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FORMATION OF INTENSE ATTOSECOND PULSES IN THE SEQUENCE
OF A RESONANT ABSORBER AND ACTIVE MEDIUM OF A PLASMA-BASED
X-RAY LASER MODULATED BY AN OPTICAL FIELD

I. R. Khairulin,! V. A. Antonov,'* and
O. A. Kocharovskaya 2 UDC 535.3

We study the possibility of transforming quasi-monochromatic seeding X-ray radiation into an
attosecond pulse train in the system composed of a resonant absorber (the plasma of hydrogen-like
ions) and an active medium of a plasma-based X-ray laser (the plasma of identical ions in the
excited state), which are modulated by the same optical field. In this case, the formation of pulses
occurs in a modulated absorber, while the active medium is used for their subsequent amplification.
It is shown that this approach significantly increases the energy of the pulses and improves their
shape in comparison with the pulse formation directly in the modulated active medium of an X-ray
laser. The obtained analytical solution shows that the pulse formation in the modulated absorber
is due to the existence of a multifrequency structure of the resonant radiation, which propagates in
the medium without absorption. It is shown, both analytically and numerically, that the spectral-
temporal characteristics of the pulses are insensitive to changes in the optical thickness of each
medium (absorbing and amplifying) over a wide range. The possibility of forming X-ray pulses
with a wavelength of the order of 3.4 nm, having a duration of less than 200 as and a peak intensity
exceeding 10" W /ecm?, in the plasma of hydrogen-like COF ions is shown.

1. INTRODUCTION

Pulse radiation of the X-ray and vacuum ultraviolet (VUV) wavelength ranges is a unique tool for
studying the structure and dynamics of different media on femtosecond [1-6] and attosecond [6-10] time
scales. At present, these studies are conducted using the radiation of free electron lasers [11, 12| or sources
based on the generation of high-order harmonics of the visible or infrared laser field |7, 9, 12|. Herein, free
electron lasers are distinguished by a peak intensity of X-ray radiation (up to 10*® W/cm?), although, as
a rule, they are characterized by a low spatial and temporal coherence. At the same time, the generation
of high-order harmonics makes it possible to achieve high coherence and form pulses of VUV and X-ray
radiation with a record-short duration (less than 50 as), but low energy in the X-ray range.

Plasma-based X-ray lasers [13-16] represent a different class of VUV and soft X-ray radiation sources.
As a rule, these lasers provide a better coherence in comparison with free electron lasers and a higher
pulse energy in comparison with sources based on the high-order harmonic generation. The main restriction
preventing the use of plasma-based X-ray lasers for sounding the dynamics of rapid processes is the significant
(usually picosecond) duration of the radiated pulses. In recent years, the possibility of reducing the duration
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of plasma-based X-ray laser radiation to tens (in theory) and hundreds (in experiment) of femtoseconds
by increasing the number density of free electrons [17, 18] and amplifying the frequency-modulated seeding
radiation (one of the harmonics of the high-order optical field) with subsequent compensation for frequency
modulation has been shown [19, 20].

Shorter pulses can be generated and amplified on the basis of a method proposed by the authors of this
paper. The method includes expanding the amplification spectrum of a plasma-based X-ray laser due to the
modulation of its active medium by an intense optical field propagating together with the resonant seeding
radiation [21-25]. The role of the optical field in this case consists of rapid (on the optical period scale)
modulation of the position of the energy levels of resonant ions in time and space due to the Stark effect.
The position of the energy levels of the ions changes following the optical field oscillations, which leads to
harmonic (with an optical frequency) modulation of the frequency of the inverted transition and enrichment
of the amplification spectrum of the active medium with combination frequencies that are separated from
the time-average transition frequency by a multiple of twice the optical frequency. As a result, it becomes
possible to amplify the sequence of attosecond pulses formed during the generation of high-order harmonics
of the modulating field [22, 25|, as well as the possibility of forming a sequence of subfemtosecond pulses
directly in the modulated active medium of a plasma-based X-ray laser during the amplification of quasi-
monochromatic seeding radiation (e. g., a single harmonic of a high-order optical field) [21, 23, 24]. However,
the capabilities of the latter method are limited by controversial requirements to the medium parameters
necessary for the formation and amplification of pulses. The formation of pulses requires effective generation
of combination frequencies by quasi-monochromatic seeding radiation, which implies a weak plasma disper-
sion at the frequency of the modulating field, i.e., a greater coherence length compared to the amplification
length [21, 23, 24|, while effective amplification requires the fulfillment of the opposite condition [22, 25].

It is shown in the paper that this contradiction can be resolved and, accordingly, the characteristics
of the generated attosecond pulses can be significantly improved if an additional plasma layer of resonantly
absorbing ions similar to those of the active medium is placed in front of the active medium of the X-ray
laser. The additional layer is modulated by the same optical field as the active medium. In this case, the
expansion of the spectrum of the quasi-monochromatic seeding radiation and the formation of attosecond
pulses occur in a modulated resonant absorber [26], which enables one to obtain pulses with a shorter duration
and a better shape (greater contrast and duty factor) than in the amplifying medium [24]. In this case, the
modulated active medium acts as an amplifier of a pre-formed pulse sequence [22]|, which makes it possible
to significantly increase its optical thickness and achieve a higher intensity of the amplified signal (by means
of a more intense amplified spontaneous radiation) compared to the formation of pulses directly in the active
medium. In addition, the shape and duration of the pulses are insensitive to changes in the thickness of each
medium over a wide range.

The paper is organized as follows: the main approximations and basic equations are formulated in
Sec. 2. Section 3 contains the derivation of an analytical solution for X-ray radiation transformed into a
sequence of two media, passive (resonantly absorbing) and active (amplifying), modulated by the same intense
optical field. In the part concerning the resonant absorber, this solution is considerably more general than
the analytical solution published in [26] and makes it possible to draw new conclusions about the conditions
for the formation of pulses in a passive medium and their characteristics. In addition, the optimal conditions
for the formation of pulses in the sequence of passive and active media corresponding to the shortest duration
and the best shape of the pulses are determined on the basis of the analytical solution. Section 4 is devoted
to the analysis of a more general nonlinear system of equations. This section presents the results of numerical
simulations applied to a set of passive and active media based on hydrogen-like C5* ions. Numerical solutions
are compared with analytical ones, as well as with the results of simulations for the formation of pulses directly
in the active medium of a plasma-based X-ray laser [24]. The effects that were not taken into account in the
analytical solution are studied. The main results of the work are formulated in the Conclusions.
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2. THEORETICAL MODEL

Consider a sequence of two media, passive (resonantly absorbing) and active (amplifying), each of
which is the plasma of hydrogen-like C°t ions and has the shape of a narrow cylinder stretched along
the  axis. An active medium with population inversion at the transition np, = 1 <> ny, = 2 (where
npe is the principal quantum number) of C>* ions can be created by a high-intensity (with an intensity of
about 10 W/cm?) femtosecond optical pump pulse [27]. Population inversion is achieved as a result of
complete optical ionization of the medium (separation of all electrons from carbon atoms) and subsequent
recombination of electrons into highly excited states of C®* ions, as well as radiative and non-radiative
transitions, as a result of which the ions are in states with n,, = 2. As is shown in [27], the active medium,
along with the carbon ions, must contain light ions, e. g., H ions to increase the population inversion; at the
same time, characteristic values of the number density of resonant C5T ions and free electrons in the active
medium are Ni(oarft) = 10" cm~3 and Ne(aCt) = 1.5-10%Y em~3, respectively [22, 27]. A passive medium can be
obtained in a similar way: after the optical ionization of carbon by an intense laser field, most of the C°F
ions will be in the ground state with n,, = 1 over a certain period of time. The number density of resonant
carbon ions in a passive medium can vary over a wide range. Next, we assume the number density to be
equal to Ni(opnas) = 107 cm ™3, similar to [21, 24]. Herein, we consider that the resonantly absorbing plasma is
obtained as a result of the ionization of pure carbon and the number density of free electrons in the plasma is
Népas) =5-10" cm™3. Thus, in the case under consideration, the passive medium is significantly less dense
in comparison with the active one. Nevertheless, the main conclusions of the paper are also valid for higher
density numbers of ions and electrons in a passive medium with a proportional decrease in its thickness.

After the creation of the passive and active media a certain time has passed, which is sufficient for
C°* ions to accumulate in the ground state with npr = 1 in the passive medium and in the excited states
with np, = 2 in the active medium. The sequence of these media is irradiated by the combination of a
modulating optical field with an intensity of about 10 W /cm? (the optical field almost does not ionize C>+
ions) and quasi-monochromatic resonant seeding X-ray radiation with a wavelength of about 3.4 nm. The
pulses of the modulating field and resonant radiation propagate along the z axis in each medium together
(they overlap in time and space) and have the same linear polarization oriented along the z axis (see [24]).

The modulating optical field has a picosecond duration and can be approximated by a monochromatic
wave on the scale of a femtosecond pulse of resonant radiation

EL(z,t) = zo By, cos[Qt — npiz/c)], (1)

where zg is a unit vector along the z axis, £ and FEr, are the frequency and amplitude of the optical field,
respectively, c is the speed of light in empty space, ny = \/ 1 — 47 Nee? /(me?) is the refractive index of
the plasma at the frequency of the optical field (different for passive and active media), N is the number
density of free electrons (in a particular medium), and m, and e are their mass and charge, respectively.
During propagation in the medium, the modulating field is affected by the plasma dispersion. However,
the modulating field retains its spatial structure due to the presence of a plasma channel formed during the
pre-ionization of the plasma (see, e.g., [17]). A similar effect can be achieved due to a microcapillary [28].
At the same time, the absorption and reflection of the modulating field in the plasma are insignificant due
to the fact that the frequency of the field is many times lower than the frequencies of quantum transitions
from populated states of ions and, along with it, significantly (at least by one or two orders of magnitude)
exceeds the frequencies of plasma oscillations in the active and passive media.

Simultaneously with the modulating field (1), the sequence of passive and active media is irradiated
with quasi-monochromatic seeding radiation of the X-ray spectral range. At the front boundary of the passive
medium, at x = 0, the X-ray radiation has the form

1 -
E(z =0,t) = 2zoEmc(t) exp(—iwinct) + c. c., (2)
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where Einc(t) is the slowly varying amplitude of the seeding radiation, wiy. is its carrier frequency, and c. c.
denotes complex conjugation. During propagation in a resonant absorber, the X-ray spectrum is enriched
with the combination frequencies wor, = winc + 2k€), where k is an integer [26], and the X-ray radiation is
already multi-frequency at the front boundary of the active medium.

The equations describing the propagation of resonant radiation in a plasma active medium with
population inversion at the transition ny = 1 <+ ny, = 2 of hydrogen-like ions modulated by an intense
optical field are given in [22-25]. The propagation of radiation in a passive medium is described by the same
equations with different initial conditions for the quantum state of the medium [26]. Further, we reproduce
the equations from [25] in a reduced form (their analytical solution is fundamentally new).

The excited energy levels of ions are Stark-split under the action of a modulating field. In particular,
the energy level with n,, = 2 is split into three sublevels. Two of them are eigenstate hydrogen-like ions in
the parabolic coordinate system [2) = (|2s) + [2p, Mmag = 0))/v/2 and |3) = (|25) — |2p, Mmag = 0))/V/2,
where my,,e characterizes the projection of the orbital momentum of ions on the z axis. As a result of the
linear Stark effect, the energies of these states follow the local value of the electric field (1) in time and space,
and the quadratic Stark effect leads to a constant shift of the energies:

etZ? 21
hwg(t,x):—me {1+ F2 4 3F cos [Q (t—ncplxﬂ},

812 4
mee*Z2 21 n
ha(t ) = =" {1+ | 8 — 3Fy cos [Q (t— C%)}} (3)

Here, Fy = (2/Z)3Ey,/Ex is the normalized amplitude of the optical field, Ex = 5.14-10? V//cm is the atomic
unit of the electric field, & is Planck’s constant, and Z is the charge number of ions (for C°* ions), Z = 6.
The third energy sublevel remains doubly degenerate and corresponds to the states [4) = |2p, Mmag = 1)
and |5) = |2p, Mmag = —1). The energies of these states experience only the quadratic Stark effect and, as a
result, a constant shift under the action of the modulating field: fiwy = hws = —meetZ2(1 + 39F2/8)/(8R?).
Note that the ground state of the ions |1) = |1s) also experiences some shift due to the quadratic Stark
effect: hwy (t,2) = —mee* Z2(1 + 9F2 /256)/(2h?).

Dipole moments of the transitions |2) <+ |1) and |3) <> |1) are oriented along the z axis, i.e., along
the direction of polarization of fields (1) and (2). Accordingly, these transitions are excited by the resonant
seeding radiation (2) and lead to its transformation in the medium. At the same time, the dipole moments of
the transitions |4) <> |1) and |5) <+ |1) are oriented perpendicular to the z axis. These transitions do not play
any role in a resonantly absorbing medium, whereas they lead to the generation of amplified spontaneous
radiation polarized along the y axis in an active medium.

Let us denote the lengths of the passive and active media as L®2) and L) and their radii as
R, where R < {L(pas),L(aCt)}. Further, we assume that for X-ray radiation, the Fresnel numbers of each
medium have the order of unity: F®) = 7R?/[ X, LP?)] ~ 1, FOY = 7R /[\inc LED] ~ 1, where Aipe is
the wavelength of the seeding radiation (2). In this case, the propagation of resonant radiation in each
medium is described with acceptable accuracy by a spatially one-dimensional wave equation.

A self-consistent system of quantum kinetic equations for the elements of the density matrix of a five-
level medium and a wave equation for resonant radiation describing the transformation of seeding radiation in
a modulated hydrogen-like medium is presented in [22-24]. This system takes into account the nonlinearity
and dispersion of the medium (both plasma-based and resonant), as well as the generation of amplified
spontaneous radiation in the active medium. However, in general, the system admits only a numerical
solution. The results of simulations based on this system of equations are analyzed in Sec. 4.

3. ANALYTICAL SOLUTION

In order to get an analytical solution, we make additional approximations. We assume that the
population of the resonance states of both active and passive media does not change, the amplified spon-
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taneous radiation in the active medium can be neglected, and detuning of the seeding radiation (2) from
the time-averaged frequency of the transitions |2) < |1) and |3) <+ |1) with allowance for the quadratic
Stark effect, a;,ff ), is a multiple of twice the frequency of the modulating field: wi,c — Gjéf ) — 2k*€2, where
wﬁf) = 3meetZ2 (1—-109F2/64)/(8h3), and k* is an integer. In this case, the equations for the slowly varying
amplitudes E*) of X-ray radiation and the off-diagonal elements of the medium density matrix (quantum
coherences) po; and ps; take the following form:

DE® Z,4m§f’Niondtr

o cy/ex (P21 — p31);
—ray
’ demes -
agil = [+ 82K°Q + i cos(Qr + AK )| — i T EC;
’ dumes -
agil = [ + 12K Q — AL cos(Qr + AKa)|pn — i " BC). (4)

Here, 7 = t — a;\/EX_ray/c is the local time, ex_ray is the dielectric permittivity of the plasma at the
frequency of the seeding radiation (2), dy is the absolute value of the dipole moment of the transitions
|2) < |1) and |3) < [1), ny is the population difference at these transitions, A, = 3mee?Z2F,/(8Rh3) is
the modulation amplitude of the frequencies of these transitions due to the linear Stark effect, ;. is the
relaxation rate of resonant polarization of the medium, which allows for spontaneous radiation, collisions
in the plasma, and ionization from the states |2) and |3) under the action of the modulating field, and
AK = Q(\/Ex_ray —np1)/c is the difference between the wave numbers of the modulating and resonant fields
due to the dispersion of the plasma in the considered (passive or active) medium. Note that when deriving
Egs. (4), the resonant approximation (“rotating wave approximation”) is also used and the terms oscillating
at the double frequency of X-ray radiation are discarded. The carrier frequency for the field in the medium
and the quantum coherence is chosen to be equal to the seeding radiation frequency winc.

Next, we assume that the seeding radiation is monochromatic, Einc(t) = FEine, where Ej,. does not
depend on time, and we search for a steady-state solution for the field and off-diagonal elements of the
medium density matrix. Let us represent the field in the medium as a Fourier series expansion,

+00
E® = Z E, exp(—i2nQr), (5)

n=—oo

where F,, = E,(x) are the time-constant amplitudes of the combination spectral components. Then the
solution for the slowly varying amplitude of the off-diagonal element of the medium density matrix po; will
take the form

—+00

~ d r r .
por = =i ST Budu(Pa)Ji(Po) expli (k — m)AK o]

exp[—i (m — k + 2n + 2k*)Q7]

Yo — i (m+2n+2k%)Q (6)

n,m, k=—oo

where J,,(Pq) is an nth-order Bessel function of the first kind and Po = Ar,/Q is the modulation index (the
ratio of the amplitude of the shift of resonant excited energy levels as a result of the linear Stark effect to
the frequency of the modulating field). In a similar way, for the quantity p3; we get

“+00

_ gy e .
31 =i ;ht > Eu(—1)" T (Po) Ji(Po) expli (k — m)AK g

n, m, k=—oo

exp[—i (m — k + 2n + 2k*)Q7] .
Yer — 1 (m + 2n + 2k*)Q @
We substitute the obtained expressions into the first equation of system (4) and take into account that the
rates of onset of coherences po; and p3; are much less than the frequency of the optical field: 7, /Q < 1.
This condition makes it possible to neglect the values of non-zero orders of smallness in the parameter 4, /{2
in sums (6) and (7) and corresponds, first of all, to the neglect of the resonant dispersion of the medium at
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the combination frequencies @t(f )+ 200 (the resonant absorption at these frequencies is of a higher order of
smallness in 7, /€2). The approximations provide equations for the amplitudes of the spectral components
of field (5) in the medium:

dF, .
de 903110y (P) Bn () + 90 T2nky (P2) D Bngp(@) Jopniie) (Pa) exp(i2p AK ), (8)

p=—00,p#0

where gg = 477@55 )Nionntrdfr /(hcir\/EX —ray) is the coefficient of resonant amplification (if go > 0) or absorp-
tion (if gg < 0). All the arguments up to now have been equally applied to both resonantly absorbing and
amplifying media. Further, we consider each case separately.

The solution of Egs. (8) is determined by two dimensionless parameters, namely, the modulation index
Pq and the ratio of the resonant interaction coefficient to the addition to the difference in the wave numbers
of the modulating and resonant fields due to plasma dispersion: o = |go|/(2AK). In a resonantly absorbing
medium modulated by a laser field of the visible or near/middle infrared spectral range with the parameters
considered, the coefficient o > 1. First of all, this is due to the fact that in the absorbing medium n¢, = —1,
and gg in absolute value is at least four times greater than in the inverted medium with an equally probable
excitation of the states |2)—5) (in the latter case, ny, < 1/4). In addition, both the absolute and relative
number densities of free electrons are significantly lower in a resonant absorber. As a result, the condition
2pAKx < m is fulfilled for all significant p if the thickness is small enough. This condition makes it possible
to neglect the exponent on the right-hand side of Eqgs. (8). Herein, equalities that are valid for any value of
n # 0 follow from Egs. (8):

Jotnti) (Pa) Eo — Jorx (Po) By = Ch, 9)
where C, are constants. Equations (9) permit one to express FE, through FEj, after which the system of

equations (8) for a non-dispersive medium, AKz = 0, is reduced to the equation for the zero spectral
component:

dE “+oo “+oo
da;o =90 Y Jamiany(Po)Eo(@) + godar(Pa) D Jpipey (Pa)Ch, (10)
n=—o00 n=—00,n#0

and the system of equations (9). Using the substitution Ey = ag(z) exp[gox 3.1 J3, (Pq)] it is possible
to obtain a general solution to Egs. (9) and (10) in the form

400 oo
Ey=Coexp|gor Y Jon(Pa)| —Jow=(Pa) D Jymypsny(Po)C Z Jzm (Pa),
m=—00 m=—o00, m#0 m=—00
Soni i) (Pa)
E, = Eo + Jogapey(Po)Cry 120, 11
Ty (P) 0 Tatoe )(Pa) # (11)

where the constants Cy and C,, are determined by the boundary conditions. In the case under consideration,
Ey(x =0) = Eiye and E,(z = 0) =0 for n # 0. In this case,

']22k:* (PQ) C. — Einc

Co = Einc = - .
0 J2 (Pg)’ Jo (Po)

m=—00

Accordingly, the desired partial analytical solution of the system of equations (9) and (10), which satisfies
the boundary conditions (2) and is valid for arbitrary values of x and Py, has the form

T (Pa) ]
Seven(PQ)

T3 (Pa)

Ey = Einc
0 Seven(PQ)

eXp[_Seven(PQ) |.90|$p] + Eine [1 -
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Jor+ (Pa) Jom+ir) (Pa) o (Pa)Joni+) (Pa)

En = Einc _Seven P - Einc 5 0. 12
Seven(PQ) exp[ ( Q) |90|$p] Seven(PQ) n # ( )
Here, Seven(Pa) = :jf_oo J3.(Pq), xp is the length of the propagation path in the absorber, 0 < z;, <

L(P2s) "and it is taken into account that gy < 0 in a passive medium. Note that Seven(0) = 1 and Seyen (Po) =~
1/2 up to several tens of percent at Po > 1. It follows from this solution that in the absence of plasma
dispersion, the resonant radiation in the medium is determined by the sum of two terms. The first of them
corresponds to the absorbed multi-frequency structure of the field, and the second corresponds to a slightly
different multi-frequency structure that propagates in the medium without absorption. Hereafter we call this
structure the “transparent mode” of the field. The obtained solution provides fundamentally new information
about the process of pulse formation in a passive medium compared to the previous paper [26]. Namely, the
solution shows that in an optically thick medium, when the condition Seven(Pq)|golzp > 1 is met, the field
is determined by the “transparent mode” (see papers on the transparency of a modulated resonant absorber
for multi-frequency radiation [29, 30]), and the characteristics of the field are insensitive to changes in the
absorber thickness. Moreover, in contrast to the previous paper [26], solution (12) enables one to evaluate not
only the spectral and temporal, but also the energy characteristics of resonant radiation in the medium. At
the same time, solution (12) gives the same values of the relative amplitudes and phases of the combination
spectral components as the simplified analytical solution obtained in [26] without allowance for the scattering
of combination components. Accordingly, the analysis [26] of optimal conditions for the formation of pulses
from the quasi-monochromatic seeding radiation remains topical.

As follows from solution (12), the spectral com-

En/ Binc position of the “transparent mode” is determined by the
0-8 detuning of the seeding radiation from the time-average
0.6 frequency of the resonant transition (the quantity £*), as
04 well as by the modulation index Py (i.e., the amplitude

and frequency of the modulating field). Figure 1 shows the

0.2 dependences of the amplitudes of the combination spec-
0.0 tral components of X-ray radiation at the output of an
optically thick absorber (|go| L(P®) = 45.8, which corre-

—02 sponds to the absorber thickness L(P») = 1 mm) on the
—0.4} modulation index Py at k* = 0 (the seeding radiation is
0 |2 i I6 é P(; in resonance with the modulated transition). It follows

from this figure that the medium is opaque to resonant
radiation in the absence of modulation (Pp — 0). As
the modulation index is increased, the resonant absorber
becomes a source of combination spectral components at

Fig.1. Amplitudes FE, of the spectral compo-
nents of the resonant radiation; the amplitudes
are normalized by the amplitude Ej,. of the seed-
ing radiation at the output of an optically thick
(L) = 1 mm) absorber, depending on the mod-
ulation index Py at k* = 0 (the seeding radiation is
in resonance with the modulated transition). The
dependences are plotted in accordance with ana-
lytical solution (12).

frequencies wéf ) + 290, Tn this case, i) the amplitudes
of these components are real numbers, ii) the amplitude
of the nth component reaches its maximum in absolute
value at Py &~ n, and iii) the amplitudes of the compo-
nents that differ only in the sign of the order n are equal
to each other, i.e., £, = FE_,,.

Then we consider the value of the modulation index Po = 4.2, which is optimal for both the resonant
absorber and the active medium (see the discussion after Egs. (13)). Herein, five components dominate in the
X-ray spectrum in a passive medium: the amplitude of the central component is close to the local minimum,
FEy =~ 0.73FEj,., while the amplitudes of the nearest combination components are equal to each other and
close to the maximum, namely, F1; ~ Fis ~ 0.22F;,., and the components of the higher orders do not
play a notable role: Fy3 ~ 0.04E;,. and Fy, < 0.01FE;,. for n > 4. For the chosen value of the modulation
index, all the spectral components of the field are in phase and form a sequence of spectrally limited pulses
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in the time domain, which are shown in Fig.2. Figure 2
also shows the intensity of X-ray radiation after the at-
tenuation of the central component of the radiation spec-
trum to the level of combination frequencies (by a factor
of 3.4 in amplitude). It follows from this figure that spec-
tral filtering significantly improves the pulse shape and
reduces the pulse duration from 0.0967 to 0.0787", where
T = 27 /Q is the period of the modulating field, but de-
creases their peak intensity from 2.9/, to 1.4[,., where
Line = ¢|Einc|?/(87) is the intensity of the seeding radia-
tion. In practice, the attenuation of the central spectral
component of the field can be achieved using spectrally
selective multilayer X-ray mirrors, see [31, 32].

The X-ray radiation transformed in a modulated
resonant absorber is delivered to the entrance of the ampli-
fying active medium irradiated by the same optical field.
As is shown in [22, 25|, the spectral components of the
field of different orders are amplified independently from
each other in an active medium with a high number den-
sity of free electrons. This conclusion directly follows from
Egs. (8): when the condition a = |gp|/(2AK) <« 1 is ful-
filled, the inverse of what was used in the derivation of

1 / Tnax

i i f

0.8
0.6

0.4+

0.2+

0.0

02 04 06 08 /T

Fig.2. Time dependence of the intensity of the
resonant radiation transformed in a modulated ab-
sorber for Py = 4.2, k* = 0, and L(P®) = 1 mm,
which corresponds to Eq. (12). The intensity is
normalized to its peak value I, for each curve.
The blue solid curve corresponds to the field after
the absorber (Imax = 2.91inc, Iine is the inten-
sity of the seeding radiation) and the red curve,
to the case with additional attenuation of the cen-

tral component of the field spectrum by 3.4 times
(Imax = 1.413nc). The local time 7 is normalized
by the period of the modulating field 7" = 27 /.

solution (12), the sum on the right-hand side of Egs. (7)
is a rapidly oscillating (on the scale of the characteristic
amplification length) alternating function of the x coor-
dinate. As a result, the contribution of the function to
the solution is insignificant. In this case, each spectral component of the resonant radiation is amplified
independently from the other components with a gain proportional to the square of the Bessel function of
the corresponding order: E, exp[gngn(PQ)x], where go > 0. Thus, the dependences of the amplitudes
of the spectral components of X-ray radiation (5), previously transformed in a resonant absorber with the
thickness L) on the length of the propagation path in the active medium, x = x,, 0 < z, < L) take
the form

Ep = Eipc exp (gi?fc(g)) T

']22k:* (PQ) (pas) r (pas)
a) {Seven(PQ) [exp(—geg Lves)) — 1] +1¢,
(act) a) Jor= (Pa) Jo(ni+) (Pa)

En = Liinc €Xp (geﬂ(n)m Seven(PQ) (13)

lexp(—g5I %)~ 1], 020,

Here, gé?(;))(PQ) = J3,(Po)gy"”

active medium and gé?fas)(PQ) = Seven(Pa)| gépas)\ is the decay rate of the multi-frequency field in a resonant
absorber. For the considered modulation index, Py = 4.2, J2(4.2) = 0.1418, J3,(4.2) = 0.0964, and
J2,4(4.2) = 0.0961. Accordingly, the combination components n = £1 and n = £2 in the resonant radiation
spectrum are amplified uniformly, while the central component has the largest gain rate. As a result, during
the amplification process, the inequality of the amplitudes of the central and sideband spectral components
of the radiation increases, which leads to the need for additional attenuation of the central component.
Note that the chosen value of the modulation index provides the most uniform amplification of the spectral
components of X-ray radiation in the range 2.4 < Py < 5.1, which is optimal for the formation of pulses in
a modulated absorber from the resonant seeding radiation [26].

is the gain rate of the nth spectral component of the field in a modulated

The dependence of the amplitudes of the spectral components of the field (13) on the modulation
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index is shown in Fig. 3. In this figure, the optical thickness of the active medium was assumed to be equal
to g(()aCt)L(aCt) ~ 27, which in the case of a 100% population inversion at the transition ny = 1 ¢ nye = 2
(the probability of detecting ions in each state |2) <> |5) is 1/4 in this case) for a medium with the ion
density C5F Nig)arft) = 10" cm™3 corresponds to a medium thickness of 0.5 mm. Note that the effective
optical thickness for each spectral component of the field is an order of magnitude smaller than g((]aCt)L(aCt)
due to the smallness of the Bessel functions squared. In Fig. 3, the amplitude of the central component of the
field spectrum is shown for three cases, namely, without attenuation, with attenuation by 3.4 times, which
is optimal for the formation of pulses in a passive medium, and with attenuation by 12.2 times, which is
optimal for an active medium of the considered thickness.

Figure 4 shows the corresponding time dependences of the X-ray radiation intensity on the scale of
the optical field period. If the central component of the spectrum is not attenuated, then the pulses are
formed against the background of an intense pedestal. Note that the level of the pulse pedestal decreases
when a medium with a lower optical thickness is used, and this option can also be of interest. At the same
time, as in a passive medium, the attenuation of the central component of the field spectrum significantly
improves the shape of the pulses and reduces their duration due to a decrease in the peak intensity.

Note that in accordance with the analytical solution (12), (13) and in consistence with [26], pulses can
also be formed from the seeding radiation separated from the resonance with the absorber by +2 frequencies
of the modulating field (k* = 41). In this case, the optimal modulation index for the combination of
a resonant absorber and an active medium is Pn ~ 6.4. At the output of the resonant absorber, the field
spectrum contains seven components with significantly non-zero amplitudes, one of which (n = —2 for k* =1
and n = +2 for k* = —1) is antiphase to the others. However, the presence of an antiphase component does
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not preclude the formation of pulses after the modulated absorber when the central component of the field
spectrum is attenuated by 5.5 times in amplitude. The shape of the pulses corresponds to Fig.7 from [26],
and the duration turns out to be less by 20-30% than in the case Pn = 4.2 where a modulating field with
the same wavelength is used. However, in the process of amplification in the active medium, the role of the
antiphase spectral component of the field increases due to the unequal gains for the different-order spectral
components. As a result, the formation of pulses is possible only after a significant attenuation (suppression)
of the antiphase component.

In the next section, the obtained conclusions of the analytical theory are compared with the results of
numerical simulation, which takes into account the nonlinearity and both the resonant and plasma dispersion
of each medium, as well as the generation of amplified spontaneous radiation from the quantum noise of the
active medium.

4. THE RESULTS OF NUMERICAL SIMULATION

This section of the paper analyzes the results of numerical simulations based on a self-consistent
system of Maxwell-Bloch equations for resonant radiation and a sequence of five-level hydrogen-like media
(passive and active) with quantum transition frequencies variable in time and space. This system of equations
and methods of its solution are described in detail in [22-24|. The analytical solution is obtained in the
approximation of the monochromatic seeding radiation with a time-constant amplitude, mc(t) = Finc,
while this section considers the seeding radiation with an envelope of the form

Amg— T
ATO
0, <0, 7>AT.

- Eiye sin? <7T

) 0 <7< ATO;
Einc(t) = >

(14)

Here, A1y is the duration of the seeding radiation from zero to zero, while the duration at the half-height of
the intensity is A7y ~ A7p/2.74. In numerical simulations, the quantity A7y plays a significant role due
to the resonant dispersion (the finite time of onset of the resonant response) of each medium, as well as a
decrease in the population inversion in the active medium over time as a result of spontaneous and forced
transitions.

As was mentioned earlier, we assume that the number densities of resonant ions and free electrons
in the passive medium are NI(OTS) = 10" ecm™3 and Népas) = 510" cm ™3, respectively. For the electron
temperature T, ~ 5 €V and ion temperature Ti,, ~ 3¢eV, which are similar to the parameters of the active
medium with the same number density of ions and electrons [21] (this estimate of the plasma temperature

seems reasonable if the active and passive media are created in the same way), the average time between

particle collisions in the plasma absorber will be 1 /’yégﬁs) = 560 fs. Note that varying the temperature
of particles in the absorber several times will not change the basic properties of the solutions discussed

below. In an active medium with the ion number density Nl(oarft) = 10" cm™ and electron number density
(act)

NEY = 15102 cm—3 , this value is much less, 1/'yCOH = 20 fs [22]. Further, we assume that both media are
irradiated by a laser ﬁeld with the intensity It, = 2.3 - 106 W /cm? close to the threshold of rapid ionization
from the resonant excited states of C°T ions. In this case, the characteristic time of ionization from the states
2) and 13)] s 1/wZ?
(off-diagonal elements of the density matrix) in the resonant absorber is 1 /’ytpas) = 450 fs. In the active
medium, the relaxation of quantum coherence is also caused by spontaneous transitions of ions from excited

states to the ground state with rate I';,q, where 1/I'1,q = 1.23 ps. In view of the fact that I'iyq < ’yézlclt)
(2,3) (act)
<7

ion coll )
Accordingly, 1 /'ytr > 1 /'ytaCt , and the onset of resonant polarization in the absorber is much slower

than in the active medium. As a result, if the duration A7y of the seeding radiation is comparable to
pas)

= 2.3 ps. With allowance for the ionization, the relaxation time of quantum coherence

and w; 1n an active medium with considered parameters we have 1 /’yt(rC ~ 1/, (act) — 90 fs.

Veoll

or less than 1 /’yt , then the expansion of the resonant radiation spectrum, as well as the absorption of
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Fig.5. Panel a: time dependence of the X-ray intensity at the output of an absorber with the thickness
L®) — 1 mm (blue curve), as well as at the input to the medium (black curve). The intensity is normalized
to the peak intensity i, = 1012 W /cm? of the seeding radiation. Panel b: the shape of pulses at the maximum
of the envelope of the pulse sequence of panel a (blue curve) and the result of analytical solution (12) (red
dotted line). The intensity is normalized to the peak pulse intensity Ijax = 3.21;,c for the numerical solution
and I = 2.91 for the analytical solution. The position of the maximum of the envelope of the output
radiation is Tiax ~ 110 fs and the pulse duration is Tpu5c = 150 as.

its central component, occur with a certain delay relative to the leading edge of the signal. This effect
decreases with increasing optical thickness of the medium, gégas)L(pas), but as its physical thickness L(pas)
is increased, the plasma dispersion effect also increases and the conditions for the applicability of analytical
solutions (12) and (13) are violated. Thus, the efficiency of expansion of the seeding radiation spectrum in
a passive medium increases with increasing radiation duration Ary. At the same time, in an active medium
with considered initial conditions (at 7 = 0 all ions are excited), the population difference monotonically
decreases with increasing local time as a result of spontaneous and forced transitions. If spontaneous radiation
(which occurs in all directions, not only along the axis of the plasma channel, but also into an angle of 4w
steradians) dominates, then the population difference reverses sign at 7 = 7,610 & 270 fs [24]. With allowance
for stimulated radiation, the depletion of excited states is accelerated. Accordingly, in order to provide signal
amplification, the duration of the seeding radiation should be less than the lifetime of the population inversion
in the active medium, A7y < T,er0, and the amplification will be greater, the better this inequality is fulfilled.

In what follows, the results of numerical simulations for Arg = 200 fs (A1, = 73 fs) are presented
and the results of simulations for Arg = 100 fs (A7y/y = 36.5 fs) are also discussed. Note that the in-
dicated durations of the X-ray seeding radiation correspond to the characteristic values achieved in the
high-order harmonic generation experiments. The wavelength of the seeding radiation tuned to a resonance
with modulated transition is Aj,c = 3.37 nm. The peak intensity of the seeding radiation is chosen to be
equal to Ijy. = 10'2 W/cm?. The wavelength of the modulating field in free space is assumed to be equal to
AL = 2mc/Q) = 472 nm. For this wavelength and the chosen laser radiation intensity, Iy, = 2.3 - 10'® W/cm?,
the modulation index is Py = 4.2. At the same time, the results presented below can be qualitatively re-
produced if a modulating field with a longer (up to a few microns) wavelength is used and its amplitude
is decreased proportionately. In this case, the modulation index will be fixed, and the pulse duration and
repetition period will increase in proportion to the wavelength of the modulating field.

Figure 5 shows the time dependence of the X-ray radiation intensity at the output of an absorber with
the thichness L®®) = 1 mm (the effective optical thickness of the absorber is gégas)L(pas) = 24.24), as well as
the intensity of the seeding radiation. It can be seen in this figure that a sequence of pulses with a duration
and peak intensity equal to 150 as and 3.2[,¢, respectively, at the maximum of the envelope is formed as a
result of propagation in the medium. The formation of pulses is achieved due to the redistribution of the
seeding radiation energy over combination frequencies and their constructive interference in the time domain.
At the same time, the time-average intensity of the resonant radiation decreases with increasing thickness

282



of the absorber. Due to the finite response time of the absorber, a pedestal is formed at the leading edge of
the formed pulse sequence due to the dominance of the central component in the signal spectrum, and the
position of the envelope maximum is shifted to longer times relative to the seeding radiation maximum. In
this case, the peak intensity of the pulses is higher, and the shape is better than in the analytical solution,
which is due to a slightly different spectrum of the transformed radiation.

The dependences of the amplitudes of the spec- En/Enc[ — &
tral components of the resonant radiation on the absorber o
thickness are shown in Fig.6. This figure also shows the 0.8 - - By
results of the analytical solution (12). At a small thick- —E,
ness, the numerical solution qualitatively reproduces the 0.6 . . ppanalitic
results of the analytical theory: first, there is a rapid o
increase in the amplitudes of the combination spectral 0.4 — B -
components and attenuation of the central component of - - B
the spectrum, and then the amplitudes of the spectral 0.2 — B,
components reach a plateau and change only slightly as . Eigahtic
the absorber thickness is varied in the range 0.3mm < 0
1 2 3 4 xp, mm

zp < 0.7 mm. With the further increase in the absorber
thickness, the resonant radiation spectrum changes sig- Fig. 6. Dependences of the amplitudes of the spec-
nificantly due to plasma dispersion and reproduces some tral components of the resonant radiation on the
features of the analytical solution obtained for a highly thickness of the absorber. The central component
dispersive medium [24]. Namely, the amplitudes of the of the spectrum is shown in black. The red, blue,
combination components oscillate with the variation in and green colors correspond to the combination
the thickness of the medium, while the scale of variation components n = +1, n = %2, and n = +3. The

in the amplitudes of the components n = 1 and n = —1  solid lines show the results of the numerical solution
is twofold larger than that of the components n = 2 and and the dashed lines correspond to the analytical
n = —2. At the same time, coherent scattering of the solution (12).

sideband components into the central component of the

spectrum leads to the fact that the amplitude of the central component significantly deviates from the ana-
lytical solution, vanishes when the medium is about 2 mm thick and then varies periodically with increasing
thickness. As a result, the amplitudes of the spectral components of the resonant radiation are comparable to
each other in a wide range of absorber thicknesses, and in some cases they are even closer to each other than
in the analytical solution. Accordingly, the output radiation maintains the form of the sequence of pulses
when the thickness of the medium is varied from 0.5 to 4.5 mm (see Fig. 7). Note that the results shown in
Figs. 57 are generally reproduced when the duration of the seeding radiation is reduced from Ary = 200 fs
to A1p = 100 fs. At the same time, the role of the delay of the resonant response (resonant dispersion) of the
absorber increases: the pedestal of pulses at the leading edge of the signal increases, the peak intensity of the
pulses decreases slightly, and the trailing edge of the signal significantly elongates with increasing thickness
of the medium.

Next, we consider the amplification of the pulse sequence depicted in Fig.5 in an active medium
modulated by the same optical field. Figure 8 shows the time dependence of the intensity of the amplified
radiation at the exit from of the medium with a thickness of 0.4 mm. The blue curve shows the radiation
intensity directly after the combination of a resonant absorber and an active medium, while the red curve
shows the radiation intensity after the additional attenuation of the central component of the radiation
spectrum by three times (to the level of the combination components at the exit from the active medium).
The green curve shows the intensity of the amplified spontaneous radiation of an active medium with y-
polarization. Figure 8a shows the time dependences on a sub-picosecond scale, whereas Fig.8b shows the
shape of individual attosecond pulses at the maximum of the intensity envelope. As a comparison, the
results of the analytical solution for a combination of passive and active media with the same parameters
are also presented there. It can be seen in this figure that after the amplification, the peak intensity of a
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Fig. 7. Pulse shape at the maximum of the envelope of the transformed radiation as a function of the absorber
thickness. The colored curves correspond to the results of the numerical solution, the black line shows the
analytical solution (12). The intensity is normalized to the peak intensity [i,. of the seeding radiation. The
position of the maximum of the envelope of the output radiation depends on the thickness of the medium and
varies in the range 100 fs < Tpax < 155 fs.

pulse is approximately 27 times higher than the intensity I;,. of the seeding radiation and is 2.7-10'3 W /cm?
(1.1 - 103 W /cm? in the case of attenuation of the central components of the spectrum), which is an order
of magnitude greater than the intensity that can be achieved when the pulses are generated directly in the
active medium of an X-ray laser (with the same value of Iiyc) [24]. The pulse duration is 200 as (150 as
when the central component of the spectrum is attenuated). Comparison of the pulse shape with the
analytical solution shows that the latter greatly overestimates the amplification of the active medium (the
peak intensity of the signal in the analytical solution reaches 5.1 - 10'* W /cm?), which leads to a greater
inhomogeneity of the spectrum of the amplified radiation and a higher pedestal of the pulses generated.
In reality, the amplification appears to be much weaker, primarily because of the rapid decrease in the
population difference at the inverted ion transition due to spontaneous and forced transitions.

The spectral composition of the amplified radiation as a function of the thickness of the active medium,
is plotted in Fig. 9. At the initial stage of amplification, the amplitudes of the combination components with
n = +1 and n = %2 increase almost linearly as they propagate in the medium and increase twofold at
T, = 0.4 mm. At the same time, the growth of the central component of the field spectrum occurs faster
(the central component increases in amplitude by 5.3 times when the thickness of the medium x, = 0.4 mm)
and appears nonlinear. However, with the further increase in the thickness of the medium, the amplitudes
of the combination components start to decrease, and the growth of the amplitude of the central component
slows down. This effect is due to two reasons. First, at the entrance to the active medium, the radiation
is spectrally inhomogeneous as a result of the delay in the resonant response of the absorber to the seeding
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Fig. 8. Panel a: time dependence of the intensity (normalized to the peak intensity Ii,. of the seeding radiation)
of X-ray radiation after a sequentially arranged resonant absorber with the thickness L(P?) = 1 mm and an
active medium with the thickness L&) = 0.4 mm. The blue curve corresponds to the radiation intensity
directly after the active medium, the red curve, to the radiation intensity after the central component of the
spectrum has been attenuated threefold (to the level of the combination components), and the green curve,
to the amplified spontaneous radiation of the active medium. Panel b: pulse shape at the maximum of the
intensity envelope, 7 &~ Tyax, without (blue curve) and with (red curve) attenuation of the central component
of the field spectrum. The results of the analytical solution for the same conditions are shown by black (without
the attenuation) and orange (with the central component of the field spectrum attenuated to the level of the
components with n = +1, i.e., by 12.2 times) dashed dotted lines. The intensity is normalized to the peak
intensity I, of the pulses. In the numerical solution without spectral filtering, Inax = 27.3Line, Tmax ~ 98 fs,
and the pulse duration 7,,15c = 200 as. With attenuated central component of the spectrum, I . = 11.21,,
Tmax =~ 106 fs, and the pulse duration 7py5e = 150 as.

radiation (14). As a result, the central component of the spectrum prevails at the leading edge of the incident
(on the active medium) signal, while the combination components appear with a certain delay. Second, with
the increase in the thickness of the active medium, the intensity of the amplified signal also increases, and
the duration of the time interval, during which the amplification occurs, decreases due to the depletion of
the excited states in the amplification process, after which the medium becomes absorbing (see Fig. 10). In
total, these reasons lead to the fact that for a medium with the thickness x, > 0.5 mm the absorption of
the combination spectral components at the trailing edge of the amplified pulse sequence is more significant
than their amplification at the leading edge of the signal. At the same time, the central component of the
spectrum (integrally over the entire calculation time) continues to amplify, although not as effectively as
in a medium with a smaller thickness. Note that the peak intensity of the pulses increases slightly with
decreasing duration of the seeding radiation. Thus, at the transition from A7y = 200 fs to Arg = 100 fs
the peak intensity of attosecond pulses increases to 3.5 - 10'3 W /cm? for the same thickness of the medium.
We also note that the small-scale structure on the spatial dependences of the amplitudes of the spectral
components of the resonant radiation is due to their mutual scattering [25], which in this case is suppressed
due to the high number density of free electrons.

The evolution of the pulse shape with increasing thickness of the active medium is shown in Fig. 11.
As the thickness of the medium is increased, the level of the pedestal of the pulses also increases, and their
duration rises slightly, while the pulse shape is preserved. Thus, the spectral-temporal characteristics of the
pulses have a low sensitivity to changes in the optical thickness of the active medium in a wide range (from
0.1 mm to 1 mm).

To conclude this section, it should be noted that similar results can be obtained with lower intensities
of the X-ray seeding radiation. Herein, the difference in the passive medium will be minimal, and the pulse
amplification will be even more effective in the active medium due to the lower rate of depletion of excited
states (the role of amplified spontaneous radiation will increase, see [22, 24]).
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Fig. 11. Panel a: pulse shape at the maximum of the envelope of the transformed radiation as a function of the
thickness x, of the active medium. The intensity is normalized to the peak intensity I,y of the pulses. The
maximum of the envelope of the pulse sequence is reached at the instant 73 fs < 7. < 110 fs, which differs
for different thicknesses of the medium. Panel b: the peak pulse intensity I, as a function of the thickness
of the active medium.

5. CONCLUSIONS

We have proposed a new approach to the implementation of the method of formation and amplification
of attosecond pulses in the active medium of a plasma-based X-ray laser irradiated by an intense laser field
of the optical or infrared range [21, 22|. Namely, it is proposed to use the combination of a resonantly
absorbing medium and a similar active medium of a plasma-based X-ray laser modulated by the same optical
field to transform the quasi-monochromatic X-ray seeding radiation into a sequence of attosecond pulses. It
is shown that the formation of pulses in this case occurs in a resonant absorber, and the role of the active
medium consists in a subsequent amplification of the pulses. The parameters of both media can be optimized
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accordingly to solve each of these problems. In this case, an order of magnitude higher radiation intensity
is achieved with a better shape and comparable duration of attosecond pulses compared to their formation
directly in the modulated active medium of a plasma-based X-ray laser [24]. In addition, it is shown that the
pulse formation mode is insensitive to changes in the optical thickness of each medium over a wide range.
The plasma of hydrogen-like C°T ions with population inversion at the transition Npr = 1 ¢ npr = 2 (npy s
the main quantum number) is considered as resonantly absorbing and active media [27]. The wavelength
of the resonant radiation (and the generated attosecond pulses) in this case is about 3.4 nm and lies in the
“water window” range.

An analytical solution describing the transformation of the quasi-monochromatic seeding radiation in
a resonant absorber and an active medium located one after the other has been obtained. The analytical
solution shows that a multi-frequency “transparent mode” of resonant radiation is formed in a modulated
absorber and propagates in the medium without absorption. The spectral-temporal characteristics of the
“transparent mode” are determined by the modulating field, as well as by detuning of the seeding radiation
from the resonance; under optimal conditions, they correspond to the formation of a sequence of spectrally
limited attosecond pulses. In turn, in a modulated active medium, attosecond pulses are amplified with an
approximate conservation of their duration and shape [22].

Based on analytical and numerical solutions, the possibility of forming a sequence of pulses with
a duration of 150-200 as and a repetition period of 760 as at a central wavelength of 3.37 nm in the
combination of passive and active plasma of C°t ions irradiated by a laser field with a wavelength of 472 nm
and an intensity of 2.3 - 10'6 W/cm? is shown. When using resonant seeding radiation with an intensity
of 10'2 W/cm?, the intensity of the generated pulses reaches 2.7 - 1013 W/em? (1.1 - 103 W/cm? when the
central component of the radiation spectrum is attenuated to the level of side frequencies), which is an order
of magnitude greater than when the pulses are formed directly in the active medium of a C>* plasma-based
X-ray laser under similar conditions [24].

The obtained pulses can be used for studying the dynamics of femto- and attosecond processes in
various media, including the organic ones.

The analytical calculations presented in this paper were supported by the Russian Science Foundation
(project No. 19-72-00140). O. A.Kocharovskaya is grateful to the National Science Foundation for support
(project No. PHY-201-2194). V. A. Antonov thanks the Theoretical Physics and Mathematics Advancement
Foundation “Basis” for personal support.
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