"“xwz in (69), all but the

t,new t,old,r

last column represent new child terms. Hence, the subarray of indices in S**! that
covers all the new child terms, denoted by S¥*! has the form

new
st
tinew X3
Sfif—i’;‘l’“ 4
t,0ld,3 %
k+1 Sf\;g‘lk x5
_ Jold,4
(74) Snew - . i
SkJrl
K|k
toold,k+1 Xk+1
S?’;‘l’“ k42
L NiotarpaXkt2 ]

Note that S¥%! has a staircase structure, and is not a full array or a matrix. Moreover,

although the last child terms in each subblock of S¥*1 do not combine at k 4 1, their

new
new grandchild terms will combine at k + 2. Hence all the new child terms at k + 1

are included in S**1

new *

Lemma 5.1 suggests that S**1 is placed in S¥*2 in the lower blocks below the

new

[S;timﬂm 0ﬁk+l\k+1x(k,1)} block in (69). Since the index one was already used

tmew t,new

above for terms that combine due to rule (54), the indexes of S¥f! are placed into

Sk+2 after adding one to each of its entries, an operation we denote by Sk*+1 4 [1].

1|k new
Thk+1lk+1
Nt,new

This also matches the indexes 2 through

the second column of S]’%Jﬁm““. For example, the index 2 assigned to the (1,2)

t,new

+ 1 that were already placed in

entry of Sf\"f—:’;il,"““ » equals the index 2 assigned to the (1, 1) entry of the second sub-

block Skfgill — which can be easily verified to combine due to the second term
t,old,3

combination rule in (55). The matching of all the entries in the second column of

S]%tin w1, O the appropriate entries in S¥*! 4 [1] can be verified similarly using

t,new

(55) along with Lemma 5.1. Figure 2 for k = 3 illustrates this matching of terms,
which is consistent with S of (67).
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At this stage, S¥+2 is filled except for the two last nonzero columns associated
with each block in (69) that represent the terms that do not combine: the columns
before the last indexing the new noncombining grandchild terms, and the last columns
for old noncombining grandchild terms. For the new terms, the entries in the columns

before last in each nonzero subblock that will staircase down from row one to Ntk kL

will be indexed N 49 ¢0 Nf“lkﬂ 4+ NFPURFL g Thig array forms S¥}2 to

t,new t,new new

be used in forming S**3. Now the remaining last columns in each nonzero block are
indexed by continuation, i.e., Ntkﬂ‘kﬂ + Nt]f:;lﬂkﬂ +2to 2Ntk+1|k+1 + Nt]f:elllukH + 1
It should be noted that the index assignmehts to the old grandchild terms (the last
step above) could be skipped, since those indexes are never used in constructing S nor
in checking if those terms combine—they don’t. Consequently, those entries can be
left unassigned (or assigned, e.g., zero). However, to emphasize that there are terms
that correspond to those entries in S, they are indexed for consistency.

This completes the derivation of the recursive construction of S*+2 that can

. . ck+1|k+1
be summarized as follows. Assuming that we know SFfl Gk+2 ¢ RM: xk+4

new?

initialized to all zero entries is constructed using the following four simple steps:
NFFURL 4 ¢6 the second

t,new

1. Assign ones to the first column and 2 through

column of the first N*T 1 1ows of Sk+2,

t,new
2. Place S¥+1 4 [1] right below the the first Nf;f;lvkﬂ rows of SF+2,
3. Staircase indexes ]\th’f:elqlukﬂ +2to Ntkﬂ‘kﬂ + Nt]f:ell‘ukﬂ + 1 in the columns

before last in the nonzero subblocks of S¥+2 (see (69) for its structure). Store
the current nonzero staircase structure as S**2 for constructing S*+3.

new

4. Staircase indexes Nf“‘kﬂ + NFPIEEL 4 9 ¢ 2Ntk+1|k+1 4+ NFFHERL 4y

t,new t,new
the last columns of the nonzero subblocks of S¥+2.
As presented in section 4, the procedure is initiated with S = [1 2 3] and S}, =

new

[1 2]. All the counters in the above procedure, such as Nt]f:elzlukﬂ and the subblock

sizes of S¥*2 in (69) are determined using the recursive expression (64).

This recursive scheme is demonstrated by constructing recursively S2, S3, and 5%
that were constructed heuristically in section 4, (66)—(68). Using the initial S}_,, S?
is constructed as follows:

1200 1
(75) Osxa> | 2 310 03| 1
0000 2
\ \ 102047
2 =S 1 8158 | =62
2°3:6]9

In the above, the numbers above the arrow indicate the step in the recursive proce-
dure described above. Specifically, we note in the first step the subcolumn of ones
(surrounded by the dotted line) that indicate terms that combine through rule (54),
and the second column indicating new terms that combine only with terms generated
by old parents. In step two we see the S} + [1] subblock depicted by bold-faced
characters. Step three adds a column of new indexes, thus completing the S2_ sub-
array delimited by a solid line, which in this case is square. Clearly the result in (75)

matches the one in (66).
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The four-step procedure is used now to construct S3, while using S2,,, that was
obtained in the third step of (75), as follows:
(76)
_ n
I
) 3
Ogx5 — 1
2
i 3
0 -
0
=53,

It is interesting to point out the square 3 x 3 subblock S2_, +[1] depicted by bold-faced
characters starting step two. In addition, S3., delimited by a solid line after step
three has, for the first time, a staircase structure mentioned earlier in this section.
Finally, as expected, the results in (67) and (76) are the same.

Finally, in (77) we demonstrate the construction of S* using the same steps and

demarkation as before:

(77)
(1 200007 [2 2;0 0 0 0]
1 .83:00 0 0 1.3:0 0 00
1 1710 0 0 0 1710 0 0 0
1|0 000223 9:0 00
Ozx6 = | T A
0 000 2 8 14;0 00
0 000 3 4 6 15,0 0
0 00 0 3 5 7 16:0 0
|0 000] [4 5 8 17:0 0 |
p1810 0 07 [1:i2:18[43 0 0 ]
1900 0 0 131944 0 0
17:831 0 0 11713358 0 0
I Y A S AL B
2 8 14:39/0 0 2 8 14]39|64 0
3 4 6 15:40]0 3 4 6 15:/0|65
3 5 7 16:41]0 3 5 7 16 41|66
|4 5 8 17:42|0 | |4 5 8 17./2|67 |
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Also here, we observe a staircase structure of S*

new delimited by a solid line after step
three in (77).

6. Conclusion. This paper uncovers properties of the exponential terms of the
characteristic function for two state systems with additive Cauchy uncertainties. First,
we show that any two nonzero directions in the exponential at time step k£ produce
a coaligned direction along HA at time step k + 1, allowing two-element new terms
(Theorem 2.3). Second, we prove that only terms with two-element exponentials can
combine through the two term combination rules (Theorem 3.1). Third, an indexing
scheme, called the S matrix, that is independent of system parameters, is proposed
to indicate the terms that can be combined at each step. A procedure for construct-
ing this S matrix is derived analytically while relying on the two-term combination
rules. These properties of the exponential terms help one to understand and simplify
significantly the structure of the characteristic function associated with the Cauchy
estimation problem, allowing for reducing greatly its computational complexity.
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