2021 IEEE International Symposium on Information Theory (ISIT) | 978-1-5386-8209-8/21/$31.00 ©2021 IEEE | DOI: 10.1109/1SIT45174.2021.9518206

CSS Codes that are Oblivious to Coherent Noise

Jingzhen Hu*, Qingzhong Liang*!, Narayanan Rengaswamy!, and Robert Calderbank?
TDepartment of Mathematics, Duke University, Durham, NC 27708 USA
iDepartment of Electrical and Computer Engineering, University of Arizona, Tucson, AZ 85719 USA
E-mail: {jingzhen.hu, qingzhong.liang, robert.calderbank} @duke.edu, narayananr@arizona.edu

Abstract—Physical platforms such as trapped ions suffer from
coherent noise that does not follow a simple stochastic model.
We view coherent errors as rotations about a particular axis, and
observe that since they can accumulate coherently over time, they
can be more damaging. It is natural to consider coherent noise
acting transversally giving rise to an effective error, which is a
Z-rotation on each qubit by some angle 6.

Rather than addressing coherent noise through active error
correction, we instead investigate passive mitigation through
decoherence free subspaces. In the language of stabilizer codes,
we require the noise to preserve the code space, and to act trivially
(as the logical identity operator) on the protected information.
Thus, we develop necessary and sufficient conditions for all
transversal Z-rotations to preserve the code space of a stabilizer
code.

These conditions require the existence of a large number of
weight 2 Z-stabilizers, and together, these weight 2 Z-stabilizers
generate a direct product of single-parity-check codes. By adjust-
ing the size of these components, we are able to construct a large
family of CSS codes, oblivious to coherent noise, that includes the
[[4L?,1,2L]] Shor codes. Given m even and given any [[n, k, d]]
CSS code, we can construct an [[mn, k,d’ > d]] CSS code that is
oblivious to coherent noise. This result is generalized to stabilizer
codes in [Hu, Liang, Rengaswamy, and Calderbank 2020].

The MacWilliams Identities play a central role in the technical
analysis, and classical coding theorists may be interested in
connections to classical codes with all weights divisible by some
integer d.

Index Terms — coherent noise, DFS, transversal Z-rotations,
Clifford hierarchy, MacWilliams identities

I. INTRODUCTION

In quantum systems, noise can broadly be classified into two
types — stochastic and coherent errors. Stochastic errors occur
randomly and do not accumulate over time along a particular
direction. Coherent errors may be viewed as rotations about
a particular axis, and can be more damaging, since they can
accumulate coherently over time [1]. As quantum computers
move out of the lab and become generally programmable,
the research community is paying more attention to coherent
errors, and especially to the decay in coherence of the effective
induced logical channel [2], [3]. It is natural to consider
coherent noise acting transversally, where the effect of the
noise is to implement a separate unitary on each qubit. Con-
sider, for example, an n-qubit physical system with a uniform
background magnetic field acting on the system according to
the Hamiltonian H = 0(21) + J(ZQ) + ...+ U(Z"), where O'g)
denotes the Pauli Z operator on the i qubit. Then the effective
error is a (unitary) Z-rotation on each qubit by some (small)
angle 6.

While it is possible to address coherent noise through
active error correction, it can be more economical to pas-
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sively mitigate such noise through decoherence free subspaces
(DFSs) [4]. In such schemes, one designs a computational
subspace of the full n-qubit Hilbert space which is unperturbed
by the noise. In the language of stabilizer codes, we require
the noise to preserve the code space, and to act trivially (as
the logical identity operator) on the protected information. In-
spired by the aforementioned Hamiltonian, which is physically
motivated by technologies such as trapped-ion systems, we
develop necessary and sufficient conditions for all transversal
Z-rotations to preserve the code space of a stabilizer code,
ie., exp(i0H)pexp(i0H)! = p for all code states p in the
stabilizer code. When all angles preserve the code space, the
logical action must be trivial for any error-detecting stabi-
lizer code [5]. The conditions we derive build upon previous
work specifying conditions for a given transversal Z-rotation
in the Clifford hierarchy [6], [7], [8] to preserve the code
space of a stabilizer code [9]. The key challenge is handling
the trigonometric constraints, and we exploit the celebrated
MacWilliams identities [10] in classical coding theory for this
purpose. The conditions we derive lead to the construction of
a family of CSS codes with constant rate or growing distance.
A product structure with DFS components provides resilience
to coherent noise. Note that while our Z-DFS family is CSS,
all our conditions apply to general stabilizer codes.

Ouyang [11] provided a method of addressing coherent
phase errors by pairing two qubits to convert their collective
interactions to a global phase, in which a [[2n,k,d]] non-
stabilizer constant-excitation code is formed by concatenation
of an [[n, k, d]] stabilizer outer code with dual-rail inner code.
This approach has the disadvantage of producing a non-
stabilizer code which makes syndrome extraction and decoding
difficult. We avoid these decoding issues by deriving necessary
and sufficient conditions for a stabilizer code to be oblivious to
coherent phase errors. Based on the conditions and given any
[[n, k, d]] CSS code, we are able to construct a new [[2n, k, d']]
CSS code, oblivious to coherent noise, with d’ > d.

II. PRELIMINARIES AND NOTATIONS
A. The Pauli Group

There are four single qubit Pauli operators

1 0 0 1 1 0
12:—|:O 1},0)(:—{1 O},UZ:—{O _1],

and oy := wxoyz, where 1 = /—1. O'g( = O’%/ =
2
oz =I),oxoy = —0yox,0x07 = —0z0x, and oyoy =

—0z0y.
Let A ® B denote the Kronecker product (tensor product)
of two matrices A and B. For any binary vectors a =
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01,09, ,ap] and b = [B1,02,---,0,] in F§, where
Fy = {0, 1} is the finite field of size 2, we define the operators

D(a,b) =0} ogl ® o 022 QR ® O'?("O'g",

E(a,b) =" med4p(a b).

Note that D(a,b) can have order 1,2 or 4, but F(a,b)? =
T T T
122P" D(a,b)? = 429 (422b° [) = Iy (N = 2"). The n-
qubit Pauli group is defined as

HWy = {«"D(a,b)|la,b € F}, k = 0,1, 2,3}.

The basis states of a single qubit in C? are represented by
Dirac notation, |-). For any v = [v1,va,--- ,v,] € FY, we
define |v) = |v1) ® |v2) ® -+ ® |v,), which is the standard
basis vector in CV with 1 in the position indexed by v
and O elsewhere. An arbitrary n-qubit quantum state can be
written as ) = 3 gy av|V) € CV, where a, € C and
>very ay|? = 1. The Pauli matrices act on a single qubit as

ox|0) = |1),0x|1) = 10),02|0) = |0), and oz|1) = —|1).

Define ([a,b],[c,d])s = ad” + be? (mod 2) and using
the relation oxoyz = —ozox we have (see [12])

E(a,b)E(c,d) = (—1){&PledDs p(c d)E(a, b).

B. The Clifford Hierarchy

The Clifford hierarchy of unitary operators was defined in
[6]. The first level of the hierarchy is defined to be the Pauli
group CY) = HWy. For | > 2, the levels [ are defined
recursively as

CW .= {U e Uy :UE(a,b)U" € ¢~V V¥ E(a,b) € HWn},

where Uy is the group of IV x IV unitary matrices. The second
level is the Clifford Group, C(?), which can be generated using
the unitaries Hadamard, Phase, and Controlled-NOT (CX)
defined respectively as

1 1 1
ne[1 1 ]!

It is well-known that Clifford unitaries along with any
unitary from a higher level can be used to approximate any
unitary operator arbitrarily well [13]. Hence, they form a
universal set for quantum computation. A widely used choice
for the non-Clifford unitary is the T' gate defined as

T:[1 (l)ﬂ] \/F:cr {68 0
0 e+

0 T
C. Stabilizer Codes

We define a stabilizer group S to be a commutative subgroup
of the Pauli group HW with Hermitian elements that does
not include —I. We say S has dimension r if it can be
generated by r independent elements as S = (u; E(ci,d;) :
i=1,2,...,7), where u; € {£1} and c;,d; € F3. Since S
is commutative, we must have ([c;, ds], [c;,d;])s = cid;” +
dic;” =0 (mod 2).

Given a stabilizer group S, the corresponding stabilizer code
is defined as V(8S) := {|¢) € CV : g|¢) = |¢) for all g € S},

which is the subspace spanned by all eigenvectors in the

O],CNOT::{IQ 0 }
1 0 ox

N 1=

:| = 67%02

common eigenbasis of S that have eigenvalue +1. The sub-
space V(S) is called an [[n, k,d]] stabilizer code because it
encodes k := n — r logical qubits into n physical qubits. The
minimum distance d is defined to be the minimum weight of
any operator in Ny, (S) \ S. Here, the weight of a Pauli
operator is the number of qubits on which it acts non-trivially
(i.€., as ox, 0y or oz) and Ny, (S) denotes the normalizer
of S in HWn as Nyw, (S) = {"E(a,b) € HWy :
E(a,b) E(c,d) E (a,b) E(c,d) for all E(c,d) €
S,k €{0,1,2,3}}.

For any Hermitian Pauli matrix E (c,d) and v € {£1},
%E(c’d) is the projector on to the v-eigenspace of E (c, d).
Thus, the projector on to the codespace V(S) of the stabilizer

code defined by S = (i, E (ci,d;) :i=1,2,...,7) is
r 27
(IN + v FE (Ci,di)) 1
m =] 5 =5 > 6B (ayby),
i=1 j=1

where €; € {£1} is a character of the group S, and is deter-
mined by the signs of the generators that produce E(aj, b;):
¢;E (aj,b;) = HtEJC{l,Z‘..,T} v E (ct, dy) for a unique J.

D. CSS Codes

A CSS (Calderbank-Shor-Steane) code is a special type of
stabilizer code defined by a stabilizer S whose generators can
be split into strictly X-type and Z-type operators. Consider
two classical binary codes Ci;,Cy such that Co C Cy, and let
Cit, C2L denote the dual spaces of C; and Cs respectively. Note
that Ci- C Cs . The corresponding CSS code has the stabilizer

group
S = (v.E (c,0),v4E (0,d),c € Co,d € Cf)

for some suitable v,,vg € {£1}. If C; is an [n, k1] code and
Cy is an [n, k] code such that C; and C3- can correct up to t
errors, then S defines an [[n, k1 — k2, d]] CSS code with d >
2t + 1, which we will represent as CSS(X,Ca; Z,CiH). If Gy
and G7 are the generator matrices for Cy and Ci- respectively,
then a binary generator matrix for S can be written as the
(n — k1 + ko) x (2n) matrix
G

Gs = [ - } |

E. The MacWilliams Identities

We denote the Hamming weight of a binary vector v by
wgt(v). The weight enumerator of a binary linear code C C
F5* is the polynomial

Pe (I, y) — Z xmfwgt(v)ngt(v)'
vel

The MacWilliams Identities [10] relate the weight enumerator
of a code C to that of the dual code C+

1
Pe(x,y) = @PCL(JJ +y,r—y).
We frequently make the substitution x = cosé—’lT and y =

28in 22—7[ for some integer [, and we define

2 2
P[C] = Fe (cos 2—7;,zsin 27)
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( 27_(_> m—wgt(v) ( . 27T> wgt(v)
= COS — 181N — .
2! 2!

IIT. MAIN CONTRIBUTIONS

Recall that we want to find conditions that render stabilizer
codes oblivious to coherent errors. Note that if an error-
detecting code can implement the transversal exp(:foz) for
a sequence of 6 approaching 0, then it must implement
the logical identity [5], since we treat infinitesimally small
transversal rotations as a sum of single-qubit errors. For
each [ > 3, Rengaswamy et al. [9] provided necessary and
sufficient conditions for a stabilizer code to be invariant under
a transversal % Z-rotation, and the conditions are expressed
as two trigonometric constraints on the binary code formed by
Z-stabilizers supported on the non-zero X -component (a;) of
any stabilizer (denoted as Z;) and its cosets. In order to be
oblivious to coherent noise, we need to design stabilizer codes
satisfying these two trigonometric conditions for all I > 3.

Theorem 1. [9, Theorem 17] Let S = (v;E(ci,d;);i =
1,...,7) define an [[n,n — || stabilizer code, where v; €
{x1}. For any €¢;E(a;,b;) € S with non-zero a;, we define

Z, = {zeFy*™ . ¢E(0,2) € Sand z < a;}, (1)

where z € 5 with i|supp(aj y = z and constantly zeros outside
the support of a;. Then the transversal application of the
exp (’2—7{02) gate (1 > 3) realizes a logical operation on V(S)
if and only if the following are true for all such a; # 0:

9 wgt(v) 2 wgt(a;)
Z €y (z tan 27) = (sec 27) , 2)

VEZ]‘
o wgt(vw)
Z €y (ztan 21) =0 forall we O, 3)
VGZ]‘

where ¢, = €5 € {£1} is the sign of E(0,V) in the stabilizer
group S and O; = F;Vgt(aj) \ Zj.

If the signs of the Z-stabilizers in Z; are all one, the
first trigonometric condition states that the weight enumerator
polynomial evaluated at z = cos 27 and y = vsin 7 is equal
to 1. We now use the MacWilliams Identities [10] to translate
the trigonometric constraints into divisibility conditions on
Hamming weights of vectors in Z Jl We denote the length
m vector whose entries are all O (resp. 1) by 0,,, (resp. 1,,).

Lemma 1. Let C be a binary linear code with block length
M, where all weights are even. Let | > 3. Then,

9 wgt(v) 9 m
Z <z tan 27;) = (sec 27;) 4@

vel
if and only if (m—2wgt(w)) is divisible by 2 for all w € C*.
Proof. We rewrite (4) as

o m—wgt(v) o wgt(v)
P[C] = Z (cos 21) (2511121) =1. (5

After applying the MacWilliams Identities, (5) becomes

1
WPCL (xnewaynew) =1, (6)

where Tpew = COS 22—7[ +28in 22—7[ and Ypew = COS 22—7,7 —1sin 22—7[
We may rewrite (6) as
1 —W,
] 2 ) =1, ™
wel+
which can be further simplifed as
1 —a W,
o L e =1, ®)

weCt
since (cos @ + 1sinf) (cosf —1sinf) = 1 for all §. Note that

1,, € Ct, so the complement of a codeword is again a

codeword in C, and we may rewrite (8) as
1 m—aiw, w —(Mm—2w, w
@ Z 'rnew2 gt(w) + Z xne(w 2wgt(w)) =2.
weCt weCt
9

Since (cos @ + 2sin )™ = ™, for all 6, (9) reduces to

1 Z cos (2(m2wgt(w))ﬂ') 4 (10)

1 l
|C | weCt 2

We observe that (10) is satisfied if and only if each term
contributes 1 to the sum, and this is equivalent to 2! dividing
m — 2wgt(w) for all codewords w in C*+. [ |

If half the signs are positive and half negative, then the
trigonometric condition is a linear combination of weight
enumerators, and the same method of analysis applies.

Lemma 2. [f W is the [m, m—1] code consisting of all vectors
with even weight, and if e, = (—1)V¥ " is a character on W,

then
9 wgt(v) 9 m
Z €y (ztan27lr> = cos "y - (sec 27) , 11

vew

where v = 7%(]\/[7;‘”“(")).

Proof. If € is the trivial character, then y = 0,,,, we have

vtan 27 wet(v)
ZVGW ( — 27’n) =P [W] . (12)
(sec %)
We apply the MacWilliams Identities to obtain
1 2 2 2 2
PW]= WPwL <cos 2—7; + 1 sin 2—7;, Ccos 2—7; —18in 27;)
1 W2m _,2m
_prL(e 2l,€ 21)
=3 [(#) (F)  (¢¥) ()]
2
= cos (13)

which means

9 wgt(v) o M 9 m
Z <ztan 27;) = oS 7;75 (sec 27) . (14)

vew
If € is a non-trivial character, then there exists y € F5* with
y #0,, or 1, such that

B={veWle=1}=(1,,y)", (15)
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and
B*=(1,,y) = {0, 1,,.,y. 1, &y} (16)
Note that |B| = @ and |B+| = 2|W|. We rewrite
o wgt(v)
d e (ztan > ) A7)
veWw
o wegt(v) o wgt(v)
= <ztan 21) - Z (ztan 21) (18)
veB vEW\B
wgt(v) o wgt(Vv)
:22 (ztan l) — Z (ztan z) , (19)
veB vew
so that
D ovew €v (z tan Q%)Wgt(v)
vew & U g —2P[B]-PW].  Q0)
(sec 27)
We apply the MacWilliams Identities to obtain
! o
P[B] @PBL (e 2l e "2 ) 21
1 2 2 — 2wgt
=5 {cos g;n + cos m(m 2lwg (y))} (22)
We combine with (14) to obtain
2 — 2wgt
2P [B] — P W] = cos 2" QZWg W) o3
as required. |

Lemma 3. [5 Lemma 6] Let € be a non-trivial character
of FP, B={v e Wle, =1} = (1,,,y)", and B' = {x €
F'lex = 1} If W is the [m,m — 1] code consisting of all
vectors with even weight, then

2 wgt(v) 2 m
Z (@ tan 27) =1siny - (sec ;;) , (24

veFm\w
where v = 72”(7”_;[‘”%“”).

Suppose that every qubit is in the support of some stabilizer
€;F(aj,b;). When the trigonometric conditions are satisfied
for all [ > 3, we show that the weight 2 Z-stabilizers cover all
the qubits. We define a graph I' with n vertices representing
n qubits, where two vertices are joined by an edge if there
exists a weight 2 Z-stabilizer involving those two qubits.

Let I';,T'g,...,I"; be the connected components of I', and
let N = || be even for k = 1,2,...,t. We observe that
each I'y; is a complete graph. Hence, the weight 2 Z-stabilizers
in each Iy, span the [Ng, Ny — 1, 2] binary single-parity-check
code W;,, which contains all vectors of even weight. Note that
the signs are multiplicative, and if half of them are positive
and half negative, then ¢,, the sign of Z-stabilizer E(Q Npos v),
takes the form ¢, = (fl)V“T for some u € Fj. We write
u= 22:1 ux where ux € FY is supported on the qubits in
'y, and we use uy € Zév * to denote the projection of uy to
T'x. We calculate the trigonometric conditions on each I'j for
k=1,---,t separately, and then glue them together.

Let u; = =£1 for ¢ = 1,...,r and let § =
(viE(ci,d;);i = 1,...,r) define an [[n,n —r]| stabilizer

code. Let ¢;E(a;j,bj) € S be a stabilizer with a; # 0,,.
We define (A7) == 1 if I'y, C supp(a;) and (A7), == 0
if Ty, Nsupp(ay) = 0.
Theorem 2. Transversal J; Z-rotation preserves the stabilizer
code for all | > 3 if and only if
1)
U I'y = supp(a;)
ki(Ad)p=1

(25)

2) Ny is even and wgt(uy) = % for all k such that
(AT, = 1.

Proof of Necessity. We divide the weight 2 stabilizers in ['y
into two classes of sizes P and @) where P, = [{v €
I wgt(v) =2 and ¢, = 1}| and Qk = |{v € Tx| wgt(v) =
2 and e, = —1}|. Setting wgt(ux) = s, we have

)

er= () () - (6)+ (%
2(”2"“> + D @7)

Thus, Qr — P, < k, and equality holds if and only if
wgt(uk) = 2. Theorem 1 implies all wgt(a;) are even and

Z ey (1tan 0)EY) =

VEZ;

wgt(a )

= (sec§)"5"®) = (14 (tan 6)?)

(28)
for all 0 = 5 with [ > 3. Let Z;(2t) = {z € Z;| wgt(z) =
2t}. We have

wgt(aj)
2 wgt(aj)

> e(-1) (tan0)* = (1+ (tanf)?)” *
vEZ;(2t)

t=0

(29)

for all & = Z; with [ > 3. Since this polynomial has infinitely

many roots, it is identically zero and we may equate the
coefficients of (tan6)” to obtain

t .
Wg,f“” = > & (-)= > (@-P) G0
veEZ;(2) k:(Ad)=1
It follows from (27) that
wgt(a;) Ny wgt(a;)
— — <
2 - Z 2 - 2 S
k}:(A])k=1

Therefore equality holds in (31) and Q — P = % for all k&
such that (A7), = 1, which complete the proof.

Proof of Sufficiency. Let Wk be the [N;ﬁ]\/';c — 1] single-
parity-check code and let W} = IE"N" \ WP, Let W; =
@i (i), =1 Wi Then, we observe for r € Fye@) )z,

T (zmn?)wgw): ST fso)

vEZ;or se(z/wyer  k
(AJ)k:l
(32)

where

” wgt(m)
RURID DRCE N (E- Y

new,
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and a§ = 0 or 1 according as wgt(d|r, ) is even or odd.

Let 4 = 2rNe2wetlue)) we apply (14) and (24) to
simplify (33) as

fixk(0) = {

27r)N7'»'

cos~y - (sec 27 if ok =0,

. Ne .
isiny - (sec ZF)7" if of =1,

Ni .
_ ] (sec ) ifag =0, (34)
0 if af = 1.
To verify (2) in Theorem 1, we see that if r = 0,,4(,,), the

only term that contributes to the outer sum of (32) is the trivial

d,so forall [ >3
o\ Ve
[T (sc3r)

o wgt(v)
Z € (ztan ?> =
(89),=1

2 Wgt(aj)
= <sec 2—7) . (35)

To verify the second condition, let w € O, = Fy® ™)\ z,
and we change variables to 3 = v@w and w on the right hand
side (note that we have extended the ¢, to all binary vectors)

wgt(vhw)
Z €y <ztan22—7lr> ’ = €w Z

ve Zj ﬁEwGBZj

2tan ?

Se(Z;0w)/W; K
(a%),=1
—t 0’
for all [ > 3 since the last step follows from w # O
and there is at least one zero factor in the product.

wgt(a;)

Once the code space is preserved by transversal Z rotations
from all levels [ of the Clifford hierarchy, it is easy to see that
the transversal Z rotation of any angle preserves the code space
as well [5]. Furthermore, for error-detecting stabilizer codes,
it can also be seen that this implies that every such transversal
Z rotation acts trivially on the code space. Thus, any code that
satisfies the above theorem acts as a DFS for a coherent error
that acts via the Hamiltonian H = U(Zl) +a(22) +.. .+0(Zn). The
code can be seen as the product of all connected components
I'x, which act as DFS components for this noise.

Remark 1. Given any CSS code, Theorem 2 forces a product
structure on the code and provides constraints on the signs.
This enables the construction of a family of new CSS codes
that is oblivious to coherent noise.

Let A C B be two classical codes with length ¢. Let r1, 75 be
the rates of A, B respectively. Then, by choosing X -stabilizers
to be A and Z-stabilizers to be B+, we have a [[t, (ro —7r1)t, >
min(dumin (B), dmin (A*L))]] CSS code. Let m > 2 be even, and
let W to be the sigle-parity-check [m,m — 1] code. Define
Co=A®1,, and

t
sz{b®e1+w|we@Wandb€BL} 37)

i=1
to be the X-stabilizers and Z-stabilizers respectively in the
new family of CSS codes. By this construction, we ensure

€w Z H fj7k(6)

that Ci- includes the direct sum of ¢ single-parity-check codes
W (Condition 1 in Theorem 2). Thus, we can choose y such
that

€2y = (—1)zin, where wgt(y) = n (38)

! 2
on each component (Condition 2 in Theorem 2). Note that
the choice of y is not unique. Observe that dim(Ci-) =
(m — D)t +dim(B+) = (m — 1)t + (1 — ro)t and dim(Cy) =
dim(A) = ryt. The number of logical qubits in this new
family is k = mt — dim(Ci") — dim(Cy) = (ro — r1)t.
If x is orthogonal to all Z-stabilizers, then x has weight
at least mdpn(B). If z is a vector of minimum weight
that is orthogonal to all X-stabilizers, then either z is a
Z-stabilizer or z is a vector from A’ interspersed with
appropriate zeros. Thus, the minimum distance of the CSS
code is at least min(mdupin(B), dmin(AL)). Thus, we have a
[[mt, (ro —r1)t, > min(mdmin(B), dmin (A+))]] (CSS) QECC
family that is oblivious to coherent noise.

Increasing the number of qubits by a factor m makes it
possible to design a CSS code that is oblivious to coherent
noise. In particular, if we choose m = 2, then we generalize
Ouyang’s construction [11] and are able to provide stabilizer
codes with increasing distance. Please see [5] for the general-

( 27T> wet(B) jzed construction for stabilizer codes.
€8

An extremal example is to take B+ = {0,} and A a [t,t—1]
single-parity-check code. For fixed ¢, this pair of A and B
leads to the maximum (ry — 1) = ¢ — 1 logical qubits of the
new CSS code, which achieves the maximal rate (¢ —1)/2 by
choosing m = 2. On the other hand, for ¢ = 2L, we may
choose the maximal m = ¢t = 2L to obtain the well-known
family of [[4L2,1,2L]] Shor codes.

®§=1U§)
® Qubits . l' ..l ‘.
oz ®oz &25“5?
—7 @ gume_ 1@
®1'1290,()§)

Fig. 1. The [[16,1,4]] Shor code constructed by concatenating the [[4, 1]]
bit-flip code and the [[4,1]] phase-flip code. The filled circles represent
physical qubits, the white (resp. gray filled) squares represent weight 2
Z-stabilizers with negative (resp. positive) sign, and the three large filled
rectangles represent weight 8 X -stabilizers.

Example 1. The connected components I'y,...,I'y of this
[[16, 1,4]] Shor code correspond to the 4 qubits in some row.
For each component I'y, we see that u, = [0,1, 1, 0] satisfies
the aforesaid necessary and sufficient condition. Hence, all
transversal Z rotations on this code fix the code space and in-
duce the trivial logical identity operation on the single encoded
qubit. Moreover, we can see that the [[16, 1, 4]] Shor code is in-
cluded in the [[mt, (ro — 71)t, > min(mdmin(B), dmin (A))]]
CSS family, oblivious to coherent noise, with t = m = 4 and
B+ ={0,} and A = [4, 3] single-parity-check code.
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